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Abstract: In this paper we consider time scale synchronization between two different time-
delay systems. Due to existence of intrinsic multiple characteristic time scales in the chaotic
time series, the usual definition for the calculation of phase failed. To define the phase,
we have used empirical mode decomposition and the results are compared with those from
continuous wavelet transform. We investigate the generalized synchronization between these
two different chaotic time delay systems and find the existence condition for the generalized
synchronization. It has been observed that the generalized synchronization is a weaker than
the phase synchronization. Due to the presence of scaling factor in the wavelet transform it has
more flexibility for application.
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1. Introduction

Synchronization of chaotic oscillators is one of the fundamental phenomena in nonlinear
dynamics. Various types of synchronization in chaotic systems have been classified|[1],
such as complete synchronization(CS), generalized synchronization(GS), lag synchroniza-
tion(LS) and phase synchronization(PS). Among them, PS refers to the condition where
the phases between two chaotic oscillators are locked, or the weaker condition where the
mean frequencies between two chaotic oscillators are locked[2]. But the case of phase
synchronization between two different time-delayed systems have not yet been identified
and addressed. A main problem here is to define even the notion of phase in chaotic time
delay system due to the intrinsic multiple characteristic time scales in these systems|[3].
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In that case, its trajectories on the complex plane may show multiple centers of rotation
and broadband power spectrum of the signal indicates multiple Fourier modes, which
creates a difficulty in the estimation of phase. There is no unique method to determine
the phase in complex chaotic oscillators and different definition of phase are found in [4].
All the synchronization types mentioned above are associated with each other, but the
relationship between them is not completely clarified yet for time delay system.

In this paper, we propose a universal method to detect all types of synchronization
and find a relationship between them. The main idea of this approach is to analyze the
behavior of different time scale of the coupled time delay system. To study the time
scale synchronization between two different time delay systems, we use empirical mode
decomposition(EMD)[5] and continuous wavelet transform(CWT)[6]. Using CWT, we
introduce the continuous set of time scales s and the instantaneous phases ¢4(t) associated
with them. In other words, ¢,(t) is a continuous function of time ¢ and time scale s. For
the case of synchronization, the time series generated by these systems involve time scales
s that are necessarily correlated and satisfy the phase locking condition

| &5, (t) — ¢s,(t) |< constant (1)

The structure of this paper is as follows. In section 2, we discuss the method of
EMD. In section 3, we consider the phase synchronization of two different chaotic time-
delayed systems with unidirectional coupling by EMD. The CWT method are discussed
in section 4. In section 5, the synchronization between Logistic and Mackey-Glass time-
delayed systems are discussed. The GS versus time scale synchronization are discussed
in section 6. We summarize our results in section 7.

2. Empirical Mode Decomposition

The study of synchronization basically requires the analysis of the signal or data which
is available in the form of a time series. Many applications that involve signal or data
processing require the use of transforms such as the Fast Fourier Transform (FFT) or
Discrete Fourier Transform (DFT). These transforms allow a signal or data set that satis-
fies certain conditions to be converted to the frequency domain. A new signal processing
technology called the Hilbert-Huang Transform (HHT) [5] has recently found that accu-
rately analyzes physical signals. It calculate instantaneous frequencies based on the EMD
method when intrinsic mode functions(IMFs) are generated for complex data. Then a
Hilbert transform converts the local energy and instantaneous frequency derived from the
IMFs to a full energy-frequency-time distribution of the data (i.e., a Hilbert spectrum).
Finally, the physical signal is filtered by reconstruction from selected IMFs and a curve
can be fitted to the filtered signal. Such a curve fitting might not have been possible with
the original, unfiltered signal.

