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ADbstract: i is well known that the Clifford Algebras, and their quaternionic and octonionic subalgebras, are structures of fundamental
importance in modern physics. Geoffrey Dixon has even used them as the centerpiece of a novel approach to Grand Unification. In the spirit
of Wheeler’s notion of ”pregeometry” and more recent work on quantum set theory, the goal of the present investigation is to explore how
these algebras may be seen to emerge from a simpler and more primitive order. In order to observe this emergence in the most natural way,
a pregeometric domain is proposed that consists of two different kinds of boundaries, each imposing different properties on the combinatory
operations occurring between elements they contain. It is shown that a very simple variant of this kind of "multiboundary algebra” gives

rise to Clifford Algebra, in much the same way as Spencer-Brown’s simpler single-boundary algebra gives rise to Boolean algebra.

© Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Multiboundary Algebra, Ons Algebra, Clifford Algebra, Pregeometry,
PACS (2006): 02.10.v, 02.10.De, 03.65.Fd, 11.25.Hf, 89.75.Fb

1. Introduction

John Wheeler, in his classic text Gravitation (1973), suggested that propositional
logic might potentially serve as a kind of “pregeometry,” in the sense that physical geo-
metric structures might be derivable from statistical patterns in large numbers of logical
propositions. He enlarged on this idea in later writings using the catch-phrase “It from
Bit” (Wheeler, 1993). This interesting suggestion of Wheeler’s has not yet directly borne
fruit, however, the goal of this paper is to demonstrate that something conceptually
similar may well yield interesting results and merit further pursuit.

G. Spencer-Brown, in his work Laws of Form (1969), presented a simple formalism
equivalent to Boolean algebra, but using only one mark, which he called the “mark of
distinction” and which serves as a sort of bracketing or boundary operation. The mark of
distinction is different from the Peirce/Sheffer stroke (Peirce, 1880), which is an alternate
way to reduce Boolean logic to a single operation. The Brownian formalism has the feel
of a pregeometry to it, and Spencer-Brown presents philosophical arguments as to why
the mark of distinction might serve as a foundation for describing the structures of the
physical world (though without reference to the specifics of physical theory). But as with

* ben@goertzel.org
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Wheeler’s suggestion about propositional logic, Spencer-Brown’s suggestion in this regard
has not yet led anywhere interesting, although a significant literature on the mathematics
and philosophy of Brownian algebra and logic has arisen (see e.g. Kauffmann, 2006;
Varela, 1978).

The central insight presented in the present paper is that if one generalizes Brown’s
simple algebra into a related algebra involving not one but two separate “marks of dis-
tinction” (or as I call them here, two “boundary types”), obeying different rules — then
one starts to make some headway toward deriving physical structure from pregeometric,
propositional-logic-like considerations. Specifically, what I show here is that a simple
two-boundary algebra, generalizing Brownian algebra, gives rise in a simple way to the
Discrete Clifford Group. According to standard mathematics, this in turn gives rise to
Discrete Clifford Algebra, which gives rise to general Clifford Algebra — and as Dixon
(1994) among others has argued, once one has Clifford Algebra structure, one has the
core of modern physics.

Certainly, the simple results presented here are very far from constituting a com-
plete fulfillment of Wheeler’s grand vision of a pregeometric derivation of physical reality.
However, we believe they set a better foundation for work in this direction than anything
prior. Finkelstein’s (1993) quantum set theory might be identified as the closest competi-
tor in the physics literature, but that is a different sort of approach which in our view
lacks the elemental simplicity Wheeler was looking for in his “It from Bit” conception.
The formalism described here seems to be the simplest set-theoretic/logic-type formalism
from which the algebraic structures key to modern physics emerge in a natural way. Also,
the study of multiboundary algebras as mathematical objects is new and may potentially
lead to interesting theoretical and applied conclusions, when pursued further.

2. Ons and Boundaries

This section presents a conceptual framework for pregeometry, which is called “Ons
Algebra” and which uses the language of multiboundary forms. The following section
presents rigorous algebraic rules building on the ideas presented here.

The basis of Ons algebra is the On, to be denoted N. An On is a truly foundational
and elementary “particle.” There may be many Ons, but all are identical. Note that this
“particle” is truly atomic, in the manner of a single bit of information: by construction,
there is no way to decompose it into smaller pieces.

The universe is then interpreted to consist of Ons grouped and separated by bound-
aries.

First, for any X, a boundary separating X from everything else is denoted [X]. The
division of the boundary symbol into two parts, [ and |, is an artifact of typographical
notation; in a two-dimensional symbolism, a boundary separating off X would be denoted
by a box or circle drawn around X.

The construct [N] is interpreted as a Chronon, a particle of time. For convenience,
a Chronon may be denoted C = [N]; this is solely for the purpose of having one symbol
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instead of three.
The Void, aka emptiness or absence, will be denoted V. Le.,

V=

Next, a permeable or ”soft” boundary separating off X is denoted <X>. This denotes a
boundary that entities can pass easily through. By contrast to <X>, [X] will be called a
"hard” boundary around X

A boundary with nothing inside it is taken to be Void, i.e.

[[=<>=V

The "space” that an entity lives in is the hard or soft boundary surrounding it. The
universe itself may be considered an implicit hard boundary, defining the space in which
unbounded expressions such as X, X+Y, etc., live.

Coexistence of X and Y in a single "space” is denoted X + Y. This operation is
commutative, and furthermore a sequence of entities connected by +’s in sequence is
invariant with respect to permutations, e.g. X + Y + W+ M =M + W 4+ Y + X, etc.

N is an annihilator with respect to coexistence; i.e.

N+N=V
Inside a hard boundary, hard boundaries are associative, i.e.
[(X]+ Y]] = [[X + Y]]

Inside a soft boundary, associativity of hard boundaries fails, and we instead have the
rule
<[CH+X]|+ X >=<V>=V=

which is incompatible with associativity.

Temporal comparison or "temporization” of two entities X and Y is denoted by X"Y.
Temporal comparison tells which of X and Y occurs first. The concept is: if X occurs
before Y, X" Y=C; otherwise X" Y=V.

Interpenetration of X and Y is denoted by A*B. A*B is defined by

X*Y=X+Y+XY
[A+B] *[C+D]=[A+B+C+D+AC+A'D+ B"C+ B"D]
etc.
In general, if G and H are any two collections of coexisting entities, G*H is the collection
of the following mutually coexisting entities: all entities in G, all entities in H, and all
pairs XY where X is in G and Y is in H.

The main goal of this paper is to show that, if one conceptualizes Ons as has been
done above, this leads naturally to the mathematical rules of Clifford Algebra, which are
core to modern theoretical physics. Thus Ons seem a viable candidate for fundamental
pregeometry.
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3. Formal Rules of Ons Algebra

Following on the simple conceptual ideas of the prior section, in this section I describe
the mathematical formalism called “Ons Algebra.”

The main originality of Ons algebra in purely formal terms is the introduction of
two kinds of boundaries, "hard” and ”soft” boundaries. Normally in algebra we have
only one kind of boundary, represented by parentheses (), and various operations that
act on bounded and unbounded entities. In constructing Ons algebra, it has seemed
most simple to restrict the number of operations to three, but to introduce two types of
boundaries [| and <>, which are acted on by the operations in different ways. Basically,
a soft boundary <> is a boundary that operations can distribute through, and addition
can associate through; whereas a hard boundary [| prevents distribution and additive
associativity, but has some special ”collapse” rules of its own.

The primitive elements of On algebra are given as follows. Some of the elements have
been given evocative verbal names: not too much significance should be attached to these
names, they are simply used to make textual reference simpler.

e V., referred to as the Void
N, referred to as an On
[ X ], a hard boundary demarcating some entity X
< X >, a soft boundary demarcating some entity X
C = [N], referred to as a Chronon
+, a binary operation denoting coexistence

", a binary operation denoting temporal precedence (note that the reference to
time here is metaphorical: this is a kind of “pregeometric” time which is different
from ordinary physical time)

e * a binary operation denoting interpenetration

Next we articulate some notation and terminology related to the above entities,
boundaries and operations:
e An "entity” is a legal expression in On algebra
e X, Y, etc. are variables, referring to any entities
e A legal expression is
VorN
X+Y,X*Y,or X Y where X and Y are legal expressions
[X] or where X is a legal expression
e X(i), Y(j), etc., are also variables; 7the ( and ) in these expressions have no
fundamental meaning in On algebra but are merely a notational device for denoting
indices i, j, etc.
e S(X(i);i=1,..n = X(1) + X(2) + ... + X(n) ;?the S or "summation” operator has
no fundamental meaning in On algebra but is merely a notational device

Next, the following are the basic rules of Ons algebra:
e []=< >=<V>=V=
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XY =Cor XY =V, for any arguments X and Y
S( X(P(j)); j=1,...,n) is identical for all functions P() that permute {1,....n}

e V4+ X=X

e N+ N=V4+V=V

o < X+Cl+X|+Z>=<V +1Z>
o [[X]|+[Y]+Z]=[[X+Y]+Z]
o | =

o X ¥ =

e X*Y=X+Y+XY

o if Q = S(X(i); i=1,....,n), R= S(X(i); i 1 ...,m)?then
(1) * [Q*[R] = [Q + R + S(X(i)" Y() -m3j=1,...,m)]
(2) * [QI"[R] = [ SX1) Y ()i=L,... n;j= 1 m) |

Finally, the following further terminology will be useful:
e If X"Y=C then we may say equivalently that X>Y
e A "temporal domain” is an pair (G,”) where G is a set of entities and ~ obeys
transitivity and antisymmetry and nonidentity over G, so that
- if X7Y=C, then Y X=V
- if X"Y=C and Y Z=C then X" Z=C
- XX =V
e The " operator may be defined in such a way as to make the set of all entities a
temporal domain. Then it is called a ”linear time operator.”
e  Given an entity G = S(X(i); i=1,...,m), the "hard powerset” of G, h(G), is the col-
lection of all entities of the form?| S(X(i(k)); k=1,...,M) ], where each 0<=i(k)<=n.
e  Similarly, the "soft powerset” of G, s(G), is the collection of all entities of the form
< S(X(i(k)); k=1,...,M) >, where each 0<=i(k)<=n.

4. Review of Discrete Clifford Algebras

This section reviews two finite algebras: the Discrete Clifford Group DCLG(n) and
the integer lattice of the Clifford Algebra, DCL(n). The material presented in this section
is well-known mathematics (see e.g. Simon, 1996) and is not original in its basic content,
but it constitutes a somewhat nonstandard formulation of these algebras, specifically
intended to make the relationship with Ons algebra more apparent, as will be utilized in
the theorems of the following section.

Firstly, DCLG(n) is defined in terms of a basis of elements {e(1), ..., e(n)}, and the
subsets of {1,...n}. Where A is a subset of {1,...n} and e(i) is a basis element, the
elements of DCLG(n) are of the form +e(A) or -e(A), where e(A) is the Clifford element
e(j(1))e(j(2))...e(j(k)), and j(i), j(2),-..,j(k) are the elements of the subset A, arranged in
increasing order (the use of a standard order is important). Since we have used + and -,
this yields 2n+1 elements in DCLG(n).

The multiplication rule for DCLG(n) (where multiplication is denoted by adjacency)
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is given by

(z(A) e(a)) (z(B) e(b)) = z(A, B) ¢(C)

where C is the symmetric difference of the sets A and B, and x(A), x(B), and x(A,B)
are +1 or -1. The sign x(A,B) of the product is determined by an algorithm using the
rules.

e e(i)e(i) =+1
o ofi) eli) = - e(i)eli) for i =/= j

The algorithm works as follows. First, one creates a sequence of elements e(X) by
concatenating the sequence representations e(A) and e(B) (placing e¢(B) at the end of
e(A)). Then one performs a series of operations on eX, using the rule e(i)e(j) = - e(j)e(i)
to move each of the B-elements to the left until it either:

e meets a similar element, in which case it is cancelled with the similar element

using e(i) e(i) = +1, or

e finds a place in between two A-elements in the proper order.
According to this algorithm, each time a B-element is moved to the left, the sign of e(X)
changes. If the total number of moves is even, then the sign of e(X) is unchanged by the
algorithm, and x(A,B) = x(A) x(B). If the total number of moves is odd, then the sign
of e(X) is reversed by the algorithm, and x(A,B) = - x(A)x(B). Elegantly, the algorithm
also performs the symmetric difference operation: the only elements left in e(X) after the
transformation process is complete, are the ones that are present in both e(A) and e(B).

Some simple examples may be helpful for understanding this algorithm. For doing
example, I will adopt a simpler notation, and write e(i) = ei, e.g. e(1) = el. Suppose we
have

A=cele2e3

B =¢e2e3 ¢4

and we wish to compute the product
AxB=¢ele2e3 xe2e3 el

According to the DCLG algorithm, we move the elements of B over, one by one, until
they meet their respective elements of A. each time we move an element of B past an
element of A, we switch the sign of the product from its initial positive value. So to
compute A*B, we have

eX =ele2ede2eded =

—el e2 e2 el e3 ed =
—el e4

The sign is negative. And what is left over after cancellation, e(1) e(4), is exactly the
symmetric difference of the sets A and B.
Or, consider:
el e2 ebxel e2 ed =
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—el e2el ede2ed =
el el e2 ed e2 ed =
—e2e2eded =
ed ed

Again, each switch does a sign change, and the resultant is the signed symmetric difference
of the multiplicands.

The step from DCLG(n) to the full Clifford algebra CL(n), finally, is not a large one.
Clifford algebra is obtained by considering the M= 2"(N-1) elements {V(1),...,V(M)}
of the DCLG to combine, not only by DCLG multiplication, but also by summation
and scalar multiplication, according to standard vector space laws. Clifford algebra, as
normally studied, is a continuous construction, involving either the reals or the complex
numbers as a scalar field. But for many purposes, one does not require the full continuous
Clifford Algebra CI(N), only the discrete lattice subset DCL(N) obtained by considering
{V1,...,VM} as a vector space with scalar coefficients drawn from the integers.

To make the relation between DCLG and Ons algebra more apparent, it is useful to go
through the intermediary representation of bit strings, strings of 0’s and 1’s. Suppose one
writes the expansions of DCLG elements in terms of elements as bit strings, sequences of
zeroes and ones, where . The length of the bit strings is n, the number of basis elements.
In an algebra with four basis elements, for example, the element e(1) is represented
1000; the element e(3) is represented 0010; the element e(2) e(3) is represented 0110; the
element e(1)e(2)e(3)e(4) is represented 1111.

Consider again the first example above, el €2 e3 * €2 e3 e4 = -el e4. In bit string
notation, this result is represented

1110 % 0111 = —1001

To compute the sign using only bit strings, one reasons as follows. First, one lines up the
two multiplicands, one under the other:

1110

0111

Then, for each 1 in the second multiplicand (B), one adds up the number of 1’s in the
first multiplicand (A) that come strictly after it (moving from left to right) For instance,
for the 1 in the second place in B in this example, we have the one 1 in the third place in
A. For the 1 in the third place in B in this example, we have no ones coming after it in
A; and likewise for the 1 in the fourth place in B in this example.) Then, one takes the
sum one has gotten by this procedure, and uses it to determine the sign of the product.
If this sum is odd, the sign of the product is negative. If the sum is even, the sign of the
product is positive.

In this example, we have moved through the 1 bits of the representation of the second
multiplicand B, summing for each one the number of 1 bits of A that come after it.
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Equivalently, one can sum over all the 1’s in the first multiplicand, A, summing for each
one of these, the number of 1’s in B that occur strictly before it. The two procedures
always give the same result.

Similarly, the second example above, el e2 e5 * el e2 e4, translates to

11001

11010

Here, for the 1 in the first place of B, we have two 1’s in A coming after it; for the 1 in
the second place of B, we have one 1 in A coming after it; for the 1 in the fourth place of
B, we have one 1 in A coming after it. So, the sum is four, and the sign of the product
is plus.

5. Connecting Ons Algebra with Clifford Algebra

Now we expound some basic theory regarding Ons algebra, leading up to a theoretical

description of the relationship between Ons algebra and DCLG.

Theorem 1:For any entity X,

X+X]=[V]=V=

(i.e., X+X=V within a hard boundary)

Proof:

The proof is by induction on the number n of symbols in the expression X.

We know the claim is true for n=1, as the only legal expression of length 1 is N, and
IN+N] = [V] =V =.

Now, suppose the claim is true for all 0

X must be of one of the following forms: [Y], , Y+Z, Y"Z, Y*Z, where Y and Z
necessarily include fewer symbols than X, and can hence be assumed by the inductive
assumption to obey the claim of the theorem.

Suppose X=[Y]. Then, [[Y]+[Y]] = [[Y+Y]] = [[V]] = [V] = V = . This shows e.g.
that [C+C] = V.

Suppose X =. Then, [+| =[] =[] =[V]=V =

Suppose X = Y+Z. Then, [ [Y4Z] + [Y+Z] |=[[Y+Z+Y +Z] =Y+ Y + Z
+Z]=[[V+VI]=I[V]=

Suppose X = Y*Z. Then, [ [Y*Z] + Y*Z] | =[[ Y+ Z+YZ + Y+ Z + Y'Z
N=0UY+Y4+Z+Z+YZ+YZ] =[YZ+ Y"Z]]. Now, Y'Z = either C or V,

vielding [Y'Z+ Y Z]]=[[C+C]]=[V]=Vor [YZ+YZ]|=[V+ V] =[V]]=V

Finally, suppose X=Y"Z. Then, by reasoning analogous to that of the previous sen-
tence, the claim holds.

QED H

Corollary: For any entity G, the hard superset h(G) is finite

Now, building on Theorem 1 and on the the representation of the DCLG product sign
rule given in the prior section, we proceed to prove that the hard powerset of a temporal
domain of entities is isomorphic to DCLG.
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Theorem 2. Consider a temporal domain (G,") where G contains n entities, none of
which is a chronon C. ?Then the algebra (h(G),*) is isomorphic to the Discrete Clifford
Algebra DCLG(n)

Proof

Let us identify the elements of G with the basis elements of a Discrete Clifford Alge-
bra DCLG(n), supposing that the ordering of the DCLG basis elements is taken to be
consistent with the linear time operator "

Let us call the mapping from entities into Clifford basis elements ”cliff”, so that e.g.
w = cliff(W). For instance, if G=[W +X +Y +7Z], and according to the operator = we
have W<X<Y<Z, then we use the ordering

(cliff (W), cliff(X),cliff(Y),cliff(Z))

for the DCLG.

To extend cliff into a mapping from h(G) into general DCLG elements, we use the
following two rules

1) a rule which holds so long as none of the X(i) in the formula is equal to C:

cif f([S(X();i=1,..n)]) =
clif F(X (1)) elif F(i(2)).clif f(i(n))

where the function i() is a permutation of {1,...,n}, defined to enforce the ordering ar-
rangement X(i(k)) < X(i(k+1)).
2) a rule for dealing with C, namely

clif F(IC + X)) = —clif (X)

What needs to be shown is that cliff is an isomorphism, i.e. that where Q and R are
elements of h(G),

clif f(Q) * clif f(R) = clif f(Q * R)

where the right-hand * is the Ons interpenetration operator and the left-hand * is the
DCLG operator.

In general, Theorem 1 guarantees that the isomorphism will hold where sign is not
considered. To see this, consider the operation

S(X(@@);i=1,.n)]+ [SY(i);i=1,..n)] =
[S(X(i);i=1,..n) +S(Y(i);i=1,...n)]
and the mapping set([ S(X(i);i=1,...n) |) = {X(i);i=1,...n}. Note that the mapping set()
is one-to-one because of Theorem 1: if there are multiple copies of some X(i) within ([
S(X(i);i=1,...n) ]), then they will cancel out, leaving at most a single copy of each one.
It is clear that
set(Q +' R) = set(Q)Aset(R)

where A denotes the symmetric difference operator. This is because, if some element

occurs in both Q and R, it will cancel out in the sum Q 4+’ R by Theorem 1. The only
things left in the sum will be those things that are in either Q, or R, but not both.
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This shows that the operation +’ is isomorphic to symmetric difference; but it is
already known that the DCLG multiplication operation e(A) * ¢(B), without signs con-
sidered, is identical to symmetric difference on the set of basis elements making up DCLG
elements.

Next, to see how the sign works out, consider the example where G = [W +X +Y
+Z], and consider the product,

X+Y+Z*[X+Y+ W=

X+Y4+Z+X+Y+W+XX+XY+XW

+YX+YY+YW

+ 72X+ 7Y +7"W]|

In accordance with the above observations, by Theorem 1, X+X and Y+Y cancel out.
Given the ordering W<X<Y<Z

X+Y+7Z*[X+Y+ W=

W+ Z+V4+V+C

+C+V+4+C

+C+C+C]

Since C+C=V inside a hard boundary, the result of this computation is [W].

Now, suppose we did this computation using the DCLG rule.

In the bit string version, we would have

0111 *

1110

1001

yielding the W and Z. Next the sign would be obtained as follows:

3 1’s in 0111 coming after the 1*** in 1110

2 >I<1>I<>l<
1 **1*
6

Since this is even, we find that there is no negative sign, consistent with the fact that
our answer in Ons algebra was [W] rather than [C + W]. It is easy to see that the same
thing occurs more generally: the cancellation of C’s agrees with the DCLG sign rule,
yielding an isomorphism even where sign is considered.

QED R

Theorem 3:

Consider a temporal domain (G,") where G contains n entities, none of which is equal
to C. Then, the algebra (s(h(G)),+,*) is isomorphic to the integer lattice DCL(n) of the
real Clifford Algebra CL(n).

Proof:

The elements of DCL(n) are finite sums of elements of DCLG(n).

The first claim of the proof is that the elements of DCL(n) can be expressed as finite
sums of elements of G. This follows because Theorem 2 shows that G is isomorphic to
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DCLG(n) where the multiplication * is concerned; and the operation + in Ons algebra
obeys the same rules as the operation + in DCL, i.e. it is commutative, associative and
distributive with regard to the soft boundary operator <>. (The behavior of the Ons
algebra 4+ with regard to the hard boundary operator is not relevant here, because only
the soft boundary operator is used in computing products in (s(h(G)),+,*). The hard
boundary operator is used in computing the products X(i)*X(j) within the algebra G,
but these products are a "given” in regard to DCL; they are the DCLG multiplication
table.)

Next it must be shown that the elements of s(h(G)) behave under * in the same way
that the elements of DCL(n) do. But this follows from the distributive law for * under
the soft boundary operator, e.g.

< X+Y>x<U+V>=

<< XH+Y>xU+ < X+4+Y >V >=
X+«U+X*xV+YxU+Y sV

and from the cancellation law
<[ X+CO)+[X]>=<V >

which shows that the h(G) correlate of a DCLG element ([X]) and its the h(G) correlate
of its negative ([X+4C]) cancel out.
QED B

6. Conclusion

Where do we go from here?

We have reconstructed Clifford Algebra from a simple pregeometric foundation, which
is an interesting step toward a reconstruction of physics from pregeometry, but far from
a completion of the task. There are many possible ways to move forward from here, and
since none of them has been carried out in detail, to discuss any of them is to venture
into the realm of speculation.

I will mention here only one of the many possible paths forward, which seems to me
the most promising at the moment. This is to bring the Ons algebra together with the im-
portant recent work of Youssef (1994) on exotic probabilities. Youssef has shown that, in
a sense, the only reasonable systems for managing uncertain truth values are real-number,
complex-number, quaternionic or octonionic probabilities. He has also shown that the
acceptance of complex-number probabilities leads on naturally to the basic dynamic equa-
tions of quantum theory. The possibility of quaternionic or octonionic probabilities has
not been seriously explored yet. From an Ons perspective, this ties in with the possibility
of generalizing Ons algebra from crisp boundaries to graded boundaries, so that each
boundary may have a certain degree between 0 and 1. There may be interesting con-
nections between graded Ons algebras and exotic probabilities, given the close algebraic
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relationships between Clifford algebras, quaternions and octonions. This is interesting
because it gives a potential path to get from Ons algebra to the dynamic equations of
physics, building on the current work that derives algebraic structures of physics. But,
there is much to be done to see whether this sort of vision can actually bear fruit.

On a more philosophical level, one interesting aspect of Ons algebra is the introduction
of the ~ operator for pregeometric temporal ordering, which seems to be necessary in
order to obtain the Clifford algebra structure. This pregeometric time is not the same as
physical time (which is viewed, in the pregeometric perspective, as an emergent quality
that is coupled with emergent geometry, rather than a pregeometric quality), but it
seems to be conceptually tied to physical time. There may be a more general principle
at play here, in terms of the need for a fundamental ordering operation to exist in the
pregeometric domain, in order to obtain an emergent geometric domain that displays
algebraic complexity appropriate to give rise to physical spacetime. This aspect of the
current work also merits further investigation.
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AbStI'aCt: In this review paper, we recall the successive steps that we have followed in the construction of the theory of scale relativity.
The aim of this theory is to derive the physical behavior of a nondifferentiable and fractal space-time and of its geodesics (to which wave-
particles are identified), under the constraint of the principle of relativity of all scales in nature. The first step of this construction consists
in deriving the fundamental laws of scale dependence (that describe the internal structures of the fractal geodesics) in terms of solutions of
differential equations acting in the scale space. Various levels of these scale laws are considered, from the simplest scale invariant laws to the
log-Lorentzian laws of special scale relativity. The second step consists in studying the effects of these internal fractal structures on the laws
of motion. We find that their main consequence is the transformation of classical mechanics in a quantum-type mechanics. The basic quantum
tools (complex, spinor and bi-spinor wave functions) naturally emerge in this approach as consequences of the nondifferentiability. Then the
equations satisfied by these wave functions (which may themselves be fractal and nondifferentiable), namely, the Schréodinger, Klein-Gordon,
Pauli and Dirac equations, are successively derived as integrals of the geodesics equations of a fractal space-time. Moreover, the Born and
von Neumann postulates can be established in this framework. The third step consists in addressing the general scale relativity problem,
namely, the emergence of fields as manifestations of the fractal geometry (which generalizes Einstein’s identification of the gravitational field
with the manifestations of the curved geometry). We recall that gauge transformations can be identified with transformations of the internal
scale variables in a fractal space-time, allowing a geometric definition of the charges as conservative quantities issued from the symmetries of
the underlying scale space, and a geometric construction of Abelian and non-Abelian gauge fields. All these steps are briefly illustrated by
examples of application of the theory to various sciences, including the validation of some of its predictions, in particular in the domains of

high energy physics, sciences of life and astrophysics.
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1. Introduction

The theory of scale-relativity is an attempt to extend today’s theories of relativity,
by applying the principle of relativity not only to motion transformations, but also to
scale transformations of the reference system. Recall that, in the formulation of Einstein
[1], the principle of relativity consists in requiring that ‘the laws of nature be valid in
every systems of coordinates, whatever their state’. Since Galileo, this principle had
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been applied to the states of position (origin and orientation of axes) and of motion of
the system of coordinates (velocity, acceleration). These states are characterized by their
relativity, namely, they are never definable in a absolute way, but only in a relative way.
This means that the state of any system (including reference systems) can be defined
only with regard to another system.

