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Abstract: We examine the behaviour of the maximally entangled Bell state of two spin %
massive particles under relativistic transformations. On the basis of explicit calculations of the
Wigner rotation and the use of transformation properties of Dirac spinors, we establish that
the constituent particles of the Bell state undergo momentum dependent rotation of the spin
orientations characterized by the Wigner angle ¢y = tan™! %

unitarity is retained in the process, the corresponding entanglement fidelity is not lost.
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1. Introduction

Potential applications of information encoded into the states of quantum systems are
finding their way not only into revolutionizing computation but, more importantly, in
achieving communication tasks with unprecedented efficiency e.g. quantum teleportation,
entanglement enhanced communication, quantum clock synchronization and reference
frame alignment, quantum enhanced global positioning etc. These applications warrant
long distance signal transmission through quantum mechanical states. As such, in these
functional areas of quantum information processing, relativistic effects could significantly
contribute to the dynamics.

Even for quantum computing operations like quantum cryptography, error detection
etc., it would be desirable to study relativistic implications since they may result in
optimal processes and/or superior algorithms.

At a fundamental level, we also need to reconcile quantum information theory with
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general relativity and other contemporary quantum theories like the quantum field theory,
loop quantum gravity and string theory to examine where it fits in our overall quest for
unification. Some of the literature that report work done in the direction of relativistic
quantum information is listed in the references [1-40].

2. Prerequisites [41-43]

2.1 Unitary Representations of the Poincare Group

We start by briefly elucidating the salient features of the theory of unitary representations
of the Poincare group as propounded by Wigner in his seminal article [41]. It is well known

that the unitary representations of the Lorentz group {j} (A)} and the four dimensional

translational group {T (a)} (that together constitute the Poincare group) satisfy

T (a)T (b) =T (a+Db) (1)
L(A)L(AN)=L(AN) (2)
L(A)T (a) =T (Aa) L (M) (3)

The above equations constitute the defining equations for obtaining the unitary rep-
resentations of the Poincare group. Some properties of the representation theory of the
Poincare group are summarized below for use in the sequel. Proofs are accessible in any
text on the subject e.g.[42,43].

(a) The parameter space of the Poincare group is spanned by a ten parameter basis,
four of which relate to the four dimensional translation group 7, = {T (a)} (representing

translations in the four directions of relativistic spacetime) and the remaining six relate to

A

the Lorentz group L = {L (A)} (three of which represent spatial rotations and the other
three symbolize “boosts” i.e. spatiotemporal rotations along the three spatial axes).
(b) The parameter space corresponding to T} is the four dimensional Euclidean space
that is simply connected so that irreducible representations (IRRs) of T} are single valued.
(¢) Any element of L = {ﬁ (A)} can be written as L (A)) = RiB? (1) R where R&

R’ are spatial rotations and B (7) is a Lorentz boost in the direction of the first spatial
axis. Now, the parameter space of B (1) is a straight line. It is unidimensional and
simply connected so that the IRRs are single valued. On the other hand, the rotation
group admits both single valued and double valued IRRs. It follows that the unitary
representations of the Poincare group could be either single valued or, at most, double
valued depending on the character of the representation of the constituent rotation group.

(d) Infinitesimal Lorentz transformations can be written in terms of the generators as
L(e,0) = I +ieJ —i0K where J & K are operators (generators of spatial rotations and
boosts respectively) that satisfy the relations
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[J;-, jj] = 223: EijiJk (4)

k=1

3
|:jz',f{j] = Z'ZEZ'ij}C (5)

k=1
3

[[A(Z-,IA(]-] — —iZéTijkjk (6)
k=1

For unitary representations, the operators J & K must necessarily be hermitian.

(e) Infinitesimal translations can be written in terms of the generators as T (a) =
I +ia"P,,;n = 0,1,2,3 where P, are operators (generators of translations) that satisfy
the relations

) =0 (7)
Py | =i By (8)
{Pm, Kn} — 6,y P 9)

[150, Kn} —iP, (10)

Finite translations are, as usual, expressed in terms of the generators by exponentia-
tion as

T (a) = eiFue (11)

2.2 Casimir Operators and Classification of IRRs

The operator C; = P“Jf’“ = POZ — P? commutes with all the generators of the Lie algebra
of the Poincare group and hence constitutes a Casimir operator of the group. Hence,
Cy = P“IADM — P2 — P? is invariant for an IRR. IRRs of the Poincare group can, therefore,
be labeled by the eigenvalues of ¢ = p“f’u = f’g — P2, Noting that the generators of
spatial translations are realized as the “momentum” operators and the generator of time
translation as the “energy operator”, we have, in terms of the respective eigenvalues,
c1 = p'p, = ps — p? = M? where M is the particle mass. Since the eigenvalues ¢; are not
positive definite in the case of the Poincare group, we classify the IRRs as follows:-

(1) [L] Null vector case corresponding to ¢; =0, p° =p =10

2) |
(3) [04] Light like case corresponding to ¢; =0, p # 0
(4) |

M ] Time like case corresponding ¢; > 0

T Space like case corresponding to ¢; < 0.
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We shall restrict ourselves to the time like case corresponding to particles with finite
mass since that is relevant to the context. However, the treatment for the other cases
follows on similar lines.