To use EMD method to decompose a function f(t) as a linear combination of IMF’s
¥n, the first step is to choose a time scale which is inherent in the function and has
physical meaning. We also require to know the time between successive zero-crossings,
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successive extrema and successive curvature extrema. Here n =0, fo = f, ho = f, and
k = 0 are taken. The upper envelope is constructed for hy. For this all the local extrema
are identified and all the local maxima are fitted by a cubic spline interpolation for use as
the upper envelope U(t). Similarly by taking all the local minima the lower envelope L(t)
is constructed. The functions U(t) and L(t) should envelop the data between them, i.e.,
L(t) < hi(t) < U(t), for all t. Their mean is denoted by my(¢) and the k-th component
is defined as

hiy1 = hi —my

If Ay is not an IMF, hy is replaced by hiy1 and the envelopes are again constructed.
Otherwise, hyy; is defined as IMF ¢, and the residual is f,+1 = f, — ¥,. If the conver-
gence criterion is not satisfied then n is increased and the whole procedure is repeated.
The convergence criterion is tested by considering the residual either smaller than a
predetermined value or a monotonic function. Adding all the IMF’s together with the
residual slow trend reconstructs the original signal without information loss or distortion.
Explicit procedure of EMD for a given signal x(t) can be summarized[7] as follows.

(i) All extrema of z(t) should be identified.

(i) Interpolation should be done between the minima (respectively maxima)

ending up with some envelope €, (t) (respectively €,q4(t)).

(iii) The mean m(t) = (€min(t) + €maz(t))/2 should be computed.

(iv) The detail d(t) = z(t) — m(t) should be extracted.

(v) The residual m(t) should be iterated.

In practice, a sifting process refines the above procedure which amounts to first iterating
steps (i) to (iv) upon the detail signal d(t), until the latter can be considered as zero-mean
according to some stopping criterion. Once this is achieved, the detail can be referred
to as IMF. The corresponding residual is computed and step (v) applies. The number of
extrema decreases while going from one residual to the next and the whole decomposition
is completed within a finite number of modes.

The phase variable ¢(t) can be easily estimated from a scalar time series z(¢). But the
problem arises when the signal possesses a multi component or a time varying spectrum.
In that case, its trajectory on the complex plane may show multiple centers of rotation
and an instantaneous phase cannot be defined easily [4]. The power spectrum of the
signal indicates multiple Fourier modes, which creates a difficulty in the estimation of
phase. To overcome this difficulty we have used the algorithm of EMD. EMD ensures
that the complex plane of Cj(t) rotate around a unique rotation center, the resulting
signal can be considered as a proper rotation mode and the phase can be defined.

We have decomposed the original chaotic signals z(t) and y(t) as

z(t) = Z C;(t)+ R(t) and y(t) = Z ClH(t) + R/(t)

where R(t) and R (t) are residuals of the signals x(¢) and y(t) respectively. The functions
Cj(t) (and C}(t)) are nearly orthogonal to each other. Thus each mode generates a proper
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rotation on the complex plane with the analytic signal

and the two phases ¢; and ¢ of the signals C; and C’ respectively are obtained.
Thus the phases ¢; and ¢} are obtained by using Hilbert transform of each Cj and C]

respectively and the frequencies w; and w} are obtained by averaging the instantaneous
, dg, . . :
phases % and ZJ respectively, separately for each mode. The instantaneous frequencies

of each mode can vary with time and the fast oscillations present in the signal are in

general extracted into the lower and the slow oscillations into the higher modes so that
Wo > Wy > we > ... > wy and w) > wp > wh > ... > why. Moreover, the mode amplitudes
usually decay fast with j so that the signal can be decomposed into a small number of
empirical modes. In this context one should note that the phase synchronization between
the drive and response systems can always be characterized either as a phase locking or
a weaker condition of frequency locking. One should note that phase locking and mean
frequency locking are two independent conditions to characterize phase synchronization
[1]. In the synchronized state the phase difference between the oscillators is bounded and
the frequency difference is zero or at least close to zero. By using the EMD method,
the transition to phase synchronization is basically analyzed as a process of merging of
the frequencies of the corresponding modes and the phase difference is bounded as the
coupling strength is increased. Further, when synchronization is set, different types of
phase interactions may simultaneously arise at specific time scales. Then the two signals
x(t) and y(t) can be written in polar form as