We have suggested that the observation scale (i.e., in other words, the resolution at
which a system is observed or experimented) should also be considered as characterizing
the state of reference systems, in addition to position, orientation and motion. It is an
experimental fact known for long that the scale of a system can only be defined in a
relative way: namely, only scale ratios do have a physical meaning, never absolute scales.
This led us to propose that the principle of relativity should be generalized in order to
apply also to relative scale transformations of the reference system, i.e., dilations and
contractions of space-time resolutions. Note that, in this new approach, one reinterprets
the resolutions, not only as a property of the measuring device and / or of the measured
system, but more generally as a property that is intrinsic to the geometry of space-time
itself: in other word, space-time is considered to be fractal. But here, we connect the
fractal geometry with relativity, so that the resolutions are assumed to characterize the
state of scale of the reference system in the same way as velocity characterizes its state
of movement. The principle of relativity of scale then consists in requiring that ‘the
fundamental laws of nature apply whatever the state of scale of the coordinate system’.

It is clear that the present state of fundamental physics is far from coming under such
a principle. In particular, in today’s view there are two physics, a quantum one toward
the small scales and a classical one toward large scales. The principle of scale-relativity
amounts to requiring a re-unification of these laws, by writing them under a unique more
fundamental form, which become respectively the usual quantum laws and classical laws
depending on the relative state of scale of the reference system.

There are other motivations for adding such a first principle to fundamental physics.
It allows one to generalize the current description of the geometry of space-time. The
present description (curved geometry) is usually reduced to at least two-time differentiable
manifolds (even though singularities are possible at certain particular points and events).
So a way of generalization of current physics consists in trying to abandon the hypothesis
of differentiability of space-time coordinates. This means to consider general continuous
manifolds, which may be differentiable or non-differentiable. These manifolds include
as a sub-set the usual differentiable ones, and therefore all the Riemannian geometries
that subtend Einstein’s generalized relativity of motion. Then in such an approach, the
standard classical physics will be naturally recovered, in limits which will be studied
throughout the present contribution.

But new physics is also expected to emerge as a manifestation of the new non-
differentiable geometry. Omne can prove (as recalled in the present contribution) that
a continuous and non-differentiable space is fractal, in Mandelbrot’s general definition of
this concept [2, 3], namely, the coordinates acquire an explicit dependence on resolutions
and diverge when the resolution interval tends to zero [4, 6].
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This leads one to apply the concept of fractality not only to objects in a given space,
but to the geometry of space-time itself (which means to define it in an internal way
though its metrics invariants). Hence the tool of fractals, whose universality has now
been recognized in almost every sciences (see e.g. the volumes [8, 98], other volumes
of these series and references therein) may also be destined for playing a central role
in fundamental physics. Note however that (as will be recalled in this paper), non-
differentiable space-time do also have new properties that are irreducible to the sole
fractality.

One of the first fundamental consequences of the non-differentiability and fractality of
space-time is the non-differentiability and fractality of its geodesics, while one of the main
feature of space-time theories is their ability to identify the trajectories of ‘free’ particles
with the space-time geodesics. Now the introduction of non-differentiable trajectories
in physics dates back to pioneering works by Feynman in the framework of quantum
mechanics [9]. Namely, Feynman has demonstrated that the typical quantum mechanical
paths that contribute in a dominant way to the path integral are fractal non-differentiable
curves of fractal dimension 2 [10, 11].

In the fractal space-time approach, one is therefore naturally led to consider the
reverse question: does quantum mechanics itself find its origin in the fractality and non-
differentiability of space-time 7 Such a suggestion, first made twenty years ago [12, 11],
has been subsequently developed by several authors [13, 14, 15, 16, 17, 4, 5, 18].

The introduction of non-differentiable trajectories was also underlying the various
attempts of construction of a stochastic mechanics [19, 20]. But stochastic mechanics
is now known to have problems of self-consistency [21, 26], and, moreover, to be in
contradiction with quantum mechanics [22]). The proposal that is developed here, even
if it shares some common features with stochastic mechanics, due to the necessity to use
a stochastic description as a consequence of the non-differentiability, is fundamentally
different and is not subjected to the same difficulties [26].

Remark that, in the new approach, we do not have to assume that trajectories are
fractal and non-differentiable, since this becomes a consequence of the fractality of space-
time itself. Indeed, one of the main advantages of a space-time theory is that the equation
of motion of particles has not to be added to the field equations: it is a direct consequence
of them, since the particles are expected to follow the space-time geodesics. As we shall
see, the Schrodinger equation (and more generally the Klein-Gordon, Pauli and Dirac
equations) are, in the scale-relativity approach, re-expressions of the equation of geodesics
[4, 23, 24]. Note that we consider here only geodesical curves (of topological dimension
1), but it is also quite possible to be more general and to consider subspaces of larger
topological dimensions (fractal strings [7], fractal membranes, etc...).

The present review paper is mainly devoted to the theoretical aspects of the scale-
relativity approach. We shall first develop at various levels the description of the laws of
scale that come under the principle of scale-relativity (Sections 3. and 4.). Examples of
applications of these laws in various domains (astrophysics, high energy physics, sciences
of life) will be briefly given, with references of more detailed studies for the interested
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readers.

Then we shall recall how the description of the effects on motion of the internal fractal
and non-differentiable structures of ‘particles’ lead to write a geodesics equation that is
integrated in terms of quantum mechanical equations (Sections 5.-6.). The Schrédinger
equation is derived in the (motion) non-relativistic case, that corresponds to a space-time
of which only the spatial part is fractal. Looking for the motion-relativistic case amounts
to work in a full fractal space-time, in which the Klein-Gordon equation is derived.
Finally the Pauli and Dirac equation are derived as integrals of geodesics equations when
accounting for the breaking of the reflexion symmetry of space differential elements that
is expected from non-differentiability.

Now, the three minimal conditions under which this result is obtained (infinity of tra-
jectories, each trajectory is fractal, breaking of differential time reflexion invariance) may
be achieved in more general systems than only the microscopic realm. As a consequence,
fundamental laws that share some properties in common with the standard quantum
mechanics of microphysics but not all, may apply to different realms. Some examples of
applications of these new quantum-type mechanics (which are not based on the Planck
constant A, but on a new constant that can be macroscopic and specific of the system
under consideration) in the domains of gravitation and of sciences of life will be given.

The next Section 7. is devoted to the account of the interpretation of the nature
of gauge transformation and of gauge fields in the scale-relativity framework (only the
simple case of a U(1) electromagnetic like gauge field will be considered). We attribute
the emergence of such field to the effects of coupling between scale and motion. In
other words, the internal resolutions becomes themselves ‘fields’ which are functions of
the coordinates. Some applications in the domain of elementary particle physics will be
briefly given.

We finally consider hints of a new tentative extension of the theory (Section 8.), in
which quantum mechanical laws are written in the scale space. In this case the internal
relative fractal structures become described by probability amplitudes, from which a
probability density of their ‘position’ in scale space can be deduced. A new quantized
conservative quantity, that we have called ‘complexergy’, is defined (it plays for scale laws
the same role as played by energy for motion laws), whose increase corresponds to an
increase of the number of hierarchically imbricated levels of organisations in the system
under consideration.

2. Structure of the Theory

2.1  Successive levels of development of the theory

The theory of scale relativity is constructed by completing the standard laws of
classical physics (laws of motion in space, i.e. of displacement in space-time) by new
scale laws (in which the space-time resolutions are considered as variables intrinsic to
the description). We hope such a stage of the theory to be only provisional, and the
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motion and scale laws to be treated on the same footing in the final theory. However,
before reaching such a goal, one must realize that the various possible combinations of
scale laws and motion laws already lead to a large number of sub-sets of the theory to be
developed. Indeed, three domains of the theory are to be considered:

(1) Scale-laws: description of the internal fractal structures of trajectories in a non-
differential space-time at a given point / event;

(2) Induced effects of scale laws on the equations of motion: generation of quantum
mechanics as mechanics in a nondifferentiable space-time;

(3) Scale-motion coupling: effects of dilations induced by displacements, that we in-
terpret as gauge fields (only the case of the electromagnetic field has been considered up
to now) [25, 23, 100].

Now, concerning the first step (1) alone, several levels of the description of scale laws
can be considered. These levels are quite parallel to that of the historical development
of the theory of motion laws:

(1.i) Galilean scale-relativity: standard laws of dilation, that have the structure of a
Galileo group (fractal power law with constant fractal dimension). When the fractal di-
mension of trajectories is Dr = 2, the induced motion laws are that of standard quantum
mechanics [4, 23].

(1.i1) Special scale-relativity: generalization of the laws of dilation to a Lorentzian
form [16]. The fractal dimension itself becomes a variable, and plays the role of a fifth
dimension, that we call ‘djinn’. An impassable length-time scale, invariant under dila-
tions, appears in the theory; it replaces the zero, owns all its physical properties (e.g.,
an infinite energy-momentum would be needed to reach it), and plays for scale laws the
same role as played by the velocity of light for motion.

(1.iii) Scale-dynamics: while the first two cases correspond to “scale freedom”, one
can also consider distorsion from strict self-similary that would come from the effect of a
“scale-force” or “scale-field” [26, 27].

(1.iv) General scale-relativity: in analogy with the field of gravitation being ultimately
attributed to the geometry of space-time, a future more profound description of the scale-
field could be done in terms of geometry of the five-dimensional space-time-djinn and its
couplings with the standard classical space-time. (This case will not be fully considered
in this paper: however, the third step involving scale-motion couplings and leading to a
new interpretation of gauge fields is expected, in the end, to become part of a general
theory of scale-relativity.).

(1.v) Quantum scale-relativity: the above cases assume differentiability of the scale
transformations. If one assumes them to be continuous but, as we have assumed for
space-time, non-differentiable, one is confronted for scale laws to the same conditions
that lead to quantum mechanics in space-time. One may therefore attempt to construct
a new quantum mechanics in scale-space, thus achieving a kind of ‘third quantization’.

The possible complication of the theory becomes apparent when one realizes that
these various levels of the description of scale laws lead to different levels of induced
dynamics (2) and scale-motion coupling (3), and that other sublevels are to be considered,
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depending on the status of motion laws (non-relativistic, special-relativistic, general-
relativistic).

In the present contribution, we recall the various possible developments of scale laws
(1.i-1.v). Then we consider the induced effects on motion (2) of the simplest self-similar
scale laws (1.i), that lead to transform classical mechanics into a quantum mechanics. (For
hints on possible generalizations, see [23]. The scale-motion coupling laws are analysed
in two cases: Galilean scale laws (1.i) and their Lorentzian generalization (1.ii). Some
examples of applications of the various levels of the theory in various sciences (gravitation,
particle physics, sciences of life) are briefly considered at the end of each section.

2.2 First principles

Let us briefly recall the fundamental principles that underly, since the work of Einstein
[1], the foundation of theories of relativity. We shall express them here under a general
form that transcends particular theories of relativity, namely, they can be applied to any
state of the reference system (origin, orientation, motion, scale,...). The basic principle
is the principle of relativity, that requires that the laws of physics should be of such a
nature that they apply to any reference system. In other words, it means that physical
quantities are not defined in an absolute way, but are instead relative to the state of
the reference system. It is subsequently implemented in physics by three related and
interconnected principles and their related tools:

(1) The principle of covariance, that requires that the equations of physics keep
their form under changes of the state of reference systems. As remarked by Weinberg
[28], it should not be interpreted in terms of simply giving the most general (arbitrarily
complicated) form to the equations, which would be meaningless. It rather means that,
knowing that the fundamental equations of physics have a simple form in some particular
coordinate systems, they will keep this simple form whatever the system. With this
meaning in mind, two levels of covariance can be defined: (i) Strong covariance, according
to which one recovers the simplest possible form of the equations, which is the Galilean
form they have in the vacuum devoid of any force. For example, the equations of motion
in general relativity take the free inertial form Du* = 0, in terms of Einstein’s covariant
derivative, so they come under strong covariance. (ii) Weak covariance, according to
which the equations keep a same, simple form under any coordinate transformation. A
large part of the general relativity theory is only weakly covariant: for example, the
Einstein’s field equations have a source term, and the gravitational field (the Christoffel
symbols) are not tensors.

(2) The equivalence principle is a more specific statement of the principe of rela-
tivity, when it is applied to a given physical domain. In general relativity, it states that
a gravitational field is locally equivalent to a field of acceleration, i.e., it expresses that
the very existence of gravitation is relative on the choice of the reference systems, and it
specifies the nature of the coordinate systems that absorb it. In scale relativity, one may
make a similar proposal and set generalized equivalence principles according to which the
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quantum behavior is locally equivalent to a fractal and non-differentiable motion, while
the gauge fields are locally equivalent to expansion / contraction fields on the internal
resolutions (scale variables).

(3) The geodesics principle states that the free trajectories are the geodesics of
space-time. It plays a very important role in a geometric / relativity theory, since it means
that the fundamental equation of dynamics is completely determined by the geometry of
space-time, and therefore has not to be set as an independent equation. Moreover, in such
a theory the action identifies (up to a constant) with the fundamental length-invariant,
so that the stationary action principle and the geodesics principle become identical.

One of the main tools by which these principles are implemented is the covariant
derivative. This tool includes in an internal way the effects of geometry through a new
definition of the derivative, contrarily to the standard field approach whose effects are
considered to be externally applied on the system. In general relativity, it amounts to
substract the geometric effects to the total increase of a vector, leaving only the inertial
part DA, = dA, — T A,dz”. One of the most remarkable results of general relativity
is that the three principles (strong covariance, equivalence and geodesics / least action
principle) lead to the same inertial form for the motion equation, Du* = 0 (see e.g. [85]).
As we shall recall in this paper, the theory of scale-relativity attempts to follow a similar
line of thought, and to construct new covariant tools adapted to the new problem posed
here, i.e., the description of a non-differentiable and fractal geometry coming under the
principle of the relativity of scales.

3. On the Relation Between Nondifferentiability and Fractality

3.1 Beyond differentiability

One of the main questions that is asked concerning the emergence of fractals in
natural and physical sciences is the reason for their universality [2, 3]. We mean here
by ‘universality’ that an explicitly scale-dependent behavior (not only self-similarity) has
been found in a wide class of very different situations in almost every sciences. While
particular causes may be found for their origin by a detailed description of the various
systems where they appear (chaotic dynamics, biological systems, life sciences social
sciences, etc...) their universality nevertheless may call for a universal answer (i.e., for an
identification of fundamental features which would be common to these various causes).

Our suggestion, which has been developed in [4, 23|, is as follows. Since the time
of Newton and Leibniz, the founders of the integro-differentiation calculus, one basic
hypothesis which is put forward in our description of physical phenomena is that of
differentiability. The strength of this hypothesis has been to allow physicists to write
the equations of physics in terms of differential equations. However, there is neither a a
priori principle nor definite experiments that impose the fundamental laws of physics to
be differentiable. On the contrary, it has been shown by Feynman that typical quantum
mechanical paths are non-differentiable [9].
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The basic idea that underlines the theory of scale relativity is therefore to give up the
hypothesis of differentiability of space-time. This does not mean to give up differentabil-
ity itself, but use a generalized description including differentiable and nondifferentiable
systems. In mathematical words, we shall consider continuous functions of class C0,
but we no longer assume as in standard physics that they are of class C'1 or C2, al-
though these cases will still be included in the description a s particular cases. In such
a framework, the successes of present day differentiable physics could be understood as
applying to domains where the approximation of differentiability (or integrability) was
good enough, i.e. at scales such that the effects of nondifferentiability were smoothed
out; but conversely, we expect the differential method to fail when confronted with truly
nondifferentiable or nonintegrable phenomena, namely at very small and very large length
scales (i.e., quantum physics and cosmology), and also for chaotic systems seen at very
large time scales.

3.2 Continuity and nondifferentiability implies fractality

A new ‘frontier’ of mathematical physics amounts to construct a continuous but non-
differentiable physics. Set in such terms, the project may seem extraordinarily difficult.
Fortunately, there is a fundamental key which will be of great help in this quest, namely,
the concept of scale transformations. Indeed, the main consequence of continuity and
nondifferentiability is explicit scale-dependence (and divergence) [4, 23, 26]. One can
prove [4] that the length of a continuous and nowhere (or almost nowhere) differentiable
curve is explicitly dependent on resolution e, and, further, that £(g) — oo when & — 0,
i.e. that this curve is fractal (in a general meaning). The scale divergence of continuous
and almost nowhere-differentiable curves is a direct consequence of Lebesgue’s theorem,
which states that a curve of finite length is almost everywhere differentiable. Let us recall
the demonstration of this fundamental property.

Consider a continuous but nondifferentiable function f(z) between two points Ag[xg, f(x¢)]
and Aglzq, f(zq)]. Since f is non-differentiable, there exists a point A; of coordinates
[z1, f(x1)] with xy < 21 < zq, such that A; is not on the segment AgAgq. Then the total
length £ = L(AoA1) + L(A1Aq) > Lo = L(ApAq). We can now iterate the argument
and find two coordinates xp; and x1; with g < x91 < 21 and 21 < z11 < Zq, such
that Lo = L(AoAo) + L(An A1) + L(A1AL) + L(A11Aq) > L1 > Ly. By iteration we
finally construct successive approximations fy, f1,...f, of f(z) whose lengths Ly, L1, ...L,,
increase monotonically when the ‘resolution’ r &~ (xq — ) X 27" tends to zero. In other
words, continuity and nondifferentiability implies a monotonous scale dependence of f.

From Lebesgue’s theorem, that states that ‘a curve of finite length is almost ev-
erywhere differentiable’; see e.g. [29], one deduces that if f is continuous and almost
everywhere nondifferentiable, then £(g) — oo when the resolution ¢ — 0, i.e., f is scale-
divergent. This theorem is also demonstrated in Ref. [4], p. 82, using non-standard
analysis.
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3.3 Explicit scale dependence on resolution

This result is the key for a description of nondifferentiable processes in terms of differential
equations. We introduce explicitly the resolutions in the expressions of the main physical
quantities, and, as a consequence, in the fundamental equations of physics. This means
that a physical quantity f, usually expressed in terms of space-time variables x, i.e.,
f = f(x), can be now described as also depending on resolutions, f = f(z,¢). In other
words, rather than considering only the strictly nondifferentiable mathematical object
f(z) = f(x,0), we now consider its various versions at various scales obtained from
smoothing it or averaging it at various resolutions.

However, this cannot be done simply by smoothing f(z) or averaging it at various
resolutions by using a filter or a smoothing ball, since this would assume that the lim-
iting function f(z) = lim._f(x,€) does exist and is already known. This would be in
contradistinction with the non-reductionist view that underlies the present work, namely,
that new information is expected to appear when one changes the scale. We shall show
in the following that the true physical nature of the scale variables leads one to naturally
represent them in terms of Ine rather than e. Under this form the fractal function reads
f = f(z,Ine), so that the limit function f(x) now reads f(x) = f(x, —o0). This exhibits
the true nature of the zero point as actually being an infinity. Therefore, in the same
way as one no longer considers, in the framework of space-time physics, that one may
place oneself at infinity, we definitely consider that f(z) = f(z, —o00) is devoid of physical
meaning, and that only the transformation from one finite scale to another finite scale
does have physical meaning.

This therefore leads us [4] to define a fractal function only in a (scale) relative way,
namely, as is a function f(z,¢) of a variable z and of a resolution scale ¢ that satisfies
the relations:

-Change of scale:

+o0o

Vo,Ve' > e, f(x,€) :/ O(z,y,e") f(x,e)dy, (1)

[e.e]

where ®(x,y,¢’) is a smoothing function at resolution &’
-Equality (equivalence class within resolution):

f=geVe e, 3, v — 2| <ke, f(v,€) = g(a',e), (2)

where k defines the accepted statistical level of agreement. For example, if the filter is a
Gaussian of dispersion ¢, the choice k = 3 corresponds to a 3 o statistical agreement.

This can be also seen as a relative wavelet transformation, but using a filter that is not
necessarily conservative. Such a point of view is particularly well adapted to applications
in physics: any real measurement is always performed at finite resolution (see [4, 13] for
additional comments on this point). While f(z,0) is nondifferentiable, f(z,¢), which we
have called a ‘fractal function’ [4], is now differentiable for all & # 0.

The problem of the physical description of the process where the function f inter-
venes is now shifted. In standard differentiable physics, it amounts to finding differential
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equations implying the derivatives of f, namely df/0x, 9 f/0x?, that describe the laws
of displacement and motion. The integro-differentiable method amounts to performing
such a local description, then integrating to get the global properties of the system under
consideration. Such a method has often been called ‘reductionist’, and it was indeed
adapted to most classical problems where no new information appears at different scales.

But the situation is completely different for systems implying fractals and nondiffer-
entiability at a fundamental level, like the space-time of microphysics itself as suggested
here. At high energies, the properties of quarks, of nucleons, of the nucleus, of atoms
are interconnected but not reducible one to the other. In living systems, the scales of
DNA bases, chromosomes, nuclei, cells, tissues, organs, organisms, then social scales, do
co-exist, are related one with another, but are certainly not reducible to one particular
scale, even the smaller one. In such cases, new, original information may exist at differ-
ent scales, and the project to reduce the behavior of a system at one scale (in general,
the large one) from its description at another scale (the smallest, described by the limit
dx — 0 in the framework of the standard differentiable tool) seems to lose its meaning
and to be hopeless. Our suggestion consists precisely of giving up such a hope, and of
introducing a new frame of thought where all scales co-exist simultaneously in a scale-
space, but are connected together via scale-differential equations. As we shall see, the
solutions of the scale equations that come under the principle of scale-relativity are able
to describe not only continuous scaling behavior on some ranges of scales, but also the
existence of sudden transitions at some particular scale.

Indeed, in non-differentiable physics, df(x)/0x = 0f(x,0)/0x does not exist any
longer. But the physics of the given process will be completely described if we succeed in
knowing f(x,e) for all relevant values of £, which is differentiable when ¢ # 0, and can
be the solution of differential equations involving df(x,¢)/0x but also df(x,e)/dIne.
More generally, if one seeks nonlinear laws, one expects the equations of physics to take
the form of second order differential equations, which will then contain, in addition to
the previous first derivatives, operators like 9%/9x? (laws of motion), 9*/9(In¢e)? (laws of
scale), but also 9?/dzdIne, which corresponds to a coupling between motion laws and
scale laws.

4. Scale Laws

4.1 Scale invariance and Galilean scale-relativity

Consider a non-differentiable (fractal) curvilinear coordinate L£(z,¢), that depends
on some parameter x and on the resolution €. Such a coordinate generalizes to non-
differentiable and fractal space-times the concept of curvilinear coordinates introduced
for curved Riemannian space-times in Einstein’s general relativity [4]. L(z,e), being
differentiable when € # 0, can be the solution of differential equations involving the
derivatives of £ with respect to both z and ¢.
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4.1.1 Differential dilation operator

Let us apply an infinitesimal dilation e — & = (1 + dp) to the resolution. Being, at this
stage, interested in pure scale laws, we omit the x dependence in order to simplify the
notation and we obtain, to first order,
0L (e ~
L) = L+ edp) = £6) + 22 cdp = (14 D dp) (o), 3)
where D is, by definition, the dilation operator. The identification of the two last members

of this equation yields
D=c¢ 9__9 (4)
" 0 Olne’

This well-known form of the infinitesimal dilation operator, obtained above by the

‘Gell-Mann-Levy method’ (that allows one to find the currents corresponding to a given
symmetry [32]), shows that the “natural” variable for the resolution is Ine, and that
the expected new differential equations will indeed involve quantities as dL(x,¢)/dIne.
The renormalization group equations, in the multi-scale-of-length approach proposed by
Wilson [30, 31], already describe such a scale dependence. The scale-relativity approach
allows one to suggest more general forms for these scale groups (and their symmetry
breaking).

4.1.2 Simplest differential scale law

The simplest renormalization group-like equation states that the variation of £ under an
infinitesimal scale transformation d1ne depends only on L itself. We thus write
OL(z,¢)

Still looking for the simplest form of such an equation, we expand (L) in powers of
L. We obtain, to the first order, the linear equation (in which a and b are independent
of € at this level of the analysis, but may depend on z):

0L(x,¢)

e =a+bL, (6)
of which the solution is (see Fig. 1)
A\
L) = Lale) [1460) (2) ] , )
where A\7°((x) is an integration constant and Ly = —a/b.

Let us now define, following Mandelbrot [2, 3], a scale exponent 6 = Dg — Dy, (where
Dp is the fractal dimension, defined here in terms of covering dimension, and Dr the

topological dimension) as:
dIn L

= dm(e) (8)



26

Electronic Journal of Theoretical Physics 4, No.

16(I11) (2007) 15-102

InL

variation of the length

variation of the scale dimension

fractal

transition

scale -
independent

delta

fractal

transition

scale -

independent |

.
JEILIaUI 9]eds,

Fig. 1 Scale dependence of the length and of the effective scale-dimension in the case of ‘inertial’
scale laws (which are solutions of the simplest, first order scale-differential equation): toward
the small scale one gets a scale-invariant law with constant fractal dimension, while the explicit

scale-dependence is lost at scales larger than some transition scale \.

