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1. Introduction

During the past few years, a renewed interest in the non commutative geometry ap-

proach [1], [2], [3], [4] of the standard model and some of the grand unified theories, has

appeared among the physicists and mathematicians. The motivation is to find probable

answers to the remaining outstanding problems. One of the promising approach is the

one using the discrete groups [5], [6], [7] where it is shown that it has an intimate relation

to non commutative geometry in which the scalar particles are treated in an equal foot-

ing with the usual gauge boson. Recently, this formalism has been applied to the case

of General Relativity [8] where it was shown that the gravitational field is completely

decoupled from the scalar one.

The purpose of this paper is to generalize this approach based essentially on the

work presented in references [9],[10] , and derive explicitly the various terms of the Non

Symmetric Gravitation theory (NGT) action [11],[12],[13],[14]. In section 2 we present

the mathematical formalism, in section 3 we derive the NGT action together with the

scalar field interaction terms. Finally, in section 4 we draw our conclusions.
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2. Formalism

An alternative to A.Cones’s Non Commutative Geometry [1], [2], [3], [4] is the dis-

crete groups approach [5], [6], [7] based on the algebra of 2× 2 matrices having as entries

the p-differential forms. In this formulation, a generalized product denoted by ¯ is used

to define the structure of a Z2 graded associative algebra. Thus, the product of two

elements of this algebra is given by [8]:



A C

D B


¯




A′ C ′

D′ B′


 =




A ∧ A′ + (−)∂C C ∧D′ C ∧B′ + (−)∂A A ∧ C ′

D ∧ A′ + (−)∂B B ∧D′ B ∧B′ + (−)∂D D ∧ C ′


 (1)

where A, B, C D, A′, B′, C′, D′ are p-forms, ∂ stands for degree of these p-forms, and ∧
denotes the exterior product.

One can also define a nilpotent differential operator d satisfying a generalized Leibnitz

rule as follows [8]:

d̂X = d̂




A C

D B


 =




dA + C + D −dC − (A−B)

−dD + (A−B) dB + C + D




d̂ (X ¯X ′) = d̂X ¯X ′ + (−)∂X X ¯ d̂X ′

(2)

This formulation was applied to describe the Einstein-Hilbert action with a minimal

coupling of the gravitation with scalar fields [8].

Concerning NGT, one can define the following generalized spin connection Ωab:

Ωab =




ωab φab

φ
ab

ωab


 , a = {

i = 1, 2, , n

.
a = n + 1, , N

(3)

where ωab and ωab
(
resp.φab and φ

ab
)
are the generalized hyperbolic complex 1-forms

(resp.0-forms)where their components in the holonomic basis
{
ei, i = 1, n

}
are given by:

ωab = ωab
µ dXµ , ωab = ωab

µ dXµ , dXµ = Eµ
i ei (4)

and the generalized vierbein is defined as:

Eµ
i =




0 ẽµ
i

eµ
i 0




Here eµ
i is the hyperbolic complex and ẽµ

i its hyperbolic complex conjugate

eµ
i = αµ

i + εβµ
i , ε̃ = −ε, ε2 = 1

ẽµ
i = αµ

i − εβµ
i , αµ

i , βµ
i ∈ C∞

R (X)
(5)
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A generalized orthonormal basis can be defined such that:

ξa =




ρa sa

−s̃a ρa


 , a = {

i = 1, 2, , n

.
a = n + 1, , N

(6)

where (resp.sa and s̃a) ρa is a 1-form (resp.0-forms) given by:

ρi = ei
µdXµ , i = 1, 2, , n

ρ
.
a = 0 ,

.
a = n + 1, , N

(7)

si = 0, s̃i = 0, i = 12, , n

s
.
a = Mλ

.
a, s̃

.
a = Mλ̃

.
a,

.
a = n + 1, , N

(8)

with eµ
j is the inverse of the vierbein verifying:

ei
µe

µ
j = δi

j , ei
µe

ν
i = δν

µ (9)

and M , M are the following 2× 2 matrices:

M =




0 1

0 0


 ,M =




0 0

1 0


 (10)

here λ
.
a and its hyperbolic complex conjugate λ̃

.
a are arbitrary functions.