Wit = 30 Aj(0earli | (0

3. Synchronization between Logistic and Mackey-Glass time-
delayed systems via EMD method: From phase to lag syn-
chronization

Let us consider the more complicated example when it is impossible to correctly introduce
the instantaneous phase ¢(t) of chaotic signal x(t). It is clear, that for such cases the
traditional methods of the phase synchronization detection fail and it is necessary to
use the other techniques, e.g. indirect measurement. As the first attempt to study PS
between two different coupled time-delayed chaotic systems, we couple two such chaotic
time-delayed systems in our model. The drive system is a delay Logistic system|[8] and
response system as time-delayed Mackey-Glass system/[9].



Electronic Journal of Theoretical Physics 6, No. 21 (2009) 125-138 129

To illustrate it we consider the following unidirectionally coupled drive z(t) and re-
sponse y(t) systems as

(t) = —ax(t) + re(t — m)[1 — x(t — 7)] (2a)

By(t — 1)
1+ y0(t— 1) + k(z(t) — y(t)) (2b)

where k is a coupling strength. We choose the values of parameter as a = 15,7 = 54,11 =

y(t) = —ay(t) +

5,a = 1,08 = 2,75 = 10. In the absence of coupling strength the drive system xz(t) and
response system y(t) exhibit chaotic attractors. It is necessary to note that under these
control parameter values none of the direct measurement methods for phase permits us
to define the phase of chaotic signal correctly in the whole range of coupling parameter
k variation.

The behavior of phase difference [A(¢)] at different intrinsic time scales for different
coupling strength k£ = 2.0 and k& = 6.0 are shown in fig. (la) and fig. (1b) respectively.
We observed that in fig. (la) for low coupling strength & = 2.0 the phase difference
between different intrinsic mode are not bounded. The phase difference ¢;(t) — ¢/ (t) are
not bounded for almost all intrinsic time scales. At this case the intrinsic time scales
of both the systems are not correlated. For further increase of coupling strength (i.e.
k = 6.0), some of intrinsic time scales of the first chaotic oscillator becomes correlated
with the other intrinsic modes of the second oscillator and the phase synchronization[PS]
occur [in fig.(1b)]. With further increase of coupling (i.e.k = 13.53), all intrinsic time
scales of two systems are correlated. Phase difference between any two time scales are
correlated with each other[Fig. (1c)]. With increase the value of coupling, PS converted
to lag synchronization[LS]. The LS between oscillators means that all intrinsic modes are
correlated. From the condition of LS we have x(t—7) =~ y(t) and therefore ¢;(t—7) =~ ¢/ (t)
where 7 is the time lag. This time lag depends on the coupling parameter. At high
coupling parameter, the time lag decreases and LS transfered to CS.

4. Continuous wavelet transform(CWT)

An alternative approach for the analysis of phase of a complicated time series is the
wavelet transform. Several people have already worked on this approach [6]. To elaborate
the basis of wavelet technique, consider a time series x(t). The behavior of such systems
can be characterized by a continuous phase set define wavelet transform of the chaotic
signal z(t);
o0
W(snto) = [ alt)is,

[e.o]

where the asterisk means complex conjugation and

1 t—to
wSO,to(t)_ \/8_01/}0< S0 )

is the wavelet function obtained from the mother wavelet vy, ,(t). The time scale s

determines the width of v(t), where ty stands for time shift of the wavelet function.
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Here it should be noted that the time scale sg is replaced by the frequency of Fourier
transform and can be considered as the quantity inverse to it. In this paper we have used
Morlet wavelet which is given by;

1
I

The wavelet parameter wy = 27 ensures the relation s = % between the time scale s and

