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Abstract: By means of a simple transformation, we have shown that the generalized-Zakharov
equations, the coupled nonlinear Klein-Gordon-Zakarov equations, the GDS, DS and GZ
equations and generalized Hirota-Satsuma coupled KdV system can be reduced to the elliptic-
like equations. Then, the extended projective Riccati equation expansion method is used to
obtain a series of solutions including new solitary wave solutions,periodic and rational solutions.
The method is straightforward and concise, and its applications is promising.
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1. Introduction

The investigation of the exact travelling wave solutions of nonlinear evolution equa-
tions plays an important role in the study of nonlinear physical phenomena. For exam-
ple,the wave phenomena observed in fluid dynamics, plasma,elastic media,optical fibers,
etc. In the past several decades, both mathematicians and physicists have made signifi-
cant progression in this direction.

Many effective methods [1 — 13] have been presented such as variational iteration
method [6], homotopy perturbation method [3], Exp-function method [8,12], and others.
A complete review on the field is available on [4].

The rest of this paper is organized as follows: In Section 2, first we briefly give the
steps of the method and apply the method to solve the elliptic-like equation. In Section
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3, by using the results obtained in Section 3, the corresponding solutions of some class of
nonlinear evolution equations in mathematical physics can be obtained. The last section
is devoted to the conclusion.

2. Method and its Applications

To illustrate the basic idea of the extended projective Riccati equation expansion
method, we consider the nonlinear evolution equation with independent variables,say in
two variables x, t,

Q(u, Uy, Uy, -...) = 0, (1)

we consider its travelling wave solutions

u(z,t) = u(§),§ =z — M+ &, (2)
then Eq.(1) is reduced to an ordinary differential equation (ODE)

. d
where a prime denotes R

Step (1). We assume that Eq.(1) has the following formal solution :

w() = a0+ 3 FHONef (€) + big(€)), (4)

where ag,a; and b; are constants to be determined later. The parameter M can be
determined by balancing the highest order derivative term with nonlinear term in Eq.(3),

£(€) =pf(&)a(8), (5)
g (&) = q+pg*€) —rf(&), (6)
r24+4

7, (7)

where p # 0 is a real constant, ¢, r, d are real constants.

Step (2). Substituting Eq.(4) into (3) and making use of Eqgs.(5-7) yields a set of
algebraic polynomials for f*(&)g’(€)(i = 0,1,...;5 = 0,1,...). Eliminating all the coeffi-
cients of the power of f1(£)g’(€), yields a series of alegbraic equations, from which the

1
g =——la—2rf+
p

parameters a;,b; and A\ are explicitly determined.
Step (3). It is easy to see that Eqgs.(5) and (6) admits the following solutions:
Case(1):0 = h* — 5%, # 0, and pg < 0,

fi = ; T ©
r + scosh(v/=pg) + hsinh(v/=pg)’



72¢(§)’
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g = VP4 ssmh(V—pgd) + heosh(v=pgf) (9)
! p 1+ scosh(v/—pg€) + hsinh(v/—pg€)’
1 r2 4+ h? — 2
g = —];[q —rfit ———— (10)
where h, p, s, ¢ and r are constants.
Case(2): 6 = —h* —s%,q# 0, and pg > 0,
fo = 1 , (11)
r+ 5c0s(v/pgE) + hsin(v/peE)
gy = VP4 ssinly/pat) — heos(v/pgc) (12)
p 1+ scos(v/pg€) + hsin(v/pg€)’
1 r2 —h? — s?
9 = —5[q—2rfz+—f3], (13)
where h, p, s, ¢ and r are constants.
Case(3): ¢ =0,
o = : (14)
5 (pr/2)€2 +mé +n’
-1 pré+m
_ 15
B e e 1)
2r m?  2rn
2 2
93 = ?f3+[p—2—?]f3; (16)
where m, n, p, r are arbitrary constants.
Case(4): p==+1,0 = —r?,
(e = L+ 2y a7
BT 6 T opr ’
129'(¢)
g g - ’ ) ]-8
where 1(§) satisfies
P2(E) = (&) — 1v(€) — %,
where v, = ‘11—;, V3 = %,
2r [
gi = Eﬂl ~y (19)
Case(5):p=+1,0 = —%,
5¢ | 5pg’
f5(&) = or + (20)
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¥’ (€)
_ 21
) = O + 1200 2y
1 2472
G=-1 — 2 (22)
3. The Exact Solutions of Elliptic-like Equations
Let us consider the elliptic-like equation in [7]