In the asymptotic regime ¢ << A, 6 = —b is constant, and one obtains a power-law
dependence on resolution that reads

L(z.e) = Lofx) (g)a ()

Anticipating on the following, one can also define a variable ‘effective’ or ‘local’ scale
exponent from the derivative of the complete solution (7), that jumps from zero to its
constant asymptotic value at the transition scale A (see Fig. 1 and the following figures):

J

T

(10)

4.1.3 Galilean relativity of scales

Let us now check that such a simple self-similar scaling law does come under the principle
of relativity extended to scale transformations of the resolutions. The above quantities
transform, under a scale transformation € — &, as

(11)

i) =d(e). (12)

These transformations have exactly the mathematical structure of the Galileo group
(applied here to scale rather than motion), as confirmed by the dilation composition law,
e — & — ", which writes

" / "
9

€
In—=In—+1In—, 13
€ € e’ (13)
and is therefore similar to the law of composition of velocities. Since the Galileo group of
motion transformations is known to be the simplest group that implements the principle

of relativity, the same is true for scale transformations.
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4.1.4 Scale transition

However, it is important to note that Eq. (7) gives, in addition, a transition from a fractal
to a non-fractal behavior at scales larger than some transition scale A. In other words,
contrarily to the case of motion laws, for which the invariance group is universal, the
scale group symmetry is broken beyond some (relative) transition scale.

Indeed, Eq.(6) is more general that the mere renormalisation argument, under which
the constant @ would vanish. Two arguments lead us to keep this constant:

(i) A research of generality (we look for the most general among the simplest laws).

(ii) The fact that the new scale laws do not take the place of motion-displacement
laws, but instead must be combined with them. Starting from a strictly scale-invariant
law (a = 0), and adding a translation in standard position space (L — L — L), we
indeed recover the broken solution (a # 0, which is asymptotically scale-dependent (in a
scale-invariant way) and independent of scale beyond some transition.

The scale symmetry is therefore spontaneously broken by the very existence of the
standard space-time symmetries (here, the translations, that are part of the full Poincaré
group of space-time transformations including also the rotations and the Lorentz boosts).
The symmetry breaking is not achieved here by a suppression of one law to the profit
of the other, but instead by a domination of each law (scale vs motion) over the other
respectively toward the small and large scales. Since the transition is itself relative (on the
state of motion of the reference system) this implies that one can jump from a behavior
to the other by a change of the reference system. As we shall see in what follows,
this transition plays an important role in the fractal space-time approach to quantum
mechanics, since we identifiy it with the Einstein-de Broglie scale, and therefore the
fractal-non fractal transition with the quantum-classical transition [4].

4.1.5 Scale relativity versus scale invariance

Let us briefly be more specific about the way the scale-relativity viewpoint differs from
‘scaling’ or simple ‘scale invariance’. In the standard concept of scale invariance, one
considers scale transformations of the coordinate,

X—->X'=q¢gxX 14
q 5

then one looks for the effect of such a transformation on some function f(X). It is scaling
when

f(aX) =q¢" x f(X) (15)
The scale relativity approach involves a more profound level of description, since the

coordinate X is now explicitly resolution-dependent, i.e. X = X(g). Therefore we now
look for a scale transformation of the resolution,

e —¢e = pe, (16)
which implies a scale transformation of the position variable

X(pe) = p~° X (e). (17)
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But now the scale factor on the variable gets a physical meaning which goes beyond a
trivial change of units. It corresponds to a coordinate measured on a fractal curve of
fractal dimension D = 1 4 ¢ at two different resolutions. Finally, one can also consider
again a scaling function of a fractal coordinate:

Flp™°X) = p~* x f(X). (18)

In the framework of the analogy with the laws of motion and displacement, the dilation
(14) is the equivalent of a static translation 2/ = = + a. Indeed, it reads in logarithmic

form )

X X
lnTzlnX+lnq, (19)

Note that it can also be generalized to four different dilations on the four coordinates,
In(X,/\) = In(X,/A) +Ing,. One jumps from static translation ' = x + a to motion
by introducing a time dependent translation a = —wt, so that one obtains the Galileo
law of coordinate transformation, 2’ = x — vt. The passage from a simple dilation law
In X" = InX 4 Inq to the law of scale transformation of a fractal self-similar curve,
In X’ =InX — 6 x Inp is therefore of the same nature. In other words, fractals are to
scale invariance what motion is to static translations.

These ‘scale-translations’ should not be forgotten when constructing the full scale-
relativistic group of transformations (in similarity with the Poincaré group, that adds
four space-time translations to the Lorentz group of rotation and motion in space (i.e.,
rotation in space-time).

It is also noticeable here that such a scale-relativity group will be different and larger
than a conformal group, for the two reasons outlined in this section:

(i) The conformal group adds to the Poincaré group a global dilatation and an in-
version (that leads to four special conformal transformations when combined with trans-
lations), yielding a 15 parameter group. But these transformations are applied to the
coordinates without specification of their physical cause. In scale relativity, the cause is
the fractality, i.e. the resolution dependence of the coordinates. For example, the sym-
metric element in a resolution transformation is In(A/e’) = —In(A/e), which is nothing
but a resolution inversion & = A\?/e. A fractal coordinate which is resolution-dependent
as a power law, L(g) = (\o/€)’, is therefore itself transformed by an inversion, namely
L(g') = L/ L(¢), where L; = (A\/)\)°.

(i) Ultimately we need to define four independent resolution transformations on the
four coordinates. Such a transformation does not preserve the angles and it therefore
goes beyond the conformal group (see Sec. 4.3.6).

4.2 Special scale-relativity
4.2.1 Theory

The question that we shall now address is that of finding the laws of scale transforma-
tions that meet the principle of scale relativity. Up to now, we have characterized typical



Electronic Journal of Theoretical Physics 4, No. 16(I1I) (2007) 15-102 29

scale laws as the simplest possible laws, namely, those which are solutions of the sim-
plest form of linear scale differential equations: this reasoning has provided us with the
standard, power-law, fractal behavior with constant fractal dimension in the asymptotic
domain. But are the simplest possible laws those chosen by nature? Experience in the
construction of the former physical theories suggests that the correct and general laws
are simplest among those which satisfy some fundamental principle, rather than those
which are written in the simplest way: anyway, these last laws are often approximations
of the correct, more general laws. Good examples of such relations between theories
are given by Einstein’s motion special relativity, of which the Galilean laws of inertial
motion are low velocity approximations, and by Einstein’s general relativity, which in-
cludes Newton’s theory of gravitation as an approximation. In both cases, the correct
laws are constructed from the requirement of covariance, rather than from the too simple
requirement of invariance.

The theory of scale relativity [16, 4] proceeds along a similar reasoning. The principle
of scale relativity may be implemented by requiring that the equations of physics be
written in a covariant way under scale transformations of resolutions. Are the standard
scale laws (those described by renormalization-group-like equations, or by a fractal power-
law behavior) scale-covariant ? They are usually described (far from the transition to
scale-independence) by asymptotic laws such as £ = Lo()\/e)®, with § a constant scale-
dimension (which may differ from the standard value 6 = 1 by an anomalous dimension
term [32]). This means that, as we have recalled hereabove, a scale transformation ¢ — ¢’
can be written:

In Eg) —In Eﬁf) LV (e), (20)
i(e") = d(e),
where we have set:
V = In(e/e"). (21)

The choice of a logarithmic form for the writing of the scale transformation and the
definition of the fundamental resolution parameter V is justified by the expression of the
dilatation operator D = 3/dIne. The relative character of V is evident: in the same way
that only velocity differences have a physical meaning (Galilean relativity of motion), only
V differences have a physical meaning (relativity of scales). We have then suggested [16]
to characterize this relative resolution parameter V as a ‘state of scale’ of the coordinate
system, in analogy with Einstein’s formulation of the principle of relativity [1], in which
the relative velocity characterizes the state of motion of the reference system.

Now in such a frame of thought, the problem of finding the laws of linear transfor-
mation of fields in a scale transformation V. = Inp (¢ — ¢’) amounts to finding four
quantities, a(V),b(V),c¢(V), and d(V), such that

ﬁ/

L
In = a(V) In Yo +b(V) 4, (22)
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Set in this way, it immediately appears that the current ‘scale-invariant’ scale transfor-
mation law of the standard form (Eq. 20), given by a = 1,b = V,¢ = 0 and d = 1,
corresponds to the Galileo group.
This is also clear from the law of composition of dilatations, ¢ — ¢’ — £”, which has
a simple additive form,
VvV =V+V. (23)

However the general solution to the ‘special relativity problem’ (namely, find a,b, ¢ and d
from the principle of relativity) is the Lorentz group [33]. In particular, we have proved
[16] that, for two variables, only 3 axioms were needed (linearity, internal composition
law and reflection invariance) Then we have suggested to replace the standard law of
dilatation, e — &’ = pe by a new Lorentzian relation [16]. However, while the relativistic
symmetry is universal in the case of the laws of motion, this is not true for the laws of
scale. Indeed, physical laws are no longer dependent on resolution for scales larger than
the classical-quantum transition (identified with the fractal-nonfractal transition in our
approach) which has been analysed above. This implies that the dilatation law must
remain Galilean above this transition scale.

For simplicity, we shall consider in what follows only the one-dimensional case. We
define the resolution as ¢ = dz = ¢dt, and we set \g = ¢7qp = he/E. In its rest frame,
Ao is thus the Compton length of the system or particle considered, i.e., in the first place
the Compton length of the electron (this will be better justified in Section 6). The new
law of dilatation reads, for ¢ < A\g and £’ < A

e _ In(e/Xo) +Ino

"N T T+ Ing In(z/A0)/ (A Xg) (24)

This relation introduces a fundamental length scale A, that we have identified (toward
the small scales) with the Planck length (currently 1.6160(11) x 1072 m),

A =1lp = (hG /)2, (25)

But, as one can see from Eq.(24), if one starts from the scale e = A and apply any
dilatation or contraction p, one gets back the scale & = A, whatever the initial value
of A\¢ (i.e., whatever the state of motion, since )¢ is Lorentz-covariant under wvelocity
transformations). In other words, A is now interpreted as a limiting lower length-scale,
impassable, invariant under dilatations and contractions. In the simplified case of a
transformation from Ly to L£( see [16, 4] for general expressions), the length measured
along a fractal coordinate, that was previously scale-dependent as In(L/Ly) = 0 In(Ao/¢)
for e < Ag becomes in the new framework (see Fig. 2)

do In(Ag/e)
V1= 12(h0/2)/ (A /A)

The main new feature of scale relativity respectively to the previous fractal or scale-

ln(ﬁ/ﬁo) =

(26)

invariant approaches is that the scale exponent ¢ and the fractal dimension Dp =1 + 4,
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which were previously constant (Dp = 2,6 = 1 ), are now explicitly varying with scale
(see Fig. 2), following the law (given once again in the simplified case when we start from
the referece scale Lo):

g) = %
V1= n2(Ao/e)/ (A /A)

5( . (27)
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Fig. 2 Scale dependence of the length and of the effective scale-dimension in the case of scale-

relativistic Lorentzian scale laws.

These new laws corresponds to a Minkowskian scale metrics invariant that reads:

(dIn £)?
cz

For a more complete development of special relativity (including its implications as

do* = do* — (28)

regards new conservative quantities), see Refs. [16, 4, 23].

4.2.2 Applications

The theory of special scale-relativity has many consequences in two domains of physics
(we shall not develop them further in the present contribution for lack of place: we
refer the interested reader to the quoted references, in particular the two review papers
23, 35]).

(i) High energy and elementary particle physics [16, 4, 23, 34] (with applications to
primeval cosmology [23, 35]). For example, one can apply this description to the ‘internal’
structures of the electron (identified with the fractal geodesics of a fractal space-time).
This means that the fractal dimension jumps from Dr = 1 to Dp = 2 at the electron
Compton scale \g = A\ = ii/m.c (see the construction of quantum laws in what follows),
then begins to vary with scale. Its variation is first very slow (quadratic in log of scale):

Dr(e) :2(1+163+"')’ (29)
where V = In()\g/e) and Cy = In(A\g/lp), lp being the Planck length-scale. Then it tends
to infinity at very small scales when V — Cgy, i.e., ¢ — A = [p.

The new status of the Planck length-scale (and time-scale), identified with a minimal
scale, invariant under dilations and contractions, implies new relations between length-
time scales and momentum-energy scales [4, 23]. These relations involve new log-Lorentz
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factors that allow to solve some remaining problems of the standard model, such as the
divergence problem of masses and charges, and the hierarchy problem between the GUT
scale and the electroweak scale [23], and to suggest new methods for understanding the
mass and charge spectrum of elementary particles [48, 23].

(ii) Cosmology [4, 23, 35]. We have suggested that log-Lorentz dilation transformations
were also relevant at very large scales. In this case the invariant scale A becomes a
maximal length-scale, invariant under dilations, that we have identified with the length-
scale . = A~'/2 that can be constructed from the cosmological constant A (which is a
curvature, i.e. the inverse of the square of a length).

Such an identification brings new light about the nature and the value of the cosmo-
logical constant. Indeed, its value, theoretically predicted in [4, 23], Apea = (1.3628
0.0004) x 107%% em™2, yields a scaled cosmological constant Qxh? = 0.38874 £ 0.00011,
where h = Hy/Hjq is the scaled Hubble constant. This prediction is supported by re-
cent determinations from observational measurements of {25 (obs)= 0.761 £+ 0.017 and
h = 0.730 4 0.019 [36, 37, 38], so that Qh*(obs)= (0.405 £ 0.031).

This new approach also leads to a description of the large-scale Universe in which
the fractal dimension of space, and consequently that of the distribution of matter, is
increasing with scale, following the law of Eq. 27. We have found [4, 23] that it should
reach the value D = 3 at a scale of about 750 Mpc, implying a transition to uniformity
at that scale.

Another application of these new laws to turbulence has also been suggested by
Dubrulle and Graner [39], but with a different interpretation of the variables.

4.3 Generalized scale laws

4.3.1 Discrete scale invariance, complex dimension and log-periodic behavior

A correction to pure scale invariance is potentially important, namely the log-periodic
correction to power laws that is provided, e.g., by complex exponents or complex fractal
dimensions [7]. Sornette et al. (see [40] and references therein) have shown that such a
behavior provides a very satisfactory and possibly predictive model of the time evolution
of many critical systems, including earthquakes and market crashes [41]. More recently,
it has been applied to the analysis of major event chronology of the evolutionary tree of
life [42, 43], of human development [45] and of the main economic crisis of western and
Precolumbian civilizations [43, 46].

Let us show how one can recover log-periodic corrections from requiring scale covari-
ance of the scale differential equations [27]. Consider a scale-dependent function L(g),
(it may be for example the length measured along a fractal curve). In the applications
to temporal evolution quoted above, the scale variable is identified with the time interval
|t —t.|, where t. is the date of crisis. Assume that £ satisfies a renormalization-group-like
first order differential equation,

ac
dlne

—vL =0, (30)
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whose solution is a power law L(g) o« . Now looking for corrections to this law, we
remark that simply jumping to a complex value of the exponent v would lead to large
log-periodic fluctuations rather than to a controlable correction to the power-law. So let
us assume that the right-hand side of Eq. 30 actually differs from zero

ac
Tne —vL =x. (31)

We can now apply the scale-covariance principle and require that the new function y be

solution of an equation which keeps the same form as the initial equation

dx
_ =0. 2
dlne vX (32)
Setting v/ = v + 1, we find that £ must be solution of a second-order equation
d*L e
— — (2 — = 0.
@mep M e T Eme=0 (33)

It writes L£(g) = ae”(1 + be"), and finally, the choice of an imaginary exponent 7 = iw
yields a solution whose real part includes a log-periodic correction:

L(e) =ae”[1+bcos(wlne). (34)

Adding a constant term provides a transition to scale independence at large scales (see
Fig. 3).

variation of the length variation of the scale dimension
T T T T T T T

T T
I fractal

fractal

transition 1

transition

delta
Lolpouad-6oj,

InL

scale

scale N
independent

independent

R

. .
Inge Inge

Fig. 3 Scale dependence of the length and of the scale exponent in the case of a log-periodic
behavior with fractal / nonfractal transition, £(g) = Lo[1 + (A\/e)¥ ebcos(win(e/N)],

Let us now give another physically meaningful way to obtain an equivalent behavior,
that does not make use of imaginary exponents. Define a log-periodic local scale exponent:
Oln L

0=
Olne

It leads after integration to a scale-divergence that reads

=v —bwsin(wlne) (35)

E(é') —qg” ebcos(wlns) (36)

whose first order expansion is (34). Such a law is a solution of a scale stationary wave

0? c . (L

equation:
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where Ly = ac” is the strictly self-similar solution. Hence the log-periodic behavior can
be viewed as a stationary wave in the scale-space (this prepares Sec. 8, in which we
tentatively introduce a quantum wave scale equation). Note that these solutions can
apply to fractal lengths only for bw < v, since the local scale exponent should remain
positive: this behavior is typical of what is observed when measuring the resolution-
dependent length of fractal curves of the von Koch type which are built by iteration and,
strictly, have only discrete scale invariance instead of a full continuous scale invariance.
But such laws also apply to other kind of variables (for example market indices or ion
concentration near earthquake zones, see [40]) for which local decreases are relevant.
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Fig. 4 Three typical examples of log-periodic chronological laws in species evolution (from
Refs.[42, 43, 44]). Up: main trunk of the ‘tree of life’, from the apparition of life to homeothermy
and viviparity (last two plotted points). The dates are best-fitted by an accelerating log-periodic
law T,, = To + (T. — To) x g~ ", with T, = —30 &+ 60 Myr and g = 1.83. Middle: comparison of
the dates of the major leaps in the evolution of primates including the hominids (plus the two
preceding main events: apparition of mammals and viviparity), with an accelerating log-periodic
law. The last two dates of up figure are the first two of the middle figure (note the zoom by a
factor 20 between the two figures). The best fit gives T, = 2.0 = 0.4 Myr and g = 1.78 £ 0.01.
For the 14 dates from the origin of life to the appearance of the Homo sapiens bauplan, one finds
T.=21+1.0 Myr and ¢ = 1.76 £0.01. The probability is less than 10~* to obtain such a fit by
chance. Down: comparison with a decelerating log-periodic law of the dates of the major leaps
in the evolution of echinoderms. The best fit yields T, = —575 + 25 Myr and g = 1.67 + 0.02
(origin excluded). This means that the critical time from which the deceleration starts is their
date of apparition (within uncertainties). All results are statistically highly significant (see the
quoted references for details about the data and their analysis).

We give in Fig. 4 an example of application of such log-periodic laws to the analysis
of the chronology of species evolution (see more detail in Refs. [42, 43, 44]). One finds
either an acceleration toward a critical date T, or a deceleration from a critical date, T,
depending on the considered lineage.
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4.3.2 Lagrangian approach to scale laws

The Lagrangian approach can be used in the scale space in order to obtain physically
relevant generalizations of the above simplest (scale-invariant) laws. In this aim, we are
led to reverse the definition and meaning of the variables. Namely, the scale exponent
becomes a primary variable that plays, for scale laws, the same role as played by time in
motion laws. We have suggested to call ‘djinn’ this variable scale exponent (equal to the
difference between a variable fractal dimension and the cosntant topological dimension) .

The resolution, &, can therefore be defined as a derived quantity in terms of the fractal
coordinate £ and of the scale exponent or djinn, ¢

A dIn L
V=InlZ] = . 38
" (5) dé (38)
A scale Lagrange function f/(ln L,V §) is introduced, from which a scale action is
constructed 5
S = / L(nL,V, ) do. (39)
01
The application of the action principle yields a scale Euler-Lagrange equation that
writes _ _
d OL oL
——— = ) 4
ddoV  0lnL (40)

In analogy with the physics of motion, in the absence of any “scale-force” (i.e.,
OL/0In L = 0), the Euler-Lagrange equation becomes

OL/OV = const = V = const. (41)

which is the equivalent for scale of what inertia is for motion. The simplest possible
form for the Lagrange function is a quadratic dependence on the “scale velocity”, (i.e.,
L o V?). The constancy of V = In(\/e) means that it is independent of the djinn
d. Equation (38) can therefore be integrated to give the usual power law behavior,
L = Ly(A\/e)°. This reversed viewpoint has several advantages which allow a full imple-
mentation of the principle of scale relativity:

(i) The djinn 0 is given its actual status of a fifth dimension or “scale time” and the
logarithm of the resolution, V| its status of “scale velocity” (see Eq. 38). This is in accor-
dance with its scale-relativistic definition, in which it characterizes the “state of scale” of
the reference system, in the same way as the velocity v = dx/dt characterizes its state of
motion.

(ii) This leaves open the possibility of generalizing our formalism to the case of four in-
dependent space-time resolutions, V¥ = In(A\/e*) = dIn L#/dd. This amount to jump
to a five-dimensional geometric description in terms of a space-time-djinn (at the level
of the fractal fluctuations). Note in this respect that the genuine nature of resolutions is
ultimately tensorial, e, = ¢,” = p, Ae¥e* and involves correlation coefficients, in analogy
with variance-covariance matrices.

(iii) Scale laws more general than the simplest self-similar ones can be derived from more
general scale Lagrangians [26], as we shall now see.
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4.3.3 Scale ‘dynamics’

The whole of our previous discussion indicates to us that the scale invariant behavior
corresponds to ‘freedom’ (i.e. scale forec-free behavior) in the framework of a scale
physics. However, in the same way as there exists forces in nature that imply departure
from inertial, rectilinear uniform motion, we expect most natural fractal systems to also
present distorsions in their scale behavior respectively to pure scale invariance. This
means taking non-linearity in scale into account. Such distorsions may be, as a first step,
attributed to the effect of a scale “dynamics”, i.e. of a “scale-field”. (Caution: at this
level of description, this is only an analog of dynamics, which acts on the scale axis, on
the internal structures of the system under consideration, not in space-time. See what
follows for the effects of coupling with space-time displacements).

In this case the Lagrange scale-equation takes the form of Newton’s equation of dy-
namics:

(42)

where 1 is a ‘scale-mass’, which measures how the system resists to the ‘scale-force’, and
where I' = d*In £/d§? = dIn()\/e)/df is the ‘scale-acceleration’.

We shall now attempt to define physical, generic, scale-dynamical behaviors which
could be common to very different systems. For various systems the scale-force may have
very different origins, but in all cases where it has the same form (constant, harmonic
oscillator, etc...), the same kind of scale behavior would be obtained. It is also worthwhile
to remark that such a ‘Newtonian” approach is itself considered to be only an intermediate
step while waiting for a fully developped general scale-relativity. Thus the scale-forces are
expected to be finally recovered as approximations of the manifestations of the geometry
of the scale-space.

4.3.4 Constant scale-force

Let us first consider the case of a constant scale-force. The potential is ¢ = F'In L, and
Eq. 42 writes

d*In L B

as?

where G = F'/u = cst. It is easily integrated in terms of a parabolic solution (which is

G, (43)

the equivalent for scale laws of parabolic motion in a constant field):
1
V=Vo+G§ , 1n£:1n£0+V05+§G52. (44)

However the physical meaning of this result is not clear under this form. This is due to the
fact that, while in the case of motion laws we search for the evolution of the system with
time, in the case of scale laws we search for the dependence of the system on resolution,
which is the directly measured observable. We find, after redefinition of the integration

5= éln (2) , In (%) = %hﬂ (g) : (45)

constants,



Electronic Journal of Theoretical Physics 4, No. 16(I1I) (2007) 15-102 37

This is easily generalized to include a transition to scale independence toward large scales
by replacing £ by (£ — L) in these equations (see Fig. 5).

variation of the length variation of the scale dimension
T T T T T T T T T T T T T T

fractal fractal

transition
transition

scale
independent

scale
independent

InL

delta
,90104-9|EJS,, JUBJSUOD

Fig. 5 Scale dependence of the length and of the effective fractal dimension (minus the topologi-
cal dimension) in the case of a constant ‘scale-force’; including a transition to scale independence
at large scale.

The scale exponent 6 becomes a linear function of resolution (the same being true,
as a consequence, of the fractal dimension Dr = 14 ¢), and the (log £,loge) relation is
now parabolic instead of linear (see Fig. 5). There are several physical situations where,
after careful examination of the data, the power-law models were clearly rejected since
no constant slope could be defined in the (log £, log ¢) plane. In the several cases where a
clear curvature appears in this plane (e.g., turbulence, sand piles, ...), the physics could
come under such a ’scale-dynamical’ description. In these cases it might be of interest
to identify and study the scale-force responsible for the scale distorsion (i.e., for the
deviation to standard scaling).

4.3.5 Scale harmonic oscillator

Another interesting case is that of a repulsive harmonic oscillator potential, ¢ = —(k/2)In” L,
in the scale space. The scale differential equation reads in this case (we omit the reference
scale L in order to simplify the exposition):

d’In L
Setting k = 1/62, where ¢y is constant, one of its solution reads
) )
InL=asinh | —+a], (47)
do
so that the scale velocity, which is its derivative with respect to d, reads
A )
Vzlng:(%cosh<5—0+a). (48)

As in the previous section, we may now re-express In £ in function of the resolution thanks
to the relation cosh? x — sinh® z = 1. We obtain
2

1 A a
12 12_ . 49
—58 n“ L —1In . ———53 (49)
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Finally, reintroducing a reference scale for £ and changing the name of the constants, the
solution can be put under the form
L g A A

In— =8 4/In* = —In? —.
DCO o/In" 2 — " (50)

Note the correction to previous publications [27] in which we considered only a special
solution which involved a relation between the constants A\, A\; and dy. Actually the new
scale of transition \; can be defined independently of the scale force-free transition .
One sould also be aware not to confuse the asymptotic constant exponent §, with the
now variable exponent 9.