2
. Ui
exp (iwgn) exp (— —>

Yo(n) = 9

frequency f of Fourier transform. One then considers
W (50, to) = ‘W (80, t0)| €i¢50(t0)

which determines the wavelet surface characterizing the behavior of the system for every
time scale sg at any time 5. The magnitude of W (sq, ty) represents the relative presence
and magnitude of the corresponding time scale sy at to. Usually it is very standard to
consider the integral energy distribution over all time as

< E(So) >:/ |W(80,t0)|2 dtg

The phase ¢, (t) = argW (so,tp) also proves to be naturally defined for time scale s.
So that the behavior of each time scale sy can be identified using the phase ¢4, (t). We
now apply this idea to the two time series obtained from the two chaotic systems. It is
observed that the time scales accounting for the greatest fraction of the wavelet spectrum
energy < FE(sg) > are obviously synchronized first. For other time scales there is no
synchronization. Actually we should have |¢g, (t) — ¢s,(t)| < constant, for some s, leading
to phase locking in the situation of phase synchronization.

5. Synchronization between the Logistic and Mackey-Glass time-
delayed systems via CWT

We now apply continuous wavelet transform to the two time series obtained from the
two chaotic time-delayed systems. It is observed that the time scales accounting for the
greatest fraction of the wavelet spectrum energy < F(sg) > are obviously synchronized
first. For the other time scales there is no synchronization. Actually we should have
|, (1) — s, ()| < constant, for some time-scale s, leading to phase locking in the situation
of phase synchronization.

We consider the dynamics of different time scale s of two different coupled time-
delayed systems (2) when the coupling parameter value increases. If there is no phase
synchronization between the oscillators, their dynamics remain uncorrelated for all time
scales s. The dynamics of the coupled system (2) when the coupling parameter k is
sufficiently small £ = 2.0 are shown in figure (2a) and (2b). The power spectrums
< E(s) > of the Logistic and Mackey-Glass time delay systems are different from each
other [fig. 2(a)], but the maximum value of the power spectrum for both the systems
are occurred to the same time scale so = 10.2. It is clear that the phase difference



Electronic Journal of Theoretical Physics 6, No. 21 (2009) 125-138 131

¢s, (1) — s, (t) are not bounded for all the time scales sy = 3.0,10.2,12.0 [Fig. 2(b)]. This
means that the systems under consideration do not involve synchronized time scales.
Therefore the systems are unsynchronized.

As the coupling increases, the systems are brought to PS regime as illustrates in
figure (2c, 2d). The power spectrum of the response system is near similar to the power
spectrum of driving system [in fig. 2(c)]. It is seen that phase locking occurs at the time
scale sy = 10.2 corresponding to the maximum energy in the wavelet spectrum, < E(s) >
[in fig 2(d)]. But the other time scales sy = 3.0,12.0, the phase difference are same as
before [Fig. 2(b)] i.e. not bounded. As soon as any of the time scales of the driving
system becomes correlated with another time scale of the response system (e.g. when
the coupling parameter increases), phase synchronization occurs. The time scale sq is
characterized by the largest value of energy in the wavelet spectrum < E(s) > is more
likely to be correlated first. The other time scales remain uncorrelated as before. The
phase synchronization between chaotic systems leads to phase locking (1) at the correlated
time scales sg. With a further increase in the coupling parameter, the unsynchronized
time scales become synchronized. The number of time scales for which the phase locking
occurs increases and one can say that the degree of synchronization grows. For coupling
parameter £ = 13.53, we observe that the normalized energy spectrum totally overlap
[Fig. 2(e)]. The time scales s; = 3.0,12.0 which are not synchronized in the previous
[Fig. 2(b), 2(d)] are synchronized. The phase difference remain bounded for all time
scales sp where we have shown this variation for low sy and also for high sq value [in Fig.
2(f)].

