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Abstract: To generate gravitational terms in a curved noncommutative space-time, new Moyal-
Weyl star product as well as Weyl ordering are defined. As an example, a complex scalar mass
term action is considered.
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1. Introduction

During the last two decades many efforts have been made to solve or at least to
understand the reaming unsolved outstanding problems of theoretical physics by using
new ideas like quantum groups, deformation theory, noncommutative geometry etc.. [1]—
[9]. This may shed a light on the real microscopic geometry and structure of our universe.

One approach, is to consider a noncommutative space-time where the dynamical vari-
ables become operators and therefore, the formalism of the quantum fields theories con-
structions must be modified. It turns out that in a flat space-time geometry, this amounts
basically to replace the ordinary products by a Moyal-Weyl star products and taking into
account the Weyl ordering [1] — [10]. The goal of this paper is to consider a curved
space-time (presence of a gravitational background) and define the corresponding new
Moyal-Weyl star product and Weyl ordering. In section 2, we present our mathematical
formalism and consider an example a mass term of a complex scalar field. Finally, in
section 3, we draw our conclusions.
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2. Formalism

2.1 The ordinary Moyal — Weyl * —product

The Moyal-Weyl #-product of any two smooth functions f and g such as [12]
fa)=ent [ane )

gle) = m [tk g @)

can be defined as follows:
First we associate to f and g the Weyl operators W (f) and W (g) defined by

W(f) = (2n) / ' ¢ F (k) 3)

Njw

Wi(g) = (2m)"

where T# are non commuting operators satisfying
[zt | z¥] = 0" (4)

Next we define the product W (f) W (g) as

W (W (g) =)t en)d [k at e o Fi) 50 5)

Using the C-B-H formula, the Weyl product W (f) W (g) reads :

N|w

W (W (g) = 2m)F r)d [ dikatp R Fk) Gp) =W (£ 2g) (6)

Where f x g is a new classical function defined by:

(f % g) (z) = 25707 f () g (y) (7)

This is the ordinary Moyal *-product. To the second ordre in # The Moyal *-product
reads:

(f49) (@) = f (@) g (@) + ieai F@ - @ (5)
[ VZ «
—I—§9” 59 ﬁ@x“ axaf (x) 9 908 (x) + ...
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Notice here, that the operators z# are only defined modulo terms which vanish at the clas-
sical limit, for example x* and x* + Egﬁmaa:ﬁ - X ﬁxﬁxo‘ are equal but the corresponding
non commutating operators are not except if Z’;B is symmetric

o £ T+ ST - Sk 0T = 2 + 008l (9)

2.2 The deformed Moyal — Weyl x —product

Here, by deforming the ordinary Moyal *-product, we propose a new Moyal-Weyl
@®-product which take in consideration the missing terms cited above and which generate
gravitational terms to the order #?. To any smooth function f we associate the Weyl

operator W (f)

3 3

f(2) = (2m) 8 / dhz e F(k) — W (f) = (2m)} / M F) (10)

where X* are non commuting operators associated to the following classical variables
Xt =gt 4Th Tpe e A

"+ B:Um 5l oala ﬂxxx (11)

where Fgﬁ (x) = Fga (x) is the symmetric affine connection . The non commuting oper-

ators X* are defined by a symmetrization procedure:

1/~
K= (T, “Aﬂ>w -5 (Tl ﬁaa;\ﬂAA)w (12)
Where the Weyl ordering is defined by:
(zﬂﬁfaﬂw — (S,7°7° — 225 7 4+ 275 ) [V —g (13)
with
g = det g, (14)

and direct simplifications (see Appendix) give:
(igﬁf"‘fv\ﬁ>w — i070°70,0,5" 1 /\/—g (15)
Where we have used the fact that £ op 18 symmetric, and:
[zt | z¥] = i0"
and

&, F@) = i0,f @) (16)

Thus the second term in eq.( 15) reads:
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(rﬂﬁfgaa?ﬁ)w —0™ 670,01 /=g (17)
It is worth to mention that we can get the same result if we define the Weyl ordering as:
«—> S —
(fgﬂf%ﬂ)w = ([%,3°7° — 3°T%,3" + Th,3°77) /=g (18)
Where
:/ETEB = 2,7 (19)
and

—

#f(@) = [, F@) (20)

Now using these relations and the fact that

F“ﬁa?axﬁ =T, [2%,2"] = i6°°T", (21)
eq.(18) can be rewritten as
(Ths7°3”) = =™ 0,0,1%,/v/=g
Which is the same result as above.

