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Duality and a Renormalization Scheme for
Einsteinian Gravity as a Fix Point Within a

Gravitational Gauge Framework

Eckehard W. Mielke ∗
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Abstract: A general scheme for a field redefinition (FR) of the coframe and the connection
is developed. Within a Yang–Mills type gauge dynamics of gravity, configurations with double
dual curvature induced by a θ-type Chern-Simons terms as generating function reside on an
effective Einsteinian background. The effect of the FR on the renormalization and the relation
of gravity to effective string models is studied. One encounters a duality of weak and strong
couplings of Einsteinian and renormalizable Yang–Mills type gravity as well as an induced
cosmological constant of the Anti–de Sitter space.
c© Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Duality, gravity, renormalization
PACS (2006): 04.60.+m

1. Introduction

The duality of electric and magnetic fields in Maxwell’s theory was already known

to Von Laue [91] and Silberstein [89]. Later it was generalized to the symmetry of

duality rotations by Rainich [87] and developed further in geometrodynamics by Misner

and Wheeler [74], cf. [61]. More recently, Motonen and Olive [76, 82] noted that then also

a duality of the strong-weak coupling regime of gauge fields is generated, the so-called

S–duality. In the context of magnetic monopoles it plays nowadays a predominant role

in M–theory [18, 96].

We are going to apply this to a Yang–Mills–type formulation of gravitational inter-

actions, regarding it as a field redefinition [38, 39, 66]. In general, not only the energy–

momentum content of matter, but also its spin couples to a dynamical geometry with

∗ ekke@xanum.uam.mx
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translational and Lorentz-rotational curvature [32, 34]. This general framework encom-

passes the Einstein–Cartan (EC) theory as an important (but from the variational point

of view degenerate) subcase which is macroscopically indistinguishable from Einstein’s

theory of general relativity (GR).

2. Field Redefinition Scheme

In perturbative quantum gravity [1], there arise counterterms ΔV of higher order in

the curvature. According to ’t Hooft [38, 39], these terms can be simulated, already on

the classical level, by a field redefinition (FR)

gij → g̃ij = gij + aRicij + bgij Rick
k (2.1)

of the metric in the first order approximation. In exterior form notation, the symmetric

Ricci tensor is the holonomic version of the zero-form Ricαβ := ∗(R(α
δ ∧ ηδ|β)). In a

gauge framework based on the Poincaré group and summarized in the Appendix, the

independent variables are the one-forms ϑα and Γαβ. Then a generally nonlinear FR of

these basic variables are dictated by the appropriate form degree and the correct physical

dimension:

ϑα → ϑ̃α := ϑα + �2 eβ� ∗Hαβ , (2.2)

Γα
β → Γ̃α

β := Γα
β + �2 eα� ∗Hβ . (2.3)

Here the field momenta Hα and Hαβ are understood as arising from a generating n–

form G as part of some effective gauge Lagrangian Veff which includes the counterterms

from the searched-for renormalization. Observe also that a fundamental length � squared

necessarily occurs for dimensional reasons. These deformations of the gauge potentials

can also be viewed as nonlinear prolongations [6].

As a consequence, the spacetime metric

g = gij dxi ⊗ dxj = oαβ ϑα ⊗ ϑβ . (2.4)

gets redefined by

g → g̃ = g + 2�2oαβϑα ⊗ eμ� ∗Hβμ + �4oαβeμ� ∗Hαμ ⊗ eν� ∗Hβν , (2.5)

i.e. by curvature excitations1 up to quadratic order. This generalizes ’t Hooft’s ansatz

(2.1) for the metric, used there in an attempt at perturbative renormalization of GR on a

Riemannian background. For a general counterterm ΔV in the effective gauge Lagrangian

Veff , our geometrical variables become redefined according to the “intertwining relations”

(2.2,2.3) via the corresponding Heff .

1 For nonvanishing non-metricity Qαβ := −Dgαβ , there would be an additional FR of the anholonomic
metric via gαβ → g̃αβ = gαβ + ∗mαβ where mαβ := −∂G/∂gαβ is an n–form, cf. Eq. (3.11.13) of
Ref. [34].
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The dual two-form and the volume four–form are deformed according to

ηαβ → η̃αβ = ηαβ + �2ηαβγ ∧ eμ� ∗Hμγ +
�4

2
ηαβγδ(eμ� ∗Hγμ) ∧ (eν� ∗Hδν) , (2.6)

and

η → η̃ = η + �2ηαβ ∧ ∗Hαβ +
�4

2
ηαβ(eμ� ∗Hαμ) ∧ (eν� ∗Hβν) + · · ·

+
�8

4!
ηαβγδ(eμ� ∗Hαμ) ∧ (eν� ∗Hβν) ∧ (eρ� ∗Hγρ) ∧ (eω� ∗Hδω) , (2.7)

respectively.