Ag" (&) + Bo(€) + Dp*(€) = 0, (23)

where A, B, D are arbitrary constants. In this section,the exact solutions of Eq.(23)
are derived using the coupled projective Riccati Eqgs.(5) and (6).Considering the homo-
geneous balance between ¢ (€) and ¢*(€) in Eq.(23), the solution of Eq.(23) is given
by

#(&) = ao + a1 f(§) + big(§), (24)

where ag,a; and by are constants to be determined later, and f(&) and g(§) satisfy
Egs.(5-7).Substituting Eq.(24) into (23) and making use of Egs.(5-7), becomes a polyno-
mials for fi(i = 0,1,2,3) and f/g;(j = 0,1,2), setting the coefficients of the polynomials
to zero yields a set of algebraic equations. Solving the system of algebraic equations with
the aid of Maple, we have

Ap(r? + h? — s?) B2 Ap

2
= = 2
Qg 07 a]_ 2qD » Y1 T 2D ( 5)
Case(1):pq < 0, # 0,97 = —%[q —2rf1 + Wff].Substituting Eq.(25) into
Eq.(24) and using Egs.(5-7),the exact solution of Eq.(23) are derived as
b(€) = ag _biv=pq _ssinh(v'=pg€) + hcosh(v=pgf)
! r + scosh(v/—pq€) + hsinh(v/—pq§) p 1+ scosh(v/—pg€) + hsinh(y/—pg€)’
(26)
al—%AD<Oandbf:—’g—f‘g.
Case(1.1): ag = a; =0, r = 0,the exact solution of Eq.(23) are derived as
bo(€) = — VTP ssinh(V=pgf) + heosh(v=pat) (27)
p 1+ scosh(v/—pg€) + hsinh(v/—pg€)’
b2 = —47 and 4 < 0.
Case(1.2): ag = b; = 0,r = 0, the exact solution of Eq.(23) yields
a
63(6) = e , (28)

scosh(v/—pq€) + hsinh(v/—pqé)
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ag _ 2Ap(h%—s?)
qD

Case(2):pq > 0,q # 0,95 = —%[q —2rfy+ Wﬁ]-
Case(2.1): ap =0, pg > 0,

ba(€) = aiq N biy/Pq  ssin(v/pg€) — heos(v/pgé) (20)
4 r + scos(v/pq€) + hsin(v/pgé) p 1+ scos(v/pg€) + hsin(v/pg€)’
ai = —Ap(r22;%2_82) and b? = —‘3—%2.
Case(2.2): ag=a; =0,7=0, pg > 0,
_ biy/pq ssin(y/pg€) — heos(v/pgf)
#s(8) = P scos(v/pg€) + hsin(v/pg€)’ (30)
b= 2
Case(2.3):ap = by = 0,r=0,pq > 0,
arq
= 31
%(¢) scos(v/pq€) + hsin(v/pg€)’ (31)

a%:%ﬁf‘s?)andpq>0.

Case(3): p=£1,0 = —1?, gf = ¥ fs — 2. The exact solution of Eq.(23) admits

r(e) = VLS

EsTTiE) =

=42 and 4 <0
Case(4): p=+1,g2 = —%[q—Zrﬁ%—%ﬁ]The exact solution of Eq.(23) admits

5¢  5pg? bigy (€)
_ g _ 33
(&) = g+ T ~ SO0 + 12000 (33)
a2 = %QEP, = —Ar 2<0,p==+land 4 <0.