In establishing the Casimir nature of C;, we have simply used egs. (7-10). However,
eqs. (4-6) and hence, eq. (2) has not been considered. It follows that ¢; alone is
not sufficient to completely identify the IRR of the Poincare group. Eq. (2) is the
defining property of the homogeneous Lorentz group that is known to possess a Casimir
operatorj 2_ K2, Therefore, involvement of eq. (2) in the analysis should lead to a second
Casimir operator which we symbolize (for the time being) by Cy with the eigenvalue ;.
We can completely identify an IRR by these two eigenvalues ¢;,co and the energy sign
e(po) = @—m since the energy sign also commutes with all the generators of the Poincare
group corresponding to the classes of representations [M4] and [0].

The second Casimir operator of the Poincare group is known as the Pauli-Lubanski
vector Cy = W, W where W = <W0, W) = (ﬁj, POJ — P x K) that has the following

properties:-

WAP, = (12)
[W&ﬁ“} ~0 (13)
g | =i (g = 1) (14)
[VT/A,W“} — i B, (15)

The fact that Cy = WMW“ is a Casimir operator and commutes with all the generators
of the group follows from
(i) Each component of Wis translationally invariant for [VV)‘, ]3“] = 0. Hence Cy =

WHW“ is also translationally invariant;

(i) Further Cy = WMW“ is the scalar product of a 4—vector with itself. Hence, it is
the square of the length of a 4vector which makes it invariant under homogeneous Lorentz
transformations.

Thus, the massive class of representations of the Poincare group has two Casimir
operators that are left invariant by group operations plus the energy sign. Hence, we
label out the IRRs of the Poincare group by two indices corresponding to the eigenvalues
of the two Casimir operators viz. ¢; = M? and #02 = #WQ that is identified with
the spin s in the case of massive particles (M > 0). For a given IRR labeled by the
eigenvalues of the two Casimir operators viz. M? and Z%WQ, the sign of the energy ¢ (py)
commutes with all the infinitesimal generators of the Poincare group. There are, thus,
two IRRs for each combination of values of M? and I%WZ , one for each sign of € (py).
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2.3 Basis Vectors in an IRR Space

We, now, address the issue of the labeling of basis vectors within a given IRR. For the
purpose, we note that the four dimensional translation group 7} constitutes an invariant
subgroup of the Poincare group. We also know that the basis vectors in a representation of
the translation group can be labeled by the eigenvalues of the generators of the translation
group. However, the specification of a basis vector using a single index corresponding
to the generators of translations is incomplete. For a complete specification of the basis
vectors, we need a second index that relates to the generators of “rotations” and is
usually taken to be the eigenvalue of Js. A complete specification of a basis vector in
the representation space (M, s, (pg)) would, thus, consist of four indices, together with
the energy sign € (pg), two of them related to the eigenvalues of Casimir operators Cy
& Chof the Poincare group and the energy sign e (pg) for identifying the representation
itself and the other two (p,m) that relate the eigenvalues of ]5“& Js for specifying a basis
vector within a representation. Now, all the basis vectors in a given representation space
identified by (M, s, (pg)) correspond to the same eigenvalue ¢; = M?2. We also have the
relativistic mass-energy relation pg = £+/p? + M?2. It follows that we can as well use the
eigenvalues p of 3-momentum in lieu of the eigenvalues p = (pg,p) of 4-momentum for
specification of the basis vectors.

2.4 Little Group Decomposition of the Poincare Group

It can be shown that the independent components of W are proportional to the generators
of the group SO (3) for, given a basis vector |p, m) in the (M, s, e (po))representation of
the Poincare group, we have (since these basis vectors are eigenstates of generators of
translations P*), P#|p, m) = p*|p, m) where p* is the eigenvalue of P* so that W*|p, m) =
ak“""jw,]%\p, m) = EA‘“"’ija\p, m). For the standard vector, p = M and p = 0 whence
Wol0,m) = &% J,,P,0,m) = 0 and W0, m) = "], P,|0,m) = L% J;p°0,m) =
%eijkjjkM |0, m) which establishes our result.

Using egs. (3-11), we obtain

IEWBLWT — | (A) e [ (A) ! = L(A) T (a) L(A) " = T (Aa) = ePA%e”
whence we get the transformation rules for the covariant generators of translations as

L(A)P,L(A)" = PVAZ or equivalently L (A)™' puf/ (A) = PVAZ (16)

Given a basis vector |p, m) in a representation (M, s, € (pg)), we have, on using eq.(16)

PLL(A) [p,m) = L (A) P,A%,|p,m) = p, A%, L (A) [p,m) thereby showing that L (A) |p, m)
is also an eigenvector of P, with the eigenvalue p,A”,. Given two basis vectors, in a rep-
resentation space |p, m),|p’,m’)of the same energy sign, e (py), we can define an inner
product by
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<p7m | plym,> = 5mm’wp6 (p - pl) (17)

where w, = /p? + M2. The Lorentz invariance of the integration element w6 (p — p’)
is well known. The completeness of the space implies

5 [ Lipm)p.m| =1 (18)

Let us define the operator

S(A) by S(A)|p,m)=|Ap,m) (19)

N

S (A) is unitary because it leaves the inner product (17) invariant for

<Ap,7 m/ | Ap: m> = <p,7 m/|’§T‘§|p7 m> = (S’rmn’WAp(s <Ap - Ap/)

- 5mm/wp5 (p - Pl) - <p,7 m, ’ b, m) (20)

where the penultimate step follows from the Lorentz invariance of w0 (p — p’). Further
S(A)S(A) =S (AN) (21)

implying that S (A) is a unitary representation of the Lorentz group. Also being
independent of m, it is diagonal with respect to the corresponding generator e.g. Js.