In our dynamical approach, the (n−2)–forms Hα and Hαβ will be gauge field momenta

canonically conjugated to the coframe and the Lorentz connection, respectively. Due to

the semidirect product structure of the Poincaré group P := R4 ⊂× SO(1, 3), the gauge

field momenta contribute to the gauge potentials via Hαβ → ϑα and Hα → Γαβ in the

field redefinition (2.2,2.3) just in an intertwined manner.

In the four–dimensional gauge theory, a Hodge star for gauge field momenta H can

be dismissed as it is done in Ref. [66], but in dimension n 	= 4 it is necessary to use ∗H
in order obtain the correct form degree. In the FR (2.3) of the connection we could have

included, similarly as for Yang–Mills fields, the term �2 ∗DHα
β. However, ‘on shell’, i.e.

when the vacuum field equation (5.18) is satisfied, this is equivalent to ∗ (Hβ ∧ ϑα

) ≡
eα� ∗Hβ due to the identity (3.7.13) of Ref. [34]. In the FR (2.2) of the coframe, the same

situation arises, with the modification that the ‘on shell’ term ∗DHα ∼= ∗Eα is second

order in the field strength and therefore equivalent to a higher order generation functional

G. When coupling to matter, FRs have to be taken with care because they may induce

violations of the macroscopic principle of equivalence, cf. Brans [11].

2.1 Legendre transformation

For exhibiting physically equivalent gauge field Lagrangians via a Legendre transforma-

tion, let us proceed from the Hilbert–Einstein of general relativity (GR) or the Einstein–

Cartan (EC) Lagrangian

VEC = − 1

2�2
Rαβ ∧ ηαβ (2.8)

as an example [95].

If we compare this with the more general Lagrangian

Ṽ = −
K∑

k=0

(1/2k) Rαβ ∧
(2k)

H αβ + Vθ , (2.9)

which is quadratic, quartic, etc. in the curvature. The first term in this expansion corre-

sponds to the Stephenson-Kilmister-Yang (SKY) Lagrangian quadratic in the curvature

[94, 36, 46, 98, 58, 97]. The gauge field momentum H̃αβ := −∂Ṽ /∂Rαβ can be expanded

as H̃αβ =
(2)

Hαβ +
(4)

Hαβ + · · · . For the time being, the field momentum H̃α := −∂Ṽ /∂T α
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conjugated to the torsion Tα := Dϑα is put to zero. From the field equations (5.17, 5.18)

of PG theory, we can then infer the resulting Yang–Mills type field equations

−Ẽα := −eα�Ṽ − (eα�Rβγ) ∧ H̃βγ = Σα , (2.10)

DH̃αβ = ταβ . (2.11)

However, the Legendre transformation [42, 66]

Ṽ → V = −1

2

(
Rαβ ∧ H̃αβ − Ṽ

)
(2.12)

provides a physically equivalent gravitational Lagrangian V . (The overall factor 1/2 is

chosen so as to render the EC Lagrangian invariant.) The new rotational gauge field

momenta

Hαβ := − ∂V

∂Rαβ
= H̃αβ +

1

2
Rμν ∧ (∂H̃μν/∂Rαβ) , (2.13)

will depend on the Hessian

H̃αβμν :=
∂2Ṽ

∂Rμν∂Rαβ
= −∂H̃μν

∂Rαβ
(2.14)

of the Lagrangian Ṽ we started with.2

2.2 Constant Hessian and S–duality

As the first illustrative case let us first consider a constant Hessian, i.e.

