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Abstract:

The standard formulation of Quantum Mechanics has raised from its beginning animated discussions about

the interpretation of the counterintuitive properties of mental objects (wave functions or Schrödinger waves) introduced
to represent the properties of the physical objects.Two questions have since then been formulated to which a universally
accepted answer is still lacking. The ﬁrst one (Bohr, von Neumann) concerns the ontological nature of physical reality (the
existence of classical objects) and the role of the observer (wave packet collapse) in assessing it. The second one is the
non local character of quantum physical quantities (Einstein Podolski Rosen [EPR] long distance correlation of particles).
An alternative formulation of Quantum Mechanics, originally proposed in 1932 by Eugene Wigner, taken up by Richard
Feynman in 1987, and reelaborated by myself in the years from 1998 to 2003, is possible. The mental objects of standard
Quantum Mechanics (Schrödinger waves) no longer appear in this new formulation and are replaced by new ones (Wigner
functions) which do not show any more the puzzling properties which worried Einstein. My conclusion from the preceding
discussion is that diﬀerent explanations of a given set of experimental data may be derived according to the diﬀerent nature
of the mental objects introduced to represent the properties of the physical objects involved. The confusion between these
two kind of objects may be, however, very misleading. I will ﬁnally discuss two examples of this conclusion from Biology
and Economics

c Electronic Journal of Theoretical Physics. All rights reserved.
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1.

Introduction

1.1. Already 2500 years ago the Greek philosophers proposed two conﬂicting views of
reality:
a) Nothing changes (Parmenides)
∗
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the London School of Economics scheduled for the 10th of May 2005. The seminar was cancelled at the
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Reality is only a poor and imperfect copy of eternal ideas (Plato’s cavern)
b) Everything changes (Eraclitus)
Ideas are artefacts of man’s mind obtained by abstracting concepts, categories, relations
from phenomena (Aristoteles).
Scientists are still faced with the problem of choosing whether one stands on one side or
the other one.This choice has to be done before starting doing science in any particular
domain.
Mathematics “works” in describing reality not because reality is made of “real” mathematical objects. It “works” because we construct mental objects – reciprocally connected
through logical relations - by selecting those aspects of reality which our experience indicates as more fundamental and general, and neglecting those which appear to us unimportant and contingent (us means a given human community in a given historical stage
of civilization or culture).
Ex. If we believe in continuity we discard the discrete aspects of phenomena and we
invent diﬀerential calculus to describe their form and their temporal evolution, and if
we believe in discontinuity we focus on abrupt changes and sudden variations and invent
fractals and numerical algorithms to represent them.
I will try to show how these two ways of looking at reality still provide the bases for the
construction of scientiﬁc knowledge in many disciplines, from basic physics to biology
and economics.
1.2. The ﬁrst step of my talk is to recall that the standard formulation of Quantum
Mechanics has raised from its beginning animated discussions about the interpretation of
the counterintuitive properties of mental objects (wave functions or Schrödinger waves)
introduced to represent the properties of the physical objects (Jammer 1974)
Two questions have since then been formulated to which a universally accepted answer
is still lacking. The ﬁrst one concerns the ontological nature of physical reality and the
role of the observer (wave packet collapse) in assessing it (Bohr 1958a).
The second one is the non local character of quantum physical quantities (Einstein, Podolski Rosen, 1935, Bohr 1958b) shown by long distance correlation of particles. From his
thought experiment Einstein concluded that Quantum Mechanics does not describe completely and fully the real microscopic world.
The debate on Einstein’s conclusion has gone on for almost ﬁfty years and led Alain Aspect (Aspect, Dalibard, Roger 1982) to perform the experiment suggested by Bell (Bell
1964) to test Einstein’s claim. Its result has been almost unanimously interpreted as a
proof that Einstein was wrong and that the physical objects do have the queer properties
of the mental objects of Quantum Mechanics.
1.3. This is not, however, the end of the story. In fact the second step of this talk
is to show that an alternative formulation of Quantum Mechanics, originally proposed
by Eugene Wigner (Wigner 1932), taken up by Richard Feynman (Feynman 1987), and
reelaborated by myself (Cini 1999, Cini 2003, Cini 2006) is possible.
The mental objects of standard Quantum Mechanics (Schrödinger waves) no longer appear in this new formulation and are replaced by new ones (Wigner functions) which do
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not show any more the puzzling properties which worried Einstein.
Whether this is the ﬁnal solution of the debate which animated the physicist’s community
for more that seventy years is however not yet clear.
Undoubtably, however, the adoption of this approach has the advantage that Wigner
functions provide directly all the measurable statistical factors (mean values, mean square
deviations, correlations) of actual experiments without introducing ambiguities about the
properties of physical objects.
1.4. The ﬁnal step of my talk will consist in trying to draw a methodological lesson from
the history of Quantum Mechanics. My conclusion from the preceding discussion is in
fact that diﬀerent explanations of a given set of facts may be derived according to the
diﬀerent nature of the mental objects introduced to represent the properties of the real
objects involved. The confusion between these two kind of objects may be, however, very
misleading.
I will ﬁnally discuss two examples of this conclusion from Biology (Gould 2002) and
Economics (Ormerod 1998)

2.

The Wavelike Behavior of Particles

2.1 The Two Slit Experiment
The whole ediﬁce of the standard formalism of Quantum Mechanics can be built on
an experiment (Davisson & Germer 1926) which shows that a beam of particles (electrons)
behaves as a wave under suitable conditions. Its scheme goes as follows.
The beam impinges on a screen with two slits F1 and F2 through which the particles pass
and fall on a photographic plate parallel to the screen which detects them.
The black spots produced on the plate by the random impact of each particle form a
pattern (interference pattern) made of many lines parallel to the slits of diﬀerent intensity
extending also in the regions of the shadows of the screen. This pattern is characteristic
of the propagation of any wave (sound, surface, electromagnetic waves) through the slits
of the screen.
The pattern has a strong maximum at the center when the distance between the slits is
of the order of the wavelength and gradually builds up the two expected classical images
in correspondence with the slits as their distance becomes very large.
This result conﬂicts with the expectation that the pattern obtained in the setup with
the two slits simultaneously open should be equal to the result of adding the patterns
obtained by allowing alternatively the particles to pass with certainty through F1 (with
F2 closed) and F2 (with F1 closed).
The pattern obtained when both slits are open can therefore only be interpreted as a
consequence of the fact that it is impossible to assess whether each particle has actually
passed trough F1 or F2 .
Furthermore this pattern does not depend on the intensity of the beam. Even if the
particles pass one at a time, they gradually accumulate randomly to build the same ﬁnal
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interference pattern. It appears gradually as if the motion of each particle is guided by
the propagation of the same single wave.

2.2 The Interference Pattern
In order to explain this wavelike behavior of particles, Quantum Mechanics introduces, by
analogy with the standard representation of other physical waves a mental object called
wave function ψ(x, t), representing the amplitude and phase of this new (Schrödinger)
wave at each point of space x at any time t.
Again following the analogy with other waves, the intensity P(x, t) of the wave is assumed
to be
P (x, t) = [ψ(x, t)]2
(1)
The explanation of the interference pattern follows easily from Eq. (1). If we call ψ1 (x, t)
and ψ2 (x, t) the waves which pass through F1 and F2 respectively, we can write
ψ(x, t) = ψ1 (x, t) + ψ2 (x, t)

(2)

P (x, t) = [ψ1 (x, t)]2 + [ψ2 (x, t)]2 + 2ψ1 (x, t)ψ2 (x, t)

(3)

and from (1) (2)

The ﬁrst two terms are the intensities one would expect for classical particles travelling
along straight trajectories. The third is due to the interference of the two waves.
Eq.(3) explains why the intensity on the plate when both slits are open is not the sum
of the intensities obtained when one is open and the other one is closed.
The interference term in fact may be positive or negative. At the points x0 of the
plate where ψ1 (x0 , t) = -ψ2 (x0 , t) the intensity is in fact zero, while at points xm where
ψ1 (xm , t) = ψ2 (xm , t) the intensity is four times as much.
The alternating black and white lines (maximal and zero intensities) which form the
interference pattern are therefore simply explained as the loci where the waves going
through the two slits add up constructively or subtract each other destructively.
The presence of the interference term implies that the two alternatives “the particle has
passed through F1 ” and “the particle has passed through F2 ” are not mutually exclusive,
because their probabilities do not add.

2.3

The Wave/Particle Duality

The wavelike behavior of particles revealed by the interference pattern solved also the
puzzle of the discrete structure of electronic orbits in atoms, which explains, according
to Bohr’s theory, the lines in the spectra of emission and absorption of electromagnetic
radiation when the electron jumps from one orbit to another one.
In fact Bohr’s rule for the existence of a stationary orbit is given by the relation
2πrp = nh (n = 1, 2, 3. . .).

(4)
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where r is the orbit radius, p is the electron momentum and h is Planck’s constant. Now,
if λ is the wavelength of the stationary wave associated with the orbit the condition for
a stationary wave is that the length of the orbit 2πrshould be an integer multiple of its
wavelength.
Eq. (4) gives therefore the fundamental relation (postulated in 1924 by Louis de Broglie)
p = h/λ

(5)

which connects the particle’s kinetic momentum with the propagation length of its wave.

2.4 The Heisenberg Uncertainty Relation
The wavelike behavior of a particle is also at the origin of the famous Heisenberg uncertainty principle.
In the setup with both slits open, the uncertainty of the electron position along the screen
Δx is the distance dbetween the slits. On the other hand the uncertainty of its momentum is at least Δp= αp where α is the angle under which the two slits are seen from the
central line of the interference pattern. Considering that the path leading from one slit to
the central line diﬀers by one wavelength from the path leading to the next interference
line, (namely that λ = αd) one ﬁnds, by using (5)
ΔxΔp ≥ dαp = d[(h/p)/d]p = h

(6)

The meaning of (6) is that the concept of geometrical trajectory of a particle should be
abandoned. In fact, the more precisely deﬁnite is its position, the less precisely deﬁnite
is its momentum, and viceversa. Position and momentum are incompatible variables.
Other incompatible couples of variables are the angular momentum and the angle, or, in
quantum ﬁeld theory, the number of quanta and the ﬁeld phase.

3.

How real are Quantum particles?

3.1 Probability waves
The attempts to interpret a wave function as a physical wave propagating in ordinary
space failed because the extension from single particles (electrons) to compound systems
(atoms with many electrons) needed the use of a wave function ψ(x1 ,x2 ,..,t) dependent on
the coordinates of all the components. This wave function cannot be a wave in ordinary
three dimensional space.
The solution, found in 1927 by Max Born, was to interpret the wave function ψ as a
probability wave, and its amplitude’s squared P(x, t) = [ψ(x, t)]2 as the probability that
the particle is at the point x at time t. The probability for any other physical quantity
G having a well determined value g is similarly obtained by squaring a corresponding
probability amplitude α(g, t) by means of the same rule P(g, t) = [α(g, t)]2 The physical

6
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nature of a probability amplitude is the open question of the standard formulation of
Quantum Mechanics. In fact the problem is that it is not a concept related to either the
observed object or to the observer subject, but it refers to the relationship between the
two. This leads to two main paradoxical features of quantum objects.

3.2

The Role of the Observer

“With the Heisenberg uncertainty principle – wrote W. Pauli - the initial phase of the
theory came to the end. The solution is obtained at the cost of abandoning the classical
causal description of nature in space-time which depends essentially on our capacity of
separating uniquely the observer and the observed object.”
It should be emphasized at this stage that the impossibility of separating uniquely the
observer and the observed object is a typical quantum eﬀect which is often mistakenly
considered to be analogous to the phenomenon, well known in social sciences, of the inﬂuence exerted on the behavior of people by their knowledge of being observed. Electrons
do not have consciousness and this should not be forgotten.
To understand Pauli’s statement it should be pointed out that the same uncertainty found
before about which slit has the particle passed through, arises also when the one particle
probability wave ψ(x, t) is the sum (eq.(3)) of wave functions ψn (x, t) corresponding to
any set of diﬀerent alternatives.
Assume that each one describes a state of the particle in which the physical quantity G
has with certainty a deﬁnite value gn :
ψ(x, t) = Σn ψn (x, t)

(7)

Also in this case the presence of interference terms will make the space probability pattern
P(x, t) diﬀerent from the sum Σn [ψn (x, t)]2 , expected for a statistical mixture in which
each term represents the contribution of particles with G having with certainty the value
gn .
On the other hand if, as we did by closing one or the other slit, we measure the physical
quantity G obtaining a deﬁnite value gi the space pattern becomes suddenly [ψj (x, t)]2 ,
which implies that ψ(x, t) becomes suddenly ψi (x, t). This jump is called wave function
collapse.
The question therefore arises (Wheeler J., Zurek W. 1983): Is this sudden jump due to
the knowledge acquired by the observer that the particle had already a value gi of G
before the measurement, or is it due to the sudden acquisition by the particle of the value
gi of G during the act of measurement?

3.3 The Bohr/von Neumann Debate
The ﬁrst alternative, is untenable. In fact, if we had in mind to measure another physical
quantity F incompatible with G, the same initial wave function ψ(x, t) should have been
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written:
ψ(x, t) = Σn φn (x, t)

(8)

(φn (x, t) being the wave function corresponding to F having the value fn ). The same
reasoning as before implies however that, if we measure F and obtain the value fj the
wave function ψ(x, t) must become suddenly φj (x, t). However, since F and G are incompatible, the assumption that they had simultaneously well deﬁned values before being
measured is incompatible with the presence of diﬀerent interference terms in the two cases
of the space probability pattern before the measurement.
The second alternative however, as we shall see in a moment, runs into other diﬃculties.
A solution of this kind was indeed proposed by Niels Bohr, based on the assumption that
the measuring instruments are classical, namely that all their variables have always sharp
values.
This implied that a quantum variable, whose value is in general uncertain, acquires a
sharp value only when the object interacts with the instrument designed for its measurement. Since no instrument can simultaneously measure two incompatible variables, no
contradiction arises with the uncertainty principle.
Bohr’s solution, however, was not universally accepted: The double nature of the macroscopic apparatus (on the one hand a classical object and on the other hand obeying quantum mechanical laws) – wrote Max Jammer in 19 - remained a somewhat questionable
or at least obscure feature in Bohr’s conception of quantum mechanical measurements.
In fact, John von Neumann argued, against Bohr, that, if the laws of Quantum Mechanics
are universal and represent the ultimate nature of matter, it is not allowed to assume that
classical objects (the instruments) exist not submitted to Heisenberg’s principle. This
means that, in principle, the physical quantities of the instrument cannot be more objectively real than those of the particle. The only non physical entity capable of producing
the wave function collapse, is, therefore, according to him, the observer’s mind.

3.4 The existence of classical objects
I disagree completely with Von Neumann’s argument, which started, in my opinion, a
ﬂood of nonsensical publications about the role of the observer’s consciousness in creating
physical reality which went on for many decades. The developments of the latest twenty
years show however that Bohr’s solution was appropriate at that time and was consistent
with the view that reality exists independently of human mind.
My answer to the question “How and when does the collapse of the wave function happen?” is the same as Bohr’s This answer accepts that real microscopical objects with
a deﬁnite mass, spin and charge never possess simultaneously the kinematic properties
which would allow to describe their motion along a trajectory in space. Their properties
are therefore context dependent.
It implies for example, that if a particle interacts with a photographic plate we can ”objectively describe” the system after the interaction as made of a photographic plate with
a black spot and the quanton with a sharp position located where the black spot is. It
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implies furthermore that an analogous but complementary objective description of reality
can be made when (a beam of) particles interact(s) with a diﬀraction grating.
The diﬀerence with Bohr is that it becomes now necessary to prove that the existence of
macroscopic pieces of matter with context independent properties is not a postulate but
follows from the equations of Quantum Mechanics themselves. This question was investigated and answered by my group in Rome twenty ﬁve years ago (Cini M., De Maria
M.,Mattioli G., Nicolò F., 1979; Cini M. 1983; Cini M. and Serva M. 1990; Cini M. and
Serva M. 1992). In these papers we proved that macroscopic aggregates of particles in
normal conditions never exhibit quantum behavior because the phase relations of their
microscopic constituent’s wave functions are completely destroyed.
We did in fact prove that the eﬀects of quantum interference (the wavelike behavior) tend
to zero for a sum of two macroscopically diﬀerent wave functions of a macroscopic object.
This implies that when a quantum particle P in a given state interacts with a suitable
instrument Sq made of N quantum particles, the diﬀerence between the probabilistic predictions of Quantum Mechanics and the predictions of classical statistical mechanics with
a classical intrument Sc replacing Sq tends to vanish when N becomes very large (>>1).
This means that, after all, Bohr was right in assuming that classical bodies exist.

3.5 The Nature of Reality
This solution is a good example of the a priori diﬀerence between a neoplatonist approach
and a neoaristotelian one. If one insists that the presence of interference terms, however
small may they be for macroscopic bodies, implies that the wave function never collapses,
then one concludes that only mathematical entities (wave functions) exist and that reality
is a creation of our mind.
On the other hand if one believes, as I do, that one should not attribute unphysical
properties to mathematical objects created by our mind, then the conclusion that classical
objects practically exist for all purposes avoids talking about metaphysical phantasies.
In addition, it allows to predict that, under suitable conditions to be invented, they might
show some experimentally detectable quantum properties certainly not in contradiction
with the principle that reality is not created by the human mind. In fact experiments on
the phenomenon called Macroscopic Quantum Coherence are under way which seem to
conﬁrm that Quantum Mechanics works well also for macroscopic objects.

4.

Quantum Nonlocality

4.1 The Bohr Einstein Debate
The EPR argument is based on a reality criterion formulated as follows:In a seminal
paper of 1935 Einstein, Podolski and Rosen (EPR) challenged the accepted interpretation of Quantum Mechanics by proposing a thought experiment which kept physicists
discussing for almost ﬁfty years.If, without in any way disturbing a system, we can predict
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with certainty the value of a physical quantity, then there exists an element of physical
reality corresponding to this physical quantity.
Their thought experiment considers a two particle system in a state in which their distance x1 − x2 = d and their total momentum p1 + p2 = p are given. Therefore, if one
measures x1 and ﬁnds a value a it becomes possible to deduce, without disturbing particle
2, that its position x2 is a + b.
This means that its position was an element of reality even before measuring the position
of particle 1.
We might have chosen, however, to measure the momentum p1 of particle 1, obtaining
the value q. Once more we would have deduced, without disturbing particle 2, that the
value of p2 was p – q even before measuring p1 .
This implies that both the position and the momentum of particle 2 were elements of
reality before performing any measurement on particle 1.
The ﬁnal conclusion of EPR was therefore that Quantum Mechanics, which holds that
incompatible variables do not have objectively real values at the same time, is incomplete.
Bohr objected: From our point of view we now see that the wording of the above mentioned criterion of physical reality proposed by EPR contains an ambiguity as regards
the meaning of the expression “without in any way disturbing a system”. The conditions
which deﬁne the possible types of predictions regarding the future behaviour of the system.. constitute an inherent element of the description of any phenomenon to which the
term “physical reality” can be properly attached. [Therefore] the argumentation of the
mentioned authors does not justify their conclusion that quantum-mechanical description
is essentially incomplete.

4.2 The Long Distance Quantum Correlations
The argument of EPR had two drawbacks. One is that the condition that the distance d
between the two particles should be given could only be ensured by introducing an additional physical constraint (e.g. a screen with two holes) which would imply a disturbance
on both particles. The second one was that there was no actual experiment which could
decide whether it was Einstein or Bohr who was right.
The ﬁrst one was eliminated by David Bohm who proposed to consider the measurement
of two other incompatible variables rather than position and momentum. These variables
are any two of the three components (along the space directions x,y,z) of the individual
(1)
(1)
(2)
(2)
angular momentum (spin) of each particle, say σx , σz , (or σx , σz ) which, according
to the Heisenberg principle cannot have simultaneously a given value. However, when
the total angular momentum of the system is zero, its three components are also simultaneously zero.
In this case the law of conservation of the total angular momentum guarantees that all
of them maintain the initial value zero even when the distance between the particles increases indeﬁnitely. The EPR argument can therefore be carried on without any further
objection.

10
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The second drawback was overcome by John Bell, who eliminated the pointless discussion about the legitimacy of attributing a value to a variable without measuring it, by
proposing an actual experiment in which the correlation coeﬃcient C(a, b) between the
measurements of the spin component of particle 1 along a direction a and of the spin
component of particle 2 along a diﬀerent direction b. The correlation C(a, b) is obtained
by performing a series of measurements on a great number N of pairs of particles with
total spin zero.
Bell showed that the dependence of C(a, b) on the angle θ between a and b predicted
by Quantum Mechanics is diﬀerent from the one obtained by assuming the validity of
Einstein’s reality criterium.
As stated at the beginning, in 1982 Alain Aspect performed the actual experiment envisaged by Bell and showed that Einstein’s criterion was wrong. The interpretation of this
result is that Quantum Mechanics is right in predicting that the physical objects do have
the queer properties of the mental objects introduced in the standard formulation of the
theory.

4.3 The Nature Of Quantum Correlations
The strange quantum behavior of two particles whose variables remain correlated even
after having been separated spatially, is not that they remain correlated also when they
are far away. This happens also to a pair of classical particles. Take for example an object
with zero total angular momentum which is split in two parts which ﬂy away in opposite
directions. The conservation of angular momentum implies that any component of the
angular momentum of one part is always equal and opposite to the same component
of the other part. What is paradoxical is that this behavior persists also in Quantum
Mechanics in spite of the fact that in principle only one component of a particle’s spin
can have at a given time a sharp value.
We ask therefore: how is it possible that, when the particle 1 acquires a sharp value of its
spin component during the interaction with its instrument, the far away particle comes
to ”know” that it should acquire the same and opposite value of its own spin component?
Furthermore, is this value acquired instantaneously at the very moment of the ﬁrst measurement or is it delayed to a later moment, when the far away particle 2 interacts at its
turn with its own instrument?
People tend to answer to both questions by invoking a spooky action-at-a-distance responsible for this apparent instantaneous transfer of information from one particle to the
other.
One can not explain however in this way this counterintuitive behavior, because this
diﬀerence has its roots in the ontological (or irreducible) - not epistemical (or due to
imperfect knowledge) - nature of the randomness of quantum events.
One has in fact to accept that physical laws do not formulate detailed prescriptions, enforced by concrete physical entities, about all that must happen in the world, but only
provide constraints and express prohibitions about what may happen. Random events
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just happen, provided they comply to these constraints and do not violate these prohibitions.
The far away particle, once the ﬁrst one has acquired a sharp value of its angular momentum component, has to acquire an equal and opposite sharp value for the same component
of its own angular momentum, because, should it not behave this way, it would violate
the law of conservation of angular momentum.
The quantity total angular momentum is itself, by deﬁnition, a non-local quantity. In
fact, the two instruments are not two uncorrelated pieces of matter: they are two rigidly
connected parts of one single piece of matter which measures this quantity. The non
local constraint is therefore provided by the nature of the macroscopic instrument. Non
locality therefore needs not to be enforced by a mysterious action-at-a-distance.
This entails that, once the quantum randomness has produced the ﬁrst partial sharp
result, there is no freedom left for the result of the ﬁnal stage of the interaction: there is
no source of angular momentum available to produce any other result except the equal
and opposite sharp value needed to add up to zero for the total momentum.

5.

Quantum Mechanics in Phase Space

5.1 The Wigner Quasiprobabilities
If chance has an irreducible origin the fundamental laws should allow for the occurrence of diﬀerent events under equal conditions. The language of probability seems
therefore to be the only language capable of expressing this fundamental role of chance.
The proper framework in which a solution of the conceptual problems discussed above
should be looked for is the birthplace of the quantum of action, namely phase space,
where no probability amplitudes exist. It is in fact clear that joint probabilities for both
position and momentum having sharp given values cannot exist in phase space, because
they would contradict the uncertainty principle.
Wigner (1932) however, introduced the functions W(x, p, t) called after his name, which,
in spite of the fact that they do not satisfy the requirement for probabilities of being
nonnegative, may be used to represent Quantum Mechanics in phase space and showed
that one can use them as normal probabilities to compute any physically meaningful
statistical property of quantum states.
This can be done by means of a suitable representation G(x, p) of the required property
in phase space through the usual expression for its average value:
 
< G >=
dxdpW (x, p, t)G(x, p)
(9)
It seems reasonable therefore to consider the Wigner functions as a framework for looking
at Quantum Mechanics from a diﬀerent point of view.
Their physical meaning is well clariﬁed by Feynman’s (1987) words: It is that a situation
for which a negative probability is calculated is impossible, not in the sense that the
chance for its happening is zero, but rather in the sense that the assumed conditions of
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preparation or veriﬁcation are experimentally unattainable.
The road is therefore open for a new reformulation of Quantum Mechanics, in which the
concept of probability waves is eliminated from the beginning. After all, particles and
waves do not stand on the same footing as far as their practical detection is concerned.
The position of a particle assumes a sharp value as a consequence of a single interaction
with a suitable detector, but we never detect waves: we only infer their existence by
detecting a large number of particles.

5.2 The Elimination of Probability Waves
This program has been recently carried on (Cini 1999) by generalizing the formalism of
classical statistical mechanics in phase space with the introduction of Planck’s quantum
postulate, namely the discreteness of the values of the action variable of oscillators. The
whole structure of Quantum Mechanics in phase space is therefore deduced from a single
quantum postulate without ever introducing wave functions or probability amplitudes.
The elimination of probability amplitudes from quantum theory is coherent with the
method inaugurated by Einstein with the elimination of the ether in the theory of electromagnetism. Also in that case people discussed for many years about the strange
properties of this mental object, which should have been at the same time perfectly
transparent and inﬁnitely rigid. Special relativity got rid of it and no one speaks of the
ether any more.
The elimination of Schrödinger wave functions has the advantage that the paradoxes
typical of the wave-particle duality disappear. On the one hand, the long time debated
question about the meaning of the wave functions of macroscopic objects and the related
question of wave function collapse may be set aside as baseless.
The Wigner function of a macroscopic body (Cini 1999) tends in fact to the corresponding non-negative probability distribution in phase space of classical statistical mechanics. Therefore the statistical predictions of Quantum Mechanics for the outcomes of the
measurement of a physical quantum property tend to those of the classical statistical
mechanics of an ensemble of classical instruments triggered by the occurrence of random
quantum events.
On the other hand, as already shown by Feynman, it becomes possible to express the
correlations between two distant particles in terms of the product of two pseudoprobabilities independent from each other. All the speculations on the nature of an hypothetical
superluminal signal between them becomes equally meaningless.

6.

Some Methodological Conclusions

6.1 The Analogies with Other Disciplines
We should be very careful in asking whether we can draw any lessons from the history
of Quantum Mechanics which may be useful for clarifying controversial issues in other
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disciplines.
The ﬁrst thing to do is in fact to emphasize that a deep gulf separates the world of
quantum particles from the macroscopic world, and even more from the world of living
matter, let alone the world of human beings. All the fairy tales about possible connections
between human mind and Quantum Mechanics are meaningless babbles.
This is why I already stressed before that the problem of separating uniquely the observer
and the observed object in Quantum Mechanics has nothing to do with the phenomenon,
well known in social sciences, of the inﬂuence exerted on the behavior of people by their
knowledge of being observed. Electrons do not have consciousness and this should not
be forgotten. The only useful suggestions one can draw by comparing two diﬀerent
disciplines do not therefore concern their diﬀerent phenomenological domains but the
higher methodological and epistemological metalevels.
Diﬀerent disciplines share in fact at a given time the same cultural, economic and social
context, with its conﬂicting diﬀerent ways of looking at the surrounding world, each
one based on a coherent set of conceptual premises and frames of reference. It is this
common Zeitgeist which projects its features on the conceptual frameworks adopted by
the diﬀerent scientiﬁc communities in order to construct an adequate representation of
the phenomena investigated.
I wish therefore to draw from the preceding discussion on the interpretations of Quantum
Mechanics the conclusion that diﬀerent explanations of a set of actual experiments may
be derived according to the diﬀerent nature of the mental objects introduced to represent
the properties of the real objects involved.
I will therefore, from an outsider’s point of view, try to show by means of two examples,
one from biology and another from economics, how the confusion between these two kind
of objects, may lead to the same diﬃculties which have for such a long time, worried the
physicist’s community.

6.2 First Example: Evolutionary Theory
My ﬁrst example is the controversy on the interpretation of Darwinism and of its developments which opposed for decades Stephen J. Gould, author of a great number of
popular books on evolutionary theory, culminated with the publication, shortly before his
untimely death, of the highly professional book The Structure Of Evolutionary Theory,
and Richard Dawkins, author of the worldwide bestseller The selﬁsh gene.
Their views diﬀer radically on many aspects of the contemporary Theory of Evolution. I
only mention some of them. Dawkins thinks that the large scale features of the natural
world may be extrapolated from the microevolutionary dynamics of genes, while Gould
denies this possibility. Dawkins believes in a gradual and uniform pace of change in the
evolution of species, in contrast with Gould’s vision of speciation as characterized by
sudden changes separated by long periods of equilibrium. Gould stresses the importance
of internal constraints in limiting natural selection, while Dawkins considers them irrelevant. Finally, last but not least, Dawkins holds that genes are the fundamental units of
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selection while Gould draws a picture of evolution as the result of a multiplicity of levels
and units of selection.
I will limit myself to illustrate this last point with two quotations.
I must argue – Dawkins wrote – for my belief that the best way to look at evolution is in
terms of selection occurring at the lowest level of all. . . I shall argue that the fundamental
unit of selection, and therefore of self-interest, is not the species, nor the group, nor even,
strictly, the individual. It is the gene, the unit of heredity.
Richard – reacted Gould - has displaced the level of explication at the lowest step: it is
not the organisms but the genes who ﬁght for survival. But he is wrong. Only if organisms could be deﬁned as a cumulative sum of the actions of mutually independent genes
would it be possible to reduce the properties of the former to the behavior of the latter.
But this is not the case, because organisms have myriads of emergent characteristics. In
other words, genes interact nonlinearly between themselves: it is this interaction which
deﬁnes the organism’s identity.
The comparison shows that we are here again in presence of two conﬂicting views of reality which lead to the introduction of diﬀerent mental objects. The purpose of Dawkins
is to deﬁne genes in order to explain reality in terms of their properties, at the price
of forcing reality to ﬁt into the rigid framework built on the assumption that the the
physical objects existing in nature coincide with his mental objects. He wants to explain
processes in terms of an elementary structure (reductionist and neoplatonic approach).
On the other hand Gould is willing to accept a multilevel vision of reality, each level being
deﬁned by its constraints and its units of selection, with contingency as a basic factor of
evolution (Wonderful Life: if you rewind the tape of evolution and play it again you will
get a completely diﬀerent pattern). His mental objects are derived from physical objects,
rather than the opposite.

6.3 Second Example: Economy at the Edge Of Chaos
In the preface to his book Butterﬂy Economics Paul Ormerod wrote:
Conventional Economics is wrong in considering economy and society as sorts of complicated machineries which can, after all, be predicted and governed. Human society
resembles much more closely a living organism, whose behavior may be understood only
by examining the complex interactions between its diﬀerent parts.
In orthodox economic theory it is not allowed to individuals to inﬂuence each other directly. This approach leads, under special circumstances, to a satisfactory explanation
of facts. More often, however, it happens that individuals and enterprises are directly
inﬂuenced by the actions of others. This leads to a much more complex, but also more
realistic model, and I am convinced that economy, together with other social sciences,
will adopt it soon.
Both the title of Ormerod’s book and the expression At the Edge of Chaos are taken from
the language of the community built around the Santa Fé interdisciplinary Institute for
the Study of Complexity.
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It was the economist Brian Arthur who opened the road of this approach in economics
with a seminal paper published 1989 (rejected for ﬁve years by the leading economic journals) entitled Competing rechnologies, increasing returns, and lock-in by historical events.
His theory, known as QWERTY theory (from the ﬁrst six letters of the English clavier of
typewrighters) is based on the crucial hypothesis that if the number of individuals who
buy a product A in competition with another product B exceeds the number of those
who buy B, the probability that successive buyers decide to buy B becomes higher. This
model shows how can it happen that a technology may expel from the market a better
one, disproving therefore the predictions of the orthodox consumer’s theory.
The theory of Ormerod belongs to the same area of thought but takes as a model the
behavior of a population of ants. His approach is based on the belief that the behavior of
individual ants, their direct inﬂuence on the choices of other ants, and the consequences
of the interaction between them on the entire anthill, provide a general description –
a model – of a wide range of economic and social phenomena. Many of them in fact
show the same fundamental properties that characterize the behavior of ants: they are
unpredictable in the short period, but in the long period a sort of regularity takes over,
giving origin to complex systems, poised at the edge of chaos.
As an outsider I am not in a position of being involved in discussions with experts on
the merit of this approach. My task is only to point out that here again, in spite of the
enormous diﬀerences between the nature of the objects involved in the diﬀerent ﬁelds of
investigation, we assist to a confrontation between the same two diﬀerent ways of looking
at changing reality. One is based on the assumption that change is apparent, a mere
necessary consequence of simple mechanical principles; while the other one follows from
the assumption that the unpredictable emergence of new properties is an essential and
irreducible feature of complex objects.
Perhaps J.R. Oppenheimer was right in saying:
These two ways of thinking, the one which is based on time and history, and the one which
is based on eternity and timelessness, are two components of man’s eﬀort to understand
the world in which he lives. Neither is capable of including the other one, nor can they
be reduced one to the other, because they are both insuﬃcient to describe everything.
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Fantappié-Arcidiacono Theory of Relativity Versus
Recent Cosmological Evidences :
A Preliminary Comparison
Leonardo Chiatti∗
ASL VT Medical Physics Laboratory, Via San Lorenzo, 101 01100 Viterbo, Italy

Received 12 February 2007, Accepted 15 May 2007, Published 20 July 2007
Abstract:

Notwithstanding the Fantappié-Arcidiacono theory of projective relativity was introduced more than half

a century ago, its observational conﬁrmations in cosmology (the only research ﬁeld where its predictions diﬀer from those
of the Einsteinian relativity) are still missing. In line of principle, this theory may be proposed as a valid alternative
to the current views assuming the dominance of dark matter and inﬂationary scenarios. In this work, the relativistic
transformation of the Poynting vector associated with the reception of electromagnetic waves emitted by astronomical
objects is derived in the context of the special version of the theory. On the basis of this result, and some heuristic
assumptions, two recent collections of observational data are analyzed : the m − z relation for type Ia supernovae (SNLS,
SCP collaborations) and the log N – log S relation obtained from the FIRST survey of radio sources at 1.4 GHz. From the
ﬁrst analysis, values are derived for the current density of matter in the universe and the cosmological constant that are of
the same order of magnitude as those obtained from the most recent conventional evaluations. The second analysis results
in an evolutionary trend of number of sources as a function of z that is in qualitative agreement with that obtained from
more conventional analyses. Therefore it can be concluded, as a preliminary result, that the application of the theory to
the study of cosmological processes leads to results which not substantially diﬀer from these currently accepted. However,
in order to obtain a more reliable comparison with observations, a solution is needed for the gravitational equations in the
general version of the theory.
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1.

Introduction

The theory of projective relativity has had a rather peculiar fate among all the
theories of physics : initially proposed in 1954 [1,2] by the famous Italian mathematician
Fantappié (1901-1956) and subsequently worked in detail by Fantappié himself and his
successors, in particular Arcidiacono (1927-1997) [3-15], it has never been subjected to
∗
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experimental veriﬁcation. This condition of incompleteness is due to technical as well as
historical reasons, which we will attempt to summarize brieﬂy.
From a technical point of view, the projective relativity (in the sense of FantappiéArcidiacono) eﬀectively consists of two distinct theories : a projective special relativity
(PSR) and a projective general relativity (PGR) [16-18]. The relationship between PSR
and PGR is the same that exists between Einsteinian special relativity (SR) and general
relativity (GR). PSR is a generalization of SR obtained by requiring the laws of physics
to be invariant respect to the de Sitter group, instead of the Poincaré group. When the
radius of the universe r tends to inﬁnity, the de Sitter group degenerates into the Poincaré
group and PSR becomes the usual SR.
The spacetime geometry of PSR is clearly holonomic; its non-holonomic extension
leads to PGR, where we have the following ﬁve-dimensional gravitational equations (of
Arcidiacono) that generalize the four-dimensional Einstein equations :
RAB −

1
R gAB + Λ gAB = χ TAB
2

(1)

[where the cosmological term has been added]. In the limit r → ∞, these equations
become the conventional Einsteinian equations of GR. Therefore, the PSR predictions
diﬀer from those of SR only when the size of the considered systems is not negligible
with respect to r, or the time scale of the considered processes is not negligible with
respect to t0 = r/c, being c the speed of light in the vacuum. The same conclusion
holds for the divergence between the predictions of PGR and those of GR. In summary,
we can thus say that the projective relativity predictions diﬀer from those of ordinary
Einsteinian relativity only at the cosmological scale. The experimental veriﬁcations of
the projective relativity should therefore consist, in reality, in observational veriﬁcations
in the cosmological context.
However, from an historical point of view, the theory was created and developed in
mathematical or mathematical physics-related environments, wherein the interest for its
application to cosmology or extragalactic astrophysics was not a priority. Thus the most
interesting subjects for a comparison with the data coming from observational cosmology have not yet been dealt with. For example, there still lacks a classiﬁcation of the
solutions of equations (1) under the assumption of the cosmological principle, i.e., the
analogue of the Fridman classiﬁcation of the cosmological models for GR. Thus it is not
currently possible to use the equations (1) in order to analyze the type Ia supernovae data
and obtain deductions on the cosmological model or the extragalactic distance scale, as
instead occurs in current relativistic cosmology. PSR is instead completely developed,
but it provides a relation between redshift and distance that does not take into account
gravitation or the cosmological term [16-18] and that therefore is not directly applicable
to observational data. In a later section, we will limit ourselves to the Newtonian approximation of PGR. We will see that the analysis of some sets of recent observational
data in this framework seems to lead to conclusions that are not very dissimilar to those
of current relativistic cosmology. One could therefore ask why we should choose projective relativity rather that the more usual Einsteinian relativity. As Arcidiacono himself
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realized, projective relativity naturally resolves many problems that aﬄict the standard
big bang. First of all, PSR seems to incorporate a sort of perfect cosmological principle :
all observers, in any epoch, are located at the same chronological distance t0 from the big
bang (in the past) as well as the big crunch (in the future). Each observer, moving along
his time line, remains at the same distance from the big bang and from the big crunch
exactly like a ship, sailing across the ocean, reaches faraway locations while remaining
at the same distance from the horizon. The big bang and the big crunch are therefore
limiting surfaces in the same sense in which the light cone is, and not singularities that
an observer can experience “here and now”; this resolves the problem of the singularities.
Diﬀerent inertial observers are connected by coordinate transformations whose set is isomorphic to the rotations of the ﬁve-dimensional sphere around its centre. The radius of
this sphere is r and its value has no relationship with the distribution of matter or energy
over the spacetime. In this sense the global curvature of the space (to be understood here
in terms of the intrinsic geometry of the spacetime, i.e., as a parameter that connects
the observations made by diﬀerent observers, rather than in the extrinsic sense of an
eﬀective curvature of the spacetime in a “ﬁfth dimension”) is a fundamental constant of
nature totally independent from the presence and distribution of matter-energy. Each
observer coordinates the events in a four-dimensional spacetime (Castelnuovo spacetime
[19-21] in the case of PSR) which is, in any case, ﬂat. This resolves the ﬂatness problem,
removing the constraint Ω = 1 and liberating the community of research workers from
the nerve-racking obligation to search for “dark mass” or “missing mass”2 . This does not
prevent, naturally, the existence of a share of ordinary dark matter.
Given an observer O’ located on the past light cone of a second observer O, the edge
of his light cone inside the light cone of O (and therefore not connected with O through
light signals) depends on the relative position of O and O’. When O’ approaches the big
bang, the opening of his light cone (in the reference frame with O as the origin) grows
indeﬁnitely (Fig. 1), which resolves the problem of the initial homogeneity and isotropy
without any need to postulate inﬂationary mechanisms [17].
Finally, as recently commented by Licata [22-23], PSR seems to be an excellent starting point for rethinking the entire problem of the foundation of quantum cosmology, also
providing a natural interpretation for the Hartle-Hawking solution.
The structure of this work is articulated as follows. The second section presents the
fundamentals of the covariant formulation of electrodynamics in the context of PSR. In
the third section, we derive the transformation of the Poynting vector associated with the
reception of electromagnetic waves emitted by astronomical objects. In the fourth section
the PSR distance-red shift relation is used to analyze the log N – log S radio sources
counts at 1.4 GHz (non-selective FIRST survey, ﬁrst set of data on 1550 square degrees
of the northern sky). The problem of matter evolution is brieﬂy discussed in the ﬁfth
section. In the last section a Newtonian approximation of PGR cosmology is considered
and recent data on type Ia supernovae (SNLS, SCP collaborations) are analyzed according
2

According to the current use, we indicate as Ω the ratio between the actual energy-matter density and
its critical value.
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to it.

2.

Cosmic Electromagnetism

In their conventional form, the Maxwell equations of electromagnetism and the expression of the Lorentz force acting on charges and currents are covariant with respect
to the Poincaré group. In PSR these relations must be appropriately generalized so as
to be covariant with respect to the Fantappié group (in practice, the projective version
of the de Sitter group). Such a generalization gives the following expressions, where the
notations have the usual meaning [16-18] :
div E = ρ div H + ∂¯0 C0 = 0

(2)

curl E + ∂¯4 H − ∂¯0 C = 0

(3)

curl H − ∂¯4 E = j

(4)


div C + ∂¯4 C0 = s curl C − ∂ 0 E = 2ω

(5)

grad C0 + ∂¯4 C − ∂¯0 H = a

(6)

F = (ρ E + j × H) − (a C0 + 2 ω × C)

(7)

F4 = i (j · E − a · C)

F0 = a · H − 2 ω · E

(8)

These results require a comment. As can be seen, in addition to the usual electric E and
magnetic H ﬁelds appear two new ﬁelds : one a scalar (C0 ), and the other a vector (C). In
the corresponding generalization of the ponderomotive force (8), these ﬁelds are coupled
with the currents a ed ω. For a correct reading of the equations, there should be kept
in mind that the derivatives that appear are projective derivatives, and not conventional
partial derivatives. We have used the notation of Arcidiacono, so the index 4 refers to
the time axis, the index 0 to the ﬁfth coordinate and the indices 1, 2, 3 to the space
coordinates.
The equations (3) take the name of “Maxwellian” equations, while the equations (5) are
known as ”non-Maxwellian” equations. It is not diﬃcult to understand the genesis of
this second group of equations3 . In an inﬁnite universe, the photon has a null rest mass
M and it moves at the speed of light; its Compton wavelength is thus λC = η/Mc = ∞.
But if the radius of the universe r is ﬁnite, we cannot have λC >> r and thus λC
= λCmax ≈ r. It follows that in a certain sense the photon acquires a ﬁnite mass
≈ η/rc. It therefore acquires a longitudinal component and this is the reason for the
3

We will not follow, in this work, the mistaken conviction of Arcidiacono. He believed that the ﬁelds C,
C0 were associated with a ﬂuid medium and that the equations (3), (5) therefore described a uniﬁcation of
electromagnetism with hydrodynamics! Generalizing the Maxwell equations to more than 5 dimensions,
he claimed to have obtained a uniﬁed theory of electromagnetic, gravitational, hydrodynamic, etc. ﬁelds
while he was actually dealing simply with the components of the generalized electromagnetic ﬁeld.
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appearance of the ﬁelds (C, C0 ). The equations (5) formally coincide, for r= ∞, with
the non-Maxwellian photon equations obtained by de Broglie with the fusion method on
the Minkowski spacetime, when the rest photon mass is negligible; these latter equations,
in fact, describe precisely the longitudinal component of the photon [24,25].
For r → ∞, the equations (3), (5) are not more coupled and we must recover the ordinary
Maxwell equations that were the starting point of the generalization; therefore the disappearance of non-Maxwellian equations is requested. In turn, the necessary disappearance
of the non-Maxwellian ﬁelds implies the inexistence of distinct sources of these ﬁelds; in
other words, there must be identically s = a = ω = 0. The only origin of the ﬁelds (C,
C0 ) is therefore the relativistic transformation (in the framework of PSR) of the ordinary
ﬁelds (E, H) associated with remote charges and currents. Let’s consider, as an example,
the equations :
C0 = C0 ; C’ = (C − γH)/(1 − γ 2 )1/2 ;
(9)


E = E;

H = (H + γC)/(1 − γ 2 )1/2 .

(10)

which express the transformation of the ﬁelds due to a time translation of length T0 .
We have set γ = T0 /t0 , where t0 = r/c and r is the radius of curvature of the de
Sitter spacetime. It is immediately evident that at the Minkowskian limit these relations
become invariances. Given the absence of local sources of non-Maxwellian ﬁelds, these
latter must be null here and now. Therefore C0 = 0, C = 0 and :
C0 = 0;


E = E;

C = −γH/(1 − γ 2 )1/2 ;

(11)

H = H/(1 − γ 2 )1/2 .

(12)

The second relation expresses the appearance of a ﬁeld C’ as transformation of the
magnetic ﬁeld H at cosmological distances. Thus, if we observe the eﬀects of a very
distant magnetic ﬁeld in the past (let’s say ﬁve billion years ago) these eﬀects will be
modiﬁed due to an increase in the ﬁeld strength by a factor of 1/(1-γ 2 )1/2 , and due to
the simultaneous appearance of a ﬁeld C’ associated with the transformation of H.
How we can see by substituting the identities s = 0, a = 0, ω = 04 into the equations
(8), the ﬁelds (C, C0 ) are not coupled with the matter and thus, in particular, they do
not contribute to the luminosity of a remote astronomical object. More generally, the
energy associated with the non-Maxwellian ﬁelds will appear, in the energy balance of
the electromagnetic ﬁeld, as “missing” energy which is not instrumentally detectable in
a direct manner.
Obviously, if the relativistic transformations of the ﬁelds E ed H that alter the luminosity
of extragalactic objects are not taken into account, the evaluations of the extragalactic
4

These equations are the duals of the relations expressing the inexistence of the magnetic charge and
magnetic current. In fact, the magnetic ﬁeld itself derives from a relativistic transformation of the electric
ﬁeld in the context of conventional SR : it is generated by electric ﬁelds in motion, like the ﬁelds C derive
instead from the distant magnetic ﬁelds. All this is due to the simultaneous existence in PSR of two
fundamental constants: the speed c and the distance r.
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scale distance using standard candles can be aﬀected by signiﬁcant systematic errors.
A study of the problem requires the evaluation of how the Poynting vector transforms
passing from a reference frame with origin at the remote source to a new reference frame
with origin at the observation pointevent.