4. Exact Solutions of Some Class of Nonlinear Evolution Equa-
tions

In this section,by using the results obtained in section (3), we will constract the
corresponding solutions of the generalized-Zakharov equations, the coupled nonlinear
Klein-Gordon-Zakarov equations, the GDS,DS and GZ equations and generalized Hirota-
Satsuma coupled KdV system.

4.1 The generalized-Zakharov equations

The generalized Zakharov equations for the complex envelope 1 (z, t) of the high-frequency
wave and the real low-frequency field v(x,t) reads [13]
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iy + Yoo — 22 + 200 = 0, (34)

Vig — Ugg + (’w|2)xz = Oa (35)

where the cubic term in Eq.(34) describes the nonlinear-self interaction in the high
frequency subsystem,such a term corresponds to a self-focusing effect in plasma physics.
The coefficient X\ is a real constant that can be a postive or negative number. Let us
assume the travelling wave solution of Eqs.(34) and (35) in the form

w(xvﬂ = ein¢(§)vv = U(&)a

n=ax+ 0t = k(z — 2at), (36)

where ¢(£) and v(&) are real functions, the constants «, # and k are to be determined.
Substituting (36) into Eqs.(34) and (35), we have

k23" (€) + 20(Hv(€) — (o + B)d(€) — 2X¢°(€) = 0, (37)

F(4a® — 1)0" () + K*(¢°)"(€) = 0 (38)
In order to simplify ODEs (37) and (38), integrating Eq.(38) once and taking inte-

gration constant to zero, and integrating yields

¢*(£) 9,1
v() = 1= 40?) +Cifa” # 7 (39)

where C-integration constant. Inserting Eq.(39) into (37), we have

AG'(€) + Bo(&) + De*(€) =0 (40)
Eq.(40) coincides with Eq.(23), where A, B and D are defined by

1

Then the solution of Eqs.(34) and (35) are
Y(w,t) = e"(€),
ooty = 28 Lo (42)

(1 — 40?)
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where ¢(§) is given by Eqs.(26-33), n = ax + ft, £ = k(z — 2at) and A, B and D are
defined by Eq.(41).

4.2 The coupled nonlinear Klein-Gordon-Zakarov equations

The coupled nonlinear Klein-Gordon-Zakarov equations [14] read

uy — cgVu + fyu+ duv = 0,

vy — oV — BV |ul* = 0, (43)

where c¢q, fo, # and § are constants. We seek its following wave packet solution

u(z,y, 2,t) = ¢(§) Iy = v(€), € = pr + qy + rz — wt, (44)
where ¢(§) and v(§) are real functions.Substituting Eq.(44) into Eqs.(43) yields

[w? = gP*)¢" (€) + 2i[wQ — GK.P)¢' (€) — (w? — K*c§ — [3)6(€) + 6u(£)¢(€) = 0,

[w? — 2P?)" (€) — BP*(4*(€))" =0, (45)

K = (k,l,n),P = (p,q,r), K.P =kp+lq+nr
If we take w.Q = ¢2K.P, then Eqgs.(43) leads to

[w? = GP¢"(€) — (W — Kc} — f3)d(€) + du(€)d(€) = 0, (46)
[w? — P’ (§) = BP*(¢7(€)" = 0 (47)
Integrating (47) twice with respect to &, we get
c BP?
WO = i T e gt ) (48)

where ¢ is an integration constant. Substituting (48) into (46) the obtained equation
can be expressed as Eq.(23), while the parameters A, B and D are defined by

A = [w? — g P*)?,
B = [(w® — g P*)(—w® + g K?ci + f3) + 4],

D = §3P? (49)
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Then the solution of Eqs.(43) are defined as follows

u(:c, Y, 2, t) — ¢(€)ei(km+ly+nzfﬂt),

c BP? )
2K.P
Q=" (50)
w

where ¢(&) appearing in these solutions is given by Eqs.(26-33) and A, B and D are
defined by (49) and & = px + qy + rz — wt.