H̃αβμν = 2θLg[α|μgβ]ν + θ

L ηαβμν (2.15)

arising from the curvature type θ terms in the topological term Vθ. Then from (2.13) the

following form for the new rotational field momenta can be inferred

Hαβ = H̃αβ − θLRαβ − θ

LR

(
)
αβ , (2.16)

where we disregard for the moment a kernel discussed below in (2.19). Note that the

θ-terms can be regarded as induced via the boundary terms (5.15) of Pontrjagin and

2 Capovilla et al. [12] presented a reformulation of GR in which a gauge potential and an arbitrary scalar
density σ =

√|det gμν | (but no metric) occur as dynamical variables. Then the Hodge dual is constructed
via ηαβγδ := σ εαβγδ, i.e. from the Levi–Civita symbol multiplied by this scalar density. Following
Jakubiec and Kijowski [42], we have pointed out [66] that this reformulation as well as Ashtekar’s
complex variables [2, 3] can be interpreted as a FR applied to the EC Lagrangian. By translating the

SO(3, C) formulation of Ref. [12] into our formalism, the equivalent of
(4)

Hαβ = Rγδ ∧ ∗(Rαγ ∧Rβδ) is the
only nonvanishing term. By varying Ṽ with respect to Γαβ and σ, the vacuum field equation DH̃αβ = 0
and the energy–momentum trace (ϑα ∧ Ẽα)/σ = (4Ṽ + 2Rαβ ∧ H̃αβ)/σ = 0 are found. If we insert this
(4)

Hαβ into the metric, the curvature plays the role of a ‘cubic root’ of the deformed metric (2.5), similarly
as in the chiral alternative of ‘t Hooft [40]. In our scheme. however, also order six terms will arise.



Electronic Journal of Theoretical Physics 3, No. 12 (2006) 1–18 5

Euler, respectively. Using the decomposition (5.12) into self– or antiselfdual fields with

respect to the Lie dual, this can be resolved for the curvature as

R
(±)
αβ =

1

(θL ± θ

L)

(
H̃

(±)
αβ − H

(±)
αβ

)
(2.17)

with a coupling constant which is inverse to those of the θ terms. Then upon the Legendre

transformation (2.12), the new Lagrangian can be rewritten as

V = − 1

2(θL ± θ

L)

(
H̃

(±)
αβ − H

(±)
αβ

)
∧ H̃αβ +

1

2
Ṽ . (2.18)

Thereby the originally weak coupling to the θ terms is converted to a strong coupling

regime 1/θ for the field momenta and vice versa. This so-called S–duality of strong

and weak coupling was first noted by Motonen and Olive [76] in the contex of magnetic

monopoles and plays nowadays a prominant role in M-theory [18, 96]. In the context

of non-Abelian Yang–Mills theories, a related equivalence with respect to S–duality was

first encountered in Refs. [24, 75] and then, in a particular case, applied [26] to the

MacDowell–Mansouri gauge theory of gravity .

2.3 Vanishing Hessian: GR as a stable fix point

Since EC theory may arise from different higher order models, we have an infinite am-

biguity in such a “renormalization” program, cf. Kaku [44], p. 210. However, we can

improve this by showing that EC theory is a stable fix point of the quadratic SKY gravity,

e.g. For a fixed point of the transformation (2.12), the Hessian H̃αβμν obviously has to

vanish. This condition, i.e. ∂H̃μν/∂Rαβ = 0, can be readily solved. If parity violating

terms such as θT Rαβ ∧ ϑα ∧ ϑβ arising from the Nieh-Yan term (5.7) are admitted, then

we obtain the relation

η̃αβ :=
θ∗T
2

ηαβ − θT

2
ϑα ∧ ϑβ − �2 H̃αβ = 0 (2.19)

which can be regarded as a singular FR derived from (2.2), but arising from a different

effective3 Lagrangian Ṽ .

Accordingly ηαβ and H̃αβ interchange their role as generalized coordinates and mo-

menta, respectively. If we had started from Ṽ = VEC then we would be led back to

V = VEC for the choice θ∗T = 1 and θT = 0. In the case θ∗T = 1 and θT = i this leads

to a chiral formulation of gravity [65]. Thus, the EC Lagrangian or its chiral version

remains as a “stable” Lagrangian under FR, provide we embbed it in a class of gravity

Lagrangians for which VEC is located at some local minimum.

Our gauge framework clearly exhibits the coupling to fundamental matter, such as

to the Dirac field. If we reinsert (2.19) into (2.11), we recover the algebraic Cartan

type equation ηαβγ ∧ T γ = 2�2 ταβ . In the Dirac case, this implies a nonvanishing axial

3 In D=11 supergravity, a similar relation holds after compactification for the 7-volume form on S7, i.e.
η7 ≈ H = −∂V/∂dB, where B is the Kalb–Ramond three–form, cf. [18].
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torsion. However, as already stressed by ’t Hooft [39], a FR of the coframe may ruin

the nice features of the Dirac Lagrangian which, in GR and its RC extensions, has to be

formulated in terms of ϑα in a multiplicative way: Dangerous derivative couplings must

be avoided in the Dirac equation and the positivity of energy needs to asured during this

procedure [90].