3.

Relativistic Transformation of the Poynting Vector (in the
Framework of PSR)
PSR is a ﬁve-dimensional theory, hence we have two Poynting vectors [16-18]:
Tα4 = i (C0 C + E × H)

Tα0 = C0 H + E × C

(13)

The physical interpretation of these vectors is not diﬃcult : their ﬂuxes through a closed
hypersurface containing the entire three-dimensional space provides the components of
the momentum of the electromagnetic ﬁeld along the time axis and along the ﬁfth axis
respectively. The component of the momentum along the ﬁfth axis does not have direct
physical eﬀects, so we should concentrate our attention on the ﬁrst of the equations (13).
This equation generalizes the ordinary Poynting vector including the ﬂux of energy associated with the longitudinal component of the electromagnetic waves. In the Einsteinian
limit r → ∞ the ﬁrst of the equations (13) reduces to the ordinary Poynting vector
of normal electromagnetic theory, while the second equation transforms into the identity
0 = 0.
We then take as the primed reference frame that having the origin at the pointevent
of emission by the astronomical object which emits electromagnetic waves, and as the
unprimed reference frame that having the origin at the observation pointevent. The transformation of coordinates connecting the two reference frames consists in the product of
a time translation of the origin with parameter T0 , a space translation of the origin with
parameter T and a boost with speed V . We will set, following the customary notation
in the literature, α = T/r, β = V/c, γ = T 0 /t0 . The general transformation rules of the
electromagnetic ﬁeld components are then [26] :
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E1 = E1
E2 = a11 E2 + a14 H3 + a15 C3
E3 = a11 E3 + a14 H2 + a15 C2
H1 = a51 C0 + a54 C1 + a55 H1
H2 = a41 E3 + a44 H2 + a45 C2
H3 = a41 E2 + a44 H3 + a45 C3
C0 = a11 C0 + a14 C1 + a15 H1
C1 = a41 C0 + a44 C1 + a45 H1
C2 = a51 E3 + a54 H2 + a55 C2
C3 = a51 E2 + a54 H3 + a55 C3
(14)
Where :
Ba11 =1
Ba41 = β
Ba51 = βγ − α
AB a 14 = β + (α – βγ)γ
AB a 44 =1 + (α – βγ)α
AB a 54 = γ − αβ
Aa15 = α
Aa45 = γ
Aa55 =1
A2 =1 + α2 – γ 2
B 2 =1 – β 2 + (α – βγ)2
We now have to specialize these general rules by inserting the special conditions of our
problem. First of all, let us consider the Poynting vector incident on the observer as it
appears in the unprimed reference frame. The requirement is that the ﬁelds incident on
the observer consist of transversal spherical waves locally coincident with plane waves5 .
Under these conditions, the non-Maxwellian ﬁelds evaluated in the unprimed reference
frame vanish :
C0 = C1 = C2 = C3 = 0.
(15)
Furthermore, the ﬁelds E and H are perpendicular to one another and perpendicular
to the direction of propagation; if we choose as the x axis (axis 1) that which joins the
observer to the source, this axis will also be the axis of propagation. We can therefore
take as the y axis (axis 2) the axis along which the electric ﬁeld oscillates and as the z
5

The spherical waves emitted from the source placed at the origin of the primed reference frame will
be describable as superpositions of plane waves in that reference frame. The attenuation factor (19),
derived for the plane waves in the primed reference frame, therefore also holds for the spherical waves
derived from their superposition.
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axis (axis 3) that along which the magnetic ﬁeld oscillates. With these choices only the
ﬁeld components E2 and H3 survive, being :
E1 = E3 = H1 = H2 = 0.

(16)

Moreover, there exist some relations between the transformation parameters. First of all,
we note that in PSR the relation between the recession speed (that can also be superluminal) and redshift is expressed by V = cz, so we immediately obtain β = z. Furthermore,
the source must necessarily be localized on the past light cone of the observer, so γ = -α.
The relation between α and z provided by PSR is α = z /(1+z), so after all we have the
substitutions:
β = z, γ = −α, α = z/(1 + z).
(17)
The application of the transformation rules (15), (15) then gives the Poynting vector in
the reference frame of the source, evaluated at the observation pointevent. Recall that
we are dealing with the plane waves approximation and that in PSR the spatial section is
Euclidean; therefore the geometric attenuation factor (the inverse of the squared distance)
must be taken into account even it does not appear in our calculation explicitly.
Proceeding with the calculation, we note that the only not vanishing primed components
are E2 , H3 , C3 , therefore the only not vanishing component of the Poynting vector is that
along the axis 1; in the usual CGS units it becomes S1 ’ = (c/4π)E 2 H3 . In the unprimed
frame we have, in CGS units again, S1 = (c/4π)E 2 , where E2 = H3 = E. A simple
calculation then gives :
z
[z − γ 2 (1 + z)] [1 + γ 2 (1 + z)] [z − γ 2 (1 + z)] z + [1 + γ 2 (1 + z)]
S1
= 2+
+
(18)
S1
B
A2 B 2
A B2
From the second of equations (17) we have A2 =1 and thus, with the usual choice of the
sign of the ﬁfth homogenous coordinate, A=1. Substituting all the relations (17) into the
expression for B 2 we then have B 2 =1. Algebraically developing the relation obtained
we derive the following expression :


S1
= (1 + z)2 1 − α4
S1

(19)

which constitutes the main result of this section. If the second factor on the right hand
is temporarily neglected, we obtain the well known relation S1 = S1 /(1+z)2 giving the
attenuation of the absolute luminosity (deﬁned in the reference frame of the source) due
to the redshift. In the usual calculation of the source distance starting from its absolute
magnitude (assumed to be known) and from its apparent magnitude measured in a given
photometric system, this is the only kinematic factor taken into consideration. The equation (19) tells us however that the ﬂux S1 /(1+ z)2 is equal to S1 (1–α4 ), not S1 . Since
(1–α4 ) is between 0 and 1, at equal absolute luminosity and redshift the apparent luminosity is greater than (and then the luminosity distance is less than) normally believed.
In the case of standard candles, calibrated with sources relatively near Earth, the absolute
magnitude is reasonably well known, hence it is the distance that is overestimated. The
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correct luminosity distance xcorr is related to the luminosity distance xuncorr , measured
without taking into consideration the correction, through the relation :

 x 4
√
corr
xcorr = xuncorr 1 − α4 = xuncorr 1 −
(20)
r
that can be written more usefully as the solution of the corresponding biquadratic equation :

4

1 + 4 xuncorr
− 1
r
√ x
(21)
xcorr =
2 uncorr
r2
The equation (21) was inferred using the third equation of (17) that represents the relationship between redshift and distance in PSR. In a successive section, we will apply
equation (21) to real observational data, assuming that it also holds outside the domain
of application of PSR, i.e., in the more extensive domain of PGR.
The eﬀect of the correction of the distances is clear : with the increasing redshift the
correct distance asymptotically approaches the limit distance r, while the uncorrected
distance increases beyond this limit6 .

4.

Radio Source Counts

The projective relativity includes a sort of perfect cosmological principle, so the
relation between evolutionary aspects and non-evolutionary aspects in the history of the
universe needs of a clariﬁcation. Historically speaking, the radio source counts have
been decisive in indicating the existence of evolutionary aspects [27]. We propose an
examination of the integral counts along the following lines.
Under the hypothesis of an Euclidean spatial section (which is exact for PSR, while it
remains to be veriﬁed in the ambit of PGR), the ﬂux S incident on the observer from
an extragalactic radio source with luminosity L0 and spectral index η observed at the
frequency ν is :
L0 ν − η
S =
(22)
4 π x2 (1 + z)1 + η
where x is the uncorrected luminosity distance of the source and z is the redshift. If all
the sources were identical, the ﬂux of one of these would be greater than S only if its
luminosity distance were inferior to :
x=

L0 ν − η
4 π S (1 + z)1 + η

.

(23)

Now the corrected luminosity distance y is related to the uncorrected luminosity distance
x by eq. (20). The ﬂux of the radio source is therefore greater than S if it is inside the
6

This is obvious in PSR, where the third relation (3.6) holds: for z ? 8 it becomes exactly xcorr ? r.
If, as we have done, a broader range of applicability is assumed for eq. (21), the same result can be
obtained by taking its limit for xuncorr ? 8.
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sphere with centre at the observer having the radius :
y=

L0 ν − η (1 − α4 )
4 π S (1 + z)1 + η

,

(24)

where α = y/r. If the numerical density of radio sources δ is homogeneous, the number
of radio sources contained in this sphere is :
N (S) =,

3
3
4
π y 3 δ = N0 (S) (1 + z)− 2 (1 + η) (1 − α4 ) 2
3

(25)

where the factor N0 (S) is proportional to S −3/2 . Therefore an observational determination
of the quantity S 3/2 N (S), where N (S) is the number of sources with ﬂux greater than
S, must lead to the result :
S 2 N (S) = K (1 + z)− 2 (1 + η) (1 − α4 ) 2
3

3

3

,

(26)

where K is an instrumental constant. The second member (apart from the factor K) can
be theoretically calculated up to a constant, while the ﬁrst member can be determined
by observations.
The theoretical calculation of the second member starts from the value of α. Given α, we
have y = rα and the PSR relation α = z/(1+z) gives z. Since both α and zare known,
the second member can now be calculated. Since both y and zare known, the ﬂux S can
now be calculated by applying equation (22), where x is replaced by y. This procedure
is iterated over all the values of α from 0 to 1, thus deriving the function that relates the
right hand of (26) to the ﬂux S. Since the numerator of (22) is actually unknown, the
ﬂux is deﬁned up to an arbitrary factor K  . If all the theoretical assumptions are correct,
reporting on a double logarithmic plot the curves representing the two members of eq.
(26) as a function of the ﬂux, these curves must be parallel. The theoretical curve (right
hand) is shifted with respect to the experimental curve (left hand) not only vertically
(due to the presence of K), but also horizontally (due to the presence of K  ). More
generally, the deviation from parallelism will provide indications on the limits of validity
of the assumed hypotheses.
We have applied this analysis strategy to the preliminary results of the FIRST survey
[28]. These results refer to a scanning of 1550 dcg2 of the northern sky between the
galactic latitudes +28˚ and +42˚, at the frequency of 1.4 GHz, with a census of all the
sources present. It does not involve, therefore, any source selection by type, luminosity
class or spectral index. In particular, table 2 of ref. [28] has been used, which provides
the diﬀerential counts normalized between 1 mJy and 1 Jy. The comparison between
observational data and theoretical data is shown in Fig. 2; the error bars on the experimental data are not visible because they are very small. The spectral index has been
assumed to be equal to 0.75, but considerable modiﬁcations of this value (in the range
0.75–1) do not lead to substantial changes.
How one can see, the well known excess of radio sources at small ﬂuxes is conﬁrmed.
This excess is believed to be the proof of an evolutionary trend of radio source number
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and luminosity, compatible with the hypothesis of an initial singularity. Thus it can be
stated that, even when taking into account the PSR correction of the distances, there is
an excess of radio sources at small ﬂuxes that supports an evolutionary universe. As a result, the perfect cosmological principle implied by PSR must be questioned, as discussed
in the next section.

5.

Steady State or Evolutionary Universe?

It wouldn’t be possible to proceed in this work without commenting on the problem
of the evolution of matter; in fact, this problem assumes a particularly delicate connotation in projective relativity. The current abundances of the chemical elements derive
from the evolutionary processes which occurred during the interval t0 passed since the
big bang. But, under the sort of perfect cosmological principle derived from PSR, each
observer, in any epoch and position, is distant t0 from the big bang. Therefore, the
abundances of the chemical elements present here and now would have to be the same
everywhere and always : the universe must not evolve chemically.
Naturally, this doesn’t mean that the single objects of the universe (clusters, galaxies and,
inside them, the stars) do not evolve chemically. The thermonuclear reactions produce
heavier elements, in the end releasing them into the interstellar/intergalactic medium.
So arises the question : how is it possible that the abundances of the elements remain,
on average, unchanged despite this release? How is it possible that the single objects age
but the matter considered on the large scale, on average, does not age?
Each observer, observing galaxies at ever-increasing z, ﬁnds that these cluster ever-more
densely : the surface x = r is an impassable barrier; thus in his reference frame the
density of galaxies grows indeﬁnitely with the increase in z and with the approaching of
x to r. If the origin of this reference frame is time translated in the future, a part of
the galaxies that were ﬁrst diﬀused in the past light cone will be more densely clustered
around the big bang singularity. However, new galaxies, ﬁrst outside the past light cone,
will enter inside it, so aﬀecting the chemical environment of the observer. It is therefore
plausible that, on average, the cosmic abundances of the elements measured by the observer do not change.
The hypothesis that the universe does not evolve chemically is in strong disagreement
with the data concerning the blackbody background radiation, the abundances of the light
elements, the radio source counts and many other evidences. Also considering anomalies
such as the recent discovery of the quasar APM 08279+5255 at z = 3.91, with an abnormally high content of iron [29,30], the hypothesis of a stationary universe seems diﬃcult
to support nowadays.
One way to get around the problem, always remaining within the same theoretical framework, is to explicitly break a symmetry, postulating that the total number of galaxies
(or better, of “material points” understood as elementary particles) present within the
Cayley-Klein absolute A2 =1 + α2 – γ 2 = 0, α = x/r, γ = t/t0 is ﬁnite, although very
large, and that their world lines do not touch the singularities. In this case moving the
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origin of the reference frame along its time line towards the big bang, we arrive, in the
end, to not having any more material points in the past light cone, emerging from the
singularity. We will call this particular position of the origin on the time line the “alpha
point” of that line. Similarly, moving the origin of the reference frame along its time line
towards the big crunch, we arrive, in the end, to not having any more material points
in the future light cone, entering into the singularity. We will call this position of the
origin on the time line the “omega point” of that line. Keep in mind that both the alpha
point as well as the omega point, just like any other intermediate point, are located at
the same distance, equal to t0 , from the two singularities.
Each time line joining the two singularities will have its own alpha point and its own
omega point. A material point that travels that line will begin to undergo the action of
the matter only after the alpha point and will stop acting on the matter after the omega
point. Before the alpha point, it may act on the matter but not vice versa (there is future,
but not past); after the omega point, it may undergo the action of the matter but not
vice versa (there is past, but not future). In the interval between alpha and omega, it
may both act on other points as well as undergo their inﬂuence (there is both past and
future).
Naturally, the requirement that the ends of the world lines of all the “material points” do
not intersect the singularities is equivalent to requiring that there is an authentic creative
phase of emergence of the matter from the vacuum, and an authentic destructive phase
of annihilation of the matter into the vacuum. The explanation of these phases (vacuum
transitions ?), which would in any case occur in a tranquil ﬂat spacetime with singularities distant t0 , except for PGR eﬀects to be analyzed, would clearly be found outside
projective relativity : it concerns a more general cosmological theory, perhaps a quantum
cosmological theory. Concerning the intermediate history of the matter, it could then
be more or less that which nuclear astrophysics has made us all accustomed to by now :
baryon era, lepton era, decoupling of the radiation, evolution of the structures.
Having broken the symmetry of time homogeneity (which remains valid on the level of
the laws, but not on the level of the conditions) there no longer exists a perfect cosmological principle, but there can still exist a cosmological principle in the current sense of
the term7 . Thus we would return to a framework no longer in conﬂict with that agreed
upon today. The next section assumes the validity of the cosmological principle in the
ordinary sense of the term.

6.

Considerations on the Extragalactic Scale Distance from the
SNLS, SCP Data

In PSR the recession speed of an extragalactic object located at the spatial distance
x from the observer, evaluated at the time t (where t= 0 is the present of the observer)
7

In other words, the perfect cosmological principle still holds for a pointevent respect to the null
geodesics entering into it, while the usual cosmological principle holds for a real, physical observer which
sees the Universe through the light rays emitted by other material bodies.
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is expressed by V = Hx /(1 + t/t0 ), where H = c/r =1/t 0 e − − t0 ≤ t ≤ 0. The
“Hubble’s constant” at the time t is therefore expressed by H(t) = H/(1+ t/t0 ) and, if
it originated from the variation of the scale factor R(t), we would have :
Ṙ(t)
H
= H(t) =
R(t)
1+

(27)

t
t0

from which it immediately follows that R(t) = k|1+t/t0 |, where k is an appropriate integration constant. If we set R= 1 at the current time, in other words at t= 0, we
then obtain R(t) = |1+t/t0 |. We now translate the origin of the time axis, so as to
count the time starting from the big bang instead of the present. This means performing
the substitution t → t - t 0 , which transforms the function R(t) into the new function
R0 (t) = t/t0 , with t0 ≥ t ≥ 0 . The present time is now t = t0 , and H(t) = H0 (t)=1/t.
The physical meaning of R0 (t) is transparent : if the expansion of the universe unaﬀected
by gravitation and the cosmological constant, which in PSR appears as an expression of
the Fantappié group kinematic, derives instead from the time variation of a scale factor,
this scale factor would be precisely R0 (t).
The problem arises when one tries to generalize eq. (27) by including a genuine expansion of the space, represented by a scale function, together with the purely apparent,
projective expansion; this problem leads to the PGR. The rigorous derivation of Hubble’s
law in this more general case presumes the solution of the gravitational equations (1)
under the assumption of the cosmological principle. Since these solutions are not available in the current literature, we will handle the problem in Newtonian approximation,
slightly modifying the original subject of Milne and McCrea [33]. Calculating the time
tstarting from the big bang, the usual expression of Hubble’s ”constant” on the plane of
contemporaneousness of the observer is modiﬁed in the following manner:
V (t) = K(t) x

(28)

Ṙ(t)
(29)
R(t)
Where x is the spatial distance from the observation point. For the cosmological principle, the density of matter ρ(t) and the pressure p(t) depend only on the cosmic time t.
Applying the continuity equation for the cosmic ﬂuid, we then have :
H(t) = K(t) − H0 (t) =

∂ρ
∂ρ
+ div(ρv ) =
+ div[ρK(t)x] =
∂t
∂t

∂ρ
+ 3ρK(t) = 0
∂t

(30)

Substituting eq. (29) in eq. (30), integrating and setting R(t0 )=1, we obtain :
ρ(t) =

ρ(t0 )
[R(t) ( tt0 )]3

(31)

This equation describes the variation of the density of matter over cosmic time. The force
F acting on a unit of mass of the cosmic ﬂuid is expressed by the Euler equation :
grad (p)
Dv
+
Dt
ρ

−

F

=

0

(32)
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The second term is null since p depends only on t. Thus :
d
[K(t)x] − F = [Kv + K̇x] − F
dt

= (K 2 + K̇)x − F = 0.

(33)

If there are only gravitational forces and a cosmological term λ, the divergence of this
expression becomes :
3 (K 2 + K̇) = −4πGρ + λ
(34)
Where G is the Newtonian gravitational constant. Substituting eq. (29) into this expression and rearranging the terms, one obtains :
4πGρ
λ
R̈
Ṙ
+ 2H0 = −
+ .
R
R
3
3

(35)

Multiplying the two members for R3 and inserting eq. (31), we have :
R2 [R̈ + 2H0 Ṙ ] +

4πGρ(t0 ) 1
λR3 = 0 .
t 3 −
3
3 ( t0 )

(36)

The ﬁrst term of eq. (36) can be rewritten as
R2 [R̈ + 2H0 Ṙ ] =

R2 d2
(Rt)
t dt2

(37)

Multiplying eq. (36) by (t/t0 )3 and setting Y (t) = R(t)(t/t0 ), one has :
Y 2 Ÿ −

λ 3 4πGρ(t0 )
Y +
=0.
3
3

(38)

Multiplying this expression by Y −2 dY /dt and integrating term by term, one ﬁnally obtains the Fridman equation for the scale function Y (t) :
Ẏ 2 =

λ
8πGρ(t0 )
−k+ Y2 .
3Y
3

(39)

Hence the substantial variation with respect to the usual Newtonian cosmology (that
gives the same fundamental results as GR) is that the scale function is now given by Y (t)
instead of R(t). In particular, Y (t) satisﬁes the Fridman equation.
From eq. (39) one can see that the solution R= 1, Y = R0 (t) = t/t0 corresponding to
PSR exists only for an empty universe with ρ and λ null. Thus, the perfect cosmological
principle is a special case of the usual cosmological principle which, however, is possible
only for an empty universe.
The scale function that appears in the luminosity-distance law is now Y instead of R. It is
easy to see that this also holds for the expression of the redshift. From a Newtonian point
of view, it is in fact acceptable to assume that the speed c(t) of a light ray (which must
depend only on t due to the cosmological principle and which we will assume hereafter
to be constant) may be composed with the expansion speed according to the law :
dx
= K(t)x ± c =
dt

Ṙ
x
x +
R
t

±

c

=

Ẏ
x
Y

± c

(40)
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Which can be written as :

d x
= ±c .
dt Y
Integrating this equation between the cosmic times t1 and t2
Y

x2
Y2

−

t2

x1
Y1

±c

=

(41)
> t1 one has :

dt
Y (t)

(42)

t1

Now let’s consider two light rays emitted at x1 respectively at the times t1 and t1 + Δt1 ,
received by an observer located at x2 = 0 respectively at the times t2 and t2 + Δt2 . One
has :
x1 (t1 )
Y (t1 )

t2
c

=

dt
Y (t)

;

t2
+ Δt2

x1 (t1 + Δt1 )
Y (t1 + Δt1 )

=

c

t1
t2
+ Δt2

c [

=

t2

dt
Y (t)

−

(43)

t1 
+ Δt1

dt
Y (t)

−

t2

dt
] ≈
Y (t)

dt
]
Y (t)

(44)

t1

t1 + Δt1

= c [

;

t1 + Δt1

x1 (t1 + Δt1 )
x1 (t1 )
−
Y (t1 + Δt1 )
Y (t1 )
t2
+ Δt2

dt
Y (t)

c[

Δt2
Δt1
−
] .
Y (t2 )
Y (t1 )

(45)

t1

The ratio x/Y is independent of t, since it coincides with the co-moving coordinate of
the emitter; thus the expression obtained is null and we have:
Δt2
=
Δt1

Y (t2 )
Y (t1 )

(46)

Applying this relation to the period of the electromagnetic wave emitted and received,
one obtains the ﬁnal result :
Y (t) = R(t)

t
t0

=

1
.
1 + z

(47)

Incidentally, we note that eq. (42) can be transformed into the corresponding equation
of standard Newtonian cosmology :
x2
Y2

−

x1
Y1

t(τ
 2)

=

±c

dτ
R[t(τ )]

(48)

t(τ1 )

by regraduating the clock that measures the cosmic time in agreement with the Milne
scale :
t
(49)
τ = t0 + t0 ln
t0
The frequency of the light arriving to the observer will be ν τ according to the τ -clock
and ν t according to the t-clock. Clearly ν τ = ν t (dt/dτ ) = ν t (t/t0 ).
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Let’s suppose that we have a collection of extragalactic objects whose distances x and
redshifts z are known. It is then possible to test a given solution Y (t) of eq. (39) in the
following manner. Using eq. (47) we obtain t from the redshift z. From eq. (42) written
in the form :
t0
dσ
x = c
(50)
Y (σ)
t

one obtains the distance x when Y =1. The value of x found in this manner must be compared with the experimental value; the parameters of the scale function can be varied so
to optimize the agreement.
This analysis strategy has been applied to the data collection for 117 type Ia supernovae
published by the SCP (Supernova Cosmology Project) and SNLS (Supernova Legacy
Survey) collaborations. In particular, the data of tables 8 and 9 of ref. [31] have been
analyzed, which also include the data reported in tables 1 and 2 of ref. [32]. The data of
the SCP collection [32], which is deﬁnitive, concern 42 supernovae while the data of the
SNLS collection [31] regard the ﬁrst year of observation. Ref. [31] provides a distance
module μB constructed starting from the apparent magnitude of the supernova evaluated
in the rest frame of the supernova itself. The luminosity distance in parsec is obtained
directly as 10[(μB /5)+1] , which we assume to be the uncorrected distance xuncorr . Assuming
a value of 19.6 x 109 ly for r, we apply eq. (21) so obtaining the correct distance xcorr of
the supernova.
We have chosen a k = 0 model because its consistency with the more recent results concerning the cosmic microwave background (CMB). The only k = 0 cosmological model
able to ﬁt the obtained curve is that with cosmological constant Λ > 0 :
Y (t) = α[sinh(βt)]2/3

(51)

The best least-square ﬁt is respectively given by α = 0.359, β =2.24(t0 )−1 [r2 = 0.963] ,
when the PSR distance correction [eq. (21)] is applied; α = 0.364, β =2.22(t0 )−1 [r2 =
0.955] otherwise.
From the relations [33]:
8πGρ = (4/3)α3 β 2 ,

Λc2 = λ = (4/3)β 2 ,

(52)

where G is the Newtonian gravitation constant and c is the speed of light, we then obtain
the current density of matter in the universe ρ and the cosmological constant Λ. The
values obtained for these two quantities:
ρ = 4.7x10−31 g cm−3 ,

Λ = 1.9x10−56 cm−2

(53)

are in good agreement with current estimations. The value of ρ agrees, in order of magnitude, with all the data available in the literature from the nowadays historical estimation
of Oort (1958) up to the recent results of WMAP. The value of Λ is in perfect agreement
with the most recent opinion that takes Λ ≈ 2 x 10−56 h2 cm−2 .
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The fact that Λ ≈ 1/t20 leads one to believe that the cosmological term is not an independent quantity, but that it is instead associated with the same group structure from
which emerges t0 . Nevertheless the projective relativity does not provide any indication
of a possible connection of this kind; if it really exists, its derivation seems to require a
cosmological theory even more extensive, perhaps a quantum cosmology.
Fig. 3 shows the distance-redshift diagram of the 117 supernovae both before (blue
points) and after (yellow points) the application of the PSR distance correction. The
eﬀect of the correction is clearly that of reducing the distances corresponding to high
redshifts. The results of the respective ﬁts are indicated by the lines of the same colour.
We will not go further into an analysis of the residues, given the totally indicative and
preliminary nature of this work. It is suﬃcient to consider that the distance correction
applied [eq. (21)] is that corresponding to the PSR solution, and not to a solution with
eﬀective expansion of the space parameterized by k = 0, λ > 0, which is that subsequently
used for the ﬁtting. For a truly consistent discussion it would be necessary to have the
distance correction relative to each cosmological model, which would in turn require a
complete development of the gravitational theory based on eq. (1).
For comparison, Fig. 3 also shows the distance-redshift curve of the model without expansion with R=1, corresponding to PSR.

7.

Conclusions

As a whole, the application of projective relativity in the cosmological ambit does not
seem to lead to results that are in strong disagreement with observational data or usually
accepted conceptions. Certainly, the applications presented here have been developed
on the guidance of heuristic reasoning, since neither the solutions of the gravitational
equations (1) nor a clear physical treatment, for example, of the propagation of the
electromagnetic waves in PSR and PGR is currently available. As an example, equation
(22) is certainly not valid if at large distances gravity and the cosmological constant
modify the trajectory of the light rays, since in this case the spatial section is no longer
Euclidean. It is for these reasons that we have omitted the comparison with other more
widely known models in this article: it would be entirely premature. However, with all
its limits and despite the numerous unresolved problems that are awaiting an answer, we
believe that this preliminary analysis at least demonstrates the need to expand upon the
argument and also indicates possible research directions.
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Abstract:

On the basis of the relativistic symmetry of Minkowski space, we derive a Lorentz invariant equation

for a spread electron. This equation slightly diﬀers from the Dirac equation and includes additional terms originating
from the spread of an electron. Further, we calculate the anomalous magnetic moment based on these terms. These
calculations do not include any divergence; therefore, renormalization procedures are unnecessary.

In addition, the

relativistic symmetry existing among coordinate systems will provide a new prospect for the foundations of quantum
mechanics like the measurement process.
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1.

Introduction

There are many problems associated with a relativistic quantum ﬁeld theory. In particular, the issue of inﬁnity accompanied by radiative correction is troublesome. Renormalization methods allow most of the divergence to be eliminated; however, it is diﬃcult
to accept this method as the ﬁnal solution. In addition, much work has been done on the
study of Dirac particles [1]. Nevertheless, even today, quantum ﬁeld theory continues to
be problematic with regard to its relationship with the theory of relativity. Therefore,
apart from the conventional approach, we will directly derive a Lorentz invariant equation
for an electron on the basis of the symmetry of Minkowski space. Thus, we assume two
fundamental principles, instead of the usual rules of quantum mechanics, as follows:
( i ) An electron has an inherent relativistic symmetry, i.e., the behavior of an electron
is described as the function of only an invariant parameter in Minkowski space.
∗

k takuya@st.rim.or.jp
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(ii) An electron has a ﬁnite size as the world length that is proportional to the reciprocal of the inertial mass.
These principles imply that an electron identiﬁes the Minkowski space as one-dimensional;
this must be a cause of the quantum behavior of an electron.
In Sec.2, we extract a relativistic invariant parameter in Minkowski space. In Sec.3,
based on these principles, we derive a relativistic equation for a spread electron. This
equation slightly diﬀers from the Dirac equation and includes additional terms originating from the spread of an electron. These terms are interpreted as an enhanced Pauli
term, which is related to the anomalous magnetic moment [2]. Up to now, the Pauli
term has been disregarded because it makes renormalization impossible. Nevertheless, in
Sec.4, we calculate the corrections in magnetic moment based on these terms, without
renormalization. In addition, in Sec.5, the measurement process in quantum theory is
discussed based on the relativistic symmetry existing among coordinate systems.

2.

Extraction of a Relativistic Invariant Parameter

In this paper, we use Einstein’s summation convention for indices μ, ν, and ξ (=
0, 1, 2, 3). Using the Minkowski metric gμν = diag(+, −, −, −), we deﬁne the relation
between a covariant vector aμ and a contravariant vector aν as follows:
aμ = gμν aν .

(1)

Further, we substitute  = c = 1 as a rule.
According to the special theory of relativity, world length squared δs2 is a Lorentz
invariant. For any inertial coordinate system, the following identity holds between a
world length δs and coordinate intervals δxμ :
δs2 = gμν δxμ δxν ,

where

xμ ≡ (x0 , x1 , x2 , x3 ) ≡ (t, x).

(2)

For convenience, we designate the origin of the inertial coordinate system as s = 0; thus,
the quadratic form (2) becomes
s2 = gμν xμ xν .
(3)
In order to extract the relativistic invariant parameter s, we take the square root of
(3) in the linear form. Now, we assume that the quadratic form (3) is decomposed as
follows:
s = γμ x μ .
(4)
Let us square both sides of Eq.(4):
s2=

(γμ γν + γν γμ )xμ xν+

μ>ν

1
(γμ γν + γν γμ )xμ xν.
2 μ=ν

(5)

On the other hand, the quadratic form (3) can be rewritten as follows:
s2 =

2gμν xμ xν +
μ>ν

1
2

2gμν xμ xν .
μ=ν

(6)
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Expressions (5) and (6) are equivalent when γμ satisﬁes the following relation:
γμ γν + γν γμ = 2gμν .

(7)

It implies that γμ are isomorphic forms of the Dirac γ-matrices.
We now introduce the rule of raising and lowering indices of the γ-matrices as well as
the vectors:
γ 0 = γ0 , γ k = −γk (k = 1, 2, 3).
(8)
Similar to Eq.(4), the following identical equation holds:
 ∂

d
∂
∂
∂
∂  ∂
≡
≡
,
,
,
Ψ = γ μ ∂μ Ψ, where ∂μ ≡
,
∇
.
ds
∂xμ
∂x0 ∂x1 ∂x2 ∂x3
∂t

(9)

When Ψ is a function only of argument s,
∂xμ ∂Ψ(s)
dΨ(s)
=
= γ μ ∂μ Ψ, where
ds
∂s ∂xμ

∂xμ  ∂s −1
=
= γμ−1 = γ μ .
∂s
∂xμ

(10)

In this case, Eq.(9) is valid. However, since the identical equation (9) contains γ-matrices
in the operator, we consider Ψ as a four-component function.

3.

Derivation of Equations for a Spread Electron

In this section, we derive a relativistic diﬀerence equation for a spread electron. Further, we derive a wave equation from this diﬀerence equation. The wave equation agrees
with the Dirac equation except for the existence of additional terms originating from the
spread of an electron.

3.1 Derivation of the diﬀerence equation
Based on the principles referred to in Sec.1, we identify the space-time behavior of an
electron using the following equation:
ρ(s + δs) = ρ(s),

(11)

where ρ denotes the density scalar and δs denotes the world length of the electron. This
equation implies the conservation law for the existing probability of a spread electron
under a proper time evolution. We transform Eq.(11) into an equation for any inertial
coordinate system as follows:
We introduce an adjoint of Ψ, Ψ ≡ Ψ† γ 0 , and deﬁne the density scalar ρ as follows:
ρ(s) ≡ Ψ(s)Ψ(s).

(12)

Here, Ψ is a wave function of an electron, which will be clariﬁed later. From deﬁnition
(12), ΨΨ, and not Ψ, evidently relates to the existing probability of an electron. By
substituting (12) in Eq.(11), we obtain
Ψ(s + δs)Ψ(s + δs) = Ψ(s)Ψ(s).

(13)
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Ψ(s + δs) is expressed as the Maclaurin series:
 d
Ψ(s).
Ψ(s + δs) → exp δs
ds

(14)

Since Ψ depends only on s, (9) can be substituted in (14):
 d
exp δs
Ψ(s) → exp(δs γ μ ∂μ )Ψ.
ds

(15)

Similar to Eqs.(14) and (15), using the relation γ 0 (γ μ )† γ 0 = γ μ , we obtain
←
−
Ψ(s + δs) ≡ Ψ† (s + δs)γ 0 → Ψ exp(δs γ μ ∂ μ ),
←
−
where Ψγ μ ∂ μ ≡ ∂μ Ψγ μ .

(16)

By introducing the 4 × 4 square matrix U of parameter δs, we assume the following
equation:
(17)
exp(δs γ μ ∂μ )Ψ = U (δs)Ψ.
Then, an adjoint equation of Eq.(17) is expressed as follows:
←
−
Ψ exp(δs γ μ ∂ μ ) = Ψγ 0 U † (δs)γ 0 .

(18)

Multiplying each side of Eq.(18) from the left with the corresponding sides of Eq.(17),
we obtain the following expression:
←
−
Ψ exp(δs γ ν ∂ ν ) exp(δs γ μ ∂μ )Ψ = Ψγ 0 U † (δs)γ 0 U (δs)Ψ.

(19)

Therefore, matrix U should satisfy the relation:
γ 0 U † (δs)γ 0 U (δs) = I,

(20)

such that Eq.(19) is equivalent to Eq.(13). Here, we assume that matrix U (δs) is continuous for δs and is expressed as follows by the introduction of the 4 × 4 square matrix
M:
U = exp(i δsM )
and

†

(21a)
†

U = exp(−i δsM ).

(21b)

Matrix U † can be expressed as
i δs † n
U (δs) = exp(−i δsM ) = lim I −
.
M
n→∞
n
†

†



(22)

If matrix M is chosen to satisfy the relation:
γ 0 M † γ 0 = M,

(23)
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we get
i δs † n 0
γ U
γ U γ U = lim γ I −
M
n→∞
n



i δs † 0 0
i δs †  0
0
=γ I−
M γ γ I−
M γ ···U
n
n



i δs
i δs
M I−
M ···U
= I−
n
n


n
i δs
= lim I −
M = exp(−i δsM ) U
n→∞
n
= U −1 U = I,
0

† 0

0



(24)

then matrix U satisﬁes (20).
Now, operating γ 0 from the left-hand side of (23), we have
M † γ 0 = γ 0 M.

(25)

M † γ 0 = M † (γ 0 )† = (γ 0 M )† .

(26)

On the other hand,
Hence, relation (23) is equivalent to the condition that γ 0 M is hermitian. Since γ 0 γ μ is
hermitian, we adopt a linear combination of γ μ as M :
M = −eγ μ Aμ ,

(27)

where e is the electron charge and Aμ represents the four-vector potential of an electromagnetic ﬁeld. Then, Eq.(17) becomes
exp(δs γ μ ∂μ )Ψ = exp(−i δs eγ μAμ )Ψ.

(28)

We consider Eq.(28) to be the fundamental equation for a spread electron in an electromagnetic ﬁeld.

3.2 Derivation of the wave equation
In Eq.(28), we substitute
⎧
⎪
⎨ X ≡ δs γ μ ∂μ ,
⎪
⎩ Y ≡ i δs eγ μAμ .

(29)

Then,
exp(X)Ψ = exp(−Y )Ψ.

(30)

{exp(X) exp(Y )} exp(−Y )Ψ = exp(−Y )Ψ.

(31)

It follows that
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According to the Campbell-Hausdorﬀ formula:
exp(X) exp(Y ) = exp(Z), where
1
1
Z = X + Y + [ X, Y ] + { [ [ X, Y ], Y ] − [ [ X, Y ], X ] } + · · · ,
2
12
equation (31) becomes
{exp(Z) − I} exp(−Y )Ψ = 0.

(32)

(33)

We can expand {exp(Z) − I} into the inﬁnite product of a sine function as follows:
exp(Z) − I
Z 
 Z 
 Z 
exp
− exp −
= exp
2   
2 
2
iZ
Z
sin
= −2 i exp
2
2
∞ 
 iZ 

Z  
iZ 
iZ 
iZ 
Z
exp
I+
exp −
.
I−
= exp
2
2nπ
2nπ
2nπ
2nπ
n=1

(34)

Thus, the equation that Ψ should satisfy is
(iZ − 2nπ) exp(−Y )Ψ = 0 ; n = 0, ±1, ±2, · · · .

(35)

Using the expansion
1
φ exp(i ω) = exp(i ω){ φ + i [ φ, ω ] − [ [ φ, ω ], ω ] + · · · },
2
and substituting
⎧
⎪
⎨ φ ≡ iZ − 2nπ,
⎪
⎩ ω ≡ iY,

(36)

(37)

we can obtain the following wave equation:

2nπ 
Ψ = 0,
(38)
iγ μ ∂μ − eγ μ Aμ + V (δs) −
δs
where δs is determined as the Compton wavelength λc (= 2π/m) of the electron and n is
selected as 1 such that the mass term of the electron is speciﬁed correctly.
In this case, wave equation (38) agrees with the Dirac equation except for the existence
of V (δs). Here, V (δs) is represented as a power series of δs as follows:
V (δs) = V1 + V2 + · · · ,
(39)
1
(39a)
V1 ≡+ δs e [ γ μ ∂μ , γ ν Aν ],
2
1
V2 ≡− i δs2 e [ [γ μ ∂μ , γ ν Aν ], γ ξ (i∂ξ + eAξ ) ].
(39b)
12
In addition, if δs is the inﬁnitesimal, V (δs) → 0 and the mass term corresponds to the
inﬁnite bare electron mass. Then, the usual Dirac equation is reproduced when the mass
term is renormalized. Therefore, the Dirac equation is inherently relativistic invariant.
However, we assume another standpoint because V (δs) has the physical signiﬁcance as
shown below.
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Calculation of the Anomalous Magnetic Moment

In this section, by considering Vn as the nth order correction of the Dirac equation, we
evaluate the corrections in magnetic moment using the Foldy-Wouthuysen transformation [3] (FW transformation). The result obtained is in good agreement with the QED
calculation.

4.1 FW transformation of the Dirac equation
We begin with the FW transformation of the Dirac equation:
(iγ μ ∂μ − eγ μ Aμ − m)Ψ = 0.

(40)

Note that β ≡ γ 0 , β 2 = 1, α ≡ βγ, ∂μ ≡ (∂/∂t, ∇), and Aμ ≡ (φ, −A). Thus,
multiplying the left-hand side of Eq.(40) with the β matrix, we obtain a time-independent
Dirac Hamiltonian:
H = βm + ε + o
with the even operator ε = eφ
and the odd operator o = α • π;

(41)
(41a)
(41b)

π ≡ p − eA≡−i∇ − eA.
Performing the FW transformation eliminates the odd operator from H:
1
1
βo2 −
[ o, [ o, ε ] ].
HFW βm + ε +
2m
8m2
Using the identity
(α• a)(α• b) = a • b + iσ •(a×b),

(42)
(43)

where a and b are arbitrary vectors and σ denotes the 4 × 4 Dirac spin matrix, we can
obtain the explicit form of Eq.(42) as follows:
HFW

1
βπ 2 + eφ + βm
2m
e g •
1 e 1 •
e
−
∇2 φ,
βσ B −
σ (E ×π) +
2m 2
2 2m m
8m2
where B = ∇×A, E = −∇φ,

(44)

and the gyromagnetic ratio g of an electron described by the Dirac equation is only 2.

4.2 Eﬀect of V1
We evaluate the alteration in HFW by adding V1 to the Dirac equation. V1 is rewritten
as follows:
e
{σ μν Fμν − 2σ μν (Aμ ∂ν − Aν ∂μ )} ,
V1 = +κ
4m
where κ ≡ −i δs m = −2πi,
(45)
i
∂Aν
∂Aμ
−
.
σ μν ≡ [ γ μ , γ ν ], and Fμν ≡
μ
2
∂x
∂xν
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This expression contains the Pauli term κ (e/4m) σ μν Fμν ; therefore, it appears to be
related to the magnetic moment. Further, V1 can also be expressed as follows:
V1 = −κ



e  •
∂ 
(σ B − iα•E) − 2 σ •(A×∇) − iα• φ∇ + A
,
2m
∂t

(46)

where alterations in (41a) and (41b) are
e
βσ • (B − 2A×∇)
2m


∂ 
e
β iα• E − 2 φ∇ + A
.
and δo=−κ
2m
∂t
δε=+κ

(46a)
(46b)

We then calculate the alterations in HFW by using identity (43),

 1
βo2
2m

1
β( o δo + δo o )
2m
e
e
= +κ 2 i σ • (∇×E) + κ 2 (∇•E + E •∇)
4m
4m
β ∂

e
β σ • (B − 2A×∇)
i − eφ
−κ
2m
m ∂t
e2 •
−κ 2 σ (A×E)
2m

(47)



1
δ − 2 [ o, [ o, ε ] ]
8m
1
− 2 {[ δo, [ o, ε ] ]+[ o, [ δo, ε ] ]+[ o, [ o, δε ] ]}
8m

β ∂
e2
−κ 2 i A•E
i − eφ .
4m
m ∂t

(48)

δ

and

Consequently, the alteration in HFW due to V1 can be expressed as follows:


 1

1
FW
2
βo + δ − 2 [ o, [ o, ε ] ]
δε + δ
δH
2m
8m
e
e
•
+κ 2 i σ (∇×E) + κ 2 (∇•E + E •∇)
4m
4m
β ∂

e
•
βσ (B − 2A×∇)
i − eφ − βm
−κ
2m
m ∂t

β ∂
e2
e2 •
•
−κ 2 σ (A×E) − κ 2 i A E
i − eφ .
2m
4m
m ∂t

(49)

We now assume the following conditions:
• The external electromagnetic ﬁeld is suﬃciently small and static.
• The kinetic energy is suﬃciently smaller than the rest energy of the electron.
Then, in Eq.(49), ∇×E = 0 and i(∂/∂t) − eφ
βm. In addition, since the scalar
FW
potential φ is time-independent, it commutes with H , i.e.,
0=

dφ
= i [HFW , φ ]
dt

β


i
i  2
p φ − φ p2 = β
( ∇•E + E •∇ ) .
2m
2m

(50)
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Therefore, Eq.(49) becomes
δHFW

−κ

e2 •
e2
σ
(A×E)
−
κ
i A•E.
2m2
4m2

(51)

Since A×E and A•E are suﬃciently small, δHFW can be neglected as compared to
HFW . Hence, Eq.(38) roughly agrees with the Dirac equation.

4.3 Self-energy inﬂuence
Here, we assume that there exist no external electric charges. According to classical
electromagnetics, the electron obtains its self-energy in the form of electrostatic energy.
In addition, the electrostatic energy eφ in the Dirac Hamiltonian diﬀers from m by a
factor of the β matrix:
H

βm + eφ = β (m + βeφ) .

(52)

Hence, the self-energy can be deﬁned as δm ≡ βeφ such that δm may behave as a part
of m.
We now evaluate the alteration δHFW by taking the self-energy into consideration.
Here, the electric ﬁeld generated by the rest electron is E = −(φ/r2 )r, and the vector potential for a constant magnetic ﬁeld is A = (1/2)B ×r, where r is the position
vector from the charge. Then, the second term in (51) becomes zero, since A•E =
−(1/2)(φ/r2 ) (B ×r) • r = 0. On the other hand, (B ×r)×r = −B (r • r) + r (B • r) =
−B r2 , since the mean value of B • r becomes zero due to the spherical symmetry of r.
Therefore, the ﬁrst term in (51) becomes
e2 •
1  βeφ  e β σ •{−(B ×r)×r}
−κ 2 σ (A×E) = − κ
2m
2
m 2m
r2
1  δm  e
=− κ
β σ •B.
2
m 2m

(53)

It is observed that (53) gives a correction in the magnetic moment that is proportional
to δm.

4.4 Self-energy estimation
In this study, we assumed that an electron has a time-like size δs as the world length. We
then interpret 0.5 δs (= π/m) as the four-dimensional radius r0 of the electron, which is
the same degree of Zitterbewegung amplitude being expected from the Dirac equation.
The classical calculation provides a good approximation of the self-energy since the
quantum eﬀects are insigniﬁcant when r0 > 1/m, even if these eﬀects take part in. In
order to estimate the self-energy of an electron that is spread in four dimensions, we
extend the deﬁnition of the electric ﬁeld, as shown below, by applying Gauss’s law to the
surface of a four-dimensional sphere. The area of the four-dimensional sphere is 2π 2 r3
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and the electric charge on the sphere is e multiplied by r0 , hence, the four-dimensional
 shall be deﬁned as
electric ﬁeld E
 =
E

r0 e r
,
2π 2 0 r3 r

(54)

where 0 denotes the dielectric constant of vacuum.
 of an electron can be estimated by an
Thus, the four-dimensional self-energy δm
analogy with the classical electrostatic energy as
 = 0
r0 δm = δm
2



 2 d4 r.
E

(55)

Therefore,
0
δm =
2r0



0
E dr=
2r0
2 4



∞

r0

r0 e 2 2 3
2π r idr
2π 2 0 r3

e2
=i 2
,
8π 0 r0

(56)

where spatial integration is performed with respect to the imaginary radius ir, since an
electron has a time-like spread. Thus, the self-energy of an electron with a time-like
spread becomes an imaginary number and it is not observable.
Nevertheless, by substituting (56) into (53), we can obtain the ﬁrst-order correction
of the magnetic moment:
1  δm  e
1α e
•
− κ
βσ B =−
β σ •B,
2
m 2m
2 π 2m

(57)

where α (≡ e2 /4π0 ) denotes the ﬁne structure constant. Accordingly, the correction in
the gyromagnetic ratio can be expressed as
1 α
g−2
=
;
2
2 π

(58)

this expression agrees with the calculation by J. Schwinger (1948) [4].