We also haveS (A) T (A~1a) p,m) = S (A) e+ (A7) |p ) = & (A) P (A7) )

= ) g ) = SOTPLET Ay iy = T (a) |Ap,m) = T (a) 8 (4) |p, m)
whence, because of the completeness of the set of basis vectors, we can infer that

T(A™a)S(A) ' =5(0)"T(a) (22)
From eq. (3), we also infer that L (A) T (a) = T (Aa) L (A) so that T (A~'a) L (A) ™' =

/\

L (A)™' T (a) which, together with eq. (22) gives [ (A)S (AT (a )] = 0. Since this

equation holds for arbitrary a, it follows that L (A) S (A)~' commutes with the translation
operators. This implies that it is diagonal with respect to the generators of translation
]5#. Writing it as Q (A, p), we obtain

LA =0 (A, p) S(A) (23)
Further, since both L (A), S (A) are unitary, it follows that Q (A, P) is also unitary.
Now Q (AN, A) S (AN |p,m) = L (AN) [p,m) = L (8) L (N) |p, m)
Q (A P)SM)Q (X, P) SW)pm) = Q (A P) S(1)Q (A’,P) [A'p, m)

AP)S(A) QN ND) [Np.m) = Q (A, P) QN A'D) S (A) [A'p,m)

Il
O
A
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O (A, P) O (A, A'p) [ANp,m) = O <A, 15) O (A',A—lﬁ) |ANp, m)
) (A, 15) O (A’, A*1P> S (AN) [p, m)
whence
O (AA', P) ) (A, P) O (A’,A‘1P> (24)
Using eq. (24), we obtain

pym) = L(I)|p,m) = L (AA"Y) |p,m) = Q (A, P) O (A—l, A‘1P> S (AAY) |p,m)

. R . . R -1
= Q(AP)Q (A ATP) [pm) =Q (A P)Q (A P)  Ip.m)
so that
A A\ —1 A A~
Q(AP) =Q(AA7P) (25)
Let us assume that there exists an operator U (P) in the irreducible representation
space that satisfies (i) unitarity, (i) is diagonal with respect to pu» (iii) is single val-

ued in ﬁu (so that it preserves the single valuedness of the state operator |p, m)with
respect to ]5“) Under the action of U (15> (i) the translation operator 7' (a)is not af-

A

fected since [T (a),U (f’)] — 0, (ii) the Lorentz transformation L (A)is transformed as

v (P)L)D (p)l. We have

(
=0 (P)@(aP)D (A‘IP)_l S(A) Ip, m) (26)

It follows from eq. (26) that Q (A, P) &U (ﬁ’) Q (A, ]3> U <A*1P> ' provide equiv-
alent representations for given representations of 7' (a) & S (A).

To proceed further with the representation theory of the Poincare group, it is necessary
at this point to introduce the concept of “little group”. As mentioned above, the IRRs
of the Poincare group are classified into timelike, null, lightlike and spacelike on the
basis of the nature of the eigenvalues of the Casimir operator P? and then by the sign
of the energy eigenvalue. Thus, given an IRR, the corresponding identifying eigenvalue
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of P2 would be classified into one of the classes on the basis of being timelike, null,
lightlike or spacelike with a sub classification within this on the basis of the energy
sign. In other words, for a given IRR, the operator P? and its eigenvalue ¢; = M?
would fall into one of [M], [0], [L] or [T] whereas the operator P, and its associated
eigenvalue p, would be classified into one of [M,],[M_], [04], [0_], [L] or [T]. In view of
puf, (A) |p,m) = p,,A”Mﬁ (A) [p,m), the eigenvalues p, within a class are connected with
each other by a suitable Lorentz transformation. It is to be noted that in the case of
class [T] of representations we cannot subclassify the representations on the basis of the
energy sign because the energy eigenvalue py can change sign within the class itself by
an appropriate Lorentz transformation. Physically, the class[T] corresponds to imaginary
mass p* = M? < 0 which implies that the energy p3 = p*> + M? corresponding to such
a representation could be made arbitrarily large negatively by an appropriate Lorentz
transformation. Additionally, this representation also does not have a well defined and
reasonable nonrelativistic limit. The class [L] corresponds to the case of zero momentum
and energy.

Let us denote by {p}, the set of eigenvalues p, of a particular class. Let us identify
an element g, arbitrarily from the set {p}. As mentioned above, the various eigenvalues
in {p} are related to each other through suitable Lorentz transformations. Let {n} be
the set of Lorentz transformations that leave ¢, invariant i.e.

g =q" or ng=gq (27)

{n} is a subset of the Lorentz group and is called a “little group” of the Lorentz group.
Now, since the elements of {p} are connected inter se by Lorentz transformation, given a
pu € {p}, there would exist a Lorentz transformation x, such that

P = Kpq (28)

Corresponding to an arbitrary element g, € {p}, the Lorentz transformation 7, =
K, 'Akp-1, is an element of the little group {n} for, we have

Npq = /i;lA/QA—lpq = /ﬁglAA_lp = /i,;lp =q (29)

where we have used eq. (28). Using egs. (24) & (29), we obtain
Q (A, P) =Q (/ﬁpnprixllp, P) =Q (mp, P) Q (np/ﬁ\flp, m;lP)

=Q (I{p, P) Q (np, /{;1P> Q </<X11p, n;lm;1P> (30)
Now, operating the right hand side of eq. (29) on the state |p, m), we obtain
Q </<;p, P) Q (np, 551]5> Q (m/_\flp,np_l/ﬁljlf?) |p, m)
=Q (/fzn 15) Q (nm %;115> Q (ﬁxflp,nglff;lp) p, m)