In the transformation to Ashtekar’s complex variables, the coframe is kept fixed,

whereas the connection is subjected to the complex FR Γα
β →

(±)

Γ α
β := Γα

β ∓
(i�2/2) eα�

(∓)

H β, induced by the translational Chern–Simons term idCTT, cf. [62, 63].

The resulting Sen type connection still couples minimally to the Dirac field, but poses

the issue of reality conditions, cf. [69].

2.4 GR from effective strings

A more general situation arises, when we consider the tree–level effective action, corre-

sponding to the lowest order in the string loop expansion, in the physical Einstein frame:

According to Damour and Vilenkin [14], the following nonlinear terms arise

VStringeff =

(
1

α′ R̂ + R̂2 + (α′)R̂3 + (α′)2R̂4 + · · ·
)

η

=
1

(α′)2

∞∑
n=1

(α′R̂)nη =
R̂/α′

1 − α′R̂
η , (2.20)

where α′ is the slope parameter and R̂n stands in for generic higher–order curvature

invariants.

For |α′R̂| < 1, the formal summation to a geometric series is inspired by the nonlinear

graviton construction of Penrose [85]. To be justified, we need, for simplicity, to identify

R̂ = R = ∗(Rαβ ∧ ηαβ) with the curvature scalar. Then the Lorentz-rotational field

momentum (5.19) reduces to H̃αβ := −(∂Ṽ /∂R)(∂R/∂Rαβ) = −ηαβ(∂V/∂R), and the

Legendre transformation (2.12) simplifies to

Ṽ → V =
1

2
R

∂Ṽ

∂R
+

1

2
Ṽ =

R/α′

1 − α′R
η +

R2

2(1 − α′R)2
η

� 1

α′Rη +
1

2
R2 . (2.21)

Again the Lagrangian truncated at α′ → 0 corresponds to the perturbatively renormal-

izable quadratic model of Stelle [93].
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3. Field Redefinition Induced by Theta Terms

In the gauge framework with torsion, the most general quadratic Lagrangian[35, 32,

81] reads

VQPG =
Λ

�2
η +

a0

4�2
Rαβ ∧ ηαβ − 1

2
Tα ∧ Hα − 1

2
Rαβ ∧ Hαβ + Vθ

Hα := − 1

�2
∗
(

3∑
M=1

a(M)
(M)Tα

)
, Hαβ := − a0

2�2
ηαβ − 1

g2
∗
(

6∑
N=1

b(N)
(N)Rαβ

)
(3.1)

The dimensionless coupling constant g and the fundamental length � fix the relative

strength of the rotational and translational interaction parts of the gravitational La-

grangian V . In the field momenta, each of the three irreducible torsion and six irreducible

curvature pieces contribute to the Lagrangian4 with an individual weight a(M) and b(N),

respectively.

If we resolve the condition of constant Hessian for the allowed form of the rotational

field momenta , we obtain the generalized double duality ansatz (DD)

Hαβ(∗∗) = θL Rαβ + θ

L R

(
)
αβ +

θ∗T
2�2

ηαβ − θT

2�2
ϑα ∧ ϑβ , (3.2)

where θT, θ∗T, θL, and θ

L are dimensionless constants which can be related to the individual

coupling constants in the θ–type boundary term (5.15). It has been demonstrated in

much detail elsewhere [58, 59, 61, 72, 99] that the DD ansatz maps the second field

equation (5.18) into the second Bianchi identity (5.6), provided the translational gauge

field momenta fulfill certain algebraic conditions. By inserting the duality ansatz5 into

the second field equation (5.18), these may be derived from

θ∗T
2�2

ηαβγT
γ − ϑ[β ∧ Hα](∗∗) +

θT

�2
ϑ[β ∧ Tα] = ταβ . (3.3)

