EJTP 3, No. 13 (2006) 109-116 Electronic Journal of Theoretical Physics

Radiating Shell Supported by a Phantom Energy

A. Eid*

Department of Astronomy, Faculty of Science,
Cairo University, Egypt

Received 4 June 2006, Accepted 16 October 2006, Published 20 December 2006

Abstract: I describe the evolution of a thin spherically symmetric self-gravitating phantom
shell around the radiating shell. The general equations describing the motion of shell with a
general form of equation of state are derived. The stability analysis of this phantom shell to
linearized spherically symmetric perturbation about static equilibrium solution is carried out.
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1. Introduction

Recent astrophysical observations [1,2] related to distant supernovas, cosmic mi-
crowave background and galaxy clustering all together essentially changed our view on
the evolution of the universe. Now it is generally accepted that the universe at present
is expanding with acceleration. The explanation of such cosmological behavior in the
framework of general relativity (GR) requires the supposition that a considerable part
of the universe consists of a hypothetical dark energy: the exotic matter with a positive
energy density p > 0 and a negative pressure p = wp with w < —%. In the last few years
intensive efforts with a variety of theoretical ideas and models concerning dark gravity
and scalar tensor theories, bran world models, dark energy models with negative poten-
tials, tachyon scalar field, scalar field with a negative kinetic energy were discussed (cf
3,4,5]).

The most exotic form of dark energy is a phantom energy with w < —% [6], for which
the weak energy conditions is violated. The exotic nature of phantom energy reveals itself
in a number of unusual cosmological consequence (cf. [7]). Therefore, one can consider
the phantom energy as a possible candidate for exotic matter. It is possible to extend the
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motion of phantom energy on the case of spherically symmetric space time configurations.
Suppose that it is characterized by the equation of state p = wp with w < —%, where p
is the negative radial pressure.

Sushkov [8 | discussed a model of static spherically symmetric wormholes with phan-
tom energy. The aim of this paper is to describe the thin spherically symmetric phantom
shell around a radiating body.

The paper is organized as follows. In Section 2 the general concepts of the dynamics
spherically symmetric thin shell are outlined with special attention to Schwarzschild space
time. In Section 3 the evolution of thin shell with phantom equation of state is analyzed.
Outline of a general linearized stability analysis procedure is given in Section 4. A general
conclusion is given in Section 5.

2. Dynamics of spherically symmetric thin shell

The line element of any spherically symmetric space time can be written in the form
d32 — gaﬁdl‘adxﬁ = AdtZ -+ 2Hdtdq + qu2 + TQ (t7 q) dQQ (1)

Here t and ¢ are the timelike and spacelike coordinates, A, Hand Bare functions of ¢ and
q only, and r(t, q) is the radius of a two dimensional sphere (in the sense that the area of
the sphere is 477%), and dQ? = df? + sin? fd¢?, is the line element of the unit sphere.

For the given space time the coefficients A, Hand Bare not uniquely defined. One can
transform the line element (1) to the new coordinate system which converses explicitly
the spherically symmetric form of the metric

t~:7~_(t7Q) ) (j:Cj(t,Q)-

The radius ris invariant under this transformation. The other very important invariant
is

A =~ T.al 3
where v is inverse to the two-dimensional metric tensor 7,5 .

In the flat Minkowskian space time A = —1, all the surfaces r = const are time like
and r can be chosen as spatial coordinate ¢ = r. In the curved space time, A can be
positive and negative: (1) The region with A < 0 is called R — region and the radius
can be chosen as a radial coordinate g. (2) The region with A > 0 is called T" — region
and the surfaces = const are spacelike ( the normal vector is timelike) and the radius
can be chosen as a time coordinate t. In 7" — region there is no 7 = 0 ( where "dot”
means a time derivative), hence it must be either 7 > 0 ( such region of expansion is
called T'y —region) or 7 < 0 ( such region of contraction is called T_ —region). The same
holds for R — regions. They are divided into two classes which are called R, — region
with 7/ > 0 and R_ — region with " < 0 (where prime stands for a spatial derivative ).
These R and T regions are separated by the surfaces A = 0 which are called the apparent
horizons, which can be null, timelike or spacelike apparent horizon.
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The metric (1) in a Schwarzschild space time has the form
ds* = f (r)dt* — f~1 (r) dr* — r?dQ? (2)

where

f(r)=1—22 with m > 0.

One of the most important features of GR is that the equations of motion of matter
fields are incorporated into the Einstein equations. The Einstein equations of GR are
nonlinear partial differential equations. This means that the motion of test particles or
fields on the given background will in general be different from that of the matter for
the self-consistent solutions. It makes analysis very complicated. To obtain some definite
results, choose the simplest possible model, like self-gravitating thin shell. In this section
I give a brief history on the equation of motion of a thin shell. When dealing with the time
like spherically symmetric thin shell, adjust the covariant formalism derived by Israel [9]
to the case of interest.