A

= Q (K/pa P) Q (K/Xlllﬂ’r]glﬁglp) Q (np7 H;lp> |p’ m>3
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~ ~

=Q (ch 15) Q (1, q) Q (%Xflp,np‘l@ Ip.m) = Q (fm 15) Q (1, 9) Q (%Xflp, Q> Ip, m)

Q <A7 P) = Q <’€pv P) Q (npv Q) Q <’1X11p: Q> (31)
Eq. (31) is identical in form to the expression U (]5>_1 Q(np,q) U (A‘lp) if we
identity 0 (P) = Q () P) o0 U(P) = Q (. P) =@ ("5, P) = Q (;".0)

and

N ~ N A~/ A\ 1 NN

U (A—1P> =Q </1X11p, q). Since U (P) is unitary, it follows that U (P) is unitary
as well. It, therefore, follows from eq. (31) that Q (mp, q) generates a representation of the

Poincare group that is unitarily equivalent to Q (A, P) Hence, in lieu of eq. (23), we

can write the equivalent expression L (A) = Q (1, ¢) S (A) without any loss of generality.
Further, using eq. (25), we get

Q (/-ip, ]5> - =Q (m;l,/@'?f?) =Q (m;l,q) (32)

Using eq. (24), we can also write Q (772377;/)7 f’) =Q (np, f’) Q (7];,, np_lp) and Q (npn;,, q) =

Q 0y, ) Q (1,,m, ') = Q (0p, @) Q (1, q) Where 1, = ki, Arp-, and 17, = K, Nkt
This shows that Q (mp, q) is a unitary representation of the relevant little group Q (A, P)

~

The operator @ (7,, q)is called the Wigner rotation.

2.5 Little Group and Wigner Rotation Corresponding to Massive Parti-
cles

Now, for the study of the representations corresponding to the massive M, and the
identification of the corresponding “little group” let us define the “standard vector” as
q = (g (po) M,0,0,0), We have identified the standard vector in the “rest frame” so that
all the spatial components of momentum are zero. The factor group of the Poincare
group with respect to the subgroup of translations in four dimensions, 7}, (which is
abelian) is the homogeneous Lorentz group. The maximal subgroup of the homogeneous
Lorentz group that leaves ¢ = (¢ (pg) M, 0, 0, 0) invariant is the group of three dimensional
rotations, identifiable with SO (3) which, thus, constitutes the “little group” for this class
of representations.

This may also be seen by invoking the fact that the generators of the little group of the
standard vector e.g. ¢ = (¢ (po) M,0,0,0) are the independent components of the corre-
sponding Pauli Lubanski vector W= (WO, W) = %8)‘“”"jw,pa = (pj, POJ — P x K)
corresponding to the standard vector ¢ = (¢ (pg) M, 0,0,0). The second Casimir operator
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for massive particles is, therefore, VV“WM =WW = #ﬁ The corresponding Lie alge-
bra takes the form [W’, WJ} = MW, Py or equivalently [j’, Ji } — ic* ], which is the
Lie algebra of the group of rotations in three dimensional space thereby confirming that
the little group corresponding to massive representations is SO (3).

As is common in the literature on relativity, we can segregate Lorentz transformation
in two types with distinctly identifiable features viz. (i) the 6 transformations that
constitute spatial rotations about the three spatial axes respectively and do not involve
any mixing of spatial and temporal coordinates and (ii) the 7 transformations that involve
Lorentz boosts along the three spatial axes that are in the nature of spatiotemporal
rotations. The coordinate transformation equations under these transformations can be
summarized as

X — X+X X 0 '
0 tranformation (33)
20y 40
J
\
0
X —X—T& _
7 tranformation (34)
20— 2% —7rx

/

We shall, now, obtain explicit expressions for the Wigner rotation for each of these
transformations. Corresponding to ¢ = (¢ (pg) M, 0,0,0), the Lorentz transformation that
satisfies the equation p = k,q takes the explicit form

wp/M  Epi/M  Eps/M Ep3/M
tp1 /M 1+ w,p; wppip2 WpPiPs

+po/ M wppapr 1 —Hﬂpp% TWpP2P3

+p3/ M wppspr wpPsDa 1+wpp§

where @, = z% (% — ) In terms of the rapidity,c = cosh™

(35) may be written as (I{p>; = 0j + 75" (cosh¢ — 1), (kp)hy = (k) = frsinh¢ and

= sinh™ 7, eq.

(/@p)g = coshg.

Using this expression we can calculate the Wigner rotation 7, = '"Akp-1,. Now, it
is obvious from eq. (29) that 7, = r,'Aky-1, is a member of the “little group” which
in this case (M) constitutes the group of three dimensional rotations. The action of
Ny = Ky, 'Akp-1, on a four vector will, therefore, leave the time component invariant and
we can write for z = (2%, ), n,x = n, (2% 2) = (2,2 + 2 X ()

where (is the rotation induced by the element 7, = ,'Ary-1, € SO(3). For a
ftransformation ¢ = 6 and for a rtransformation ( = i% if we consider only first
order terms in the angles.
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2.6 Transformation rules for the Momentum - Spin Eigenstate Basis

The Hilbert space H of a massive particle can be represented as a direct sum of the
eigenspaces H), of the momentum operator i.e. H = @,crsH,. The subspace that relates
to the rest frame of the massive particle has the following properties:-

(i) it is invariant with respect to rotations for P <f - zj@) 0) = P|0) —iP.JO|0) =0
showing that the rotated vector has also zero momentum and hence belongs to Hy. In
arriving at this result, we have used the commutation relation [ﬁm, jn] = iem”lpl.