4 The propagating modes and particle content of this Lagrangian were investigated by Sezgin and van
Nieuwenhuizen[88]. A subclass of Lagrangians survived their selection criteria motivated by quantum
field theoretical considerations, such as ghost-freeness and positive energy of the physical modes. By
performing a mode decomposition based on a flat Minkowskian background, Kuhfuß and Nitsch [49]
found a three–parameter class of unitary PG Lagrangians (see [32] and further References). therein.
However, there may arise problems with the Cauchy formulation, shock waves [51], and positivity of the
gravitational energy, see Hecht et al. [30, 31] as well as [27] for a review. A more general class has been
employed [19] in a FR, where axial torsion gets identified with a dynamical axion field.
5 Instanton solutions of the Stepenson-Kilmister-Yang (SKY) theory of gravity were already 1981 clas-
sified [58] with such an ansatz simplified by the choice θT = θ∗T = θL = θ�

L = 0; much earlier than, e.g.,
Garćıa-Compeán et al. [25] in the context of S-duality. (For an extension to metric-affine theory, see
[97].) In the wider framework of quadratic gravitational gauge models this 1982 ansatz of Baekler et al.
[7] for θL = 0 induces for purely imaginary Im(θT) 	= 0 complex dual variables similar to those found
later by Ashtekar [2] and Minkowski [73]. Recently, Soo [92] ‘recovered’ a more specialized version of our
earlier DD ansatz. The modified self-dual action of Barbero [9] corresponds to a real θT, but necessarily
faces the problem of CP violation, cf. [71]. The same problem arises in the so-called ‘Immirzi ambiguity’
[41], which is generated [37] by a part of the Nieh-Yan term (5.7). Contrary to the statement of Gambini
et al. [23], this translational θT is a total divergence in RC spacetime.



8 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 1–18

For spinless matter (cf. [59] for the general case), the translational momentum Hα(∗∗)
subject to the constraint (3.2) takes the form

Hα(∗∗) = −θ∗T
�2

∗
[
Tα − ϑα ∧ (eβ�T β) − 1

2
eα�(T β ∧ ϑβ)

]
+

θT

�2
Tα

= − θ∗T
2�2

Kβγ ∧ ηαβγ +
θT

�2
Tα =

θ∗T
�2

K(
)
α +

θT

�2
Tα. (3.4)

As a further consequence, the first field equation (5.17) reduces to the Einstein equa-

tion
θ∗T
2

R{}βγ ∧ ηαβγ − Λeff ηα = �2
�

Σα (3.5)

for the Riemannian background with an effective “cosmological” constant

Λeff = Λ − Λθ , Λθ =
3(θ∗T + a0)

2

2�2(θL + θ

L + b6/g2)

(3.6)

of microscopic origin [59, 61, 8, 54, 55]. Observe that the ‘bare’ cosmological constant

Λ gets subtractively renormalized by a term induced by the Lorentz rotational boundary

terms. For b6 = 0, this persists even in the weak coupling limit g → 0.

By inserting (3.2) and (3.4) into (3.1), the same can be obtained on the Lagrangian

level. Since the torsion terms drop out due to the Nieh-Yan relation (5.7) and the telepar-

allelism identity (5.14), we are left with an effective Hilbert–Einstein Lagrangian

Veff = − θ∗T
2�2

R{}αβ ∧ ηαβ + Λeff η . (3.7)

This result complies with that of Refs.[59, 8], because the topological boundary terms

have already been included in the quadratic Lagrangian (3.1) we started with. In order to

attain macroscopic correspondence, the coupling of the effective Einstein equation (3.5)

to the symmetrized [67] energy–momentum current
�

Σα of matter requires θ∗Tphys. = 1 for

consistency.

What are the consequences of the duality ansatz for a general gravitational gauge

model in terms of the field redefinition of the basic fields, the coframe and connection?

Since eβ�ηαβ = 0, we find

ϑ̃α = (1 +
3

2
θ∗T)ϑα − θL�2 eβ� ∗Rαβ − θ


L�2 eβ� ∗Rαβ(
) , (3.8)

Γ̃α
β = Γα

β +
θ∗T
2

eα� ∗Kβ(
) + θT eα� ∗T β = Γ{}β
α −Kα

β +
θ∗T
2

eα� ∗Kβ(
) + θT eα� ∗T β . (3.9)

Besides a different normalization, a curvature piece and a double dual one related

to the Euler four–form (5.13) deformes the coframe. In the special case θ∗T = −2/3,

the coframe (or holonomic metric) arises as a concept derived from the curvature, thus

leading to an Eddington type theory [20]. On the other hand, in the deformed connection

occurs only a reshuffling of the contortional pieces such that the Riemannian connection
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stays invariant. It is interesting to note that then the volume four–form (2.7), will change

for the simplifying choice θL = 0 to

η̃ = (θ

L)4 �8

4!
ηαβγδeμ� ∗Rαμ(
) ∧ · · · ∧ eμ� ∗Rδμ(
) , (3.10)

which for � = �Planck is of the order 10−256 times θ
4
L |R|4. Do we have here some clue for a

macroscopically tiny effective cosmological term Λη̃ induced by the Lorentz-rotational θ

L–

term? Or does this correspond to the sought-for “dark energy” induced by Chern-Simons

terms?