For ¢ < ) it gives the standard Galilean-type case £ = Ly(\/2)%, i.e., constant fractal
dimension Dp = 1 4 §p. But its intermediate-scale behavior is particularly interesting,
since, from the viewpoint of the mathematical solution, resolutions larger than a scale
A1 are no longer possible. This transition of a new form therefore separates small scales
from large scales, i.e., an “interior” (scales smaller than A;) from an “exterior” (scales
larger than A;). It is characterized by an effective fractal dimension that becomes formally
infinite. This behavior may reveal to be particularly interesting for applications to biology.

Here A is the fractal / non-fractal transition scale for the asymptotic domain, i.e., it
is the transition scale which would have been observed in the absence of the additional
scale force (see Figure 6).

variation of the length variation of the scale dimension
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Fig. 6 Scale dependence of the length and of the scale exponent in the case of a harmonic
oscillator scale-potential, with transition to scale independence at large scale.

Another possible interpretation of this scale harmonic oscillator model consists of
considering the variable ¢ in the above equations as a distance r from a centre (i.e., a
scaling coordinate instead as a scale-resolution). Then it describes a system in which the
effective fractal dimension of trajectories diverges at some distance r = A from the
center, is larger than 1 in the inner region and becomes D = 1 (i.e., non-fractal) in the
outer region. Since the increase of the fractal dimension of a curve corresponds to the
increase of its ‘thickness’ [2, 3]), such a model can be interpreted as describing a system
in which the inner and outer domains are separated by a wall.

We also hope such a behavior to provide a model of confinement in QCD. Indeed,
the gauge symmetry group of QCD, SU(3), is the dynamical symmetry group of a 3-
dimensional isotropic harmonic oscillator, while gauge invariance can be re-interpreted in
scale relativity as scale invariance on space-time resolutions (see following section).
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This suggestion is re-inforced by the following results and remarks:

(i) QCD is precisely characterized by the property of ‘asymptotic freedom, which
means that quarks become free at small scales while the strong coupling constant increases
toward large scales. It may become formally infinite at the confinement scale.

(ii) There is increasing evidence for an internal fractal structure of the proton, more
generally of hadrons [47].

(iii) Free w and d quark masses (i.e., the masses they would have in the absence of
confinement) are far smaller than their effective mass in the proton and neutron. This
means that their Compton length A\. = i/mc is larger than the confinement scale (of
order 1 Fermi). This is exactly what is expected in the above model. Indeed, as we shall
see in what follows, the fractal/non fractal transition is identified in rest frame with the
Compton length of a particle.

(iv) A 3-dimensional sphere is scale space (In X,InY,In Z) becomes, when viewed in
terms of direct variables (X, Y, Z) and for large values of the variables, a triad (see Fig.7).
Such a behavior may provide a model of color and quarks, in which the three quarks in
hadrons would have no real separated existence, but could be identified with the three
extremities of such a ‘3-tip string’. Their appearance could therefore be the mere result
of a change of reference system (i.e., of relativity), provided the genuine physical variables
for the description of intra-hadron physics be the scale variables (In X, InY,In Z), in terms
of which there is pure isotropy on the scale-sphere, while our measurement devices work
in terms of the (X,Y, Z) variables.

Fig. 7 ‘Three-tip string’. Three dimensional sphere in scale space, (In X)? + (InY)? + (In Z)? =
A2, plotted in terms of direct variables (X,Y, Z), for A = 8.

4.3.6 Toward a generalized theory of scale-relativity

The above approach in terms of ‘scale dynamics’ is actually intended to be a provisional
description. Indeed, in analogy with Einstein’s general relativity of motion, in which
Newton’s gravitational ‘force’ becomes a mere manifestation of space-time curvature, we
hope that the scale dynamical forces introduced hereabove are only intermediate and
practical concepts, which should ultimately be recovered as mere manifestation of the
fractal geometry of space-time.

We shall be led in future developments of the theory to look for the general non-linear
scale laws that satisfy the principle of scale relativity, and also to treat scale-laws and
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motion laws on the same footing. We have suggested that, in this purpose, a change of
representation was necessary.

Namely, recall that our first proposal [13] was to work in a ‘fractal space-time’ rep-
resentation, involving four coordinates that are explicit functions of the four space-time
resolutions, {X(e,),Y (e,), Z(e.),T(e¢)}. Since the resolutions are interpreted as charac-
terizing the state of scale of the reference system, this eight variable representation can be
viewed as the equivalent of a ‘phase-space’ representation. Now, much work remains to
be done, since we have mainly considered, up to now, the simplified case of only one res-
olution variable. We shall be led in future works to define four different transformations
on the four space-time resolutions.

Moreover, in this representation gauge transformations emerge as a manifestation
of the coupling between scale and motion (see the following Section 7.). Namely, we
have seen that the coordinates are generally split into two terms, a scale-dependent
part and a scale-independent part that is identified with the classical non-fractal coordi-
nates {z,y, z,t}. In other words, the classical differentiable space-time is recovered as a
large-scale degeneracy of the microscopic fractal space-time. This allows one to consider
resolutions that now vary with the classical coordinates, and therefore to have a more
profound description in terms of fractal coordinates X*[e(z,y, z,t)]. As we shall see in a
next section, such an approach leads to a new interpretation of gauge invariance and of
gauge fields.

Now, in the case when the fractal dimension is no longer constant, we have proposed
another representation in terms of a five-dimensional ‘spacetime-djinn’, in which the
fractal dimension becomes itself a fifth dimension. Note that it is not the coordinates
which are scale-dependent in an essential way, but only coordinate intervals: indeed,
as emphasized previously, and as will be further developed in the following, they can
be separated in two parts, a classical scale-independent part and a fractal fluctuation
with vanishing mathematical expectation. Only the fractal fluctuation depends on scale.
Therefore the spacetime-djinn combines space and time intervals with the djinn, i.e., it is
defined in terms of the variables {dX,dY,dZ,dT, ¢}, while the clasical part of the space-
time remains four-dimensional and of (4, —, —, —) signature . The spacetime-djinn itself
involves two levels of description:

(i) A ‘Galilean’ scale-relativity description, in which the djinn §, though possibly
variable, remains a parameter which is separated from the four space-time coordinates,
ie. {dX(0), dY (5), dZ(6), dT(5)}. It allows one to implement the identification of

resolutions with ‘scale-velocities’,

A\ dn|dX*|

In this framework, the scale-motion coupling laws introduced to account for gauge trans-
formations are recovered as second order derivatives involving the djinn and the coordi-
nates (0%/060x), and they therefore appear on the same footing as motion accelerations
(02 /0t?*) and ‘scale-accelerations’ (9%/046%).

(i) A fully covariant scale-relativistic description in terms of five fractal variables y*,
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with o« = 0 to 4 and signature (+, —, —, —, —). Its simplified two-dimensional version has
already been explicitly given in the above description of special-scale relativity, involving a
log-Lorentzian law of dilation. In this representation, the four dilations on the four space-
time resolutions are identified with rotations in the spacetime-djinn, i.e., to log-Lorentz
scale-boosts. In this respect the final group of relativity (motion + scale) is beyond the
conformal group, since it contains independent dilations of the four coordinates (fractal
parts), which do not conserve angles. It is expected to be at least a combination of the
Poincaré group for the 4-dimensional standard space-time (‘classical’ variables) and of
a group of generators x,0s (including ‘scale-rotations’ (xo0s — x30a)/2). Moreover, as
already remarked, the true nature of the resolutions is tensorial instead of vectorial. All
these points will be taken into account in the future developments of the theory [49].

5. Fractal Space and Induced Quantum-type Mechanics

5.1 Introduction

Let us now consider an essential part of the theory of scale relativity, namely, the
description of the effects in standard space-time that are induced by the internal fractal
structures in scale-space. The previous Sections were devoted to pure scale laws, i.e.,
to the description of the scale dependence of fractal trajectories at a given point of
space-time. The question now addressed is: what are the consequences on motion of
the internal fractal structures of space (more generally, of space-time)? This is a huge
question that cannot be solved in one time. We therefore proceed by first studying the
induced effects of the simplest scale laws (namely, self-similar laws of fractal dimension
2 for trajectories) under restricted conditions (only fractal space, then fractal space and
time, breaking of symmetry on time, then also on space). As recalled in the following
Sections, we successively recover in this way more and more profound levels of quantum
mechanical laws: namely, non-relativistic quantum mechanics (Schrodinger equation),
relativistic quantum mechanics without spin (Klein-Gordon equation) and for spinors
(Dirac equation).More complicated situations (constant fractal dimension differing of 2,
variable fractal dimension, special scale-relativistic log-Lorentzian behavior, etc...), that
may lead to scale-relativistic corrections to standard quantum mechanics, have been
tentatively considered in previous works [48, 23], but will not be recalled here.

5.2 Infinite number of geodesics

Strictly, the non-differentiability of the coordinates means that the velocity

L dX . X(t+dt) — X(1)
V=~ it (52)

is undefined. Namely, when dt tends to zero, either the ratio dX/dt tends to infinity,
or it fluctuates without reaching any limit. However, as recalled in the introduction,
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continuity and nondifferentiability imply an explicit dependence on scale of the various
physical quantities. As a consequence, the velocity, V' is itself re-defined as an explicitly
resolution-dependent function V' (¢, dt).

However, this change of description is not yet sufficient. Indeed, one of the direct
geometric consequences of the nondifferentiability and of the subsequent fractal character
of space itself (not only of the trajectories) is that there is an infinity of fractal geodesics
relating any couple of points of this fractal space [4, 71]. This can be easily understood
already at the level of fractal surfaces, which can be described in terms of a fractal
distribution of conic points of positive and negative infinite curvature (see [4], Sec. 3.6
and 3.10). The number of geodesics is therefore also infinite at the differential level,
each “point” of the fractal space having an infinite diffusive effect on the paths. As a
consequence, we are led to replace the velocity V (¢, dt) on a particular geodesic by the
velocity field V[z(t,dt),t, dt] of the whole infinite ensemble of geodesics. Moreover, this
fundamental and irrepressible loss of information of purely geometric origin means the
giving-up of determinism at the level of trajectories and leads to jump to a statistical
and probabilistic description. But here, contrarily to the view of standard quantum
mechanics, the statistical nature of the physical tool is not set as a foundation of physics,
but derived from geometric properties.

In the simplest case, we expect this velocity field to be solution of a scale differential
equation like Eq. 6, i.e.

V=v+w=v {1—1—@“(%)1_1/[)1?] : (53)

This means that the velocity is now the sum of two independent terms of different orders
of differentiation, since their ratio v/w is, from the standard viewpoint, infinitesimal. In
analogy with the real and imaginary parts of a complex number, we have suggested [67, 24]
to call v the ‘classical part’ of the velocity and w its ‘fractal part’. The new component
w is an explicitely scale-dependent fractal fluctuation (which would be infinite from the
standard point of view where one makes dt — oo). The nondifferentiability of the space
implies a fundamental loss of determinism of the paths in this space, in particular of the
geodesics, so that we are led to describe this fractal fluctuation by a stochastic variable.
It is normalized by chosing 7 in such a way that < ¢ >= 0 and < ¢ >= 1, where ( is
now a purely mathematical dimensionless stochastic variable. The mean < > is taken
upon the probability distribution of this variable. But, as we shall see, the final result
does not depend on this distribution so that we do not have to specify it. This means
that this description includes far more general processes than Markov, Brownian-like or
Wiener processes.

We have therefore suggested [13] that the description of a quantum mechanical par-
ticle, including its property of wave-particle duality, could be reduced to the geometric
properties of the set of fractal geodesics that corresponds to a given state of this “par-
ticle”. In such an interpretation, we do not have to endow the “particle” with internal
properties such as mass, spin or charge, since the “particle” is not identified with a point
mass which would follow the geodesics, but its “internal” properties can now be defined
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as global geometric properties of the fractal geodesics themselves. As a consequence, any
measurement is interpreted as a sorting out (or selection) of the geodesics. For example,
if the “particle” has been observed at a given position with a given resolution, this means
that the geodesics which pass through this domain have been selected [4, 13].

5.3 ‘Classical part’ and ‘fractal part’ of differentials

The transition scale appearing in Eq. (53) yields two distinct behaviors of the system
(i.e., the ‘particle’; identified with an infinite family of geodesics of the fractal space)
depending on the resolution at which it is considered. Equation (53) multiplied by dt
gives the elementary displacement, d.X, of the system as a sum of two infinitesimal terms
of different orders

dX = dx + d¢§. (54)

The variable dx is defined as the “classical” (or differentiable) part of the full deplace-
ment dX. By ‘classical’, we do not mean that this is necessarily a variable of classical
physics (for example, as we shall see hereafter, it will become two-valued due to non-
differentiability, which is clearly not a classical property). We mean here that it remains
differentiable, and therefore come under classical differentiable equations.

Here d¢ represents the “fractal part” (or nondifferentiable part) of the elementary de-
placement d.X. As recalled at the beginning of this review paper, the nondifferentiability
here does not mean that we cannot differentiate, since we have kept the continuity of
space-time (so that we can define d¢), but that we can no longer calculate a derivative in
the standard meaning (namely, d§/dt is infinite). Due to the definitive loss of information
implied by the nondifferentiability, we have no other choice than to represent it in terms
of a stochastic variable, as recalled in the previous section. We therefore write

dr = v dt, (55)

de = V2D (dt?)/?Pr . (56)

In what follows, we shall mainly consider the case of fractal dimension Dy = 2, which can
be shown to play a critical role in the construction of the motion equation [23]. Moreover,
it has been shown by Feynman [9] that the typical quantum mechanical paths, i.e., those
that contribute most to the path integral, are of fractal dimension 2. In tthis case, the
fractal fluctuation reads

d¢ = nV2D dt'/?, (57)

where 2D = 7, = 7v?, and where 7 is a stochastic variable such that < n >= 0 and
< n* >= 1. Owing to Eq. (53), we identify 7 with the Einstein transition scale, 7 =
h/E = h/imuv? (in the non relativistic case). Therefore, as we shall see further on,
2D = 7y is a scalar quantity which can be identified with the Compton scale (up to
fundamental constants), A/mc, i.e., its physical meaning yields the mass of the particle
itself.
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5.4 Discrete symmetry breaking

One of the most fundamental consequences of the nondifferentiable nature of space (more
generally, of space-time) is the breaking of a new discrete symmetry, namely, of the
reflection invariance on the differential element of (proper) time . As we shall see in what
follows, it implies a two-valuedness of velocity which can be subsequently shown to be
the origin of the complex nature of the quantum tool.
The derivative with respect to the time ¢ of a differentiable function f can be written
twofold
dF o fled) —f() ()~ f(—dr) 59
dt  dt—0 dt dt—0 dt
The two definitions are equivalent in the differentiable case. In the nondifferentiable

situation, both definitions fail, since the limits are no longer defined. In the new frame-
work of scale relativity, the physics is related to the behavior of the function during the
“zoom” operation on the time resolution §t, identified with the differential element dt.
The nondifferentiable function f(t) is replaced by an explicitly scale-dependent fractal
function f(¢,dt), which therefore becomes a function of two variables, ¢ (in space-time)
and dt (in scale space). Two functions f, and f’ are therefore defined as explicit functions
of the two variables t and dt

f(t+dt,dt) — f(t,dt)
dt ’

f(t,dt) — f(t —dt,dt)

fi(t,dt) = i

fl(t,dt) = (59)

One passes from one definition to the other by the transformation dt < —dt (dif-
ferential time reflection invariance), which actually was an implicit discrete symmetry of
differentiable physics. When applied to fractal space coordinates x(t, dt), these definitions
yield, in the non-differentiable domain, two velocity fields instead of one, that are fractal
functions of the resolution, V. [x(t, dt),t, dt] and V_[x(t,dt),t, dt].

These two fractal velocity fields may in turn be decomposed in terms of their classical
and fractal parts, namely,

Vilz(t,dt),t,dt] = vi[z(t), t] + wylz(t, dt), t, dt], (60)

V_lx(t,dt), t,dt] = v_[z(t), t] + w_|[x(t, dt), t, dt]. (61)

The V, and V_ fractal functions are a priori different functions, and the same is there-
fore true of their classical parts v, and v_ (which are scale-independent standard fluid
mechanics-like velocity fields). While, in standard classical mechanics, the concept of
velocity was one-valued, we must therefore introduce, for the case of a non-differentiable
space, two velocity fields instead of one, even when going back to the classical domain. In
recent papers, Ord [50] also insists on the importance of introducing ‘entwined paths’ for
understanding quantum mechanics (but without giving a mechanism for their emergence).

A simple and natural way to account for this doubling consists in using complex
numbers and the complex product. As we recall hereafter, this is the origin of the
complex nature of the wave function of quantum mechanics, since this wave function
can be identified with the exponential of the complex action that is naturally introduced
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in this framework. We shall now demonstrate that the choice of complex numbers for
representing the two-valuedness of the velocity is a simplifying and “covariant” choice (in
the sense of the principle of covariance, according to which the simplest possible form of
the equations of physics should be conserved under all transformations of coordinates).

5.5 Covariant total derivative operator

We are now lead to describe the elementary displacements for both processes, d X, as the
sum of a classical part, dry = vy dt, and of a stochastic fluctuation about this classical
part, dé+, which is, by definition, of zero mean, < d¢; >= 0, namely,

dX_(t) =v_ dt + d&_(t). (62)

More generally, one may define two classical derivative operators, d, /dt and d_/dt,
which yield the twin classical velocities when they are applied to the position vector x,

d, d
—ux(t) = v, , Ex(t) =u_ . (63)

As regards the fluctuations, the generalization to three dimensions of the fractal be-
havior of Eq. (56) reads (when Dp = 2)

< dg:l:z dg:l:j >=427D 5@']’ dt Z,] =,v,%, (64)

since the d(t)’s are of null classical part and assumed to be mutually independent.
The Kroénecker symbol 4,5, in Eq. (64), indeed means that the mean crossed product
< d&y; d&yj >, with ¢ # 7, is null.

5.5.1 Origin of complex numbers in quantum mechanics

We now know that each component of the velocity field takes two values instead of one.
This means that each component of the velocity becomes a vector in a two-dimensional
space, or, in other words, that the velocity becomes a two-index tensor. The general-
ization of the sum of these quantities is straighforward, but one also needs to define a
generalized product.

The problem can be put in a general way: it amounts to find a generalization of the
standard product that keeps its fundamental physical properties.

From the mathematical point of view, we are here exactly confronted to the well-
known problem of the doubling of algebra (see, e.g., Ref. [79]). Indeed, the effect of the
symmetry breaking dt «» —dt (or ds < —ds) is to replace the algebra A in which the
classical physical quantities are defined, by a direct sum of two exemplaries of A, i.e., the
space of the pairs (a,b) where a and b belong to A. The new vectorial space A% must be
supplied with a product in order to become itself an algebra (of doubled dimension). The
same problem is asked again when one takes also into account the symmetry breakings
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dx* — —dz# and z# < —at (see [67]): this leads to new algebra doublings. The
mathematical solution to this problem is well-known: the standard algebra doubling
amounts to supply A? with the complex product. Then the doubling R? of R is the
algebra C of complex numbers, the doubling C? of C is the algebra H of quaternions,
the doubling H? of quaternions is the algebra of Graves-Cayley octonions. The problem
with algebra doubling is that the iterative doubling leads to a progressive deterioration
of the algebraic properties. Namely, one loses the order relation of reals in the complex
plane, while the quaternion algebra is non-commutative, and the octonion algebra is also
non-associative. But an important positive result for physical applications is that the
doubling of a metric algebra is a metric algebra [79].

These mathematical theorems fully justify the use of complex numbers, then of quater-
nions, in order to describe the successive doublings due to discrete symmetry breakings
at the infinitesimal level, which are themselves more and more profound consequences of
space-time non-differentiability [24, 82].

However, we give in what follows complementary arguments of a physical nature,
which show that the use of the complex product in the first algebra doubling R — C
have a simplifying and covariant effect [24, 82] (we use here the word “covariant” in
the original meaning given to it by Einstein [1], namely, the requirement of the form
invariance of fundamental equations).

In order to simplify the argument, let us consider the generalization of scalar quanti-
ties, for which the product law is the standard product in R.

The first constraint is that the new product must remain an internal composition law.
We also make the simplifying assumption that it remains linear in terms of each of the
components of the two quantities to be multiplied. A general bilinear product ¢ = a x b
reads

& =a' Wi b, (65)
and it is therefore defined by eight numbers wfj in the case (considered here) of a two-
valuedness of the quantities a, b, c.

The second physical constraint is the requirement to recover the classical variables and
the classical product at the classical limit. The mathematical equivalent of this constraint
is the requirement that A still be a sub-algebra of A%. Therefore we identify ag € A with
(ap,0) and we set (0,1) = . This allows us to write the new two-dimensional vectors in
the simplified form a = ag + a1, so that the product now writes

Cc = (ao + ala) (bo + bla) = aobo + alblaQ + (a061 + &1b0)04. (66)
The problem is now reduced to find a2, which is now defined by only two coefficients
2

a® = w + wia. (67)

Let us now come back to the beginning of our construction. We have introduced two
elementary displacements, each of them made of two terms, a classical part and a fractal
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part (see Eq. (62))

dX (1) = vy dt + d&4 (1),
AX (1) = v_ di +de_(1). (68)

Let us first consider the two values of the ‘classical’ part of the velocity. Instead of
considering them as a vector of a new plane, (v, v_), we shall use the above construction
for defining them as a number of the doubled algebra [68]. Namely, we first replace
(vy,v_) by the equivalent twin velocity field [(vy 4+ v_)/2, (vy — v_)/2], then we define

B U++U__ Uy — U
V—( 5 o ) (69)

This choice is motivated by the requirement that, at the classical limit when v =v, = v_,

the number:

the real part identifies with the classical velocity v and the new ‘imaginary’ part vanishes.
The same operation can be made for the fractal parts. One can define velocity fluctuations
wy = dé, /dt and w_ = d§_/dt, so that we define a new number of the doubled algebra,

wz<w+‘gw——aw+;“") . (70)

Finally the total velocity (classical part and fractal fluctuation) reads:

(N e Uy — U Wi + w-— Wi — W_
— — — . 71
V+W ( 5 a—y >+< 5 o' 5 ) (71)

We shall see in what follows that a Lagrange function can be introduced in terms of the
new two-valued tool, that leads to a conserved form for the Euler-Lagrange equations. In
the end, as we shall see, the Schrodinger equation is obtained as their integral. Now, from
the covariance principle, the classical Lagrange function in the Newtonian case should
strictly be written as

1 1
L=gm <(v+W)2>:§m(<v2>+<w2>). (72)

Now we have < W >= 0 by definition, and < V. WW >= 0 because they are mutually
independent. But what about < W? > ? The presence of this term would greatly
complicate all the subsequent developments toward the Schrodinger equation, since it
would imply a fundamental divergence of non-relativistic quantum mechanics. Let us
expand it:

4 <W?> =< [(wy +w.) —a(wy —w_)]*>

=< (Wi +w?)(1+a?) —2a(wi —w?) +2wyw_(1 —a®)>. (73)

Since < wi >=< w? > and < wp.w_ >= 0 (they are mutually independent), we
finally find that < W? > can vanish only provided

o’ = —1, (74)
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namely, o = +17, the imaginary unit.

Therefore we have shown that the choice of the complex product in the algebra dou-
bling plays an essential physical role, since it allows to suppress what would be additional
infinite terms in the final equations of motion [24, 82]. The two solutions +i and —¢ have
equal physical meaning, since the final equation of Schréodinger (demonstrated in the fol-
lowing) and the wave function are physically invariant under the transformation i — —i
provided it is applied to both of them, as is well known in standard quantum mechanics.

5.5.2  Complex velocity field

We now combine the two derivatives to define a complex classical derivative operator,
that allows us to recover local differential time reversibility in terms of the new complex

d 1(dy d\ i(dy d
E‘§<E+E)_§(E_E)' (75)

Applying this operator to the position vector yields a complex classical velocity field

process [4]:

_c/l\ B o Up T U- LUy — U
V—dtw(t)—V iU = 5 = (76)

The minus sign in front of the imaginary term is chosen here in order to obtain

the Schrédinger equation in terms of the wave function ¢ (which will be constructed in
what follows). The reverse choice would give the Schrédinger equation for the complex
conjugate of the wave function 17, and would be therefore physically equivalent.

The real part, V', of the complex velocity, V), represents the standard classical velocity,
while its imaginary part, —U, is a new quantity arising from non-differentiability. At the
usual classical limit, v, =v_ = v, so that V =wv and U = 0.

5.5.3 Complex time-derivative operator

Contrary to what happens in the differentiable case, the total derivative with respect to
time of a fractal function f(z(t),?) of integer fractal dimension contains finite terms up
to higher order [69]

df _0f | 0fdXi 1 0°f dXdX; 1 9f dXdXdX.

dt — Ot ' Ox; dt  20x0x; di 6 0x;0x;0x,  di

(77)

Note that it has been shown by Kolwankar and Gangal [70] that, if the fractal dimen-
sion is not an integer, a fractional Taylor expansion can also be defined, using the local
fractional derivative (however, see [71] about the physical relevance of this tool and [72]
for another proposal).

In our case, a finite contribution only proceeds from terms of Dg-order, while lesser-
order terms yield an infinite contribution and higher-order ones are negligible. Therefore,
in the special case of a fractal dimension Dp = 2, the total derivative writes

df 9f 9fdX; 1 *f dXidX,
dt ot  Ox; dt = 20x0x; dt

(78)
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Let us now consider the classical part of this expression. By definition, < dX >= dz,
so that the second term is reduced to v.V f. Now concerning the term d.X,;dX;/dt, it is
usually infinitesimal, but here its classical part reduces to < d¢; d§; > /dt. Therefore,
thanks to Eq. (64), the last term of the classical part of Eq. (78) amounts to a Laplacian,
and we obtain

dt ot
Substituting Eqs. (79) into Eq. (75), we finally obtain the expression for the complex

def _ (2 F oLV iDA) f. (79)

time derivative operator [4] R

%=%+V.V—iDA. (80)
This is one of the main results of the theory of scale relativity. Indeed, the passage
from standard classical (i.e., almost everywhere differentiable) mechanics to the new non-
differentiable theory can now be implemented by replacing the standard time derivative
d/dt by the new complex operator c?/ dt (being cautious with the fact that it involves
a combination of first order and second order derivatives, in particular when using the
Leibniz rule for products or composed functions [74, 83]). In other words, this means that
d, /dt plays the role of a “covariant derivative operator”, namely, we shall write in its term
the fundamental equations of physics under the same form they had in the differentiable
case.

