EJTP 5, No. 18 (2008) 51-60 Electronic Journal of Theoretical Physics

Group Properties of the Black Scholes Equation &
its Solutions

J. P. Singh*, and S. Prabakaran

Department of Management Studies
Indian Institute of Technology Roorkee
Roorkee 247667, India

Received 24 June 2007, Accepted 20 March 2008, Published 30 June 2008

Abstract: Several techniques of fundamental physics like quantum mechanics, field theory
and related tools of non-commutative probability, gauge theory, path integral etc. are being
applied for pricing of contemporary financial products and for explaining various phenomena
of financial markets like stock price patterns, critical crashes etc.. The cardinal contribution
of physicists to the world of finance came from Fischer Black & Myron Scholes through the
option pricing formula which bears their epitaph and which won them the Nobel Prize for
economics in 1997 together with Robert Merton and which constitutes the cornerstone of
contemporary valuation theory. They obtained closed form expressions for the pricing of
financial derivatives by converting the problem to a heat equation and then solving it for specific
boundary conditions. In this paper, we apply the well-entrenched group theoretic methods to
obtain various solutions of the Black Scholes equation for the pricing of contingent claims. We
also examine the infinitesimal symmetries of the said equation and explore group transformation
properties. The structure of the Lie algebra of the Black Scholes equation is also studied.
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1. Introduction

The origin of the association between physics and finance, though, can be traced way
back to the seminal works of Pareto [1] and Batchlier [2], the former being instrumental in
establishing empirically that the distribution of wealth in several nations follows a power
law with an exponent of 1.5, while the latter pioneered the modeling of speculative prices
by the random walk and Brownian motion. The cardinal contribution of physicists to the
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world of finance came from Fischer Black & Myron Scholes through the option pricing
formula [3] which bears their epitaph and which won them the Nobel Prize for economics
in 1997 together with Robert Merton [4]. They obtained closed form expressions for the
pricing of financial derivatives by converting the problem to a heat equation and then
solving it for specific boundary conditions.

The theory of stochastic processes constitutes the “golden thread” that unites the
disciplines of physics and finance. Modeling of non relativistic quantum mechanics as
energy conserving diffusion processes is, by now, well known [5]. Unification of the
general theory of relativity and quantum mechanics to enable a consistent theory of
quantum gravity has also been attempted on “stochastic spaces” [6]. Time evolution of
stock prices has been, by suitable algebraic manipulations, shown to be equivalent to a
diffusion process [7].

2. The Black Scholes Model

The Black Scholes valuation theory constitutes the cornerstone of modern finance. The
model, as initially propounded, envisaged the formulation of a partial differential equation
for the pricing of an European call option by creating a portfolio that exactly replicated
the payoff of the option and the value of whose constituents was known. The European
call option is a financial contingent claim that entails a right (but not an obligation) to
the holder of the option to buy one unit of the underlying asset at a future date (called the
exercise date or maturity date) at a price (called the exercise price). The option contract,
therefore, has a terminal payoff of max[S (T) — E,0] = [S(T) — E]" whereS (T)is the
stock price on the exercise date and Eis the exercise price.

The theory behind this valuation methodology is well disseminated and can be found
in any text on financial derivatives e.g. [7]. The valuation equation of the Black Scholes
model is
w n 10252820 (S,t) 0C (S,t)

08 2 052 ot
This is the fundamental PDE for asset pricing and is referred to as the Black Scholes

rS

=rC(S,t), (1)
equation in the sequel.

3. Transformation to the Heat Equation

The transformation of the Black-Scholes equation to the heat equation has been well
researched. We make the following transformations:-

2 1, 2 1,\> 2 1, 2 1.\’
y:§<r—§a)ln5—; (T’—§O') t—g (T—§O' lnS(]‘i‘ﬁ T—§O' to, (2)
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On implementing these transformations the Black-Scholes equation gets transformed to

v _ 9%

the heat equation 37 = Gyzas can be seen by explicit calculations.

The fundamental solution of the heat equation is given by v = 2\/17? exp (—%)and

that of the Black Scholes eq. (1) is obtained by substituting back the transformations
(2-4) and we obtain

0:7050\/2;@? exp{—‘gia;:‘_(igfgf [if( ) +7"] (to—t)— J%( )(IHS lnSo)} (5)

4. Construction of the Symmetry Group[8-12]

The Black Scholes equation (1) is a partial differential equation in two independent vari-
ables viz. the stock price S and time tand one dependent variable in the price of the
derivative C. Let us consider the following invertible transformations of the three vari-
ables S, t, and C

t=f(t5S,Ca), S=g(t S Ca) and C=h(tS,C,a) (6)

where a is a continuous parameter.