4. Duality of Weak and Strong Coupling Limit

Can we use this FR scheme in order to start from a general PG Lagrangian which

avoids Cauchy, ghost mode, and renormalization problems and end up after renormaliza-

tion with an effective Einstein equation at the macroscopic level?

In order to probe the virtue of our construction on a more simple model, let us

compare the Hilbert–Einstein or EC Lagrangian with the Lagrangian

ṼSKY = − 1

2g2
Rαβ ∧ ∗Rαβ +

1

2
θ

L Rαβ ∧ R

(
)
αβ (4.1)

of SKY gravity supplemented by the Euler term, where H̃αβ = ∗Rαβ/g2 − θ

LR

(
)
αβ . From

the work of Stelle [93] we know that this curvature squared gravity is perturbatively

renormalizable but plagued with ghost [50].

Via the singular FR

ηαβ → η̃αβ := ηαβ − �2

g2
∗Rαβ + θ


L�2 R
(
)
αβ = 0 . (4.2)

we retain from the Legendre transformation (2.12) the EC Lagrangian (2.8) plus an

induced cosmological constant.6 A similar reduction happens for the duality ansatz (3.2)

as we have seen.

Since R
(±)
αβ = ±g2/(g2θ


L ∓ 1)ηαβ/�2, the weak coupling limit g → 0 implies vanishing

(chiral) curvature, cf. [83]. On the other hand, the weak coupling regime � → �P =

10−33cm ≈ 0 of macroscopic Einstein gravity implies for g = 1 a strong curvature scalar

R = 12(g/�)2 = 48/α′ → ∞, i.e. the strong coupling regime of SKY gravity as part of

the effective string or curvature-saturated Lagrangian, cf. Ref. [47]. Moreover, for the

Taub–NUT metric this induces a rotation in the plane spanned by mass M and dual mass

N (angular momentum), as felt by chiral fermions [60]. This duality of strong and weak

coupling resembles that found by Montonen and Olive [76] in the contex of magnetic

monopoles.

6 In a rather ad hoc fashion, such a FR was applied already in Ref. [59] and later by Obukhov and Hehl
[80] to Euler and Pontrjagin type terms. However, such deformations change the latter four-forms from
being anymore boundary terms, thus preventing a topological interpretation in the spirit of S–duality.
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5. Chromogravity and the Anti-De Sitter Model of Quark Con-

finement

The occurrence of an ‘induced’ cosmological constant (3.6) and its metrical Anti-de

Sitter solution (AdS) has led to many speculation for its meaning in particle physics.

It was already Einstein [21] who pointed that that ”.. the scalar curvature plays the

role of a negative pressure, ... whose gradient balances the electrodynamic force.” Later

on a similar idea was taken up by Salam et al. in his strong gravity model of quark

confinement, cf. [56, 57, 77].

Independent of the physical interpretation, a 4D Anti-de Sitter background provides

an geometrodynamical mechanism for quark confinement already on the semi-classical

level. Then the generally covariant Klein–Gordon equation for a tortoise type radial

coordinate ρ∗ reduces to an effective Schrödinger equation with a Pöschl–Teller type

effective potential Ueff ∼ 1 + tan2(ρ∗) familiar from oscillations of diatomic molecules.

The energy spectrum is the same as that of a non-relativistic harmonic oscillator, see

[61] for details. Since this potential ‘wall’ is infinitely rising, there exist equally spaced

excited states but NO disintegration of the constituents can occur. Thus our AdS model

is a fully relativistic model of an harmonic oscillator.