It should be remarked, before going on with this construction, that we use here the
word ‘covariant’ in analogy with the covariant derivative D; A" = 9;A* +T'% A" replacing
0;A* in Einstein’s general relativity. But one shoud be cautious with this analogy, since
the two situations are different. Indeed, the problem posed in the construction of general
relativity was that of a new geometry, in a framework where the differential calculus was
not affected. Therefore the Einstein covariant derivative amounts to substracting the
new geometric effect —F?lAl in order to recover the mere inertial motion, for which the
Galilean law of motion Du*/ds = 0 naturally holds [85]. Here there is an additional
difficulty: the new effects come not only from the geometry (see Sec. 7. for a scale-
covariant derivative acting in the same way as that of general relativity) but also from
the non-differentiability and its consequences on the differential calculus.

Therefore the true status of the new derivative is actually an extension of the con-
cept of total derivative. Already in standard physics, the passage from the free Galileo-
Newton’s equation to its Euler form was a case of conservation of the form of equations in
a more complicated situation, namely, d/dt — d/dt = 9/0t +v.V when v(t) — v[z(t), t].
In the fractal and nondifferentiable situation considered here, the three consequences of
nondifferentiability (infinity of geodesics, fractality and two-valuedness of derivative) lead
to three new terms in the total derivative operator, namely V.V, —iU.V and —iDA.

5.6 Covariant mechanics induced by scale laws

Let us now summarize the main steps by which one may generalize the standard classical
mechanics using this covariance. We are now looking to motion in the standard space. In
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what follows, we consider only the ‘classical parts’ of the variables, which are differentiable
and independent of resolutions. However, we shall subsequently show that the same result
(i.e., construction of a complex wave function that is solution of a Schrédinger equation)
can also be obtained by taking the full velocity field, including the fractal nondifferentiable
part.

The effects of the internal nondifferentiable structures are now contained in the covari-
ant derivative. Following the standard construction of the laws of mechanics, we assume
that the classical part of the mechanical system under consideration can be character-
ized by a Lagrange function that keeps the usual form but now in terms of the complex
velocity, L(x,V,t), from which an action S is defined

t2

S = / L(x,V, t)dt, (81)
t1

which is therefore now complex since V is itself complex.

In this expression, we have assume that the (4) and (-) velocity fields can be combined
in the expression of the Lagrange function in terms of the complex velocity. We have
already given arguments, in the previous section, according to which the choice made in
the construction of the complex velocity is a simplifying and covariant choice. We shall
now prove that the action can indeed be put in a general way under the above form, and
that it allows us to conserve the standard form of the Euler-Lagrange equations (i.e., to
write generalized covariant Euler-Lagrange equations).

In a general way, the Lagrange function is expected to be a function of the variables x
and of their time derivatives . We have found that the number of velocity components
2 is doubled, so that we are led to write

;C:;C(.I',ft_i_,i'_,t). (82)

In terms of this Lagrange function, the action principle reads

55 = 5/t2 Clw, i, t) dt = 0. (83)
31
It becomes b rop or or
/tl (% ox + Er 04 + e 5m'_) dt = 0. (84)
Now, the Lagrange function of Eq. (81), re-expressed in terms of &, and 7_, reads
£:£<x,1;i¢++1;i¢_,t>, (85)

and it is therefore an equivalent function of #, and #_ considered as independent vari-
ables. Therefore we obtain

oL _1-iOL oL 1+i0L
ob, 2 9V ' 0i. 2 0V’

(86)
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while the new covariant time derivative operator writes

d 1-idy 1+4id

a2 a2 dt’ (87)
Since 0t = d;(6x)/dt and d&_ = d_(dx)/dt, the action principle takes the form
oL oL [1—idy 14id_
/tl (E(SQ?—Q—w |: 5 a—i- 5 %] 556) dt =0, (88)
ie.,
oL oL d

This is the form one would have obtained directly from Eq. (81).

The subsequent demonstration of the Lagrange equations from the stationary action
principle relies on an integration by part. This integration by part cannot be performed in
the usual way without a specific analysis, because it involves the new covariant derivative.

The first point to be considered is that such an operation involves the Leibniz rule
for the covariant derivative operator E/ dt. Since c/l\/ dt =0/dt+V .V —iDA, it is a linear
combination of first and second order derivatives, so that the same is true of its Leibniz
rule, namely, it is a linear combination of the first order and second order Leibniz rules.
This implies the appearance of an additional term in the expression for the derivative of
a product (see [74, 83] and Sec. 6.1.2), namely

-~

d (OL d (0L L d . oL

Since dx(t) is not a function of z, the additional term vanishes. Therefore the above

(oL d oL d /0L

The second point is concerned with the integration of the covariant derivative itself.

integral becomes

We define a new integral as being the inverse operation of the covariant derivation, i.e.,

][ af = f (92)

in terms of which one obtains

9L oL _ 1"

1

since 0x(t;) = dx(t2) = 0 by definition of the variation principle. Therefore the action

2 (9L d oL

integral becomes



52 Electronic Journal of Theoretical Physics 4, No. 16(III) (2007) 15-102

And finally we obtain generalized Euler-Lagrange equations that read

dor_oL (95)
dt 0V  Ox
Therefore, thanks to the transformation d/dt — c?/ dt, they take exactly their standard
classical form. This result reinforces the identification of our tool with a “quantum-
covariant” representation, since, as we have shown in previous works and as we recall
in what follows, this Euler-Lagrange equation can be integrated under the form of a
Schrodinger equation.

In analogy with the standard cosntruction of classical mechanics and by extension
of it, one can now define from the homogeneity of position space a generalized complex
momentum given by

oL
P=—. 96
9y (96)
If we now consider the action as a functional of the upper limit of integration in
Eq. (81), the variation of the action from a trajectory to another nearby trajectory yields

a generalization of another well-known relation of standard mechanics, namely,
P =VS. (97)

As concerns the generalized energy, its expression involves an additional term [74, 51],
namely, it write for a Newtonian Lagrange function and in the absence of exterior poten-
tial,

1
£ = §m(V2 —2i DdivV) (98)

(see the four-dimensional generalisation of this expression and a discussion of its origin
in Sec. 6.1.2).

5.7 Newton-Schrodinger Equation
5.7.1 Geodesics equation

Let us now specialize our study, and consider Newtonian mechanics, i.e., the general
case when the structuring external scalar field is described by a potential energy ®. The

Lagrange function of a closed system, L = %va — @, is generalized as L(z,V,t) =
imV? — .
The Euler-Lagrange equations keep the form of Newton’s fundamental equation of
dynamics
d
—)V =-VQ, 99
m— (99)

which is now written in terms of complex variables and complex time derivative operator.

In the case when there is no external field, and also when the field can itself be
constructed from a covariant geometric process, like gravitation in general relativity [1]
and now gauge fields in scale relativity [49], the covariance is explicit and complete, so



Electronic Journal of Theoretical Physics 4, No. 16(I1I) (2007) 15-102 53

that Eq. (99) takes the simple form of Galileo’s equation of inertial motion, i.e., of a
geodesics equation,

~

d
V=0 (100)

This is analog to Einstein’s general relativity, where the equivalence principle of gravita-
tion and inertia leads to a strong covariance principle, expressed by the fact that one may
always find a coordinate system in which the metric is locally Minkowskian. This means
that, in this coordinate system, the covariant equation of motion of a free particle is that
of inertial motion Du,, = 0 in terms of the general-relativistic covariant derivative D and
four-vector w,. The expansion of the covariant derivative subsequently transforms this
free-motion equation in a geodesic equation in a curved space-time, whose manifestation
is the gravitational field. The same form can be obtained from the equivalence principle,
from the strong covariance principle, and from the least-action principle, that becomes a
geodesics principle in a relativity theory thanks to the identification of the action with
the invariant proper time (see e.g. [85]).

The covariance induced by scale effects leads to an analogous transformation of
the equation of motions, which, as we shall now show below, become after integration
the Schrodinger equation, (then the Klein-Gordon and Dirac equations in the motion-
relativistic case), which we can therefore consider as the integral of a geodesic equation.

In both cases, with or without external field, the complex momentum P reads

P =mV, (101)

so that, from Eq. (97), the complex velocity field V is potential, namely it is the gradient
of the complex action,

V=VS/m. (102)

5.7.2 Complex wave function

We now introduce a complex wave function ¢ which is nothing but another expression
for the complex action &

i = e/, (103)

We stress on the fact that, since S = S — Sy is complex, despite its apparent form, this
¢ function has a phase § = Sgr/Sp and a modulus, |¢)| = exp(Sr/Sp). The factor Sy has
the dimension of an action (i.e., of an angular momentum) and must be introduced for
dimensional reasons. We show in what follows, that, when this formalism is applied to
microphysics, i.e., to the standard molecular and atomic physics, Sy is nothing but the
fundamental constant h. From Eq. (102), we find that the function ¢ is related to the
complex velocity field as follows

V= i 09 (). (104)

m



54 Electronic Journal of Theoretical Physics 4, No. 16(III) (2007) 15-102

5.7.3 Schrodinger equation

We have now at our disposal all the mathematical tools needed to write the fundamental
equation of dynamics of Eq. (99) in terms of the new quantity . It takes the form

-~

iso%(vm@) = V. (105)

Now one should be aware that d and V do not commute. However, as we shall see in

~

the following, d(V In)/dt is nevertheless a gradient in the general case.

-~

Replacing d/dt by its expression, given by Eq. (80), yields

Vo =18 (% +V.V — iDA) (ViIny), (106)
and replacing once again V by its expression in Eq. (104), we obtain
Vo =18 {%V Invy —1 {%(Vln ».V)(Viny) + DA(VIn w)}] . (107)
Consider now the remarkable identity [4]
A
(Vlnf)2+Alnf:7f, (108)
which proceeds from the following tensorial derivation
1 1
0,0'Inf +0,In fo"In f = @Laff + 8;f8ff
Jou0"f — Oufo"f  Oufo"f
- 12 + 12
0,0" f
= ) 109
7 (109)
When we apply this identity to ¢ and take its gradient, we obtain
A
v (%’) = V[(VIny)® + Alne]. (110)

The second term in the right-hand side of this expression can be transformed, using
the fact that V and A commute, i.e.,

VA = AV. (111)
The first term can also be transformed thanks to another remarkable identity
V(VF)? =2(VEV)(VS), (112)

that we apply to f = Int. We finally obtain [4]

Y (%) = 2(VIn.V)(VIne) + A(VIn). (113)
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This identity can be still generalized thanks to the fact that 1) appears only through its
logarithm in the right-hand side of the above equation. By replacing in it ¢ by ¥, we
obtain the general remarkable identity

é v (Afa) 20 (VInw.V)(VIng) + AV Ine), (114)

We recognize, in the right-hand side of this equation, the two terms of Eq. (107), which
were respectively in factor of Sg/m and D. Therefore, by taking for « the value

So
= 115
@ 2mD’ (115)

the whole motion equation becomes a gradient,

Vo =2mD {i%VInwo‘ + DV (szia) } . (116)

and it can therefore be generally integrated, in terms of the new function
wa — (eiS/So)a — eiS/QmD' (117)

One would have obtained the same result by directly setting Sy = 2mD in the initial
definition of v [4], but in the above proof it is obtained without making any particular
choice. This relation is more general than in standard quantum mechanics, in which Sy is
restricted to the only value Sy = h. Eq. (115) is actually a generalization of the Compton
relation (see next section): this means that the function ¢ becomes a wave function only
provided it is accompanied by a Compton-de Broglie relation. Without this relation, the
equation of motion would remain of third order, with no general prime integral.

Indeed, the simplification brought by this relation is twofold: (i) several complicated
terms are compacted into a simple one; (ii) the final remaining term is a gradient, which
means that the fundamental equation of dynamics can now be integrated in a universal
way. The function ¢ in Eq. (103) is therefore defined as

w — eiS/2m'D’ (118)
and it is solution of the fundamental equation of dynamics, Eq. (99), which now takes
the form N

d 0 A
—yV =-2D — 1 D— > =-V®&/m. 119
dtv V{zat ny + ¢} Vo/m (119)

Integrating this equation finally yields a generalized Shrodinger equation,
0 ®
DAY +iD—p — —1p =0 120
Y+iDgd— i =0, (120)

up to an arbitrary phase factor which may be set to zero by a suitable choice of the
1 phase. The standard Schrédinger equation of quantum mechanics is recovered in the
special case h = 2mD. Therefore the Schrodinger equation is the new form taken by the
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Hamilton-Jacobi / energy equation (see [51] on this point) after change of variable from
the complex action to the function .

Arrived at that point, several steps have been already made toward the final identifica-
tion of the function v with a wave function. It is complex, solution of a Schrédinger equa-
tion, so that its linearity is also ensured. Namely, if 11 and 1y are solutions, a1 + as1s
is also a solution. Let us complete the proof by giving new insights about other basic
postulates of quantum mechanics.

5.7.4 Compton length

In the case of standard quantum mechanics, as applied to microphysics, the relation
obtained above,
So =2mD, (121)

means that there is a natural link between the Compton relation and the Schrédinger
equation. In this case, indeed, Sy is nothing but the fundamental action constant h,
while D defines the fractal/non-fractal transition (i.e., the transition from explicit scale-
dependence to scale-independence in the rest frame), A. = 2D/c. Therefore, the relation
So = 2mD becomes a relation between the mass and the fractal (scale dependence) to
nonfractal (scale independence) transition in the scale space, that reads

Ae = o (122)
We recognize here the definition of the Compton length. Its profound meaning
amounts to define the inertial mass (up to the fundamental constants i and ¢, which
can both be identified to 1 in the special scale and motion relativity theory). Therefore,
in the scale relativity framework, a geometric meaning can be given to mass, in terms
of the transition scale from fractality (at small scales) to scale-independence (at large
scales) in rest frame. We note that this length-scale is to be understood as a structure
of scale-space, not of standard space. The de Broglie length can now be easily recov-
ered. Indeed, the fractal fluctuation is a differential elements of order 1/2, i.e., it reads
< d&* >= hdt/m in function of dt, and then < dé? >= \,dr in function of the space
differential elements, which is of the same order as dt. The identification of these two
relations implies A\, = h/muw, which is the non-relativistic expression for the de Broglie
length.
We recover, in the case h = 2mD, the standard form of Schrodinger’s equation

2

h L0
%Aw + Zhaw = 0. (123)

5.7.5 Born and von Neumann postulates

We have given above two representations of the fundamental equations of dynamics in
a fractal and locally irreversible context. The first representation is the equation of
geodesics that is written in terms of the complex velocity field, ¥V =V —iU.
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The second representation is the Schrodinger equation, whose solution is a wave func-
tion 1. Both representations are related by the transformation

Y = —2iDVIne. (124)

Let us decompose the wave function in terms of a modulus || = VP and of a phase 6,
namely, we write the wave function under the form 1) = v/P x . We shall now build a
mixed representation, in terms of the real part of the complex velocity field, V', and of the
square of the modulus of the wave function, P. This fluid-like representation allows one to
come back to the initial scale-relativistic view of the motion as following a fluid of fractal
geodesics. We shall indeed obtain, as we shall now see, a fluid mechanics-type description
of the classical part of the velocity field V', but with an added quantum potential which
profoundly changes the meaning and behaviour of this description.

By separating the real and imaginary parts of the Schrédinger equation and by making
the change of variables from ¢ to (P, V'), we obtain respectively a generalized Euler-like
equation and a continuity-like equation [56]

(;H/ v)vz—v (%—2@2A\/‘/__> (125)
op

&y T div(PV) =0. (126)

This system of equations is equivalent to the classical system of equations of fluid mechan-
ics (with no pressure and no vorticity), except for the change from a density of matter
to a density of probability, and for the appearance of an extra potential energy term ()

that reads
AVP
B

The existence of this potential energy is, in the scale relativity approach, a very man-

Q= —2mD*—— (127)

ifestation of the geometry of space, namely, of its nondifferentiability and fractality, in
similarity with Newton’s potential being a manifestation of curvature in Einstein’s general
relativity. It is a generalization of the quantum potential of standard quantum mechanics
[87, 88]. However, its nature was misunderstood in this framework, since the variables
V and P were constructed from the wave function, which is set as one of the axiom of
quantum mechanics, in the same way as the Schrédinger equation itself. On the contrary,
in the scale relativity theory, we know from the very beginning of the construction that
V' represents the velocity field of the fractal geodesics, and the Schrodinger equation is
derived from the very equation of these geodesics.

The von Neumann postulate, according to which just after the measurement, the
system is in the state given by the measurement result, and Born’s postulate, according
to which the square of the modulus of the wave function P = || gives the probability
of presence of the particle, can now be inferred from the scale relativity construction.

Indeed, we have identified the wave-particle with the various geometric properties of
a subset of the fractal geodesics of a non-differentiable space-time. In such an interpreta-
tion, a measurement (and more generally any knowledge about the system) amounts to
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a selection of the sub-sample of the geodesics family in which are kept only the geodesics
having the geometric properties corresponding to the measurement result. Therefore,
just after the measurement, the system is in the state given by the measurement result,
in accordance with von Neumann’s postulate of quantum mechanics.

As a consequence, the probability for the particle to be found at a given position must
be proportional to the density of the geodesics fluid. We already know its velocity field,
whose real part is given by V', identified, at the classical limit, with a classical velocity
field. The geodesics density o has not yet been introduced at this level of the construction
(contrarily to most stochastic approaches where it is introduced from the very beginning
and is used to define averages, which leads to contradictions with quantum mechanics
21, 22]). In order to calculate it, we remark that it is expected to be a solution of a
fluid-like Euler and continuity system of equations, namely,

0 )
(_at +V- V) V=-V (—m + Q) , (128)
90 | div(oV) = 0 129
5 T div(eV) =0, (129)

where ® describes an external scalar potential possibly acting on the fluid, and @ is the
potential that is expected to appear as a manifestation of the fractal geometry of space (in
analogy with the appearance of the Newtonian potential as a manifestation of the curved
geometry in general relativity). This is a system of four equations (since Eq. (128) is
vectorial and is therefore made of three equations) for four unknowns, (g, V;, V,,, V,), that
would be therefore completely determined by such a system.

Now these equations are exactly the same as equations (125, 126), except for the
replacement of the square of the modulus of the wave function P by the fluid density
0. Therefore this result allows one to univoquely identify P = |+|*> with the probabil-
ity density of the geodesics, i.e., with the probability of presence of the particle [24, 82].
Moreover, one identifies the non-classical term () with the new potential which is expected
to emerge from the fractal geometry. Numerical simulations in which the expected prob-
ability density can be obtained directly from the distribution of geodesics without writing
the Schrédinger equation, have confirmed this result [89].

5.7.6 Generalization to nondifferentiable wave function

In the above derivation of the Schrodinger equation, only the classical part of the velocity
was taken into account when defining the wave function. However, the full velocity field of
the fractal space-time geodesics actually contains a formally infinite term, which manifests
the nondifferentiability of space-time. We shall now show that this nondifferentiability of
space-time is expected to manifest itself in terms of a possible nondifferentiability of wave
functions. Such a result agrees with Berry’s [90] and Hall’s [91] similar finding obtained
in the framework of standard quantum mechanics.

Recall that each of the two fractal velocity fields can be decomposed in terms of a
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classical (differentiable) part and a fractal (nondifferentiable) part,
Vi=vy 4wy, Vo=v_+w_. (130)

Then the two velocity fields can be combined in terms of a complex velocity, that we
write under the form

S (vt vy v Wy Fw- Wy — W
V—V+W—< 5 = )—i—( 5 i 5 ), (131)

which now includes the classical and the fractal parts. Although the fractal part is
infinite, and therefore undefined from the viewpoint of standard methods, in the scale
relativity framework it can be defined as an explicit function of the scale variable dt,
namely, W = W|x(t,dt),t,dt], which becomes infinite only in the limit dt — 0, i.e.,
Indt — —oc.

Let us now consider the full complex action in the Newtonian case, now defined in
terms of the classical part and of the fractal (divergent) part of the velocity,

~ 1
dS = §m(V +W)%dt, (132)

which is equal to the previous mean action dS = %mVth plus terms of zero stochastic
average (see Sec. 5.5.1).
We now define a complete wavefunction ¢ from this full action S,

IZ: €i§/2m'D’ (133)

and the relation of the complete complex velocity to the complete wavefunction therefore
reads
V=V+W=VS/m=-2iDVIn. (134)

In the scale relativity approach this equation keeps a mathematical and physical meaning
in terms of fractal functions which are explicitly dependent on the scale interval dt and
divergent only when dt — 0. In other words, the wavefunction 12 defined hereabove can
now be nondifferentiable.

We shall now prove that this nondifferentiable wavefunction nevertheless remains
solution of a Schrodinger equation.

Let us write the fractal parts of the velocities under the form:

2D 2D
Wi =Ny o w— =1- ar (135)

where 7, and n_ are stochastic variables such that < ny >=<n_ >=0 and < 1 >=<
n: >=1.
The two (+) and (—) derivatives read
df _0f

et 2
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d_f of )
— == _ _ —Dn*A 1
where the next terms are infinitesimals. Let us now define the following complex stochas-

tic variables:

e
= — 138
7 5 AR (138)
2 | 2 2 _ .92
SRS B 13

which are such that < >=0 and < §~ >= (0. We can now combine the two derivatives
in terms of a further generalized complex covariant derivative

d 0 . e
E:E+(V+W).V—2D(1+C)A (140)

plus infinitesimal terms that vanish when dt — 0. It reads

d [0 , oD __
i E+V.V—2DA]+ %n.V—zDCA. (141)

We therefore recover the previous mean covariant derivative plus two additional stochastic
terms of zero mean, the first being W.V, which is infinite at the limit dt — 0, and the
second —iD ¢ A, in which ¢ remains finite. The first of these terms was already introduced
in Ref. [68], while the second was neglected since their ratio is an infinitesimal of order
dt'/?.

We are now able, using this covariant derivative, to write a complete free equation of
motion in terms of a geodesics equation that keeps the form of the free Galilean inertial
motion equation [68],

~

d ~
— V=0 142
o (142)
In the presence of a potential ¢, it can be easily generalized in terms of a covariant

equation which keeps the form of Newton’s fundamental equation of dynamics,

d~ Vo

—V=—— 143

dt m (143)
After expansion of this equation, new terms of zero stochastic mean are now added [68]
with respect to the previous incomplete form of the equation dV/dt = —V¢/m [4], namely
it reads

v oW Vo
dt ot

T (LA VW) WIW — z’DAW) —iDCAV A W)=~ (144)

Starting from the full geodesics equation (142), and more generally from Eq. (143),
we now expand the covariant derivative and we find

Vo

o ~_ -
(& + V.V —iD(1+ g)A) V=
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of which equation (144) is an expansion. Now, as we have seen, the stochastic term ¢ AV
is infinitesimal with respect to the other stochastic term W.V)?, so that we can neglect
it as we did in Ref. [68]. Now introducing the full wavefunction ¢ in this equation thanks
to equation (134), we obtain

; RPL.

(2 + (=2iDVIny).V - z’DA) (-2/DVIny) = — (146)

ot

m

In the standard framework, the very writing of this equation would be forbidden since
J is nondifferentiable and therefore its derivatives are formally infinite. But, as recalled
above, the fundamental tool used in the scale-relativity approach, which was definitely
constructed to solve this kind of problems (at the level of fractal space-time coordinates),
can now be used in a similar manner at the level of the wavefunction. Namely, in terms of
a wavefunction ¢(z, ¢, dt), the various terms of equation (146) remain finite for all values
of dt # 0. We are therefore in the same conditions as in previous calculations involving
a differentiable wave function [4, 24], so that it can finally be integrated in terms of a
generalized Schrodinger equation that keeps the same form as in the differentiable wave
function case, namely, N
2N s oY ¢ ~

DAQ/J—HDE—% = 0. (147)
This generalized Schrodinger equation now has nondifferentiable solutions, which come, in
our framework, as a direct manifestation of the nondifferentiability of space. The research
in laboratory experiments of such a behavior constitutes an interesting new challenge for

quantum physics .

5.7.7 Schrodinger form of other fundamental equations of physics

The general method described above can be applied to any physical situation where the
three basic conditions (namely, infinity of trajectories, each trajectory is a fractal curve of
fractal dimension 2, breaking of differential time reflexion invariance) are achieved in an
exact or in an approximative way. Several fundamental equations of classical physics can
be transformed to take a generalized Schrodinger form under these conditions. Namely,
we have applied this new macroscopic quantization method to the equation of motion
in the presence of an electromagnetic field (see Sec. 7.), the Euler and Navier-Stokes
equations in the case of potential motion and for incompressible and isentropic fluids, the
equation of the rotational motion of solids, the motion equation of dissipative systems,
field equations (scalar field for one space variable). We refer the interested reader to
Ref. [26] for more detail.

5.8 Application to gravitational structuring
5.8.1 Curved and fractal space

Some applications of the scale relativity theory to the problem of the formation and
evolution of gravitational structures have been presented in several previous works [4,
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23, 52, 26, 53, 54, 55, 56]. A recent review paper about the comparison between the
theoretically predicted structures and observational data, from the scale of planetary
systems to extragalactic scales, has been given in Ref. [57]. We shall only briefly sum up
here the principles and methods used in such an attempt, then quote some of the main
results obtained.

In its present acceptance, gravitation is understood as the various manifestations of
the geometry of space-time at large scales. Up to now, in the framework of Einstein’s
theory, this geometry was considered to be Riemannian, i.e. curved. However, in the new
framework of scale relativity, the geometry of space-time is assumed to be characterized
not only by curvature, but also by fractality beyond a new relative time-scale and/or
space-scale of transition, which is an horizon of predictibility for the classical deterministic
description. As we have seen in a previous section, fractality manifests itself, in the
simplest case, in terms of the appearance of a new scalar field. We have suggested that
this new field leads to spontaneous self-organization and may also be able to explain
[34, 57], without additional matter, the various astrophysical effects which have been, up
to now, tentatively attributed to unseen “dark” matter .