The transformations of eq. (6) will constitute symmetry transformations if eq. (1)
retains its structure in the new variables ¢, Sand Cand the set of all such transformations
constitutes the symmetry group G of the Black Scholes equation.

The generator of the symmetry group Gis given by the vector field:-

) ) )
X =€ (6.5.0) 5 + € (1.5.0) 55 +0(t,5.C) 55 (7)

where % (¢, 5, C), & (t,S,C), n(t,S,C) are the parameters of the infinitesimal transformations:-

t~t+al®(t,S,C), S~S+a'(t,5,C) and C=~C+an(t S, O) (8)
are obtained by solving the following equations:-

dt o, 5 A dS _ oA dC L

— =¢(,5,C), —=¢1(,8,C d —=n(tS,C 9
o= E8.0), =g (08,0) and Lo=n(i,5.C) (9)
with the initial conditions ¢|,_, =t, S"azo = S and C_’|a:0 =

The transformations represented by eq. (6) would form a symmetry group if C =
C (S, 1) satisfies the eq. %—? =-1 252‘33(5 rgg—g + rC whenever C' = C (S, t) satisfies
eq. (1).

Our objective here is to determine all possible coefficient functions &9, &1, nsuch that
we are able to obtain the symmetry group of eq. (1) by the process of exponentiation.
For this purpose we need to obtain the second prolongation of the vector field Xof eq.
(7). In terms of the various partial derivatives, this is given by:-

i D s O e O e O
1 ac, e 9C s ™ 9Cs; " aC,

0
prPX =X + 775—80
S
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where
nS5=D?2 (77 10— foCt)+€ICsss+§OCSSt D%n—CgD%e1—CyDLE0—2C55 D&t —2Cs D&

=Css+(20s0—Eks ) Cs =635 Cet (noo—265 ) C3—263 o Cs Cr—EL o C €8, CECh
_o¢l _9¢0 _q¢l _¢0 _9¢0
+(7lc 2§S)C’ss 265Cs1—38CsCs5—ErCtCs5—28CsCst

and similar expressions hold for n°tand 7.
The differentials of C' = C (5’ , ﬂ with respect to S, fcan be expressed in terms of those
of C' = C (S,t) with respect to S, tthrough the so called prolongation formulae:-

ele oC o oC
e~ ra| - o) - @) (10)
oc  9C oC .. aC
%NE‘FG{DS(??)_EDS@)_ﬁDS(f )} (11)
P20 9C e, e, 52C 52C
952 = o 10 {DS {DS (1) = 5 Ds (€)= 5g Ds (€ >] ~ 52 s (€) — 555 Ps (50)}
(12)
where 9 aCca  00C, & 9Cs
_ v vV v t S
Di=5"%rac T a0, at ac, T ot acs (13)
and 9 9C 9 oC, & 9Cs O
v v o t S_
Ds=55T%95ac T asac, T 95 a5 (14)
Using eqgs.(8, 10-12), we obtain
0C 1 20C | OC . 0C 1 ,,0C  0C
8t+ 05832 rSaS CN@t S852 Sas rC + al’ (15)
where
e, e,
r— [Dm - % e - % pye >] T
[Ty _ 80 0, 9C _oC 1 0*C 0
05 { 0. [0t = D) = FEDUEN| - GG - oD} +10
e, ac . ac L 2C . aC
rs%[ ) = 52D~ S|~ + 2T S 4 O

Hence, the determining equation for the problem under reference is of the form I' = Owith
['being given by eq. (16).

Using eqs. (13-14, 16) and equating to zero, the coefficients‘ of the various monomials
of the first and second order partial derivatives of C, we obtain the following equations
for the symmetry group of the Black Scholes equation.

& =0 (17)
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=0 (18)

ec =0 (19)

—eL+ %0252520 =0 (20)

~SEh+ €+ SrSCEL + 55E + 107 S e =0 (21)

o —158c =0 (22)

S0 — Eho + TS — 370G =0 (23)

—& + 025 nsc — 202528y — rSEL + 1t — r2SCEL + rSE+ (24)
r25%EY —rC¢l — o*rS?CE . + %7‘0253§g~5 =0

(ne+10252ns5+rSns—rn)— (€0 +40252€Y g +rSed—re® ) rC—r2CEO—r2C?EL +rCne=0 (25)

Egs. (17-18) require that £ be a function of ¢ only. Hence, eq. (20) reduces to &, = 0
which implies that £! does not depend on C'. Further, eq. (21) becomes —S£§+€1+%S§$ =
0 which has the solution