Today it is advocated to use the effective D=11 supergravity resulting from M-theory

after compactification to AdS4 ⊗ S7 space [96], as a calculational means (‘analog com-

puter’) [78] for the strong coupling regime of quark confinement in QCD.
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Appendix A: Redefined Maxwell Fields

Let us consider as a guiding example Maxwell’s or Yang–Mills theory in n dimensions,

where A := AI
μdxμλI is the Lie-algebra valued gauge potential one–form and F := dA +

A ∧ A the field strength. A rather general deformation or field redefinition (FR) of the

gauge connection A which respects gauge-invariance and the form degree reads

A → Ã = A + ξ� ∗H − ∗DH + ∗j , (5.1)

where H := −∂G/∂F is the excitation (n− 2)–form of some generating n–form G. Quite

generally, such a FR does not depend on a dimensionfull parameter and assures in the

Abelian case that the new field strength F̃ := dÃ = F +d(ξ� ∗H + ∗DH− ∗j) is derivable

from a vector potential. In the case of a topological boundary term G∞ = θdC =

−(θ/2)Tr(F ∧ F ) derived from a Chern–Simons term C, there will arise a θ induced FR
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with H = θF and DH = θDF ≡ 0 due to the gauge-covariant Bianchi identity DF ≡ 0.

Our construction generalizes the rather formal field redefinition A = A+ δG/δj of Dixon

[15] for non–Abelian gauge theories, where j := δG/δA ∼= −DH is a gauge current

(n − 1)–form. ‘On shell’, only the term depending on the vector field ξ will remain, due

to DH ∼= j. A related one-form Â := ∗j − ∗dH± = A + ∗ (A ∧ H±) has been recently

used by Ganor and Sonnenschein [24] in order to replace A by Â in a classical duality

of gauge theories, cf. Eq.(11) of Ref. [75]. Also Born–Infeld type Lagrangians may be

generated, cf. [28]. For Maxwell’s theory the corresponding canonical transformation

was given by Lozano [53] within a Hamiltonian formulation, whereas in the non-Abelian

case the theory turns out to be of the Freedman–Townsend type [22] where the new two-

forms are not derivable from a covector potential, or one-form. In our case the generating

functional reads G(±) = H
(±)
αβ ∧ H̃αβ.

If the vector field ξ is normal to a spacelike hypersurface, i.e. ξ�dt = 1, the normal

part A⊥ := ξ�A remains invariant under this deformation. The ansatz of Ashtekar and

Rovelli [4] used for projecting out positive frequency fields in the Hamiltonian formulation

can be viewed as such a FR for a special choice of G.

Experimentally accessible appears [16] to be the duality rotation of the Aharanov–

Bohm/Casher topological phases in Maxwell’s theory.

In effective string theory, the roles of the ‘theta angle’ in front of the topological

boundary term G∞ = θdC and the gauge coupling constant g in the Yang–Mills La-

grangian

LYM = − 1

2g2
Tr (F ∧ ∗F ) (5.2)

are related to the vacuum expectation value (VEV) of the axion a and the dilaton field

ϕ, respectively, via θ = 2π〈0|a|0〉 and g2 = 4π〈0|eϕ|0〉 = 32πG/α′ = 4�2
Planckα

′, where

2πα′ is the string tension.

Appendix B: Geometry of a Riemann–Cartan Spacetime

Our geometrical arena consists of a four–dimensional manifold which is equipped with

a local Riemannian metric (2.4) of Lorentz signature (oαβ) = diag(−1, 1, 1, 1). For the

representation of spinors in a curved spacetime, it is necessary to have the anholonomic

formalism available on par. Therefore, we introduce an orthonormal local frame and

coframe field of dimension [1/length] and [length], respectively

eα = ei
α ∂i , ϑα = ej

α dxj . (5.3)

According to our conventions, α, β, ... = 0, 1, ..., 3 are anholonomic frame indices, i, j, k, ... =

0, 1, ..., 3 are holononic or world indices, and ∧ denotes the exterior product. The coframe

field of basis one–forms are reciprocal to the frame eα with respect to the interior product

�, i.e., eα�ϑβ = ei
α ei

β = δβ
α.

