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Abstract: In this paper, we outline the forward problem of metrical variation due to the
Casimir effect in transitioning superconducting shells. We consider a massless scalar quantum
field inside a hollow superconducting sphere and a cylinder. Metric equations are developed
describing the evolution of the scale factors after the superconducting shells transition to the
normal state.
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1. Introduction

The Casimir effect results in the polarization of the quantum vacuum by conducting
boundaries [1, 2]. Vacuum polarization gives rise to a minute force that has been measured
experimentally [3, 4] in agreement with the predictions of quantum electrodynamics. In
calculating the Casimir force, one properly calculates differences in vacuum pressure
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established by the conducting boundaries.

Boyer first calculated the vacuum modes inside a conducting sphere [5], with a more
recent account given by Milton [6]. Applications of the Casimir effect have been studied
for massive scalar [7] and Dirac fields [8] confined to the interior of a sphere. The Casimir
effect in curved spacetime has been calculated for spherical geometries [9] and for a
cylindrical shell in de Sitter space [10] and in the background of a static domain wall [11].

In this paper, we investigate the metrical variations resulting from vacuum energy
differences established by hollow superconducting boundaries. We consider the static
case when the shells are in the superconducting state and then the dynamical case as the
shells pass to the normal state.

2. Transitioning Superconducting Sphere

Our idealized massless, thin sphere of radius Ry has zero conductivity in the normal
state. In the superconducting state, the vacuum inside the hollow is reduced so that there
exists a pressure difference Ap inside and outside the sphere. In general, all quantum fields
will contribute to the vacuum energy. When the sphere of volume V transitions to the
superconducting state, a latent heat of vacuum phase transition ApV is exchanged. The
distribution of vacuum pressure, energy density and space-time geometry are described
by the semi-classical Einstein field equations taking ¢ = 1,

1
Rw/ - Q%QILV = 87TG <TIW> (1)

where R, and R are the Ricci tensor and scalar curvature, respectively. (7),,) is the
vacuum expectation of the stress energy tensor. Regulation procedures for calculating
the renormalized stress energy tensor are given in [12] for various geometries. In spherical
coordinates we consider the line element

ds* = B (r,t)dt* — A(r,t)dr* — r’df* — r’sin*0d¢* (2)

where B and A are arbitrary functions of time and the radial coordinate. The corre-
sponding metric tensor is of the form

9w = Diag (B (r,t),—A(rt), —r? —r’sin®) (3)

For a diagonal stress energy tensor, the solutions to equation (1) relating A and B are

1 1 A’ 1
L = — (T, 4
r? * r?A  rA? 87TGB (Too) (4)

1 1 B’ 1
724 A - oreg ©)

A/ B/ A/B/ B/2 B//
A2 AR T AA2B  1AB®  2AB

_ 8w0712 (T3) (6)
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with a fourth equation identical to (6). The prime denotes J,. Note that all time deriva-
tives cancel from the field equations when the metric is in standard form and the stress
energy tensor is diagonal. When the sphere is in the superconducting state, the scalar
curvature & = g" R, is given by
2 2 24" 2B A'B B” B
R=— — =+ — — - -+ —~ (7)
r2 r?A  rA? rAB 2A2B 2AB? AB
We consider an ideal case where the sphere passes instantaneously from the superconduct-

ing to the normal state. The field modes, however, will not relax back instantaneously.
The diagonal form of the stress energy tensor results in the cancellation of all time deriva-
tives in the field equations in the static case above. External electromagnetic fields will
contribute off-diagonal terms. In this analysis the required time dependence is provided
by the zero point field fluctuations and, in particular, their contribution to the off-diagonal
stress-energy terms. As the simplest case, we consider the massless scalar quantum field
¢(r,t) with stress energy tensor [12]

1
T;w = ¢,u¢,u - §guugaﬁ¢,a¢,ﬁ (8)
The non-zero components of T are
1. B
T — 2 _ /2
00 2¢ + 2A¢ (9)
1 A .
T — 12 a2 1
11 2¢ + QB¢ (10)
1 . 1

T — 2 [ 242 g2 11
22 =T <QB¢ 2A¢ > ( )
Tys = r’sin®0 ngg _ Ly (12)

2B 2A
Tor = ¢’ (13)

where Ty; = Thp. The semi-classical field equations become

1 1 A’ 1
—ﬁ + m - TA2 == 87TGE <T00> (14)

1 1 B’ 1

. —{T, 1

r2 r2A rAB 87TGA (T (15)

_A? _AB+ A N A B +A’B’+ B* B
4A2B  4AB? ' 2AB  2r2A  2rAB @ 4A2B ' 4AB?2 2AB

_ SWG% (Ty) (16)

A
— L = 876 (Tyy) (17)
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Equations (14) and (15) are identical to (4) and (5). Two additional equations are
identical to (16) and (17). Integral expressions for A and B may be obtained from
equation (17) and (14) or (15), respectively. The scalar curvature is given by

) 2 A2 AB A 24" 2B A'B B”? B

R= 5~ 5ai ows 4B A Tra22 7AB TomB Toam 4B

(18)
Comparing equation (18) with (14-16) and (10-12) reveals
(bQ ¢/2
=1 g 2 1
R = 167G < 58 ~ 24 (19)

When evaluating changes in scalar curvature, the expression for R in absence of the sphere
should be subtracted from that obtained for a given quantum field.