Let hypersurface ¥ divided the whole space time into two parts, ”7in” and ”out”,
and can connect some special coordinate system called Gauss normal coordinates to this
hypersurface >. The line element in these coordinates takes the form

ds* = dr* — dn* — r* (1,n) d2* (3)

where d2? = df#? + sin?0d¢?, is the line element of the unit sphere, 7 is the proper
time of the observer sitting fixed on ». The coordinate n grows from the ”in” to the
7out” region in the outer normal direction to the hypersurface ¥ and r(7,n) is the radius
of the sphere. The hypersurface is situated at n = 0 and the intrinsic metric to X is
ds% = dr? — R* (1) dQ?, where R (1) = r (7,0).

Keeping in mind that the metric itself is continuous but some of its derivatives make
a jump across the shell. The jump of the extrinsic curvature K is [Kp) = K% — K%
where a quantity in square brackets stands for the difference of that quantity evaluated
on the outer side, say the "out”, minus the quantity evaluated on the inner side, the ”in”
side.

The hypersurface ¥ represents the history of a surface layer (a singular hypersurface
of order one) if K% = K. This hypersurface ¥ is called the singular shell if some
energy momentum tensor is concentrated on it, namely: TF = t*§(n) + ........ Otherwise
the hypersurface is nonsingular. The Einstein equation determines the relation between
the extrinsic curvature K, and the three dimensional intrinsic energy momentum tensor

tap is given by the Lanczos equation

1
[Kab] = —8r (tab - §tgab>

where ¢ = t2. This relation can be written in the form

tab - g ([Kab] — Gab [K]) (4)
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where [K] = g [K,) is the trace of the extrinsic curvature. In this case due to spherical
symmetry the only nonzero components of t& are t§ and t3 = ¢3 [10]. The invariant
function A equals

A= R?r — R?n
and
R,ls =eVR2—-A
where ¢ = +1 if radii increase in the direction of the outer normal, and ¢ = —1 if radii
decrease. Evidently, ¢ = +1 in R, — region and € = —1 in R_ — region. From (4) the

COIHpOIleIltS are:

281'” . 250u .
Z%wm—Am—};wm—Am:&mﬁ (5)

25ﬂ1 / : 2 R 2e0y - 2 Ein > _ Eou >
R R Aln R : R Aout + \/RQ—AM R \/RthAgut R"— (6)

— Cin ) Eout outpn __ inm) — 2
i ay (U Bn) = (U Qo) AR (L = ) = St

The continuity equation for the energy-momentum tensor is transformed to

dtg 2R outrpn inmn
%+§(t8—t§)+( Ty —™Tg) =0 (7)
This equation is a differential consequence of the first two ones.
In this paper the space-time inside the shell will be the Vaydia metric and outside the

shell is the Schwarzschild metric, then the equations (5), (6) and (7) becomes

eim\/ R2 + Fip, — cout\/ R? + Fo = 47 RIY (8)

" n + mout) Am2t2
B am?R ()2 + sn?ri02 — _ 2 9
o 2R
fo+=(tg—1t3) =0 (10)
R
where 5
mou
Aout:_Fout:_1+ Rt
2myy, (V)
TR

and m;,(v) is the mass function in the interior space and depending whether the null
coordinate v is advanced or retarded.

3. Dynamics of phantom shell

The equation of state describing phantom energy in cosmology is usually taken as
p = wp where w < —1 and pis a negative spatially homogeneous pressure. By analogy,
it is possible to use the same equation of state for a spherically symmetric distribution
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of phantom energy but with pis the negative radial pressure and written in the form
p = —kp with £ > 1. Consider a simple linear equation of state by relation

10 = kt? (11)
In the phantom case k& > 1. The solution of (10) is
ty = CR**Y (12)

where C'is a constant denoted to the shell power.
Using equation (8) and taking into account (g;, = —1, &, = +1) one gets the follow-
ing two equations:

) 1 om?
2 14— . - 1
B = —14 o ((mi + migud) + =+ 1) (13)
.. 1 dm?
R = —2—R2[(mm + mout) + kT - 2(2k - 1)'T] (14)
where
r = 472 C? R 1 (15)

The sign conditions of the equation of motion of shell will be
Ein = sign [6m + 8T R® (t7) ] (16)
Eout = SIgN [5m — 81°R? (tg)} (17)
where dm = My, — my,. Using (15) to get a more convenient form of the sign conditions
Ein = Sign (dm + 2x) (18)

Eout = Sign (dm — 2x) (19)

When the function R? has roots, it is possible to represent both the finite and infinite
motion. The change of sign of the acceleration R in (14) occurs when R = 0. This
corresponds to the quadratic equation whose positive root is

M+ Mo + /(4k — 1)26m? + dmimow
B 4(2k — 1)

To (20)
It is convenient to define the parameter space of the problem using m;,, Mo, k > %1 and
R as free parameters.

