EJTP 7, No. 23 (2010) 145-154 Electronic Journal of Theoretical Physics

Exactly solved potentials generated from the
Manning-Rosen potential using extended
transformation method

S A S Ahmed* and L Buragohain |

Department of Physics, Gauhati University, Guwahati-781014, India

Received 11 November 2010, Accepted 2 February 2010, Published 20 March 2010

Abstract: Generation of exactly solvable quantum systems in non-relativistic quantum
mechanics from an already analytically solved quantum system is presented using extended
transformation method. The bound state quantized energy spectra and the corresponding
wavefunctions of the generated potentials are obtained. It is also shown that eigenfunctions of
the new quantum systems can easily be normalized.
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1. Introduction

In non-relativistic quantum mechanics maximum information of a quantum system can
be had when one knows the exact solutions of the corresponding Schrodinger equation.
However, exact analytic solutions are possible only for a few set of quantum systems.
The next best thing to do is to find approximate analytical solutions of a given potential
by appropriate approximation techniques. In such situations, to work efficiently, it is
always desirable to have an exactly solvable potential (ESP) similar to the given potential
whose solution is required. A mapping procedure [1,2] is developed to map an already
exactly solved quantum system (QS) to various exactly solved quantum systems. The
method is based on a transformation called extended transformation (ET) which includes
a coordinate transformation (CT) followed by functional transformation (FT) and a set of
plausible ansatz to restore the transformed equation to a standard Schrodinger equation
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form. In our scheme we start from a known analytically solved QS and transformed it
to generate a class of new exactly solvable quantum systems. When the original QS has
a multiterm potential, then in general it is possible to generate a number of different
solvable QS, depending on the number of ways the various term(s) of the original QS is
grouped, which specifies a certain transformation function gp (r) (equation (8)) but more
often than not we get Sturmian QSs. In transformation method the normalizability of
the eigenfunctions of the generated QS can easily be verified in most cases. We discuss a
procedure to regroup this set of Sturmian QS to a normal/ physical QS.

The plan of the paper is as follows: In section 2 the formalism of ET is given briefly.
In section 3 generation of exactly solvable quantum systems from the Manning-Rosen
(M-R) potential is discussed that includes first and second generation quantum systems.
The important question of normalizability of the generated eigenfunctions are discussed
in section 4. Discussion is given in section 5 with reference to case for & = 0 and/or
a = 1. Concluding remarks are given section 6 .

2. Formalism

The radial part of the s- wave Schrodinger equation for the potential Vy (1) in Da-
dimensional Euclidean space ( h =1 = 2m):

Dy—1

W (r) + Wy (1) + [E = Va(r)] Wa(r) =0 (1)

where r is a dimensionless modulus of radius vector in the D 4—dimensional space.

The normalized eigenfunctions W4 () and energy eigenvalues E4 are known for the
given V4 (r). Prime denotes the differentiation of the wavefunction with respect to its
argument.

We now invoke a coordinate transformation

r—gp(r),

followed by a functional transformation

Vg (r) = f5' (r) Ya(gs (1), (2)

where the transformation function gp (r) and the modulated amplitude fp (1) have
get specified within the framework of ET.
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The transformed B-QS after implementing ET on the already solved A-QS takes the
form:

9B

! Da-1
(i In fB) (% In %) + g; (E,;4 —Valgs (r)))

dr Jp

” d %ggAil ’
)+ (2B v, ()

n Up(r)=0.  (3)

The dimension of the Euclidean spaces of the transformed quantum system, henceforth
called the B- quantum system (B-QS) can be chosen arbitrarily, let it be denoted by Dp.
This requires that the co-efficient of W' (r) in equation (3), must be:
Da—1
i In ﬁagBA _ Dp —1 d Dp-1

7 = —1
dr Jg r ar "

(4)

which fixes fp (r) as a function of gp (r) and its derivative.
From equations (2) and (4) ,we obtain

1

-1 DA% _Dp-1
Up(r)=gz gg® 2 Va(gn(r)). (5)

The transformation function gp (r) is at least three times differentiable.