(ii) If we define the relativistic spin operator for positive energy massive particles as

1 1

~

N A A o 1 A /A A
S=—Pj- ~PxK-—>— " P (P.J> (36)
M M <P0+M>M
thenforHO,SE ijI" g3|0 ﬁ 3 — 37 P1K2 PQK:[) — mpg (pj>:| |0>
1 . - 1 /. - A 1 PP A 1 . 4 A

— | S0P~ = (KP - KBy — ———— (P.J) By |0) = = J5P°|0) = Js|0)

b (50 <p0+M>M< o4
(37)

where we have used the commutators [ﬁ’o, jn] =0, [ﬁm, K’n] = z'émnpo and the fact
that for a zero momentum positive energy particle pgo = M.

(iii) A basis can be constructed in Hy consisting of the eigenvectors of Ss and labeled
by the eigenvalue of S e.g. |0,0) where S30,0) = ¢|0,0). The action of the rotation
operator on these basis vectors is

e_ij¢|0,a) = e‘ig¢|0,a Z D:, (¢)]0,0) (38)

where the D® are (2s + 1) x (2s + 1) rotation matrices.

Our next step is to construct the basis for the remaining subspaces H, with p # 0.
The basis vectors |0, 0) of Hy can be transformed by pure boost transformations to gen-
erate basis vectors |p, o) of H,. The appropriate boost transformation that does the trick

is A\, = e~ Kby ~ (A — K0 ) where 0, = p smh ! ‘p L so that, as a first order approxima-
tion 0, ~ . Hence, |p,0) = N (p) )\p|0,0) = N (p) e~ %%|0,5) ~ N (p) <] — iK9p> |0,0)

with N (p) being a normalization factor. We then, have,

p.o) = N (p) Pe5%|0,0) = N (p
f—zf(ep) [(i+¢k9> (f—zKQ )} 0, 0)
}

(E ) e~ HROp o +iKOy Pe=iK0p | o)
(1= ik6,) |P+i K6, P|]10,0) = N (p) (1 - iK6,) [P+ P6,] 0.0)
(

= N (p) ]—zKQ)MQ |0,0) ~ N(p)(f—zf(Q)pma =pN (p ( —2K0>]0,0>:p|p,0)
(39)
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confirming that |p, o) is an eigenstate of the momentum operator with momentum p.
Now, consider ) )
Sslp, ) = N (p) S3¢7%(0,0) = N (p) e~ etk Sye=iK00, )

~ N (p) (f - z’f(@,) [ I+ z‘f(@) Sy (f - z‘f(@,,)] 0,0)

~ N (p) (i - zf(@) (33 +i [f(ep, 53]) 0, 0)

/—

We have §3|0, o) = 0/0,0) by definition of the basis vector, since it is labeled by the
eigenvalue of S. To determine |K 0, Sg] |0, o) we make use of the explicit representation

of the spin operator as

Sy = ﬁﬁojg — = <151K2 — P2K1> — mps (Pj>
We have,

K0}, Pojg' 0,0) = {150 K003, Js| + [K03, By jg} 0,0) = (—@150[%’29; —iﬁlegjg) 10, 0)
- ( iPy K0 ) 0,0) = —7;_(2'152 + KaBy) 010, 0) = —iM K60, o)

K29 PoJs| [0,0) = { Py [ Ka02, Js] + [ K262, By jg} 10,0) = (iﬁokleﬁ—iﬁgegj3> 0,0)
_ <2P0K102 10,0) =i (@f’l + Klﬁo) 62| _
ng PoJs |0,0>:{A0 K303, 5| + ngf;,ﬁo J3}|o o) = <—¢P39§j3) 0,0) =0

so that [Kep,Png] 10,0) = iM <K192 29;,> 0,0)

K19 Pk, |o,a>:{151 K\0L, K| + [ K01, By k2}|o,a>: (—ipljgeg—iﬁoe;f(g) 0,0)
- (- ZPOK29;> 0,0) = —i (2'152 + K;ﬁ())-e;m,a) — MR, o)

K20 PE,|10,0) ={P '&92 K| + | Ka02, By f@} 0,0) =0

6, P [0,0) = { By Kb | + Kbl P K 10,0 = (z-pljle3) 0,0) = 0

so that [Kep,PlKQ} 0,0) = —iME61[0,0). Simiiarly, (K0, BE| [0,0) = ~iM A0, 0)

and K6y, Py (P.J)] 10,0) = { &5 [iK6,, (P.7)| + [K6, 2] (P.T) } 10,0) = o0.
Putting all these pieces together, we get

Selp, o) = oN (p) (1 = iK6, ) 0,0) = olp,o) (40)

showing that |p, o) is an eigenstate of S with eigenvalue o.