4.5 Higher-order correction in the magnetic moment
Finally, we calculate the α2 -order correction in the magnetic moment. We use the symbol
δ (2) to denote second-order variations and omit calculations that do not directly contribute
to the magnetic moment. We now expand (39b) as follows:
V2 = κ2

e
i [ [γ μ ∂μ , γ ν Aν ], γ ξ (i∂ξ + eAξ ) ],
12m2

(59)
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[ [γ μ ∂μ , γ ν Aν ], γ ξ (i∂ξ + eAξ ) ]
=
(a)

+2 γ ξ γ ν (∂ξ Aν ) (iγ μ ∂μ − eγ μ Aμ )

(b)

+4Aν γ μ (i∂μ − eAμ ) ∂ ν

(c)

−4i γ ν Aν γ ξ ∂ξ γ μ ∂μ

(d)

+4e γ ν Aν γ ξ Aξ γ μ ∂μ

(e)

−2i γ (∂ν Aμ ) ∂

(f )

−4e γ ν (∂μ Aν ) Aμ

(g)

+6e γ μ (∂μ Aν ) Aν .

μ

(60)

ν

In the following, we evaluate each term in (60). Note that eγ 0 A0 = βeφ = δm. Thus, we
have
(a):

+ 2 γ ξ γ ν (∂ξ Aν ) (iγ μ ∂μ − eγ μ Aμ )



+2i σ •B (iγ μ ∂μ − eγ μ Aμ ) + 2 α•E iγ 0 ∂0 − eγ 0 A0

(61)

+2i σ •B m − 2i β α•E ∂0 − 2 α•E δm.
The ﬁrst term in (61) results in the following alteration in HFW :
δ (2) εa1 = −β κ2

1
e
e
i (+2i σ •B m) = + κ2
β σ •B.
2
12m
3 2m

(62)

Although (62) contributes to the magnetic moment, it will be counterbalanced by another
correction term that will be calculated later in (69). The second term in (61) is unrelated
to the magnetic moment since the σ matrix does not appear in the result of the FW
transformation. The third term in (61) contributes to the magnetic moment; hence, it
will be evaluated below together with the (g) term.
The terms (b), (c), and (d) might contribute to the magnetic moment through the
variations in p and A of (41b). It should be noted that iγ 0 ∂0 m + δm and eγ 0 A0 = δm.
Thus, we have
(b):

+ 4Aν γ μ (i∂μ − eAμ ) ∂ ν
4i
4i
+
eγ 0 A0 γ k (i∂k + eAk ) iγ 0 ∂0 − eγ 0 A0 γ 0 (i∂0 − eA0 ) iγ 0 ∂0
e k
e
−

(c):

4i
e

γ k (−i∂k − eAk ) δm (m + δm) −
k

(63)

4i
δm m (m + δm) ,
e

− 4i γ ν Aν γ ξ ∂ξ γ μ ∂μ
4i
4i
−
eγ k Ak iγ 0 ∂0 iγ 0 ∂0 + eγ 0 A0 iγ 0 ∂0 iγ 0 ∂0
e k
e
−

4i
e

4i
+
e

eγ 0 A0 (γ 0 γ k + γ k γ 0 ) ∂0 ∂k
k

γ k (−eAk ) (m + δm)2 +
k

4i
δm (m + δm)2 ,
e

(64)
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(d):

+ 4e γ ν Aν γ ξ Aξ γ μ ∂μ
4i
4i
−
eγ 0 A0 eγ 0 A0 iγ k ∂k − eγ 0 A0 eγ 0 A0 iγ 0 ∂0
e k
e
+

4i
e

4i
+
e

(γ 0 γ k + γ k γ 0 ) e2 A0 Ak iγ 0 ∂0

(65)

k

γ k (−i∂k ) δm2 −
k

4i
δm2 (m + δm) .
e

After collecting the terms (b), (c), and (d), we get the following two terms:
+

4i
e

γ k (−eAk ) m2 +
k

4i
e

γ k (i∂k − eAk ) m δm.

(66)

k

These terms result in the following alterations in H:
δ (2) obcd

−β κ2

4i
e
i
2
12m e

4i
e
−β κ2
i
2
12m e

γ k (−eAk ) m2
k

γ k (i∂k − eAk ) m δm

(67)

k

1
1 δm •
= + κ2 (−e α•A) + κ2
α (−p − eA) .
3
3 m
Then, vector potential A in (41b) is corrected by the ﬁrst term in (67) as

1 
A → 1 + κ2 A.
3

(68)

Accordingly, the magnetic moment in (44) is corrected as

e
1 2 e
•
βσ B →− 1+ κ
β σ •B.
−
2m
3
2m

(69)

The variation in (69) is counterbalanced by δ (2) εa1 , which was previously calculated. In
the second term of (67), corrections in the magnetic moment due to variations in p and
A cancel each other out in the result of the FW transformation.
The (e) and (f) terms can be neglected under the conditions assumed in Subsection
4.2.
(g):

+ 6e γ μ (∂μ Aν ) Aν
γ 0 γ k (−∂k A0 ) eγ 0 A0

+6

+6 α•E δm.

(70)

k

This term contributes to the magnetic moment as well as the third term of (a).
In any case, we obtain the alteration in H related to the magnetic moment by adding
(g) and the third term of (a) as follows:
δ (2) oa3+g = −β κ2

1 δm e
e
i (−2 α•E δm + 6 α•E δm) = − κ2
i β α•E.
2
12m
3 m m

(71)
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This term results in the following alteration in HFW :
 1

1
β o2
β{ o δ (2) oa3+g + δ (2) oa3+g o }
δ (2)
2m
2m
a3+g
1 δm e
− κ2
i β{(−e α•A) (β α•E) + (β α•E) (−e α•A)}
3 m 2m2

1  δm  e2 •
1  α 2 e
=+ κ
κ 2 σ (A×E) = +
β σ •B.
3
m
m
3 π 2m
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(72)

Consequently, the correction in the gyromagnetic ratio up to the order of α2 becomes
g−2
1  α  1  α 2
−
,
(73)
=
2
2 π
3 π
whereas the corresponding correction calculated in QED is [5, 6]
 α 2
gqed − 2
1 α
− 0.3285
.
=
2
2 π
π

(74)

Both these results agree within the error margin of the order of α3 .

4.6 Vacuum polarization eﬀect
In the previous sections, the eﬀect of vacuum polarization is not taken into account.
Hence, we consider that the marginal error between (73) and (74) can be attributed
to vacuum polarization due to the electron pair creation. The size of the error can be
approximated by the following expression:

gqed
1  α 2
g
1  α 2
+
.
(75)
−
= −0.3285 +
2
2
3
π
12 4π
Accordingly, we assume that the alteration in HFW due to the electron pair creation is
given by the following formula:
1  α 2 e
δHFW e+ e− −
(76)
β σ •B.
12 4π 2m
Then, the correction in the gyromagnetic ratio for the α2 order is recalculated as
 α 2
 1
1  1 2  α 2
−0.3281
.
(77)
− + −
3 12 4
π
π
In fact, this value is almost in agreement with that of the QED calculation and diﬀers
from the experimental value by only 1.5 (α/π)3 [7].
The above assumption is found to be appropriate by estimating the muon magnetic
moment in which the inﬂuence of vacuum polarization is more signiﬁcant. The vacuum
polarization due to the muon pair creation yields a correction similar to that observed in
Eq.(76):
1  α 2 e
δHFW μ+ μ− −
β σ •B,
(78)
12 4π 2mμ
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where mμ denotes the muon mass. In addition, the eﬀect of electron pair creation exists.
With regard to the muon magnetic moment, we simply assume that the eﬀect of electron
pair creation is the same as that given by Eq.(76):
1  α 2 e
1  α 2 mμ  e
δHFW e+ e− −
β σ •B,
(79)
β σ •B = −
12 4π 2m
12 4π
m 2mμ
where the mass ratio mμ /m is around 206.8.
Then, the correction in the muon gyromagnetic ratio for the α2 order is obtained by
adding (78), (79), and (72) for the muon mass:
 1
 α 2
mμ  α 2
1  1 2
− + −
1+
0.75
.
(80)
3 12 4
m
π
π
This value agrees with that obtained by the QED calculation [8, 9].
Therefore, the second-order correction (73) is also considered to be an appropriate
result when the eﬀect of vacuum polarization is not taken into account.

5.

Many-Coordinate Systems Interpretation

We assumed that an electron has an inherent relativistic symmetry. In other words, all
the inertial coordinate systems in Minkowski space are symmetric and superpositioned
from a viewpoint of a free electron. In this context, the measurement process is also
explained as symmetry breaking caused by the observation from a speciﬁc inertial coordinate system. This results in a nonlocal stochastic process because for an electron, the
measurement implies an unpredictable selection of a speciﬁc coordinate system in which
the observation is performed.
For example, quantum entanglement, i.e., the EPR correlation [10] of pair particles
with opposite helicity, is prepared by the superposition of a right- and a left-handed coordinate system, which correspond to either of the eigenstates of helicity. The observation
of helicity in one particle concurrently ﬁxes the state of another particle through the
selection of either of the coordinate systems.
The many-coordinate systems interpretation presented here is similar to the manyworlds interpretation of Everett [11] et al. They propose the existence of many worlds
corresponding to the superpositioned eigenstates. However, it is not the worlds but
the coordinate systems that will branch because of the observation. Special relativity
guarantees that all the coordinate systems that may branch exist in a Minkowski space.
In addition, we consider that the material particle in classical mechanics is a substance
in which relativistic symmetry is almost lost due to the coupling of a large number of
elementary particles.

6.

Conclusion

In this study, we assumed that the quantum behavior of an electron lies in its relativistic symmetry. Based on this idea, we derived a Lorentz invariant equation for the
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spread electron and demonstrated the validity of the equation by calculating the anomalous magnetic moment without renormalization. In addition, based on the same idea,
we consistently explained the measurement process in quantum theory. The calculation
method in the present paper is not practical since the electromagnetic interaction is not
the minimal one and is not gauge invariant. However, an inherent relativistic symmetry holds true also for the dimensionless electron described by the unrenormalized Dirac
equation. We conclude that the foundations of quantum mechanics will be understood
only in relation to relativistic symmetry; this is the only manner in which the foundations
of both theories can be bridged within a conventional Minkowski space.

52
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1.

Introduction

In this short communication, certain quantization aspects and properties of some
(ordinary, i.e. classical ﬁnite) open Toda as well as gl(n, R) generalized Toda models
are considered. (Ordinary) open Toda lattice systems have been studied with diﬀerent
approaches to quantization in various articles already (see for instance [1, 2, 3] and references therein) to derive for example Schrödinger equations and eigenfunctions. In this
article, two main directions have been followed. First, the use of “quantum” canonical
transformations [4, 5] in toy model generalizations of the A1 Toda systems and in the
A2 Toda model has been made. Most results on equivalent quantizations that have been
obtained here would be extendable to AN −1 , N > 3 Toda systems as well. They include
the introduction and some aspects of “quantum” Poisson transformations, which can be
seen as extensions of canonical ones.
Then a related A2 Toda hierarchy is deﬁned and its quantization (along certain pre∗
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liminary steps of the canonical, geometric, and deformation approaches, see [6]) has been
probed along the lines developed in the previous section (that is, using quantum canonical and Poisson transformations). Here too, such a hierarchy could be extended to larger
AN −1 cases, but further steps in its quantization would have to be investigated further
and seem more diﬃcult to carry out.
In view of these results, discussions and comments have been presented for the quantization of gl(n, R) generalized Toda systems. After a Hamiltonian formulation of gl(n, R)
generalized Toda systems, discussions of two possible quantization approaches are carried out as a second direction : deformation quantization [6, 7, 8] and quantum groups
[7, 9, 10, 11]. Some details are provided on the deformation quantization approach, which
would appear more realizable. The construction of a ∗ - product is described, given the
linear Poisson brackets associated with the Hamiltonian structure of such gl(n, R) systems. The use of quantum groups is also mentioned and some comments to produce an
explicit ∗ - product in this context are shortly recalled.

2.

Generalized A1 Toda (Toy) Models

The A1 (also called N = 2 open or nonperiodic) Toda ([12, 13, 14, 15]) system has
the following Hamiltonian (H) in the center of mass system :
P 2 + e2Q
,
2

H(P, Q) =

(1)

with ω(P,Q) = dP ∧ dQ.
The dynamical equation for Q can also be written in terms of a variable q̃, using the
transformation : q̃ = eQ , with :
H(p̃, q̃) =

p̃2 + q̃ 2
2

(2)

dp̃ ∧ dq̃
, q̃ = 0.
q̃
A generating function of the type [16] F2 (q, P, t) = P ln(q), would canonically transform the Hamiltonian (1) into the following expression :

and the symplectic form : ω(p̃,q̃) =

H(p, q) =

p2 q 2 + q 2
2

(3)

where Q = ln(q) and P = pq. The same dynamical equations are derived again with
ω(p,q) = dp ∧ dq (see [17]).
A quantization of the canonical type [6, 18], called “standard” in what follows, of
d
system (1) involves : [P̂ , Q̂] = −i, P̂ = −i , Q̂ = Q, and brings the following stationary
dQ
Schrödinger equation (setting  = 1 in this article) :


1
d2
2Q
Ψ(Q) = EΨ(Q),
(4)
− 2 +e
2
dQ
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with energy E, for which solutions can for example be found in terms of Bessel functions,
given ﬁnite conditions at ±∞ on Ψ (see [2]).
However, a quantization through the Hamiltonian description (2) using ω(p̃,q̃) along
ˆ q̃ˆ : [p̃,
ˆ q̃]
ˆ =
with the following quantization conditions and realization for the operators p̃,
ˆ p̃ˆ = −iq̃ d , q̃ˆ = q̃, brings an equivalent stationary Schrödinger equation via the
−iq̃,
dq̃
transformation : q̃ = eQ , on equation (4). The conditions imposed on ψ̃(q̃) would have to
agree with those imposed on Ψ(Q). (See for instance [19] for diﬀerent symplectic settings
in certain problems.)
The third Hamiltonian description (3) leaves a Hamiltonian in terms of the variables p
and q. Since it has been obtained via a canonical transformation, it would lead to standard
d
commutation relations and representation for p̂ and q̂ ([p̂, q̂] = −i, p̂ = −i , q̂ = q). An
dq
ordering could be necessary and could lead to diﬀerent quantizations.
1
From the Hamiltonian operator : Ĥ = (q̂ p̂q̂ p̂ + q̂ 2 ), deﬁned through the (quantum
2
canonical (see [4, 5])) transformation : Cr P̂ Cr−1 = q̂ p̂, where one notes a right-p̂ position,
1
a right-p̂ ordering for Ĥ leads to : Ĥ = (q̂ 2 p̂2 − iq̂ p̂ + q̂ 2 ), and the corresponding
2
stationary Schrödinger equation :
−q 2 d2q ψr − qdq ψr + q 2 ψr = 2Er ψr

(5)

where ψr (q) stands for the wave function and Er , for the energy. The equation (5) is
equivalent to the stationary Schrödinger equation (4) with the transformation q = eQ .
As expected, a left-p̂ ordered Ĥ above brings the same Schrödinger equation (4) using
q = eQ again. It is mentioned that either a right-p̂ or left-p̂ ordering on the Hamiltonian
1
operator : Ĥ = (p̂q̂ p̂q̂ + q̂ 2 ), the latter being derived with a left-p̂ ordered (quantum
2
canonical) transformation : Cl P̂ Cl−1 = p̂q̂, leads to a diﬀerent stationary Schrödinger
equation (q = eQ ). Also, a Weyl (or symmetric) ordering ([6, 20, 21]) will be associated
with same boundary conditions with the following Hamiltonian :
 1
1 2 2
q̂ p̂ + 2p̂q̂ 2 p̂ + p̂2 q̂ 2 + q̂ 2
Ĥ =
(6)
8
2
The corresponding stationary Schrödinger equation can be seen as the (average) sum of
the stationary Schrödinger equations derived from the Cr P̂ Cr−1 and Cl P̂ Cl−1 (quantum
canonical) transformations. The previous Cr and Cl transformations led to transformations labelled as quantum canonical transformations ([4, 5]) and preserve the commutation relations : [P̂ , Q̂] = −i, [p̂, q̂] = −i, other fundamental brackets vanishing. It is
known that no rule can in general be drawn for a correspondence between classical and
quantum canonical transformations ([4, 5]).
Diﬀerently, the equation of motion, or dynamical equation, for q(t) in the above
system with H equation (3) can be obtained via the Lax pair [22] :
⎡
⎤
⎡
⎤
1 ⎢ 0 −q(t)⎥
⎢p(t) q(t) ⎥
L=⎣
(7)
⎦, M = ⎣
⎦,
2
q(t) −p(t)
q(t) 0
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with the Lax equation :
dL
= [L, M ]
dt

(8)

A toy generalization of such systems can be written, using the previous Lax matrix
with a more general auxiliary M to form the following Lax pair [17] :
⎡
⎤
⎢p q ⎥
L=⎣
⎦,
q −p

⎤

⎡

1 ⎢ 0 −q ⎥
⎦,
⎣
2 qn 0
n

M=

(9)

dL
with the Lax equation
= [L, M ], where n is any integer.
dt
Two Hamiltonians descriptions of the corresponding dynamical equations for the Lax
systems (7) have the form :
1
(a) H = (p2 q 2n + q 2 ), with ω = dp ∧ dq
2
1 2
dp̃ ∧ dq̃
(b) H̃ = (p̃ + q̃ 2 ),
with ω̃ =
2
q̃ n

(10)

One notes that the above Lax equations can be obtained from the oscillator Lax set
(n = 0) by introducing a factor q n between the Poisson brackets, since {H, L}ω ∝ [L, M ].
A quantization could proceed with either (nonvanishing fundamental commutation relad
ˆ q̃]
ˆ = −i(q̃)
ˆ n , p̃ˆ =
tions shown only) (a) standard [p̂, q̂] = −i, p̂ = −i , q̂ = q, or (b) [p̃,
dq
d
−iq̃ n , q̃ˆ = q̃, leading to the following stationary Schrödinger equation (in either q or q̃
dq
variable) :


1
n d
n d
2
(11)
−iq
−iq
+ q ψ(q) = ψ(q)
2
dq
dq
where for the Hamiltonian formulation (a) above, the (quantum) Hamiltonian is given
1
by : Ĥ = (q̂ n p̂q̂ n p̂ + q̂ 2 ). In analogy with quantum canonical transformations, an
2
interpretation of the relation between the quantum relations associated to the phase
spaces in the formulations (a) and (b) in equation (10), which classically is realized as
a Poisson map, could be called quantum Poisson map (or transformation). Similarly to
quantum canonical transformations, such transformations can be deﬁned independently
from a Hilbert space structure and Hamiltonian ([4, 5]), but a physical equivalence of
the quantum formulations obtained, as for canonical transformations, would have to be
explored.
One notes that the Schrödinger equation (11) can take a simpler linear form via a
1 (n−1)
change of variable for n = 1 : u =
q
, which is equivalent to a quantum canonical
1−n
transformation:
1 1−n
Û = q̂ n p̂, û =
(12)
q̂
1−n
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applied on the Hamiltonian (H) of the formulation (a) in equation (10). The Schrödinger
equation then takes the form :


1
1
d2
ψ(u) = ˜ψ(u)
(13)
− 2+
2
du
[(1 − n)u](2/(n−1))
It is recalled that the n = 1 case has been discussed previously. As for n = −1, 0, 2, 3,
they respectively bring potentials of the linear, oscillator, Calogero and electrostatic types.
(One could add that the above equation can be related to a particular form of the Riccati
equation [23], and that solutions can be given using known series methods for many
values of n.) Suitable boundary conditions would normally have to be imposed on the
solutions found as well. It would be of interest to study quantum canonical and Poisson
transformations for additional constants of motion of the An Toda models, known to be
superintegrable [24].

3.

A2 Toda Systems and a Quantum Canonical Transformation

The A2 (also called N = 3 open or nonperiodic) Toda system has a following Hamiltonian [2] :
1
H(pi , xi ) = (p21 + p22 + p23 ) + e(x1 −x2 ) + e(x2 −x3 )
(14)
2
3

with the symplectic form : ω(pi ,xi ) =

dpi ∧ dxi . Because of the center of mass motion,

i=1

one can introduce a projection map (change of variables) :
ξ = x1 − x2 ,

η = x2 − x3 ,

1
pξ = (2ξ˙ + η̇),
3

1
pη = (ξ˙ + 2η̇)
3

(15)

which brings the Hamiltonian :
H(pξ , pη , ξ, η) = p2ξ − pξ pη + p2η + eξ + eη

(16)

with the transformed symplectic form : ω(pξ ,pη ,ξ,η) = dpξ ∧ dξ + dpη ∧ dη. Note that below
a dotted variable indicates a derivative of this variable with respect to the time variable.
A quantization step could be provided with the following standard fundamental
commutation relations (nonvanishing) and representations :
ˆ = −i, p̂ξ = −i∂ξ , ξˆ = ξ, [p̂η , η̂] = −i, p̂η = −i∂η , η̂ = η.
[p̂ξ , ξ]
Solutions to a Schrödinger equation in related sets of coordinates and momentum
representations have been given in references [2, 25]. It is (recalled) mentioned that a
transformation to Jacobi coordinates [2, 25] provides a description of the center of mass
and of the motion with respect to the center of mass. A classical canonical transformation
would link to a formulation in the center of mass in terms of generalized coordinates
ξ, η. Quantum mechanically, this change can be implemented using a quantum canonical
transformation. (The center of mass Hamiltonian and its quantization (contributing to
the eigenfunctions as part of a tensor product) being ignored in what follows.)
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An interest is to carry out, analogously to the A1 Toda system, “quantum Poisson
and canonical” transformations to a completely integrable
(higher dimensional) system possessing two (commuting) conserved quantities.
First, with in mind higher dimensional cases (where the following could be useful),
one considers a Lax pair formulation of the system (14) [12, 26] :
⎡
⎤
⎤
⎡
⎢v 0 c 0 0 ⎥
⎢ 0 c0 0 ⎥
⎥
⎥
⎢
⎢
1
⎥
⎥
⎢
L=⎢
(17)
⎢c0 v1 c1 ⎥ , A0 = 2 ⎢−c0 0 c1 ⎥ ,
⎦
⎦
⎣
⎣
0 c1 v2
0 −c1 0
with Lax equation : L̇ = [A0 , L], where :
c0 = e(x1 −x2 )/2 , c1 = e(x2 −x3 )/2 , v0 = −p1 , v1 = −p2 , v2 = −p3

(18)

1
Then a Hamiltonian : H = tr(L2 ), and a second invariant : I = tr(L3 ) commuting with
2
H (with respect to ω(pi ,xi ) or ω(pξ ,pη ,ξ,η) ) are chosen, besides the invariant tr(L). Explicitly,
I has the form :
I = −p21 − p22 − p23 − 3e(x1 −x2 ) (p1 + p2 ) − 3e(x2 −x3 ) (p2 + p3 )
I=

3[p2η pξ

−

pη p2ξ

− e pη + e pξ ]
ξ

η

(19)
(20)

Using standard quantization relations and representation for the (pi , xi ) phase space,
as well as for the (pξ , pη , ξ, η) phase space, it is seen that no ordering choice is needed
ˆ respectively. It is also
to deﬁne quantum versions of H and I, here denoted Ĥ and I,
ˆ = 0 (see [27, 28]).
checked that, as expected : [Ĥ, I]
Along with the A1 Toda model development in the above section, a canonical transformation is introduced :
Q1 = eξ/2 , Q2 = eη/2 , P1 = 2pξ e−ξ/2 , P2 = 2pη e−η/2

(21)

which leads to :
1
H(Q1 , Q2 , P1 , P2 ) = [Q21 P12 + Q22 P22 − Q1 Q2 P1 P2 ] + Q21 + Q22
(22)
4
where ω(P1 ,P2 ,Q1 ,Q2 ) = dP1 ∧ dQ1 + dP2 ∧ dQ2 .
One can give a standard quantization in terms of the new variables [P̂1 , Q̂1 ] = −i, [P̂2 , Q̂2 ] =
−i, P̂1 = −i∂Q1 , P̂2 = −i∂Q2 , Q̂1 = Q1 , Q̂2 = Q2 , other fundamental brackets vanishing.
A corresponding quantum canonical transformation (with right-P̂i ordering) :
1
1
C p̂ξ C −1 = Q̂1 P̂1 , C p̂η C −1 = Q̂2 P̂2 , C −1 Q̂1 C = eξ̂/2 , C −1 Q̂2 C = eη̂/2
2
2

(23)

ˆ
brings the commuting quantum Hamiltonian (Ĥ) and the second quantum invariant (I)
:
"
1!
(Q̂1 P̂1 )2 + (Q̂2 P̂2 )2 − (Q̂1 P̂1 )(Q̂2 P̂2 ) + (Q̂1 )2 + (Q̂2 )2
Ĥ =
(24)
4!
" 1
1
1
(Q̂2 P̂2 )2 (Q̂1 P̂1 ) − (Q̂2 P̂2 )(Q̂1 P̂1 )2 − Q̂21 Q̂2 P̂2 + Q̂22 Q̂1 P̂1
Iˆ =
(25)
8
2
2
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As found for a quantization of the A1 Toda system with the right-p̂ ordering, the
stationary Schrödinger equations formulated in the coordinates (ξ, η) and (Q1 , Q2 ) are
equivalent, via a coordinate transformation. A left-p̂ ordering involves diﬀerent stationary
Schrödinger equations.
One can add that a Weyl (symmetric) quantization could also be carried out similarly
to the A1 Toda system. Interestingly, there also exists a quantum Poisson transformation
:
1
1
P π̂1 P −1 = Q̂1 P̂1 , P π̂2 P −1 = Q̂2 P̂2 , P λ̂1 P −1 = Q̂1 , P λ̂2 P −1 = Q̂2
(26)
2
2
dπ1 ∧ dλ1
dπ2 ∧ dλ2
with ω(P1 ,P2 ,Q1 ,Q2 ) given above and Ω = 2
+2
, leading to :
λ1
λ2
Ĥ(π̂1 , π̂2 , λ̂1 , λ̂2 ) = π̂12 − π̂1 π̂2 + π̂22 + λ̂21 + λ̂22

(27)

The second invariant would then be written as :
Iˆ = π̂22 π̂1 − π̂2 π̂12 − λ̂21 π̂2 + λ̂22 π̂1

(28)

Fundamental quantum relations (non-vanishing commutators only) and a representation could be :
−i
−i
[π̂1 , λ̂1 ] =
λ̂1 , [π̂2 , λ̂2 ] =
λ̂2 ,
(29)
2
2
π̂1 = −iλ1 ∂λ1 , π̂2 = −iλ2 ∂λ2 , λ̂1 = λ1 , λ̂2 = λ2

(30)

A ﬁrst comment could be made that a generalization of such system through a symplectic
form :
dπ1 ∧ dλ1
dπ2 ∧ dλ2
Ωn = 2
+2
(31)
n
λ1
λ2 n
where n is an integer = 1, in analogy again with the above-mentioned A1 toy generalizations, brings systems for which Liouville integrability may not be satisﬁed, since at the
classical level : {H, I}Ωn = 0.
Secondly, quantum canonical transformations similar to equation (23) can be built
for AN −1 Toda systems with N > 3 particles using a set of generalized coordinates of the
same kind as those elected for A2 : (ξ, η), starting for instance with Jacobi coordinates.
Finally, since no full set of rules is known allowing to translate classical canonical
transfromations in quantum form (see [4, 5]), (nonlinear) canonical transformations to
action-angle variables for such Toda systems (see [29, 30, 31]) would have to be investigated each separately [27].

4.

Related A2 Toda Hierarchy
A known Toda hierarchy is obtained via the classical r - matrix :
3

r=

(Eij ⊗ Eji − Eji ⊗ Eij ), given the matrix L in the Lax pair equation (17), where

i>j=1

however A0 is deﬁned as :
tr(on ﬁrst factor in ⊗ product) ((Lm ⊗ 1)r)
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or
((Lm )(upper triangular) − (Lm )(lower triangular) )
for any positive integer m (see [32] and references therein).
To give an idea of diﬃculties that could be involved in quantizing, a simple hierarchy
is considered in what follows, with the hope of generalizing certain results of the above
sections. For instance, one can look instead at the following set of Lax equations :
L̇ = [A2n−1
, L],
0

n = 1, 2, 3, ...

(32)

where L and A0 are forming the Lax pair deﬁned by equation (17). The Lax equations
obtained are :
v̇0 =
v̇1 =

1
2(2n−2)
1
2(2n−2)

(−1)(n+1) c20 (c20 + c21 )(n−1)

(33)

(−1)n (c20 − c21 )(c20 + c21 )(n−1)

(34)

1

(−1)n c21 (c20 + c21 )(n−1)
2(2n−2)
1
ċo = (2n−1) (−1)n (v0 − v1 )c0 (c20 + c21 )(n−1)
2
1
ċ1 = (2n−1) (−1)n (v1 − v2 )c1 (c20 + c21 )(n−1)
2

v̇2 =

(35)
(36)
(37)

with v̇0 + v̇1 + v̇2 = 0, as expected, and n = 1, 2, 3, ...
Due to the invariance of these equations under the transformation : vα → vα + c, with
α = 0, 1, 2, one can select : v0 + v1 + v2 = 0. Thus, a projection map is given as :
c0 = eξ/2 , c1 = eη/2 ,

and v0 = −pξ , v1 = −pη + pξ , v2 = pη

(38)

It follows that the Lax equations become :
ṗξ =
ṗη =
ξ˙ =
η̇ =

1
2(2n−2)
1
2(2n−2)
1
2(2n−2)
1
2(2n−2)

(−1)n eξ (eξ + eη )(n−1)

(39)

(−1)n eη (eξ + eη )(n−1)

(40)

(−1)(n+1) (2pξ − pη )(eξ + eη )(n−1)

(41)

(−1)(n+1) (2pη − pξ )(eξ + eη )(n−1)

(42)

These equations could be derived as Hamilton equations, similarly to the A2 Toda system
presented in the previous section :
1
H = tr(L2 ) = (pξ )2 − pξ pη + (pη )2 + eξ + eη
2

(43)

equipped with the Poisson brackets, all other fundamental brackets vanishing :
{pξ , ξ} =

(−1)n+1 ξ
(e + eη )(n−1)
2(2n−2)

{pη , η} =

(−1)n+1 ξ
(e + eη )(n−1)
2(2n−2)

(44)
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A corresponding 2-form (ω) in terms of ξ, η, pξ , pη would not be symplectic, and Darboux
coordinates could not be chosen. Nevertheless, a quantization could involve applying
the deformation quantization approach to derive a ∗ product, or attempting a set of
quantum brackets modeled on the Poisson brackets above (equation (44))(see [6] and
references therein).
It is added that such hierarchies of Lax equations are expected to be derived for
AN −1 , N > 3 Toda systems generalizations as well, using the odd powers of the auxiliary
matrix A0 .

5.

Generalized Nonperiodic Toda Systems

A gl(2, R) - Toda system can be generated with the following Lax equations : L̇ =
[P, L] ([33, 34], as Cholesky ﬂows) :
⎤
⎤
⎡
⎡
⎢a11 a12 ⎥
⎢ 0 a12 ⎥
L=⎣
(45)
⎦,
⎦, P = ⎣
a21 a22
−a21 0
where L belongs to gl(2, R).
Equivalently, these equations can be derived via a Hamiltonian formulation using as
nondegenerate invariant scalar product : < L, M >= tr(LM ), for L, M ∈ gl(n, R), and
the R - matrix : R = π+ − π− , where π+ , π− correspond respectively to (strictly) upper
and lower triangular projections of gl(n, R). Using a basis Eij , i, j = 1, ..., n for gl(n, R),
n

where [Eij ]kl = δik δjl , with thus : L =

Lij Eij , a Lie-Poisson bracket can be deﬁned
i,j=1

as a linear r - matrix bracket associated to the R - matrix [35] :
2{Lij , Lkl } =< [R(Eji ), Elk ] + [Eji , R(Elk )], L >,

(46)

where i, j, k, l = 1, 2, ..., n.
For the gl(2, R) (thus n = 2) generalized nonperiodic (or open) Toda system discussed
below, choosing the Hamiltonian : H = −tr(L2 ) = −(a211 + a212 + 2a12 a21 ), gives rise to
the Lax equations of (45) as Hamilton equations :
a˙ij = {H, aij }

(47)

Note that tr(L3 ) is functionally dependent on tr(L) and tr(L2 ) (tr(L3 ) = −(tr(L))3 +
3tr(L2 )tr(L)), but tr(L) could be associated to a conservation of momentum by keeping
a phase space description close to the A1 Toda model formulation with deﬁnitions :
a11 = p1 , a22 = p2 , a12 = q1 , a21 = q2 . The Hamiltonian (H) then takes the form :
H = −[(p1 )2 + (p2 )2 ] − 2q1 q2
with fundamental Poisson brackets :
q1
{p1 , q2 } =
{p1 , q1 } = ,
2
−q1
, {p2 , q2 } =
{p2 , q1 } =
2

q2
,
{q1 , q2 } = 0
2
−q2
, {p1 , p2 } = 0
2

(48)

(49)
(50)
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Quantum corresponding elements could be chosen as :




q1 ∂
q2 ∂
q1 ∂
q2 ∂
, p̂2 = i
+ C 1̂, q̂1 = q1 , q̂2 = q2
p̂1 = −i
+
+
2 ∂q1
2 ∂q2
2 ∂q1
2 ∂q2

(51)

where tr(L) = p1 + p2 is a constant of motion (C). A stationary Schrödinger equation
would follow from the above deﬁned H (48).
The gl(3, R) generalized nonperiodic Toda equations can also be obtained using the
Hamilton equations : a˙ij = {H, aij }, i, j = 1, 2, 3, and the Hamiltonian : H = −tr(L2 ),
with the Poisson brackets of equation (46). One then gets expressions, here presented for
any n ∈ N with i, j, k, l = 1, ..., n :
{Lii , Lll } = 0,
{Lij , Lij } = 0,
{Lij , Lkl } = −(δil Lkj − δjk Lil ), i < j, k < l
{Lij , Lkl } = 0, i < j, l < k

(52)

{Lij , Lkl } = 0, j < i, k < l
{Lij , Lkl } = (δil Lkj − δjk Lil ), j < i, k > l
1
{Lii , Lkl } = − (δil Lki − δik Lil ), k < l
2
1
{Lii , Lkl } = (δil Lki − δik Lil ), k > l
2
A standard quantization prescription : {·, ·} → i[ˆ·,ˆ·] ( = 1) with linear operators instead
of classical functions leaves a structure of solvable Lie algebra. One also stresses that the
Poisson tensor is linear in the elements of L (Lij ).
A set of comments could here be made. Firstly, that transformations leading to
action-angle variables on symplectic subspaces of the {Lij } space can be written under
certain conditions (see [33]), but that the quantum version appears to be more involved
and could not be directly related to the classical expressions, as for previously mentioned
canonical transformations [4, 5].
Secondly, an inﬁnite - dimensional representation of the n2 - dimensional (solvable)
Lie algebra (equation (52)) in terms of operators (Lˆij ) on an appropriate (Hilbert) space
could provide a suitable quantization (see [6] and references therein).
Thirdly, for gl(n, R), a ∗ - product can be (formally) obtained on the Poisson manifold
n2
R endowed with the linear Poisson bracket given below. The Campbell - Baker Hausdorﬀ (CBH) formula can then be used [36] to derive such a product. The structure
(rs)
constants c(ij)(kl) could be read from the Poisson brackets of equation (52) :
(rs)

[Lij , Lkl ] = c(ij)(kl) Lrs ,

(53)

for i, j, k, l, r, s = 1, ..., n. It is recalled that the Poisson bracket was derived using the
gl(n, R) commutation relations with the R (= π+ − π− ) matrix. According to theorem
(2.13) of ref. [36] (math.QA/9811174), the ∗ - product is entirely determined by products
: (L1 )N ∗ L2 , for any L1 and L2 in the above Lie algebra, for N ∈ N. Those brings sums
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with Bernoulli numbers and adjoint actions of the Lie algebra in the ∗ - products [36].
Presenting such sum does not appear to be much of interest for now (a fortiori in a
communication which is meant to be short).
Finally, one can mention that instead of the full gl(n, R), a system involving only
sl(n, R) could be considered, since an element L = L0 + l1n of gl(n, R) would lead to
the Lax equations : L̇0 = [M, L0 ] and l˙ = 0, with an unchanged R - matrix : R =
π+ (L0 ) − π− (L0 ).
As for the use of quantum groups, it can be added that quantum R - matrices are
expected from the knowledge of a r - matrix and that a relation to a ∗ - product might be
possible via explicit expressions for twisting elements [9, 10], which inﬁnitesimally would
bring back (as  → 0) the r - matrix. Here, r is solution to the modiﬁed Yang-Baxter
equations, r is then also said to be quasi-triangular. A Lie-Poisson structure can be
introduced on gl(n, R) (seen as an Abelian Lie group under addition) via the Lie-Poisson
bracket :
{f1 , f2 }R =< [R(df1 (ξ)), df2 (ξ)] + [df1 (ξ), R(df2 (ξ))], ξ >
(54)
where ξ belongs to gl∗ (n, R) and f1 , f2 ∈ C ∞ (gl∗ (n, R)) [11].
It is known that a quantization of a Lie bialgebra deﬁned with the matrix r exists
[11]. A deformed associated co-product using a twisting element would be of interest in
deriving an associated ∗ - product [11, 37].
It is added that in particular for sl(n), quantum R - matrices can be derived for [38]
sl(n) ∧ sl(n) valued quasi-triangular r - matrices.
It would be interesting to compare ∗ - products obtained, but this is not an objective
in the present article.

Conclusion
Properties of the quantization of open (non-periodic) Toda models have been discussed in this short communication. Quantum realizations, using Schrödinger equations,
of ordinary (classical ﬁnite) A1 and A2 Toda systems have been shown to be related
via quantum “canonical and Poisson” transformations, with similar relations holding for
open Toda systems with higher number of degrees of freedom, conjectured to follow. A
formulation of a hierarchy of related systems has also been probed with respect to similar
constructions, but obstructions arose for these particular systems, suggesting the use of
diﬀerent approaches for their quantizations. Finally, gl(n, R) generalized Toda systems
were discussed from the viewpoint of deformation quantization and quantum groups. A
∗ - product has been mentioned in the deformation quantization approach and diﬃculties
with respect to the quantum group formulation mentioned.
As a future development, it would be for example of interest to consider a second
step in the deformation quantization approach by associating (Hilbert space) operators
to realize a ∗ - product of the gl(n, R) generalized Toda systems. Properties and aspects
of “quantum Poisson” transformations could also form the object of further studies for
diﬀerent systems, together with investigations of the equivalence of quantum systems

64

under such transformations.
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alternative de la mécanique quantique, Les Presses de l’Université de Montréal,
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Diﬀerentialgleichungen erster Ordnung für eine gesuchte Funktion. 4. Auﬂ., Mathematik

66

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 53–66

und ihre Anwendungen in Physik und Technik. Reihe A., vol. 18, Akademische
Verlagsgesellschaft Geest & Portig K.-G., Leipzig, 1959.
[24] M.A. Agrotis, P.A. Damianou, and C. Sophocleous, Physica A 365 (2006), 235.
[25] M. Bruschi, D. Levi, M.A. Olshanetsky, A.M. Perelomov, and O. Ragnisco, Phys.
Lett. A 88 (1982), 7.
[26] I. Krichever and K.L. Vaninsky, in “Mirror Symmetry IV”, AMS/IP Vol. 33 (2002),
139 (hep-th/0010184).
[27] M.C. Gutzwiller, Ann. Phys. 133 (1981), 304.
[28] J. Hietarinta, in “Non-linear Equations in Classical and Quantum Field Theory”,
Proceedings, Meudon and Paris VI, France 1983/84, Ed. N. Sanchez, Lecture Notes in
Physics Vol. 226, Springer-Verlag, Berlin, 1985, p.37.
[29] P. Deift, L.C. Li, T. Nanda and C. Tomei, Commun. Pure Appl. Math. XXXIX
(1986), 183.
[30] J. Moser, in Lecture Notes in Physics 38, ed. J. Moser, Springer-Verlag, Heidelberg,
1975, p. 467.
[31] P. van Moerbeke, Inventiones Math. 37 (1976), 45.
[32] T. Takebe, Commun. Math. Phys. 129 (1990), 281.
[33] P. Deift, L.-Ch. Li, and C. Tomei, Commun. Pure and Appl. Math. 42 (1989), 443.
[34] Y. Kodama and J. Ye, Commun. Math. Phys. 178 (1996), 765.
[35] Y. B. Suris, “The Problem of Integrable Discretization : Hamiltonian Approach”,
Progress in Mathematics, Vol. 219, Birkhäuser Verlag, Basel, 2003.
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Ul. Hoża 69,00-681 Warsaw, Poland

Received 24 December 2006, Accepted 20 April 2007, Published 20 July 2007
Abstract:

In this paper the model for the interaction of the ultra-short laser pulses with matter is proposed. The

Klein-Gordon equation for heat transport is developed and solved. The condition for the existence of the massless heat
carriers is formulated. The condition is Vτ = /8, where V is potential energy, τ is the relaxation time. The new thermal
Klein-Gordon equation can be applied to the study of thermal processes for the fermionic gases (electron, nucleon).
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1.

Introduction

The development of the new laser projects TESLA, Wake-ﬁeld accelerators, LASETRON
open the new ﬁeld of investigation: electron and nucleon dynamics study with lasers.
The interaction of the ultrashort laser pulses with matter is the multistep process. In
metals and semiconductors the ﬁrst step is the heating of the electron gas. In nuclei it is
the heating the nucleon gas The heating is described by the relaxation time τi =h/mi v2i
where mi is the mass of the heat carriers and v=αi c. The constants αi are the coupling
constants: α1 =1/137 for electromagnetic interaction ,α2 =0.14 for strong interaction and
and c is the speed of light in vacuum.
In monograph [1] it was shown that the absorption of thermal energy generated by ultrashort laser pulses is quantized. For the quantum of energy heaton the equation holds
Eh = ph vh
∗

Corresponding author:e-mail:miroslawkozlowski@aster.pl

(1)
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where Eh is the heaton energy , ph -the heaton momentum, vh = αc and α = 1/137 is
the ﬁne structure constant for the electromagnetic interaction .The relativistic formula
for the energy reads:
Eh = ((ph vh )2 + (mh vh2 )2
(2)
Comparing Eq(1) to Eq(2) we conclude that mh =0

2.

The model of the ultra-short laser pulses-matter interaction

Let us consider the interaction of the ultra-short laser pulse with matter. In monograph [1] the damped Klein – Gordon equation heat transport was developed
1 ∂2T
m ∂T
2V m
+
+ 2 T = ∇2 T
2
2
v ∂t
 ∂t


(3)

where T is the temperature of the system, m is the mass of heat carrier, V is the potential
energy and v is the speed of heat transport and τ is the relaxation time for thermal excitation, Equation (1) is the quantum hyperbolic heat transport equation. The /m is the
quantum diﬀusion coeﬃcient, and v is the heat propagation velocity. For electromagnetic
interaction v=α1 c ≈106 m/s and for strong interaction v=α2 c=107 m/s. For c→ ∞, v1
,v2→ ∞ and Eq.(4) :
m ∂T
2V m
+ 2 T = ∇2 T
(4)
 ∂t

is the Fourier diﬀusion equation with the potential energy V and diﬀusion coeﬃcient
D=h/m. It is interesting to observe that only hyperbolic equation (2) is in agreement
with special relativity theory, for the speeds v1 ,2 are ﬁnite.
The solution of equation (1) can be written as (for 1D)
T (x, t) = e−t/2τ u(x, t)

(5)

After substituting formula (5) into (4) we obtain new equation
(2 + q 2 )u(x, t) = 0,

2=

1 ∂u2 ∂ 2 u
− 2
v 2 ∂t2
∂x

(6)

Equation (6) is the Klein-Gordon equation in Minkowski spacetime (vt,x),where mass
term q 2 , has the form
2V m  mv 2
q2 =
−
(7)
2
2
As can be seen from formulae (5) and (7) for q 2 = 0 equation (4) is the undamped wave
equation
1 ∂2u ∂2u
− 2 =0
(8)
v 2 ∂t2
∂x
with

Vτ =
(9)
8
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It is interesting to observe that the equation
q 2 = m2h v 2 /h2 = 0

(10)

can be recognized formally as the condition for the massless fermions which obeys the
wave equation.
In the seminal paper [2] Manchester Group of professor A. K. Geim showed that in
graphene the electrons behave as the massless fermions. It occurs that the electrons
fulﬁll the relation
Ee = p e v e
(11)
where the Ee is the energy of electrons, pe is the momentum and ve the speed of electrons.
Eq.(8) is the dispersion relation for the relativistic particles with velocity ve ≈ 106 m/s.
Let us consider the heatons temperature ﬁelds for the Cauchy problem (2D):
−∞ ≤ x ≤ ∞, − ∞ ≤ y ≤ ∞
u(x, t) = f (x, y)
∂u
∂t

= g(x, y)

t=0

at

(12)

t=0

at

2D solution of the equation (7) for Cauchy problem (11) has the form:
For q 2 v 2 < 0
w(x, y, t) =
+
ρ=

1
2πv

##

1 ∂
2πv ∂t

##

f (ζ, η)

 √

cosh q (vt)2 −ρ2

√

ρ≤vt  √

cosh q (vt)2 −ρ2

g(ζ, η)

ρ≤vt

√

(vt)2 −ρ2

dζdη
(13)

dζdη

(vt)2 −ρ2

$
(x − ζ)2 + (y − η)2

For q 2 v 2 > 0
u(x, y, t) =
+
ρ=

1
2πv

1 ∂
2πv ∂t

##
ρ≤vt

##

f (ζ, η)

 √

cos q (vt)2 −ρ2

√

ρ≤vt  √

cos q (vt)2 −ρ2

g(ζ, η)

√

(vt)2 −ρ2

(vt)2 −ρ2

dζdη
(14)

dζdη

$
(x − ζ)2 + (y − η)2

Conclusions
Klein-Gordon equation (5) is the master equation for the ultra-short thermal phenomena with ﬁnite transport speed . It can describe the thermal energy propagation in
electron and nucleon gases. Both gases have the same formula for the relaxation time, but
with diﬀerent values of the mass for heat carriers and coupling constants. It means that
the heat transport on the electron and nucleon scales can treated on the same footing.
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For very long time periods, i.e. , when Δ t> τ the Klein- Gordon equation gives the
same results as the Fourier equation Considering equations (13) and (14) we argue that
the mode of the thermal motion changes as the function of the sign of the (qv)2 .
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1.