The corresponding second order equation for the B-QS in Dg— dimensional space
becomes:

W)+ 22200 0) 4 | (amr) 4 05 (B2 Valan )| We () =0 (0

with Schwartzian derivative symbol

"

w&@:gﬂw_§(¢v»? "

g (r) 2 \gp(r)
In case mutiterm A-QS to implement ET we have to select one or more term(s) of

V4 (gg (r)) as working potential and is designated by V}V (g5 (1)).
In order to mould equation (6) to the standard Schrodinger equation form, following
plausible ansatz have to be made which are an integral part of the transformation method:

95V (g5 (1)) = —EF, 8)
gpEd = -V (r), 9)
—g5 (Va (g () = VI (95 (r))) = =V (r), (10)

SHomr} =V (). (1)
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These ansatz leads the B-QS potential Vg (1) as:

Vg (r) = Vi) () + V) () + V2 (). (12)

Further, it is to be noted that, the equation (8) specifies the functional form of the
transformation function ggp (7).

The familiar radial Schrodinger equation for B-QS in Dg—dimensional spaces takes
the form
Dp—1

Uy (1) + Uy (r)+ [EZ =V (r)] ¥p(r) = 0. (13)

3. Generation of exactly solvable quantum systems from the
Manning -Rosen potential

We have considered the Manning-Rosen quantum system [3-8] as a typical representative
of an exactly solvable non-powerlaw quantum system whose only s-wave bound state
solutions are possible/ available.

The potential is denoted as V4 (r)and is:

1 |a(a—1)exp (—2{) A exp (—f—))
Val(r) = — 5 — . 14
DTE (e (- () .

where A and b are constants but the screeing parameter b has dimension of length

which has a potential range %

It is found that the potential V4 (r) at r = ro has a relative minimum for o > 1
where 79 = bIn[1 + 2a (v — 1) /A]. For a = 0 and/or a = 1 the potential reduces to the
Hulthen potential.

The discrete energy eigenvalues are

2
E;?:—l A—a  n(n+2a) (15)
b [2(a+n) 2(a+mn)
with
n=0,1,2,3,....%naz., Mmaz = VA+a(la—1) —a.
The general quantum condition is given by
a+AA—\/A—a+a2+A?4:—n (16)

where

M= VPTED

The corresponding radial wavefunctions are given by

Uy(r)=N(1—2)*2MF (a, b, ¢, 2) (17)
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where
Z = exp <—£) , (18)
a:oz—l—)\A—\/A—Oc—l—oﬂ—l—)\QA, (19)
b:a+AA+\/A—a+a2+A?4, (20)
and
c=1+2\,4. (21)

3.1 First Order transformation

Applying ET on the A-QS potential, one obtains the transformed equation for the B-QS
for (Dp = D) as follows:

Uy (r) + ?\DIB (r) + B {95,7} + g5 (Ef} — Va(gp (7")))] Up(r)=0. (22)

Choosing

Al
Vi(gs(r) = _b2 (1 ~ exp (_gB_(r)>>

b

(23)

as working potential and utilizing equation (8), the transformation function gp (r) is

found as
g (1) = 2b Insec (n,r) (24)
where
1 —EB
Th = 7 i (25)
26\ (—32)
Equations (9)and (24) yield:
VY (r) = C% tan® (nr) (26)

where C% is the characteristic constant of the generated B-QS obtained from the
transformation of A-QS and is

€3 — 4t (). 1)

The equation (27) subsequently provides us the B-system energy eigenvalues.
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The equations (10) and (24) lead to

Vf(f) (r) = 4n2a (a — 1) cot? (n,r). (28)
Again equations (11) and (24) yield

VE(;’) (r) = —nZ sec? n,r + 312 csc? 2,7 (29)

The multiterm B-QS potential Vg (r) is found from equation (12)as :

Vi (r) = 3n2 csc® (2n,1) — 02 sec? n,r + C% tan® n,r + 4n°a (a — 1) cot® n,r (30)

which specifies a Sturmian QS and is denoted by B-SQS.
The characteristic constant C% of the B-QS can also be written as

o= A nbaa]

