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Abstract: A generalized discrete group formalism is obtained and used to describe the Non
Symmetric Gravity theory (NGT) coupled to a scalar field. We are able to derive explicitly the
various terms of the NGT action including the interaction term without any ad-hoc assumptions.
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1. Introduction

During the past few years, a renewed interest in the non commutative geometry ap-
proach [1], [2], [3], [4] of the standard model and some of the grand unified theories, has
appeared among the physicists and mathematicians. The motivation is to find probable
answers to the remaining outstanding problems. One of the promising approach is the
one using the discrete groups [5], [6], [7] where it is shown that it has an intimate relation
to non commutative geometry in which the scalar particles are treated in an equal foot-
ing with the usual gauge boson. Recently, this formalism has been applied to the case
of General Relativity [8] where it was shown that the gravitational field is completely
decoupled from the scalar one.

The purpose of this paper is to generalize this approach based essentially on the
work presented in references [9],[10] , and derive explicitly the various terms of the Non
Symmetric Gravitation theory (NGT) action [11],[12],[13],[14]. In section 2 we present
the mathematical formalism, in section 3 we derive the NGT action together with the
scalar field interaction terms. Finally, in section 4 we draw our conclusions.
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2. Formalism

An alternative to A.Cones’s Non Commutative Geometry [1], [2], [3], [4] is the dis-
crete groups approach [5], [6], [7] based on the algebra of 2 x 2 matrices having as entries
the p-differential forms. In this formulation, a generalized product denoted by ® is used
to define the structure of a Zy graded associative algebra. Thus, the product of two
elements of this algebra is given by [8]:

AC A ANA +(=°CAD CAB + (=) Anc "
@ p—
D B D' B DAA + (=) 2BAD BAB + (=) DAC

where A, B, C D, A/, B, ', D’ are p-forms, 0 stands for degree of these p-forms, and A
denotes the exterior product.

One can also define a nilpotent differential operator d satisfying a generalized Leibnitz
rule as follows [§]:

. [Ac dA+C+D —dC —(A— B)
dX =d -

D B —dD+(A—B) dB+C+D (2)
dX0X)=dX 0 X + (=)™ X odX’

This formulation was applied to describe the Einstein-Hilbert action with a minimal
coupling of the gravitation with scalar fields [8].
Concerning NGT, one can define the following generalized spin connection Q4

w® @b i=1,2, ,n
] a=A (3)

o w* a=n+1, N

Qab —

where w® and w® (resp.gf)ab and g_bab> are the generalized hyperbolic complex 1-forms

(vesp.0-forms)where their components in the holonomic basis {e’,i = 1,n} are given by:
w =witdXr @ =wldX” , dXF = El'e (4)

and the generalized vierbein is defined as:

(2

o
e; 0

EY =

(2

Here e!' is the hyperbolic complex and €' its hyperbolic complex conjugate

B B 7 _ 2 _
e = +eff, e=—¢, ec=1

e =of —eff, of B € O (X)

7
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A generalized orthonormal basis can be defined such that:

P a=n+1, /N
where (resp.s® and 5%) p® is a 1-form (resp.0-forms) given by:
P = e, dX" . i=1,2, ,n
Pt =0 , a=n+1, N
s=0, =0 i=12, .n

s = MM\, gé‘:de, a=n+1, ,N

with 67 is the inverse of the vierbein verifying:

eZe? = 5; , eiei” =4 9)
and M, M are the following 2 x 2 matrices:
01 _ 00
= M = (10)
00 10

here A% and its hyperbolic complex conjugate ¢ are arbitrary functions.
The exterior product and differential operator for the generalized spin connection
components are defined by:

W A wed = wzbw,‘jddX“ NdXY = E}”Eg]wzbwﬁd.e".ej
ab cd _ i ab, .cd i
W N = Ei MwiPp™e
SOab A de — MElM Sﬁabw,id

(Pab A @Cd _ MMQOabGCd

and
dw® =d (wfjbdX“) = (dwzb) dX" = 0,wdX" N dX"
dp™ = 0,0d X" = ME!), o™ ¢ (12)
dp" = 0,6 dX" = BV MO, p% ¢
with:
a ab  —Tab -
¢ =Me™ ¢ = Mp™ (13)

Now imposing the unitarity condition:

Q) = (14)
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where * is an involution such that:

(¢)' =—€¢ , (dX")" =—dX* (15)
we obtain the following constraints
oab — _ yba (;ab — _ghe
1 T 1 1 (16)
~ab —ba =ab ba
=9 P =9
As for the 2-form curvature R, it is given by [8]:
Rab — C/Z\Qab + Qac ® ch
Straightforward calculations lead to:
Rall) — dwab + W A CUCb + ¢ac¢ + ¢ab ¢ — b + TgOaCQOCb + MgOab _’_Mwab
R12 — d¢ab 4 ¢ac —cb __ ac¢cb ( — o ) _ _vd)ab ( ab __ wab)
21__d¢ +¢ —ac¢ +( — ):_ _( ab_wab)
Rgg — dwab LW AND —cb + ¢ ¢cb ¢ab Q_b R aCQOCb + MgDab _{_M@ab
with
10 00
T = T =
00 01
and
Vo = eje“VugpabT eje wacp® by
VMSO 8/190 Spac —cb ‘I‘ waCQOCb
ve” = e]“ﬂVMp“bT + eje Loy
VNSO (%QO 4 u)CLc(pcb aacwzb
It is worth mentioning that R% and R have the following expressions:
R® = (9w + wiws) dX* A dXY = R X! N dXY
R" = (9,07 + wac—cb) dX" A dXY = LR dX1 A dXY
R“Z = @Lw“b + wiw? — (= v) = —R,‘f%
R, = 0,0% + 0% Cb —(pev)=-R,,
The torsion is deﬁned by[8]:
T = d¢® + Q% o ¢b (17)
Using the fact that:
dX* A dXY = E¥ EV] Lol = [ntel el + egllell )]
where 7723 “and gw are the real and imaginary parts of the product e!'e €7 that is:
ij” =eje] = nZ” — 595” (18)
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with ¢ is a pur imaginary hyperbolic complex number (¢ = 1) and 73 is the usual Pauli
matrix:

10

T3 =
0—-1

the notations () and [Jmean symmetric and antisymmetric parts respectively. Direct
simplifications lead to:
(T%),, = dp® + w™ A pP — ¢*5" + 5% — 5°
= ((‘3pr + w“b b) dX“ A dX?Y — T(pab)\b L g 30
(T)yy = dp” +w“”/\p i R
= (Ouply +W0py) dXH N AXY + TN + 50 — 30
(T = —ds o % — s = —cIef (X = pl) 7 = fuithm
(Ta)Zl = ds" + ¢ /0 + w5t = ejéé‘ (8,)@ gp“bpb> T+ s e Zb)\bT

The components of T are given by:

() = (o el + egff e.clms) (Ouel +wifel) = rX
(T7)y, = (nkl v, }+€gkl ek el 7'3) (Quefj +mjei) + 7PN

()1 = /1T = lejuif X7

(T%),, = 2P9T —i— 6357;@“)\“7

while those of T are:

(Ta>1 (77 Volk ol _|_5g Volk ol) 3) wak k TgDab)\b—f—M)\ — M\

(T‘i> = (nkl kel + gl elk.eD 3) kek —|—T<p“b)\b—i—M)\ — M)\
22

<T‘i> = —eje” (8 A Pk k) eje w“b)\ T
12

a) —ak —abYb
(T)u——ej (8)\ +7p k>7'+e]é4j‘wu)\7'

3. The NGT Action

If one defines the scalar product (-,-) as:

(X,Y):/*tr (XOY)= /\/_d Xy i Yo (1 c) () (19)

where X = Xilu_ipeil ...e and Y = Y. quﬂ ..e%.and * is the Hodge star operator
verifying the following equatlons:
* (eh.e7) = =09 = xeli el

x (e'.el.eh.el) = §igh — 5kl §ilgik
* (ei.ej.e(k.el)) = GG 4 §ikgit 4 silgik
x(e!) =0=x (e ... .ef2+1) =0
x(1)=0 , x*el.e?l=0

then the NGT action takes the form:

1 =
=2 / Veed s« Tr [E* @ B” — B © E°] ® R™ (20)
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where E* are given by:

Tp* M\ 1=1,2, .n
B = o ,a={ (21)
—MM\* Tp® a=n+1, N
that is:
Me' 0 . 0 M)
E' = , B = o
0 Met —MX" 0

3 — 50 4 5@ (22)
with 1
4 _ / Veed's (—GW (Ruw + Buw) + 5 (@9 - W‘@“)) (23)
- 1 = G —ai | —ab—bi _ —ab bi
30 = -3 [ VeEre(3e (0,5 + 7 - el (24)