Introduction

1.1 Quantization
Consider a manifold M with the Poisson bracket on it. In [1] it was proposed to ﬁnd
the new associative multiplication (usually called star product and denoted by f ∗ g) on
F un(M )[[]] such that:
f ∗ g = f g + (quantum corrections) and f ∗ g − g ∗ f = i{f, g} mod 2
∗
†

chervov@itep.ru
leo rybikov@mtu-net.ru

(1)
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The algebra with the new multiplication pretends to be the algebra of quantum observables
associated with the given classical algebra of observables which is F un(M ). The problem
was ingeniously solved by Kontsevich in [2], (for the symplectic manifolds it was done
before in [5]) who also obtained the classiﬁcation of the star products, which includes the
following desired result of the uniqueness: there is bijection between the star products
up to equivalence and Poisson brackets up to equivalence (see theorem in section 1.3
in [2]). The main property that equivalent star products deﬁne isomorphic algebras on
F un(M )[[]].
Hence despite that for the given Poisson bracket one can construct diﬀerent star products satisfying 1, but the algebra corresponding via Kontsevich’s bijection to the given
Poisson bracket is unique up to isomorphism.
Notation we will denote such algebra by F 
un(M ).
Let us mention that from the physical perspective the construction of the algebra of
quantum observables is not the full solution of the problem of quantization. One also
needs to deﬁne the Hilbert space where such algebra acts unitary and irreducibly. For the
symplectic manifold it is believed to be the only one such representation (for the algebra
F
un(M ) with  = 1). This problem is not yet solved in full generality, but in some
cases this can be done (see [6, 7, 8, 9]). In our paper one also ﬁnds the simplest example
conﬁrming this belief.
Notation we will denote such Hilbert space associated to the symplectic manifold M
as H(M ).

1.2 Main conjectures
The main aim of this paper is to propose and present some evidences for the conjectures
below. Consider some Poisson manifold M and some Casimir function f on this manifold
(i.e. f Poisson commute with any other function). Then submanifold N : f = Const
inherits the Poisson structure from M (see section 2.1 for explanations). It is clear that:
F un(N ) = F un(M )/(f − c)

(2)

as Poisson algebras, so it is natural to try to quantize this isomorphism. Let us denote
by D a Duﬂo-Kirillov-Kontsevich map from F un(M ) → F 
un(M ) (see section 1.3 for
explanations).
Conjecture 1: There is isomorphism of algebras:
F
un(M ) = F
un(N )/D(f − c)

(3)

One should possibly add some regularity property for f like f = c is a smooth manifold,
(for several fi one should request transversal intersection).
Let us mention that due to results of Duﬂo, Kirillov, Kontsevich D(f − c) is Casimir
in F 
un(M ) i.e. D(f − c) star product commutes with everything, so ideal generated by
it is both sided.
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The conjecture 1 above can be generalized to the following more general situation
(called Hamiltonian reduction): consider functions (called constraints) fi ∈ F un(M )
such that they generate Poisson closed ideal (such constraints are called the ﬁrst class
constraints following Dirac). Let us denote by I = I(fi ) the ideal generated by fi . Let
N = N (fi ) be Poisson normalizer of ideal I. Let us consider Poisson factor algebra
N/I, it is known (at least for general fi ) that it is algebra of functions on the quotient
of the manifold fi = 0 by the vector ﬁelds generated by the Hamiltonian vector ﬁelds
corresponding to fi . This manifold is called the Hamiltonian reduced manifold by the
constraints fi and denoted by M//fi , so there is the following isomorphism of Poisson
algebras:
F un(M//fi ) = N/I.

(4)

The quantization of the Hamiltonian reduction works as follows: denote by Iˆ left ideal
in F 
un(M ) generated by D(fi ), by N̂ the right normalizer of it in F 
un(M ), so Iˆ is both
sided ideal in N̂ .
Conjecture 2: There is isomorphism of algebras:
 i ) = N̂ /Iˆ
F un(M//f

(5)

One should most probably add some regularity properties for fi like transversal intersection and existence of smooth quotient. Obviously conjecture 1 is particular case of
conjecture 2, because if fi are Casimirs, then Hamiltonian vector ﬁelds corresponding to
them are zero and so M//fi is just the submanifold fi = 0.
(The general scheme of the Hamiltonian reduction is due to Dirac [10], our contribution
is the remark that one should use the map D to obtain the answer which is the quantization
of the classically reduced space).
This conjecture means that ”deformation quantization commutes with reduction” on
the level of algebras of observables. The same should be true for the Hilbert spaces
associated to the both manifolds i.e.
Conjecture 3:
H(M//fi ) = {v ∈ H(M ) : D(fi )v = 0}

(6)

In the case when fi are generators of some compact Lie group this conjecture is due
to Guillemin and Sternberg [11]. (In this case there is no need to use the map D). In
their work H(M ) was described in holomorphic polarization. Their conjecture has been
proved recently (see [12, 13] for surveys).
Let us remark that our conjectures depends on some auxiliary choices like the choice
of concrete generators in fi deﬁning the ideal and the choice of map D, which also not
canonical, we believe that the conjectures are true for arbitrary choices mentioned above.
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1.3 Duﬂo-Kirillov-Kontsevich map
In [2] M. Kontsevich proposed a universal method for deformation quantization. Namely,
for any Poisson bracket {·, ·} on a manifold M one can construct a star product on
F un(M ) such that a ∗ b − b ∗ a = i{a, b} (mod 2 ) for all a, b ∈ F un(M ). The gaugeisomorphism class of this star-product is deﬁned canonically by the gauge-isomorphism
class of the Poisson bracket. This star-product satisﬁes another very nice property: there
is a natural mapping
D : F un(M ) → F 
un(M )

(7)

whose restriction to the Poisson center of F un(Rn ) gives an algebra isomorphism onto
the center of F 
un(M ). We will call this map Duﬂo-Kirillov-Kontsevich map.
The construction of star-product in Rn for arbitrary Poisson bracket is given by explicit, but very complicated formula. The same can be said about the construction of
the map D. We postpone this deﬁnition to the appendix. To our luck it was proved by
Kontsevich that in the case when Poisson manifold is a vector space with linear Poisson
bracket (i.e. it is dual space to some Lie algebra with Kirillov’s bracket) it is true the
following: quantization of such manifold is isomorphic the universal enveloping algebra
and the map D coincides with the rather explicit map called Duﬂo-Kirillov map. In this
paper we will consider only such Poisson manifolds. So here we will recall the deﬁnition
of the map D in this situation.
In the case when Poisson manifold is R2n with the standard Poisson bracket {pk , qj } =
δkj then the map D is just the symmetrization.
D(ab) =

1
1
aσ(1) ∗ aσ(2) ∗ ... ∗ aσ(n) )
(a ∗ b + b ∗ a), D(a1 a2 ...an ) = (
2!
n! σ∈S

(8)

n

where a, b, ai are any linear combinations of pk , qj . It is easy to check that the map D
2n ).
gives an sp2n -module isomorphism between F un(R2n ) and F un(R
The more general case is the following: Poisson manifold is a g∗ with the Kirillov’s
bracket, where g∗ is the dual space of a ﬁnite-dimensional Lie algebra. The algebra
un(g∗ ) is isomorphic to the universal enF un(g∗ ) is the symmetric algebra S(g) and F
veloping algebra U (g). To deﬁne the Duﬂo-Kirillov-Kontsevich map in this case we introduce some notations.
(1) Let T r2k be invariant polynomials on g, x → T rg(adx)2k , considered as diﬀerential
operators on g∗ with constant coeﬃcients.
(2) Let a2k bee the sequence of real numbers, such that
t

2k

a2k t
k≥0

t

1
e 2 − e− 2
= Log
.
2
t

(3) Let σ : S(g) → U (g) be the symmetrization map.

(9)
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The Duﬂo-Kirillov-Kontsevich map D : S(g) → U (g) is given by the formula (see [2],
section 8.3)
(i)2k a2k T r2k

s → σ(ek≥0

s).

(10)

Note that in the case of nilpotent g we have T r2k = 0 for all k, and hence D = σ. The
diﬀerent proofs that this formula gives the isomorphisms of centers of S(g) and U (g) can
be found in [3] and [4].

1.4 Plan of the paper
The main text of this paper is devoted to the successful check of our conjectures in the
ﬁrst nontrivial example of the sphere S 2 with standard SO(3) invariant symplectic form.
Sphere S 2 with this symplecitc form can be obtained in two diﬀerent ways ﬁrst as coadjoint
orbit for SO(3) i.e. as a submanifold in so(3) second as the Hamiltonian reduction of R4 .
Both constructions can be quantized according to our recipes and we see that the results
coincide. This is done in section 2.. Conjecture 3 is also true in this example see section
3.3.
The third thing - we compare the quantizations above with the explicit star product
construction recently found in [19]. And also we ﬁnd the complete agreement. This is
done in section 4..
Acknowledgements. This paper originates from the discussion on the seminar in
ITEP. We are indebted to our friends, participants of this seminar for the discussions and
criticism: N. Amburg, S. Galkin, S. Gorchinsky, A. Gorodentcev, S. Loktev, M. Mazo,
G. Sharygin, K. Shramov, D. Talalaev. We are also deeply indebted to V. Dolgushev and
A. Karabegov for the explanations and to M. Vergne, J. Rawnsley and A. Karabegov for
sending us their papers. The work of the authors has been partially supported by the
grants: AC by the RFBR grant 04-01-00702, LR by the CRDF grant RM1-2543-MO-03.

2.

Quantization of S 2 as a Submanifold

In this section we consider S 2 as a submanifold in R3 = so(3) and we quantize it
by the recipe of the conjecture 1 (see claim 1 in section 2.2). We also show that our
considerations completely conﬁrm the belief that for the symplectic manifold there is
only one irreducible and unitary representation of the algebra F 
un(M ) (see section 2.3).

2.1 Inheriting the Symplectic Structure on S 2 from R3 = so(3).
In this subsection we will explain how to inherit the symplectic structure from Poisson
bracket in R3 and calculate the volume. (It does not coincide with Eucledian volume
4πR2 , but is given by 2πR).
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Consider the sphere in R3 given by the equation x21 + x22 + x23 = R2 .
The space R3 can be identiﬁed with the Lie algebra so(3) (more precisely with its dual
space so(3)∗ but in the case of semisimple Lie algebras like so(3) one can identify so(3)
and so(3)∗ with the help of Killing form), so it can be endowed with the Poisson bracket
[xi , xj ] = 2ijk xk , where ijk is totally antisymmetric tensor.
The element C = x21 + x22 + x23 is Casimir element for this bracket, so the sphere
x21 + x22 + x23 = R2 can be endowed with the Poisson bracket. This is the general trivial
fact that: if any element C is Casimir for any Poisson bracket on any manifold M , then
the submanifold N : C = Const, inherits the Poisson bracket from M . Which goes as
follows: the functions on N are factor by the ideal generated by C of functions on M , but
the ideal I generated by the Casimir C is ideal with respect to the Poisson bracket, i.e.
for f ∈ I, g ∈ F un(M ) holds {f, g} ∈ I. Hence the Poisson bracket can pushed down to
the factor algebra F un(M )/I = F un(N ).
Let us mention that the only property needed for restricting the Poisson bracket to
the submanifold is the property that ideal I is Poisson ideal. Geometrically this can
be reformulated as bivector π is tangent to the submanifold N. (Polyvector is tangent to
some submanifold iﬀ it can be presented as sum of products of tangent to this submanifold
vectors).
Obviously Poisson bracket on S 2 is nondegenerate, so we obtain symplectic form on
S 2 . It is easy to see that S 2 is coadjoint orbit for so(3), and the symplectic structure above
is Kirillov’s symplectic structure on the coadjoint orbit. It is obiously so(3) invariant.
Lemma 1. volume of S 2 with respect to this symplectic form is 2πR.
Proof at the upper half sphere one can consider
x1 , x2 as local coordinates and the
$
2
Poisson bracket is given by {x1 , x2 } = 2x3 = 2 R − x21 − x22 , so the symplectic form is
given by ω = √ 2 1 2 2 dx1 ∧ dx2 . So the volume of the semisphere can be calculated as
2



R −x1 −x2

1



1
$
√
dx1 ∧ dx2 =
rdrdφ =
2
2
2
2
2
x21 +x22 <R2 2 R − x1 − x2
0<r<R,0<φ<2π 2 R − r


r2
1
R
2

√
=
dr dφ = 2π
d 2 =
2
2
0<r<R,0<φ<2π 4 R − r
0<r<R 4 1 − r 2 R
R2

R
1√
1
√
= 2π
1 − u0 = πR
du = −2πR
2
0<u<1 4 1 − u

(11)

Now recalling that it is volume of semisphere we multiply it by two and obtain the volume
of sphere is 2πR. 2

2.2 Quantization and Duﬂo-Kirillov Map.
The algebra of functions on R3 with respect to star product corresponding to Poisson
bracket {xi , xj } = 2ijk xk is isomorphic to U (so(3)). (This is true for any Lie algebra
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see for example [2] section 8.3.1). In this section we will never use the star-product,
but we will work with U (so(3)). Let us denote the multiplication in U (so(3)) by . So
[xi , xj ] = 2iijk xk .
Later on we put  = 1 for simplicity.
Proposition 1. The image of Casimir element C = i x2i under Duﬂo-Kirillov isomorphism is D(C) = i xi  xi + 1 ∈ U (so(3)).
1
and T r2 = −8 i ∂i2 . Hence we have
Proof: Explicit computation shows that a2 = 48
xi  xi + 1.

D(C) = σ(C + 1) =

(12)

i

2
As a corollary of this proposition we obtain that modula the conjecture 1 the following
theorem is obtained. (We call ”claim” because it is proved here only modula conjecture
1, later we will prove it by explicit star product construction, so it will be really the
theorem):
Claim 1. Quantization of S 2 with standard SO(3) invariant symplectic form of the volume
R (i.e. the algebra F 
un(S 2 ) with  = 1) is isomorphic to the algebra
xi  xi + 1 = R2 ),

U (so(3))/(

(13)

i

where xi are generators of so(3) obeying the relations: [xi , xj ] = 2iijk xk .
So we have described the quantization of S 2 as a submanifold in R3 .

2.3 Hilbert Space from Representation Theoretic Point of View.
Now let us describe the (unique) ﬁnite-dimensional representation of the algebra
U (so(3))/(D(C) = R2 ).
Recall that the isomorphism of sl(2) and so(3) is given by the formulas
1
1
h = x1 , e = (x2 + ix3 ), f = (x2 − ix3 ).
2
2

(14)

The commutator relations os sl(2) are standard [e, f ] = h, [h, e] = 2e, [h, f ] = −2f .
The Casimir element D(C) ∈ U (so(3)) = U (sl(2)) can be rewritten as
xi  xi + 1 = 4e  f + h  h − 2h + 1 = 4f  e + h  h + 2h + 1. (15)

D(C) =
i

Let Vλ is the irreducible representation of the Lie algebra so(3) = sl(2) with the highest
weight vector |0 > and weight λ = R − 1, i.e. h|0 >= λ|0 >, e|0 >= 0. The Casimir
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operator D(C) = i xi  xi + 1 = 4e  f + h  h − 2h + 1 = 4f  e + h  h + 2h + 1 acts
on it as scalar operator on Vλ and the scalar can be easily computed
D(C)|0 >= (4f  e + h  h + 2h + 1)|0 >= (λ2 + 2λ + 1)|0 >= R2 |0 > .

(16)

So we come to the following lemma:
Lemma 2. We see from representation theoretic point of view that the belief that the
algebra of quantized functions has the only representation in the Hilbert space ﬁnds
complete conﬁrmation. The only representation is VR−1 . Its dimension is equal to R.
Other representation of sl(2) should be dropped out because either Casimir will act by
the irrelevant constant or because they cannot be made unitary (like Verma modules).

2.4 Hilbert Space from Geometric Quantization
According to general optimistic belief the deformation quantization of the algebra of
functions (with  = 1) on the symplectic manifold M has unique irreducible unitary
(i.e. real-valued functions acts as self-adjoint operators) representation in the Hilbert
space. (For the Poisson manifold the representations are related to the symplectic leaves).
Moreover the dimension of the such representation is expected to be given by the formula
#
exp(ω)Â(M ), where Â(M ) is A-genus of the manifold M . This is predicted by the
M
geometric quantization with half-forms and by Fedosov’s index theorem [14] (one usually
requests ω to be integer 2-form on M , but possibly for non integer 2-forms all the same can
be done making from F 
un(M ) von Neumann algebra and using von Neumann’s fractional
dimension). (If K is trivial and in some other cases this coincides with the naive prediction
of physicists that the dimension of the Hilbert space is %1/n!(symplectic
volume), usually
%
dpi dqi
this is said in textbooks as one quantum state takes (2π)n of the phase space (see
for example section 48 in [15])). If the form ω is Kaehler and suﬃciently positive
$ form
0
then Hilbert space can be realized as the space of holomorphic sections H (L ⊗ (K)),
where L is such line bundle that: c1 (L) = ω, K canonical line bundle
$ (the line bundle
of holomorphic
$
$exterior forms of highest degree). The line bundle (K) is such bundle
that (K) ⊗ (K) = K, it exists if w2 (M ) = 0 and unique if M is simply connected.
The sections of such bundle are√called half-forms. Note that by the Riemann-Roch and
#
#
vanishing theorems dimH 0 (L ⊗ K) = M exp(ω − 12 c1 (M ))T odd(M ) = M exp(ω)Â(M ),
due to the equality exp(− 12 c1 (M ))T odd(M ) = Â(M ).
One recipe which is due to Kostant and Souriau how to construct the representation of
the algebra of functions with deformed product in the space of sections of some line bundle
is called geometric quantization (see [6] for survey). (Let us mention that it was developed
before deformation quantization, and there is some misunderstanding that sometimes
people insist on the exact equality i{f, h} = [f, g] in the geometric quantization approach.
This is not really true. This is true only for consideration of representation on the nonpolarized sections, but when one needs to ﬁnd the representation in the Hilbert space i.e.
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in the space of polarized sections - this commutation relation does not hold). Though it
was never realized in full generality, it is known to work in the case of semisimple orbits
of semisimple Lie algebras. (Another recipe is the so-called Berezin-Toepltiz quantization
which succeeds in the case of compact Kaehler manifolds [7, 8, 9].)
Turning from the generalities to our concrete example of S 2 =CP 1 we see that geometric quantization predicts that the algebra of functions with the star product should
√
have the irreducible unitary representation realized in the sections of line√bundle L ⊗ K,
where L = O(R), on CP 1 it is well-known that K = O(−1)
√ and so L ⊗ K = O(R − 1).
0
Hence the dimension of the Hilbert space is dimH (L ⊗ K) and it is equal to:


1
1
1
2
2
2
exp( ω)exp(− c1 (S ))Â(S ) =
( ω) = R.
(17)
dimH(S ) =
2π
2
S2
S 2 2π
Remark 1. We see that dimension of the Hilbert space in this example coincides with
the symplectic volume up to 2π.
Corollary 1. We see the complete agreement for the dimension of Hilbert space prescribed from the representation theoretic of view (see Lemma 2) and from the point of
view of geometric quantization with half-forms.

3.

Quantization of S 2 by Hamiltonian Reduction.

In this section we recall the Hamiltonian reduction procedure and we show how to
obtain S 2 as a reduction of R4 , and proceed with quantization of reduction by the recipe
of the conjecture 2 (see claim 2 in section 3.2). As an evidence for our conjectures we
show that the result is the same as in the previous section (see corollary 4 in section 3.2).
We also conﬁrm the conjecture 3 describing the Hilbert space from the point of view of
the reduction.
The procedure of Hamiltonian reduction is due to Dirac [10] (see [16] for recent short
exposition and very nice remark that non reduced constraints like xn = 0 leads to appearance of matrix degrees of freedom, which was possibly motivated by string theoretists
belief that coincident D-branes leads to appearance of U(n) gauge group as ”brane volume” theory). The geometric sense of the Hamiltonian reduction in the case of arbitrary
symplectic manifolds was explained to mathematicians in [17].

3.1 Classical Hamiltonian Reduction of R4 by 12 (p21 + q12 + p22 + q22 ).
The procedure of hamiltonian reduction has been brieﬂy described in the introduction,
we will follow the described scheme.
The symplectic structure on S 2 considered above can be obtained as a Hamiltonian
reduction of the constant symplectic structure on R4 = C2 . Namely, let p1 , p2 , q1 , q2
be coordinates on R4 with the standard Poisson bracket (i.e. {pi , qj } = δij ), and let
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z1 = √12 (q1 + ip1 ), z2 = √12 (q2 + ip2 ), then {z1 , z̄1 } = i, {z2 , z̄2 } = i. Let us consider the
constraint, which is Hamiltonian for the harmonic oscillator:
1
E = (p21 + q12 + p22 + q22 ) = (z̄1 z1 + z̄2 z2 ).
2

(18)

Lemma 3. Let N be the commutant in F un(R4 ) of the element E with respect to the
Poisson bracket. The algebra N is generated by:
1
E, x1 = (p21 + q12 − p22 − q22 ) = (z1 z̄1 − z2 z̄2 ),
2
x2 = (q1 q2 + p1 p2 ) = 2Re(z1 z̄2 ), x3 = (p1 q2 − q1 p2 ) = 2Im(z1 z̄2 )

(19)

The elements xi satisfy the relations: {xi , xk } = 2ijk xk , which are so(3) relations.
Proof. Clear.
Let us recall that we have deﬁned Casimir element in so(3) as C = i x2i
Lemma 4. C = E 2 .
Proof. C = x21 + (x2 + ix3 )(x2 − ix3 ) = (|z1 |2 − |z2 |2 )2 + 4|z1 |2 |z2 |2 = (|z1 |2 + |z2 |2 )2 .
2
The element E is central in N , hence the Poisson bracket on the algebra S = N/(E =
R), where R is a constant, is well-deﬁned.
Corollary 2. The classical Hamiltonian reduction of R4 by the constraint E − R =
1 2
(p + q12 + p22 + q22 ) − R is sphere S 2 of symplectic volume 2πR. On the level of functions
2 1
this mean that: N/(E = R) is isomorphic to F un(S 2 ) as Poisson algebra and isomorphism
is given by formulas 19.
Proof: the calculation of volume follows from proposition 1, the other things are
clear.

3.2 Quantum Hamiltonian reduction of R4 by 12 (p21 + q12 + p22 + q22 ).
As we have already mentioned in the introduction the quantization of R2n can be explicitly
described by the Moyal formula [18]:
i 12

r ∗ s = (e

i=1,2

∂pi ∂q˜i −∂qi ∂p˜i

r(p, q)s(p̃, q̃)|pi =p˜i ,

qi =p˜i )

(20)

Let us put  = 1.
All commutators in this section are with respect to the Moyal’s product.
It’s obviously true that [pi , qj ] = iδij (hence zi satisfy the relations: [zi , z̄i ] = 1).
Recall that the Duﬂo-Kirillov-Kontsevich map in this case is given just by the symmetrization:
1
D(a1 ...an ) =
aσ(1) ∗ ... ∗ aσ(n) ,
(21)
n! σ∈S
n
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where ak is any linear combination of pi , qj .
Thus, on the quantum level we have
1
1
D(E) = Ê = (p21 + q12 + p22 + q22 ) = (p1 ∗ p1 + q1 ∗ q1 + p2 ∗ p2 + q2 ∗ q2 ) =
2
2
1
=
zi ∗ z̄i + z̄i ∗ zi .
2 i=1,2

(22)

Remark 2. so let us mention that in this case if one works in generators pi , qj then there
is no need to use the symmetrization due to E = D(E), but working in generators zi , z̄i
really shows that symmetrization is really essential due to D(E) = 12
zi ∗ z̄i + z̄i ∗ zi =
zi ∗ z̄i =
i=1,2

zi ∗ z̄i .

i=1,2

i=1,2

Lemma 5. For any s ∈ F un(R4 ) we have [D(E), D(s)] = D({E, s}).
Proof. Indeed, let s be homogeneous of degree mi with respect to zi and of degree ni
with respect to z̄i . Then [D(E), D(s)] = (n1 + n2 − m1 − m2 )D(s) = D((n1 + n2 − m1 −
m2 )s) = D({E, s}). 2
Corollary 3. Denote by N̂ the commutant of D(E). This algebra is generated by
1
1
D(E), x1 = (p21 + q12 − p22 − q22 ) = (z1 ∗ z̄1 − z2 ∗ z̄2 + z̄1 ∗ z1 − z̄2 ∗ z2 ),
2
2
x2 = (q1 ∗ q2 + p1 ∗ p2 ) = (q1 q2 + p1 p2 ) = 2Re(z1 ∗ z̄2 ) = 2Re(z1 z̄2 ),
x3 = (p1 ∗ q2 − q1 ∗ p2 ) = (p1 q2 − q1 p2 ) = 2Im(z1 ∗ z̄2 ) = 2Im(z1 z̄2 )

(23)

Lemma 6. Elements xi satisfy the relations [xi , xj ] = 2iijk xk , and hence elements h =
x1 , e = 12 (x2 + ix3 ) = z1 z̄2 , f = 12 (x2 − ix3 ) = z̄1 z2 satisfy the sl(2) relations: [e, f ] =
h, [h, e] = 2e, [h, f ] = −2f .
Let us recall that according to conjecture 2 about the Hamiltonian reduction the
quantizations of functions on S 2 should be N̂ /(D(E) = R). So we see that:
Claim 2. Quantization of S 2 with standard SO(3) invariant symplectic form of the volume
2πR (i.e. the algebra F 
un(S 2 ) with  = 1) is isomorphic to the algebra N̂ /D(E) = R,
where N̂ is described in corollary 3 and lemma 6; and D(E) is given by the formula 22.
Let us prove that this quantization is the same as in the previous subsection. The
subalgebra generated by xi with respect to the star product is isomorphic to U (so(3)).
Recall that Casimir element D(C) in U (so(3)) was deﬁned: D(C) := i=1,2,3 xi ∗ xi + 1 =
4e ∗ f + h ∗ h − 2h + 1 = 4f ∗ e + h ∗ h + 2h + 1 = 2(e ∗ f + f ∗ e) + h ∗ h + 1.
Lemma 7. D(C) = D(E)2 .
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Proof. The algebra F 
un(R4 ) acts by diﬀerential operators on the polynomial algebra
C[z1 , z2 ] (where z̄i acts as ∂zi and zi acts as multiplication by zi ). The kernel of this
action is zero. Therefore, it suﬃces to check that the elements D(C) and D(E)2 act by
the same operator. The space of homogeneous polynomials of degree n is isomorphic to
Vn as sl(2)-module, and D(C) acts as the Casimir operator on this space. Thus, according
to 16 for any homogeneous polynomial P of degree n we have
D(C)P = (n2 + 2n + 1)P = (n + 1)2 P.

(24)

On the other hand
D(E)2 P = (

1
∂z zi + zi ∂zi )2 P = (1 +
zi ∂zi )2 P = (n + 1)2 P.
2 i=1,2 i
i=1,2

(25)

2
So we come to the main corollary of this section:
Corollary 4. There is a natural isomorphism
N̂ /(D(E) = R)

U (so(3))/(D(C) = R2 ).

(26)

This proves the desired result that both quantizations of S 2 are the same.

3.3 Hilbert space from Hamiltonian Reduction.
Let us recall that in the method of Hamiltonian reduction for the constraints fi = 0
the Hilbert space of the reduced system is deﬁned (according to the conjecture 3) as the
subspace of the nonreduced system such that constraints D(fi ) acts as zero: H red = {v ∈
H : D(fi )v = 0}, it is clear that the reduced algebra of functions acts on this space.
In our case we have the constraint E − R = 0, where E = D(E) = 12 (p21 + q12 + p22 + q22 ).
The Hilbert space for the quantization of R4 = C2 with the standard symplectic structure
dp1 ∧dq1 +dp2 ∧dq2 is known from any textbook to be L2 (q1 , q2 ) with the standard measure
dq1 dq2 , another realization for the same space is the so-called holomorphic realization
C[z1 , z2 ], (more precisely we should consider holomorphic functions of z1 , z2 which are
square integrable with the measure exp(−|z1 |2 − |z2 |2 ), but it does not matter for our
questions). In this representation z̄i acts as ∂zi . So we come to:
Proposition 2. The reduced space for the constraint E = R, i.e. subspace in C[z1 , z2 ],
where D(E) − R acts as zero is the space of homogeneous polynomials of degree R − 1,
it has the dimension R, the quantization of functions on S 2 acts irreducible and unitary
on this space.
Proof is clear from the formula 25 and description of representations of sl(2).
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Corollary 5. We obtain that the unique unitary irreducible representation of (F 
un(S 2 ))
can be obtain by the method of Hamiltonian reduction so completely conﬁrming the conjecture 3. Also we obtain the complete agreement of the description of the Hilbert space
from the point of view of Hamiltonian reduction method and all other points of view:
representation theoretic, geometric quantization with half-forms and Fedosov’s index theorem (see section 2.4).

4.

Comparison with the Explicit Star Product

In this section we recall the explicit SO(3)-invariant star product on S 2 following
[22] and show that it gives the same quantization as predicted by our conjectures, despite
that from the ﬁrst sight we see some contradiction.

4.1

Explicit SO(3)-invariant Star Product on R3 .

Explicit SO(3)-invariant star product on R3 was found in [19] using earlier work [20],
later in [21] there was proposed invariant star product on arbitrary coadjoint orbits of
semisimple group. In [22] it was shown that the last star product coincides with the one
from [19] in the case of S 2 .
Let us recall (by cut and paste from [22]) the invariant star product on R3 from [19].
Let xi i = 1, 2, 3 be the coordinates in R3 , r2 = x2i , abc - totally antisymmetric tensor.
∞

f  g = fg +


Cn ( )J a1 b1 . . . J an bn ∂a1 . . . ∂an f ∂b1 . . . ∂bn g,
r
n=1
(27)

where
( r )n

Cn ( ) =
,
r
n!(1 − r )(1 − 2 r ) · · · (1 − (n − 1) r )

(28)

J ab = r2 δab − xa xb + irabc xc .

(29)

and

The star product is deﬁned on R3 \{0}, but can be restricted to two-spheres centered at
the origin since because of the property ( see [19]) f (r2 )  g(x) = g(x)  f (r2 ) = f (r2 )g(x)
so this property guarantees, that the ideal generated by r2 is two-sided and the algebra of
functions on S 2 with respect to this star product is factor by this ideal of the algebra of
functions on R3 with respect to the star product above, and it is rotation invariant since
J ab is a covariant 2-tensor.
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4.2 Apparent Contradiction of our Proposal and Explicit Star Product
Calculation
Lemma 8.
[xa , xb ]∗ = 2iabc xc

(30)

xi ∗ xi = r + 2r

(31)

2

i=1,2,3

J 11 = r2 − x21 ,
J 12 = −x1 x2 + irx3 ,
so
Proof: C1 = r ,


[x1 , x2 ]∗ = x1 ∗ x2 − x2 ∗ x1 = (x1 x2 + r (−x1 x2 + irx3 )) − (x2 x1 + r (−x2 x1 − irx3 )) = 2ix3
x1 ∗ x1 = x21 + C1 J 11 = x21 + r (r2 − x21 ), hence
 2
2
2
2
i=1,2,3 xi ∗ xi =
i=1,2,3 xi + r (r − xi ) = r + 2r
Corollary 6. So we obtain the apparent contradiction: as it follows from the lemma above
)2 = R2 and the Poisson structure
the quantization of the S 2 given by the i (xclassical
i
, xclassical
} = 2abc xclassical
is the algebra with generators x1 , x2 , x3 with the
is {xclassical
a
c
b
relations: [xa , xb ]∗ = 2iabc xc , i=1,2,3 xi ∗ xi = R2 + 2R, but our proposal from the
previous sections predicts that as a quantization of S 2 we should obtain the algebra with
the other answer for the second relation: i=1,2,3 xi ∗ xi = R2 − 1

4.3 Solution to the Contradiction
As one can see from the previous corollary the diﬀerence between the two answers is not
very big: if we put  = 1, then our methods of quantization gives i=1,2,3 xi ∗ xi = R2 − 1
and star product gives i=1,2,3 xi ∗ xi = R2 + 2R = (R + 1)2 − 1 - the same as our method,
but with the change R → R + 1.
So in order to solve the puzzle we need to explain that star product 27 quantizes the
sphere of radius R + 1 not of the radius R as is seems.
To our luck this essentially has already been done in [22] where the characteristic
class of the invariant quantization was found. Let us mention that it is rather nontrivial
calculation which used the results of Karabegov [24] and Fedosov-Nest-Tsygan index
theorem [14, 25].
ω
Proposition 3. [22] the characteristic class of the invariant star product θ = 2π
+
1
2
c1 (S ).
2
#
Putting  = 1 we get that S 2 θ = R + 1. From this we conclude:
Claim: the invariant star product 27 quantizes the symplectic structure on S 2 which
corresponds to sphere with radius R + 1, not R.
This is more or less by deﬁnition of the characteristic class of deformation quantization.
Which measures the diﬀerence between the given star product and the isomorphism class
of star products which canonically corresponds to the given symplectic structure.
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It follows from the claim above, that:
We come to complete agreement of our method of quantization and the explicit star
product computation, due to putting R − 1 instead of R in the construction with the
invariant star product quantization of S 2 we obtain that it has the characteristic class
precisely ω and it gives the same quantum algebra as our methods of quantization.

4.4 Characteristic Classes of Deformation Quantization
In this section we brieﬂy recall the material related to the classiﬁcation of the star products, in order to clarify our point of view. (It seem that even among experts there are
some ”dark places” in these matters).
The naive requirement f ∗ g − g ∗ f = i{f, g}mod 2 is not enough to uniquely
deﬁne the correspondence between Poisson bracket {, } and the star products. This can
be seen from the trivial example: one can consider zero Poisson bracket ∀f, g{f, g} = 0
and arbitrary nonzero Poisson bracket which is multiple of  i.e. {f, g} = (something).
The star products for the both of this brackets will satisfy f ∗ g − g ∗ f = 0mod 2 .
So the question what is the star product corresponding to the given Poisson bracket
arises. And more generally what is the correspondence between the brackets and star
products. To this question answers the fundamental theorem of Kontsevich (see section
1.3 in [2]). Which says roughly speaking the following to the given Poisson bracket one can
construct class of star products, but the algebra of functions with respect to all these star
products are isomorphic. So to the given Poisson bracket one can construct one algebra
up to isomorphism. Moreover Kontsevich theorem works in the back direction it states
that for a given star product one can describe the class of Poisson brackets (depending on
 in general) deformation quantization of which leads to star product equivalent to the
initial one.
In the case of symplectic manifolds (i.e. when the Poisson bracket is nondegenerate)
the other classiﬁcation exists: star products corresponding to given symplectic form ω
are classiﬁed by H 2 (M )[[]]. More precisely, to the given star product with the property
f ∗ g − g ∗ f = {f, g}ω mod2 , one can canonically associate the element of the aﬃne
space − ω +H 2 (M )[[]] (see for example [23]) and the star-products with the same element
from H 2 (M )[[]] deﬁnes the isomorphic algebras. (There is no contradiction with example
described above and this theorem because in our example we started with the zero Poisson
bracket which is degenerate so it is not symplectic). The characteristic class is naturally
constructed as a cocycle in the Cech complex of M , so it is very hard to write it down as
a de Rham cocycle.
The following conjecture (which states that both classiﬁcation are agreed) should be
true, but we do not know the reference:
Conjecture 4: If one takes the star product on the symplectic manifold with the
characteristic class θ then under the bijections between Poisson brackets and star products
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deﬁned by Kontsevich this star product corresponds to θ−1
More precisely one should take nondegenerate representative in the cohomology class
θ, hopefully it can be done.
So this means: if the characteristic class of the quantization is θ then this quantization
really quantizes symplectic manifold with the symplectic form θ, but not ω.
This clariﬁes the claim made in previous section.

5.

Discussion

The ”weak version” of Conjecture 1 can be formulated as follows. Let Z(M ) be the
center of the algebra F 
un(M ) (by Kotsevich theorem it is the same as the Poisson center
of F un(M )).
”Weak Conjecture” 1 F un(M ) and F 
un(M ) are isomorphic as modules over Z(M )
It is probably a weaker form of our conjecture 1, it can be explained rather informally,
in the following way: our conjecture says that F 
un(M )/D(C − α) is quantization of
F un(M )/(C − α), where α is arbitrary constant, so they are isomorphic as modules of
constants, Casimir C here acts as a constant α, due to it is true for all α it should be true
before the factorization.
In [26] B. Shoikhet proved that for any Lie algebra g there is a natural isomorphism
of ZU (g)-modules
S(g)/{S(g), S(g)}

U (g)/[U (g), U (g)].

(32)

The question is if this isomorphism can be extended to a ZU (g)-module isomorphism
between S(g) and U (g).
Let us mention that our conjectures requires the explicit choice of generators fi deﬁning
the submanifold. It is of course not satisfactory, because the same manifolds can be
deﬁned by diﬀerent choices of generators. At the moment the situation with this question
is not clear for us. It is quite obvious that linear change of generators leads to the same
quantization. About the general case it is not quite clear: hopefully for arbitrary choice
of generators fi ∈ I D(fi ) generate the same ideal in F 
un(M ), but possibly the ideals
&f /I&
generated by them are diﬀerent, and there is only isomorphism of N
fi for diﬀerent of
i
fi .
Moreover the map D is deﬁned not uniquely, but depends on the auxiliary structures
like the choice of coordinate system in the approach of [2], nevertheless we hope that our
conjectures are true for arbitrary choice of the map D.
Let us mention that the next step to check our conjectures can be the attempt to
check it for the other coadjoint orbits of semisimple Lie groups, for example gl(n). By
the deﬁnition they are submanifolds in gl(n) on the other hand there is the explicit star
product found in [21], and they also can be represented by the hamiltonian reduction
(quiver like description of coadjoint orbits). One can hope that all the three approaches
coincide.
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It would be also very interesting to ﬁnd the generalization of the conjectures above to
the case of inﬁnite-dimensional Lie algebras, because many interesting spaces like moduli
spaces of ﬂat connections, instantons, etc. can be obtained by the Hamiltonian reduction
by the action of inﬁnite-dimensional groups. But in this case seems nothing to be known
about Duﬂo-Kirillov map, it is believed that it should be basically the same but there
should be some corrections.

Appendix. General deﬁnition of the Duﬂo-Kirillov-Kontsevich
map
Let us recall the deﬁnition of the map D. We will follow the letter from V. Dolgushev
to whom we deeply indebted for the clariﬁcations. One is reﬀered to [2, 27, 28] for further
details.
To any manifold M one can associate two diﬀerential graded Lie algebras (DGLA).
The ﬁrst is the algebra
P = ⊕k≥−1 Γ(∧k+1 T M ) ,

Γ(∧0 T M ) = F un(M )

(33)

of smooth polyvector ﬁelds. The structure of Lie algebra is given by the SchoutenNijenhuis bracket [, ]SN , and the diﬀerential is zero.
The second DGLA is the algebra H of polydiﬀerential operators with the Gerstenhaber
bracket [, ]G and the diﬀerential given by
∂ = [m, •]G ,

(34)

where m is the commutative product F un(M ) ⊗ F un(M ) → F un(M ).
The solutions of the Maurer-Cartan equation in the ﬁrst algebra are Poisson brackets,
and the solutions of the Maurer-Cartan equation in the second algebra are star-products.
The formality quasi-isomorphism of Kontsevich is a (nonlinear) L∞ -morphism F from
the DGLA of polyvector ﬁelds to the DGLA of polydiﬀerential operators. The structure
maps Fn of this quasi-isomorphism are described in terms of integrals over conﬁguration
spaces related with the Lobachevsky plane (see [2] for more details). For any solution
α of the Maurer-Cartan equation in the DGLA of polyvector ﬁelds (i.e. for any Poisson
bracket) the bidiﬀerential operator
∞

F (α) =
k=0

1
Fk+1 (α, . . . , α)
k!

(35)

satisﬁes Maurer-Cartan equation as well.
Furthermore, the formality quasi-isomorphism of Kontsevich gives a quasiisomorphism I from the complex of polyvector ﬁelds with the diﬀerential
dα = [α, •]SN .

(36)
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to the complex of polydiﬀerential operators with the diﬀerential
∂α = [m + F (α), •]G .

(37)

This quasi-isomorphism of complexes is given by the formula:
∞

I(γ) =
k=0

1
Fk+1 (α, . . . , α, γ) ,
k!

(38)

where γ is a cochain in P , and Fn are the structure maps of Kontsevich’s quasiisomorphism. This quasi-isomorphism is compatible with the cup-product on cohomology
of these complexes.
The fact that a function C ∈ F un(M ) is central is equivalent to the fact that C deﬁnes
a cocycle in P −1 with respect to dα , and the cup-product of such functions is their ordinary
product. Analogously, the fact that a function C ∈ F 
un(M ) is central is equivalent to
−1
the fact that C deﬁnes a cocycle in H with respect to ∂α , and the cup-product of such
functions is their star-product.
Thus, the formula
∞

D(C) =
k=0

1
Fk+1 (α, . . . , α, C)
k!

(39)

deﬁnes the desired mapping D.
It was proved in [2] that it coincides with the map Duﬂo-Kirillov map in the case of
Lie algebras.
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Abstract:

The inﬂuence of hidden symmetry on two-dimensional excitonic states in semiconductor quantum wells

is investigated. It is shown that excitonic states in quantum wells, with the parabolic dispersion law for the electron
and hole, and Sommerfeld’s coeﬃcients for excitonic transitions are determined only with the principle quantum number
within the framework of two-dimensional Coulomb potential. This is a result of hidden symmetry of two-dimensional
Coulomb problem, conditioned by the existence of two-dimensional analog of the Runge-Lentz vector. For the narrow gap
semiconductor quantum well with the non-parabolic dispersion law of electron and hole, in the two-band Kane model, it is
shown that two-dimensional excitonic states are described in the frames of analog of the Klein-Gordon equation with the
two-dimensional Coulomb potential. Non-stability of the ground state of the two-dimensional Kane’s exciton investigated.
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1.

Introduction

Due to the existence of the size quantization eﬀects in the semiconductor nanostructures it became possible to realize such a low dimensional systems, which initially
had only model character. One of such is the two-dimensional Coulomb system, which
is obtained during the impurity and excitonic states formation in quantum wells and
superlattices [1-8]. Mathematically two-dimensional Coulomb potential is deﬁned by the
∗
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following expression [9]:
Ze2
V (x, y) = − $
,
(1)
x2 + y 2
where Z− is the charge number. Corresponding Schrödinger equation in the Cartesian
coordinates is the following
−

2
2m

∂2
∂2
+
∂x2 ∂y 2

Ze2
Ψ− $
Ψ = EΨ.
x2 + y 2

(2)

It should be mentioned that two-dimensional hydrogen atom, being a system with the
hidden symmetry, can be investigated simultaneously in several coordinate systems as:
polar [10], parabolic [11] and elliptical [12]. In the absence of ﬁelds, it is more appropriate
to use polar coordinate system.
As it was mentioned, one of the causes for the formation of two-dimensional Coulomb
systems in semiconductor quantum wells is the formation of excitons in them during the
interband optical absorption [13]. Since the system under is two-dimensional the exciton
in it is also two-dimensional (provided strong size quantization [14]) and the energy of
electron-hole interaction can be described in the frames of two-dimensional Coulomb
potential (1) and charge number Z = 1. Thus, two-dimensional excitonic states will also
have the hidden symmetry, natural for the two-dimensional Coulomb problem. It is clear
that this fact should be reﬂected on the character of the excitonic transitions in quantum
well.
On the other hand it should be mentioned that not all semiconductor quantum wells
have the parabolic dispersion law of the charge carriers. There are compounds in which,
due to the existence of strong interaction of valence band with the band of conductivity,
non parabolic dispersion law for the electrons and holes can exist [15]. For that case,
theoretical description of the two-dimensional excitons should be done with the consideration of the kinetic operator, which deviates from standard quadratic. It is natural to
expect that the above mentioned case can bring to the disappearance of the occasional
degeneration of the two-dimensional Coulomb problem discussed.
In this theoretical work the inﬂuence of the hidden symmetry on the excitonic transitions in semiconductor quantum wells with the standard dispersion law for the electrons
and holes, as well as peculiarities of the two-dimensional excitonic states in narrowband
semiconductor quantum wells with the consideration of non-parabolicity of the charge
carriers’ dispersion law are investigated.
As was mentioned above we are studying the two-dimensional electron-hole system
with the interaction potential (1). Corresponding Schrödinger two-particle equation will
have the following form.
' 2
(

2
e2
−
Ψ = EΨ,
(3)
Δe +
Δh +
2me
2mh
|
ρe − ρh |
where − 2me(h) Δe(h) − is the operator of kinetic energy of the electron (hole). Introducing
reduced mass
me mh
,
μ=
me + mh
2
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relative coordinate
ρ = ρe − ρh ,
and applying standard procedure for the transition from two- to one-particle problem we
will obtain two-dimensional Schrödinger equation
' 2
(

e2
−
Δ+
Ψ = EΨ.
(4)
2μ
ρ
In polar coordinates equation (4) will get to the following form [9]
(
'
2 1 ∂
e2
∂
1 ∂2
−
ρ
+ 2 2 Ψn,m (ρ, ϕ) − Ψn,m (ρ, ϕ) = EΨn,m (ρ, ϕ) .
2μ ρ ∂ρ
∂ρ
ρ ∂ϕ
ρ

(5)

The well-known solution for this equation is following
eimϕ
√
Ψn,m (ρ, ϕ) =
Rn,m (ρ) ,
2π
where

)

2 (n − |m|)!
Rn,m (ρ) =

3
a2ex n + 12 {(n + |m|)!}3

* 12

ρ

|m|

(6)

ρ

e−( 2aex λ ) Ln+|m|
2|m|

ρ

,
(7)
aex λ
aex λ

∗
2
and where aex = μe2 −is the exciton radius, λ = − Ry
, Ry ∗ − is the eﬀective Rydberg’s
4E
energy, m−is the magnetic quantum number, n = nρ + |m| −is the principle quantum
number (m = 0, ±1, ±2, ..., ±n), nρ −is the radial quantum number, Lαn (x) −is the Laguerre’s polynomial. Corresponding energetic spectrum will be
Enex = −

μe4

2 .
22 n + 12

(8)

As it can be seen from (8), two-dimensional excitonic states are degenerated with the
degeneracy order
g (n) = 2n + 1.
(9)
In the paper [16] it is shown, that this degeneration is connected with the existence of
the two-dimensional analog of the Runge-Lentz vector in the two-dimensional Coulomb
problem. Components of that vector are


P̂x
1
x
L̂
,
−
P̂
+
i
γ̂1 = √−2E
y
z
ρ
2
(10)


P̂y
y
1
γ̂2 = √−2E
P̂
.
+
L̂
−
i
z x
ρ
2
∂
These operators along with plane rotation generator γ̂3 = L̂z = −i ∂ϕ
Abelian groupO (2)
deﬁne hidden group symmetry SO (3) commutating with the Hamiltonian of the twodimensional Coulomb problem and providing corresponding degeneracy order. At the
same time generators of this group satisfy the commutation relation

[γ̂i γ̂j ] = iεijk γ̂k ,
where εijk −is the absolute anti-symmetric tensor.