The expression (31) is utilized to find the energy eigenvalues of the B-SQS and is

(31)

(32)

EB:ACJQB[ A—a n(n+2a)}2

2(a+n)  2(a+n)
The exact eigenfunction ¥ () of the generated B-SQS comes out from equation (5)
as:

Up(r) = Npr—"z (cot nnr)% sin®® (n,,r) cos® (n,r) oy (=1, b, ¢, cos® n,r) . (33)

As always the potential Vi (r) is n— dependent through n—dependence of 7, . This
special type of energy dependent potential is equipped with only a single normalized
eigenstate. The Sturmian form of B-QS comprises of a finite set of quantum systems. This
Sturmian form of B-QS can be converted to a normal quantum system by a case specific
regrouping technique, where we have to redefine the parameters of A-QS preserving the

type of constraint equation(s).
B

To make 7, n-independent we make A— A, by setting A = (E

Ly
452

constraint equation (16), where a scale factor s is introduced. This leads to 1, — n = s.

by using the

Therefore, the normal /physical form of the newly constructed B-QS potential comes
out to be:

Vi (r) = 3s% csc? (2s1) — s*sec? s + C% tan? sr + 4s%a (a — 1) cot? s7. (34)

As a consequence the expression for quantized energy eigenvalues and energy level
spacing of the constructed B-QS are found as:

EF =45 [n® + 2 (a)p + an + Agn) + o (35)
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and
AEB =45*2(n+ Ap +a) +1], (36)
where
Cp
)\B == 2_3

The constraint equation for B-QS is obtained as:

2as+Cp — \/EB+C%+4S2O{(CY—1) = —2sn.

The corresponding s-wave exact energy eigenfunctions of the constructed B-QS comes
out to be:

Up(r)= Npr—"z (cot 37")% sin®* (sr) cos™? (sr) o Fy (—n, 2 (a4 Ag) + n, 14 2Ap, cos®sr).
(37)
The familiar Schrodinger equation in D- dimensional Euclidean space for [ = 0 is
found as:

D -1
r

Wy (r) + Uy (r)+ [EZ = Vi (r)] Up (r) = 0. (38)

From the multiterm B-QS potential, the working potential can be chosen in (2% — 1)
i.e. 15 different ways. But we consider the single term working potential only for simplic-
ity. It appears that the choice of C% tan?n,r as the working potential reverts it back to
the parent QS.

3.2 Second order transformation

Application of extended transformation on the B-SQS as obtained from equation (30) we
can generate another new Sturmian quantum system and is designated by C-QS, by the
above procedure.

From the multiterm B-SQS , we have chosen —n?sec?n,r as the working potential
so that

9oV (go (1)) = —EC, (39)
with

Vi (gc (r)) = = sec” nage () - (40)
The set of ansatz required to write equation (6) in the form of the standard Schrodinger
equation form can be written as:

 {ae 7} + 0 (BE Vi (g () = BS — Ve (). (1)
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The transformation function is found as,

gc (r) = %arcsin [tanh <\/E_,(Lj 7’)} : (42)

The Sturmian form of the newly generated C-SQS potential comes out to be:

C%ES 9 EC 9 C 3 C . c —2
Vo (r) = 7 - Cg — e tanh® \/ ESr + ZE" (smh vV ES r) +
-2

16a (a — 1) EC (sinh 2\/E§r> (43)
Where C%, is the characteristic constant of C-SQS.
The energy eigenvalues ES of the C-SQS is found as
CQ
EC — _ ¢ (44)

" 4[n?2+2(arp+an+ Agn) +a]

The normalized energy eigenfunction W¢ (r) of the generated C-SQS is found for
(D =1,D¢c = D) as follows:

2\p
1 2a—1 1
Ve (r) = Ner— "z (tanh V Egr> ’ X
cosh ( Efﬁ’)
F 2(a+Ag) +n, 142X ! (45)
—n, 2 (« n, , ———— | .
. b P cosh? VECTr

However, the present C-QS is Sturmian in nature which can not be made normal /
physical.