The effect of various transformations constituting the Poincare group on the basis
vectors is summarized thus:-
(a) Translations - We have

—iPa —ipa iHx0 iwpx®
e p,0) = e ™p,0), e |p, o) = €7 |p, o) (41)
with wzz, = p? 4+ M2,
(b) Spatial Rotations — We have e="/?|p, o) = N (p) e"*/9e~ %0, o)

= N (p) e 0 K00 eH0e=170]0, 0) = N (p) e~ Z Do (6) 10, 0")
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= N (p) e KEO, ZDM )10,0) = 3 Do (&) IR(&)p,0")  (42)

where we have used U (R)

e '\p>:,U(R) U (R)U (R R)|p) = U(R)PU(R)|p)
= U (R) pilp) = pilp') - |

(c) Lorentz Boosts - Let us apply a Lorentz boost A to a basis vector |p, o) to obtain
Alp,o) = AN (p) \p|0,0). Now, the right hand side, being the product of two boosts, is
also a Lorentz transformation and hence, can be represented by the product of a spatial
rotation followed by a boost i.e. Alp,o) = N (p) AN,[0,0) = N (p) \py R (éw (p,A)) |0, 0)
or equivalently /\;/IA)\p|O,a> = R (éw (p,A))|0,0). Now, we have shown above that a
rotation keeps invariant the subspace of zero momentum. It follows that the sequence of
boosts on the left hand side must return each vector of zero momentum to the subspace of
zero momentum. Now, \,transforms a vector of zero momentum to a vector of momentum
p. Subsequent application of the boost Awould transform this vector’s momentum to Ap.
It follows that the boost A, will transform the vector with momentum Ap back to zero
i.e. Ay = App.Therefore, e~ K0p, o) = N (p) AXN[0,0) = N (p) MpR (ow (p.A)) 10, 0)

P) Aup Z Dy, (dw (p, M) [0, 07) o (dw (p.A) [Ap,o’)  (43)

ol=—s ol=—s

where D3, (éw (p, A)) are the (2s + 1) x (2s 4 1)unitary rotation matrix representa-
tions of the Wigner rotations.

To determine the normalization factor N (p), we invoke the requirement of the in-
variance of identity under Lorentz boosts i.e. I = e~tKO iKY, Introducing the spectral
resolution of the identity in the momentum representation I = [ dpi|p)(p| and omitting

the spin indices for brevity, we have

1= ([anol) e = [ay

Since the Jacobian of the transformation p — Ap viz. det ‘d(dTp)

N(p)
N(Ap)

*|Ap)(Ap| = / (Ap) det d(fi@) “Jév(gf;)

*|Ap)(Ap|

should not depend

on the direction of the boost, we choose a boost along the direction of 23 axis so that
p1 = (Ap)y, p2 = (Ap)y, ps = (Ap); cosh§ — wy,, sinh 6,
wp = /M2 + (Ap)? + (Ap), [(Ap)y cosh 6 — wy, sinh ]
= wpp cosh § — (Ap),sinh 6.
This gives
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1 0 0
dp '
det = det 0 1 0
d (Ap)
(Ap), sinh® (Ap),sinhé cosh § — (Ap); sinh 6
“(Ap) “(Ap) “(Ap)
3sinh @ wp -1/2
= cosh§ — T " whence we have N (p) = w, '~

2.7 Transformation rules for the Wavefunctions in the Momentum Rep-
resentation

Two different eigenstates of the momentum operator, being different eigenstates of a her-
mitian operator must necessarily be orthogonal. ie. (p|p’) = 0 if p # p’. Had the
spectrum of eigenvalues Spec {p} being discrete, we would have the simple normalization
(p|p) = 0py. However, such a normalization is obviously not possible for continuous
spectra. To obviate this problem and obtain normalizable vectors, we introduce momen-
tum space wavefunctions ¢ (p)and write an arbitrary state vector as |¥U) = [ dpy (p) |p)
with the normalization (p' | p) = (p — p’) so that

(| ) = (pl [dp'v () p) = [dp' () (p | P) = [dp'v ()6 (p —p') = ¢ (p) where
we have, for the time being omitted the spin index and identified the eigenstates only by
the momentum eigenvalue.

The transformation law for the momentum space wavefunction ¥ (p) = (p,m | ¥)
under a Lorentz transformation L (A) = Q (1,,q) S (A) can be written as

Y™ (p) = (p.m | T) = Z/i—g(p,mlé?(npyq) ) (p,m|S (M) [¥)  (44)

where we have used the completeness property of the state vectors and where the bra
and ket vectors have the same energy sign.

Using eq. (20) and the fact that Q (1, q) is diagonal with respect to the operator f%
we obtain

~

p.mIQ (s ) 17 m0) = w,D* [Q ()] 30— 1) (45)

Furthermore, since S (A) is unitary, we have S (A)' = S (A)™" = S (A~!) whence

(p,m[S (A) [¥) = (A7'p,m | W) = 4™ (A~"p) (46)
Eq. (44) then becomes

0= % [ E{p [Qna] 5=} 4w w)

wp/

_prDS Q)] (A p | W) = ZDS Q)] v (A7) (1)
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The inner product of two state vectors with same energy signs takes the form

(p1,mu | pa,ma) = Z/%W@wm(m) (48)

For the case of infinitesimal rotations induced by Q (1p,q) (which is a unitary repre-
sentation of the three dimensional rotation operator 7, = r,'Aky-1, € SO (3) inducing
a rotation by an angle (), we have

m

W) =3 (1+i5¢) " v (p—px Q) = Z,{Hm(va +S>L/wm<p>
(49)

where we have made used of the differential representation of the translation operator.

m/ m

Defining the generators of spatial rotations, J , and Lorentz boosts, K by

J=—i(pxV,)+8 (50)

and

(o pxs
& = po <zvp+% (MW)) 1)

we can write the transformation laws for the 6 transformation and 7 transformation
as

S (T+iJ6 " Y™ (p) (# transformation)
= { T ) o
Yo <I — iKT) o (p) (7 transformation)

In deriving the above expressions, we have used e.g.