(11)
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2.

Excitonic Transitions in Quantum Wells

During the investigation of the optical characteristics of the semiconductors it was revealed that under the certain conditions of the light absorption in semiconductors may be
obtained such a conditions in which electron transiting from valence band to the conductivity band can create a bound state with the hole in the valence band, without reaching
the conductivity band [14]. In other words excitonic state occurs and corresponding
transitions are called excitonic. In the theory of semiconductor optical properties it is
shown that the intensity of the excitonic transitions is characterized with the Sommerfeld
coeﬃcients [14], which are equal to the values of the squared modulus of excitonic wave
function in ρ = 0
Z1 (n) = |Ψn,m (0)|2 ,
(12)
if Ψn,m (0) = 0, and
Z2 (n) = |gradΨn,m (0)|2 ,

(13)

if Ψn,m (0) = 0. For the ﬁrst case transitions are called allowed, and for the second case
– forbidden.
Let’s deﬁne the Sommerfeld coeﬃcients for the excitonic transitions in the quantum well, when exciton is described in the frames of above mentioned two-dimensional
Coloumbic problem. We should use the wave function (7). From that it is obvious that
allowed transitions take place only for the states for whichm = 0. Thus the corresponding
Sommerfeld’s coeﬃcient will have the following form [14]
Z1 (n) = |Ψn,0 (0)|2 =

πa2ex

1

3 .
n + 12

(14)

For the forbidden transitions case, ﬁrst, we should write Laguerre’s polynomial in the
waive function in the (7) explicit form
n−|m|
2|m|
Ln+|m|

(x) =
k=0

(−1)k+2|m| {(n + |m|)!}2 xk
.
(n − |m| − k)! (2 |m| + k)!k!

(15)

Direct calculations show that gradΨn,m (0) is nonzero when m = 0andm = ±1. So for
the Sommerfeld’s coeﬃcient we can take
1

|gradΨn,i (0)|2 .

Z2 (n) =

(16)

i=−1

Calculating the corresponding values for the gradients we can see that
2

4 n + 12
2
|gradΨn,0 (0)| =

5 ,
πa4ex n + 12
|gradΨn,±1 (0)|2 =

n (n + 1)

5 .
πa4ex n + 12

(17)

(18)
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Taking into account (16-18) for the Sommerfeld’s coeﬃcient in the case of forbidden
transitions we get:
2

3 n + 12 − 14
Z2 (n) =
(19)

5 .
2πa4ex n + 12
As it follows the intensity of the forbidden excitonic transitions in the two-dimensional
case depends only on the principle quantum number n. For its ﬁxed values, due to
the existence of hidden symmetry of the discussed problem, for the states with diﬀerent
m and nρ , but with the same n = nρ + |m| we get the same intensity for the excitonic
transitions Z2 (n). In Table 1. Sommerfeld’s coeﬃcients for diﬀerent forbidden transitions
are brought. To sum up, we can conclude that for the strong quantization in quantum
n=1

n=2

n=3

nρ = 1, m = 0

nρ = 2, m = 0

nρ = 3, m = 0

nρ = 0, m = 1

nρ = 1, m = 1

nρ = 2, m = 1

nρ = 0, m = −1

nρ = 1, m = −1

nρ = 2, m = −1

Z2 (1) =

1 104
πa4ex 243

Z2 (2) =

1 296
πa4ex 3125

Z2 (3) =

1
584
πa4ex 16807

Table 1 Sommerfeld’s coeﬃcients for the forbidden two-dimensional excitonic transitions for
diﬀerent values of main quantum number n.

well, when we can use two-dimensional exciton model, due to the hidden symmetry of the
two-dimensional Coulomb problem, Zommerﬁeld’s coeﬃcients of the exciton transitions
are expressed only with principle quantum number. This makes possible for the case
of forbidden transitions to realize the same intensity of the two-dimensional excitonic
transitions for diﬀerent states. As soon as we assume the quazi two-dimensionality of
the exciton and insert the z coordinate into Hamiltonian the hidden symmetry of the
problem disappears and Sommerfeld’s coeﬃcients now depend also on m and nρ .

3.

Two-dimensional Kane’s Exciton

Along with the consideration of quazi two-dimensionality, also consideration of nonparabolicity of dispersion law for the electron and hole in the narrow band semiconductor
quantum wells in two-dimensional Coulomb problem can bring to the disappearance of
the hidden symmetry. What is important, that electron-hole interaction potential can
be described within the frames of two-dimensional potential (1). In Kane’s works it was
shown that consideration of interband interactions in semiconductor brings to the deviation of the electron-whole dispersion law from the quadratic form [15]. In two-band
approximation, when the eﬀective masses of electron and whole are equal, Kane’s dispersion law becomes analogous to the relativistic one, however, naturally, there is nothing
relativistic, simple mathematical coincidence. If we introduce the band interaction parameter s(s ≈ 108 sm/s), which is deﬁned through interband dipole matrix element, the
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corresponding dispersion law will take the following form [15]:
$
E = p2 s2 + μ2 s4 .

(20)

Thus, within the frames of two-band Kane’s approximation for deﬁning the excitonic
states one does have to solve corresponding steady-state Klein-Gordon equation with
the Coulomb potential. It is clear, that for the two-dimensional excitonic states in narrowband semiconductor quantum well problem reduces to the investigation of the twodimensional Klein-Gordon equation with the Coulombic interaction term (1).
In the polar coordinates Klein-Gordon equation for the Coulomb ﬁeld takes the following form [17]





1 ∂
2ZEe2
1  2 4
∂
1 ∂2
Z 2 e4
2
ρ
+ 2 2 Ψnρ ,m +
Ψnρ ,m = 0,
+ 2 2 2 − 2 2 μ c −E
ρ ∂ρ
∂ρ
ρ ∂ϕ
2 c2 ρ
cρ
c
(21)
where μ is the electron mass.
Representing electron’s wave function as a compound of radial R(
ρ) and angular Φ (ϕ)
functionsΨnρ ,m (
ρ, ϕ) = Rnρ ,m (
ρ) Φm (ϕ) and using the variable separation method, from
(1) we obtain two equations which deﬁne R(
ρ) and Φ (ϕ):


2
dRnρ ,m
Z 2 e4 (μ2 c4 − E 2 ) 2
2Ze2 E
2 d Rnρ ,m
2
ρ
+ρ
ρ+ 2 2 −
ρ − m Rnρ ,m = 0
(22)
+
dρ2
dρ
2 c2
c
2 c2
and

d2 Φm
+ m2 Φm = 0,
(23)
dϕ2
where m = 0; ±1; ±2; ... is the magnetic quantum number, nρ −is the radial quantum
number.
From the (23) for the normalized angular functions Φm (ϕ) we get
1
Φm (ϕ) = √ eimϕ .
2π

(24)

For the radial equation (22) ﬁrst, let’s introduce following notations:
ε=

1/2
1  2 4
μ c − E2
,
c



λ = ZαE μ2 c4 − E 2 ,

α=

e2
,
c

(25)

And dimensionless variable r = 2ερ. Then for the R (r)we come to the following equation
Rn ρ ,m

+

Rn ρ ,m
r

+

λ Z 2 α 2 − m2 1
−
+
r
r2
4

Rnρ ,m = 0.

(26)

With the consideration of the solutions of (26) in two limiting cases r → 0 and r → ∞,
we will seek general solution in the following form.
Rnρ ,m (r) = rS exp (−r/2) unρ ,m (r) ,
where S =

√

m2 − Z 2 α 2 .

(27)
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Putting (27) in (26) for u(r)we will get Kummer’s equation [18]:
ru + (2S + 1 + r) u + λ − S −

1
2

u = 0.

(28)

The solution of the (28), which satisﬁes standard conditions, can be expressed through
the conﬂuent hypergeometrical function 1 F1 (α, β; x). Thus for the radial waive function
we can take
Rnρ ,m (r) = Cnρ ,m rS exp (−r/2) 1 F1 S +

1
− λ; 2S + 1; r ,
2

(29)

where Cnρ ,m − is the normalization constant.
Energetic spectrum is determined from the breaking of the degenerated hypergeometric series 1 F1 (α, β; x) condition and has the following form
)
*1/2
2 2
Z
α
Enρ ,m = μc2 1 −
.
(30)
√
2

Z 2 α2 + nρ + 12 + m2 − Z 2 α2
Let’s discuss the energetic spectrum and the system behavior when m = 0 in more detail.
As it follows from the (30) in that case energy becomes complex. Latter is connected
with the occurrence of the instability in the problem [19]. The cause of this instability
is easy to understand, if consider, that the term Z 2 e4 /2μc2 ρ2 in the equation (21) in the
non-relativistic theory can be regarded as a part of potential energy, which is attractive.
When m = 0 this attraction becomes prevailed, the fall on to center, which means that
system becomes unstable. This fall could be seen from the waive function when r → 0.
Indeed, when m = 0 S becomes imaginary quantity S = iZα and R (r) ∼ eiZα ln r .
When r → 0 waive function oscillates inﬁnite number of times [19].
Let’s remember, that similar situation occurs when solving the three-dimensional
relativistic hydrogen-like atom problem [20], but here the diﬀerence is that this instability
takes place when Zα > 12 .
WhenZα << 1 from (30) for the atom’s energy we have
,*
)
+
2 2
4 4
Z α
Z α
3 |m|

Enρ ,m = μc2 1 − 
,
(31)
 −
 1− 

1 2
1 3
4 n + 12
2 n+
2 |m| n +
2

2

where n = nρ + |m|. As it follows from (31) consideration of the relativity brings to the
disappearance of the degeneration by m and now the group of symmetry of the corresponding Hamiltonian is O (2). In other words, consideration of the non-parabolicity of
the dispersion law of charge carriers brings to the disappearance of the hidden symmetry
in the Coulomb problem. Second term in the decomposition is the energy of the nonrelativistic two-dimensional atom. As it is seen from (31) relativistic corrections increase
bond energy.
As it was mentioned, Kane’s dispersion law of the charge carriers in the two-band
approximation has the form analogous to the relativistic one. That is why we can twoparticle Hamiltonian function of the exciton problem reduces to the eﬀective one-particle
one and apply the results obtained above to the Kane’s exciton.
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For the Kane’s exciton case the role of the light speed plays the parameters, mass of
the free electronμ replaces with the eﬀective mass μe of the electron in the crystal. From
that for the eﬀective constant of the ﬁne structure α∗ we can take
α∗ =

e2
.
s

(32)

In the two-band interaction eﬀective masses of the electron and hole are equal,μe = μh ,
which makes it possible to bring the two-particle Hamilton function to the one-particle.
Indeed, passing to the new coordinate system, in which μe ρe + μh ρh = 0, and introducing
e
h
ρ = ρe − ρh , as well as considering that ρe = μeμ+μ
ρ and ρh = − μeμ+μ
ρ, for the electron
h
h
and hole impulse operators we will get
⎫
⎪
ˆ
ˆ
h 
Pe = μeμ+μ
P ⎬
∗
h
,
(33)
ˆ⎪
ˆ
μe +μh 

⎭
Ph = − μe P
ˆ
∂
where P = −i ∂
. Switching to the new coordinate ρ = ρ4 and introducing eﬀective mass
ρ
and charge, μ ≡ 2μ, e ≡ 2e we come to the following equation


2 2

2 4

P̂ s + μ s


Ψnρ ,m =

Enexρ ,m

e2
+ 
ρ

2

Ψnρ ,m

(34)

which fully coincides with the Klein-Gordon equation for the two-dimensional hydrogenˆ
ˆ
like atom, where instead of μ we have μ , e – e , c – s, and P = 2P . This allows us to apply
to the Kane’s exciton main results, obtained during the solution of the two-dimensional
relativistic hydrogen atom which are:
(1) Exciton’s energetic spectrum has the form
)
*
∗2
4α
 2
Enexρ ,m = 1 −
(35)
√
2 μ s ,

1
∗2
2
∗2
4α + nρ + 2 + m − 4α
(1) The states of the system with m = 0 are unstable.
(2) Degeneration of energy levels, which takes place in the case of two-dimensional
exciton with the standard dispersion law, disappears.
And ﬁnally after the standard procedure of the normalizations of the radial part of the
exciton’s waive function
∞
Rn2 ρ ,m (ρ) ρdρ = 1,
(36)
0

with the consideration of [18]
#∞
Γ(ν)n!
I = e−χx xν−1 F 2 (−n; γ; χx) dx = χν γ(γ+1)···(γ+n−1)
×
0
(
'
,
n−1
n(n−1)···(n−p)(γ−ν−p−1)···(γ−ν+p)
× 1+
[(p+1)!]2 γ(γ+1)···(γ+p)
p=0

(37)
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for Ψnρ ,m (
ρ, ϕ) = Rnρ ,m (
ρ) Φm (ϕ) eventually we can get
Ψnρ ,m (
ρ, ϕ) =

0
2 (2S + 1) ... (2S + nρ )
1 1
1
imϕ −ερ


e
(2ε
ρ)S F (−nρ ; 2S + 1; 2ε
ρ). (38)
2
2  e

aex π Γ (2S + 2) nρ ! 1 + 2nρ
Z 2 α2 + nρ + S + 1
2S+1

2

Conclusion
Due to the hidden symmetry in two-dimensional Coulomb system, the Sommerfeld
coeﬀcients of the forbidden excitonic transitions depend only on the principal quantum
number. As a result of this for diﬀerent magnetic and radial quantum numbers of the
excitonic states can correspond the same Zommerﬁeld’s coeﬃcient. Situation radically
changes if we consider narrowband quantum well. In that case due to the existence of
interband interaction the dispersion law of the electron and hole becomes non-parabolic
and Hamiltonian of the two-dimensional exciton system no longer have the hidden symmetry. In particular, if we investigate the model of two-dimensional exciton within the
frames of two-band Kane’s approximation, the states with the magnetic quantum number
m = 0 do not realize at all, and other states are no longer degenerated by m.
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At any event of R4 there is a Newman-Penrose (NP) [1,2] null canonical tetrad
(NCT) [3-5] (mr , m̄r , lr , nr ) such that the NP components of Weyl tensor take the following values for each Petrov type [6] of spacetime:
N: ψ4 = 1 ,

ψa = 0 ,

3√
III: ψ3 = −i 2 ,

a = 4

D: ψ2 = λ1 ,

ψc = 0 ,

c = 2

II: ψ2 = λ1 ,

ψ4 = 1 ,

ψj = 0 ,

I: ψo = ψ4 = (λ2 − λ1 )/2 ,
∗

b = 3

ψb = 0 ,

jlopezb@ipn.mx

(1)

j = 2, 4

ψ2 = −λ3 /2 ,

ψr = 0 ,

r = 1, 3
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where λa , a = 1, 2, 3 are the eigenvalues of the corresponding 3 × 3 complex matrix of
Petrov [7-10].
Robinson [11] comments that Cartan [12] was the ﬁrst to mention the existence of the
null real vectors, now named Debever-Penrose (DP) principal directions [13-18], which are
very important [5] in general relativity. Then, it is interesting to learn how to construct
the DP vectors at an event where a NCT verifying (1) is given. For the Petrov types N,
D and III is known [4, 5, 16, 18] that the DP directions Ka coincide with lr or/and nr
of the NCT, thus, here only the explicit relationship of Ka with the NCT for the cases I
and II will be exhibited.

Petrov type II
There are three DP null real vectors Kr that may be obtained from NTC via:
c

Kr = nr + γj γ̄j lr + i(γj m̄r − γ̄j mr ) , j = 1, 2 , Kr = nr ,

(2)

3

j

where γj are the two roots of γ 2 = 6λ1 . This relation (2) represents a special case of the
general equation for the null principal directions [19]:
Kr = nr + bb̄lr + bm̄r + b̄mr ,

(3)

setting b = iγ and substituting the corresponding values of the Weyl scalars ψc into the
equation (3.72) of [19]:
ψ4 b4 + 4ψ3 b3 + 6ψ2 b2 + 4ψ1 b + ψ0 = 0,

(4)

one gets the values of b and γ, then comes straightforwardly to (2).
Writing the conformal tensor Cabrp in terms of the NCT, it is easy to check the
fulﬁllment of the condition:
K r K [p Wq] ra [j Kt] K a = 0,
c

c

(5)

c

c

that any DP vector must satisfy with Wabjr = Cabjr + ∗ Cabjr .

Petrov type I
Here we have four DP principal directions Kr , Kr , Kr and Kr whose expressions
11

12

21

22

in function of the NCT are given by:
K r = nr −
jc

βc (1 + iϕ̄j )
1 − iϕj
1 + iϕ̄j
lr +
m̄r +
mr , j, c = 1, 2
βc
β̄c (1 + iϕj )
β̄c

(6)

where βc and ϕj are the roots of:
β 2 = (λ2 − λ1 )/(λ3 − λ2 ) , ϕ2 = (λ1 − λ3 )/(λ3 − λ2 ) ,

(7)
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and we must remember that for Petrov type I the eigenvalues λj are diﬀerent each other
with the restrictionλ1 + λ2 + λ3 = 0; as in the previous case, the null vectors (6) satisfy
(5).
It is no diﬃcult to show that the vectors (6) have the structure (3), however, in the
literature we have not explicitly found the expressions (6) which may have interesting
applications in general relativity.
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Abstract:

We use an explicit Randall-Sundrum brane world eﬀective potential as congruent with conditions needed

to form a minimum entropy starting point for an early universe vacuum state. We are investigating if the Jeans instability
criteria mandating low entropy, low temperature initial pre inﬂation state conﬁguration can be reconciled with thermal
conditions of temperatures at or above ten to the 12 Kelvin, or higher, when cosmic inﬂation physics takes over. We
justify this by pointing to the Ashtekar, Pawlowski, and Singh (2006) article about a prior universe being modeled via their
quantum bounce hypothesis which states that this prior universe geometrically can be modeled via a discretized Wheeler
– De Witt equation , with it being the collapsing into a quantum bounce point singularity converse of the present day
universe expanding from the quantum bounce point so delineated in their calculations. The prior universe would provide
thermal excitation into the Jeans instability mandated cooled down initial state, with low entropy, leading to extreme
graviton production. This necessitates reconciling the lack of a quantum bounce seen in brane world models with the proof
of relic graviton production so provided in the simulation so provided. This is also a way of getting around the get around
the fact that conventional cosmological CMB is limited by a barrier as of a red shift limit of about z = 1000, i.e. when
the universe was about 1000 times smaller and 100,000 times younger than today as to photons, and to come up with a
working model of quintessence scalar ﬁelds which permits relic generation of dark matter/dark energy.
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1.

Introduction

Our present paper is in response to suggestions by Dr. Wald [1] (2005), Sean Carroll,
and Jennifer Chen [2] (2005) , and others in the physics department in the U. of Chicago
about a Jeans instability criteria leading to low entropy states of the universe at the onset
∗

abeckwith@UH.edu
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of conditions before inﬂationary physics initiated expansion of inﬂaton ﬁelds. We agree
with their conclusions and think it ties in nicely with the argument so presented as to
a burst of relic gravitons being produced. This also is consistent with an answer as to
the supposition for the formation of a unique class of initial vacuum states, answering
a question Guth [3] raised in 2003 about if or not a preferred form of vacuum state for
early universe nucleation was obtainable. This is in tandem with the addition of gravity
changing typical criteria for astrophysical applications of the jeans instability criteria [4]
for weakly interacting ﬁelds, as mentioned by Penrose [49].
Contemporary graviton theory states as a given that there is a thermal upsurge which
initiates the growth of graviton physics. This is shown in K.E. Kuntz’s well written (2002)
article [5] which gives an extremely lucid introduction as to early universe additional dimensions giving a decisive impetus to giving additional momentum to the production of
relic gravitons. However, Kunze [5] is relying upon enhanced thermal excitation states,
which contradict the Jeans instability criteria which appears to rule out a gravitational
ﬁeld soaked initial universe conﬁguration being thermally excited. Is there a way to get
around this situation which appears to violate the Jeans instability criteria for gravitational ﬁelds/gravitons in the early universe mandating low entropy states? We believe
that there is, and that it relies upon a suggestion given by Ashtekar, A., Pawlowski, T.
and Singh, P[6,7] (2006) as to the inﬂuence of the quantum bounce via quantum loop
gravity mirror imaging a prior universe collapsing into a ‘singularity’ with much the same
geometry as the present universe. If this is the case, then we suggest that an energy
ﬂux from that prior universe collapse is transferred into a low entropy thermally cooled
down initial state, leading to a sudden burst of relic gravitons as to our present universe
conﬁguration. The ﬁrst order estimate for this graviton burst comes from the numerical
density equation for gravitons written up by Weinberg as of 1971 [8] with an exponential factor containing a frequency value divided by a thermal value, T, minus 1. If the
frequency value is initially quite high, and the input given by a prior universe ‘bounce’,
with an initial very high value of energy conﬁguration, then we reason that this would
be enough to introduce a massive energy excitation into a thermally cooled down axion
wall conﬁguration which would then lead to the extreme temperatures of approximately
1012 Kelvin forming at or before a Planck interval of time tp , plus a melt down of the
axion domain wall, which we then says presages formations of a Guth style inﬂationary
quadratic and the onset of chaotic inﬂationary expansion.
A way of getting to all of this is to work with a variant of the Holographic principle,
and an upper bound to entropy calculations. R.Busso, and L. Randall [9] (2001) give
a brane world variant of the more standard upper bounds for entropy in terms of area
calculations times powers of either the fourth or ﬁfth dimensional values of Planck mass
[45] (45), which still lead to minimized values if we go near the origins of the big bang
itself. Our observations are then not only consistent with the upper bound shrinking due
to smaller and smaller volume/area values of regions of space containing entropy measured
quantities, but consistent with entropy/area being less than or equal to a constant times
absolute temperatures, if we take as a given in the beginning low temperature conditions
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prior to the pop up of an inﬂation scalar ﬁeld.
Recently, Bo Feng et. al. [10] , introduced the idea of an eﬀective Lagrangian to
compliment the idea of CPT violations, as new physics , composed of a term proportional
to the derivative of a scalar ﬁeld ϕ (in this case a quintessence ﬁeld) times the dual of the
electromagnetic tensor. What we are supplying is a proof if you will of time dependence of
the quintessence scalar ﬁeld, and Bo Feng et. al. 10] inputs into the electric and magnetic
ﬁelds of this dual of the E&M tensor from the stand point of CMB. It is noteworthy
to bring up that Ichiki et al. [11] notes that because standard electromagnetic ﬁelds
are conformally coupled to gravity, magnetic ﬁelds simply dilute away as the universe
expands, i.e. we need to consider the role of gravity generation in early universe models.
We will, in this document try to address how, via graviton production, we have intense
gravity wave generation, and also how to use this as a probe of early universe quintessence
ﬁelds, and also how to get around the fact that conventional cosmological CMB is limited
by a barrier as of a red shift limit of about z 1000 , i.e. when the universe was about
1000 times smaller and 100,000 times younger than today as to photons ,i.e. we are
conﬁrming as was stated by Weinberg as of 1977 that there is zero chance of relic photon
generation from the big bang itself we can see being observable is zero and that we are
using relic gravitons as a probe as to the physics of quintessence ﬁelds , as well as the
origins of dark matter/dark energy issue.
In addition this approach accounts for data suggesting that the four-dimensional version of the “cosmological constant” in fact varies with respect to external background
temperature. If this temperature signiﬁcantly varied during early universe baryogenesis,
the end result is that there would be a huge release of spin-two gravitons in the early
stages of cosmic nucleation of a new universe. It also answers whether “Even if there
are 101000 vacuum states produced by String theory, then does inﬂation produces overwhelmingly one preferred type of vacuum states over the other possible types of vacuum
states?” [12] (Guth, 2003).
Finally, but not least, we also account for the evolution of an equation of motion of a
quintessence ﬁeld, via equations given to us by M. Li, X. Wang, B. Feng, and X. Zhang
[13] , which is a ﬁrst ever re do in dept of the interaction of a quintessence scalar ﬁeld
with baryonic ‘normal matter’ assuming varying contributions to a potential ﬁeld system
with a varying by temperature axion mass contribution to an evolving pre inﬂationary
state, which collapses to a quadratic Guth style inﬂationary state with a suitable rise in
initial inﬂationary temperatures.

2.

Organization of this Paper

(1) Section I. Introduction, p 105
(2) Section II: Table of contents p 107
(3) Section III. Review of what can be identiﬁed via scaling arguments and varying
models of dark energy, p 108
(4) Section IV. Re constructing what can be said about initial vacuum ﬂuctuations and
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their linkage to brane world physics, p 111
Section V. Why we even bother with talking about such a simpliﬁed ﬂuctuation
procedure, p 112
Section VI. Thermal heat up of the axion walls just presented via quantum ﬂuctuations, p 113
Section VII. Setting up conditions for entropy bounds via brane world physics, p
114
Section VIII. Links to de coherence and how we go from Eqn. 43 to Eqn. 44 above,
p 115
Section IX. The Wheeler graviton production formula for relic gravitons, p 116
Section X. Initial template for possible interpretation of formation/ disappearance
of axion walls, p 118
Section XI. Modeling a ﬁfth dimension for embedding four dimensional space time,
p 120
Section XII. Randall Sundrum eﬀective potential, p 121
Section XIII. Using our bound to the cosmological constant, p 123
Section XIV. Brane world and di quark least action integrals, p 125
Section XV. Di quark potential systems and the Wheeler De-Witt equation, p 126
Section XVI. Detecting gravitons as spin 2 objects with available technology, p 127
Section XVII. Tie in with answering Guth’s question about the existence of a preferred vacuum nucleation state?, p 130
Section XVIII. Similarities/diﬀerences with Ghost inﬂation, and inquires as to the
role of condensates for initial vacuum states, p 131
Section XIX. Graviton space propulsion systems, p 133
Section XX. Bo Feng’s analysis of CPT violations due to the physics of quintessence
ﬁelds, p 134
Section XXI. Dynamics of Axion Interaction with Baryonic matter, via quintessence
scalar ﬁeld, p 135
Section XXII. Conclusions, p 137

Review of what can be Identiﬁed Via Scaling Arguments and
Varying Models of Dark Energy

We will now review the scaling arguments as to permissible entropy behavior and use
this to begin our inquiry as to what to expect from brane models as given by U. Alam,
and A. Strobinsky et al in July 2004 [14]. To begin with, they summarize several dark
energy candidates as having the following inquiry schools, which I will reproduce in part
for diﬀerent equations of state, w (z) = Pρ as the ratio of pressure over observed density
of states
(1) Dark energy with w (z) ≤ −1
(2) Chaplygin Gas models with w(z) = 0 for high red shift to w(z) ∼
= −1 today
(3) Brane world models where acceleration, cosmology wise, is due to the gravity sector,
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rather than matter sector
(4) Dark energy models with negative scalar potentials
(5) Interacting models of dark energy and dark matter
(6) Modiﬁed gravity and scalar-tensor models
(7) Dark energy driven by quantum eﬀects
(8) Dark energy with a late time transition in the equation of state
(9) Uniﬁed models of dark energy and inﬂation
The model they ultimately back in part due to astro physics observations is closest to
one with w(z) = 0 in the distant past, to one with w(z) ∼
= −1 today. We will next go
to scaling argument in part to talk about the signiﬁcance of such thinking in terms of
entropy. The model results they have in initial cosmology is not signiﬁcantly diﬀerent in
part from the modeled values obtained by Knop et. al. with −1.61 < w(z) < −.78 and in
some particulars are close to what the Chaplygin Gas model predicts when dark energy
- dark matter uniﬁcation is achieved through an exotic background ﬂuid whose equation
of state is given by p = - A/ρα , and with 0 < α ≤ 1 We are not speciﬁcally endorsing
this model, but are using the equation of state values to investigate some fundamental
initial conditions for vacuum nucleation and brane world cosmology. We should note that
if we consider w(z) ∼
= −1 we are introducing driven inﬂation via cosmological constant
models.
To begin, we start with scale models, which we claim break down in part as follows:
Start with


ä
4
3
≈− ·ρ· 1+
(1)
a
3
w(z)
The generalized Chaplygin gas (GCG) model allows for a uniﬁed description of the recent
accelerated expansion of the Universe and the evolution of energy density perturbations.
If we use w (z) ∝ ε+ we have the following, namely for


4
3
ä
+
(2)
≈− ·ρ· 1+ + ≡N
a
3
ε
If we have a situation for which
ρ ≡ ρ0 · e−C·t1

(3)

Before proceeding on applying the third equation, we need to show how it ties in with
the Chaplygin Gas model predictions, and generalized ﬂuid models. Begin ﬁrst with a
density varying as, due to a red shift z ≡ 1 (a − 1)
ρi = ρi0 · (1 + z)3·(1+wi (z))

(4)

This is in tandem with the use of, for H = ȧ/aand an ith density parameter of Ωi ≡
ρi0 /ρC and ρC a critical density parameter, with Ωi ≡ ρi0 /ρC −→ Λ(like a cosmological
w→−1

constant)
Ωi · a−3·(1+wi ) + (1 −

H2 ≡
i

Ωi ) · a−2
i

(5)

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 105–142

110

The upshot is that if wi ≈ 0 ⇔ .8 ≤ z ≤ 1.75which occurs if time t is picked for
tpresent >> t ≥ tP
rho ∼ ρi0 · (1 + z)2 ≤ 8 · ρi0
(6)
Versus the later time estimate of, close to the present era of z =0 and w almost = -1
ρ ∼ ρi0

(7)

I.e. there was a major drop oﬀ of density values from earlier conditions to the present
era. And this is not even getting close to the density values one would have for times
t ≤ tP which we will comment upon later. Given this though, let us now look at some
consequences of this drop oﬀ of density
To begin with, we can consider a force on the present ‘ﬂuid’ constituents of a joint
dark energy – dark mass model.
−

dV
= −(1 + 3 · wi ) · Ωi · a−(2+3·wi )
da

(8)

When we have a small interval of time aftert ≥ tP , we have wi ≈ ε+ leading to, for small
values of the scale factora(t) ∼ δ + , and a potential system we call Vearly for early universe
scalar ﬁeld conditions
−2
3

dVearly
≈ Ωi δ +
(9)
= (1 + 3 · ε+ ) · Ωi · a ∼ δ +
da
This implies a large force upon any structure in the early universe which so happens to
be accurate.
We can contrast this with, for wi ≈ −1
dVT oday
= −(126) · Ωi · (a ∼ Big)−2 ≈ −N ++ Ωi
(10)
da
This is implying a large positive force leading to accelerated expansion, whereas Eqn.
(132) predicts at or before time tP a negative force which would be consistent with early
universe pre big bang conditions. Furthermore, we can also look at what this implies for
the Friedman equations with respect to the scale factor at (or before) Planck’s time tP ,
i.e.
 
ä
4
(11)
≈ − · ρ0 · [exp(−C1 t)] · N +
a
3
If we for small time intervals look ata ∼ t1/3+γ̃ , then Eqn. (11) above reduces to for times
near the Planck unit
3 

3 
+
− (2/9) · t−2
3 · (1 + C1 · tP ) = ε+ + C12 · t2P 2
(12)
p ≈ −4·G · ρ0 · N
This leads to

−1 + ε+
(13)
tP
This is in the neighborhood of Plank unit time conﬁrmation of the graceful exit from
inﬂation, i.e. a radical negative acceleration value we can write as
C1 =

ä
4 · G · ρ0
≈−
· N+
a
3

(14)
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As well as a provisional density behavior we can write as

 +
−ε (small time) + t
(15)
ρ ∼ ρ0 · exp
tP
If we have a situation for which time is smaller than the Planck interval time, we have
Eqn. 15 predicting that there is decreasing density values, and that Eqn. 15 would predict
peak density values at times t = tp , which in a crude sense is qualitatively similar to the
picture we will outline later of a nucleation of a vacuum state leading to a ﬁnal nucleated
density. This however, also outlines the limits of the Friedman equation for early universe
cosmology. It is useful to note though that should one pick wi ≥ −1 as is indicated is
feasible in the observational sense that Eqn. 1 above predicts a positive right hand side
implying positive acceleration of scale factors. This is akin to the gas model predicting
increased acceleration in the present cosmological era.
We now should now look at the role entropy plays in early universe nucleation models.
This will in its own way be akin to making sense of the discontinuity in cosmological scale
factors for expansion seen in our future axion wall model where we will write varying scalar
model potentials which will indicate in Eqn. (25) to Eqn. (27) below (??)
V ≈ (1/n) · φn
This would be in tandem with

4·π  2
· φinit − φ2 (t)
ainit · exp
n

4.

−→

AXION →0

−→

AXION →0

(1/2) · φ2

ainit · exp


4·π  2
· φinit − φ2 (t)
2

(16)

(17)

Re Constructing what can be Said about Initial Vacuum
Fluctuations and their Linkage to Brane World Physics

We shall reference a simple Lypunov Exponent argument as to adjustment of the
initial quantum ﬂux on the brane world picture. This will next be followed up by a
description of how to link the estimated requirement of heat inﬂux needed to get the
quantum spatial variation ﬂux in line with inﬂation expansion parameters.
To begin this, we access the article “Quantum theory without Measurements [15] “to
ascertain the role of a Lyapunov exponent such that
Δp = (Δp0 ) · exp(−Λ̃chaos · t)

(18)

Δx = (/Δp0 ) · exp(Λ̃chaos · t)

(19)

And
Here, we deﬁne where a wave functional forms via the minimum time requirement as to
the formation of a wave functional via a minimum time of the order of Planck’s time
Δx = (/Δp0 ) · exp(Λ̃chaos · t)

(20)

If we have a speciﬁed minimum length as to how to deﬁne L ≈ lP , this is a good way to
get an extremely large Δchaos value, all in all so that we have Eqn. 19 above on the order
of magnitude at the end of inﬂation as large as what the universe becomes, i.e. a few
centimeters or so, from an initial length value on the order of Planck’s length L ≈ lP .
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5.

Why we Even Bother with Talking about such a Simpliﬁed
Fluctuation Procedure

Two reasons First of all, we have that our description of a link of the sort between
a brane world eﬀective potential and Guth style inﬂation has been partly replicated by
Sago, Himenoto, and Sasaki in November 2001[16] where they assumed a given scalar
potential, assuming that m is the mass of the bulk scalar ﬁeld
1
V (φ) = V0 + mφ2
(21)
2
Their model is in part governed by a restriction of their 5-dimensional metric to be
of the form, with l =brane world curvature radius, and H their version of the Hubble
parameter
2
dS 2 = dr2 + (H · l)2 · dS4−dim
(22)
I.e. if we take k52 as being a 5 dimensional gravitational constant
k52 · V0
(23)
H=
6
Our diﬀerence with Eqn. (22) is that we are proposing that it is an intermediate step,
and not a global picture of the inﬂation ﬁeld potential system. However, the paper they
present with its focus upon the zero mode contributions to vacuum expectations δφ2 
on a brane has similarities as to what we did which should be investigated further. The
diﬀerence between what they did, and our approach is in their value of
2
dS4−dim
≡ −dt2 +

1
· [exp(2 · H · t)] · dx2
H2

(24)

Which assumes one is still working with a modiﬁed Gaussian potential all the way
through, as seen in Eqn. (21). This is assuming that there exists an eﬀective ﬁve dimensional cosmological parameter which is still less than zero, withΛ5 < 0, and |Λ5 | > k52 · V0
so that
Λ5,ef f = Λ5 + k52 · V 0 < 0
(25)
It is simply a matter of having

4 24 2
4m 4 · φ << V0

(26)

And of making the following identiﬁcation
φ5−dim ∝ φ̃4−dim ≡ φ̃ ≈ [φ − ϕf luctuations ]4−dim

(27)

With ϕf luctuations in Eqn. (27) is an equilibrium value of a true vacuum minimum for a
chaotic four dimensional quadratic scalar potential for inﬂationary cosmology. This in
˜
˜
the context of the ﬂuctuations having an upper
 bound of φ̃ PP(Here,φ̃ ≥ ϕf luctuations ).
60
Andφ̃
≡ φ̃˜− √ m · t, where we useφ̃˜ >
M ≈ 3.1M ≡ 3.1, with M being
4−dim

12·π·G

2·π

P

P

P

a Planck mass. This identiﬁes an imbedding structure we will elaborate upon later on.
However, in doing this, Eqn. (21) is ignoring axion walls which make the following
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contribution to cosmology (where does dark matter-dark energy come from?) I.e. we
look at axion walls speciﬁed by Kolb’s book [17] conditions in the early universe (1991)
with his Eqn. (10.27) vanishing and collapsing to Guth’s quadratic inﬂation. I.e. having
the quadratic contribution to an inﬂation potential arise due to the vanishing of the axion
contribution of the ﬁrst potential of Eqn. (131) above with a temperature dependence of
V (a) = m2a · (fP Q /N )2 · (1 − cos [a/(fP Q /N ])

(28)

Here, he has the mass of the axion potential as given by ma as well as a discussion of
symmetry breaking which occurs with a temperatureT ≈ fP Q . This is done via scaling
the axion mass via either [18]
(29)
ma (T ) ≈ 3 · H (T )
So that the axion ‘matter’ will oscillate with a ‘frequency’ proportional to ma (T ). The
hypothesis so presented is that input thermal energy given by the prior universe being
inputted into an initial cavity / region dominated by an initially conﬁgured low temperature axion domain wall would be thermally excited to reach the regime of temperature
excitation permitting an order of magnitude drop of axion density ρa from an initial
temperature TdS |t≤tP ∼ Ho ≈ 10−33 eV as given by( assuming we will use the following
symbol ψa for axions, and then relate it to Guth inﬂationary potential scalar ﬁelds later
on, and state that ψa (t) = ψi is the initial misaligned value of the ﬁeld)
ρa (Tds ) ∝

1
· ma (TdS ) · ψi2
2

−→

T →10 to 12th power Kelvin

ε+

(30)

Or
ma (T ) ∼
= 0.1 · ma (T = 0) · (ΛQCD /T )3.7

(31)

The dissolving of axion walls is necessary for dark matter-dark energy production and we
need to incorporate this in a potential system in four dimensions, and relate it to a bigger
ﬁve dimensional potential systems. First of all though we need to ﬁnd a way to, using
brane theory, to investigate how we can have non zero axion mass conditions to begin
with. Needless to say though, to explain what we are doing via quantum ﬂuctuations,
we need to use them to obtain a working description of how to link thermal inputs into
our potential system, in line with what we will develop later on in this manuscript. Let
us now talk about how to input thermal heat up of the axion walls

6.

Thermal Heat up of the Axion Walls Just Presented Via
Quantum Fluctuations

Recalling our equation for th , i.e. the time when a wave function could form, we have
if we look at (37) L ≈ lP ≡Planck’s length, a criteria for getting a VERY large value
for the Lypunov coeﬃcient Λ̃chaos which we used to justify an inﬂation congruent set of
values for Δx. It is now time to consider what thermal ﬂux input could be expected to
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make Δx expand so fast up to 10−23 seconds to be on the order of a grapefruit in size.
To do this, we need to look at the zero energy density ρΛ which comes from
3

(4 · π/3) · L · ρΛ ∝ 4 · π · L · MP2

(32)

So that we can write as a criteria for when the wave functional will actually form, i.e. 100


Δp0 c1
−1
th ≈ Λ̃chaos · ln
· · [Energy input]
(33)

3
This presumes we have a criterion for input of energy into determining when a wave
functional would form. The existence of a wave functional in this situation would lend
credence to the LQG work with revised versions of the Wheeler De Witt equation. Needless to say though we have to consider that we do not have a criterion written explicitly
yet as to how to get a low temperature initial set of conditions for the inclusion of this
energy input. We shall next provide such criteria based upon Brane world physics.

7.

Setting up Conditions for Entropy Bounds Via Brane World
Physics

Our starting point here is ﬁrst showing equivalence of entropy formulations in both
the Brane world and the more typical four dimensional systems. A Randall-Sundrum
Brane world will have the following as a line element and we will continue from here to
discuss how it relates to holographic upper bounds to both anti De sitter metric entropy
expressions and the physics of dark energy generating systems.
To begin with, let us ﬁrst start with the following as a A · dS5 model of tension on
brane systems, and the line elements. If there exists a tensionT , with Plank mass in ﬁve
dimensions denoted asM5 , and a curvature value of l on A · dS5 we can write [19]

 3
(34)
T = 3 · M53 4 · π · l
Furthermore, the A · dS5 line element, with r = distance from the brane, becomes

14



dS 2
= (exp (2 · r)) · −dt2 + dρ2 + sin2 ρ · dΩ2 + dr2
(35)
2
l
We can then speak of a four dimensional volume V4 and its relationship with a three
dimensional volume V3 via
V4 = l · V3
(36)
And if a Brane world gravitational constant expression GN = M4−2 ⇔ M42 = M53 · l we
can get a the following space bound Holographic upper bound to entropy
 3 
(37)
S5 (V4 ) ≤ V3 · M53 4
If we look at an area ‘boundary’ A2 for a three dimensional volumeV3 , we can re cast the
above holographic principle to (for a volume V3 in Planck units)
 3 
(38)
S4 (V3 ) ≤ A2 · M42 4
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We link this to the principle of the Jeans inequality for gravitational physics and a bound
to entropy and early universe conditions, as given by S. Carroll and J.Chen (2005) [15]
stating if S4 (V ) = S5 (V4 ) then if we can have
A2 −→ εsmall area ⇔ S5 (V 4 ) ≈ δsmall entropy
t→tP

(39)

Low entropy conditions for initial conditions, as stated above give a clue as to the likely
hood of low temperatures as a starting point via R. Easther et al. (1998) [20]assuming a
relationship of a generalized non brane world entropy bound, assuming that n∗ ≈ bosonic
degrees of freedom and T as generalized temperature, so we have as a temperature based
elaboration of the original work by Susskind [21] holographic projections forming area
bound values to entry
√
S
(40)
≤ n∗ · T
A
Similar reasoning, albeit from the stand point of the Jeans inequality and instability
criteria lead to Sean Carroll and J. Chen (2005) [2] having for times at or earlier than the
Planck time tP that a vacuum state would initially start oﬀ with a very low temperature
Tds |t≤tP ∼ H0 ≈ 10−33 eV

(41)

We shall next refer to how this relates to, considering a low entropy system an expression Wheeler wrote for graviton production and its implications for early relic graviton
production, and its connection to axion walls and how they subsequently vanish at or
slightly past the Planck timetP .
This will in its own way lead us to make sense of a phase transition we will write as
a four dimensional embedded structure within the Sundrum brane world structure
Ṽ1

→ Ṽ2

φ̃ (increase)  2 · π → φ̃ (decrease)  2 · π
t  tP

(42)

→ t  tP + δ · t

The potentials Ṽ1 , and Ṽ2 will be described in terms of S-S’ di quark pairs nucleating
and then contributing to a chaotic inﬂationary scalar potential system. Here, m2 ≈
(1/100) · MP2
2
  m2 
M2 
Ṽ1 (φ) = P · 1 − cos φ̃ +
(43)
· φ̃ − φ∗
2
2
2
1 
Ṽ2 (φ) ∝ · φ̃ − φC
(44)
2

8.

Links to De Coherence and how we go From Eqn. 43 To
Eqn. 44 above

Recall what was said earlier as to the relationship between ρa (Tds ) ∝ 12 · ma (TdS ) ·
ψi2 −−−−−−−−−−−−−−−−→ ε+ and the formation of Guth style inﬂation as represented by
T →10 to 12th power Kelvin
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Eqn. 44 above. Here we ﬁrst have to consider when the eﬀects of thermal input into the
geometry given by Eqn. 43 above are purely quantum mechanical. That was given by
Weinberg [8] (1977) via



2
G · Einput
αg ≈
∝ O(1) ≡ Order of unity


(45)

This requires an extremely high thermal input temperature of the order of magnitude
of nearly 10+34 Kelvin, far higher than the nucleosynthesis values of 10+12 Kelvin, so we
will discuss how to put in measures of coherence and de coherence between a scalar ﬁeld
value, and the mass of an axion wall to discuss how ρa (Tds ) −−−−−−−−−−−−−−−−→ ε+
T →10 to 12th power Kelvin

I.e. we look at de coherence speciﬁed via
6
eiφ ≈ exp [−γDe−coherence · t]

5

(46)

Where we write
2

γDe−Coherence

∼
=

η · L ≈ lP

· Tinput temperature


(47)

The mass of an axion wall is tied in with the vibrational frequency, as noted in the case
where one supposes that the axion ‘matter’ will oscillate with a ‘frequency’ proportional
to ma (T ). If so then if we look at a time of the order of Planck’s time tP . I.e. if we
consider an initial current via an ohmic ‘current’ J for early universe ﬂux of materials
from an initial nucleation point
J ≈ η · ωef f ∝ η ·

Eef f
ET hermal−Energy
≈η·



(48)

We get
exp [−γDe−coherence · tP ] ≈ 0 If
exp [−γDe−coherence · tP ] ≈ 1 If

Tthermal−input > 1012 Kelvin

(49)

Tthermal−input << 1012 Kelvin

(50)

Having said this, we now can consider a thermal by product, i.e. intense gravitation
production as a side product of this change in de coherence values. This will require,
though having low temperature, low entropy values to start with, and we will examine
this after we discuss how gravitons could be produced

9.