Consider at first the case of dm > 0. According to (18), €, must be positive €;, = +1,
the e, changes sign at x = x1 = ‘%m
then e,,, = —1 and if + — 0 then e,,, = +1. The value of R corresponding to z; is

denoted by R;. Then equation (14) will be R (z) = — 7232 (0. Therefore Ry < Ry which

corresponds the value of R at z, in (15). From (13) one obtains R? (z;) = —1 + 2mR—‘;“t.
For the shell moving from infinity to infinity. Consider now the case of ém < 0. The

and €,,; = —1 if x > x1. Hence, in the case z — oo,
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density t9 is assumed to be always positive. So the negativity of dm is caused by the

gravitational mass defect. The g;, changes sign at x = x5 = _‘ST’” and g;, = +1 if z > xo,

€out = —1 at the same time. In the case of x+ — oo then ¢;, = +1 and ¢;, = —1 if x — 0.
The value of R corresponding to s is

R(JEQ) = —"1%” (0 and R? (13) = -1+ 2;;_2”

In the case of dm < 0 the shell evolves under horizons and cannot reach a distant

observer living in R, — region. But in the case of dm > 0, the shell can show itself in
Ry — region.

4. Linearized stability analysis

Rearranging equation (13) into the form

(mout - min>2

o + ) (21)

. 1
R2 =—-1+ E((mm + mout) +

where z = 47r2C?R*~1, C is a power constant and k > 1. This equation can be written
in the dynamical form

R*+V(R)=0 (22)
with the potential given by

(mout — Myin ) 2
4x

The factor F(R)and G(R) introduced for computational convenience, are defined by

+ )

1
F(R) =1- _(min + mout)

R
(mout - min)
GR) = ———=
() = (o~
So that the potential V(R) takes the form
2
V(R) = F(R) — 4m*C*R*2 — % (23)
From equation (15) and M = 47 R*Y = 4rCR?* equation (23) takes the form
M RG
V(R)=F(R) — (==)* — (=)* 24
(B) = F(R) ~ (o)~ (29 (21)

where M is the surface mass of the shell. Linearized around the stable solution at R = Ry,
consider a Taylor expansion of V(R) around Ry to second order, provides

V(R) = V(Ro) + V'(B)(R— Bo) + 5V (R)(R— RoP + O [(R—Ro)’]  (25)

Where the prime denotes a derivative with respect to R. The first and second derivatives
of V(R)are given by

M M, p
VI(R) = F'(R) - 2(ox o) HG

(5 — A5 ) (26)
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VI(R) = F/(R) — 2o ) |~ 20m) (o) — 2y ]2 — () iy

R ﬂ%)(ZR)” —2[( % )P — Q(W)(ﬁ) (27)

Evaluated at the static solution (R = Ry) and through a long calculation, I find that
V(Ry) = 0 and V'(Ry) = 0. From the condition V'(Ry) = 0, one extracts the following
useful equilibrium relationship

M
2Ry

) =T = ()F(R) - -2

( (28)

So that,

. 1

R? = —5V"(Ro)(R — Ry)? + O[(R — Ro)).
If V'(Ry) < 0Ois verified, then the potential V(R)has a local maximum at Ry, where
a small perturbation in the surface radius will produce an irreversible contraction or
expansion of the shell. Therefore, the solution is stable if and only if V(R) has a local
minimum at Ry and

V"(Ry) > 0 is verified. The latter stability condition takes the form

M

(ﬁ)(ﬁ)" <P -TI7 (29)
where Vis defined as
U= - [(5)] - (B (AE)" and T = (F5-)".

5. Conclusion

The motivation of this work is the fact that in many physically interesting situations
in cosmology and astrophysics the essential role was played the full account for gravi-
tational back reaction. In this case of phantom shell such a back reaction may appear
crucial for formation of the space time.

The matter is that in GR any type of energy is gravitating, not only energy density
but also the tension and pressure are gravitating. The pressure plays a twofold role.
The positive pressure causes both repulsion and attraction, the attraction is due to its
contribution to the gravitating source. The negative pressure leads to the gravitational
repulsion. Hence, the phantom shell is even more repulsive.

In the case of dm > 0 the distance observer may see the shell but can not register
the energy flux of the shell. The stability analysis of this phantom shell to linearized
spherically symmetric perturbation about static equilibrium solution is carried out.
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