4.3 The GDS,DS and GZ equations
We consider a class of NLPDEs with constant coefficients [15]

ity + V(Uge + Dittyy) + Erul*u + Cruv = 0,

Doy + (Vg — Eottyy) + C’2(|u|2)m =0, (51)

where v, D;, E;, C; are real constants and v # 0, D; # 0, C; # 0, Cy # 0. Egs.(51)
are a class of physically important equations.In fact, if one takes

1
VvV = 5]{]2,D1 = 2V, El = Oé,Cl = —1,D2 = O, EQ = Dl,CQ = —205, ]{]2 = :i:l, (52)

then Eqgs.(51) represent the DS equations [16]

1
iug + §k2(um + K*uy,) + alul*u — uwv = 0,

Uz — KUy — 20(|t]?) e = 0 53
vy

If one takes

V= v(x,t),i.e.,vy = O,I/ = 1,D1 = O,El = —20', E2 = —1,02 = —1,01 = 2, (54)

then Egs.(51) represent the GZ equations [17]

iy + Ugy — 20 |ul*u + 2uv = 0,

Vg — Vgy + (\u|2)m =0 (55)

Since u is a complex function,we assume that
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u(z,y,t) = ¢(L)e" = y(z,y,t) = v(€),€ = pr + qy — wt, (56)

where both ¢(£) and v(§) are real functions,and k, [, p, ¢, 2 and w are constants to
be determined later.Substituting Eq.(56) into (51),we have the following ODE for ¢(&)
and v(§)

v(p*+D1q*)¢ " ()+[Q—v(K*+D11%)]p(€)+ E1¢*(€)+i[—w—+2v(kp+Dilq)]¢ (§)+Crd(€)v(€) =0,

(57)
[Dow? +p* = Bag®Jv" (€) + Cop®(¢°(€))" = 0 (58)

if we set
w = 2v(kp + Dilg), (59)

then Eq.(57) reduces to

v(p? + D1g*)¢" (€) + [ — v(k* + Dil®)]6(€) + E1¢*(€) + Crg(€)v(€) = 0 (60)

Integrating Eq.(58) twice, we get

v() = - () (61)
© Dyw?+p?— Ey®? Dyw?+p?— Ey?
where ¢ is an integration constant. Substituting Eq.(61) into (60) yields

v(p?+D1g%) (Daw?+p*—E2q?)¢ (€)+Crc—(Daw?+p? — B2q?)[w—v(k2+D112)|¢(€)+ Er (Daw?+p? — B2q?) —C1 Cap® ™ (€) =0,
(62)
Eq.(62) can be rewritten as Eq.(23), while A, B and D are given by the following
equation,

A =v(p*+ Di¢*)(Daw* + p* — Exg?),
B = Cic — (Daw? + p? — E2q?®) [ — v(k* + Dy1%)],

D = Ey(Dyw® + p* — Eag®) — C1Cap” (63)
Then the solution of Eqs.(51) are

w(z,y,t) = g(&)e =, (64)

c 02P2

= - ? 65
D2w2 _|_p2 _ E2q2 D2w2 _|_p2 - E2q2¢ (é)? ( )

v(z,y,t)
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w = 2v(kp + D1lq) (66)

The expression ¢(£) appearing in these solutions is given by Eqs.(26-33) and & =
pr + qy — wt. We may obtain from Eq.(53) that

u(@, y,t) = ¢(&)e e, (67)
c 2ap?
w = k*(kp + k*lq), (69)

where ¢(&) satisfy the elliptic-like Eq.(23) with A, B and D defined as follows
A= B0+ PR - p?),
B =2c+ (p* — K*¢*)[2Q — K*(k* + K*1%)],
D =2a(p* + k*¢*) (70)

The expression ¢(§) are defined by Egs.(26-33) and ¢ = px + qy — wt.Then From
Eq.(55) we have that

u(w,y,t) = o)), (71)

2
W, t) = s () (72)
w = 2kp, (73)

where ¢(&) satisfies Eq.(23),while A, B and D are given by
A= p2(p2 - w2)7
B=2c— (7 — w0~ k),
D =2[p* — o(p* — w?)] (74)