The Wheeler Graviton Production Formula for Relic Gravitons

As is well known, a good statement about the number of gravitons per unit volume with frequencies between ω and ω + dω may be given by (assuming here, that k̄=
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1.38×10−16 erg/0 K, and 0 K is denoting Kelvin temperatures, while we keep in mind that
Gravitons have two independent polarization states)
−1

ω 2 dω
2·π··ω
−1
n (ω) dω =
· exp
(51)
π2
k̄ · T
This formula predicts what was suggested earlier. A surge of gravitons commences due
to a rapid change of temperature. I.e. if the original temperature were low, and then
the temperature rapidly would heat up? Here is how we can build up a scenario for just
that. Eqn. (51) suggests that at low temperatures we have large busts of gravitons.
Now, how do we get a way to get the ω and ω +dω frequency range for gravitons, especially if they are relic gravitons? First of all, we need to consider that certain researchers
claim that gravitons are not necessarily massless, and in fact the Friedman equation acquires an extra dark-energy component leading to accelerated expansion. The mass of the
graviton allegedly can be as large as ∼ (1015 cm)-1 .This is though if we connect massive
gravitons with dark matter candidates, and not necessarily with relic gravitons. Having
said this we can note that Massimo Giovannini [22] writes an introduction to his Phys
Rev D article about presenting a model which leads to post-inﬂationary phases whose
eﬀective equation of state is stiﬀer than radiation. He states : The expected gravitational
wave logarithmic energy spectra are tilted towards high frequencies and characterized by
two parameters: the inﬂationary curvature scale at which the transition to the stiﬀ phase
occurs and the number of (nonconformally coupled) scalar degrees of freedom whose decay
into fermions triggers the onset of a gravitational reheating of the Universe. Depending
upon the parameters of the model and upon the diﬀerent inﬂationary dynamics (prior
to the onset of the stiﬀ evolution), the relic gravitons energy density can be much more
sizable than in standard inﬂationary models, for frequencies larger than 1 Hz. Giovannini
[22] claims that there are grounds for an energy density of relic gravitons in critical units
(i.e., h02ΩGW) is of the order of 10-6, roughly eight orders of magnitude larger than in
ordinary inﬂationary models. That roughly corresponds with what could be expected in
our brane world model for relic graviton production.
We also are as stated earlier , stating that the energy input into the frequency range so
delineated comes from a prior universe collapse , as modeled by Ashtekar, A., Pawlowski,
T. and Singh, P [6,7](2006) via their quantum bounce model as given by quantum loop
gravity calculations. We will state more about this later in this document.
Another take on Eqn. (44) is that the domain walls are removed via a topological
collapse of domain walls as alluded to by the Bogomolnyi inequality. This would pre
suppose that early universe conditions are in tandem with Zhitinisky’s (2002) [23] supposition of color super conductors. Those wishing to see a low dimensional condensed
matter discussion of applications of such methodology can read my articles in World
press scientiﬁc, as well as consider how we can form a tunneling Hamiltonian treatment
of current calculations. Either interpretation will in its own way satisfy the requirements
of baryogensis, and also give a template as to the formation of dark energy.
I.e. look at conditions for how Eqn. (44) may be linked to a false vacuum nucleation.
The diagram for such an event is given below, with a tilted washboard potential formed
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via considering the axion walls with a small term added on, which is congruent with,
after axion wall disappearance with Guth’s chaotic inﬂation model.
The hypothesis so presented is that input thermal energy given by the prior universe
being inputted into an initial cavity / region dominated by an initially conﬁgured low
temperature axion domain wall would be thermally excited to reach the regime of temperature excitation permitting an order of magnitude drop of axion density ρa from an
initial temperature TdS |t≤tP ∼ Ho ≈ 10−33 eV .
As referred to in V.Mukhanov’s book [24] on foundations of cosmology, spalerons
are a way to introduce motion of a ‘quasi particle’ in a Euclidian metric via use of
Wick rotations τ = −it Mukhanov introduces two ways for an instanton (spaleron) to
have an escape velocity from a rotated Euclidian metric deﬁned potential, in terms of a
given thermal bath of temperature T . The two limiting cases are in part deﬁned by the
formation of an instanton actionSI , with [14]
T << V (qm )/SI ⇒ Rate of escape determined by the instanton

(52)

This assumes
E << V (q)

(53)

T >> V (qm )/SI ⇒ Period of oscillation is about zero

(54)

E ≈ V (q)

(55)

Next

This assumes
When we have the energy of the system close to Eqn. (55), we are in the realm of a ﬁrst
order approximation of escape probability of constituents of a scalar ﬁeld φ given by
P ∝ exp(−

10.

Esphalerons
)
T

(56)

Initial Template for Possible Interpretation of Formation/
Disappearance Of Axion Walls

This assumes that the energy (mass) of a sphaleron [14] is deﬁned via Initial set
up for nucleation of a Coleman-De Luccia Instanton? Assuming that the initial state so
referred to is in tandem with 1) creation of relic gravitons in an initially low temperature
environment, and 2) the existence of temperature dependent axion walls. This would either conﬁrm the prediction that Eqn. (??) contributes to a Coleman-De Luccia Instanton
if indeed temperatures are initially quite low before a Planckian time interval t P, or give
credence to the use of the topological domain wall formation/ subsequent collapse due to
the Bogomolnyi inequality
Esphalerons ≈ V (qm )
(57)
The exact particulars of forming an appropriate instanton SI for a di quark condensate
are yet to be satisfactorily determined, but we will categorically state that the model we
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are working with assumes a drastic heat up of early nucleation initial conditions to permit
after some period of time after a Planck’s time tP conditions permitting chaotic inﬂation.
This after the main contribution to the chaotic inﬂationary potential ‘tilt’ turns from
an initial mass contribution to energy, allowing for Guth’s quadratic potential for scalar
ﬁelds to be a primary contribution to cosmological initial conditions we can measure
Given this ﬁrst ﬁgure, let us consider a four dimensional potential system, which is for
initial low temperatures, and then next consider how higher temperatures may form, and
lead to the disappearance of axion walls. To do this we refer to what is written in Eqn.
42 Eqn. 44. Note that potentials Ṽ1 , and Ṽ2 are two cosmological inﬂation potential,
and tP = Planck time. For the beneﬁt of those who do not know what Planck time is,
Planck time is the time it would take a photon traveling at the speed of light to cross a
distance equal to the Planck length ≈ 5.39121(40)×10−44 seconds. Planck length denoted
bylP is the unit of length approximately 1.6 × 10−35 meters. It is in the system of units
known as Planck units. The Planck length is deemed ”natural” because it can be deﬁned
from three fundamental physical constants: the speed of light, Planck’s constant, and the
gravitational constant
We are showing the existence of a phase transition between the ﬁrst and second
potentials, with a rising and falling value of the magnitude of the four dimensional scalar
ﬁelds. When the scalar ﬁeld rises corresponds to quantum nucleation of a vacuum state
represented by φ̃.As we will address later, there is a question if there is a generic ‘type’
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of vacuum state as a starting point for the transformation to standard inﬂation, as given
by the 2nd scalar potential system.
The potentials Ṽ1 , and Ṽ2 were described in terms of soliton-anti soliton style di quark
pairs nucleating in a manner similar in part, for the ﬁrst potential similar in part to what
is observed in instanton physics showing up in density wave current problems , while the
second potential is Guth’s typical chaotic inﬂationary cosmology potential dealing with
the ﬂatness problem.
Note that this requires that we write φC in Eqn. (43) as an equilibrium value of a
true vacuum minimum in Eqn. (44) after quantum tunneling through a barrier. Note
that MP= Planck’s mass ≈ 1.2209 × 1019 GeV/c2 = 2.176 × 10−8 kg
.Planck’s mass is the mass for which the Schwarzschild radius is equal to the Compton length divided by π . A Schwarzschild radius is proportional to the mass, with a
proportionality constant involving the gravitational constant and the speed of light. The
formula for the Schwarzschild radius can be found by setting the escape velocity to the
speed of light Furthermore, mass m << MP . Frequently, m is called the mass of the
gravitating object. And as a ﬁnal note, we have that a soliton is a self-reinforcing solitary wave caused by a delicate balance between nonlinear and dispersive eﬀects in the
medium. Solitons are found in many physical phenomena, as they arise as the solutions of
a widespread class of weakly nonlinear dispersive partial diﬀerential equations describing
physical systems.

11.

Modeling a Fifth Dimension for Embedding four Dimensional Space Time

We address how to incorporate a more accurate reading of phase evolution and
the minimum requirements of phase evolution behavior in a potential system permitting
baryogenesis, which imply using a Sundrum ﬁfth-dimension. The ﬁfth-dimension of the
Randall-Sundrum brane world is, for −π ≤ θ ≤ π, a circle map which is written, with R
as the radius of the compact dimension x5 Circle maps were ﬁrst proposed by Andrey Kolmogorov as a simpliﬁed model for driven mechanical rotors (speciﬁcally, a free-spinning
wheel weakly coupled by a spring to a motor). The circle map equations also describe a
simpliﬁed model of the phase-locked loop in electronics. We are using a circle map here
as a simple way to give a compact geometry to higher dimensional structures which are
extremely important in early universe geometries. A closed string can wind around a
periodic dimension an integral number of times. Similar to the Kaluza-Klein case they
contribute a momentum which goes as p = w R (w=0, 1, 2 ...). The crucial diﬀerence here
is that this goes the other way with respect to the radius of the compact dimension, R.
As now as the compact dimension becomes very small these winding modes are becoming
very light! For our purposes, we write our ﬁfth dimension as. [25]
x5 ≡ R · θ

(58)
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This ﬁfth dimension x5 also creates an embedding potential structure leading to a complimentary embedded in ﬁve dimensions scalar ﬁeld we model as [25]:
8
7
1
μ
φ (x , θ) = √
[φn (x) · exp (i · n · θ) + C.C.]
(59)
· φ0 (x) +
2·π·R
n=1
This scaled potential structure will be instrumental in forming a Randall Sundrum eﬀective potential

12.

Randall Sundrum Eﬀective Potential

The consequences of the ﬁfth-dimension considered in Eqn. (58) show up in a simple
warped compactiﬁcation involving two branes, i.e., a Planck world brane, and an IR
brane. Let’s call the brane where gravity is localized the Planck brane The ﬁrst brane is
a four dimensional structure deﬁning the standard model ‘universe’, whereas the second
brane is put in as structure to permit solving the ﬁve dimensional Einstein equations.
Before proceeding, we need to say what we call the graviton is, in the brane world context.
In physics, the graviton is a hypothetical elementary particle that mediates the force of
gravity in the framework of quantum ﬁeld theory. If it exists, the graviton must be
massless (because the gravitational force has unlimited range) and must have a spin of 2
(because gravity is a second-rank tensor ﬁeld). When we refer to string theory, at high
energies (processes with energies close or above the Planck scale) because of inﬁnities
arising due to quantum eﬀects (in technical terms, gravitation is nonrenormalizable.)
gravitons run into serious theoretical diﬃculties. A localized graviton plus a second
brane separated from the brane on which the standard model of particle physics is housed
provides a natural solution to the hierarchy problem—the problem of why gravity is so
incredibly weak. The strength of gravity depends on location, and away from the Planck
brane it is exponentially suppressed. We can think of the brane geometry, in particular
the IR brane as equivalent to a needed symmetry to solve a set of equations. This
construction permits (assuming K is a constant picked to ﬁt brane world requirements)
[25]
S5 =

'

π


d x·

dθ · R ·

4

−π

(
1
m25 2
2
(60)
· (∂M φ) −
· φ − K · φ · [δ (x5 ) + δ (x5 − π · R)]
2
2

Here, what is called m25 can be linked to Kaluza Klein “excitations” via (for a number
n > 0)
n2
m2n ≡ 2 + m25
(61)
R
To build the Kaluza–Klein theory, one picks an invariant metric on the circle S 1 that is
the ﬁber of the U (1)-bundle of electromagnetism. In this discussion, an invariant metric
is simply one that is invariant under rotations of the circle. We are using a variant of
that construction via Eqn. (131) above. Note that In 1926, Oskar Klein proposed that
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the fourth spatial dimension is curled up in a circle of very small radius, so that a particle
moving a short distance along that axis would return to where it began. The distance a
particle can travel before reaching its initial position is said to be the size of the dimension.
This extra dimension is a compact set, and the phenomenon of having a space-time with
compact dimensions is referred to as compactiﬁcation in modern geometry.
Now, if we are looking at an addition of a second scalar term of opposite sign, but of
equal magnitude, where


4
S5 = − d x · V ef f (Rphys (x)) → − d4 x · Ṽ (Rphys (x))
(62)
We should brieﬂy note what an eﬀective potential is in this situation. [25]
We get
K 2 1 + exp (m5 · π · Rphys (x))
K̃ 2 1 − exp (m̃5 · π · Rphys (x))
·
·
+
2 · m5 1 − exp (m5 · π · Rphys (x)) 2 · m̃5 1 + exp (m̃5 · π · Rphys (x))
(63)
This above system has a metastable vacuum for a given special value ofRphys (x). Start
with



Ṽ ef f (Rphys (x)) =

Ψ ∝ exp(−

d3 xspace dτEuclidian LE ) ≡ exp −

LE ≥ |Q| +

d4 x · LE

2
2
1 
1 
· φ̃ − φ0 {} −→ · φ̃ − φ0 · {}
Q−→0 2
2

(64)
(65)

#
Part of the integrand in Eqn. (41) is known as an action integral,S = L · dt where
L is the Lagrangian of the system. Where as we also are assuming a change to what
is known as Euclidean time, viaτ = i · t, which has the eﬀect of inverting the potential
to emphasize the quantum bounce hypothesis of Sidney Coleman. In that hypothesis,L
is the Lagrangian with a vanishing kinetic energy contribution, i.e.L → V , where V is a
potential whose graph is ‘inverted’ by the Euclidian time. Here, the spatial dimension
Rphys (x) is deﬁned so that
  1 
2
Ṽef f (Rphys (x)) ≈ cont. + (1/2) · (Rphys (x) − Rcritical )2 ∝ Ṽ2 φ̃ ∝ · φ̃ − φC
(66)
2
And
{} = 2 · Δ · Egap

(67)

We should note that the quantity {} = 2 · Δ · Egap referred to above has a shift in
minimum energy values between a false vacuum minimum energy value, Ef alsemin, and
a true vacuum minimum energy Etruemin , with the diﬀerence in energy reﬂected in Eqn.
(67) above.
This requires, if we take this analogy seriously the following identiﬁcation.
Ṽef f (Rphys (x)) ≈ Constant + 1/2 · (Rphys (x) − Rcritical )2 ∝ V0 +

m
· [φ − ϕf luctuations ]24−dim
2
(68)
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So that one can make equivalence between the following statements. These need to
be veriﬁed via serious analysis.
Constant ↔ V0
(69a)
m
1/ · (Rphys (x) − Rcritical )2 ↔
(69b)
· [φ − ϕf luctuations ]24−dim
2
2

13.

Using our Bound to the Cosmological Constant

We use our bound to the cosmological constant to obtain a conditional escape of
gravitons from an early universe brane. To begin, we present conditions [26] (Leach and
Lesame, 2005) for gravitation production. Here R is proportional to the scale factor
‘distance’.
fk (R)
B 2 (R) =
(70)
R2
Also there exists an ‘impact parameter’
E2
(71)
P2
This leads to, practically, a condition of ‘accessibility’ via R so deﬁned with respect to
‘bulk dimensions’
b ≥ B(R)
(72)
b2 =

R2
μ
− 2
(73)
2
l
R
Here, k = 0 for ﬂat space, k = -1 for hyperbolic three space, and k = 1 for a three sphere,
while an radius of curvature
−6
l≡
(74)
Λ5−dim
fk (R) = k +

This assumes a negative bulk cosmological constant negative bulk cosmological constant
Λ5−dim and that μ is a ﬁve dimensional Schwartzshield mass. We also set Rb (t) = a (t).
Then we have a maximum eﬀective potential of gravitons deﬁned via
B 2 (Rt ) =

1
1
+
2
l
4·μ

(75)

This leads to a bound with respect to release of a graviton from an anti De Sitter brane
[26](Leach and Lesame, 2005) as
b ≥ B (Rt )
(76)
In the language of general relativity, anti de Sitter space is the maximally symmetric,
vacuum solution of Einstein’s ﬁeld equation with a negative cosmological constant Λ How
do we link this to our problem with respect to di quark contributions to a cosmological
constant? Here we make several claims. 
−6
Claim 1: It is possible to redeﬁne l ≡ Λ5−dim
as
lef f =

4
4
4 6 4
4
4
4 Λef f 4

(77)

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 105–142

124

Proof of Claim 1: There is a way, for ﬁnite temperatures for deﬁning a given fourdimensional cosmological constant [27] (Park, Kim,).
We deﬁne, via Park’s article,
+
,
1
k∗ = 
(78)
AdS curvature
Park et al write, if we have a ‘horizon’ temperature term
UT ∝ (external temperature)

(79)

We can deﬁne a quantity
UT4
(80)
k∗
Then there exists a relationship between a four-dimensional version of the Λef f , which
may be deﬁned by noting
ε∗ =

Λ5−dim ≡ −3 · Λ4−dim ·

UT
k ∗3

−1

external temperature
k ∗3

∝ −3 · Λ4−dim ·

−1

(81)

So
Λ5−dim −−−−−−−−−−−−−−−−→ Very large value

(82)

|Λ5−dim | = Λef f

(83)

external temperature→small

And set
In working with these values, one should pay attention to how ·Λ4−dim is deﬁned by Park,
et al
(84)
·Λ4−dim = 8 · M53 · k ∗ · ε∗ −−−−−−−−−−−−−−−−−−→ (.0004eV )4
external temperature→3 Kelvin

Here, I am deﬁning Λef f as being an input from Eqn. (??) to (43) to Eqn (44) above
partly due to [27]
ΔΛtotal |ef f ective = λother + ΔV



−−−−−−−−−−−−−−−−−−−−−→ Λobserved ∼
= Λ4−dim 3 Kelvin

(85)

ΔV →end chaotic inf lation potential

This is for potential V min being deﬁned via transition between the 1PPstP P and the
2PPndP P potentials of Eqn. (43) and Eqn. (44)
2
Bef
f (Rt ) =

1
2
lef
f

+

1
4·μ

(86)

Claim 2
Rb (t) = a(t) Ceases to be deﬁnable for times t ≤ tP where the upper bound to the
time limit is in terms of Planck time and in fact the entire idea of a de Sitter metric is
not deﬁnable in such a physical regime.
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Claim 3
Eqn. (43) has a 1PPstP P potential which tends to be for a di quark nucleation procedure which just before a deﬁned Planck’s time tP .But that the cosmological constant
was prior to time tP likely far higher, perhaps in between the values of the observed
cosmological constant of today, and the QCD tabulated cosmological constant which was
/ is 10120 time greater. I.e.
2
b2 ≥ Bef
f (Rt ) =

4
1 44
2 44
lef
f

With furthermore

t≤tP

1
2
lef
f

4
1 44
>> 2 4
lef f 4

+

1
4·μ

(87)

(88)
t≡tP +Δ(time)

So then that there would be a great release of gravitons at or about time tP .
Claim 4
Few gravitons would be produced signiﬁcantly after time time tP
Proof of claim 4
This comes as a result of temperature changes after the initiation of inﬂation and
changes in value of
−1

(Δlef f )

+ 4
4,−1
4 6 4
4
4
=
∝ Δ (external temperature)
4 Λef f 4

(89)

The existence and evolution of a scale factor ceasing to be deﬁnable as presented in claim
2 is due to the construction of typical GR metrics breaking down completely when one
has a strongly curved space, which is what we would expect in the ﬁrst instant of less
than Planck time evolution of the nucleation of a new universe.
So then that there would be a great release of gravitons at or about time tP .

14.

Brane World and Di Quark Least Action Integrals

Now for the question we are raising: Can we state the following for initial conditions
of a nucleating universe?



4
3
(90)
S5 = − d x · Ṽ ef f (Rphys (x)) ∝ (− d xspace dτEuclidian LE ) ≡ − d4 x · LE
This leads to ask whether we should instead look at what can be done with S-S’ instanton
physics and the Bogolmyi inequality, in order to take into account baryogenesis. In
physical cosmology, baryogenesis is the generic term for hypothetical physical processes
that produced an asymmetry between baryons and anti-baryons in the very early universe,
resulting in the substantial amounts of residual matter that comprises the universe today.
LE Is almost the same as Eqn. (41) above and requires elaboration of Eqn. (??) above.
We should think of Eqn. (??) happening in the Planck brane mentioned above. Keep in
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mind that there are many baryogenesis theories in existence, The fundamental diﬀerence
between baryogenesis theories is the description of the interactions between fundamental
particles, and what we are doing with di quarks is actually one of the simpler ones.

15.

DI Quark Potential Systems and the Wheeler De-Witt Equation

Abbay Ashtekar’s quantum bounce [6, 7] gives a discrete version of the Wheeler De
Witt equation; we begin with [28]
ψμ (φ) ≡ ψ μ · exp(αμ · φ2 )
As well as energy term As well as an energy term
$
Eμ = Aμ · Bμ · m · 

αμ = Bμ /Aμ · m · 

(91)

(92)
(93)

This is for a ‘cosmic’ Schrodinger equation as given by
˜
Ĥ · ψμ (φ) = Eμ (φ)
This has Vμ is the eignvalue of a so called volume operator. So:
6
4 · mpl  1/2
1/2
·
V
−
V
Aμ =
μ+μ0
μ−μ0
9
9 · lpl
And
Bμ =

mpl  
· Vμ
3
lpl

(94)

(95)

(96)

Key to doing this though is to work with a momentum basis for which we have
p̂ι |μ =

8 · π · γ · lP2 L
· μ |μ
6

(97)

With the advent of this re deﬁnition of momentum we are seeing what Ashtekarworks with
as a simplistic structure with a revision of the diﬀerential equation assumed in Wheeler
– De Witt theory to a form characterized by [6,7] Eqn (104) above. This is akin to
putting in the sympletic structure alluded to by Ashkekar [6, 7]. This is a generalization
of what, Alfredo B. Henrique’s wrote as a way in which one can obtain a Wheeler De
Witt equation based upon



1 
˜
2
2
2
Ĥ · Ψ (φ) =
(98)
· Aμ · pφ + Bμ · m · φ · Ψ (φ)
2
Using a momentum operator as give by
p̂ι = −i ·  ·

∂
∂·φ

(99)
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Ashtekar[6, 7] works with as a simplistic structure with a revision of the diﬀerential
equation assumed in Wheeler-De Witt theory to a form characterized by
∂2
·Ψ≡− Θ·Ψ
∂φ2

(100)

Θ = Θ (φ)

(101)

Θ In this situation is such that
This will lead to Ψ having roughly the form alluded to in Eqn. (??), which in early universe geometry will eventually no longer be LP , but will have a discrete geometry. This
may permit an early universe ‘quantum bounce’ and an outline of an earlier universe
collapsing , and then being recycled to match present day inﬂationary expansion parameters. The main idea behind the quantum theory of a (big) quantum bounce is that, as
density approaches inﬁnity, so the behavior of the quantum foam changes. The foam is a
qualitative description of the turbulence that the phenomenon creates at extremely small
distances of the order of the Planck length. Here Vμ is the Eigen value of a so called
volume operator and we need to keep in mid that the main point made above, is that a
potential operator based upon a quadratic term leads to a Gaussian wave function with
an exponential similarly dependent upon a quadratic φ2 exponent., and more importantly
this Θ is a diﬀerence operator, allowing for a treatment of the scalar ﬁeld as an ‘emergent
time’, or ‘internal time’ so that one can set up a wave functional built about a Gaussian
wave functional deﬁned via
4
4
max Ψ̃ (k) = Ψ̃ (k)4
(102)
k≡k∗

This is for a crucial ‘momentum’ value
$

∗
2
16 · π · G ·  /3 · k ∗
pφ = −

(103)

Which leads to, for an initial point in ‘trajectory space’ given by the following relation
(μ∗ , φ0 ) = (initial degrees of freedom [dimensionless number] ∼’eignvalue of ‘momentum’,
initial ‘emergent time ‘ ) So that if we consider eignfunctions of the De Witt (diﬀerence)
operator, as contributing toward
 √ 
(104)
esk (μ) = 1/ 2 · [ek (μ) + ek (−μ)]
With each ek (μ) an eignfunction of Eqn. (97) above, we have a potentially numerically
treatable early universe wave functional data set which can be written as
∞
dk · Ψ̃ (k) · esk (μ) · exp [iω (k) · φ]

Ψ (μ, φ) =

(105)

−∞

16.

Detecting Gravitons as Spin 2 Objects with Available Technology

Let us now brieﬂy review what we can say now about standard graviton detection
schemes. As mentioned earlier, T. Rothman [29] states that the Dyson seriously doubts
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we will be able to detect gravitons via present detector technology. The conundrum is as
follows, namely if one deﬁnes the criterion for observing a graviton as
fγ · σ
·
4·π

α
αg

3/2

·

Ms 1
·
≥1
R 2 εγ

(106)

Here,
fγ =

Lγ

(107)

L
This has

Lγ

a graviton sources luminosity divided by total luminosity and R as the dis-

L

tance from the graviton source, to a detector. Furthermore, α = e2 / and αg = Gm2p /are
constants, while εγ is the graviton potential energy. As stated in the manuscript, the
problem then becomes determining a cross section σ for a graviton productionprocess
and fγ =

Lγ
L

. The existence of branes is relevant to graviton production. Here, Lγ is

luminosity of graviton producing process ≥ 7.9 x 10 to the 14th ergs/s, while Lis the general background luminosity which is usually much less than Lγ . At best, we usually can
set fγ = .2, which does not help us very much. That means we need to look else where
than the usual processes to get satisfaction for Graviton detection. This in part is why
we are looking at relic graviton production for early universe models, usually detectable
via the criteria developed for white dwarf stars of one graviton for 1013−14 neutrinos [30]
We should state that we will generally be referring to a cross section which is frequently
the size of the square of Planck’s length lP which means we really have problems in
detection, if the luminosity is so low. An upper bound to the cross section σ for a graviton
production process ≈ 1 ÷ M with M being written with respect to the Planck’s scale in
4+n dimensions which we can set as equal to (MP2 /V̂n )1/2−n , and this is using a very small
value of V̂n as a compactiﬁed early universe extra dimension ‘square’ volume ≈10-15 mm
per side. All this geometry is congruent with respect to the sympletic geometry structure
alluded to for the wave functional as typically given by Eqn. (104) above.
This in itself would permit conﬁrmation of if or not a quantum bounce condition
existed in early universe geometry, according to what Ashtekar’s two articles predict. In
addition it also corrects for another problem. Prior to brane theory we had a too crude
model. Why? When we assume that a radius of an early universe, assuming setting the
speed of light to one, is of the order of magnitude 3Δt with the change in time alluded
to of the order of magnitude of Planck’s time tP . So we face a rapidly changing volume
that is heavily dependent upon a ﬁrst order phase transition, as aﬀected by a change
in the degrees of freedom given by (ΔN (T ))P . Without gravitons and brane world
structure, such a model is insuﬃcient to account for dark matter production and fails
to even account for Baryogenesis. It also will lead to new graviton detection equipment
re conﬁguration well beyond the scope of falsiﬁable models conﬁgured along the lines of
simple phase transitions given for spatial volumes (assuming c = 1) of the form [31]
Δt ∼
= tP ∝

1
·
4π

45
·
π · (ΔN (T ))P

Mp
T2

(108)
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This creates problems, so we look for other ways to get what we want. Grushchuk writes
that the energy density of relic gravitons is expressible as [32]
ε (v) =

π
4
2
2
4
4 · Hi · Hf · a (t)f
(2 · π) a (t)

(109)

Where the subscripts i and f refer to initial and ﬁnal states of the scale factor, and
Hubble parameter. This expression though is meaningless in situations when we do not
have enough data to deﬁne either the scale factor, or Hubble parameter at the onset of
inﬂation. How can we tie in with the Gaussian wave functional given in Eqn (102) and
deﬁned as an input into the data used to specify Ashtekar’squantum bounce? Here, we
look at appropriate choices for an optimum momentum value for specifying a high level
of graviton production. If gravitons are, indeed, for dark energy, as opposed to dark
matter, without mass, we can use, to ﬁrst approximation something similar to using the
zeroth component of momentum p0 = E(energy)/c, calling E(energy) ≡ ε (ν) ·(initial
nucleation volume) , we can read oﬀ from Eqn. (101)sgpre inﬂationary’ universe values
for the k values of Eqn. (102)can be obtained, with an optimal value selected. This is
equivalent to using to ﬁrst approximation the following. The absolute value ofk ∗ , which
we call |k ∗ | is
 3
|k | = 3 16 · π · G · 2 · (ε (v) · (initial nucleation volume) /c)
∗

(110)

An appropriate value for a Gaussian representation of an instanton awaits more detailed
study. But for whatever it is worth we can refer to the known spaleraton value for a multi
dimensional instanton via the following procedure. We wish to have a ﬁnite time for the
emergence of this instanton from a pre inﬂation state.
If we have this, we are well on our way toward ﬁxing a range of values for ω2 <
ω (net) < ω1, which in turn will help us deﬁne
ε (ν) · (initial volume) ≈  · ω (net) ≡ p∗ · c

(111)

In order to use Eqn. (??) to get a value for k ∗ . This value for k ∗ can then is used to
construct a Gaussian wave functional about k ∗ of the form, as an anzatz. To put into
Eqn. (104) above.


1
Ψ (k) ≈
(112)
· exp −c2 · (k − k ∗ )2
V alue
If so, then, most likely, the question we need to ask though is the temperature of the ‘pre
inﬂationary’ universe and its link to graviton production. This will be because the relic
graviton production would be occurring before the nucleation of a scalar ﬁeld. We claim,
as beforehand that this temperature would be initially quite low, as given by the two
University of Chicago articles, but then rising to a value at or near 1012 degrees Kelvin
after the dissolving of the axion wall contribution given in the dominant value of Eqn.
(43) leading to Eqn (44) for a chaotic inﬂationary potential.
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17.

Tie in with Answering Guths Question about the Existence
of a Preferred Vacuum Nucleation State?

First of all, this is separate from the question of the existence of a scale factor. We are
assuming that the scale factor would exist for cosmological times of the order of magnitude
of Planck’s time interval. This is also assuming that the nucleation of the favored vacuum
state would commence for values of a scalar potential in line with conditions leading to the
formation of Eqn. (43) above. Having said that, let us commence looking at what suﬃces
to initiate chaotic inﬂation? The change in the cosmological expansion scale factors so
alluded to due to changes from Eqn. 42 to Eqn. 44 as a factor, but we also need to
look to if or not we need the slow roll condition. We argue that we do, and that models,
like Ghost inﬂation, which purport to explain cosmic evolution without inﬂation run up
against serious problems. And this leads to considering if or not we have a preferred
initial nucleation state.
This is akin to making the following assertion. Namely that at the start of a new
universe that the relationship given below ceases to hold, namely[27]:
4
4
2 4
H 4
δρ
4 44
=

⇒ (Scalar) density perturbations are NOT of orderO (1) at time tP
4 44
ρ
4φ̇ 4
cl

t≡tP

(113)
And that one needs a new starting point for pre inﬂationary cosmological models. To get
this start, we shall try to ascertain if or not a favored vacuum state actually exists. We
#
claim it does. The action given by the following structure S5 = − d4 x·Ṽ ef f (Rphys (x)) ∝

 #
#
(− d3 xspace dτEuclidian LE ) ≡ − d4 x · LE is in tandem with writing along the lines of
the quantum bounce as given by Sidney Coleman [33], and treating S5 |non−Euclidian time
as a phase factor


ψwave f unction o f t he u niverse exp (−S5 ) ≡ exp i · S5 |non−Euclidian t ime

(114)

via the following quantum mechanical theorem: We have a path way to a generic
behavior of an ensemble of wave functionals with equivalent phase evolution behavior.
Taking into account the quantum mechanical theorem stated as mentioned below:
In quantum theory for example it is well known that you may change the phase of
the wave functions by an arbitrary amount without altering any the physical content or
structure of the theory, provided that you change the all wave functions in the same way,
everywhere in space. We are doing the same thing here with respect to:
Wave function ∼ exp(−i · integral (eﬀective potential))

(115)

That condition of changing the ensemble of wave functions in the same way will force the
simplest form of construction, of a vacuum state consistent with respect to Eqn. (113)
above as a favored initial starting point for forming a phase evolution consistent with one
favored vacuum state.
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The upshot of having a favored vacuum state is that we can then ascertain if or not we
have a formation of a quantum bounce in line with Ashtekar, A., Pawlowski, T. and Singh,
P [6,7] (2005)suppositions given in the modiﬁcation of the Wheeler – De Witt equation
given in their Phys Rev. D article. This in its own way would lead to investigating the
feasibility of a prior universe providing us with initial input of energy needed to stimulate
relic graviton production on the scale so visualized, as well as reconciling the initial low
temperature state visualized by a gravity dominated early universe with low entropy, with
the peaks of temperature given at the onset of Guth inﬂationary potential cosmology. [27]

18.

Similarities/Diﬀerences with Ghost Inﬂation, and Inquires
as to the Role of Condensates for Initial Vacuum States

Arkani-Hamed [34] recently has used the Ghost inﬂation paradigm to eliminate using
slow roll as a way to initiate inﬂation with far lower energy scales than is usually associated
with standard inﬂation models. His prediction does, which we disagree with, postulate far
fewer gravity waves / relic gravitons than is associated with standard models of inﬂation.
We postulate MORE, rather than less assumed relic graviton production. However, we
also think that his analysis makes many cogent points which we will enumerate here,
which are pertinent to the initial condensate nucleation, which we will put forward here.
Standard slow roll is premised upon the following quantum ﬂuctuation assumptions27 :
(1) Quantum ﬂuctuations are important on small scales, if and only if one is working
with a static space time (i.e. no expanding universe )
(2) For inﬂating space times, quantum ﬂuctuations are ‘expanded’ to be congruent in
magnitude with classical sizes ( classical ﬂuctuations)
(3) Simple random walk picture: In each time interval ofΔt ≡ H −1 , the average ﬁeld
H
φ receives an increment with root means squared, ofΔφqu = 2·π
. This increment is
super imposed upon the classical motion, which is downward.
(4) Quantum ﬂuctuations are equally likely to move ﬁeld φ ‘up or down’ the well of a
‘harmonic’ style potential.
Those who read the presentation should note the conclusion which is something
which raises serious questions: i.e.
(5) In early universe geometry, the probability of an upward (quantum)ﬂuctuation exceeds 1/e3 ≈ 1/20 if
Δφquantum ≈
But

H
H2
> 0.61 × |φclassical value | · H −1 ⇔
> 3.8
2·π
|φclassical value |

H2
|φclassical |

∼

δρ
(Scalar) density perturbations are of order O(1)
ρ

(116)

(117)

In addition, we have that if we look at
Vφ
V

2

<< 1

(118)
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We ﬁnd that Ṽ1 of Eqn. (43) ﬁts this requirement for small φ values, but is inconsistent
with respect to
4
4
4 V φφ 4
4
4
(119)
4 V 4 << 1
However, if we work with Ṽ2 of Eqn. (44) that both of these conditions would be amply
satisﬁed. We can either do two things. First of all state that Ṽ1 of Eqn. (??) and Eqn.
(43) is such a ﬂeeting instant of nucleated time, that the slow roll condition does not hold,
and consider that the de facto history as we can manage it of Cosmological evolution is
after a time Δt ≈ tP in which we consider only Ṽ2 of Eqn. (44) . If we consider though
that the initial phases of nucleation as we postulate are our candidate for relic graviton
production we need to question how feasible making the assumption so out lined as to
ignoring Eqn. (119)are for such a short instant of time.
Enter in Arkani-Hamed’s ghost inﬂation paper. He conﬁgures the evolution of de
Sitter phases via a ghost scalar ﬁeld φcondenses in a background with a non zero velocity
along the lines of (assuming M is a generic mass term)
9 :
; <
˙
2
φ = M ⇒ φ = M 2t
(120)
This leads to a density ﬂuctuation along the lines of, assuming an upper bound of M ≤
10M eV
4
5/4
H
δρ 44
≈
(121)
ρ 4Ghost
M
As opposed to, when ∈ is a slow roll parameter proportional to (V  /V )2
4
H
δρ 44
√
≈
4
ρ Ordinary inf
mp · ∈

(122)

The ghost inﬂation paradigm so outlined postulates that there exists a maximum energy
scale of the order of V0 ∼ (1000T eV )4 which allegedly rules out relic gravitons. The model
so outlined here, which we are working with assumes a massive relic graviton production
surge. So it appears that we cannot ignore some variant of inﬂation. We need to do
additional investigations as to if or not it is realistic to suppose that time restrictions
below Planck time are enough to lead to a ‘temporary’ violation of Eqn. (119)
We thereby will from now on stick to our model which appears to give criteria for
graviton production. But Arkani-Hamed’s ghost inﬂation [34] if true would probably
eliminate the feasibility of graviton space travel systems. We have outlined initial universe
conditions which if replicated would allow them to exist, and which could be used for
space travel. How now do we stick this to gravity waves? Note that for gravity ﬁelds, we
have an analogous procedure as to how magnetic ﬁelds form. I.e.
There are three main contributions to the generation of magnetic ﬁelds (i) the baryonphoton slip term, (ii) the vorticity diﬀerence term, and (iii) the anisotropic pressure
term. These terms are derived from the fact that electrons are pushed by photons
through Compton scattering when velocity diﬀerences exist between them or when there
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is anisotropic pressure from photons. This in a word is due to early universe turbulence
and the growth of structure. But it is still not going to get us past the red shift barrier
as of Z = 1000 or so already mentioned. Note that as stated by Alexander D. Dolgov et
al [35]
“Periods of cosmic turbulence may have left a detectable relic in the form of stochastic
backgrounds of gravitational waves” and that we are looking at traces of neutrino inhomogeneous diﬀusion and a ﬁrst order phase transition to model the spectrum of gravity waves
one may observe. Then we have to recall that we have one graviton for 1013−14 neutrinos.
This means we need a huge ﬁrst order phase transition, which Arkani-Hamed’s ghost
inﬂation does not provide.

19.

Graviton Space Propulsion Systems

We need to understand what is required for realistic space propulsion. To do this, we
need to refer to a power spectrum value which can be associated with the emission of a
graviton. Fortunately, the literature contains a working expression as to power generation
for a graviton being produced for a rod spinning at a frequency per second ω, which is
by Fontana (2005) [36] at a STAIF new frontiers meeting, which allegedly gives for a rod
of length L and of mass m a formula for graviton production power,
4

6
m2graviton · L · ωnet
P (power) = 2 ·
45 · (c5 · G)

(123)

The point is though that we need to say something about the contribution of frequency
needs to be understood as a mechanical analogue to the brute mechanics of graviton
production. For the sake of understanding this, we can view the frequency ωnet as an
input from an energy value, with graviton production number (in terms of energy) as
given approximately via an integration of Eqn. (51) above,L ∝ lP massmgraviton ∝
10−60 kg. This crude estimate of graviton power production will be considerably reﬁned
via numerical techniques in the coming months. It also depends upon a HUGE number
of relic gravitons being produced, due to the temperature variation so proposed.
One can see the results of integrating
1
n (ω) =
ω (net value)

ω2


ω 2 dω
· exp
π2

2·π··ω
k̄T

−1
−1

(124)

ω1

And then one can set, if ≡ 1, and a normalized ‘energy input ‘as Eef f ≡ n(ω)·ω ≡ ωef f
This will lead to the following table of results, with T ∗ being an initial thermal
background temperature of the pre inﬂationary universe condition The outcome is that
there is a distinct power spike associated with Eqn. 121 and Eqn. 122, which is congruent
with a
Relic graviton burst, assuming when one does this that the back ground in the initial
inﬂation state causes a thermal
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N1=1.794 E-6 for T emp = T ∗

Power = 0

N2=1.133 E-4 for T emp = 2T ∗

Power = 0

N3= 7.872 E+21 for T emp = 3T ∗

Power = 1.058 E+16

N4= 3.612E+16 for T emp = 4T ∗

Power ∼
= very small value

N5= 4.205E-3 for T emp = 5T ∗

Power= 0

heat up of the axion wall ‘material’ due to a thermal input from a prior universe
quantum bounce

20.

Bo Feng’S Analysis of Cpt Violations due to the Physics of
Quintessence Fields

Bo Feng et al. [10] as of 2006 presented a phenomenological eﬀective Lagrangian to
provide an argument as to possible CPT violations in the early universe. Their model
stated, specifying a non zero value to (∂0 φ) where (∂0 φ) = 0is implicitly assumed in Eqn.
42 to Eqn. 44 above.
⎛
⎞
0 −Bx −By Bz
⎜
⎟
⎟
⎜
⎜ Bx 0
Ez −Ey ⎟
⎟
⎜
Lef f ∼ (∂u φ) · Aν · ⎜
(125)
⎟
⎟
⎜
B
−E
0
E
⎜ y
z
X ⎟
⎠
⎝
Bz Ey −Ex 0
We are providing a necessary set of conditions for (∂0 φ) = 0 via a ﬁrst order early
universe phase transition. Bo Feng and his research colleagues gave plenty of evidence
via CMB style arguments as to the existence of non zero ‘electric’ and ‘magnetic’ ﬁeld
contributions to the left hand side of Eqn. (125) above. In addition they state that TC
and GC correlation power spectra require the violation of parity, a supposition which
seems to be supported via a change of a polarization plane Δα via having incoming
photons having their polarization vector of each incoming photon rotated by an angle
Δαfor indicating what they call ‘cosmological birefringence’ [10]. The diﬀerence between
their results and ours lies in the CMB limiting value of z as no larger than about 1000,
i.e. as of when the universe was 100,000 times younger than today. This indicates a
non zero (∂0 φ) = 0, but in itself does not provide dynamics as to the early evolution
of a quintessence scalar ﬁeld, which our manuscript out lines above. The work done by
Bo Feng is still limited by the zero probability of observing relic photon production at
the onset of inﬂation, at or about a Planck time instance due to the reasons Weinberg
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outlined in his 1977 tome [8] on cosmology, whereas what we did was to give predictions
as to how quintessence in scalar ﬁelds evolves before the z = 1000 red shift barrier.

21.

Dynamics of Axion Interaction with Baryonic Matter, Via
Quintessence Scalar Field

This discussion is modeled on an earlier paper on Quintessence and spontaneous
Leptogenesis (baryogenesis) by M. Li, X. Wang, B.Feng, and Z. Zhang [13] which gave
an eﬀective Lagrangian, and an equation of ‘motion’ for quintessence which yielded four
signiﬁcant cases for our perusal. The last case , giving a way to reconcile the inﬂux of
thermal energy of a quantum bounce into an axion dominated initial cosmology, which
lead to dissolution of the excess axion ‘mass’. This ﬁnal reduction of axion ‘mass’ via
temperature variation leads to the Guth style chaotic inﬂationary regime.
Let us now look at a diﬀerent eﬀective Lagrangian which has some similarities to B.
Feng’s eﬀective Lagrangian, equation 123, but which leads to our equations of motion for
Quintessence scalar ﬁelds, assuming as was in Eqn. 123 that specifying a non zero value
to (∂0 φ) where (∂0 φ) = 0is implicitly assumed in Eqn. 42 to Eqn. 44
i.e.
c̃
(126)
Lef f ∝
· (∂μ φ) · J μ
M
What will be signiﬁcant will be the constant,c̃ which is the strength of interaction between
a quintessence scalar ﬁeld and baryonic matter. M in the denominator is a mass scale
which can be either M ≡ Mplanck , or M ≡ MGU T is not so important to our discussion,
and J μ is in reference to a baryonic ‘current’. The main contribution to our analysis this
paper gives us is in their quintessence ‘equation of motion’ which we will present, next.
Note, that what we are calling gb is the degrees of freedom of baryonic states of matter,
and T is a back ground temperature w.r.t. early universe conditions. H ∼
= 1/t(time) is
the Hubble parameter, with time t ∝ O(tp )
, i.e. time on the order of Planck’s time , or in some cases much smaller than that.




c̃ T 2
∂Vaxion−contri ∼
c̃ T 2
· gb + 3 · H · φ̇ · 1 + 2 ·
· gb +
φ̈ · 1 + 2 ·
= 0 (127)
M
6
M
6
∂φ
Here I am making the following assumption about the axion contribution scalar potential
system
m2
Vaxion−contri ≡ f [maxion (T )] · (1 − cos (φ)) +
· (φ − φC )2
(128)
2
For low temperatures, we can assume that prior to inﬂation, as given by Carroll and
Chen [2] we have for t << tP


(129)
f [maxion (T )]T ≈20 Kelvin ∝ O (50 − 100) · m2
And that right at the point where we have a thermal input with back ground temperatures
at or greater than 1012 Kelvin we are observing for 0 < ε+ << 1 and times t << tP

 
(130)
f [maxion (T )]T ≈1012 Kelvin ∝ O ε+ · m2

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 105–142

136

This entails having at high enough temperatures
m2
· (φ − φC )2
Vaxion−contri |T >1012 Kelvin ∼
=
2

(131)

Let us now review the four cases so mentioned and to use them to analyze new physics
CASE I:
Temperature T very small, a.k.a. Carroll and Chen’s suppositions (also see Penrose’s
version of the Jeans inequality) and time less thantP . This is the slow roll case, which is
also true when we get to time >> tP
!
"
!
" 

∂Vaxion−contri
c̃
T2
c̃
T2
φ̈ · 1 + M 2 · 6 · gb + 3 · H · φ̇ · 1 + M 2 · 6 · gb +
∂φ


(132)
∂Vaxion−contri
∼
0
−→+ 3 · H · φ̇ · +
=
∂φ
T →0

CASE II:
Temperature T very large and time in the neighborhood oftP . This is NOT the slow
roll case, and hasH ∝ 1/tP . Note, which is important that the constant c is not speciﬁed
to be a small quantity




c̃ T 2
c̃ T 2
φ̈ · 1 + 2 ·
· gb + 3 · H · φ̇ · 1 + 2 ·
· gb +
M
6
M
6

−−−−12
−−−−→ φ̈ + 3 · H · φ̇ · +
T →10 Kelvin

c̃ T 2
·
· gb
M2 6

−1

·

∂Vaxion−contri
= m2 · (φ − φC )
∂φ

We then get a general, and a particular solution with φgeneral
φC , φT otal = φgeneral + φparticular ,
p +3·H ·p·+
2

c̃ T 2
·
· gb
M2 6

∂Vaxion−contri
∂φ

−1

∼
=0

(133)
∝ exp (p · t) , φparticular ≡

 
· m2 ∼
=0




2
2
3H
m
m2 · M 2
·
M
→p∼
· 2−4· 2
,− 6 · 2
= −
2
T · c · gb H
T · c · gb


≈ −ε

+

≡ [p1 , p2 ]

(134)

 
 
⇒ φgeneral ∼
= c1 · exp(− |p1 | · t) + c2 · exp − |p2 | ≈ ε+ · t
φT otal = φgeneral + φparticular ∼
= φC + ε1 · φinitial value + H.O.T. where ε1 < 1 (133)
CASE III:
Temperature T very large and time in the neighborhood oftP . This is NOT the slow
roll case, and has H ∝ 1/tP . Note, which is important that the constant c IS speciﬁed
to be a small quantity. We get much the same analysis as before except the higher order
terms (H.O.T.) do not factor in
φT otal = φgeneral + φparticular ∼
= φC + ε1 · φinitial value , where ε1 < 1
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Case IV:
Temperature T not necessarily large but on the way of becoming large valued, so the
axion mass is not negligible, YET, and time in the neighborhood oftP . This is NOT the
slow roll case, and hasH > Ht=tP ∝ 1/tP . Begin with making the following approximation
to the Axion dominated eﬀective potential
Vaxion−contri ≡ f [maxion (T )] · (1 − cos (φ)) +
∂Vaxion−contri
∂φ

f [maxion (T )] ·

m2
· (φ − φC )2 ⇒
2

−−−−−−−−−−−−−−−−→
T emperature getting l arg er



φ5
φ3  2
− f [maxion (T )] ·
+ m + f [maxion (T )] · φ − m2 φ
125
6

(135)

Then we obtain
φ̈ + 3 · H · φ̇ · +

c̃ T 2
·
· gb
M2 6

−1

·

∂Vaxion−contri
∂φ

∼
=0

(136)

This will lead to as the temperature rises we get that the general solution has deﬁnite
character as follows
p +3·H ·p·+
2

)

)
3H
→p∼
· 1±
= −
2

c̃ T 2
·
· gb
M2 6

−1

 
· m2 ∼
=0

**
6 · M2
1−
· (m2 + f [maxion (T )]) ≡ [p1 , p2 ]
3 · T 2 · c · gb H

⇒ φgeneral ∼
= c1 · exp(p1 · t) + c2 · exp (p2 · t)

(137)

∝ [φ(real) + i · φ (imaginary)] if f [maxion (T )] l arg e
∝ [φ(real)] if f [maxion (T )] small
The upshot is, that for large, but shrinking axion mass contributions we have a cyclical oscillatory system, which breaks down and becomes a real ﬁeld if the axion mass
disappears.