Our choice of 3n? csc? 2n,r as working potential will also lead to a different form of
Sturmian potential which can be found merely by inspection. This is also an example
of a stubborn potential which can not be made normal / physical by any case- specific
regrouping procedure.

4. Normalizability of the generated quantum systems

The normalizability condition of the wave function for the generated bound state QS
obtain by the ET method can be proved under fairly general conditions, as it seems to
preserve the normalizability property to quite a good extent. Normalizability condition
for Dp- dimensional B-QS eigenfunction is

2

00
|Ng|? 5 ‘\Ifsg) rPeldr = finite. (46)

The \Ilg) is given by equation (37) and it can be reduced to
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2 < VA(T) >
—_EB

n

| V| =1 (47)

since
; _gP
gp (r) = ———2—.
() = T 0n ()

Hence all the \Ifgl) (r) are normalizable for which EZ # 0. For any physical/ real QS,
< Vyu(r) > exists ensuring normalizibility of daughter (B-QS). As such, the wavefunc-

(48)

tion of the generated QS are always normalizable corresponding to non-null eigenvalues,
when the wavefunctions of the parent QS are normalizable. Hence the wavefunctions of
the C-QS is also normalizable. The above expressions shows that it is a positive fea-
ture of the transformation procedure, that more often than not the wavefunction of the
newly generated QS is normalizable. This is true that unless the transformation function
g () is not badly behaved so far its local and asymptotic properties are concerned, the
transformation carries over the normalizability of the parent QS to the daughter QS.

5. Discussion

It is found that the Manning-Rosen potential can be reduced to the Hulthen potential
[9] by setting & = Oand/or &« = 1. Implementing ET on that Hulthen potential the
constructed physical / normal first generation potential, quantized energy eigenvalues
and the corresponding s-wave energy eigenfunctions in D- dimensional spaces are found
for simplicity o = 0 in following forms:

Vi (r) = 3s% csc? 251 — s%sec? s+ C’?B tan? 8T, (49)

EP =45’n (n + 2)\p) (50)

with energy level spacing

1
and
Up(r)= Npr—"z (cot 57’)% cos™P sr oFy (—n, n 4 2Ap, 1+ 2Xp, cos® sr) . (52)
Conclusions

We have presented a method of generation of exactly solved quantum systems in non
relativistic quantum mechanics using the extended transformation method (ET) in Dp-
dimensional Euclidean spaces from a given non-powerlaw potential in 1—D space. In ET,
Dpg can be chosen arbitrary in any integer dimensions and also in fractional dimensions
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although we have yet to have a meaningful QS in fractional dimensions. It is evident that
the ET may be applied successively any number of times to generate new QSs, when we are
considering a non-powerlaw potential. The Manning Rosen potential shown in equation
(14) is invariant under the interchange of a <+ 1 — «, which is reflected in the exactly
solvable daughter potentials. Although the potential is symmetric under a < 1 — «,
the symmetry is broken in the energy eigenvalues spectrum. But an important point to
be noted is that in order to generate third order exactly solved potential from the initial
exactly solved system we are required to go through second order generated potentials, ET
does not have the group composition law as the transformation depends on the working
potential (WP) of the parent QS. Therefore the ET does not have a group structure
in general. The inverse transformation is obtained when WP is chosen as the term
containing the characteristic constant, coming from the energy term of the parent QS.
Here Manning-Rosen quantum system is taken as typical representative of non-powerlaw
potential whose exact analytic solutions for s-wave (I = 0) are only possible. In addition
approximate [- state solutions of the D— dimensional Schrodinger equation for the MR
potential [10] is possible. In case of non-power law potential the transformed quantum
system is always comes out as Sturmian quantum system, the transformation function is
non factorizable? unlike the power law type potentials. The Sturmian form of quantum
systems can be made normal/ physical by case-specific regrouping procedure. The first
order application of the ET on the Manning -Rosen potential generates a potential similar
to the Harmonic plus linear type potential with finite number of eigenstates. It is also
to be noted that the wavefunctions of the generated quantum systems are almost always

normalizable.
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