£1(S,1) = %gg (£)SIn S+ M(t) S (26)

Then eq. (23) yields $ncc = Owhich mandates that 7 (¢, S, C)is a linear function of Cand

hence can be written as

n(t,8,C)=a(t,8)C+B(tS) (27)

With the above constraints for £° we can write eq. (25) as
1
—& + 0?5 nsc — 50252%5 —rS&+r¢t +75¢ =0 (28)

Using eqs. (26-27), eq. (28) reduces to

1
In SE&) — (r — §U2> &)+ 2M; (t) — 20%Sag (S,t) = 0 (29)
with the solution
1 |1 1
a(S,t) = 53 [5 (InS)* €Y, — (7’ - 502) InSE +2M, (t)InS + N (t) (30)
o

Using eqgs. (25), (27) we find that 5 (S, ¢)must be a solution of the Black Scholes equation
while « (S, t)must satisfy

1
oy + 502520455 +rSag — rf? =0 (31)
Egs. (30-31) yield the following:-

€, =0 sothat =P +Qt+R (32)
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and
My =0 sothat M =Ut+V (33)

We finally end up with the following solutions for £°, &1, n
Q=P +Qt+R (34)

1
5125(2Pt+Q)SlnS+Ut+V

P(InS)*—(r—40?)(2Pt+Q)In S+2U In S+ |(r—302) +202r| P2+
=gty ) (=) 2] CHA(S.1) (35)

202[2%2(1”7%02) Q- 1P+rQ— 2 (r—10 )U]t+w
where P,Q, R,U,V,Ware arbitrary constants. On substituting these expressions for
€ & nineq. (7), we obtain the expressions for the six generators from the co-
efficients of these constants as follows:-

0

X, =2
ot (36)

0
S% (37)
5, o 1 1 o 1 1,\> 0 %,
X, nS—=——(r—=0) (I AL A R To 7
8t+ S SE)S 5,2 (r 57 )( nS)C&C+2 <r 20) tCaC+rtCaC
(38)

0 1 0 1 1, 0
X5:t2 (InS)tSaS—i-{2 5 (In S)%— (r— o )(InS)t—&—{%( 502)2+r]t2—%t}c% (40)
0 0
= OaL Xe=0(5,0) o (41)
Using eq. (39), we can present eq.(38) in a simplified form as:-
8 1 0 1 1 0 0

The one-parameter groupsG;corresponding to each of the above generators are given by
the usual process of exponentiation e.g.

Gi: (t+e,8,0) (43)

Gy: (1,68.C),c %0 (44)

Gy - (ét,e(?" 307)(*-e)tge (EQ*WO) e£0 (45)

Gy : ( =t g, elser=e(r=30%)]t SE(J) (46)
e i)

Got | i 0727 (1 aeri) e ¢ (47)
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Ge: (t,5,eC),e #0 (48)

Gg: (t,5,C+B(S.1)) (49)

We obtain the most general one-parameter symmetry group of the Black Scholes equation
6

as a general linear combination ) ¢;X; + Xgof the generators given by eqs. (36-42). We
i=1
can also represent an arbitrary group transformation gas the composition of transforma-

tions in the aforesaid one parameter subgroups.
Since each group Gjis a symmetry group, if C' = C'(5,t) is a solution of the Black
Scholes equation, then so are the functions:-

CW (S t)=C (t— €,8) (50)
CH(St)y=C(t,e*S),e£0 (51)

C® (S,1) = (1<)t [6(6*2—6*9(“%02)'556*1, e t} (52)
CW (S, 1) = e~z e(rao?)]ige o [se—@%, t} (53)

{ [10g S—(r—%oz)t]2+2r02t2 }
5 5 .
. 14+2c0°t C ( t ’Suz@%) (54)

1+2¢€o0%t

N[

CP (S, t)=[1+2€ 0]

C© (S, t) = C(S,t),€#0 (55)
CP (S,t)=C(S,t)+ € B(S,1) (56)

Here €is any real number and (3 (S,t) any other solution to the Black Scholes equation.
It is seen from the symmetry group Gg and Gsthat the solutions of the Black Scholes
equation are linear and we can add two solutions and multiply them with a constant.
The group G, shows time invariance of the solutions. The symmetry group G, reflects
the scaling symmetry with respect to S.
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5. Structure of the Lie Algebra A = (X;, Xy, X3, Xy, X5, Xg) [12-
15]

We now explore the structure of the finite dimensional Lie algebra generated by A =
(X1, X2, X3, X4, X5, Xg). The commutator table of A is given by:-