Conclusion
So far, we have tried to reconcile the following. First, the Chaplygin Gas model is
congruent with string theory only if we have the power coeﬃcient α ∼
= 1. This does not
∼
match up with data analysis of astrophysics, where we have α = 10.2 Those who work on
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these models report resolution of the Chaplygin Gas model for later time evolution when
α < 1, but as mentioned in the ﬁrst section, the Chaplygin Gas model predicts when dark
energy - dark matter uniﬁcation is achieved through an exotic background ﬂuid whose
equation of state is given by p = - A/ρα , and with 0 < α ≤ 1. This was investigated
via equivalent conditions of the equation of state involving varying parameter values of
w (z) = Pρ from zero to -1, with the -1 value corresponding to traditional models involving
the ‘Einstein cosmological constant’
Secondly, is that one has undeﬁned scale factors a (t) for times less than Planck’s
time,t << tP .
Thirdly, is that Brane world models will not permit Akshenkar’s quantum bounce.
[6,7] The quantum bounce idea is used to indicate how one can reconcile axion physics with
the production of dark matter/dark energy later on in the evolution of the inﬂationary
era where one sees Guth style chaotic inﬂation for times t ≥ tP and the emergence of dark
energy during the inﬂation era.
In addition is the matter of Sean Carroll, J. Chens paper [2] which pre supposes a low
entropy – low temperature pre inﬂationary state of matter prior to the big bang. How
does one ramp up to the high energy values greater than temperatures 1012 Kelvin during
nucleosynthesis?
Fifthly, is the issue of relic graviton production. This is in tandem with a model which
indicates a resolution of the issue which was raised by Guth, in 2003 in UCSB [12] about
the multitude of string theory vacuum states, and if or not one preferred vacuum state
could exist at the nucleation of a universe.
We need to investigate if or not gravity wave/ graviton generating functionals are
congruent with Abbay Akshenkar’s supposition for a quantum bounce. If they are, it
would lead credence to Akshenkar’s supposition [6, 7] of an earlier universe imploding
due to contraction to the point of expansion used in measuring the birth of our universe.
Gravitons would appear to be produced in great number in the Δt ≈ tP neighborhood,
according to a brane world interpretation just given. This depends upon the temperature
dependence of the ‘cosmological constant.’ And is for a critical temperature TC deﬁned in
the neighborhood of an initial grid of time Δt ≈ tP . Here, T ≡ Tc 250 GeV ⇒ N (Tc ) ∼
=
51.5. This among other things leads to a change in volume along the lines of, to crude
ﬁrst approximation imputing in numerical values to obtain
V = volume =

5.625 × 1057
1
· 3/2
6
T
N (T )

(138)

The radius of this ‘volume’ is directly proportional to 3.t (setting the speed of light c =1).
Note that we are interested in times t < Δt ≈ tP for our graviton production, whereas
we have a phase transformation which would provide structure for Guth’s quadratic
powered inﬂation.
A Randall-Sundrum eﬀective potential, as outlined herein, would give a structure for
embedding an earlier than axion potential structure, which would be a primary candidate
for an initial conﬁguration of dark energy .This structure would, by baryogenesis, be a
shift to dark energy. We need to get JDEM space observations conﬁgured to determine
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if WIMPS are in any way tied into the supposed dark energy released after a Δt ≈ tP
time interval.
In doing this, we should note the following. We have reference multiple reasons for
an initial burst of graviton activity, i.e. if we wish to answer Freeman Dyson’s question
about the existence of gravitons in a relic graviton stand point.
Now for suggestions as to future research. We are in this situation making reference
to solving the cosmological “constant” problem without using G. Gurzadyan and SheSheng Xue’s [37]approach which is ﬁxed upon the scale factor a(t)for a present value of
the cosmological constant. We wish to obtain, via Parks method of linking four and ﬁve
dimensional cosmological constants a way to obtain a temperature based initial set of
conditions for this parameter, which would eliminate the need for the scale factor being
appealed to, all together. In doing so we also will attempt to either conﬁrm or falsify
via either observations from CMB based systems, or direct neutrino physics counting of
relic graviton production the exotic suggestions given by Wald [1] for pre inﬂation physics
and/or shed light as to the feasibility of some of the mathematical suggestions given for
setting the cosmological constant parameter given by other researchers. Among other
things such an investigation would also build upon earlier works initiated by Kolb, and
other scientists who investigated the cosmological ‘constant ‘ problem and general scalar
reconstruction physics for early universe models at FNAL during the 1990s
Doing all of this will enable us, once we understand early universe conditions to
add more substance to the suggestions by Bonnor, as of 1997 [38] for gravity based
propulsion systems. As well as permit de facto engineering work pertinent to power
source engineering for this concept to become a space craft technology.
Further work needs to be done to be done along the lines suggested by Bo Feng’s
work on CPT violation physics and Quintessence scalar ﬁelds for the evolution/ production of dark matter/ dark energy . As well as to try to ﬁnd experimental veriﬁcation
of a preferred initial vacuum state for cosmic nucleation in the time regime for times
t ≤ tP . In addition, we need to establish more phenomenology links to the possibility of
relic graviton production in the history of the early universe which may indicate a necessary proof of a preferred vacuum initial state for cosmic nucleation physics. This would
avoid the problems shown up in Chapyron gas models between theory and experimental
mesurements. [39] In addition, it would also give a more through development of Axion
models toward their contribution to dark energy in a relic form [40]
The conclusion of the oscillatory behavior of a Quintessence scalar ﬁeld as related to
in Eqn 137 is very crude, but it is the start of understanding how dark energy, as related
to by axion mass could interact with normal baryonic matter, and should be sharply
upgraded. We did the simplest analysis of this problem possible, and it needs computer
simulations to make it more tractable, and closer to astrophysical simulations.
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Abstract:

In this paper, for a particular symmetry, we obtain the geodesics’ and ﬁeld equations in a space with 4 + n

dimensions. The geodesics equations represent the motion equations in the presence of gravitation ﬁeld and gauge ﬁelds.
C D
All ﬁelds depend of x = {xα } ∈ M 4 and do not depend of y = y k ∈ M n . The ﬁeld equations are Einstein equations in
a space with 4 + n dimensions. The gravitation ﬁeld is represented by the tensor components Gαβ which satisfy nonlinear
r0
equations in M 4 . If M 4 is a subspace in a space with 4 + ng dimensions, then Gαβ = G0αβ + gα
gβr0 and in this space the
r0
r . This allows the quantiﬁcation of gravitation
ﬁelds gα
satisfy the same type of equations satisﬁed by the gauge ﬁelds gα

r0
ﬁelds gα
.
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1.

The Geodesics’ Equations

Let us consider a space with 4 + n dimensions. In the subspace M 4 , the coordinates
are xα (x1 = x , x2 = y , x3 = z , x4 = c · t) , α = 1, 2, 3, 4, and in the subspace M n ,
the coordinates are y k , k = 1, 2, ..., n. For the basis ea = {eα , ek } and the dual basis
D
C
dxa = dxα , dy k , a = 1, 2, ..., 4 + n, we choose the transformations
eα = aν·α (x) (eν + arν (x) er ) , ak·α = aν·α akν

(1)

ek = ar·k (x) er

(2)

ν
α
dxα = ∂ν xα (x) dxν = a·α
ν (x) dx , x = {x }

(3)

r
r
α
dy k = a·k
r (x) (dy − aα (x) dx )

(4)

Let us consider
the transformations xα = f α (x , ω) form a Lie group. If we note uαk (x) =
4
β
∂f α (x , ω) 4
∂uβ
α ∂uk
s β
s
s
r
then uαk ∂x
4
α − ur ∂xα = Ckr us , where Ckr = −Crk are structural constants
∂ω k
ω k =0

∗
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s
of Lie group. The generators of Lie group are hk = uαk ∂x∂α and [hk , hr ] = Ckr
hs . They
4
j
j

are operators that act on M space. Let ω = ϕ (ω , ω ) a link between parameters
corresponding to the transformations
xα = f α (x , ω  ) = f α (x , ω  ) and xα = f α (x , ω).
4
j
j (ω , ω  ) 4
∂V j
s
r
If we note Vkj (ω) = ∂ϕ ∂ω
then Vks ∂V
− Vrs ∂ωks = Ckr
Vsj . Let us consider those
4
k
∂ω s
ω  =0

k

transformations for which ω j = a·js (ω  ) ω s with a (ω  ) = (a·js (ω  )) = eCk ω (x) , Ck =
r
(Cks
). We can consider that a (ω  (x)) = a (x) are elements which belong to a regulate
representation of a group G. If we replace the notation ω  with ω, the G group elements
can be written as
(5)
U (x) = Xk ωk (x)
where ω k (x) are the group parameters, and Xk the group generators. The commutation
relation for generators is
k
Xk
(6)
[Xr , Xs ] = Crs
k
where Crs
are the structural constants of the group and satisfy the identity
k
s
s
k
s
Crs
Cin
+ Cisk Cnr
+ Cns
Cri
=0

(7)

Regular representation of the G group, has the elements
Ck ω
a (x) = (a·r
k (x)) = 

k (x)

r
, Ck = (Cks
)

(8)

For the space M n we choose ek = −Xk so we have
s
[ek , er ] = −Ckr
es

(9)

The line element of the 4 + n dimensions space is
dS 2 = gαβ dxα dxβ + 2gαk dxα dy k + grk dy r dy k

(10)

In a base transformation, the metric tensor components transforms this way



+ r
gαβ
= aν·α aε·β gνε + arε gνr
aν gεr + arν akε grk

(11)


gαr
= aν·α an·r (gνn + asν gsn )

(12)


gkr
= as·k an·r gsn

(13)

For ω k (x) inﬁnitesimal, the transformation (13) leaves unchanged the gkr components if
n
s
Cnr
gkr = Csk

(14)

Gαβ = gαβ − gαk gβr g0kr

(15)

Gαβ = aν·α aε·β Gνε

(16)

Let (gsr )−1 = (g0sr ). The tensor

transforms this way:
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It results that ds2 = Gαβ dxα dxβ is invariant in base transformation. We will consider
C D
that all ﬁelds can depend on x = {xα }, but do not depend on y = y k . The covariant
derivative of the metric tensor components gab = {gαβ , gαk , gkr } is null
d
d
gdb − γcb
gda = 0
Dc gab = ∂c gab − γca

(17)

The connection coeﬃcients can be written as
1 d
1
d
γca
= Sca
+ Adca
2
2

(18)

d
d
d
Sca
= γca
+ γac

(19)

d
d
− γac
Adca = γca

(20)

where

Results

1
d
Pca
= g de (∂c gea + ∂a gec − ∂e gac )
2
1 d
1
d
+ g db (gea Aebc + gec Aeba )
Sca = Pca
2
2
1
1
d
d
= Pca
+ g db (gea Aebc + gec Aeba ) + Adca
γca
2
2

(21)
(22)
(23)

The torsion tensor is
c
ec = Da eb − Db ea − [ea , eb ]
T (ea , eb ) = Tab

(24)

c
Da eb = γab
ec

(25)

c
ec
[ea , eb ] = Cab

(26)

c
c
c
c
= γab
− γba
− Cab
Tab

(27)

c
c
c
= γab
− γba
= Acab
Cab

(28)

Because

the torsion tensor components are

c
If Tab
are null, then

In the base ea = {∂α , ek } we have
[∂α , ∂β ] = 0 ;

[∂α , ek ] = 0 ;

s
[ek , er ] = −Ckr
es

(29)

In this base, the connection coeﬃcients are
1
1
α
α
γβν
= Pβν
= g αε (∂ν gεβ + ∂β gεν − ∂ε gβν ) + g αr (∂ν gβr + ∂β gνr )
2
2

(30)



1
1
α
α
α
r s k
γiβ
= γβi
= Pβi
+ Gνα Cisr gνs gβr = − Gαν gir ∂ν gβr − ∂β gνr + Csk
gν gβ
2
2

(31)
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where gαs = gαr g0rs , (g να ) = (Gνα ) = (Gνα )−1 .
1
1
r
r
= Pαβ
= g rε (∂β gεα + ∂α gεβ − ∂ε gαβ ) + g rk (∂β gαk + ∂α gβk )
γαβ
2
2
1 r s
1
1 r s
r
r
r
γkβ
= γβk
= Pβk
− Cks
gβ = g rε (∂β gεk − ∂ε gβk ) − Cks
gβ
2
2
2
1 k
k
k
= −γsr
= − Crs
γrs
2
α
γrs = 0

(32)
(33)
(34)
(35)

The geodesics’ equations are
a b c
u̇α + γbc
u u = 0 , ua =

dxa
dua
, u̇a =
ds
ds

(36)

Let us choose a new base
eα = eα + akα ek

(37)

ek = ek

for which gαk
= 0. From (12) results

akα = −gαs g0sk = −gαk

(38)

Now the commutation relations will be
  
s 
s 
s 
eα , eβ = Cαβ
es , [eα , ek ] = Cαk
es , [ek , er ] = −Ckr
es
where



s
s k r
Cαβ
= − ∂α gβs − ∂β gαs + Ckr
gα gβ = Asαβ

(39)

s
s r
s
Cαk
= −Ckr
gα = Asαk Crk
= −Asrk

(40)

In this new base, the metric tensor components are



= Gαβ = gαβ − gαr gβk g0rk , grk
= grk , gαk
=0
gαβ

(41)

and the line element (98) becomes
dS 2 = Gαβ dxα dxβ + grk dy r dy k

(42)

The connection components are obtained from relation (23)












α
γβν
= Pβνα = 12 Gαε (∂ν Gεβ + ∂β Gεν − ∂ε Gβν ) , γβrν = γrβν = Gνε grk γεβk , γrsν = 0 ,
(43)


r



r k s
r k
r
γαβ
= − 12 ∂α gβr − ∂β gαr + Cks
gα gβ , γβsr = −Csk
gβ , γsβr = 0 , γskr = − 12 Csk

Those expressions for the connection coeﬃcients can be obtained from the relations
who show their transformation in a base transformation:


d
c g
·f
γhef = ac·h ag·e a·f
d γcg − a·h a·e ∂c ag

(44)
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In particular, for the transformation (37) we have








α
α
α
α
α
α
r
γβν
= γβν
+ ar·ν γβr
+ ar·β γνr
, γβrα = γβr
, γrkα = γrk
= 0 , γksr = γks
,




r
ν
k r
r
r
·r ν
k r
+ a·r
γsβr = γsβ
ν γsβ + a·β γsk , γβs = γβs + aν γβs + a·β γks ,

(45)



r
r
ν
·r k ν
·r k ν
k r
k r
k n r
·r
= γβα
+ a·r
γβα
ν γβα + aν a·α γβk + aν a·β γαk + a·α γβk + a·β γkα + a·β a·α γkn − ∂β aα
r
where ar·ε = −gεr , a·r
ε = gε . By making the calculations from (45) we obtain (43).
The gαk ﬁelds transform by (12). In particular, if the coordinates xα do not transform,
then

gαk = (gαr + arα ) a·k
(46)
r




We noted gαk because gαk = 0. We will assume that for transformations of the coordinates
y k we have akα (x) = −∂α ω k (x) , where ω k (x) are the parameters of the group G. For
εω k (x) , with ε inﬁnitesimal, the relation (46) becomes


gαk = gαk − εDα ω k

(47)

where


k s r
Dα ω k = ∂α ω k + γαrk ω r = ∂α ω k − Crs
gα ω
s

 k

s

s

 s

j


·s

n
·k n
·s
i
From (46) results −Crk gα = −Crk a·k
n gα − Crk an aα ⇒ γαr = aj γαi a·r − aj
j n
·s
Because a·s
j ∂α Cni ω = ∂α ai then




j i
i
·s
γαrs = a·s
j γαi a·r − a·r ∂α ai

(48)

j n
∂α Cni
ω ai·r .
(49)

s

s
, and from (49) results (47).
For inﬁnitesimal transformations Crk = Crk
r
r
We deﬁne the ﬁelds Aα (x) by relation gα (x) = gArα (x) where g is a coupling constant.
We have the following relations:


Aαr = Arα − g −1 εDα ω r
r

r
Akβ
γβs = −gCsk


g r
g
r
r
= − ∂α Arβ − ∂β Arα + gCks
Akα Asβ = − Fαβ
γαβ
2
2
g νε
g
g ν
ν
k
νk
γβr = − G grk Fεβ = − grk Fβ = − Fβr
2
2
2


r
r
r
r
Observation: If ek = Xk then Fαβ = ∂α Aβ − ∂β Aα − gCks Akα Asβ .
In the base ea , the geodesics’ equations take the form




u̇α + Pβνα uβ uν + 2γναr ur uν = 0
k

u̇ + γ k β r ur uβ = 0
α

r

r

(50)
(51)
(52)
(53)

(54)
(55)

ν

r
r
ν
NotingPβν = Γαβν , γβk , γαβ , γβr with γβk
, γαβ
, γβr
and gsr ur = ps = gsr ur +
gαs uα , the geodesics’ equations become

If

A1ν

= 0 and

Akν

u̇α + Γαβν uβ uν = gFβαk pk uβ

(56)

r
ṗk − γβk
p r uβ = 0

(57)

= 0 for k = 1 then
u̇α + Γαβν uβ uν = gFβα1 p1 uβ

;

ṗ1 = 0 ṗk = 0

(58)
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2.

The Field Equations

The ﬁeld equations are Einstein equations
1
Rac − gac R = Jac
2
where
R = g ac Rac

(59)
(60)

b
b
b d
b d
d b
Rac = ∂b γca
− ∂c γba
+ γbd
γca − γcd
γba − Cbc
γda

(61)

and Jac is the current tensor for matter. The expressions of the connection coeﬃcients
are:
ν
ν
s
s
s
s
s
s
s
γαβ
= Γναβ , γrk
= 0 , γrk
= − 12 Crk
, γrν
= 0 , γνr
= −gCrk
Akν , γαβ
= − k2 Fαβ
ν
ν
s
ν
ν
ν
r
r
γαr
= γrα
= − k2 gsr Gνε Fεα
= − k2 Fαr
, γνε
= Γννε , γνr
= 0 , γrν
= 0 , γrk
=0

(62)
From (61) and (62) results
4
Rαβ = Rαβ
−


k2  ν r
r
ν
Fαr
Fβr Fνα + Fνβ
4

k
=
ν
ε
ε
r
ν
Rαk
Rkα = − (∂ν Fαk
+ Γννε Fαk
− Γναε Fνk
+ gCks
Asν Fαr
)
2
k2 ν ε
1
Fνr + grk
Rrk = − Fεk
4
4
4
ν
ν
ν
Rαβ = ∂ν Γβα − ∂β Γνα + Γνε Γεβα − Γνβε Γενα

(63)
(64)
(65)
(66)

The scalar curvature is
R = Gαβ Rαβ + g0rk Rrk
and we obtain
R = R4 +

k2 2 n
F +
4
4

(67)
(68)

where
4
ν εr
, F 2 = Fεr
Fν and g0sk gsk = n
R4 = Gαβ Rαβ
By replacing in (59) the expressions for Rαβ , Rαk and R yield the ﬁeld equations



n k2 1
1
1
1 ν r
4
4
2
r
ν
F F + Fβν Fαr = Jαβ
Rαβ − Gαβ R − Gαβ −
(69)
Gαβ F −
2
2
4
2 4
2 βr αν
ν
ε
ε
r
ν
∂ν Fαk
+ Γννε Fαk
− Γναε Fνk
+ gCks
Asν Fαr
= Jαk

(70)

The ﬁeld equations (69) and (70) can be obtained from a variational principle if we choose
the action as
√
#
#  4 n √
c3
c3
S = 16πG
R +4
(R + Lm ) −G4 d4 x = 16πG
−G4 d4 x+
4
4
M
M
(71)
# 2√
#
√
4 4
ε0
c3
4
4
+ 4c
F −G d x + 16πG
Lm −G d x
M4

M4

with G is coupling constant for gravitation,
lagrangian for matter.

√

−G4 =

$
det (Gαβ )and Lm the density of
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Gauge Equations for Gravitation Field

Let us consider that the M 4 space is a subspace in the M 4+ng space. In this case the
total space is M 4+ng +n . The base vectors for the space M 4+ng +n are {e0α , er0 , er } ,
α = 1, 2, 3, 4 , r = 1, 2, ..., n , r0 = 1, 2, ..., ng , and {e0α , er0 } are the base vectors for
subspace M 4+ng .
The {eα , er } base of subspace M 4+n ⊂ M 4+ng +n space is obtained by transformation
eα = e0α + gαr0 er0 , er = er , er0 = 0 (72) The matrix elements for this transformation
are
aν·α = δαν , ar·α0 = gαr0 , ar·α = 0 ,
aν·r = 0 , ak·r0 = 0 , ak·r = δrk ,

(72)

aν·r0 = 0 , akr00 = 0 , ak·r0 = 0
and the inverse transformations does not exist. The line element in M 4+ng +n space is
dS 2 = G0αβ dxα dxβ + gr0 k0 dxr0 dxk0 + grk dy r dy k

(73)

where G0αβ = {G011 = G022 = G033 = −1 , G044 = 1}, [er0 , ek0 ] = −Crs00k0 es0 , gr0 k0 = Csn00r0 Cns00 k0 .
By reporting to (72)
Gαk = 0 , Gαk0 = 0 , Gr0 k0 = 0 , Grk = grk , Gkr0 = 0
Gαβ = G0αβ + gαr0 gβk0 gr0 k0 , dS 2 = Gαβ dxα dxβ + grk dy r dy k

(74)

The transformation (72) express the condition that the movement is in M 4+n ⊂ M 4+ng +n .
It implies the link dxk0 = gαk0 dxα . On the other hand, eα = eα − gαr er and results
e0α = eα − gαr er − gαr0 er0
 0 0
s0
s
eα , eβ = Cαβ
es + Cαβ
es0
 0 
s
eα , er = Cαr
es

 0
s0
eα , er0 = Cαr
e
0 s0

(75)

s0
s
s
s0
The functions Cαβ
and Cαr
are given by (39) and (40), and the functions Cαβ
and Cαr
are
0
obtained from the same relations if we replace r withr0 . From (73) results that the metric
tensor has the components G0αβ , gr0 s0 , grs . The connection coeﬃcients are obtained
using (23) relation. For the gauge ﬁelds:



1
ν
ν
k
ν
r
r
r
r k s
∂
,
= γrβ
= Gνε
g
γ
,
γ
=
0
,
γ
=
−
g
−
∂
g
+
C
g
g
γβr
rk
α
β
0
rs
α
εβ
αβ
β
ks α β
2
r
γβs

=

r k
−Csk
gβ

,

r
γsβ

=0,

r
γsk

=

(76)

r
− 12 Csk

For the gravitational ﬁeld we replace r with r0 and results


k0
r0
r0
r0
1
ν
r0
k 0 s0
,
γβr
= γrν0 β = Gνε
0 gr0 k0 γεβ , γαβ = − 2 ∂α gβ − ∂β gα + Ck0 s0 gα gβ
0
r0
γβs
= −Csr00k0 gβk0 , γsr00β = 0 , γsr00k0 = − 12 Csr00k0 , Γαβν = 0 , γsα0 k0 = 0
0

(77)
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In the base { e0α , er0 , er } the equations for gravitational and gauge ﬁelds are
ν
ν
∂ν Fαk
+ g0 Ckr00s0 Asν0 Fαr
= Jαk0 , gνs0 = g0 Asν0
0
0

(78)

ν
r
ν
+ gCks
Asν Fαr
= Jαk
∂ν Fαk

(79)

04
= 0 the scalar curvature in M 4+ng +n will be
Because Rαβ

R0 =

g 2 ν εr g02 ν εr0 n + ng
F F + Fεr0 Fν +
4 εr ν
4
4

(80)

The equations (78) and (79) are obtained from a variational principle if we choose an
action such as


c3
4
S=
R0 d x+ Lm d4 x
(81)
16πG
M4

M4

This choice permits the quantiﬁcation of gravitational ﬁeld in the same way the gauge
ﬁelds are quantiﬁed.
}
The geodesics’ equations in the base {e0α , ek , ek0 ∈ M 4+ng +n are
α
α r β
u̇α + 2γβr
ur0 uβ + 2γβr
u u =0
0

(82)

k0 r 0 β
u u =0
u̇k0 + γβr
0

(83)

k r β
u̇k + γβr
u u =0

(84)

a b c
u̇a + γbc
u u = 0 , a, b, c = {α, k0 , k}

(85)

These equations can be written as

InM 4+n , the compact form of geodesics’ equations (56) and (57) is
a



u̇ + γbca ub uc = 0 , a, b, c = {α, k}

(86)

The base ea ∈ M 4+n is obtained by the transformation eb = ac·b ec where ec ∈ M 4+ng +n .
The elements ac·b are given by (72). For fde arbitrary we have fdh eh = fdh ac·h ec = bc·d ec .
 
The matrix b = (bc·d ) = af can be inverted and noting b−1 = b·d
c . It results ec =
 ·h 
−1
·d h 
·h 
−1
−1
bc fd eh = λc eh , where λc = λ = f b = f (af ) and λ = (af ) f −1 = a. Because
u = ua ea = ua ea then
 a




d b c

u̇ + γbca ub uc ea = u̇d + γbc
u u · λ·a
(87)
d ea
It results that if (85) equations are satisﬁed then the (86) equations are satisﬁed and vice
versa.
If in M 4+ng +n are satisﬁed the ﬁeld equations
1
Rab − gab R = Jab ,
2

a, b = {α , k0 , k}

(88)

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 143–156

then

1
gab J
ng + n + 2

Rab = J¯ab = Jab −
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(89)

Using the (72) transformations we obtain

= Rab aa·c ab·d
Rcd

(90)


Where Rab is tensor in M 4+ng +n and Rcd
is tensor in M 4+n . From (89) and (90) results

Rcd
= J¯ab aa·c ab·d = J¯ cd

(91)

If in M 4+ng +n the ﬁeld equations are (88), then in M 4+n the ﬁeld equations will be
1


Rab
− Gab R = Jab
, a, b = {α, r}
2

(92)


with Jab
= J¯ ab − 12 Gab J¯ . Let’s consider the transformation ea = ac·α ec . The curvaa
h
e f g
ture tensor components will transform like: Rbcd
ea = Ref
g a·b a·c a·d eh . Now we can write
a
a
h
e f g ·a 
h
e f g ·a
the relations Rbcd
ea = Ref
g a·b a·c a·d λh ea , Rbcd = Ref g a·b a·c a·d λh . Using the matriceal
 f ·c 
writing a·c λh = aλ−1 = af (af )−1 = 1 we obtain


a
h
Rbad
= Rehg
ae·b ag·d

(93)



This way Rab
given by (90) coincides with Rab
given by (61), and the (59) equations are
identical with (92). Let’s consider the inﬁnitesimal coordinate transformations

xα = xα + ε · ϕα (x)

,

∂xα
∂ϕα (x)
·α
α
=
a
(x)
=
δ
+
ε
·
ν
ν
∂xν
∂xν

(94)

From these transformations perspective, the ﬁelds gαr0 (x) transforms:


gαr0 = gαr0 − ε

∂ϕν (x) r0
g
∂xα ν

(95)

These transformations are isometrics if they satisfy Killing’s equations
Dα ϕβ + Dβ ϕα = 0 ,

ϕβ = Gβν ϕν

(96)

We can see that the equations (78) are invariant reported at inﬁnitesimal gauge transformations

gαk0 = gαk0 − ε · Dα ω k0 , Dα ω k0 = ∂α ω k0 − Crk00s0 gαs0 ω r0
(97)
The transformations (95) are isometrics when
Dα ω k0 = gνk0 ∂α ϕν

(98)

If gαr0 is known, then from (96) and (98) can be determined ϕα and ω k0 . When gαr0 =
0 ϕν are linear functions of x = {xα } and ω k0 constant. To an inﬁnitesimal coordinate
transformation in M 4 corresponds an inﬁnitesimal gauge transformation in M 4+ng .
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In M 4+ng the ﬁelds gαk0 transforms according to (97) and the equations (78)are invariant.For Gαβ (x) = G0αβ +gαr0 (x) gβr0 (x), if we make a coordinate transformation, we don’t
make a gauge transformation and vice versa. In M 4 we have local coordinate transformations, and in M 4+ng global coordinate transformations and local gauge transformations.
s0
s
e + Ckr
e then the gravitation couples with the other interactions
If [ek, er0 ] = Ckr
0 s
0 s0
and the equations (78) and (79) can be written as
ν
d
ν
∂ν Fβa
+ gCab
Abν Fβd
= Jβa , a, b, d = {k, k0 } , g = g0

(99)

In this case the gravitational ﬁelds are those who correspond to the subspace M 4+ng
from the space M 4+ng +n . In general, the value of n for uniﬁed interactions diﬀers from
the nvalue for non-uniﬁed interactions. In M 4 , for these gravitational ﬁelds Gαβ =
s0
s
n
s0
G0αβ +gr 0 k0 gαr0 gβk0 where gr 0 k0 = Cns00 r0 Csn00k0 +2Cnr
Csn0 k0 +Cnr
Csk
= gr0 k0 + 2Cnr
Csn0 k0 +
0
0
0
0
k
s
n
Cnr
Csk
. If gr 0 k0 positive elements exists so the termgr 0 k0 gαr0 gβ0 ≥ 1, then it can exist
0
0
speeds greater than the speed of light in vacuum.
The vectors eα form the base of a subspace M 4 , included in the space M 4+ng which
has the base {e0α , er0 }. The energy is found in the subspace with the base eα . From this
reason the supplementary dimensions cannot be observed. Their presence reﬂects in the
form of movement and ﬁeld equations. If the ﬁelds would depend upon xr0 or y r , then
these dimensions would be directly observable because the ﬁeld’s quanta (real or virtual)
would be present in these dimensions.
In M 4+ng the coordinates are {xα } = x ∈ M 4 , α = 1, 2, 3, 4 and {xr0 } ∈ M ng ,
r0 = 1, 2, ..., ng . If the equations (78), for r0 = 1,2,3, have solutions like gαr0 = ∂α ϕr0 (x),
then if the link dxk0 = gαk0 dxα is satisﬁed, then dxr0 = dϕr0 (x) and xr0 = ϕr0 (x, y, z, x4 ).
If we assume we can determine x, y, z as functions of xr0 and x4 : x = x (xr0 , x4 ) ; y =
y (xr0 , x4 ) ; z = z (xr0 , x4 ). In this case
dx =

∂x
∂y
∂y
∂z
∂z
∂x
dxr0 + 4 dx4 ; dy =
dxr0 + 4 dx4 ; dz =
dxr0 + 4 dx4
r
r
r
0
0
0
∂x
∂x
∂x
∂x
∂x
∂x

and the line element ds2 = Gαβ (x) dxα dxβ can be written as:
ds2 = Gr0 s0 (xr0 , x4 ) dxr0 dxs0 + 2Gr0 4 (xr0 , x4 ) dxr0 dx4 + G44 (xr0 , x4 ) dx4 dx4 Afterwards, it can be constructed the theory of gravitational and gauge ﬁelds in the space
M 4+n where the coordinates are x = {xr0 , x4 } ∈ M 4 ,r0 = 1, 2, 3 and {y r } ∈ M n .
For gravitation, equations can be obtained in the space M 4+ng where the coordinates
are xα , α = 1, 2, 3, 4and xr0 , r0 = 1, 2, ..., ng . It results that we can replace the coordinates {x, y, z} ∈ M 4 with the coordinates {x1 , x2 , x3 } ∈ M ng . The M 4 subspace does not
change. For example, in the three-dimensional space the same surface can be described
by the equation z = f (x, y) ory = h (x, z).
Until now, we considered that the interactions are uniﬁed and a single coupling constant exists. We will consider in the following the case when the interactions are uncoupled
and every interaction type is characterized by a diﬀerent coupling constant.
For gravitation the base is ek0 , k0 = 1, 2, ..., ng , the gauge ﬁelds gαk0 = g0 Akα0 , with
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g0 the coupling constant for gravitational interactions and will use the relations
r0
= −g0 Ckr00s0 Asβ0
[ek0 , er0 ] = −Cks00r0 es0 , gr0 k0 = Csn0r0 0 Cns00 k0 , γβk
0
r0
Fαβ
= ∂α Arβ0 − ∂β Arα0 + g0 Ckr00s0 Akα0 Asβ0

(100)
where
are the structural constants for G0 , which is a local group for gravitation.
For electromagnetism we will chose the base er1 , r1 = 7 and the ﬁelds gαr1 = g1 Arα1 ,
where g1 is the coupling constant for electromagnetic interactions. The symmetry group
is the local group G1 = U (1) and we use the relations:
Cks00r0

[er1 , er1 ] = 0 , Cks11r1 = 0 , gr1 r1 = 1 ,

(101)

r1
= ∂α Arβ1 − ∂β Arα1
γβk1r1 = −Ckr11s1 Asβ1 = 0 , Fαβ

For the weak interactions, we consider the base er2 , r2 = 8, 9, 10 and the ﬁelds gαr2 =
g2 Arα2 with g2 the coupling constant of weak interactions. So we will use the relations:
r2
[ek2 , er2 ] = −Cks22r2 es2 , gr2 k2 = Csn22r2 Cns22 k2 , γβk
= −g2 Ckr22s2 Asβ2
2

(102)

r2
Fαβ
= ∂α Arβ2 − ∂β Arα2 + g2 Ckr22s2 Akα2 Asβ2

Where Crs22k2 are the structural constants for the local groupG2 = SU (2).
For the strong nuclear interactions between quarks, we will consider the base er3 , r3 =
11, 12, ..., 18 and the ﬁelds gαr3 = g3 Arα3 with g3 the coupling constant of strong interactions.
In this case, we will use the relations
r3
[ek3 , er3 ] = −Cks33r3 es3 , gr3 k3 = Csn33r3 Cns33 k3 , γβk
= −g3 Ckr33s3 Asβ3
3

(103)

r3
Fαβ
= ∂α Arβ3 − ∂β Arα3 + g3 Ckr33s3 Akα3 Asβ3

Where Crs33k3 are the structural constants for the local group of colors G3 = SU c (3).
For all interactions, we can write the relations more compact:
ri
[eki , eri ] = −Cksiiri esi , gri ki = Csniiri Cnsii ki , γβk
= −gi Ckriisi Asβi
i

gβsi

=

gi Asβi

ri
Fαβ

=

∂α Arβi

−

∂β Arαi

+

(104)

gi Ckriisi Akαi Asβi

where iis ﬁxed and has one of the values 0,1,2,3.
Using the above relations, in M 4+n , the geodesics’ equations (56), (57) and the ﬁeld
equations (69), (70) will be:
3
α

u̇ +

Γαβν uβ uν

3

gi Fβα ri pri uβ

=
i=1

4
Rαβ

1
1
n
− Gαβ R4 − Gαβ −
2
2
4

3

i=1

, ṗri −

γβkiri pki uβ = 0

(105)

i=1




1  ν ri
gi2 1
ri ν
2
Gαβ Fi −
F F + Fβν Fα ri = Jαβ (106)
2 4
2 βri αν

ν
ε
ε
ν
+ Γννε Fαk
− Γναε Fνk
+ gi Ckriisi Asνi Fαr
= Jαki
∂ν Fαk
i
i
i
i
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where Gαβ = G0αβ + gαr0 gβk0 gr0 k0 with gr0 k0 = Csn00r0 Cns00 k0 .
In M 4+ng +n , the geodesics’ equations (82), (83), (84) and the ﬁeld equations (78),
(79) will be
3

3

gi Fβα ri pri uβ

α

u̇ =

, ṗri −

i=0

γβkiri pki uβ = 0

(107)

i=0

ν
ν
∂ν Fαk
+ gi Ckriisi Asνi Fαr
= Jαki
i
i

(108)

Initially we considered the uniﬁed interactions with a single coupling constant g. If the
interactions unify but the coupling constants gi , i = 0, 1, 2, 3, ..., m have diﬀerent values
then:
d
d
h
[ea , eb ] = −Cab
ed , a, b, d = 1, 2, ..., ng + n gab = Cha
Cdb
Gαβ = G0αβ + gr0 k0 gαr0 gβk0 , gβki = gi Akβi

d
h
gr0 k0 = Chr
Cdk
,
0
0
m
a
γβb

=−

a
gi Cbk
Akβi
i

ki
gi Fαβ

,



= gi ∂α Akβi − ∂β Akαi +

i=0

(109)

m

gj gn Crkjisn Arαj Asβn
j,n=0

In M 4+n the geodesics’ equations (56), (57) and the ﬁeld equations (69), (70) will be:
m
α

u̇ +

Γαβν uβ uν

m

gi Fβα ri pri uβ

=
i=1

4
Rαβ

1
1
n
− Gαβ R4 − Gαβ −
2
2
4

m

i=1

r

, ṗki −

γβkj i prj uβ = 0

(110)

j=1




1  ν ri
gi2 1
ri ν
2
F F + Fβν Fα ri = Jαβ
Gαβ Fi −
2 4
2 βri αν

(111)

m
ν
gi ∂ν Fαk
i

+

ε
Γννε gi Fαk
i

−

ε
Γναε gi Fνk
i

gj gn Ckrinsj Asνj Fαν rn = Jαki

+

(112)

j,n=1
ν
given by (109).
with Akβi and gi Fαk
i
4+ng +n
In M
the geodesics’ equations (56), (57) and the ﬁeld equations (69), (70) will
be:
m

m

r

gi Fβα ri pri uβ , ṗki −

u̇α =
i=0

γβkj i prj uβ = 0

(113)

j=0
m
ν
gj gn Ckrinsj Asνj Fαr
= Jαki
n

ν
gi ∂ν Fαk
+
i

(114)

j,n=0

The Yang-Mills ﬁelds for non-uniﬁed interactions Yβi = gi Asβi Xsi where Xsi are the generators for the group Gi , i = 0, 1, 2, 3 , Asβi are solutions for equations (108) and gi are
the coupling constants corresponding to the Gi symmetries. The covariant derivative is
Dβ ψ μi = ∂β ψ μi + gi Asβi Xsμiiλi ψ λi

(115)

If Gis the transformations group for which the interactions are uniﬁed then the Yangm

Mills ﬁelds are Yβ=
i=0

gi Asβi Xsi where Xki are the generators for G group, Akβi are solutions
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for the equations (114) and gi are coupling constants. The covariant derivative will be:
m

gj Akαj Xkμjiλe ψ λe

Dα ψ μi = ∂ψ μi +

(116)

j=0
a

Observation: gi Asαi = gαsi , { si }i=1,m = a ⇒ Yα = gαa Xa . For U = eXa ω , U ∈ G, the ψ
and Yα ﬁelds transform: ψ  = U ψ , Yα = U Yα U −1 −(∂α U ) U −1 . The covariant derivative
transforms: Dα ψ  = U (Dα ψ) where Dα ψ  = ∂α ψ  + Yα ψ  and Dα ψ = ∂α ψ + Yα ψ.
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Abstract:

A systematic formulation of fractional path integral for the free spinor ﬁeld theory is presented and discussed

within the framework of fractional action-like variational approach (or fractionally diﬀerentiated Lagrangian function)
recently formulated by the author. Some interesting explicit formulas and features are discussed in some details.
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1.

Introduction

In 1948, Feynman introduced the path integrals formalism in physics for the ﬁrst
time as follows

eiS[γ]/D [γ]
in an attempt to give a new formulation of quantum mechanics. Here  is the Planck’s
constant, γ : [0, T ] → Rd is the path and S [γ] is the action deﬁned as:
,
T + 4 42
1 44 dγ 44
− V (t, γ (t)) dt
S [γ] =
2 4 dT 4
0
∗
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The path integral is then a new sum of eiS[γ]/ over all the paths. Note that the central
mathematical concept of Feynman integral is the analog of the action in classical mechanics. Therefore, it is applicable to all mechanical systems whose equations of motion
cannot be put into Hamiltonian form. The great beneﬁt of the path integral is that it
gives a global integral solution of the quantum mechanical problem in question. in contrast to the standard approach based on the Schrödinger equation which gives a local
(diﬀerential) formulation of the main problem. Due to its global nature, a proper definition of the path integral depends crucially on its regularization prescription and on
the imposed boundary conditions. The main point is that the path integral contains all
this information by its very construction. It is worth mentioning that in the evaluation
of any path integral, one ﬁnds himself dealing with functional analysis, the theory of
special functions, and the theory of diﬀerential equations. Consequently the interplay
between these ﬁelds and the theory of path integrals is very important to obtain useful
and signiﬁcant physical results. In this contribution we restrict ourselves to fractional
path integrals in quantum mechanics.
In reality, the fractional calculus (derivatives and integrals) was considered a theoretical mathematical ﬁeld with no physical applications for more than three centuries. Last
decades have shown the contrary. Several ﬁelds of application of fractional diﬀerentiation
and fractional integration are already well established, some others have just started,
in particular the calculus of variations (COV) [1]. Most of approaches described in the
literature suﬀer from two major problems: the presence of non-local fractional diﬀerential operators and the adjoint of the fractional diﬀerential operator used to describe the
dynamics is not the negative of itself. In general, the physical reasons for the appearance
of fractional equations are long-range dissipation and nonconservation.
Recently, we proposed a novel approach known as fractional action-like variational
approach (FALVA) to model nonconservative dynamical systems where fractional time
integral introduces only one fractional parameter α > 0 while in other models an arbitrary number of fractional parameters (orders of derivatives) appear [1,2,3,4,5,6,7]. The
standard functional action S is replaced by a fractional functional integral action Sα>0
revealing interesting features. It is in fact deﬁned as follows:
1
Sα>0 [q] =
Γ (α)

t

t
L (q̇ (τ ) , q (τ ) , τ ) (t − τ )

t0

α−1

dτ =

L (q̇, q, τ ) dgt (τ ),

[t0 , t1 ] ∈ R

t0 =0

3
where L (q̇, q, τ ) is the Lagrangian weighted with (t − τ )α−1 Γ (α) and Γ (1 + α) gt (τ ) =
tα − (t − τ )α with the scaling properties gμt (μτ ) = μα gt (τ ), μ > 0. Fractional EulerLagrange equations and fractional Hamiltonian canonical equations are derived and nonconservative dynamical systems are modeled correctly with no need to implement in the
theory any fractional derivatives types. The class of fractional Hamiltonian systems obtained with one fractional parameter α is wider than the usual class of standard and
Hamiltonian dynamical systems. The Noethers’ conservation theorems are found to be
violated.
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Motivated by these results, we would like in this work to bond the fractional approach
to the path integral. Since the formulation of quantum mechanics is analogous to classical
action principles, we expect that identities concerning the action in classical mechanics
would have quantum counterparts derivable from a functional integral.

2.