3. Transitioning Superconducting Cylinder

Modeling a superconducting cylinder, we consider the line element in cylindrical
coordinates

ds* = B (r,t)dt* — A(r,t)dr* — r*df* — dz* (20)
with corresponding metric tensor

9w = Diag (B (r,t), A(r,t), —r? —1) (21)

Solutions to equation (1) relating A and B in the static case, when the cylinder is super-
conducting state, are

BA’
_27“A2 = 871G <T00> (22)
_27’B = 81G <T11> (23)

A'B B B"  81G
_ - T 24
S4B T IAB?  24B . 2 (Toz) (24)

A/ B/ A/B/ B/2
2wA2 T2y AB  4A2B T 2AB

Considering a scalar quantum field with stress energy tensor given by equation (8), all

= 871G (T33) (25)

components of 7" are of the same form as the spherical case except equation (12) that
becomes

T = (559 - 559") (26)
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The time dependent semi-classical field equations are then

BA
TorAZ T 8mG (Too) (27)
- g = 876 (T} =876 {Ti o9
orA O Ator) = omir o
!
“op oG 1) (29)
AR B B A AB
- - = T
1B T 1AB?  2AB  1AB | 1AB2 T 2AB 871G (Ta2) (30)
A B 4B B B B AB A
2rA?  2rAB 4A’B  4AB? 2AB 4A’B 4AB? 2AB
= 81(@ <T33> (31)

Integral expressions for A and B may be obtained from equations (29) and (30) respec-
tively,

A(r, ) ~ exp (—167TG7° / (Tio) dt> (32)

B(r,t) ~ exp (—167TG / r (Th) dr) (33)

A similar set of equations may be obtained in the spherical case, as mentioned previously.
The scalar curvature

A B _A’B’+ B* B A2 B AB N A
rA2  rAB 2A2B ' 2AB?2 AB 2A42B 2AB?2 ' AB

becomes comparing equation (31)

%:

(34)

R = 167G (Tss) (35)

which is of the same form as equation (19) obtained for the evolution of scalar curvature
inside a superconducting sphere. The quantities <gz52> and (¢"?) however will not have the
same form as in the spherical case. Applying conservation of energy-momentum (7).

in the cylindrical case gives the two equations

+2B ({To) + 7 (Tho) , + 7 (Tho),, ) (36)
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% (27’ <T22> -3 <T10> A -2 <T11> A/ — <T00> B,> =T <T10> B —+r <T11> B/

+2B ((Tu) + 7 (T, + 7 (T),)  (37)

A similar set of equations may be obtained in the spherical case. In order to numerically
determine the evolution of scale factors and quantum fields in either configuration, one
must evaluate renormalized quantities <gz§2>, (¢"?), and <q5<b’ > The static solution with
Dirichlet boundary conditions applied for the sphere or cylinder in the superconducting
state provides the initial condition for the transient case, immediately after the shell
becomes normal.

If one assumes the gravitational fields resulting from the Casimir effect are sufficiently
weak, it seems plausible to evaluate the renormalized quantities <¢2>, ("), and <q5¢’ > in
Minkowski spacetime and then calculate their effect on the scale factors. In 2-d cylindrical
coordinate flat space one obtains <¢2> = (¢"*) = —7/6L* where L = 277 Evidently the

quantity <¢¢’ > = 0 for scalar fields in Minkowski spacetime. Inspection of the field

equations reveals the requirement <¢5¢’ > # 0 to describe the evolution of the scalar

quantum field and metrical factors in this analysis.

4. Conclusion

A procedure for describing the evolution of quantum fields and spacetime curvature
inside transitioning superconducting shells has been outlined. The static solution with the
shell in the superconducting state serves as the initial condition for the transient evolution
of field modes. Zero-point field fluctuations are coupled to the time dependent Einstein
field equations through the off-diagonal components of the stress energy tensor. Because
of the differences in vacuum energy densities, a latent heat of vacuum phase transition is
exchanged when a hollow shell transitions between the normal and superconducting state.
The analysis presented here may be extended to include massive fields with coupling or
spin as well as other superconducting geometries.



Electronic Journal of Theoretical Physics 3, No. 13 (2006) 11-17 17

10] M. R. Setare and R. Mansouri, Class. Quantum Grav. 18 (2001) 2331.
11] M. R. Setare and A. A. Saharian, Int. J. Mod. Phys. A16 (2001) 1463.

References

[1] H. B. G. Casimir, Proc. K. Ned. Akad. Wet., 51 (1948) 793.

2] P. W. Milonni, The Quantum Vacuum: an Introduction to Quantum
Electrodynamics, Academic Press, London, 1994.

[3] S. K. Lamoreaux, Phys. Rev. Lett., 78 (1997) 5.

[4] U. Mohideen and Anushree Roy, Phys. Rev. Lett. 81 (1998) 4549.

[5] T. H. Boyer, Phy. Rev., 25 (1968) 1764.

6] K. A. Milton. Phys. Rev. D55 (1997) 4940.

[7] M. Bordag, E. Elizalde, K. Kirsten, and S. Leseduarte, Phys. Rev. D56 (1997) 4896.

[8] E. Elizalde, M. Bordag and K. Kirsten, J. Phys., A31 (1998) 1743.

9] S. Bayin and M. Ozcan, Phys. Rev. D48 (1998) 2806.

[

[

[

12] N. D. Birrell and P. C. W. Davies, Quantum Fields in Curved Space, Cambridge

University Press, Cambridge, 1994.