The exterior product and differential operator for the generalized spin connection

components are defined by:

ωab ∧ ωcd = ωab
µ ωcd

ν dXµ ∧ dXν = E
[µ
i E

ν]
j ωab

µ ωcd
ν .ei.ej

ωab ∧ ϕcd = Eµ
i Mωab

µ ϕcdei

ϕab ∧ ωcd = MEµ
i ϕabωcd

µ

ϕab ∧ ϕcd = MMϕabϕcd

(11)

and

dωab = d
(
ωab

µ dXµ
)

=
(
dωab

µ

)
dXµ = ∂µω

ab
ν dXµ ∧ dXν

dφab = ∂µφ
abdXµ = MEµ

i ∂µϕ
ab ei

dφ
ab

= ∂µφ
ab

dXµ = Eµ
i M∂µϕ

ab ei

(12)

with:

φab = Mϕab , φ
ab

= Mϕab (13)

Now imposing the unitarity condition:

(
Ωab

)∗
= Ωba (14)
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where * is an involution such that:

(
ei

)∗
= −ei , (dXµ)∗ = −dXµ (15)

we obtain the following constraints:

ω̃ab
µ = −ωba

µ , ω̃
ab

µ = −ωba
µ

ϕ̃ab = ϕba , ϕ̃
ab

= ϕba
(16)

As for the 2-form curvature Rab, it is given by [8]:

Rab = d̂Ωab + Ωac ¯ Ωcb

Straightforward calculations lead to:

Rab
11 = dωab + ωac ∧ ωcb + φacφ

cb
+ φab + φ

ab
= Rab + τϕacϕcb + Mϕab + Mϕab

Rab
12 = −dφab + φacωcb − ωacφcb − (

ωab − ωab
)

= −∇φab − (
ωab − ωab

)

Rab
21 = −dφ

ab
+ φ

ac
ωcb − ωacφ

cb
+

(
ωab − ωab

)
= −∇φ

ab − (
ωab − ωab

)

Rab
22 = dωab + ωac ∧ ωcb + φ

ac
φcb + φab + φ

ab
= R

ab
+ τϕacϕcb + Mϕab + Mϕab

with

τ =




1 0

0 0


 τ =




0 0

0 1




and

∇φab = ejeµ
j∇µϕ

abτ − ejeµ
j ω

ac
µ ϕcbτ3

∇µϕ
ab = ∂µϕ

ab − ϕacωcb
µ + ωac

µ ϕcb

∇φ
ab

= ej ẽµ
j∇µϕ

abτ + ej ẽµ
j ω

ac
µ ϕcbτ3

∇µϕ
ab = ∂µϕ

ab + ωac
µ ϕcb − ϕacωcb

µ

It is worth mentioning that Rab and R
ab

have the following expressions:

Rab =
(
∂µω

ab
ν + ωac

µ ωcb
ν

)
dXµ ∧ dXν = 1

2
Rab

µνdXµ ∧ dXν

R
ab

=
(
∂µω

ab
µ + ωac

µ ωcb
ν

)
dXµ ∧ dXν = 1

2
R

ab

µνdXµ ∧ dXν

Rab
µν = ∂µω

ab
ν + ωac

µ ωcb
ν − (µ ↔ ν) = −Rab

νµ

R
ab

µν = ∂µω
ab
ν + ωac

µ ωcb
ν − (µ ↔ ν) = −R

ab

νµ

The torsion is defined by[8]:

T a = d̂ξa + Ωab ¯ ξb (17)

Using the fact that:

dXµ ∧ dXν = E
[µ
i E

ν]
j ei.ej =

[
ηµν

ij e[i.ej] + εgµν
ij e(i.ej)τ3

]

where ηµν
ij and gµν

ij are the real and imaginary parts of the product eµ
i ẽ

ν
j that is:

Gµν
ij = eµ

i ẽ
ν
j = ηµν

ij − εgµν
ij (18)
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with ε is a pur imaginary hyperbolic complex number (ε2 = 1) and τ3 is the usual Pauli

matrix:

τ3 =




1 0

0 −1




the notations () and []mean symmetric and antisymmetric parts respectively. Direct

simplifications lead to:

(T a)11 = dρa + ωab ∧ ρb − φabs̃b + sa − s̃a

=
(
∂µρ

a
ν + ωab

µ ρb
ν

)
dXµ ∧ dXν − τϕabλ̃b + sa − s̃a

(T a)22 = dρa + ωab ∧ ρb + φ
ab

sb + sa − s̃a

=
(
∂µρ

a
ν + ωab

µ ρb
ν

)
dXµ ∧ dXν + τϕabλb + sa − s̃a

(T a)12 = −dsa + φabρb − ωabsb = −ejeµ
j

(
∂µλ

a − ϕabρb
µ

)
τ − ejeµ

j ω
ab
µ λbτ

(T a)21 = ds̃a + φ
ab

ρb + ωabs̃b = ej ẽµ
j

(
∂µλ̃

a − ϕabρb
µ

)
τ + ej ẽµ

j ω
ab
µ λ̃bτ

The components of T i are given by:

(T i)11 =
(
ηµν

kl e[k.el] + εgµν
kl e(k.el)τ3

) (
∂µe

i
ν + ωij

µ ej
ν

)− τϕi
.
aλ̃

.
a

(T i)22 =
(
ηµν

kl e[k.el] + εgµν
kl e(k.el)τ3

) (
∂µe

i
ν + ωij

µ ej
ν

)
+ τϕi

.
aλ

.
a

(T i)12 = .ejϕijτ − ejeµ
j ω

i
.
a

µ λ
.
aτ

(T i)21 = ejϕijτ + ej ẽµ
j ω

i
.
a

µ λ̃
.
aτ

while those of T
.
a are:(

T
.
a
)

11
=

(
ηµν

kl e[k.el] + εgµν
kl e(k.el)τ3

)
ω

.
ak
µ ek

ν − τϕ
.
a

.
bλ̃

.
b + Mλ

.
a −Mλ̃

.
a

(
T

.
a
)

22
=

(
ηµν

kl e[k.el] + εgµν
kl e(k.el)τ3

)
ω

.
ak
µ ek

ν + τϕ
.
a

.
bλ

.
b + Mλ

.
a −Mλ̃

.
a

(
T

.
a
)

12
= −ejeµ

j

(
∂µλ

.
a − ϕ

.
akek

µ

)
τ − ejeµ

j ω
.
a

.
b

µ λ
.
b
τ

(
T

.
a
)

12
= −ej ẽµ

j

(
∂µλ̃

.
a
+ ϕ

.
akek

µ

)
τ + ej ẽµ

j ω
.
a

.
b

µ λ̃
.
b
τ

3. The NGT Action

If one defines the scalar product (·, ·) as:

(X, Y ) =

∫
∗tr (X ¯ Y ) =

∫ √
eẽd4xtrXi1...iP ,Yj1...jq ∗

(
ei1 . . . eip

) (
ej1 . . . ejq

)
(19)

where X = Xi1...iP ei1 . . . eip and Y = Yj1...jqe
j1 . . . ejq ,and ∗ is the Hodge star operator

verifying the following equations:

∗ (ei.ej) = −δij = ∗e(i.ej)

∗ (
ei.ej.ek.el

)
= δijδkl − δikδjl + δilδjk

∗ (
ei.ej.e(k.el)

)
= δijδkl + δikδjl + δilδjk

∗ (ei) = 0 = ∗ (ej1 . . . .ej2k+1) = 0

∗ (1) = 0 , ∗e[i.ej] = 0

then the NGT action takes the form:

I =
1

2

∫ √
eẽd4x ∗ Tr

[
Ea ¯ Eb∗ − Eb∗ ¯ Ea

]¯Rba (20)
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where Ea are given by:

Ea =




τρa Mλ̃a

−Mλa τρa


 , a = {

i = 1, 2, , n

.
a = n + 1, , N

(21)

that is:

Ei =




Mei 0

0 Mei


 , E

.
a =




0 Mλ̃
.
a

−Mλ
.
a

0




After a direct calculation we obtain:

I = I(1) + I(2) (22)

with

I(1) =

∫ √
eẽd4x

(
−Gµν

(
Rµν + Rµν

)
+

1

2

(
ϕiaϕai − ϕiaϕai

))
(23)

I(2) = −1

2

∫ √
eẽd4x{λ̃

.
a

ẽµ
i

(
∂µϕ

.
ai + ω

.
ab
µ ϕbi − ϕ

.
abωbi

µ

)
(24)

+λ
.
aeµ

i

(
∂µϕ

i
.
a + ωib

µ ϕb
.
a − ϕibωb

.
a

µ

)
}

Now, in order to get dynamical fields, we impose the following weak torsionless con-

ditions: 


0 M

−M 0


¯ T i = 0 (25)

and

Tr (τ3 ⊗ 1)¯ T
.
a = 0

Here Tr denotes the trace over the 2× 2 matrices algebra.

After some straightforward simplifications, the action becomes (see Appendix A):

I =

∫ √
eẽd4xL

where

L = L(1)+L(2)+L

with

L(1) = Gµν
(
Rµν + Rµν

)
= 2GµνRµν

L(2) = −1
2

(
ϕiaϕai − ϕiaϕai

)
= 0

and

L(3) = 1
2
λ̃

.
a
ẽµ

i

(
∂µϕ

.
ai + ω

.
ab
µ ϕbi − ϕ

.
abωbi

µ

)
+ 1

2
λ

.
aeµ

i

(
∂µϕ

i
.
a + ωib

µ ϕb
.
a − ϕibωb

.
a

µ

)

Note that Gµν = eµ
i ẽ

ν
i is the NGT metric.

Setting λ = exp (εΦ), we get:
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L = GµνRµν + 1
2
G(µν)WµWν − 1

2
G[µν]∂νWµ + 1

2
G(µν)∂µΦ∂νΦ−G(µν)εWµ∂νΦ

Notice that one can also add the following cosmological term J (see Appendix B):

J =
1

2

∫
∗Tr

[
Ea ¯ Eb∗ − Eb∗ ¯ Ea

]¯ (
ξb ¯ ξa∗) (26)

which may be also written as:

J = −
∫ √

eẽd4x
(
−2G[µν]G[µν] − 4λλ̃− 8−Gνµ

ji Gji
µν

)
(27)

4. Conclusions

We have shown that we can consistently generalize the discrete groups formalism

to the case of Non Symmetric Gravitation theory, and have obtained in the process a

Lagrangian density containing the pure NGT action an interaction term, as well as the

kinetic term for the scalar field Φ. Thus, the various terms that Moffat has introduced

by hand for mere physical consistency, are here seen to be the result of the generalized

discrete group approach. Moreover, a dynamical scalar field was found to be also neces-

sary in this formalism, but contrary to General Relativity, it couples to the gravitational

field (term proportional to G(µν)εWµ∂νΦ).

Appendix A

In order to get dynamical fields, we impose a weak torsionless condition:



0 M

−M 0


¯ T i = 0 , T rτ

(
(τ3 ⊗ 1)¯ T

.
a
)

= 0

where Trτ denotes the trace over M2 (K) ( M, M ,τ ,τ , τ3).

We thus get the following constraints:

ωi
.
a

µ = ωi
.
a

µ = 0(
∂µe

i
ν + ωij

µ ej
ν

)
= 0(

∂µe
i
ν + ωij

µ ej
ν

)
= 0

∂µλ
.
a − ϕ

.
akek

µ − ω
.
a

.
b

µ λ
.
b = 0

∂µλ̃
.
a + ϕ

.
akek

µ − ω
.
a

.
b

µ λ̃
.
b = 0

Consequently we obtain:

Rij
µν = R

ij

µν

Rµν = Rµν

Now by imposing also that Tr (T i) = 0, we get:

λ̃
.
aϕi

.
a = λ

.
aϕi

.
a

which implies:

ϕi
.
aϕ

.
ai − ϕi

.
aϕ

.
ai = 0

Using the fact that:
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ϕijϕji − ϕijϕji = 0

we obtain:

ϕiaϕai − ϕiaϕai = 0

and thus

L(2) = −1
2

(
ϕiaϕai − ϕiaϕai

)
= 0

By taking into account the above constraints, L(3) takes the form:

L(3) = 1
2
λ̃ẽµ

i

(
∂µϕ

5i − ω55
µ ϕ5i − ϕ5jωji

µ

)
+ 1

2
λeµ

i

(
∂µϕ

i5 + ωij
µ ϕj5 − ϕi5ω55

µ

)

Putting Wµ = ω55
µ , W̃µ = ω̃55

µ = −Wµ, and using the compatibility condition:

∇µe
σ
i = ∂µe

σ
i − ωji

µ eσ
j + W σ

αµe
α
i = 0

we end up with:

2L(3) = λ̃Gσµ∂µ (∂σ (λ−Wσ) λ)−Wσλ + GνµW σ
νµλ̃ (∂µ −Wσ) λ

−λ̃GσµWµ (∂σλ−Wσλ) + h.c.c

where here h.c.c. means hyperbolic complex conjugate.

Using the parametrization λ = exp (εΦ) , L(3)becomes:

L(3) = G(µν)WµWν −G[µν]∂νWµ + G(µν)∂µΦ∂νΦ− 2G(µν)εWµ∂νΦ

Finally we get for the action I :

I =

∫ √
eẽd4xL

with

L = 2GµνRµν + G(µν)WµWν −G[µν]∂νWµ + G(µν)∂µΦ∂νΦ− 2G(µν)εWµ∂νΦ

Appendix B

The cosmological term can be obtained from the following expression:

J = 1
2

∫ ∗Tr
[
Ea ¯ Eb∗ − Eb∗ ¯ Ea

]¯ (
ξb ¯ ξa∗) = 1

2

(
J(1)−J(2)

)

where:

J(1)=
∫ ∗Tr{(Ea ¯ Eb∗ − Eb∗ ¯ Ea

)
11
∧ (

ξb ¯ ξa∗)
11

+
(
Ea ¯ Eb∗ − Eb∗ ¯ Ea

)
22
∧ (

ξb ¯ ξa∗)
22
}

and

J(2) =
∫ ∗Tr{(Ea ¯ Eb∗ − Eb∗ ¯ Ea

)
12
∧ (

ξb ¯ ξa∗)
21

+
(
Ea ¯ Eb∗ − Eb∗ ¯ Ea

)
21
∧ (

ξb ¯ ξa∗)
12
}

Straightforward calculations give:

J(1)=2
∫ ∗Tr{(Ei ¯ Ej∗ − Ej∗ ¯ Ei)11 ∧ (ξj ¯ ξi∗)11

= −2
∫ √

eẽd4x
(
GνµGµν −Gνµ

ij Gji
µν − 12

)

and:

J(2) =
∫ ∗Tr{

((
E

.
a ¯ Ei∗

)
−

(
Ei∗ ¯ E

.
a
))

12
∧ (ξi ¯ ξ

.
a∗)21

+
((

E
.
a ¯ Ei∗

)
−

(
Ei∗ ¯ E

.
a
))

21
∧ (ξb ¯ ξa∗)12

+((Ei ¯ E
.
b∗)− (E

.
b∗ ¯ Ei))21 ∧ (ξ

.
b ¯ ξi∗)12

+((Ei ¯ E
.
b∗)− (E

.
b∗ ¯ Ei))12 ∧ (ξ

.
b ¯ ξi∗)21}
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J(2) = −8
∫ √

eẽd4xλ
.
aλ̃

.
a

Finally we obtain:

J = − ∫ √
eẽd4x

(
GνµGµν −Gνµ

ij Gji
µν − 12− 4λ

.
aλ̃

.
a
)

= − ∫ √
eẽd4x

(
−2G[µν]G[µν] − 4λλ̃− 8−Gνµ

ji Gji
µν

)
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