TABLE 1
X3 X5 X3 Xy X5 X
X1 0 0 X1+5 Xo+rXe X2— 55 X 2X3-KX4—3 X 0
X 0 0 11X, 5 X6 X4 0
X3 —(X1+5Xo+rXg)| —3X2 | O 1Xy Xs 0
X4 —XQ-‘,—%XG —O_%Xﬁ —%X4 0 0 0
X5 —2X3+K X4+ —X4 —X5 0 0 0
3 X6
X 0 0 0 0 0 0
where K = r — 102, Further,
X1,X5]=X , [Xo.Xg|l=X_ , [X3,Xg]l=X
[ 1 5] Bt [ 2 ﬁ] SBg [ 3 [3] tBtJr%S(lnS)BS+#(rf%UQ)ﬁlnsfif(rf%az)Qﬁt—vﬂt
Xa,Xpg|=X 1 X5,Xp =X
[Xa.X5] tS,BS—U%ﬁlnS-F?lZ(T—%aQ)Bt[ ] t2[it+tS(lnS)ﬁs—%%ﬁ(lns)2+g%(T—%JQ)ﬁtlnS—[2;2 (r—%02)2+r]ﬁt2+%ﬁt

(X6, Xp] = X_5[X3, Xg] =0, where X, = 7%
From table 1, the following readily follow:-
(1) the centralizers of the various elements X;are:-

X (X1) = (X7, Xo, Xe) , x (X2) = (X3, Xo, Xe) , X (X3) = (X35, Xe) , x (Xu) = (X4, X5, Xe)
X (X5) = (X4, X5, Xe) , x (X6) = (X1, Xo, X3, X4, X5, Xe)

6
(2) the centre of Ais x (A) = () x (X;) = (Xs).
i=1
(3) [XlaA] = <X17X27X37X47X6>;[X27A] = <X27X47X6>)[X37A] = <X17X2;X4aX57X6>7

(X4, A] = (X, X4, Xi) , [ X5, A] = (X3, X4, X5, Xe) , [ X6, A] = 0.

(4) U = (Xy, X4, Xg)is a two sided ideal of Asince ([U,A]) = ([A,U]) = U.1t is also an
invariant subalgebra of A.

(5) the Lie algebra Ais not solvable, since [A, A] = Aand hence the derived series of Ais
stationary. However, for the subalgebra U, we have, [U,U| = <X6>,[U(2),U(2)] =
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[ X6, X6] = 0, so that Uis solvable. Being the maximal ideal, it is, therefore, the
radical of A. Also, V' = (X3, X3, X5)is a semisimple and simple subalgebra.

in view of (e), the Lie algebra Aadmits the Levi decomposition A =U & V

the adjoint representations of the various elements can be trivially written from the
commutator table and, in the ordering (X7, X3, X5, Xa, X4, X) take the form:-

Xy

X5

X3

Xy =

X5_
X6_

The non-specified elements are 0's in the above matrices.

1
(a21 =—1,a0 = —5,6126 = —T,a3 = —2,a3 = K, azs = 57@54 = —1, a5 =
1 1 1
24 27 35 s W56 0_2 )
1 K 1 1 1
a1 =1, a0 = —,a16 =7,0a —1, a4 = =, 055 = —= ] ;
11 ; W14 27 16 ; W33 44 27 55 2 3
K 1 1
ay = 1,016 = ——, ass §7CL46 ) )
1
(alz =2,a15=—K,a16 = —5,6123 =1,a45 = 1) )
O6><6

K .
; )

(57)

(58)

the action, defined by ¢;; = (emdj Xi) X, of the adjoints of the various generators

X;on the algebra Ais summarized below (These constitute the inner automorphism

group of the Lie algebra A):-

TABLE 2
j —
X1 Xo X3 X4 X5 Xe
il
X1—eX3 —ng3+%X4+
X1 Xo—EX3—eXy X3— X4+eKX5 | X5
2 2
+e2X5 2 X5 [%+%(2T+%)]X5+X6
2
—%X4+26?X5
Xo X1 X2—§X3 X3 X4—eX5 X5
+Xs
X3 2Xs s (e%—1)KX1+e%X2 X3 e 5 X, e X5| Xg
2 K
(52-25) Xut
X4 X1 eX1+Xo X3 £ X3+X4 X5
5 Xo+Xs
€2X1+
—eKX1+
X5 X1 Xa 2e X1+ eX3 _%5X1+X6
X5 eXot+X4
+X5
X6 X1 X2 X3 X4 X5 X6
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