The occurrence of lag synchronization between time delay system means that all the
time scales are correlated. The lag synchronization condition z(t — 7) ~ y(t) implies
that w,(s,t — 7) = wy(s,t) and therefor ¢, (t — 7) = ¢5,(t). In that case phase locking
condition(1) is satisfied for all time scales. For instance, where the coupling parameter
k is sufficient large then lag synchronization of coupled system (2) occurs. In this case
the power spectrum of two system are coincident with each other and the phase lock-
ing condition satisfied for all time scales. It is to be noted that the phase difference
¢s, (1) — s, (t) will not be zero in the case of lag synchronization. This difference depends
on time lag 7. We can therefore say that the time-scale synchronization is the most
general synchronization and phase, lag synchronization are particular cases of time-scale
synchronization.

6. Generalized synchronization versus time scale synchroniza-
tion

Let us consider another type of synchronization behavior, the so-called generalized syn-
chronization(GS). It has been shown in the above section that the PS, LS and CS are
the particular type of time scale synchronization. All the above type synchronization are
depend on the number of synchronized time scales. But the relation between the PS and
GS is not clear. Several work are studied the problem, how the PS and GS are corre-
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lated with each other. In this section we will study the GS of the coupled time-delayed
system(2). In a paper[10] the CS and GS of one way, linearly coupled Mackey-Glass
system is studied. In recent paper[11] the GS between two unidirectionally linearly and
nonlinearly coupled chaotic nonidentical Ikeda models are discussed. For this purpose, we
use the auxiliary system method to detect GS[10]; that is, given another identical driven
auxiliary system z(t), GS between z(t) and y(t) is established with the achievement of CS
between y(t) and z(¢). In fact, the auxiliary method allows us to find the local stability
condition of the GS[10].
To illustrate the above procedure we consider the coupled Mackey-Glass system as

I0) = —ay(0) + NG k() ~ ) (30)
i(t) = —az(t) + pelt = m) k(z(t) — 2(t)) (3b)

1+ Zlo(t — TQ)
We derive the existence conditions of the CS in coupled time-delayed systems (3) with the
help of Krasovskii-Lyapunov functional approach. We denote the error signal A =y — 2.
Then the error dynamics can be written as

A= —r(t)A + s(t)A, (4)

where 7(t) = a+ k, s(t) = f'(yn), f(yr,) = % The driving and response subsys-
tem described by (3) are synchronized if the fixed point A = 0 of system (4) is stable.

By the Krasovskii-Lyapunov theory, a positively defined functional was introduced as,
2 0

V(t) = % +u/_ A%(t+0)do (5)

where p > 0 is an arbitrary positive parameter. According to [12-14], the sufficient
stability condition for the trivial solution A = 0 of the time delayed equation (4) is

r(t) > s(t) | with  p=

(6)

For a particular problem, two cases may arises in equation(6), for the first case s is
constant and r(t) is variable and the second case r is constant and s(t) is variable. The

second case arise in our case where s(t) is a variable. For the general cases the stability

Ls@I
2

above problem can be removed if we define i as a function of time and the derivative of

condition p = is not always true because pu is a parameter and s(t) is a variable. The

1 can be considered in the expression of V.
Suppose p = ((t) > 0, then the Krasovskii-Lyapunov functional can be taken as[12-14]

V() = 5830+ () [ A+ g

Then
V(t) = —r(t) A% + s() AN, + C(H)(A? — A2)+

T
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() / A%t 4 €)de

—T

If {(t) < 0 then we have

V() < =[r(t) = s*(1)/4¢(t) = C(1)]A?

We obtain the stability condition as

r(t) — s*(t)/4¢(t) = ¢(t) > 0
i.e. v(t) > h(s,() where h(s, ) = s*(t)/4C(t) + (1)

For any function of s(t), h(s,() is a function of {(¢) and has an absolute minimum for
¢(t) = 5 and hpin(s,¢) =| s(t) |. Thus h(s,() >| s(t) | for any s and ¢ > 0. The stability
condition for synchronization is () >| s(t) |. Then the stability condition for the trivial
solution A = 0 of linear time delay system is r(¢) >| s(t) | for ((¢) = @

The stability condition for CS is a + &k >| f'(y.,) | that is & > maz| f'(y,) | — 1,
where the maximum is defined on the trajectory of the driving system. Therefore, GS
between (2a) and (2b) exists if £ > 3.05. Figure(3a) shows the CS between (3a) and (3b).
GS between (2a) and (2b) shown in figure(3b).