The expression ¢(£) appearing in these solutions is given by Eqs.(26-33) and & =
pr — wt.
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4.4 Generalized Hirota-Satsuma coupled KdV equation

Consider the Hirota-Satsuma coupled KdV system in [18]

U = Zumx + Buu, + 3(w — 1)2)30,
UV = _§/Uxmc - 3UUCL‘7
Wi = 5 Waae — 3uw, (75)

When w = 0,Eqs.(75) reduces to be the well-known Hirota-Satsuma coupled KdV
system [19]. We seek travelling wave solutions for Eqs.(75) in the form

u(:p,t) = u(g)’ U(I’ t) = U(g)’ w(:zc,t) = w(g)ag = ]C(:L‘ - Ct) (76)

Substituting Eq.(76) into (75), we get

i 1 " ’ !
—cku = Zk?’u + 3kuu + 3k(w —v?), (77)
/ 1 3 " /
—ckv = —§k v — 3kuv, (78)
/ 1 3 " /
—ckw = _Ek w  — 3kuw (79)

Let

u:av2+ﬁv—|—’y,

w = Agv + By, (80)

where «a, 7, 3, Ay and By are constants. Inserting Eq.(80) into (78) and (79) inte-
grating once we know that (78) and (79) give rise to the same equation

]{QU” = —QQUS — 3ﬁ2}2 —+ 2(0 — 3’7)"0 + ¢y, (81)

where ¢; is an integration constant.Integrating (81) we have

Fo'? = —avt — 280° + 2(c — 37)v* + 2¢1v + ¢, (82)

where ¢, is an integration constant. By means of Eqs.(80-82) we get

u" = 20k*0? + E*(2a0 4+ B)v” = 2a[—av* — 260°

+2(c — 37)v? + 210 + o] + (2av + B)[—2av® — 360 + 2(c — 3y)v + ¢] (83)
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Integrating (77) once we have

1 " 3
Zk2u + §u2 +cu + 3(w — v?) + 3 =0, (84)

where ¢ is an integration constant.Inserting (80) and (83) into (84) gives

3
3ac — 3ay + 1/32 ~3=0,

1
5[% + e+ 8) + Ay = 0,

3(20@ + Ber) + 272 +cy+3By+c3=0 (85)
Let
1 = gl + 2caf — Gapn),
B 3
v(€) = ad(€) - o (86)

Therefore from Eq.(81), we have

2

£26"(6) — a2 + 20— 69)0(6) + 200°67(€) = 0, (57)

then Eq.(87) can be written as

A9 (&) + Bo(€) + DO*(€) =0 (88)
Eq.(88) is the same with Eq.(23) where A, B and D are defined by

A=k B=—-a((36%/2a) + 2¢ — 67), D = 2aa* (89)

Then the solutions of Eqs.(75) are given by

(e, 1) = alad(€) — 7+, (90)
o(a,1) = [ad(€) ~ ], (o1)

_ p
w(z, t) = Aplag(€) — ﬁ] + By, (92)

the expression ¢(§) appearing in these solutions are defined by Eqs.(26-33).
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5. Conclusion

In this paper, with the aid of a simple transformation technique, we have shown
that the generalized-Zakharov equations, the coupled nonlinear Klein-Gordon-Zakarov
equations, the GDS,DS and GZ equations and generalized Hirota-Satsuma coupled KdV
system can be reduced to the elliptic-like equation.

The validity of the proposed method has been tested by applying it successfully to the
generalized-Zakharov equations, the coupled nonlinear Klein-Gordon-Zakarov equations,
the GDS,DS and GZ equations and generalized Hirota-Satsuma coupled KdV system.
As a result, many exact wave solutions are obtained which include new solitary wave
solutions, periodic and rational solutions.

Finally, it is worthwhile to mention that the proposed method is straightforward and
concise, more applications to other nonlinear physical systems should be concerned and
deserve further investigation. This is our task in the future work.
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