5.8.2 Gravitational Schrodinger equation

We shall briefly consider in what follows only the Newtonian limit. In this case the equa-
tion of geodesics, which can be constructed by combining the general motion-relativistic
and scale-relativistic covariant derivatives, keeps the form of Newton’s fundamental equa-
tion of dynamics in a gravitational field, namely,

) VAV b

—— = 4Vv/(Z)=0, 148

dt dt (m) (148)
where ¢ is the Newtonian potential energy. As demonstrated hereabove, once written in

terms of 1), this equation can be integrated to yield a gravitational Newton-Schrodinger
equation :

¢
5 V- (149)

Since the imaginary part of this equation is the equation of continuity, and basing

0
2 1 —_— =
D Aw—i-ll)atw

ourselves on our description of the motion in terms of an infinite family of geodesics,
P = []* can be interpreted as giving the probability density of the particle position.

Note however that the situation and therefore the interpretation are different here from
the application of the theory to the standard quantum mechanics of the microphysical
domain. The two main differences are:

(i) While in the microscopic realm elementary “particles” can be defined as the
geodesics themselves (their defining properties such as mass, spin or charge being de-
fined as internal geometric properties, see [23, 67]), in the macroscopic realm there does
exist actual particles that follow the geodesics as trajectories.

(ii) While differentiability is definitively lost toward the small scales in the micro-
physical domain, the macroscopic quantum theory is valid only beyond some time-scale
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transition (and/or space-scale transition) which is an horizon of predictibility. Therefore
in this last case there is an underlying classical theory, which means that the quantum
macroscopic approach is a new kind of hidden variable theory [26].

Even though it takes this Schrodinger-like form, equation (149) is still in essence
an equation of gravitation, so that it must keep the fundamental properties it owns in
Newton’s and Einstein’s theories. Namely, it must agree with the equivalence principle
[52, 58], i.e., it is independent of the mass of the test-particle. In the Kepler central
potential case (¢ = —GMm/r), GM provides the natural length-unit of the system
under consideration. As a consequence, the parameter D takes the form

GM
D=— 150
=N (150)
where w is a fundamental constant that has the dimension of a velocity. The Agnese

constant oy = w/c actually plays the role of a macroscopic gravitational coupling constant
[58, 56]).

5.8.3 Formation and evolution of gravitational structures

Let us now compare our approach with the standard theory of gravitational structure
formation and evolution. Instead of the Euler-Newton equation and of the continuity
equation which are used in the standard approach, we write a mere Newton-Schrodinger
equation. In both cases, the Newton potential is given by the Poisson equation. Two
situations can be considered: (i) when the ‘orbitals’, which are solutions of the motion
equation, can be considered as filled with the particles (e.g., planetesimals, planet em-
bryos or protoplanets in the case of planetary systems formation, interstellar gas and
dust in the case of star formation, etc...), the mass density p is proportional to the prob-
ability density P = |¢|?: this situation is relevant in particular for addressing problems
of structure formation; (ii) another possible situation concerns test bodies which are not
in large enough number to contribute to the matter density, but whose motion is nev-
ertheless submitted to the Newton-Schrédinger equation: this case may be relevant for
the anomalous dynamical effects which have up to now been attributed to the unseen
so-called “dark” matter.

As previously shown, by separating the imaginary and real parts of the Schrédinger
equation we obtain respectively a continuity equation and a generalized Euler-Newton
equation, in terms of a Newtonian potential energy ¢ that is solution of a Poisson equa-
tion, namely,

m(%JrV-V)V: —V($+Q), %—];eriv(PV) —0, (151)

A¢p = 4nGpm. (152)

In the case when there is a large number of particles each subjected to the probability
density P, one has P o p, and this system of equations becomes equivalent to the classical
system used in the standard approach to gravitational structure formation, except for the
appearance of the extra potential energy term @) = —QmDQA\/ﬁ/ VP.
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In the case (i) where actual particles achieve the probability density distribution
(structure formation), we have p = poP; then the Poisson equation (i.e., the field equa-
tion) becomes A¢ = 4nGmpylt)|? and it is therefore strongly coupled with the Schrodinger
equation. An equation for matter alone can finally be written [26] (which has automati-
cally its equivalent in an equation for the potential alone),

<D2A¢ 4 DO /ot
A v

This is a Hartree equation of the kind which is encountered in the description of super-

) —21nGpo|Y|* = 0. (153)

conductivity. We expect its solutions to provide us with general theoretical predictions
for the structures (in position and velocity space) of self-gravitating systems at multiple
scales [57]. This expectation is already supported by the observed agreement of several
solutions with astrophysical observational data [4, 52, 56, 53, 54, 59, 60, 55].
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Fig. 8 IR-dust density observed during the solar eclipse of January 1967 (adapted from Mac-
Queen [63]). The scale-relativity approach leads to a hierarchical description of the Solar System,
which is described by imbricated sub-systems that are solutions of gravitational Schrédinger
equations. While the inner solar system is organized on a constant wy = 144 km/s, we ex-
pect the existence of an intramercurial subsystem organized on the basis of a new constant
w = 3 x 144 = 432 km/s. The Sun radius is in precise agreement with the peak of the fun-
damental level of this sequence: namely, one finds ng = 0.99 with Rs = 0.00465 AU, that
corresponds to a Keplerian velocity of 437.1 km/s. The next probability density peaks are pre-
dicted to lie at distances 4.09 Rg, and 9.20 R; = 0.043 AU, which correspond respectively to
Keplerian velocities of 432/2 = 216 km/s and 432/3 = 144 km/s. Since 1966, there has been
several claims of detection during solar eclipses of IR thermal emission peaks from possible cir-
cumsolar dust rings which lie precisely at the predicted distances [57]. Several exoplanets have
now been also found at similar relative distances a/M from their star (see Fig. 10).

Indeed, the theory has been able to predict in a quantitative way a large number of
new effects in the astrophysical domain of gravitational structure formation and evolution.
Moreover, these predictions have been successfully checked in various systems on a large
range of scales and in terms of a common fundamental gravitational coupling constant
whose value averaged on these systems was found to be wy = cay, = 144.7£0.7 km/s (or
its multiple or sub-multiples) [52].

New structures have been theoretically predicted, then checked by the observational
data in a statistically significant way, for our solar system, including distances of planets
[4, 53, 62] (Fig. 10) and satellites [55], sungrazer comet perihelions [57], transient dust
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Fig. 9 Distribution of the semi-major axis of Kuiper belt objects (KBO) and scattered Kuiper
belt objects (SKBO), compared with the theoretical predictions of probability density peaks
for the outer solar system (arrows) [57]. The whole inner solar system (whose density peak
lies at the Earth distance, that corresponds to n; = 5) can be identified with the fundamental
n. = 1 orbital of the outer solar system [53]. Therefore the outer solar system is expected to be
organized according to a constant w, = 144/5 = 28.8 km/s. The existence of probability density
peaks for the Kuiper belt small planets at ~ 40, 55, 70, 90 AU, etc..., has been theoretically
predicted before the discovery of these objects [64].
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Fig. 10 Observed distribution of the semi-major axes of recently discovered exoplanets and
inner solar system planets, compared with the theoretical prediction from the scale-relativity /
Schrodinger approach. Note that these predictions [4, 64] have been made before the first discov-
ery of exoplanets. One expects the occurence of peaks of probability density for semimajor axes
an = GM(n/wy)?, where n is integer, M is the star mass and wg = 144.7 4+ 0.7 km/s is a grav-
itational coupling constant (see [4, 52, 56]). For example, the velocity of Mercury is 48=144/3
km/s, of Venus 36=144/4 km/s, of the Earth 29=144/5 km/s and of Mars 24=144/6 km/s.
The data supports the theoretical prediction in a statistically significant way (the probability to
obtain such an agreement by chance is P =4 x 1075).

around the sun [57] (Fig. 8), space debris distribution around the Earth [57] , obliquities
and inclinations of planets and satellites [59], distances of small planets in the Kuiper belt,
including a prediction of the new distant objects like Sedna [57, 62] (Fig. 9), exoplanets
semi-major axes [52, 56] (Fig. 10) and eccentricities [61, 62] (Fig. 11) , including planets
around pulsars (for which a high precision is reached) [52, 60], double stars [54], planetary
nebula [57] (Fig. 12), binary galaxies [23] (Fig. 13), our local group of galaxies [57], clusters
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Fig. 11 Observed distribution of the eccentricities of exoplanets. The theory predicts that the
product of the eccentricity e by the quantity 7 = 4.83(a/M)/2, where a is the semi-major axis
and M the parent star mass, should cluster around integers. The data support this theoretical
prediction at a probability level P = 10"% [61, 57].

of galaxies and large scale structures of the universe [54, 57].

A full account of this new domain would be too long to be included in the present
contribution. We give here only few typical examples of these effects (see figures and
their captions) and we refer the interested reader to the review paper Ref. [57] for more
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Fig. 12 Example of morphologies predicted from solution of a macroscopic Schrodinger equation
that describes an accretion or ejection process with respect to a central object. This problem is
similar to that of scattering in elementary particle physics (spherical ingoing or outgoing wave).
Such morphologies are typical of those observed in ’planetary nebula’, which are, despite their

names, outer shells ejected by stars (see [57]).
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Fig. 13 Deprojection of the intervelocity distribution of galaxy pairs [23, 57] from the Schneider-
Salpeter catalog with precision redshifts [65]. The main probability peak is found to lie at 144

km/s (plus secondary peaks at 72=144/2 km/s and 24=144/6 km/s), in agreement with the
exoplanet and inner solar system structuration (see Fig. 10).
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5.8.4 Possible solution to the “dark matter” problem

In the case (ii) of isolated test particles, the density of matter p may be nearly zero while
the probability density P does exist, but only as a virtual quantity that determines the
potential (), without being effectively achieved by matter. In this situation, even though
there is no or few matter at the point considered (except the test particle that is assumed
to have a very low contribution), the effects of the potential @) are real (since it is the
result of the structure of the geodesics fluid). This situation is quite similar to the Newton
potential in vacuum around a mass.

We have therefore suggested [34, 57, 35] that this extra scalar field, which is a man-
ifestation of the fractality of space, may be responsible for the various dynamical and
lensing effects which are usually attributed to unseen “dark matter”. Recall that up to
now two hypotheses have been formulated in order to account for these effects (which
are far larger than those due to visible matter): (i) The existence of a very large amount
of unseen matter in the Universe which, despite intense and continuous efforts, has nev-
ertheless escaped detection. (ii) A modification of Newton’s law of force: but such an
ad hoc hypothesis seems very difficult to reconcile with its geometric origin in general
relativity, which lets no latitude for modification. In the scale-relativity proposal, there
is no need for additional matter, and Newton’s potential is unchanged since it remains
linked to curvature, but there is an additional potential linked to fractality.

This interpretation is supported by the fact that, for a stationary solution of the
gravitational Schrodinger equation, one obtains the general relation

o+Q_E

= cst 154
T, (154)

where E/m can take only quantized values (which are related to the fundamental gravi-
tational coupling [58], oy = w/c).

This result can be applied, as an example, to the motion of bodies in the outer
regions of spiral galaxies. In these regions there is practically no longer any visible
matter, so that the Newtonian potential (in the absence of additional dark matter) is
Keplerian. While the standard Newtonian theory predicts for the velocity of the halo

bodies v x ¢*/2, i.e. v ox /2 1/2

, one predict in the new framework v o< |(¢+ Q) /m|'/?, i.e.,
v = constant. More specifically, assuming that the gravitational Schrédinger equation
is solved for the halo objects in terms of the fundamental level wave function, one finds
Qprea = —(GMm/2r5)(1—2rp/r), where rg = GM /wi. This is exactly the result which
is systematically observed in spiral galaxies (i.e., flat rotation curves) and which has
motivated (among other effects) the assumption of the existence of dark matter. In other
words, we suggest that the effects tentatively attributed to unseen matter are simply the
result of the geometry of space-time. In this proposal, space-time is not only curved but
also fractal beyond some given relative time-scale and space-scales. While the curvature
manifests itself in terms of the Newton potential, we tentatively suggest that fractality
could manifest itself in terms of the new scalar potential (), and then finally in terms of

the anomalous dynamics and lensing effects.
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5.9 Application to sciences of life

Self-similar fractal laws have already been used as models for the description of a large
number of biological systems (lungs, blood network, brain, cells, vegetals, etc..., see e.g.
98, 8], previous volumes, and references therein).

The scale-relativistic tools may also be relevant for a description of behaviors and
properties which are typical of living systems. Some examples have been given in [97,
42, 43, 44] (and are briefly recalled in the present review), concerning halieutics, mor-
phogenesis, log-periodic branching laws and cell “membrane” models. As we shall see in
what follows, scale relativity may also provide a physical and geometric framework for the
description of additional properties such as formation, duplication, morphogenesis and
imbrication of hierarchical levels of organization. This approach does not mean to dismiss
the importance of chemical and biological laws in the determination of living systems,
but on the contrary to attempt to establish a geometric foundation that could underlie
them. Under such a view-point, biochemical processes would arise as a manifestation
‘tool” of fundamental laws issued from first principles.

5.9.1 Morphogenesis

The Schrédinger equation can be viewed as a fundamental equation of morphogenesis [83].
It has not been yet considered as such, because its unique domain of application was,
up to now, the microscopic (molecular, atomic, nuclear and elementary particle) domain,
in which the available information was mainly about energy and momentum. Such a
situation is now changing thanks to field effect microscopy and atom laser trapping, which
begin to allow the observation of quantum-induced geometric shapes at small scales.

However, scale-relativity extends the potential domain of application of Schrodinger-
like equations to every systems in which the three conditions (infinite or very large number
of trajectories, fractal dimension 2 of individual trajectories, local irreversibility) are ful-
filled. Macroscopic Schrodinger equations can be derived, which are not based on Planck’s
constant i, but on constants that are specific of each system (and may emerge from their
self-organization). We have suggested that such an approach applies to gravitational
structures at large scales. One may in particular recover in this way complicated shapes
such as those of planetary nebulae [57], that had up to now no detailed quantitative or
predictive explanation.

Now the three above conditions seems to be particularly well adapted to the descrip-
tion of living systems. Let us give a simple example of such an application.

In living systems, morphologies are acquired through growth processes. One can
attempt to describe such a growth in terms of an infinite family of virtual, fractal and
locally irreversible, trajectories. Their equation can therefore be written under the form
(99), then it can be integrated in a Schrédinger equation (120).

We now look for solutions describing a growth from a center. This problem is formally
identical to the problem of planetary nebulae (which are stars that eject their outer shells),
and, in the quantum point of view, to the problem of particle scattering. The solutions
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looked for correspond to the case of the outgoing spherical probability wave.

Depending on the potential, on the boundary conditions and on the symmetry con-
ditions, a very large family of solutions can be obtained. Let us consider here only the
simplest ones, i.e., central potential and spherical symmetry. The probability density dis-
tribution of the various possible values of the angles are given in this case by the spherical
harmonics,

P(&@) = |Y2m(9’ 90)|2' (155)

These functions show peaks of probability for some angles, depending on the quantized
values of the square of angular momentum L? (measured by the quantum number [) and
of its projection L, on axis z (measured by the quantum number m).

Finally a more probable morphology is obtained by ‘sending’ matter at angles of
maximal probability. The solutions obtained in this way, show floral ‘tulip’-like shape
(see Fig. 12 and Refs. [97, 83]). Now the spherical symmetry is broken in the case of living
systems. One jumps to cylindrical symmetry: this leads in the simplest case to introduce
a periodic quantization of angle 6 (measured by an additional quantum number k), that
gives rise to a separation of discretized petals. Moreover there is a discrete symmetry
breaking along axis z linked to orientation (separation of ‘up’ and ‘down’ due to gravity,
growth from a stem). This results in floral shapes such as given in Fig. 14.

¢

i

Fig. 14 Morphogenesis of flower-like structure, solution of a growth process equation that takes
the form of a Schrodinger equation under fractal conditions (I = 5, m = 0). The ‘petals’ and
‘sepals’ and ‘stamen’ are traced along angles of maximal probability density. A constant force
of ‘tension’ has been added, involving an additional curvature of petals, and a quantization of
the angle 0 that gives an integer number of petals (here, k = 5).

5.9.2 Formation, duplication and bifurcation

A fondamentally new feature of the scale relativity approach concerning problems of
formation is that the Schrodinger form taken by the geodesics equation can be interpreted
as a general tendency for systems to which it applies to make structures, i.e., to self-
organize [26]. In the framework of a classical deterministic approach, the question of
the formation of a system is always posed in terms of initial conditions. In the new
framework, structures are formed whatever the initial conditions, in correspondance with
the field, the boundary conditions and the symmetries, and in function of the values of
the various conservative quantities that characterize the system.
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Fig. 15 Model of formation of a structure from a background medium. The global harmonic
oscillator potential defined by the background induces the formation of a local structure (see a
3D representation in Fig. 16), in such a way that the average density remains constant (i.e., the
matter of the structure is taken from the medium).

A typical example is given by the formation of gravitational structures from a back-
ground medium of strictly constant density (Fig. 15). This problem has no classical
solution: no structure can form and grow in the absence of large initial fluctuations. On
the contrary, in the present quantum-like approach, the stationary Schrodinger equation
for an harmonic oscillator potential (which is the form taken by the gravitational poten-
tial in this case) does have confined stationary solutions. The ‘fundamental level” solution
(n = 0 is made of one object with Gaussian distribution (see Fig. 15), the second level
(n = 1) is a pair of objects (see Fig. 16), then one obtains chains, trapezes, etc... for
higher levels. It is remarkable that, whatever the scales (stars, clusters of stars, galaxies,
clusters of galaxies) the zones of formation show in a systematic way this kind of double,
aligned or trapeze-like structures [57].

Now these solutions may also be meaningful in other domains than gravitation, be-
cause the harmonic oscillator potential is encountered in a wide range of conditions. It is
the general force that appears when a system is displaced from its equilibrium conditions,
and, moreover, it describes an elementary clock. For these reasons, it is well adapted to
an attempt of description of living systems, at first in a rough way [43].

Firstly, such an approach could allow one to ask the question of the origin of life in
a renewed way. This problem is the analog of the ‘vacuum’ (lowest energy) solutions,
i.e. of the passage from a non-structured medium to the simplest, fundamental level
structures. Provided the description of the prebiotic medium comes under the three
above conditions (complete information loss on angles, position and time), we suggest
that it could be subjected to a Schrodinger equation (with a coefficient D self-generated
by the system itself). Such a possibility is supported by the symplectic formal structure
of thermodynamics [66], in which the state equations are analogous to Hamilton-Jacobi
equations. Omne can therefore contemplate the possibility of a future ‘quantization’ of
thermodynamics, and then of the chemistry of solutions. In such a framework, the fun-
damental equations would describe a universal tendency to make structures. Moreover,
a first result naturally emerges: due to the quantization of energy, we expect the pri-
mordial structures to appear at a given non-zero energy, without any intermediate step.
But clearly much pluridisciplinary work is needed in order to implement such a working
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program.

Fig. 16 Model of duplication. The stationary solutions of the Schrédinger equation in a 3D
harmonic oscillator potential can take only discretized morphologies in correspondence with the
quantized value of the energy. Provided the energy increases from the one-object case (Ey =
3Dw), no stable solution can exist before it reaches the second quantized level at E; = 5Dw.
The solutions of the time-dependent equation show that the system jumps from the one object
to the two-object morphology.

Secondly, the analogy can be pushed farther, since the passage from the fundamental
level to the first excited level now provides us with a (rough) model of duplication [83] (see
Figs. 16 and 17). Once again, the quantization implies that, in case of energy increase,
the system will not increase its size, but will instead be lead to jump from a one-object
structure to a two-object structure, with no stable intermediate step between the two
stationary solutions n = 0 and n = 1. Moreover, if one comes back to the level of
description of individual trajectories, one finds that from each point of the initial one
body-structure there exist trajectories that go to the two final structures. We expect, in
this framework, that duplication needs a discretized and precisely fixed jump in energy.

Such a model can also be applied to the description of a branching process (Fig. 17),
e.g. in the case of a tree growth when the previous structure remains instead of disap-
pearing as in cell duplication.

Note finally that, though such a model is still too rough to claim that it describes
biological systems, it may already be improved by incorporating in it other results that
are quoted elsewhere in this paper, in particular (i) the model of membrane through
fractal dimension variable with the distance to a center (Sec. 4.3.5); (ii) the model of
multiple hierarchical levels of organization depending on ‘complexergy’ (Sec. 8.4).

Fig. 17 Model of branching / bifurcation. Successive solutions of the time-dependent 2D
Schrédinger equation in an harmonic oscillator potential are plotted as isodensities. The en-
ergy varies from the fundamental level (n = 0) to the first excited level (n = 1), and as a
consequence the system jumps from a one-object to a two-object morphology.
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6. Fractal Space-time and Relativistic Quantum Mechanics

6.1 Klein-Gordon equation
6.1.1 Theory

Let us now come back to standard quantum mechanics, but in the motion-relativistic
case (i.e., underlying classical Minkowski space-time). We shall recall here how one can
get the free and electromagnetic Klein-Gordon equations, as already presented in [25, 23].

Most elements of our approach as described hereabove remain correct, with the time
differential element dt replaced by the proper time differential element ds. Now not
only space, but the full space-time continuum is considered to be nondifferentiable, and
therefore fractal. We chose a classical metric of signature (+, —, —, —). The elementary
displacement along geodesics now writes (in the standard case Dp = 2 )

dXP = dat + det. (156)

Due to the breaking of the reflection symmetry (ds «<» —ds) issued from nondifferentia-
bility, we still define two ‘classical’ derivatives, d, /ds and d_/ds, which, once applied to
x#, yield two classical four-velocities,

dy I Iz d- iz I
7T (s) =vk 77 (s) =" (157)

These two derivatives can be combined in terms of a complex derivative operator

d  (dy+d.)—i(dy—d)

i 158
ds 2ds ’ (158)
which, when applied to the position vector, yields a complex 4-velocity
d oy o vt — !
VW= —gh=VF—jUt="F"—jF+——= 159
ds" ' 2 ' 2 (159)

We are lead to a stochastic description, due to the infinity and indefinite character (in the
limit ds — 0) of geodesics in a fractal space-time. This forces us to consider the question
of the definition of a Lorentz-covariant stochasticity in space-time. This problem has
been addressed by several authors, in particular in order to apply its solutions to a
relativistic generalization of Nelson’s stochastic quantum mechanics. These solutions
are also relevant here, though our framework is fundamentally different. Namely, two
fluctuation fields, d¢/ (s), are defined, which have zero expectation (< d&ff >= 0), are
mutually independent and such that

< dgh dgf >= FAnds. (160)

The constant A is another writing for the coefficient 2D = Ac, with D = h/2m in the stan-
dard quantum case. In other words, it is the generalized Compton length of the particle.
This process makes sense only in R?*, i.e. the “metric” n*” should be positive definite.
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Indeed, the fractal fluctuations are of the same nature as uncertainties and ‘errors’, so
that the space and the time fluctuations add quadratically. The sign corresponds to a
choice of space-like fluctuations.

Dohrn and Guerra [76] introduce the above “Brownian metric” and a kinetic metric
guv, and obtain a compatibility condition between them which reads g,,n*n"® = g*°.
An equivalent method was developed by Zastawniak [77], who introduces, in addition to
the covariant drifts v} and v", new drifts 6% and 0" (note that our notations are different
from his). Serva [78] gives up Markov processes and considers a covariant process which
belongs to a larger class, known as “Bernstein processes”.

All these proposals are equivalent, and amount to transforming a Laplacian operator
in R? into a Dalembertian. Namely, the two (+) and (—) differentials of a function
flz(s), s] can be written, still assuming a Minkowskian metric for classical space-time, as

dof (0 .. 1. .,
- —<85+vi8HZF2)\8 a,) f. (161)

In what follows, we shall only consider s-stationary functions, i.e., that are not explicitly
dependent on the proper time s. In this case the covariant time derivative operator
reduces to

ds

Let us assume that the system under consideration can be characterized by an action

4 (V“ + %z A&“) d,. (162)

S, which is complex because the four-velocity is now complex. The same reasoning as
in classical mechanics leads us to write dS = —mcV,dx" (see [74] for another equivalent
choice). The least-action principle applied on this action yields the equations of motion
of a free particle, that takes the form of a geodesics equation, d V,/ds = 0. Such a
form is also directly obtained from the ‘strong covariance’ principle and the generalized
equivalence principle. We can also write the variation of the action as a functional of
coordinates. We obtain the usual result (but here generalized to complex quantities),

0§ = —meV, 02" = P, =mcV, =—-0,8, (163)

where P, is now a complex four-momentum. As in the nonrelativistic case, the wave
function is introduced as being nothing but a reexpression of the action, namely,

P =eSmA = Y, =iXd,(Inv), (164)
so that the equations of motion become
-~ 1 1
dV,/ds =i\ (V“ + 51’)«9“) OVa=0= (8“ Invy + 58“) 0,0, Iny = 0. (165)

Now, by using the remarkable identity (109) established in [4], it reads:

D (0,0 It + D, In¢p 9 In ) = B, (auzw) ~0. (166)
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So the equation of motion can finally be integrated in terms of the Klein-Gordon equation
for a free particle,

N OO, = 1, (167)

where A\ = hi/mc is the Compton length of the particle. The integration constant is
chosen so as to ensure the identification of ¢ = [1)|? with a probability density for the
particle and to recover the nonrelativistic limit.

As shown by Zastawniak [77] and as can be easily recovered from the definition (159),
the quadratic invariant of special motion-relativity, v#v, = 1, is naturally generalized as

ViVl =1, (168)

where Vl is the complex conjugate of V,. This ensures the covariance (i.e. the invariance
of the form of equations) of the theory at this level.