Thus, the GS of the unidirectional coupled time-delayed systems (2) appears as the
time scale synchronized dynamics, as another types of synchronization does not occurs
before. At this coupling parameter k£ = 4.0 the PS does not occurs [Fig. 3c, 3d]. The
above results are similar to the results in Ref [15], in which the GS between two unidi-
rectional coupled Rossler systems are occurred while the PS has not been observed. It
is also clear why the PS has not been observed in our case. The instantaneous phases
05, (t) — b5, (t) of the chaotic signal z(t) and y(t) determined by CWT for the time scales
sop = 3.0,10.2,12.0 but only the time scale sy = 10.2 are synchronized[Fig. 3d]. The other
time scale are not synchronized. The instantaneous phases does not allow to detect PS

in that case although the synchronization of time scales occurs.

Conclusion

In conclusion, we have considered the time scale synchronization between two different
time-delayed systems by means of EMD and CWT and compared their results. Since
the two systems are in chaotic regime, the time series contain multiple Fourier modes.
The several definition for detection of phase are failed. We observe that while the EMD
method separates the complex signal in various IMF’s corresponding to a definite fre-
quency, the CW'T approach does the same but with respect to different scales. Actual
comparison between EMD and CW'T is possible only through statistical methods. One
can observe that different synchronization (CS, LS, PS and GS) come from universal posi-
tion, i. e. time scale synchronization is a common type of synchronization where CS, LS,
PS and GS are the particular cases of time scale synchronization. We have investigated
the relation between GS and PS. We observe that GS is a weaker than PS. PS could be
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stranger than GS, and they can also occurs for chaotic time delay systems. The sufficient
condition for generalized synchronization are studied analytically and also we have shown
numerically the effectiveness of the synchronized system. According to our paper one can
see that it will be a unified framework for different types of chaotic synchronization for
any dynamical systems. These two methods are also applicable for experimental data
because it does not require any information about the dynamical systems.
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Fig. 1 Phese difference between the IMF’s of systems (2a) and (2b) at (a) k = 2.0, (b) £k =6.0
and (c) k = 13.53, where 1 represents the phase difference between the corresponding C; and Cj
IMF’s, 2 between Cy and C§ IMF’s; 3 between C3 and C) IMF’s, 4 between Cy and C) IMF’s,
5 between Cs and Cj IMF’s.
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Fig. 2 a) The normalized energy distribution in the wavelet spectrum < E(sq) > for the drive
(solid line) and response (dashed line) of coupled system (2), b) the dependence of the phase
difference ¢, (t) — ¢s,(t) on time ¢t for different time scales s. The coupling parameter between
the oscillators is k = 3.0. There is no phase synchronization between the systems. c¢) The
normalized energy distribution in the wavelet spectrum < E(sg) > for the drive (solid line) and
response system (dashed line), d) phase difference ¢, (t) — ¢s, (t) for coupling system (2). The
coupling parameter between the oscillators is £ = 6.0. The time scale sg = 10.2 are correlated
with each other and synchronization is observed. e) The normalized energy distribution in the
wavelet spectrum < E(sg) > for the drive (solid line) and response system (dashed line), f)
phase difference ¢, (t) — ¢s,(t) for coupling system (2). The coupling parameter between the

oscillators is k = 13.53. All the time scales are correlated and synchronization is observed.
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Fig. 3 a) Complete synchronization between y(t) and z(t) in system 3, b) generalized synchro-
nization between z(t) and y(t) in system 2. c¢) normalized energy distribution and d) phase
difference ¢, (t) — ¢s,(t) at k = 4.0.