; . d
_ZKled) (pa 0)} == ZLM/7FL9—>O_

Kﬂﬁ( ) = iLimg_o d 70 [(

5l pole )

Py d (ik10)" d i0) '
= szmgﬂode [(p,o—]e |\I/>} szmgﬂode (p,o| <e ) | W)

szmgqon [‘ /WA i Z Dyiy (— —A)) <A‘1p,a ‘ ‘I’>

d 1
~iLimo o Y Do (6w 0 —Am[ = pw<A1p,a>]

Wp

o/l=—s

s \/\/p +M? cosh §—p1 sinh@wA,lp
. 2 2
= iLimg_y g Dyry (—w (p VM

o'=—s <p1 cosh @ — \/p? + M2 sinh 0, ps, ps, U)
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=i 3 Do (o (0.~ [ + L2 0 (o) (59

2wy

3. Lorentz Transformation of Bell States

We write the state vector corresponding to two massive spin % particles in the momentum
representation as

dpd
]‘IJAB Z// p1 p2 w(rl,ag (p17p2> |p1,01)A\p2,02>B (54)

2w
o100 )

where the two particle wavefunctions satisfy the condition

dpl dpQ 2
g1,0¢ ) = 1
S [ [ ot (59

o102

Since, a multiparticle state transforms as the direct product of single particle states,
the relativistic spin entangled Bell state |¢) = \/Li (ITT) +111)) can be expressed in terms
of Dirac spinors as:

@) = % (uA (p, %) ® up (—p, %) g (p, —%) ® up (—p, —%)) (56)

To study the effect of relativistic transformations on entangled states, we take the
Bell state as a prototype. Further, since quantum multiparticle states transform as direct
products of single particle states, it is sufficient for us to study the behaviour of the Dirac
spinors u (p, s) under such transformations.

The Dirac spinors u4p) (:I:p,:l:%) representing particles in motion with momenta

T
+pcan be obtained from the corresponding rest frame spinors u (g (O, %) = ( 101 ())

T
and wa(p) (O, —%) = (() 10 1) by imparting a suitable boost transformation as ex-
plained below.

Consider the motion of a wave particle traveling with a velocity v = <U1 Vs Ug)in
an arbitrary direction represented by the unit vector n = (711 No n3) ie. ilew =
lv|n = |v| (cosa cos 3 COSV)' The generators of unit Lorentz transformations along

the direction of the unit vector n = <n1 Ng n3) are given by:-
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0 —cosa —cosf3 —cosy
, —cosa 0 0 0
(In), = (57)
—cosfB 0 0 0
—cosy O 0 0

and the infinitesimal Lorentz transformations along n = <n1 N9 n3> are

¥ = a2t = 3" + A gt = 1" + AY (1), o (58)

The spinor transformation operator S , corresponding to the above Lorentz transfor-
mation is:-

o T . v W o, . . . . .
S = exp |:—1’l90"wj (]n)ﬂ :| = exXp {—Z [(0'01]21 + 0'02]22 + 0'03]23) + (0'10]%0 + 0'20]50 + 0'30]30)} }

because all the other elements of I, vanish. Now, since o,, = —o0,, and I}lo =
g% (In)lo = (]n>10 = (In)o1 = —gl! (_fn)o1 = —I% etc., we have

X 0
S = exXp |:—% (5‘01],21 + 5‘02],22 + 5‘03],23):| (59)
i . .
= exp {—7 (601 cOS v + G2 COS 3 + T3 COS 'y)} (60)
where we have used 19" = ¢" (I,,)%, = — (I,,)% = cos aetc. This gives
A ) Y a.
S =exp <—§a.n> = exp (_ETTT) (61)
since 0g; = £ [70, %] = 107 = 17" 9 = —i17"y' = —ioy.
Now,
2 i j i g Lo ji Lo i g ij 2
(aw)” = ('vy) (ov;) = o vivjzﬁ(aavivjjta a'vjv;) zﬁ(aa + a/a’) vy = v = v

(62)

2
(@v)” — 1 and on expanding the exponential of eq. (61) as a power series

o]

Therefore,

in <—g%> and collecting even and odd powers in g we obtain

s-oo (5) =1 e () () 2 () ()
b)) 693 () e ] ()-() )

=1
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so that u (p,

= ]cosh<

1)~ () ()

(63)

0 oo Yk _ P cosh (2) — /2 +M sinh (§> = —
=\ ok, 0 ol |pl’ 2 oM 2
(po + M)? 0 p3(p0|—1|\/[)1/2 (pl—z‘p2)|<p‘o—M>1/2
P P
0 (po + M)1/2 (pl+ipz)|(p|o—1\4)1/2 —Ps(p(i—‘f‘/[)l/2
P p
A2 — a2
p3(po lp{”) (p1 pz)‘(glo M) (po + M>1/2 0
i _ / _ _ /
(p1+ p2)|(§‘0 M)/ zas(pomM)1 : 0 (po + M)*?
Y
(po + M) + p—i‘(po‘pfw)l - cosh ¥ + 7 sinh 2
(p1+ip2) (po—M)'/? (p1+ip2) sinh 9
) = ] = 3 2 and
2M _ant/
ps(po|p|1\4)1 ° 4 (po + ]\4)1/2 cosh ¥ + %" sinh 2
(p1+ip2) (po—M)*/? (pLtipa) i0p) O
Ip| Ip| 2
(Pl*ip2)‘(;’|0*M)l/2 (p1 |;T'p2). sinh g
1 (po + M)"/? — p?’(porfw cosh ¥ — & sinh 2 (64
V2l (i) =00 N i) iy 9
an1/2 0 .
_p3(po|p1|\4) + (po + ]\/[)1/2 coshg . ﬁ Smhg