6.1.2 Quadratic invariant, Leibniz rule and complex velocity operator

It has been shown by Pissondes [74] that the square of the complex four-velocity field is
no longer equal to unity, since it is now complex. Its expression can be derived directly
from (166) after accounting for the Klein-Gordon equation. One obtains the generalized
energy (or quadratic invariant) equation

VIV iXd V=1, (169)

Now taking the gradient of this equation, one obtains
1
OV IV +iXO V) =0= <V“ + 51’)\ (9“) 0V, =0, (170)

which is equivalent to Eq. (165) in the case of free motion, since in the absence of external
field one gets 0,V = 0, V.

Clearly, the new form of the quadratic invariant comes only under ‘weak covariance’.
One can therefore address the problem of implementing the strong covariance (i.e., of
keeping the free, Galilean form of the equations of physics even in the new, more compli-
cated situation) at all levels of the description [74]. The additional terms in the various
equations find their origin in the very definition of the ‘quantum-covariant’ total deriva-
tive operator. Indeed, it contains derivatives of first order (namely, V*0,), but also
derivatives of second order (0#0,). Therefore, when one is led to compute quantities like
07( fg)/dt =0, the Leibniz rule to be used becomes a linear combination of the first order
and second order Leibniz rules. There is no problem provided one always come back to
the definition of the covariant total derivative. (Some inconsistency would appear only if
one, in contradiction with this definition, wanted to use only the first order Leibniz rule
d(fg) = fdg + gdf). Indeed, one finds

i by @
L) =19 g% oo (1)
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Let us define a tool [83] to solve this problem, equivalent but more simple than that of
Ref. [74], since it has the advantage to depend only on one function. We define a complex
velocity operator:

o~ A
Vi=V'tiZ o (172)

so that the covariant derivative can now be written in terms of an operator product that
keeps the standard, first order form:

d —~
i Ve, . (173)
More generally, one defines the operator
(/1\9 Eg A
% = % + Z§ 8“9 8M. (174)

The covariant derivative of a product now reads

d(fg) df  dg
ds = E g + E 3 (175)

i.e., one recovers the form of the first order Leibniz rule. Since J?g # gf, one is led to
define a symmetrized product [74]. One defines f = df/ds, then

fog=rfi+3f-fa (176)

This product is now commutative, f RI=g® f , and in its terms the standard strongly
covariant form for the square of the velocity is recovered, namely,

Vi@V, =1. (177)

The introduction of such a tool, that may appear formal in the case of free motion,
becomes particularly useful in the presence of an electromagnetic field. This point will
be further developed in Sect. 7.. We shall show that the introduction of a new level
of complexity in the description of a relativistic fractal space-time, namely, the account
of resolutions that become functions of coordinates, leads to a new geometric theory of
gauge fields, in the Abelian [25] and non-Abelian case [49]. We find that the complex
velocity is given in the electromagnetic U(1) case by the expression

VH = i\ D*Inep = iAo Inp — %Aﬂ, (178)

where A* is defined as a ‘field’ of dilations of internal resolutions that can be identified
with an electromagnetic field four-potential.

Inserting this expression in Eq. (170) yields the standard Klein-Gordon equation with
electromagnetic field, [ihd, — (e/c)A,][ihd" — (e/c) AM|p = m>c*o [T4].
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6.2 Dirac Equation
6.2.1 Reflection symmetry breaking of spatial differential element

One of the main result of the scale-relativity theory is its ability to provide a physical
origin for the complex nature of the wave function in quantum mechanics. Indeed, we have
seen that in its framework, it is a direct consequence of the nondifferentiable geometry
of space-time, which involves a symmetry breaking of the reflection invariance dt < —dt,
and therefore a two-valuedness of the classical velocity vector.

Going to motion-relativistic quantum mechanics amounts to introduce not only a
fractal space, but a fractal space-time. The invariant parameter becomes in this case
the proper time s instead of the time ¢. As a consequence the complex nature of the
four-dimensional wave function in the Klein-Gordon equation comes from the discrete
symmetry breaking ds < —ds.

However, this is not the last word of the new structures implied by the nondifferen-
tiability. The total derivative of a physical quantity also involves partial derivatives with
respect to the space variables, 9/dz*. Once again, from the very definition of derivatives,
the discrete symmetry under the reflection dx* < —dx* should also broken at a more
profound level of description. Therefore, we expect the possible appearance of a new
two-valuedness of the generalized velocity field [24].

At this level one should also account for parity violation. Finally, we have suggested
that the three discrete symmetry breakings

ds < —ds dxt — —dz" s —xt
can be accounted for by the introduction of a bi-quaternionic velocity. It has been sub-
sequently shown by Célérier [67, 24] that one can derive in this way the Dirac equation,
namely as an integral of a geodesics equation. This demonstration is summarized in what
follows. In other words, this means that this new two-valuedness is at the origin of the
bi-spinor nature of the electron wave function.

6.2.2 Spinors as bi-quaternionic wave-function

Since V* is now bi-quaternionic, the Lagrange function is also bi-quaternionic and, there-
fore, the same is true of the action. Moreover, it has been shown [67] that, for s-stationary
processes, the bi-quaternionic generalisation of the quantum-covariant derivative keeps
the same form as in the complex number case, namely,

~

d A
— =V"0,+1=0"0, . 179
ds 2 (179)
A generalized equivalence principle, as well as a strong covariance principle, allows
us to write the equation of motion under a free-motion form, i.e., under the form of a
differential geodesics equation,
dV,
—H1 =0, 180
s (180)

where V), is the bi-quaternionic four-velocity, e.g., the covariant counterpart of V*.
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The elementary variation of the action, considered as a functional of the coordinates,
keeps its usual form,

0§ = —mc 'V, o' (181)

We thus obtain the bi-quaternionic four-momentum, as
P, =mcV, =—-0,S. (182)

We are now able to introduce the wave function. We define it as a re-expression of
the bi-quaternionic action by '
19 = —9,8 183
using, in the left-hand side, the quaternionic product. The bi-quaternionic four-velocity

is derived from Eq. (182), as
- S0

Vi =i— Y. (184)
Finally, the isomorphism which can be established between the quaternionic and spinorial
algebrae through the multiplication rules applying to the Pauli spin matrices allows us
to identify the wave function v to a Dirac bispinor. Indeed, spinors and quaternions
are both a representation of the SL(2,C) group. This identification is reinforced by the
result [67, 24] that follows, according to which the geodesics equation written in terms of
bi-quaternions is naturally integrated under the form of the Dirac equation.

6.2.3 Free-particle bi-quaternionic Klein-Gordon equation

The equation of motion, Eq. (180), writes

A
(V"ay + z‘§ayay) V, =0. (185)
We replace V,, (respectively V¥), by their expressions given in Eq. (184) and we obtain
.SO .SO —1 )\ -1
~0 ~0 v ., N av y —0. 1
m(zmw &0 +2288)(w ) =0 (186)

The choice Sy = mA allows us to simplify this equation and we get

1
10" 0, (v 9) + 53”@(1#_13#1/}) = 0. (187)
The definition of the inverse of a quaternion

Pt =T =1, (188)

implies that ¢ and ¢! commute. But this is not necessarily the case for ¢ and 9,¢~!
nor for ¢! and 9,1 and their contravariant counterparts. However, when we derive
Eq. (188) with respect to the coordinates, we obtain

(0 aﬂlpil = _<au¢)¢717
VO = — (007, (189)
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and identical formulae for the contravariant analogues.
Developing Eq. (187), using Eq. (189) and the property 00,0, = 0,0"0,, we obtain,
after some calculations,

9u[(8"0,0)Y ™" =0, (190)

which can be integrated as

8" 8,1p + Cap = 0. (191)

We therefore recognize the Klein-Gordon equation for a free particle with a mass m,
after the identification C' = m?c?/h? = 1/A2. But in this equation ¢ is now a biquaternion,
i.e. a Dirac bispinor.

6.2.4 Dirac and Pauli equations

We now use a long-known property of the quaternionic formalism, which allows to obtain
the Dirac equation for a free particle as a mere square root of the Klein-Gordon operator
(see [67, 24] and references therein).

The Klein-Gordon equation can be developed as

i@%p O Y 0% B m2c?
o2 0x2  Oyr 022 h?

b. (192)

After some calculations [24], it can be spontaneously factorized as the square of a non-
covariant Dirac equation for a free fermion, which reads in terms of the Dirac a and (3
matrices (see e.g. [86])

1oy ov  me

The covariant form, in the Dirac representation, can be easily recovered from this
expression [67, 24]. Finally it is easy to derive the Pauli equation, since it is known that it
can be obtained as a non-relativistic approximation of the Dirac equation [86]. Two of the
components of the Dirac bi-spinor become negligible when v << ¢, so that they become
Pauli spinors (i.e., in our representation the bi-quaternions are reduced to quaternions)
and the Dirac equation is transformed in a Schoédinger equation for these spinors with a
magnetic dipole additional term. Such an equation is but the Pauli equation. Therefore
the Pauli equation is understood in the scale-relativity framework as a manifestation of
the fractality of space (but not time), while the symmetry breaking of space differential
elements is nevertheless at work [92].

7. Gauge Theories and Scale Relativity

7.1 Introduction

Let us now review another important field of application of the fractal space-time
/ scale relativity theory. In the previous sections, we have (i) developed the scale laws,
internal to a given space-time point, that can be constructed from first physical principles;
(ii) studied the consequences on motion of the simplest of these laws.
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In that description the resolution variables In(A/e) can take all the values of the scale-
space, but, as a first step, they do not themselves vary in function of other variables. Then
we have considered the new situation of ‘scale dynamics’, in which ‘scale-accelerations’
are defined, so that the resolutions may vary with the djinn (variable fractal dimension).

We shall now consider the case when the ¢ variables become functions of the coordi-
nates, € = ¢(z,y, z,t). This means that the resolutions become themselves a field. Such
a case can be described as a coupling between motion and scales, but it also comes under
a future ‘general scale-relativitistic’ description in which scale and motion will be treated
on the same footing. As we shall now recall, this approach provides us with a new inter-
pretation of gauge transformations and therefore with a geometric interpretation of the
nature of gauge fields [25, 23, 84].

In the present standard physical theory, one still does not really understand the na-
ture of the electric charge and of the electromagnetic field. As recalled by Landau ([85],
Chap. 16), in the classical theory the very existence of the charge e and of the electro-
magnetic four-potential A, are ultimately derived from experimental data. Moreover,
the form of the action for a particle in an electromagnetic field cannot be chosen only
from general considerations, and it is therefore merely postulated. Said another way,
contrarily to general relativity in which the equation of trajectories (i.e., the fundamental
equation of dynamics) is self-imposed as a geodesics equation, in today’s theory of elec-
tromagnetism the Lorentz force must be added to Maxwell’s equations. Quantum field
theories have improved the situation thanks to the link between the nature of charges and
gauge invariance, but we still lack a fundamental understanding of the nature of gauge
transformations.

We shall now review the proposals of the scale-relativity approach made in order to
solve these problems, that involves a new interpretation of gauge transformations, then
we shall recall some of its possible consequences.

7.2 Nature of the electromagnetic field (classical theory)
7.2.1 Electromagnetic potential as resolution dilation field

The theory of scale relativity allows one to get new insights about the nature of the
electromagnetic field, of the electric charge, and about the physical meaning of gauge
invariance. Consider an electron (or any other charged particle). In scale relativity, we
identify the particle with a family of fractal trajectories, described as the geodesics of
a nondifferentiable space-time. These trajectories are characterized by internal (fractal)
structures.

Now consider anyone of these structures, lying at some (relative) resolution £ smaller
that the Compton length of the particle (i.e. such that ¢ < A. ) for a given relative
position of the particle. In a displacement of the particle, the relativity of scales implies
that the resolution at which this given structure appears in the new position will a priori
be different from the initial one. Indeed, if the whole internal fractal structure of the
electron was rigidly fixed, this would mean an absolute character of the scale-space,
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which would be in contradiction with the principle of the relativity of scales.
Therefore we expect the occurrence of dilatations of resolutions induced by transla-

tions, which read
oe

q— = —A o (194)

In this expression, the elementary dilation is written as de/e = d1n(e/A). This is
justified by the Gell-Mann-Levy method, from which the dilation operator is found to
take the form D = £9/de = 9/d1Ine (see Sect. 4.1.1). Since the elementary displacement
in space-time dx* is a four-vector and since de/e is a scalar, one must introduce a four-
vector A, in order to ensure covariance. The constant ¢ measures the amplitude of the
scale-motion coupling; it will be subsequently identified with the active electric charge
that intervenes in the potential. This form ensures that the dimensionality of A, be
CL™, where C is the electric charge unit (e.g., ¢ = q/r for a Coulomb potential) and L
the length unit.

This behaviour can be expressed in terms of the introduction of a scale-covariant
derivative. Namely, the total effect is now the sum of an inertial effect and of a geometric
effect described by A,,

q0,In(\/e) =q¢D,In(\e)+ A,. (195)

This method is analogous to Einstein’s construction of generalized relativity of motion, in
which the Christoffel components I'}, can be introduced directly from the mere principle
of relativity of motion (see e.g. Ref. [85]).

7.2.2 Nature of gauge invariance

Let us go one with the dilation field of resolutions A,. If one wants such a field to be
physical, it must be defined whatever the initial scale from which we started. Therefore,
starting from another relative scale ¢’ = pe, where the scale ratio ¢ may be any function
of coordinates o = o(x,y, z,t), we get (considering only Galilean scale-relativity for the

moment)
o’
0% = -4, 62, (196)
so that we obtain
A, = A, +q0,Ino(x,y,2,1). (197)

Therefore the four-vector A, depends on the relative “state of scale”, or “scale velocity”,
V=1Inp=In(e/e).

We have suggested [25, 23] to identify A, with an electromagnetic four-potential and
Eq. (197) with the gauge invariance relation for the electromagnetic field, that writes in
the standard way

Al = A+ q0ux(x,y, 2,t), (198)

where y is usually considered as an arbitrary function of coordinates devoid of physical
meaning. This is no longer the case here, since it is now identified with a scale ratio
X = Ino(x,y, z,t) between internal structures of the electron geodesics (at scales smaller
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than its Compton length). Our interpretation of the nature of the gauge function is
compatible with its inobservability. Indeed, such a scale ratio is impossible to measure
explicitly, since it would mean to make two measurements of two different relative scales
smaller than the electron Compton length. But the very first measurement with resolution
e would change the state of the electron. Namely, just after the measurement, its de
Broglie length would become of order A\gg =~ ¢ (see e.g. [4]), so that the second scale &’
would not be measured on the same electron state. Therefore the ratio o = ¢’/¢ is destined
to remain a virtual quantity. However, as we shall see in what follows, even whether it
cannot be directly measured, it has indirect consequences, so that the knowledge of
its nature finally plays an important role. Namely, it allows one to demonstrate the
quantization of the electron charge and to relate its value to that of its mass.

7.2.3 Electromagnetic field, electric charge and Lorentz force

Let us now show that the subsequent developments of the properties of this resolution
dilation field support its interpretation in terms of electromagnetic potentials.

If one considers a translation along two different coordinates (or, in an equivalent
way, displacement on a closed loop), one may write a commutator relation (once again,
in analogy with the definition of the Riemann tensor in Einstein’s general relativity),

q(0,D, —0,D,)In(\/e) = —(0,A, — 0, A,). (199)
This relation defines a tensor field
F.,=0,A,-0A, (200)

which, contrarily to A,, is independent of the initial relative scale (i.e., of the gauge).
One recognizes in F), the expression for the electromagnetic field. The first group of
Maxwell equations directly derives from this expression, namely,

0, Fyp + 0,F,, + 0,F,, = 0. (201)

In this interpretation, the property of gauge invariance recovers its initial status of
scale invariance, in accordance with Weyl’s initial ideas [93]. However, equation (197)
represents a progress compared with these early attempts and with the status of gauge
invariance in today’s physics. Indeed the gauge function, which has, up to now, been con-
sidered as arbitrary and devoid of physical meaning, is now identified with the logarithm
of internal resolutions. As we shall see, this interpretation has physical consequences
concerning the quantization of the electric charge and its value [25].

Let us now derive the equation of motion of a charge in an electromagnetic field.
Consider the action S for the electron. In the framework of a space-time theory based
on a relativity principle, as it is the case here, it should be given directly by the length
invariant s, i.e., dS = —mcds. This relation ensures that the stationary action principle
6 ['dS = 0 becomes identical with a geodesics (Fermat) principle ¢ [ ds = 0. Now the
fractality of the geodesical curves to which the electron is identified means that, while S
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is an invariant with respect to space-time changes of the coordinate system, it is however
a function of the scale variable, S = S(Inp), at scales smaller than A.
Therefore its differential reads

oS 0S 1
= - = — — :u
ds alnpdlnp 8lnp(Dlnp+qA“dx ), (202)
so that we obtain 95

This is an essential result of the scale relativity theory. Indeed, the first term of the
product actually provides us with a definition for the ‘passive’ charge

e 08
- . 204
c qOlnp (204)

In the standard theory, the charge is set from experiment, then it is shown to be related
to gauge transformations, while the gauge functions are considered to be arbitrary and
devoid of physical meaning. In the scale-relativity approach, the charges are built from
the symmetries of the scale space. One indeed recognizes in Eq. (204) the standard
expression that relates, though the derivative of the action, a conservative quantity to
the symmetry of a fundamental variable (here the internal relative resolution), following
Noether’s theorem.

Finally, the known form of the particle-field coupling term in the action is now demon-
strated, while it was merely postulated in the standard theory. Namely, we obtain

Soe = / —ZAudx“. (205)

We can now write the total action under the form (recall that the field term is self-
imposed to be the square of the electromagnetic tensor, see e.g. [85])

e 1 Y
S =5, + Spt + St = —/mcds—/EAudas"— FM/FWFM dQQ. (206)

The variational principle applied on the two first terms of this action finally yields the
searched motion equation as a geodesics equation (since the action is now proportional
to the invariant proper time) and therefore the known expression for the Lorentz force
acting on a charge e,

du, e

mc E = E F/WUV. (207)

The variational principle applied on the two last terms of the action (after their general-
ization to the current of several charges) yields Maxwell’s equations,
A
O " = —— 3", (208)
c
In conclusion of this section, the progress achieved here (respectively to the standard
classical electromagnetic theory) is that the Lorentz force and the Maxwell equations are
derived in the scale relativity theory as being both manifestations of the fractal geometry
of space-time (instead of being independently set). Moreover, a new physical meaning
can be given to the electric charge and to gauge transformations.
We shall now consider its consequences for the quantum theory of electrodynamics.
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7.3 Scale-relativistic quantum electrodynamics
7.3.1 Analysis of the problem

It is well-known that the quantum theory of electromagnetism and of the electron has
added a new and essential stone in our understanding of the nature of charge. Indeed,
in its framework, gauge invariance becomes deeply related to phase invariance of the
wave function [94]. The electric charge conservation is therefore directly related to the
gauge symmetry. However, despite the huge progress that such a success has been (in
particular, the extension of the approach to non-Abelian gauge theories has allowed to
incorporate the weak and strong field into the same scheme) the lack of a fundamental
understanding of the nature of phases, and therefore of gauge transformations has up to
now prevented from reaching the final goal of gauge theories: namely, to understand why
charge is quantized and, as a consequence, theoretically calculate its quantized value.
Let us indeed consider the wave function of an electron. It reads

i

=1y exp{h(px—Et+acp+ex)}. (209)

Its phase contains the usual products of fundamental quantities (space position, time,
angle) and of their conjugate quantities (momentum, energy, angular momentum). They
are related through Noether’s theorem. Namely, the conjugate variables are the conser-
vative quantities that originate from the space-time symmetries. This means that our
knowledge of what are the energy, the momentum and the angular momentum and of
their physical properties is founded on our knowledge of the nature of space, time and
its transformations (translations, rotations and Lorentz boosts).

This is true already in the classical theory, but there is something more in the quan-
tum theory. In its framework, the conservative quantities are quantized when the basic
variables are bounded. Concerning energy-momentum, this means that it is quantized
only in some specific circumstances (e.g., bound states in atoms for which r > 0 in spher-
ical coordinates). The case of the angular momentum is particularly instructive, since
its differences are quantized in an universal way in units of i because angles differences
cannot exceed 27.

In comparison, the last term in the phase of Eq. (209) keeps a special status in
today’s standard theory. The gauge function x remains arbitrary, while it is clear from
a comparison with the other terms that the meaning of charge e and the reason for its
universal quantization can be obtained only from understanding the physical meaning of
x and why it is universally limited, since it is the quantity conjugate to the charge. As we
shall now see, the identification of x with the resolution scale factor In p [25, 23], that we
have recalled in the previous sections in the classical framework, can be transported to
the quantum theory and allows one to suggest solutions to these problems in the special
scale-relativity framework.
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7.3.2 QED covariant derivative

Let us first show how one can recover the standard QED covariant derivative in the
scale-relativity approach. Let us consider again the generalized action introduced in the
previous section, which depends on motion and on scale variables. In the scale-relativistic
quantum description, the 4-velocity is now complex (see Sec. 2.4), so that the action reads
S = S(a*,V* Inp). Recall that the complex action gives the fundamental meaning of
the wave function, namely, 1 is defined as

P = eS/h, (210)

The decomposition performed in the framework of the classical theory still holds and
becomes, in terms of now complex quantities,

dS = —meV,dat — 5 A, dat, (211)
c
This leads us to a QED-covariant expression for the velocity,
. , e
V,=1iAD,(Inv) =i 0,(Iny) — s A, (212)

where A = ii/mc is the Compton length of the electron.
We recognize in this derivative the standard QED-covariant derivative operator acting

on the wave function v, e
—ih D, = —ihd, + - A,, (213)
c

since we can write Eq. (212) as meV, ¢ = [ih0, — (e/c)A,] .

We have therefore reached an understanding from first principles of the nature and ori-
gin of the QED covariant derivative, while it was merely set as a rule devoid of geometric
meaning in standard quantum field theory.

This covariant derivative exactly derives from the previous one introduced in the
classical framework. Indeed, the classical covariant derivative was written (for ¢ = e),
D, =98,—(1/e)A, acting on p, while ¢ = ¢y exp[(—i/h)(e*/c)In g]. We therefore recover
the expression (213) acting on .

7.3.3 Klein-Gordon equation in the presence of an electromagnetic field

We can now combine the two main effects of the fractality of space-time, namely, the
induced effects that lead to quantum laws and the effects of coordinate-dependent res-
olutions that lead to the appearance of an electromagnetic field. The account of both
covariant derivatives allows one to derive from a geodesics equation the relativistic wave
equation for a scalar particle in the presence of an electromagnetic field. Let us start
from the fully covariant form of the quadratic invariant, as established in Sec. 6.,

VERV, = (VH+4iXd")V, = 1. (214)

By taking its gradient, we obtain, in terms of the operator Vi = VH4+i(\/2)0" introduced
in Sec. 6.1.2,
VrO,V, = 0. (215)
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This equation is no longer equivalent to Vi 0,V = 01in the presence of an electromagnetic
field, since in this case
e
OaVy = 0V + pe Fla. (216)

Therefore Eq. (215) becomes
—~ e
%z <3uVa + me? F,ua) = 07 <217)

and we finally recover the form of the Lorentz equation of electrodynamics,

~

d —
me EVQ =VHE,,. (218)

This equation is equivalent to that found by Pissondes [74], but now the electromagnetic
field itself is built from the fractal geometry, instead of being simply added by applying
the standard (up to now misunderstood) QED rules. The Klein-Gordon equation with
electromagnetic field is easily obtained by replacing in Eq. (214) the complex velocity by
its expression in function of ¢ (Eq. 212),

(im0, - ZAM) (inor - SA“) ¥ = mc. (219)

7.3.4 Nature of the electric charge (quantum theory)

In a gauge transformation Aj, = A, + ed,x the wave function of an electron of charge e
becomes

P =1 exp{—% X E X ex}. (220)

We have reinterpreted in the previous sections the gauge transformation as a scale
transformation of resolution, ¢ — &', yielding an identification of the gauge function with
a scale ratio, x = In(e/¢’) = In o(z, y, 2, t), which is a function of space-time coordinates.
In such an interpretation, the specific property that characterizes a charged particle is
the explicit scale-dependence on resolution of its action, then of its wave function. The
net result is that the electron wave function reads

Y =exp {—i;—i In Q} : (221)
Since, by definition (in the system of units where the permittivity of vacuum is 1),
e? = 4ra he, (222)
where « is the fine structure constant, equation (221) becomes [25, 23]
Y= e riTaine, (223)

This result supports the previous solution brought to the problem of the nature of the
electric charge in the classical theory. Indeed, considering now the wave function of the



86 Electronic Journal of Theoretical Physics 4, No. 16(III) (2007) 15-102

electron as an explicitly resolution-dependent function, we can write the scale differential
equation of which it is solution as

i oy (224)

9 (S1lno)
We recognize in D = i(he/e)d/d1n o a dilatation operator similar to that introduced
in Sec. 3. Equation (224) can then be read as an eigenvalue equation issued from an
extension of the correspondence principle (but here, demonstrated),

Dy = e (225)

This is the quantum expression of the above classical suggestion, according to which the
electric charge is understood as the conservative quantity that comes from the new scale
symmetry, namely, from the uniformity of the scale space.

7.3.5 Charge quantization and mass-charge relations

While the results of the scale relativity theory described in the previous sections mainly
deal with a new interpretation of the nature of the electromagnetic field, of the electric
charge and of gauge invariance, we now arrive at one of the main consequences of this
approach. As we shall see, it allows one to establish the universality of the quantization
of charges and to theoretically predict the existence of fundamental relations between
mass scales and coupling constants.

In the previous section, we have recalled our suggestion [25, 23] to elucidate the nature
of the electric charge as being the eigenvalue of the dilation operator corresponding to
resolution transformations. We have written the wave function of a charged particle
under the form Eq. (224).