Similarly, one can define the Weyl ordering (igﬁ )\/x\afﬂ/x\)‘> as:

w

> S —— S ——

<—><—>
<E“6/\x P — (51,300 S0+ S, B Vg (22)

and straightforward simplifications by using the fact that igﬁ/\ is symmetric with
respect to a3 give:

(zﬂﬁﬁafﬁAA)w — —2i076°70,5" 1, /\/—g (23)

and one can deduce that:

(F“ I, a”“) = —2i0%i0°7 9, (fgﬁg» /=g (24)

and the noncommuting variable X* can be rewritten as:

w

_ . 1
Xn— g (Fgﬁfaa}ﬂ) -5 (r“ I 55%\‘”) (25)

w

where after the corresponding expressions substitutions reads:

v -~ I ‘naca D
Xt =7"+ 5295)‘29 a(,R“am (x) /v/—g (26)

Here }A%” A stands for the Riemann curvature tensor defined as:
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E“aﬁ,\ (z) = ngg/\ - aAfZﬁ + fﬁﬁfg,\ - fZAfgﬂ (27)
Using the C-B-H formula, one can write:
ez‘k)? ez‘p)? _ 6ik)?+zp)?+$[ik)? JipX |+ _ kB +ipEtiky A +ipy ABY — 50/ kyp... (28)
with
~ 1 8xinaoca
ATH = 5296’\29 0o R 50/ V=9 (29)

Thus, The Moyal-Weyl ®-product reads:

Nlw

W (f)W (g) = (2m) "% (2) 2 / dA et pekaHPF ik AT +ip AT =30 kb £ (1) T () = W (f @ g)

(30)
where
(f ® g) () = AT AT 5t 80 5T 5m [£ (2) g (y)],._, (31)
and to the second order in 6% , one obtains:
(f®9) (1) = f (1) 9 (@) + A0, (f (1) g (@) + 20 L p 1) Lg(a)  (32)
' ) ) 0 2(9 or" 0 %xy
Lot pap
+29 29 OxH &caf () oY 8:659 (@) + -
which can be rewritten as
(o9 @) =f@e@+i0m L@ -Lo@ + (33)
2 81‘% ' ox” A A
bouw b pap = =
29 29 Oxh Ox™ (@) ox” éhcﬁg @)+
where
T =t + Axt =t + %z’@miewagl%“aﬁ/\/\/—g. (34)

Notice that one can add to the expression of X* the term fgﬁfﬁ)\/x\a/x\ﬁ/f}‘. How-
ever, if we require that the Weyl ordering of a product of non coupled terms like
YA oD 0TI T and AY,  TTT°T7..T° factorizes ie.:

TOoOT...K

ToT...K

W<Z‘;BA._.9§“E%A...29A” ’f“f"f’r..@"):W(Egm_ng’x\“fﬁ’x“..fx\@)W(A” FTEORT

Then, this term does not contribute since
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~ s ~
(Tn3) =103 V=g = =070, 1%, /v/=g (36)
Now, using the fact that
I, = dxlog (9) (37)
one deduce that:
(T) = =i70,1%, /=g = —i6’"0,05 log (9) /v/=g = 0 (38)

2.3 The Noncommutative Action

Let us calculate the mass term ®* &® ® where ® is a complex scalar field in this new

noncommuting space-time:

(®* @ @) (z) = ®* (T) P (T) + total derivative (39)

Eq.(39) can be rewritten as:

(" @ @) (z) =P (24 Az) @ (z + Az) = O (2) @ (z)+Az"9, [@T (z) ® (z)]+total derivative
(40)
which after direct simplifications, the action reads:

I= /d4x (" @ @) (z) = /d4x<I>+ () ® (x)—l—% /d4x96)‘6"‘0R5m308H (@ (z) @ (z)] V=g
(41)

2.4 2 —d Gravity coupled to a scalar field

Let us calculate this action in two dimensions, choosing 6°' = +n , with n < 1, The
gravitational term reads

020 0,0, [0 ()0 ()] [V = 020 Byn00, [0 (2) & ()] V=g (42

which can be simplified as:

0720°7 R* 5,050, [®F (z) @ ()] /v/=9 = —20*Ro1019" 0,0, [ () @ (2)] /\/=g (43)

In two dimensions, the scalar curvature:
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R =g¢"R,, (44)

is related to the component Ry19; by the relation :

1
Roi01 = §9R (45)

Straightforward simplifications lead to:

Rop = 91130101 (46)

Ry = 90030101 (47)

and

Ryy = Ryp = —901R0101

and consequently, the scalar curvature R reads

R =2¢9""Ryin (48)
Finally the action gets the form:
1
I= /d231;<I)Jr (2) @ (x) — §n2/d2x\/—gRg’“‘”8M&, (@ (2) @ (2)] (49)

3. Conclusion

Thought this work we have considered a noncommutative curved space-time in a
gravitational background and define new Moyal-Weyl star product and Weyl ordering at
the order of 62 (6 is the order parameter of the noncommutative of the space time)where
the geometric structure is included. As an example, we have considered the mass term of
a complex field and show explicitly the gravitation effect on the noncommutative-space
time. (More studies are under investigations).

Appendix

we have

(S12°7%)

which can be rewritten as:

_ ((igﬁ/x\a - M@gﬂ) 7 _ 3o (igﬁfﬁ - /m\ﬂizﬁ))/\/_—g (A-1)

w

(Supaea”) == (@ |, 2| - [3. 2] #)/v=3 (A-2)



44 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 37-45

using the relations eq.(16) we obtain:

(S1837) = i0™ (F0\Sl, — 0084,5°) Jv=g = 0 (F°0,8h, — h8h,7) V=g
(A-3)
thus,

(igﬁafﬁ)w =0 30,050 | [V=g =070 0,0:05 /v =g (A-4)
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