Formulation of the Fractional Path Integral for the Free
Spinor Field Theory

In order to set up the deﬁnition of the fractional path integral, we ﬁrst consider the
case of a classical Lagrangian L(x, ẋ) = (mẋ2 /2) − V (x) in D dimensions. Here the dot
means derivative with respect to τ . For this, we let K(xf , τf ; xi , τi ) be the transition
probability amplitude (kernel or propagator) for the initial wave function ψ(xi , τi ) propagating to the ﬁnal wave function ψ(xf , τf ) in the space-time conﬁguration. The fractional
propagator is deﬁned by:

Kα>0 (xf , τf ; xi , τi ) = lim

N →∞

N 
m  N2D 
dxk exp
2πiΔτ
k=1
RD

x(τ )=x

≡

i
Sα>0 [x (τ )] ,


i
Sα>0 [x (τ )]


Dx (τ ) exp
x(τ  )=x

(1)

Here we have Δτ = (τ  − τ  )/N . With the fractional formalism in place, the fractional
propagator for a free particle, harmonic oscillator, and forced harmonic oscillators as well
as the fractional formalism of the perturbation theory and fractional path integrals in
free ﬁeld theory were also discussed in [6]. The fractional propagator for a free scalar
ﬁeld φ or a spinor ﬁeld ψholds as follows:
⎞
⎛


t


i 1
˙ φ̄, τ ⎠
(t − τ )α−1 dτ d3 xL φ̄,
(2)
Kα>0 (φf , τf ; φi , τi ) = Dφ̄ exp ⎝
 Γ (α)
t0


Kα>0 (ψf , τf ; ψi , τi ) =

⎛
Dψ̄ exp ⎝

i 1
 Γ (α)



t
(t − τ )α−1 dτ





⎞

˙ ψ̄, τ ⎠
d3 xL ψ̄,

(3)

t0

The fractional path integral (3) we are interested in is the time-evolution operator for
the Schrödinger equation of the Dirac ﬁeld which may be written like:

Kα>0 (ψf , τf ; ψi , τi ) =

⎛
i 1
Dψ † (x)Dψ (x) exp ⎝
 Γ (α)

t
(t − τ )

α−1


dτ

⎞
d3 xψ̄ (x, τ ) (i  ∂ − m) ψ (x, τ )⎠

t0

(4)

where ψ is the Hermitian conjugate of ψ and ψ̄ = ψ γ0 ,  ∂ = γ ∂/∂x , μ = 1, 2, 3, 4, γ0
and γ μ are the ”gamma” matrices and (i  ∂ − m) ψ (x, τ ) = 0 is the Dirac equation with
+

+

μ

μ
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possible solution given by
4

ψ (x, τ ) =
r=1



d3 p

(2π)3



m
b (p, r, τ ) ω (p, r) exp (ip · x)
Ep

(5)

#
and d3 xψ̄ (x, τ ) (i  ∂ − m) ψ (x, τ ) represents the Lagrangian of the spinor theory [8].
Note that the coordinate representations of free spinor ﬁeld theory are anticommuting or
Grassman variables. In equation (5) p is the momentum vector, m is the particle mass,
Ep2 = p2 + m2 and ω (p, r) are the momentum spinors. The operators b and b+ satisfy



b (p, r) , b+ (p, r ) = δrr δ 3 (p − p )

(6)



[b (p, r) , b (p, r )] = b† (p, r) , b† (p, r ) = 0

(7)

Inserting equation (5) into the Lagrangian of the spinor ﬁeld and evaluating we ﬁnd:
Kα>0 (ψf , τf ; ψi , τi ) =

4 


Dψ † (x)Dψ (x) ×

r=1 p


⎛
exp ⎝

≡

4 


i 1
 Γ (α)

d3 pb∗ (p, r, τ ) (i∂τ − εr Ep ) b (p, r, τ )⎠

(t − τ )α−1 dτ
t0

⎛

Dψ † (x)Dψ (x) exp ⎝

r=1 p


⎞



t

i




t
dgt (τ )

⎞
d3 pb∗ (p, r, τ ) (i∂τ − εr Ep ) b (p, r, τ )⎠

t0 =0

(8)
b is the complex conjugate of b and εr = 1(−1) for r = 1, 2(3, 4) (component of spin)
respectively. In order to solve equation (8), we concentrate on the fractional path integral
for a single positive energy mode [8]. For this, we write:
∗


Kα>0 (ηf , τf ; ηi , τi ) =

≡
where

⎛
Dη ∗ (τ )Dη (τ ) exp ⎝
⎛

Dη ∗ (τ )Dη (τ ) exp ⎝

i


i 1
 Γ (α)

t

t

⎞
(t − τ )α−1 dτ η ∗ (τ ) (i∂τ − Ep ) η (τ )⎠

t0

⎞
η ∗ (τ ) (i∂τ − Ep ) ηα (τ ) dτ ⎠

(9)

t0

η (τ ) (t − τ )α−1
ηα (τ ) =
Γ (α)

(10)

is the fractional positive energy mode. That is ηα (τ ) → η when α = 1. We follow the
standard procedure [9,10,11,12].: we divide the time-interval into N + 1 equal parts,
then we compute integrals on each part, and ﬁnally, we let N → ∞. For this, we let
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ε = τi+1 − τi , ηi = η(τi ) where τi is the time on the ith slice with τN +1 = τ and ηN +1 = η.
Equation (9) becomes:


dη0∗

Kα>0 (ηf , τf ; ηi , τi ) = lim

N →∞


= lim

N →∞

dη0∗

N


dηi dηi∗

i=1

N


dηi dηi∗

i=1

N



N


exp ηj∗ −

j=0

ηα,j+1 − ηα,j
− iεEp ηj,α
ε


1 − ηj∗ ((ηα,j+1 − ηα,j ) + iεEp ηj,α )

(11)

j=0

#
#
Making use of the Grassmann rules of integration dη = 0 and dηη = 1, we ﬁnd for a
single positive mode and for single negative mode respectively:
+
Kα>0
(ηf , τf ; ηi , τi ) = −ηα + e−iEp (τ −τ0 ) ηα (0)

=


1 
−η (τ ) (t − τ )α−1 + e−iEp (τ −τ0 ) η (0) tα−1
Γ (α)

(12)

−
Kα>0
(ξf , τf ; ξi , τi ) = −ξα + eiEp (τ −τ0 ) ξα (0)

=


1 
−ξ (τ ) (t − τ )α−1 + eiEp (τ −τ0 ) ξ (0) tα−1
Γ (α)

(13)

Note that when α = 1, we ﬁnd the standard results. Combining one negative and one
positive energy mode with the same p, we obtain:
Kα>0 (ξf , τf ; ξi , τi ) =

1
Γ (α)

2

!

ηξ (t − τ )2(α−1) − e−iEp (τ −τ0 ) η (0) ξ (t − τ )α−1 tα−1


− eiEp (τ −τ0 ) ξ (0) ηtα−1 (t − τ )α−1 + η (0) ξ (0) t2(α−1)
2!

1
=
ηξ (t − τ )2(α−1) − e−iEp (τ −τ0 ) η (0) ξ
Γ (α)


+eiEp (τ −τ0 ) ξ (0) η tα−1 (t − τ )α−1 + η (0) ξ (0) t2(α−1)

(14)

Here again
ξ (τ ) (t − τ )α−1
→ξ
ξα (τ ) =
α=1
Γ (α)

(15)

is the fractional negative energy mode. The new things here is when i(τ − τ0 ) → ∞ Note
that we are dealing with two time variables: the intrinsic time τ and the observer time t.
This multi-time characteristic is important in applications and is the main ingredient of
the theory being developed by Udriste [13]. In fact, we are interested on fractional values
of α, i.e. 0 < α < 1 [1-8]. Moreover, we assume that t >> τ and consequently, terms
like (t − τ )2(α−1) , (t − τ )α−1 and t2(α−1) → 0 and the most dominant term is exp(iEp (τ −
τ0 ))tα−1 (t − τ )α−1 . But this part may be cancelled out if t >> τ with t >> 1 in a way
the term tα−1 (t − τ )α−1 approaches rapidly zero. In fact, note that (ηα (τ ), ξα (τ )) → 0
as time grows up and in particular for t >> τ and 0 < α < 1. From equations (12)
and (13), K + (ηf , τf ; ηi , τi ) → 0 and K − (ηf , τf ; ηi , τi ) ∝ eiEp (τ −τ0 ) tα−1 but this term tends

162

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 157–164

to zero when t >> τ . Consequently, both the positive and the negative energy modes
are empty, in contrast to the standard case where the vacuum is the state where all
positive energy states are empty but all negative energy states ﬁlled. This is to say
that the fractional approach destroys both the negative and energy modes and we can’t
distinguish between both modes at late time, i.e. the vacuum is empty at late time and
no quantum ﬂuctuations may exist. Thus we are dealing with an exotic vacuum. In other
words, the resulting physical state ﬁlling the vacuum is now empty. Both negative and
positive vacuum energies contributions are cancelled at late time with no needs to any
hidden symmetry. There exist a critical time τc = t for which the dominant factor is the
2(α−1)
. As a result, we are dealing with a
last term in equation (14), that is η(0)ξ(0)τc
3
critical state where the vacuum state is ψ0 (ξ, η) = η(0)ξ(0)T 2(α−1) Γ2 (α).

Conclusions
In the fractional path integral representation of free spinor ﬁeld theory, new features
arise, in particular the fractional positive and negative energy modes. We have proved
that when the observer time is much greater than the intrinsic time, both the negative
and positive energy modes are empty, thus a new deﬁnition of vacuum arise. This may
explain the smallness of the cosmological constant [14]. The same results may appear
in the presence of an arbitrary source and interacting ﬁeld. This may have important
consequences on string theory and cosmology where works in these directions are under
progress.
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Abstract:

One established fact in ﬁnancial economics and mathematics is the convergence of realised to integrated

volatility according to the quadratic variation principle. When computed in general semimartingale asset price models,
the cumulative squared high frequency returns represent consistent estimators of the integrated volatility. Both time and
frequency domain estimators are available for solving what, in an unifying approach, could be considered an inverse problem,
the recovery of latent volatility from the realizations of observable return processes. Since the relation between realised
and integrated volatility implies that one is transformed into the other with noise, we work in a simulated environment of
Brownian motion paths for exemplifying the semimartingale context and produce randomized estimators for the volatility.
With the support of experimental evidence, we can show the consistency of time- and frequency-based volatility estimators
and their speed of convergence to the quadratic variation limit.
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1.

Introduction

By casting volatility processes in inverse problem representation, one may state that
the general solution which is needed is recovering the latent volatility from the realizations of the observable return process, or otherwise extracting an informative signal from
noisy realised volatilities.
The so-called realised and integrated volatility have been recently proposed by Andersen
et al. (2001a,b) and Barndorﬀ-Nielsen and Shephard (2001) as means for obtaining a
more accurate estimate of the volatility function in the presence of very high frequency
observations.
∗

The paper has been written while the author was a member of the Mathematical Sciences Research
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Simply speaking, the computed realised volatility suggests an approximation to its integral counterpart over a certain ﬁxed time interval. They are obtained by averaging a
certain number of high frequency values within an established time interval of observation.
The realised volatility estimator of the integrated volatility produces an increasingly more
accurate measure in the presence of high frequency observations. In other words, more
ﬁnely sampled returns within a ﬁxed time interval make the realised volatilities free of
measurement error in the limit.
From the theoretical standpoint, it is according to the quadratic variation principle (see
Karatzas and Shreve (1988), among many other references) that the convergence of realised to integrated volatility holds. But it remains one aspect which deserves special
care; in ﬁnite-sample investigations, the noise plays of course a role, detrimental for the
accuracy of the estimates.
A diﬀerent characterization of the general quadratic variation principle and related estimation issues, is oﬀered by some studies (Dzhaparidze and Spreij, 1994; Malliavin and
Mancino, 2002) which are based on frequency domain consistent estimators. In our view,
this is another aspect which has been not yet evaluated by researchers involved in volatility studies, and that can represent an opportunity for further investigation.
We thus aim to compare the performance of time- and frequency-based volatility estimators in terms of convergence speed from randomized (i.e., simulation-based) experiments.
With this goal in mind, we adopt a semimartingale approach and conduct inference from
samples obtained by standard Brownian motion paths (and their increment processes)
sampled at diﬀerent grids.

2.

Semimartingales

Semimartingales (Shiryaev, 1999) represent a very general class of stochastic processes suitable for asset price models. A stochastic process {X(t)t≥0 } allows for the
following classical continuous-time Doob-Meyer decomposition:
Xt = X0 + At + Mt

(1)

with X0 the baseline process value, At a predictable and bounded variation component,
#t
i.e., such that 0 | dAs (w) |< ∞ for t > 0 and ω ∈ Ω, and with Mt as a local martingale.
The probabilistic framework underlying this decomposition consists of a ﬁltered probability space (Ω, F, (Ft )t≥0 , P ), with the process {X(t)t≥0 } adapted to (Ft )t≥0 and cadlag
(right-continuous and with limits from the left).
Among standard conditions, the σ-algebra F is P -complete, and the right continuous
ﬂow of σ−algebras (or information) (Ft )t≥0 contains all the sets in F of P -probability
zero.
The semimartingale class contains discrete-time sequences [(Xn )n≥0 ] of the given process,
but also diﬀusions and other processes. It is instead excluded the fractional Brownian
motion B H = {B H (t)t≥0 }, except when the Hurst parameter H ∈ (0, 1) is 12 , e.g., for
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which it corresponds to the Brownian motion.
We aim to design a quite general model, by casting a volatility deconvolution problem
within this probabilistic framework; this set-up could be thought as typical of a linear
inverse problem.
Inverse problems arise in many practical situations, where objects such as images or signals are only indirectly observed through the dynamics of correlated phenomena. The
modeling and development of reconstruction algorithms represent the crucial step, and
when the addressed context is that of a volatility recovery problem, we show that quite
natural instruments exist to accomplish the task with computational eﬃciency and speed.

3.

Volatility Inverse Problem

Consider a volatility curve as a function f belonging to a certain function space, say
L2 (R) or other less homogeneous spaces, for instance Besov classes. A continuous-time
model that can be set from sample realizations of return generating stochastic processes,
and this model represents the volatility recovery problem by:
dyt = (Kf )t dt + dWt

(2)

where yt is a return realization path, ft is the unknown volatility function underlying this
path and determining its dynamics, and the linear operator K stands for the convolution
dynamics which apply from several sources of information, together with the inﬂuence of
a Wt Wiener process (or Brownian motion).
A discrete-time corresponding model is described as:
yn = (Kz)n + ξn

(3)

with yn and zn being, respectively, the ﬁnancial return and the volatility discretized sequences, while ξn ∼ N (0, varξ ).
When within such model one assigns the variables ft , or zn , to the volatility σt , or σn ,
one can easily establish the relationship between integrated, say σ I , and realised, say σ R ,
volatilities, where the latter quantity represents a noisy measure of the former (at any
time point), i.e.:
σR = σI + 

(4)

The volatilities underlying the observed return process result linked to each other through
the quadratic variation principle, as later explained in detail. Through its application,
one can show the consistency of the realised volatility estimator.
But it is also worth to investigate the fact that given this general setting, one seeks
pointwise estimates of the volatility function from indirect measurements, i.e., the noisy
observations of returns. This is close to the idea of signal extraction, of course.
In this case we don’t know the form of the operator K; thus, one may decide to turn to
classical non-parametric estimation techniques like kernel or spline methods, or instead
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adopt wavelet-type estimation approaches.
One important methodological aspect concerns possible forms of regularization which are
usually required when dealing with ill-posed problems. This in turn requires a speciﬁcation of the functional class to which f belongs, thus implying assumptions on the
smoothness involved.
Optimization models based on likelihood-based objective functionals and simulationbased techniques can be employed, particularly in the presence of stochastic volatility,
but also backﬁtting and other iterative algorithms may be preferred.

4.

Quadratic Variation and Volatility Recovery

The idea of using realised volatilities as estimators of integrated volatilites leads to an
accurate volatility measure based on the now easily available high frequency observations.
Therefore, as much information as we almost desire can be used, with positive impact on
the precision of the estimates.
Given returns observed at frequencies, say, of 1min or 5min, the realised volatility comes
in the following form:
T

σ̂nR

2
yin

=

(5)

i=1

suggesting that an approximation over a certain time interval is applied to the integral
of an unobservable variable, the integrated volatility, by averaging a certain number of
2
squared intraday values yin
. This leads to the following relationship:
 t
R
I
σ I (s)ds
(6)
σ̂n → σt =
0

Due to the quadratic variation principle, it generally holds that given a process X(t) and
the partition T = {t0 , t1 , . . . , tn } of [0, t], the pth variation of X(t) over T is:
n
(p)

| Xtk − Xtk−1 |p

Vt [T ] =

(7)

k=1

Then, if || T ||= max1≤k≤n | tk − tk−1 |→ 0, for the volatility case, and thus looking at
p = 2, we have:
(2)
(8)
lim||T ||→0 Vt [T ] =< X >t
where the limit is the quadratic variation of X(t).
Equivalently, the convergence in probability of the intraday to the daily volatility holds
for the cumulative squared intraday returns:
 1
n
2
yi →n→∞
σ I (t + δ)dδ
(9)
i=1

0

Since a return process described as a semimartingale has an associated quadratic variation
process measuring its sample-path variation, the approximation measure supplied by the
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realised volatility estimator can be evaluated locally, over certain discrete time horizons
of deﬁned length, say τ , and from return dynamics such as:
 t
yt+τ,τ = κ +
σ(t + δ)dW (δ)
(10)
0

with W (δ) as the standard Brownian motion, κ the predictable component, and σ the
volatility process underlying the observed returns.

5.

Preliminary Experiments

Figure 1 and 2 report the experiments of simulating standard Brownian motion paths
at diﬀerent time-grids (or sampling rates); we show (top-located plots) trajectories of 100,
1000 and 10000 points of these paths.
We ﬁrst recall the deﬁnition of standard Brownian motion: it is a stochastic process
{W (t)t≥0 } such that (1) W (0) = 0 and W (t) is a continuous function of time; (2) for
each t, s > 0 then W (t + s) − W (t) ∼ N (0, s) and (3) W (t + s) − W (t) is independent
of W (t).
We then compute the quantity of greatest interest, i.e., the pointwise estimates of the
variance for the Brownian motion path simulated in the time interval 0-1.
The pointwise (or running-time) variances are reported at the mid-located plots, while
the corresponding cumulative variance appear at the bottom-located plots.
It may be observed, ﬁrst of all, that achieving the variance bound, and thus a full convergence of the realised to the integrated volatility, is possible for the Brownian motion path
sampled quite ﬁnely, i.e., with 104 sample points. For less sample points, those obtained
by sampling at coarser grids, the bound is almost, but not completely, achievable.

6.

Frequency Analysis

Consider a time discretized realization of a stochastic process, and look at the data
x = x1 , . . . , xn as values 1, . . . , n of a function with period n, so to deﬁne each generic
element as a linear combination of harmonics (see Brockwell and Davis, 1991):
1

αj eitwj

xt = n 2

(11)

−π<wj ≤π

with the Fourier frequencies wj = 2πj
being the integer multiples of the fundamental
n
2π
frequency n in the interval (−π, π].
Then, the value of the periodogram of x at the frequencies wj is given by the discrete
Fourier transform of x according to:
1
I(x, wj ) =|< x, ej >| = |
n

n

xt e−itwj |2

2

i=1

(12)
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Fig. 1 Brownian paths: 100 (A) and 1000 (B) sample points. Corresponding running-time
variances in (C) and (D). Cumulative variances respectively at (E) and (F).

The periodogram, through the sum of squares component in the harmonic decomposition
of the discretized process, yields an analysis of variance formula according to || x ||2 =
j I(x, wj ).
The covariance function of the process X(t) is deﬁned by cov[X(t), X(t + τ )] = C(τ );
with a fast decay to 0 and for ∞
∞ | C(τ ) |< ∞, its spectral representation is:
 π
 π
iwτ
C(τ ) =
e dS̄(w) =
eiwτ S(w)dw
(13)
−π

−π

where the spectrum of X(t) is indicated by S(w) and the corresponding spectral distribution function is S̄(w). The spectrum is obtained by the Fourier transform of C(τ )
as:
∞
C(τ )e−iwτ

S(w) = κ
τ =−∞

(14)
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Fig. 2 Brownian path of 10000 sampling points (A). Corresponding running-time variance (B)
and cumulative variance (C).

1
for κ = 2π
, τ ranging over (−∞, ∞) and −π ≤ w ≤ π.
Note that S̄(−π) = 0 and S̄(π) = σ 2 , the latter thus measuring the average total power;
thus, given dS̄(w) = S(w)ds, we know how the components in X(t) with frequencies in
(w, w + dw) contribute to the power of the process.
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Periodogram in Continuous Time

In Dzhaparidze and Spreij (1994) the periodogram is used to estimate the variance
of a continuous time stochastic process where, given a ﬁnite stopping time T̄ and a real
number w, we have:
 T̄
It (X, w) =|
eiwt dXt |2
(15)
0

By generalizing Levy’s theorem, where the variance of a Brownian motion can be obtained
as the limit of the sum of squares of the increments at increasingly ﬁner partitions,
other processes can exploit the same principles, and in particular the periodogram of a
semimartingale can be useful to estimate the corresponding quadratic variation process.
The periodogram is an asymptotically unbiased estimate of the spectral density of the
process, say f (w), and for consistency reasons a smoothed version of the estimator is
needed.
The spectral function f (w) is related to the spectral decomposition of the process X into
a superposition of harmonics, but such decomposition is not subject to a unique recovery
from the discrete observations of a continuous process, i.e., a sampled process ΔX.
π
The spectrum of such observations may concentrate on the ﬁnite frequency band − Δ
≤
π
w < Δ ; this represents the main band, large enough that the power distribution belonging
to frequencies higher the the Nyquist limits oﬀer just a negligible contribution to the total
power of the process.
2
Consider the spectrum SX of X(t), the latter having variance function σXt
. The spectrum
decomposes the variance with respect to a continuous independent variable w, e.g., the
frequency, such that:
 1
2
2
SX (w)dw = σXt
(16)
− 12

The spacing Δ between observations is destined to go to 0 for consistency requirements.
Accordingly, the number of discrete observations grows, so that the amount of information
in the data increases too.
Thus, while looking at the periodogram, we know that it is asymptotically unbiased, i.e.,
IT (w) ≈ f (w), and its variance f 2 (w) is not depending on the sample size. Therefore,
again for consistency, we need to smooth the periodogram across frequencies.

8.

Other Experiments

We see in Figure 3 and 4 the periodograms computed for the increments of sampled
Brownian paths; the spectra are measured in decibels2 . The reported plots have the
frequency range 0 − .5; thus, only half and not all of the total power is measured.
The periodograms are shown in tapered and non-tapered versions (Figure 3); this means
that a data window is considered or not so to reduce the bias in the spectral estimates due
to the periodogram (Priestley, 1981). Then, the smoothed versions of the periodogram
2

One applies the transform 10 ∗ log10 (x) to x, i.e., the estimated power spectrum.
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Fig. 3 Raw non-tapered (left-hand column) and tapered periodograms for the increments of
Brownian paths with 100 (top), 1000 (middle) and 10000 (bottom) sample points. Measures in
decibels.

(Figure 4) are also computed.
In Figures 5 and 6 the periodograms of the Brownian increments are plotted, varying
according to the sampling rate. The x axis accounts for the frequency range.
Considering the sample frequency employed by the estimator, a transformed power spectrum is shown in Figures 7-8, so to refer back to the total power that we try to approximate, and to the plots of the cumulative periodograms.
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9.

Interpretation of Results and Final Remarks

We aimed to develop methods of volatility estimation within the suitable framework
of semimartingale processes of asset prices, and we have supported our results with experimental evidence which showed, in particular, the quality of the convergence to the
quadratic variation limit for realised and integrated volatilities.
Our study has shown that in order to recover the unobserved volatility function both
time and frequency domain estimators can be proposed.
Simulation experiments with standard Brownian motion paths sampled at diﬀerent grids
could reveal the speed and the accuracy of convergence of the estimators to the asymptotic variance bounds.
It is found that a comparable performance in terms of achievable rates characterizes timeand frequency-based estimators. It is also clearly seen that when frequency estimators
are employed, the recourse to tapers yields a decrease in the convergence rate.
A ﬁnal remark concerns which estimator to choose. With noisy returns, the choice should
give priority to the more robust method and to the fastest convergence rate which is
achievable.
According to our simulation study, the latter aspect doesn’t discriminate between estimators computed in time and frequency coordinates, but robustness could be an important
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issue to investigate.
Some experimental work is currently under study for exploring the role of de-noising
techniques with time-frequency and time-scale estimators, following recent work by Capobianco (2002) with wavelets.
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Abstract:

We study the thermoelectric transport properties of mesoscopic devices in which the dynamics of the

electrons are chaotic. The present studied device is an electronic stub tuner modeled as S-Sm-S-Sm-S (S-superconductor,
Sm-semiconductor). The thermo power of the present device is expressed in terms of the conductance of the system, which
is derived by the technique based on Landauer-Büttiker equation. The inﬂuence of time-varying ﬁelds on the transport
through such device has been taken into consideration and also the eﬀect of magnetic ﬁeld. The results show an oscillatory
behavior of the dependence of the thermo power on both the magnetic ﬁeld and frequency of the induced ﬁeld. These
oscillations appear as random ﬂuctuation in peak heights. Analysis of these results shows that mesoscopic ﬂuctuations
obey Lorentzian distribution and under some conditions it is an exponential distribution. Our results are found concordant
with those in the literature.
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1.

Introduction

Mesoscopic systems have been shown to exhibit unusual conductance properties due
to quantum eﬀect [1], this behavior also aﬀects the thermoelectric properties of such
systems [2]. The conductance of quantum dots shows distinct ﬂuctuations [3, 4]. These
ﬂuctuations display correlations as a function of an external parameter such as magnetic
ﬁeld, which can be described in a statistical manner. The electrons can be viewed as
billiard balls moving in classically chaotic system where many random reﬂections at the
system walls occur [5]. Because of the wave nature of the electrons, quantum mechanics is
needed to describe such systems. Chaos in quantum dots has been investigated by many
authors [3-6]. The thermoelectric properties of hybrid phase coherent semiconductor∗
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superconductor junctions are expected to display unusual eﬀects due to the presence of
superconductivity [7, 8]. Thermo power measurements have been used to study semiconductor nanostructures like quantum point contact [9] and quantum dots in the Coulomb
blockade regime [10-12].
The aim of the present paper is to investigate the thermoelectric properties of a chaotic
quantum stub tuner. The stub tuner is modeled as S-Sm-S-Sm-S (S-superconductor, Smsemiconductor). The transport of electrons through such junction is studied under the
eﬀect of both magnetic ﬁeld, microwave ﬁeld and in the Coulomb blockade regime.

2.

Method of Calculation

In this section we shall derive a formula for thermo power for the present stub
tuner junction. The stub tuner is modeled as S-Sm-S-Sm-S (S-superconductor, Smsemiconductor). So the thermo power, S, is expressed as [13]:
#
FD
1 dε(ε − εF ) G(ε) dfdε
#
(1)
S=−
FD
eT
dε G(ε) dfdε
where G(ε) is the conductance, εF is the Fermi-energy, kB -Boltzmann constant, T FD
absolute temperature, e-electronic charge and dfdε
is the ﬁrst derivative of Fermi-Dirac
distribution function. The conductance G(ε) could be calculated using the LandauerBüttiker formula [14] that is
4e2 sin ϕ
G(ε) =
h



EF +2Δ◦

Γ(ε)
EF

−

∂fF D
∂ε

dε

(2)

where his Planck’s constant, ϕ is the phase angle of the Cooper pair, Γ(ε) is the tunneling
probability due to the Andreev-reﬂection processes at S-Sm interface, Δ◦ is the superconducting energy gap. The tunneling probability Γ(ε)(Eq. 2) can be found by solving
the Bogoliubov-de Gennes (BdG) equation [15].
Now, under the eﬀect of the microwave ﬁeld; that is the time varing potential is
expressed as:
V = Vmax cos ω t
(3)
Where ω the frequency of this is ﬁeld and Vmax is the amplitude. So, the tunneling rateγ̃(ε)
must be modiﬁed due to the eﬀect of the microwave ﬁeld as [16]:
∞

Jn2

γ̃(ε) =
n=−∞

eV◦
ω

γ(ε + nω )

(4)

 ◦
is the square of the nth order Bessel function of the ﬁrst kind. The
Where Jn2 eV
ω
tunneling rate γ(ε)(Eq.4) is related to the tunneling probability Γ(ε) as [16]:
2π
γ(ε) =




εF +2Δ0 +nω

εF

Γ(ε)ρ(ε) fF D (ε)( 1 − fF D (ε − ΔF ) dε

(5)
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Where ρ(ε) is the density of states of electrons in the quantum dot, fF D (ε) is the FermiDirac distribution function, and ΔF is the diﬀerence in ﬁnal and initial free electron
energy after and before the eﬀect of the microwave ﬁeld. The expression for the thermo
power could be obtained by using Eqs. (2-5) and then solving it numerically using
Mathematica Software.

3.

Results and Discussions

We investigate the dependence of the thermo power, S, on the frequency of the
induced microwave ﬁeld and on the magnetic ﬁeld, B (see Figs. 1, 2). So, numerical
calculations have been performed as follows:
The semiconductor heterostructure material was taken as GaAs / AlGaAs and the
superconducting leads are niobium (Nb). In our calculations we consider that the values of
both mean free path and coherence length of quasiparticles are larger than the dimensions
of the present mesoscopic device, so the transport will be treated as ballistic one. The
electron transport through the device is treated as stochastic process, so that the tunneled
electron energy has been taken as a random number relative to the superconducting
energy gap,Δ◦ . Also, the Schottky barrier height is determined by using the MonteCarlo simulation technique and equals 0.47 eV. This value is in agreement with those
found experimentally [17].
Our results show the following features:
As shown from Figs. (1, 2) that the thermo power, S, oscillates as a function of
both the frequency,ω, of the induced microwave ﬁeld and the magnetic ﬁeld, B. These
oscillations are due to Coulomb blockade eﬀect [18] and the quantum interference of
quasiparticles due to Andreev-reﬂection processes at the semiconductor- superconductor
interface [19]. The oscillatory behavior of thermo power with frequency,ω, shows the
interplay between the Andreev-reﬂection processes and the photon-assisted tunneling
eﬀect.
One of the authors of the present paper studied the chaotic behavior of mesoscopic devices, quantum dot coupled to superconducting leads [20] and semiconductor-superconductor
of sandwiched junction [21-23]. So, the main interest in the present paper is to investigate the thermo power ﬂuctuations by determining the probability distribution,P (S)
of thermo power through chaotic stub-tuner mesoscopic device. We determine the ﬂuctuations in peak heights of the dependences S(ω)and S(B) respectively. Then we could
determine both the probability distribution P (S) (see Figs. 3, 4). As shown from Fig. (3)
That the probability distribution,P (S), obeys Lorentzian distribution for the dependence
S(ω), according to the statistical analysis performed using Origin 7 Software. Also, the
probability distribution,P (S) for dependenceS(B), obeys Lorentzian distribution when
Cooper pair phase diﬀerence,ϕ equals 1.2 and this distribution obeys exponential one
when ϕ equals 1.55(see Fig. 4). In this sense we may say that the presence of leads
induces strong chaotic features. Our results are in good concordant with those in the
literature [3, 24-27].
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Conclusion
We may conclude that the ﬂuctuations distributions are Lorentzian. However, under
some conditions for phase angle changes of Cooper pairs, these ﬂuctuations distributions
might be exponential. This research might be very important for the applications in the
ﬁeld of nanoelectronics.

Fig. 1 Thermo power-frequency of the microwave ﬁeld dependence for diﬀerent values of phase
diﬀerence φ

Fig. 2 Thermo power-magnetic ﬁeld dependence for diﬀerent values of phase diﬀerence φ.
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Fig. 3 Thermo power distribution of peak heights in case of the frequency dependence.

Fig. 4 Thermo power distribution of peak in case of the magnetic ﬁeld dependence.
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Abstract:

The classical Heisenberg Hamiltonian was solved for oriented spinel thin and thick cubic ferrites. The

dipole matrix of complicated cubic cell could be simpliﬁed into the form of dipole Matrix of simple cubic cells. This
study was conﬁned only to the highly oriented thin ﬁlms of ferrite. The variation of total energy of Nickel ferrite thin
ﬁlms with angle and number of layers was investigated.

Also the change of energy with stress induced anisotropy

for Nickel ferrite ﬁlms with N=5 and 1000 has been studied.

Films with the magnetic moments ratio 1.86 can be

easily oriented in θ=900 direction when N is greater than 400.
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1.

Introduction

For the ﬁrst time dipole matrix and the total energy of the cubic spinel ferrites
were calculated using classical model of Heisenberg Hamiltonian in detail. All the relevant energy terms such as spin exchange energy, dipole energy, second and fourth order anisotropy terms, interaction with magnetic ﬁeld and stress induced anisotropy in
Heisenberg Hamiltonian were taken into account. The spin exchange interaction energy
and dipole interaction have been calculated only between two nearest spin layers and
within same spin plane. These equations derived here can be applied for spinel ferrites
such as Fe3 O4 , NiFe2 O4 and ZnFe2 O4 only. But these equations can not be applied for
ferrites such as Lithium ferrite.
∗
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The structure of spinel ferrites with the position of octahedral and tetrahedral sites
is given in detail in some early report 1−5 . Although there are many ﬁlled and vacant
octahedral and tetrahedral sites in cubic spinel cell 1 , only the occupied octahedral and
tetrahedral sited were used for the calculation in this report. Only few previous reports
could be found on the theoretical works of ferrites 6−9 . The solution of Heisenberg ferrites
consist of spin exchange interaction term only has been found earlier by means of the
retarded Green function equations 6 .

2.

The Model
The Hamiltonian in Heisenberg model can be written as following for a ﬁlm.

H = −J

n + ω
m .S
S
m,n

(
m=n

m .S
n 3(S
n )
m .rmn )(rmn .S
S
−
)−
3
5
rmn
rmn

(2)

(4)

z 2
Dλm (Sm
) −
m

z 4
Dλm (Sm
)
m

(1)
 S
m −
H..

−
m

Ks Sin2θm
m

Here θ is the angle between local magnetization (M) and the stress. Within a single
domain, M is parallel to the spin. If stress is applied normal to the ﬁlm plane, then
θm is the angle between the normal to the ﬁlm plane and the local spin. Here the
last term indicates the change of magnetic energy under the inﬂuence of a stress. Ks
depends on the product of magnetostriction coeﬃcient (λs ) and the stress (σ). Ks can
be positive or negative depending on the type of stress whether it is compressive or
tensile. Integer m and n denote the indices of planes, and they vary from 1 to N for a
ﬁlm with N number of layers. First, second, third and fourth terms represent the spin
exchange interaction, magnetic dipole interaction, second order anisotropy and fourth
i is a spin vector at point ri in layer λi . Therefore
order anisotropy, respectively. Here S
the ground state energy will be calculated per spin with Z-axis normal to ﬁlm plane.
 is the external magnetic ﬁeld with the eﬀective magnetic moment μ of the spins
H
incorporated.
The spin exchange interaction energy is negative and positive for parallel and antiparallel spins, respectively. Hence spin exchange interaction energy constant (J) is positive
and negative for parallel (Ferromagnetic) and antiparallel (ferrites or antiferromagnetic)
spin arrangements, respectively. Similarly dipole interaction energy is positive and negative for parallel and antiparallel spin arrangements. In this report, the spin structure
of AFe2 O4 spinel ferrite cell described by Kurt et al will be used 1 . In this considered
spinel ferrite cubic cell, all spins in one spin layer are produced by either Iron or other
metal (A) ions, but spins in two consecutive spin layers are produced by Iron and metal
(A) ions alternatively. Therefore, all the spins in one layer are parallel, and spins in
consecutive layers are antiparallel. Although dipole interaction energy and J are positive
within one spin layer, both of them are negative between two nearest spin layers. Only
the interaction between two nearest layers has been considered for these calculations.
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Results and Discussion

The length of one side of the cubic cell was taken as “a”. The spin exchange or dipole
interaction between two spins with separation less than “a” was taken into account. Eight
spin layers with separation a/8 in the cubic unit cell were considered as given in Kurt et
al 1 . The number (Z) of metal (A) and Iron ions with separation less than “a” in each
layer and in between two nearest spin layers is given in table 3. The spin with magnitude
s will be given as s(0, sinθμ , cosθμ ). The dipole interaction energy between two spins is
given by
i .W (rij ).S
j
E = ωS
(2)
Here

⎛

⎞

−3r̂y r̂x −3r̂z r̂x ⎟
⎜1 −
⎜
⎟
1
⎟
2
W (r) = 3 ⎜
−3r̂
r̂
1
−
3r̂
−3r̂
r̂
x
y
z
y
⎟
y
r ⎜
⎝
⎠
2
−3r̂x r̂z −3r̂y r̂z 1 − 3r̂z
3r̂x2

2

(3)

0μ
and ω = μ4πa
3
The spins of A and Fe ions are given as 1 and p, respectively. For an example, the ratio
between spins in Nickel ferrite (NiFe2 O4 ) can be given as p=2.5. The matrix elements
calculated within each spin layer in between two nearest spin layers are also given in
table 3. A ﬁlm with (001) orientation of spinel ferrite cell has been considered. As an
example, the calculations of some matrix elements are given below. In layer one (bottom
layer of spinel cell), ﬁve metal ions occupy A1 (0, 0, 0), A2 (1, 0, 0), A3 (0, 1, 0), A4 (1, 1,
0) and A5 (0.5, 0.5, 0) sites 1 . Because the interactions between spins with separation less
than “a” have been considered, only the A5 A1 , A5 A2 , A5 A3 and A5 A4 spin interactions
have been taken into account. For these spin interactions, individual and total matrix
elements are given in table 1. The spins of Fe ions in the second spin layer located at
0.125 above the bottom layer of spinel cell occupy Fe1 (0.125, 0.625, 0.125), Fe2 (0.375,
0.875, 0.125), Fe3 (0.625, 0.125, 0.125) and Fe4 (0.875, 0.375, 0.125) sites 1 . Because
the separations between following interactions are less than “a”, the spin interactions
between A3 Fe1 , A3 Fe2 , A2 Fe3 , A2 Fe4 , A5 Fe1 , A5 Fe2 , A5 Fe3 and A5 Fe4 were considered for
this calculations. The individual and total dipole matrix elements of these interactions
are given in table 2. Similarly the total dipole matrix elements calculated for other spin
layers are given in table3.
The spin exchange interaction energy for nearest spins in one layer and spins between
nearest layers with separation less than “a” can be given as below for one unit cell using
the nearest spin neighbors given in table 3. J is assumed to be a constant for all spin
layers throughout the whole ﬁlm.

Ex
Eunitcell
= −10J + 80Jp − 22Jp2

For a thin ﬁlm with thickness Na (height of N cubic cells),
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Total spin exchange interaction energy=
2
ETEx
otal = 2J(−5N + 40N p − 11p N − 4p)

(4)

For all A type spins given in table 3, the dipole interaction energy can be given as following
by using equation 2.
⎛
⎞
⎞⎛
1
⎜ 2 0 0 ⎟⎜0
⎟
⎜
⎟
⎟⎜
dipole
⎟ ⎜ sin θ ⎟
1
EA
= ω 0 sin θμ cos θμ (−28.2842) ⎜
0
0
ν
⎜ 2
⎟
⎟⎜
⎝
⎠
⎠⎝
cos θν
0 0 −1
Here 28.2842 is the addition of W33 matrix elements of all A type rows given in table 3.
Also this dipole matrix is similar to that of a highly symmetric cubic cell 10 . Within one
ferrite unit cell, all the spins are either parallel or antiparallel to each other due to the
super exchange interaction between spins. Therefore, the angle θμ = θν = θ within unit
cell will deduce above equation to following equation.
1 3
EAdipole = −ω28.2842( + cos 2θ)
4 4
Similarly for all Fe layers and A-Fe nearest layer interactions,
1 3
EBdipole = −ωp2 257( + cos 2θ)
4 4
1 3
dipole
EAB
= pω576.3464( + cos 2θ)
4 4
dipole
dipole
= EAdipole + EBdipole + EAB
The dipole interaction energy of a unit cell=Eunitcell
If the ﬁlm is highly oriented the angle θ remains same throughout the whole ﬁlm.
For a thin ﬁlm of thickness Na,
dipole
Total dipole interaction energy=ETdipole
otal = N Eunitcell

1 3
ETdipole
cos 2θ)(−28.2842 − 257p2 + 576.3464p)
otal = ωN ( +
4 4

(5)

This equation is valid only for large N. The 5th term of equation 1 can be given as,
 S
m = 4N (Hin sin θ + Hout cos θ)(1 − p)
H.

(6)

m

Therefore, from equation 1, 4, 5 and 6 the total energy can be given as,
E(θ) = 2J(−5N + 40N p − 11p2 N − 4p) +ωN ( 14 + 34 cos 2θ)(−28.2842 − 257p2 + 576.3464p)
N

− cos θ
2

N
(2)
Dm

m=1

− cos θ

(4)
Dm
− 4N (1 − p)(Hin sin θ + Hout cos θ + Ks sin 2θ)

4

m=1

(7)
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= 100, Hin = 0, θ = 900 and ∂E
= 0 for minimum energy,
∂p
p = 1.86 −

0.19
N

The graph between p and N is given in ﬁgure 1. The number of layers corresponding for
preferred perpendicular orientation can be found for diﬀerent ferrites using this graph.
For ferrites with p=1.86, the ﬁlms with N>400 can be easily oriented in θ=900 direction.
For Nickel ferrite, p=2.5
E(θ) = 2J(26.25N − 10) − 48.415ωN (1 + 3 cos 2θ)
N

N

− cos θ
2

(2)
Dm

− cos θ
4

m=1
N

When

J
ω

= 100,

(4)
Dm
+ 6N (Hin sin θ + Hout cos θ + Ks sin 2θ)

N

(2)

m=1

Dm

ω

(8)

m=1

= 10,

Hin
ω

=

Hout
ω

= 0,

Ks
ω

= 5and

(4)

m=1

Dm

ω

=5

E(θ)
= 5201.6N − 2000 − 145.25N cos 2θ − 10 cos2 θ − 5 cos4 θ + 30N sin 2θ
ω
versus N and θ is given in ﬁgure 2. When the number of layers
The 3-D graph of E(θ)
ω
increases, the energy gradually increases with some sinusoidal variation. But for one
value of N, the energy remains constant.
When N=5 (thin) and Kωs is a variable from equation 8,
E(θ)
Ks
= 247343 − 1462.6 cos2 θ − 5 cos4 θ + 30
sin 2θ
ω
ω
versus θ and
Here the other constants given above have been used. The 3-D plot of E(θ)
ω
Ks
is given in ﬁgure 3. Because the energy indicates minimums at some stress values,
ω
the value of stress corresponding to diﬀerent orientations with minimum energy can be
obtained using this graph.
When N=1000 (thick) and Kωs is a variable,
Ks
E(θ)
= 5344830 − 290500 cos2 θ − 5 cos4 θ + 6000
sin 2θ
ω
ω
The 3-D plot of E(θ)
versus θ and Kωs for N=1000 is given in ﬁgure 4. According to graph
ω
3 and 4, the stress corresponding to minimum energy increases with number layers at
lower angles. But at higher angles, this stress corresponding to minimum energy does not
depend on number of layers. Also according to these two graphs, the maximum energy
increases with the number of layers.
For Fe3 O4 and ZnFe2 O4 , the ratio p=1.25 and 1, respectively. Above simulation can be
repeated for theses ferrites too by using equation 7.
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Conclusion
The dipole matrix of this complicated spinel cubic cell could be simpliﬁed into the
form of dipole Matrix of simple cubic cells. Films with the magnetic moments ratio 1.86
can be easily oriented in θ=900 direction when N is greater than 400. The total energy
of Nickel ferrite thin ﬁlms gradually increases with number of layers for the values used
in this simulation. Also the energy indicates some minimum values at some stress values
implying that the ﬁlm can be easily oriented in some directions under the inﬂuence of
some particular applied stress. Also this stress corresponding to minimum energy varies
with number of layers at lower angles. This simulation can be similarly applied for any
N

value of

J
,
ω

N

(2)

m=1

Dm

ω

,

Hin Hout Ks
, ω , ω
ω

and

(4)

m=1

Dm

ω

.

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 187–200

193

References
[1] Kurt E. Sickafus, John M. Wills and Norman W. Grimes, J. Am.Ceram. Soc. 82(12),
3279 (1999)
[2] I.S. Ahmed Farag, M.A. Ahmed, S.M. Hammad and A.M. Moustafa Egypt, J. Sol.
24(2), 215 (2001)
[3] V. Kahlenberg, C.S.J. Shaw and J.B. Parise, Am.Mineralogist 86, 1477 (2001)
[4] I.S. Ahmed Farag, M.A. Ahmed, S.M. Hammad and A.M. Moustafa, Cryst. Res.
Technol. 36, 85 (2001)
[5] Z. John Zhang, Zhong L. Wang, Bryan C. Chakoumakos and Jin S. Yin, J. Am. Chem.
Soc. I20, 1800, (1998)
[6] Ze-Nong Ding, D.L. Lin and Libin Lin, Chinese J. Phys. 31(3), 431 (1993)
[7] D. H. Hung, I. Harada and O. Nagai, Phys. Lett. A53, 157 (1975)
[8] H. Zheng and D.L. Lin, Phys Rev. B37, 9615 (1988)
[9] S.T. Dai and Z.Y. Li, Phys. Lett. A146, 50 (1990)
[10] K.D. Usadel and A. Hucht: Phys. Rev. B 66, 024419-1 (2002)

Electronic Journal of Theoretical Physics 4, No. 15 (2007) 187–200

194

W11

W12 =W21

W13 =W31

W22

W23 =W32

W33

A5 A1

-1.41421

-4.24264

0

-1.41421

0

2.828427

A3 A5

-1.41421

4.242641

0

-1.41421

0

2.828427

A2 A5

-1.41421

4.242641

0

-1.41421

0

2.828427

A4 A5

-1.41421

-4.24264

0

-1.41421

0

2.828427

Total

-5.65685

0

0

-5.65685

0

11.31371

Table 1 The individual and total dipole matrix elements of the bottom layer of spinel cell.

W11

W12 =W21

W13 =W31

W22

W23 =W32

W33

A2 Fe3

-20.4131

11.48235

11.48235

10.20653

-3.82745

10.20653

A2 Fe4

10.20653

11.48235

3.82745

-20.4131

-11.4823

10.20653

A5 Fe3

10.20653

11.48235

-3.82745

-20.4131

11.48235

10.20653

A5 Fe4

-20.4131

11.48235

-11.4823

10.20653

3.82745

10.20653

A3 Fe1

10.20653

11.48235

-3.82745

-20.4131

11.48235

10.20653

A3 Fe2

-20.4131

11.48235

-11.4823

10.20653

3.82745

10.20653

A5 Fe1

-20.4131

11.48235

11.48235

10.20653

-3.82745

10.20653

A5 Fe2

10.20653

11.48235

3.82745

-20.4131

-11.4823

10.20653

Total

-40.8261

91.8588

0

-40.8261

0

81.65226

Table 2 The individual and total dipole matrix elements for the interaction between ﬁrst and
second layer of spinel cell.
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Layer

Z

W11

W12 =W21

W13 =W31

W22

W23 =W32

W33

1 Metal

4

-5.65685

0

0

-5.65685

0

11.31371

1 and 2

8

-40.8261

91.8588

0

-40.8261

0

81.65226

2 Fe

6

-27.4797

-55.754

0

-27.4797

0

54.9594

2 and 3

8

-26.9009

37.81957

0

-26.9009

0

53.80186

3 Metal

1

-1.41421

-4.24264

0

-1.41421

0

2.828427

3 and 4

8

-26.9009

-37.8196

0

-26.9009

0

53.80186

4 Fe

5

-36.7696

110.3087

0

-36.7696

0

73.53911

4 and 5

16

-49.4587

-78.9235

0

-49.4587

0

98.91731

5 Metal

4

-5.65685

0

0

-5.65685

0

11.31371

5 and 6

16

-49.4587

78.92348

0

-49.4587

0

98.91731

6 Fe

5

-36.7696

-110.309

0

-36.7696

0

73.53911

6 and 7

8

-26.9009

37.81957

0

-26.9009

0

53.80186

7 Metal

1

-1.41421

4.242641

0

-1.41421

0

2.828427

7 and 8

8

-26.9009

-37.8196

0

-26.9009

0

53.80186

8 Fe

6

-27.4797

55.75403

0

-27.4797

0

54.9594

8 and 9

8

-40.8261

-91.8588

0

-40.8261

0

81.65226

Table 3 The number of nearest neighbors and matrix elements of dipole tensor for each layer
and two nearest layers.
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Fig. 1 Graph between p and N at minimum energy for perpendicular orientation.
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Fig. 2 3-D graph of

E(θ)
ω

versus N and θ for Nickel ferrite.
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Fig. 3 3-D plot of

E(θ)
ω

versus θ and

Ks
ω

for Nickel ferrite with N=5.
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Fig. 4 3-D plot of

E(θ)
ω

versus θ and

Ks
ω

for Nickel ferrite with N=1000.
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