Let us now consider in more detail the nature of the scale factor In p in this expression.
This factor describes the ratio of two relative resolution scales € and ¢’ that correspond to
structures of the fractal geodesical paths that we identify with the electron. However the
electron is not structured at all scales, but only at time-scales smaller than its Einstein
time, 7 = h/m.c?, that corresponds in space to its Compton length \. = ii/m.c. These
structures of the fractal geodesics correspond, in terms of standard quantum field theories,
to the appearance of virtual particle-antiparticle pairs, and more generally to the set of
Feynman diagrams that participate in the self-energy and renormalized charge of the
electron [4]. We can therefore take this upper limit as reference scale for resolution ratios

Y = exp {—i e In <%) } . (226)

In the case of Galilean scale relativity, in which the composition of two dilations is

and write

given by their usual product, such a relation leads to no new result, since £ can go to
zero, so that In(\./e) is unlimited. But in the framework of special scale-relativity, scale
laws take a log-Lorentzian form below the scale A. (see Section 2). The Planck length lp
becomes a minimal, unreachable scale, invariant under dilations, so that the scale ratios
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In(\./e) becomes limited by the fundamental number C = In(A./lp). This implies a
quantization of the charge which amounts to the relation 4ra C = 2k7, i.e.,

1
where £ is integer. This equation yields a general form for relations between mass scales
and coupling constants. Indeed, since C = In(\./Ip), this constant is given by

C.=1In (mﬂ’) = 51.528 & 0.001 (228)

Me

for the electron, where mp is the Planck mass and m, is the electron mass).

Now, in order to explicitly apply such a relation to the electron, we must account for
the fact that we expect the electric charge to be only a residual of a more general, high
energy electroweak coupling in the framework of Grand Unified theories. From the U(1)
and SU(2) couplings, one can define an effective electromagnetic coupling as [4]

gt =cayt + -art (229)

It is such that ag = a1 = o at unification scale and it is related to the fine structure
constant at Z scale by the relation a@ = 3cp/8. This means that, because the weak gauge
bosons acquire mass through the Higgs mechanism, the interaction becomes transported
at low energy only by the residual null mass photon. As a consequence the amplitude of
the electromagnetic force abruptly falls at the W Z scale. Therefore, we have suggested
that it is the coupling «p instead of o which must be used in Eq. (227) for relating the
electron mass to its charge.

Finally, disregarding as a first step threshold effects (that occur at the Compton scale
of the electron), we get a mass-charge relation for the electron [25, 23]:

In =3 (230)

The existence of such a relation between the mass and the charge of the electron is
supported by the experimental data. Since the coupling constant « is actually running
with mass scale, one can consider this relation as an equation to be solved for this
running mass scale m, and the value of the charge at this scale, a(m.) (see Fig. 18).
Using the known experimental values, the two members of this equation agree to 0.2 %
at the actual electron mass scale. Namely, one finds C, = In(mp/m,.) = 51.528(1) while
(3/8)a~! = 51.388. The agreement is made even better if one accounts from the fact
that the measured fine structure constant (at Bohr scale) differs from the limit of its
asymptotic behavior (that includes radiative corrections). One finds that the asymptotic
inverse running coupling at the scale where the asymptotic running mass reaches the
observed mass m, is ag ' {r(m = m.)} = 51.521, which lies within 10~ of the value of
C. (see Fig. 18).
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Fig. 18 Observed convergence at the electron mass-scale (i.e. at the Compton length of the
electron) of the asymptotic running electromagnetic inverse coupling a~1(r) and of the running
scale-relativity constant 8 C(r)/3 = (8/3) In[mp/m(r)]. Such a convergence is theoretically ex-
pected in the framework of the scale-relativistic interpretation of gauge transformations, that
yields a mass-charge relation for the electron, that reads (8/3)ae In(mp/m.) = 1. The final low
energy fine structure constant differs from its asymptotic value by a small theshhold effect (see
e.g. [86], [4] Sec. 6.2)

7.4 Generalization to non-Abelian gauge theories

The scale relativistic construction of gauge fields and gauge charges from a fractal and
nondiffferentiable geometry of space-time has been recently generalized to the non-Abelian
case [49]. Let us summarize these results.

7.4.1 General scale transformations and gauge fields

This generalization is based on a general description of the internal fractal structures
of geodesics in terms of scale variables n.5(x,y, 2,t) = pascacp whose true nature is
tensorial, in analogy with uncertainties in physics which are fully described by a covari-
ance error matrix, involving possible correlations p,g, and may now be function of the
coordinates. This resolution tensor generalizes the single resolution variable ¢.

We assume for simplicity of the writing that the two tensorial indices can be gathered
under one common index. We therefore write the scale variables under the simplified
form 7a,0, = N, With @ = 0 to n(n + 1)/2, where n is the number of dimensions that
intervene in the definition of resolutions (n = 3 for fractal space, 4 for fractal space-time
and 5 in the special scale relativity case which includes a ‘scale-time’ or ‘djinn’ [16]).

Let us consider infinitesimal scale transformations. The transformation law on the 7,
can be written in a linear way as

oy = N+ 0N = (6as + 60a5) 1, (231)

where 4,5 is the Kronecker symbol. The scale covariant derivative of the Abelian case is
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therefore generalized as
AN = Do, — 1°6005 = Do — 1° Wis du,. (232)

Gauge field potentials Wc’jﬁ are naturally introduced in this expression. They are linked
to the scale transformations as follows:

0005 = WPy dx,. (233)

One should keep in mind, when using this expression, that these potentials find their
origin in a covariant derivative process and are therefore not gradients.

7.5 Generalized charges

After having written the transformation law of the basic variables (the 7, tensors), we
now need to describe how various physical quantities transform under these 7, transfor-
mations. These new transformation laws are expected to depend on the nature of the
objects to transform (e.g., vectors, tensors, spinors, etc.), which implies to jump to group
representations.

We anticipate the existence of charges by generalizing to multiplets the relation
(Eq. 184) between the velocity field and the wave function. In this case the multivalued
velocity becomes a biquaternionic matrix,

Vi = iX ;10" (234)

The biquaternionic (therefore noncommutative) nature of the wave function, which is
equivalent to Dirac bispinors, plays here an essential role. Indeed, the general structure of
Yang-Mills theories and the correct construction of non-Abelian charges can be obtained
thanks to this result [49].

The action also becomes a tensorial biquaternionic quantity,

dek = dsjk(xua Vguka 7704)7 (235)

and, in the absence of field, it is linked to the generalized velocity (and therefore to the
spinor multiplet) by the relation

'Sjp = —me Vi, = —ih by 9"y (236)

Now, in the presence of a field, i.e., when the second-order effects of the fractal geom-
etry appearing in the right hand side of Eq. (232) are included), by using the complete
expression for 0#n, = DHn, — Wo’jﬂ n”, we obtain a non-Abelian relation

ONa

8“Sjk = DMSjk -1 ng- (237)
We are finally led to define a general group of scale transformations whose generators
are

T = nfo° (238)
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(where we use the compact notation 0% = 9/9n,), yielding the generalized charges,

g a aSk
St = gk (239)

This unified group is submitted to a unitarity condition, since, when it is applied to the
wave functions, 11" must be conserved. Knowing that the «, 3 represent two indices
each, this is a large group that contains the standard model U(1) x SU(2) x SU(3) as
a subset [49]. Its more precise nature and its properties will be studied in forthcoming
works.

As we have shown in more detail in Ref. [49], the various ingredients of Yang-Mills
theories (gauge covariant derivative, gauge invariance, charges, potentials, fields, etc...)
may subsequently be recovered in such a framework, and they now have a first principle
and geometric scale-relativistic foundation.

8. Scale Quantization: Quantum Mechanics in Scale-space

8.1 Motivation

Let us now consider a new tentative development of the scale relativity theory. Recall
that this theory is founded on the giving up of the hypothesis of differentiability of
space-time coordinates. We reached the conclusion that the problem of dealing with
non-derivable coordinates could be circumvented by replacing them by fractal functions
of the resolutions. These functions are defined in a space of resolutions, or ‘scale-space’.
The advantage of this approach is that it sends the problem of non-differentiability to
infinity in the scale space (In(A\/e) — oo). But, in such a framework, standard physics
should be completed by scale laws allowing to determine the physically relevant functions
of resolution. We have suggested that these fundamental scale laws be written in terms
of differential equations (which amounts to generalize the discrete generators of fractal
objects defined by iterated functions to differential generators). Then the effects induced
by these internal scale laws on the dynamics can be studied: we have found that the
simplest possible scale laws that are consistent (i) with the principle of scale relativity
and (ii) with the standard laws of motion and displacements, lead to a quantum-like
mechanics in space-time.

However, the choice to write the transformation laws of the scale space in terms of
standard differential equations (involving 9/01Ine, 9?/(01Ine)? as a first step, then 9/9 4,
etc... as a second step), even though it allows nondifferentiability in standard space-
time, implicitly assumes differentiability in the scale space. This is once again a mere
hypothesis that can be again given up.

We may therefore use the method that has been built for dealing with nondifferentia-
bility in space-time and explore a new level of structures that may be the manifestation of
this more profound nondifferentiability. As we shall now see, this results in the obtention
of scale laws that take a quantum-like form instead of a classical one. Now, these new
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proposals should be considered as tentative in view of their novelty. Their self-consistency
and their ability to describe real systems remain to be established.

Moreover, the complementary problem of constructing the motion laws that are in-
duced by such quantum scale laws is left open to future studies, knowing that one obtains
quantum laws of motion in position space from classical laws in the scale space. The con-
struction of ‘super-quantum’ laws of motion based on internal scale quantum laws involves
two levels of probabilistic description embedded one in the other, and may therefore reveal
to be extraordinary difficult.

8.2 Schrodinger equation in scale-space

Recall that, for the construction of classical scale differential equations, we have mainly
considered two representations: (i) the logarithms of resolution are fundamental variables;
(i) the main new variable is the djinn and the resolutions are deduced as derivatives.
These two possibilities are also to be considered for the new present attempt to con-
struct quantum scale-laws. The first one, that we shall only briefly study here, consists of
introducing a scale-wave function ¢[lne(z,t), x,t]. In the simplified case where it depends
only on the time variable, one may write a Schrodinger equation acting in scale-space:
2
D%%%%5+w%%%—%¢¢:0. (240)
This is the quantum equivalent of the classical stationary wave equation giving rise to a
log-periodic behavior (Sec. 4.3.1). It is also related to the scale-relativity re-interpretation
of gauge invariance (Sec. 7.), in which the resolutions become ‘fields’ depending on space
and time variables, so that the wave function becomes a function of Ine. However only
the phase was affected, while now the modulus of the scale-wave function depends on the
resolution scale. This means that the solutions of such an equation give the probability
of presence of a structure in the scale-space, and that time-dependent solutions describe
the propagation of quantum waves in the scale space.

8.3 Schrodinger equation in terms of the djinn

Let us now consider the second representation in which the ‘djinn’ (variable fractal di-
mension) has become the primary variable. Start with the general Euler-Lagrange form
given to scale laws in Sec. 4.3.2 after introduction of the djinn 9,

4oL _ o
ds oV OlnL

(241)

where we recall that £ is a fractal coordinate, 0 is the djinn that generalizes to a variable
fifth dimension the fractal dimension (minus the topological dimension), L is the scale
Lagrange function and V = In(\/e) = dln £/dd is the ‘scale-velocity’.
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It becomes in the Newtonian case [i.e., when L= V2/2 — ®g(In L, )]

d21n£__8€[>5
o2 OlnL’

(242)

Since the scale-space is now assumed to be itself nondifferentiable and fractal, the
various elements of the new description can be used in this case, namely:

(1) Infinity of trajectories, leading to introduce a scale-velocity field V = V[In £(0), ];

(ii) Decomposition of the derivative of the fractal coordinate in terms of a ‘classical
part’ and a ‘fractal part’, and introduction of its two-valuedness because of the symmetry
breaking of the reflection invariance under the exchange (d§ < —do);

(iv) Introduction of a complex scale-velocity V based on this two-valuedness;

(v) Construction of a new total covariant derivative with respect to the djinn, that
reads

-0 02
— == —— 1Dy —— . 243
6= ome P omee (243)
(vi) Introduction of a wave function as a re-expression of the action (which is now
complex), ¥s(In L) = exp(iS;/2D;);
(vii) Transformation and integration of the above Newtonian scale-dynamics equation

d 0

under the form of a Schrédinger equation now acting on scale variables:

O, ov, 1
DI —— +iD,

@iy Doy %Y=l (244)

8.4 Complexergy

In order to understand the meaning of this new Schrodinger equation, let us review the
various levels of evolution of the concept of physical fractals adapted to a geometric
description of a nondifferentiable space-time.

The first level in the definition of fractals is Mandelbrot’s concept of ‘fractal objects’
2].

The second step has consisted to jump from the concept of fractal objects to scale-
relativistic fractals. Namely, the scales at which the fractal structures appear are no
longer defined in an absolute way. Only scale ratios do have a physical meaning, not
absolute scales.

The third step, that is achieved in the new interpretation of gauge transformations
recalled hereabove, considers fractal structures (still defined in a relative way) that are
no longer static. Namely, the scale ratios between structures become a field that may
vary from place to place and with time.

The final level (in the present state of the theory) is given by the solutions of the
above scale-Schrodinger equation. The Fourier transform of these solutions will provide
probability amplitudes for the possible values of the logarithms of scale ratios, W,(In p).
Then |¥,|?(In ) gives the probability density of these values. Depending on the scale-
field and on the boundary conditions (in the scale-space), peaks of probability density
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will be obtained, this meaning that some specific scale ratios become more probable than
others. Therefore, such solutions now describe quantum probabilistic fractal structures.
The statement about these fractals is no longer that they own given structures at some
(relative) scales, but that there is a given probability for two structures to be related by
a given scale ratio.

Concerning the direct solutions of the scale-Schrodinger equation, they provide prob-
ability densities for the position on the fractal coordinate (or fractal length) In £. This
means that, instead of having a unique and determined L(Ine) dependence (e.g., the
length of the Britain coast), an infinite family of possible behaviors is defined, which
self-organize in such a way that some values of In £ become more probable than others.

A more complete understanding of the meaning of this new description can be reached
by considering the case of a scale-harmonic oscillator potential well. This is the quantum
equivalent of the scale force considered previously, but now in the attractive case. The
stationary Schrodinger equation reads in this case

0, {

op? 9%

(0InL)?

E - %wZ(ln 5)2} U, =0. (245)

The ‘stationarity’ of this equation means that it does no longer depend on the djinn 9.
(Recall that the djinn is to scale laws what time is to motion laws, i.e., it can be identified
with a ‘scale-time’, while the resolutions are ‘scale-velocities’).

A new important quantity, denoted here I, appears in this equation. It is the conser-
vative quantity which, according to Noether’s theorem, must emerge from the uniformity
of the new djinn variable (or fifth dimension). It is defined, in terms of the scale-Lagrange
function L and of the resolution V = In(\/¢), as:

oL

E=V oL (246)

This new fundamental prime integral had already been introduced in Refs. [16, 4], but
its physical meaning remained unclear.

As we shall now see, the behavior of the above equation suggests an interpretation for
this conservative quantity and allows one to link it to the complexity of the system under
consideration. For this reason, and because it is linked to the djinn in the same way as
energy is linked to the time, we have suggested to call this new fundamental quantity
‘complexergy’ [83].

Indeed, let us consider the momentum solutions a[ln(A/¢)] of the above scale-Schrédinger
equation. Recall that the main variable is now In £ and that the scale-momentum is the
resolution, Inp = In(\/e) = dInL/dd (since we take here a scale-mass p = 1). The
squared modulus of the wave function yields the probability density of the possible val-
ues of resolution ratios, namely,

1 2 Inp
a,(Inp) > = ————— ¢~ (0)*/2Dsw py2 , 247
o) = e o "\ V2D (247)

where the H,’s are the Hermite polynomials (see Fig. 19).
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The complexergy is quantized, in terms of the quantum number n, according to the
well-known relation for the harmonic oscillator:

1
E, = 2D, w (n + 5) . (248)

As can be seen in Fig. 19, the solution of minimal complexergy shows a unique peak
in the probability distribution of the In(\/e) values. This can be interpreted as describing
a system characterized by a single, more probable scale (relatively to a reference scale).
Now, when the complexergy increases, the number of probability peaks (n+ 1) increases.
Since these peaks are nearly regularly distributed in terms of Ine (i.e., probabilistic log-
periodicity), it can be interpreted as describing a system characterized by a hierarchy
of imbricated levels of organization. Such a hierarchy of organization levels is one of
the criterions that define complexity. Therefore increasing complexergy corresponds to
increasing complexity, which justifies the chosen name for the new conservative quantity.

More generally, one can remark that the djinn is universally limited from below (6 >
0), which implies that the complexergy is universally quantized in the framework of such a
quantum theory of scales. The same is true for the energy of systems which are described
by the above scale-Schrédinger equation. In the case when In(L/Ly) = In(7 /7) is mainly
a time variable (as for example in motion-relativistic high energy physics), the associated
conservative quantity is € = In(E/Ey) (see [4], p. 242). Because of the fractal-nonfractal
transition, In(7 /7) > 0 is also limited from below, so that we expect the energy to be
generally quantized, but now in exponential form. In other words, it describes a power
law hierarchy of energies.

8.5 Applications
8.5.1 Elementary particle physics

A natural domain of possible application of these new concepts is the physics of ele-
mentary particles. Indeed, there is an experimentally observed hierarchy of elementary
particles, that are organized in terms of three known families, with mass increasing with
the family quantum number. For example, there is a (e, p, 7) universality among leptons,
namely these three particles have exactly the same properties except for their mass and
family number. However, there is, in the present standard model, no understanding of
the nature of the families and no prediction of the values of the masses.

Hence, the experimental masses of charged leptons and of the ‘current’ quark masses
are ([99]:

o m. = 0.510998902(21) MeV; m,, = 105.658357(5) MeV; m, = 1776.99(28) MeV;

e m, =0.003 GeV; m.=1.25GeV; m; =174 GeV,

e my = 0.006 GeV; m,=0.125 GeV; my =4.2 GeV.

Basing ourselves on the above definition of complexergy and on this mass hierarchy;,
we suggest that the existence of particle families are a manifestation of increasing com-
plexergy, i.e., that the family quantum number is nothing but a complexergy quantum
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number. This would explain why the electron, muon and tau numbers are conserved in
particle collisions, since such a fondamental conservative quantity (like energy) can be
neither created nor destroyed.

We have shown in Sec. 7. that the scale-relativistic re-interpretation of gauge transfor-
mations allowed one to suggest a relation between the mass of the electron and its electric
charge (in terms of the fine structure constant). This result is compatible with the mass
of the electron mainly being of electromagnetic origin. More generally, the observed mass
hierarchy between (neutrinos, charged leptons, quarks) also goes in this direction, sug-
gesting that their masses are respectively of (weak, electroweak and electroweak-+strong)
origin.

Although a full treatment of the problem must await a more advanced level of devel-
opment of the theory, that would mix the scale quantization description with the gauge
field one, some remarkable structures of the particle mass hierarchy already support such
a view:

(i) The above values of quark and lepton masses are clearly organized in a hierarchical
way. This suggests that their understanding is indeed to be searched in terms of structures
of the scale-space, for example as manifestation of internal structures of iterated fractals
[4].

(ii) With regards to the e, i, 7 leptons, we had already remarked in [4], in the frame-
work of a fractal sef-similar model, that their mass ratios followed a power-law-type
sequence. Namely, the p and 7 mass are given, in function of 3m, (which is the effective
mass-energy of an electron which creates a virtual electron-positron pair, interpreted in
the scale relativity approach as a part of the geodesic that runs backward in time [4]) by
the empirical relations m,, ~ 3m. x 4.1*> = 105.656 MeV and m, ~ 3m, x 4.1°> = 1776.1
MeV. While the mass derived for the 7 from this formula was in disagreement with its
known value at that time (1784 MeV), more recent experimental determinations have
given a mass of 1777 MeV [99], very close to the ‘predicted’ value. But it is clearly only
provided such relations could be expected from theoretical arguments (and therefore al-
low one to possibly predict other lepton families) that they could be considered as having
physical meaning.

(iii) We have suggested [100] that QCD is linked with a 3D harmonic oscillator scale-
potential (since its symmetry group is SU(3)). In such a framework, the energy ratios
are expected to be quantized as In E' o< (3 4+ 2n). It may therefore be significant in this
regard that the s/d mass ratio, which is far more precisely known that the individual
masses since it can be directly determined from the pion and kaon masses, is found to be
ms/mg = 20.1 [99], to be compared with e3> = 20.086, which is the fundamental (n = 0)
level predicted by the above formula.

8.5.2 Biology: nature of first evolutionary leaps

Another tentative application of the complexergy concept concerns biology, in particular
the question of species evolution. In the fractal model of the tree of life that leads to
predict a log-periodic behavior for evolutionary lineages [42, 43, 44], we have voluntarily
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limited ourselves to an analysis of only the chronology of events (see Fig. 4), independently
of the nature of the considered evolutionary leaps. We have now at our disposal a tool
that allows us to reconsider the question.

We indeed suggest that life evolution proceeds in terms of increasing quantized com-
plexergy. This would account for the existence of punctuated evolution [101], and for
the log-periodic behavior of the leap dates, which can now be interpreted in terms of
probability density of the events (more precisely, of the scale intervals), P = ¢!
sin?[w In(T — T)]. Moreover, one may contemplate the possibility of a first rough under-
standing of the nature of the events.

Indeed, in the new framework of scale quantization, it is now possible to derive the
most probable scales at which structures are expected to emerge, in function of the
limiting conditions in scale space. Let us consider the free Schrodinger equation in scale-
space. Its solutions are determined by the minimal and maximal possible scales for the
system under consideration (which play a role analogous to the walls for a free quantum
particle in a box. At the fundamental level (lowest complexergy) the solution of this
equation is characterized by one length-scale (Fig. 19). Moreover, the most probable value
for this scale of formation is predicted to be the ‘middle’ of the scale-space (in the free case,
it is determined by the boundary conditions). Now the universal boundary conditions are
the Planck-length [p in the microscopic domain and the cosmic scale . = A~'/2 given by
the cosmological constant A in the macroscopic domain [4, 23, 35]. From the predicted
and now observed value of the cosmological constant, one finds IL/lp = 5.3 x 10, so that
the mid scale is at 2.3 x 10%°[p = 40 pm. A quite similar result is obtained from the
scale boundaries of living systems (0.5 Angstroms - 30 m). This scale of 40 pym is indeed
a typical scale of living cells. Moreover, the first ‘prokaryot’ cells appeared about three
Gyrs ago had only one hierarchy level (no nucleus).
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Fig. 19 Solutions of increasing complexergy of the scale-Schrodinger equation for an harmonic
oscillator scale-potential (the same kind of patterns would be obtained in other situations such
as the free Schrodinger equation in a scale-box). These solutions can be interpreted as describing
systems characterized by an increasing number of hierarchical levels, as illustrated in the right
hand side of the figure. For example, living systems such as procaryots, eucaryots and simple
multicellular organisms have respectively one (cell size), two (nucleus and cell) and three (nucleus,
cell and organism) characteristic scales.

In this framework, a further increase of complexergy can occur only in a quantized
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way. This is supported by the punctuated character of the major evolutionary leaps [101].
The second level describes a system with two levels of organization, in agreement with the
second step of evolution leading to eukaryots about 1.7 Gyrs ago (see upper Fig. 4). One
expects (in this very simplified model), that the scale of nuclei be smaller than the scale
of prokaryots, itself smaller than the scale of eucaryots: this is indeed what is observed.

The following expected major evolutionary leap is a three organization level system,
in agreement with the apparition of multicellular forms (animals, plants and fungi) about
1 Gyr ago (third event in upper Fig. 4). It is also predicted that the multicellular stage
can be built only from eukaryots, in agreement with what is observed. Namely, the cells
of multicellulars do have nuclei; more generally, evolved organisms keep in their internal
structure the organization levels of the preceeding stages.

The following major leaps correspond to more complicated structures, then to new
functions (supporting structures such as exoskeletons, tetrapody, homeothermy, vivipar-
ity), but they are still characterized by fundamental changes in the number of organization
levels. The above model (based on spherical symmetry) is clearly too simple to account
for these events, but it can be easily generalized to several scale variables and to more
complicated symmetries, so that it is not excluded that some of them could be accounted
for in the same framework. The theoretical biology approach outlined here [83, 102] is still
in the infancy: future attempts of description using the scale-relativity methods will have
the possibility to take into account more complicated symmetries, boundary conditions
and constraints, so that the field seems to be wide open to investigation.

Conclusion and Prospect

We have attempted, in the present review paper, to give an extended discussion of
the various developments of the theory of scale-relativity, including some new proposals
concerning in particular the quantization in the scale-space and tentative applications to
the sciences of life.

The aim of this theory is to describe space-time as a continuous manifold which
can be nondifferentiable and is constrained by the principle of relativity (of motion and
of scale). Such an attempt is a natural extension of general relativity, since the two-
times differentiable continuous manifolds of Einstein’s theory, that are constrained by
the principle of relativity of motion, are particular sub-cases of the new geometry.

Now, giving up the differentiability hypothesis involves an extremely large number of
new possible structures to be investigated and described. In view of the immensity of
the task, we have chosen to proceed by adding self-imposed structures in a progressive
way, using presently known physics as a guide. Such an approach is rendered possible by
the result according to which small-scale structures issued from nondifferentiability are
smoothed out beyond some transitions at large scale. Moreover, these transitions have
profound physical meaning, since they are themselves linked to fundamental mass scales.

This means that the program that consists of developing a full scale-relativistic
physics, despite all its achievements, is still in its infancy. Much work remains to be
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done, in order (i) to describe the effect on motion laws of the various levels of scale
laws that have been considered, and of their generalizations still to come (general scale-
relativity); (ii) to take into account the various new symmetries, as well continuous as
discrete, of the new variables that must be introduced for the full description of a fractal
space-time, and of the conservative quantities constructed from them (including their
quantum counterparts which are expected to provide us with an explanation of various
still misunderstood quantum numbers in elementary particle physics).

Let us conclude by a final remark: one of the main interest of the new approach is
that, being based on the universality of fractal geometry already unveiled by Mandelbrot,
it allows one to go beyond the frontiers between sciences. In particular, it opens the hope
of a future refoundation on first principles of sciences of life and of some human sciences.
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