Our objective here is to examine the impact of a Lorentz transformation on the Bell

state given by eq. (56).
Let us, now, impart a boost transformation,

cosh7 sinh7 00
sinh7 cosh7 00

0 0 10

0 0 01

(65)
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directed along the z! axis and identified by the rapidity 7 = — tanhv; on the spinor
u (p,s). Under this transformation, the components of the momentum vector transform
as p'* = (Ap)" = A¥p” so that

P’ = (po cosh T + py sinh 7, pg sinh 7 + py cosh 7, pa, p3) (66)

and

p=A1p= (po cosh 7 — py sinh 7, —pg sinh 7 + p; cosh 7, pa, p3) (67)

Under this transformation, the spinors u (p, o) will transform as

u ,% u (AL ,%
©2) ) pwmay| ) (68)
' (p,—3) u' (A'p, —3)

where Ap is the spatial component of Ap, D (¢w (£p, A)) are the unitary representa-
tions of the three dimensional Wigner rotation corresponding to the Lorentz transforma-
tion A. u (£A"!p, o) can be calculated by using eqs. (64) & (67). Our task is, therefore,
now confined to obtaining the Wigner rotation corresponding to A.

Hence, our next step is to construct the Wigner rotation and identify the Wigner
angle corresponding to the Lorentz boost given by eq. (65). To keep the calculations as
simple as possible so as not to obscure the physical content, we consider the standard
vector as [ = (M, 0,0,0) and subject it to a Lorentz boost x; directed along the x3 axis
and identified by the rapidity parameter w. Its matrix representation is

coshw 0 0 sinh w

0 10 0
0O 01 O

sinhww 0 0 coshw

Under the effect of this transformation, the standard vector transforms as k = k,l =
(M coshw, 0,0, M sinhw). We, now, have

coshw 00 —sinhw

. 0 10 0
K, = (70)
0 01 0

—sinhw 00 coshw
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coshwcoshT coshwsinhT 0 —sinhw

. sinh 7 cosht 0 0
Ky A= (71)
0 0 1 0

—sinhwcosh ™ —sinhwsinh7 0 coshw

and
A1k = (M cosh @ cosh 7, — M cosh t sinh 7, 0, M sinh )
so that
cosh w cosh 7 —cosh wsinh 7 0 sinh w
—coshwsinhT 14 a (M coshwsinh7)? 0 —aM? cosh wsinh w sinh 7
e 0 0 1 0
sinh @ —aM? cosh wsinh wsinh 7 0 1 + aM?sinh® w
(72)

where

(coshw cosh T — 1) 1 (73)

o = =
M? (cosh® wcosh® 7 — 1) M?(coshw cosh T + 1)

Instead of making explicit calculations of the Wigner rotation 7, = K,];lAFLAfl x which
are quite cumbersome, we examine the impact of 7, on the spatial basis vectors (i, 7, k) =

((0, 1,0,0)",(0,0,1,0)", (0,0,0, 1)T). The results are

Nkt = Mk (0,1,0,0) = /@,le (— coshwsinh 7, 1 + aM? cosh? @ sinh? 7, 0, —aM? cosh w sinh @ sinh 7')

(o cosh w + cosh 7 sinh o sinh 7 (74)
~ \"coshwecoshT+1"" coshwecosht + 1
mej = Mk (0,0,1,0) = (0,0,1,0) (75)

mek = 15, (0,0,0,1) = K "A (sinh @, —aM? cosh w sinh @ sinh 7,0, 1 + aM? sinh® @)

_ (O sinh o sinh 7 coshw + cosh > (76)

"coshwcoshT+1" " coshwecosht + 1
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The above expressions for the three transformed spatial basis vectors vindicate that
the Wigner rotation is a spatial rotation that takes the form of a rotation about the z?
axis and further, identify the Wigner angle as

sinh w sinh 7

¢w = tan™! (77)

coshw + cosh 7

Using eq. (77), we can write the unitary representation of the three dimensional
Wigner rotation as

D2 (g (pyA)) = | 5O TR 9)

sin ¢y €oS Py

From egs. (68) and (78), we arrive at expression for the transformation of the Dirac
spinors and hence, of the Bell state as

u’ (p, 1) = COS Py <A_1p, l) — sin goyu (A_ll% —l) (79)
P 2 2
’ 1 . -1 1 -1 1
u | p, —5 = sin wau A D, 5 ~+ cos ngu A b, _5 (80)

Conclusions

We have, thus, shown in this paper that the constituent particles of the maximally en-
tangled Bell states, when subject to Lorentz boosts undergo a momentum dependent
Wigner rotation (which is a rotation in spatial coordinates and hence, is unitary). The
entanglement fidelity is, therefore, preserved under such transformations Explicit calcula-
tion for the Wigner rotation corresponding to a boost along the z! axis is performed and
the it is shown to be a rotation about the 22 axis through an angle that is momentum
dependent and is given by eq. (77). As is shown, the rotation matrix, being unitary,
restores unitarity in the transformation. It is also shown that the spins in the Bell state
undergo a reorientation in the direction of the boost when observed from a frame moving
with a constant velocity with respect to the rest frame. The point to be noted here is
that since a multi particle state transforms as the direct product of single particle states,
the transformed multiparticle state consists of a linear combination of spin states with
the transformed momenta. It follows that if we obtain the density matrix of the “re-
duced state” by tracing over one of the states, we will still get a maximally entangled
(mixed) density matrix implying that the entanglement fidelity is not disturbed under
such Lorentz transformations as are considered here.
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