ISR ( 9, L w;b b wibwzaﬁ

Now, in order to get dynamical fields, we impose the following weak torsionless con-
ditions:
0 M .
OT"=0 (25)
—M 0

and
Tr(el)oT=0

Here T'r denotes the trace over the 2 x 2 matrices algebra.
After some straightforward simplifications, the action becomes (see Appendix A):

J= / Veed s L

where
£=2c04el1g
with
2(1) == G'L“/ (R/“’ + Ruy) - 2GHVRMV
£(2) — _% (@'L’a@ai _ Soiagai) =0
and _
Note that G* = el'e” is the NGT metric.
Setting A = exp (e®), we get:
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£ =G"R,, + iGWW,W, — 1GMo,W, + 1G9,29,0 — GeW,0,P

Notice that one can also add the following cosmological term J (see Appendix B):
1
J= 5 / «Tr [E*© E”™ — E" © E*] ® (£ © &™) (26)
which may be also written as:

J=— / Veed's <—2GWGM A -8 G;f(;{jy) (27)

4. Conclusions

We have shown that we can consistently generalize the discrete groups formalism
to the case of Non Symmetric Gravitation theory, and have obtained in the process a
Lagrangian density containing the pure NGT action an interaction term, as well as the
kinetic term for the scalar field ®. Thus, the various terms that Moffat has introduced
by hand for mere physical consistency, are here seen to be the result of the generalized
discrete group approach. Moreover, a dynamical scalar field was found to be also neces-
sary in this formalism, but contrary to General Relativity, it couples to the gravitational
field (term proportional to GW)eW,0,®).

Appendix A

In order to get dynamical fields, we impose a weak torsionless condition:

0 M . 4
oT'=0 , Tr ((73®1)®T“> =0
—M 0

where T'r, denotes the trace over My (K) ( M, M 7,7, 73).
We thus get the following constraints:
5 = uli =0

(8uel, +wiiel) =0

(9,61, + Tied) =0

8,)\@ — gpdkel’j — wfji’)\b =0

DA + ek — N =

Consequently we obtain:

R, :_RU/W

R,, = R,

Now by imposing also that T'r (T%) = 0, we get:

}\’a¢ia _ X‘z@ia

which implies:

Bloil — il = ()

Using the fact that:
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P — I =0
we obtain:

—ia, Aal ia—=ai

Pt — " =0

and thus

2(2) — _% (@za(paz _ gDza@az) =0

By taking into account the above constraints, £ takes the form:

QB — %Agf (@@ fj)(pf)l _ ¢5jwjz') + %)\ef (3Mg0i5 + wzj(pﬁ S015w55)

Putting W, = wff’ , W= @55 —W,, and using the compatibility condition:
Vel = 0ue] —wile] + W7 el =0

a,uz

we end up with:
2£0) = NG9, (05 (A — W) A) = WA + G X (9, — W,) A
—XGEW,, (DX — WoA) + h.c.c
where here h.c.c. means hyperbolic complex conjugate.
Using the parametrization A = exp (¢®), £3)becomes:
SO — QU W, — GIIA,W, + G)9,50,B — 26,9,
Finally we get for the action J :

J= / Veediz g

with
£ =2G" R, + GWW,W, — GWo,W, + G"9,99,® — 2GH)cW,0,P

Appendix B

The cosmological term can be obtained from the following expression:
J = %I*TT' [Ea ® Fbx — b= o® Ea] ® (Sb ®£a*) — % (J(l)_J(2)>
where:

J(I):f*TT{(Ea ® Eb* _ Eb* ® Ea)ll A (gb ® ga*)ll
+ (Ea ® Eb* _ Eb* ® Ea)22 A (fb ® 5(1*)22}
and
J(?) — f*TT{(Ea ® Eb* . Eb* ® Ea)12 A (éb @5@*)21
+ (Ea ® Eb* . Eb* ® Ea)21 A (éb ® £a*)12}
Straightforward calculations give:
J0=2 [ Tr{(E'© B — B © B, A& 0 67),,
= -2 [Veed'z (G"G,,, — GI'GIl, — 12)
and:
J(Q) — *TT{(( ® Ez*) . (Ez* o Ed)) A (gz ® 5@*)21
12
H((me ) - (o 8)), neor
(B © E™) = (B © B A (€ 06
(E*

H((B'® E) — (B © E))12 A (€ © €%)a1 }
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J@ = —8 [Veed A\
Finally we obtain:

J

= — [ Vedd's (—2G1Gy) — 40X - 8 - GGl )
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