In a Yang–Mills type gauge theory of gravity, the coframe ϑα of dimension [length]

and the dimensionless connection one-form Γαβ = −Γβα = Γi
αβ dxi are regarded as gauge
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potentials of non–linearly represented local translations and local Lorentz transformations,

respectively, cf. Ref. [61, 70, 52, 43]. The corresponding translational field strength is

the torsion two–form

Tα := Dϑα = dϑα + Γβ
α ∧ ϑβ =

1

2
Tij

α dxi ∧ dxj, (5.4)

of dimension [length] and the dimensionless Riemann–Cartan (RC) curvature two–form

[13]

Rαβ := dΓαβ − Γαγ ∧ Γγ
β =

1

2
Rij

αβ dxi ∧ dxj. (5.5)

These field strengths obey the first and second Bianchi identities

DT α ≡ Rγ
α ∧ ϑγ, and DRαβ ≡ 0 . (5.6)

The corresponding Lagrangians [33] are the Chern–Simons type boundary terms

dCTT =
1

2�2

(
Tα ∧ Tα + Rαβ ∧ ϑα ∧ ϑβ

)
=: VNY , dCRR = −1

2
Rα

β∧Rβ
α =: VPontrjagin ,

(5.7)

where � is a fundamental length. Up to normalizations, they are also known as Nieh–Yan

four-form [79] and Pontrjagin term, respectively. Both Chern–Simons terms arise as part

of the CS term Ĉ = CRR − 2CTT of a gauge theory with SL(5, R) as structure group,

containing the de Sitter groups SO(1, 4) or SO(2, 3) as subgroups, see footnote 31 of Ref.

[34] and Pagels [84] for a dynamical scheme.

The Riemannian content of our geometrical framework can be brought out by splitting

the RC connection according to Γαβ = Γ{}αβ−Kαβ into the unique Levi–Civita connection

Γ{}αβ of Riemannian geometry and into the contortion

Kαβ = −Kβα = e[α�Tβ] − 1

2
(eα�eβ�Tγ)ϑ

γ . (5.8)

It follows from (5.4) that the latter is related to torsion implicitly via Tα = Kα
β ∧ϑβ.

In turn, the RC curvature two–form (5.5) decomposes as follows

Rαβ = R{}αβ + D{} Kαβ + Kα
μ ∧ Kμβ. (5.9)

Appendix C: Dual Forms

On an n–dimensional manifold with metric index s, the Hodge dual of p–forms is

almost involutive: ∗∗α = (−1)p(n−p)+sα. For spacetimes where s = 1 holds, it induces

an almost complex structure, cf. [10]. In four dimensions, the Hodge dual applied to

two–forms is conformally invariant [5]. Vice versa, an initially metric-free involutive star

operation # on arbitrary two–forms allows to reconstruct [17, 29] a metric h which is

conformally related to g. Our Hodge dual ∗ of exterior forms is defined such that the

normalization

∗(ϑα ∧ ϑβ ∧ ϑγ ∧ ϑδ) = ηαβγδ, where ηαβγδ := +δ0123
αβγδ and Dηαβγδ = 0 (5.10)
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holds.

From the volume four–form η = 1
4!
ηαβγδ ϑα∧ϑβ ∧ϑγ ∧ϑδ, the so-called η- or dual basis

{η, ηα, ηαβ, ηαβγ ηαβγδ} of exterior forms can now be generated by consecutive interior

products: ηα := eα�η = ∗ϑα, ηαβ := eβ�ηα = ηαβγ ϑγ = eβ�eα�η = ∗(ϑα ∧ ϑβ) =
1
2
ηαβγδ ϑγ ∧ ϑδ, and ηαβγ := eγ�ηαβ = ∗(ϑα ∧ ϑβ ∧ ϑγ). Anholonomic indices are lowered

by oαβ = ei
α ej

β gij, where (oαβ) = diag(−1, 1, 1, 1) denotes the signature of spacetime.

The Lie dual of Lorentz algebra–valued forms such as contortion and curvature is

defined by

K(
)
α :=

1

2
ηαβγ ∧ Kβγ , R

(
)
αβ :=

1

2
ηαβγδR

γδ . (5.11)

and satisfies DR
(
)
αβ ≡ 0.

We will also employ the self– or anti-selfdual torsion and curvature two forms

T±
α :=

1

2
(Tα ± ∗Tα) , R±

αβ :=
1

2
(Rαβ ± ∗Rαβ) , R

(±)
αβ :=

1

2

(
Rαβ ± R

(
)
αβ

)
(5.12)

in terms of the Hodge or Lie dual, respectively. In view of this, the teleparallel boundary

term and the topological Euler terms can be written as

dCTT∗ :=
1

2�2
d(ϑα∧ ∗Tα) =

1

2�2
(T α ∧ ∗Tα − D ∗Tα) , dCRR� := −1

2
Rαβ∧R

(
)
βα = VEuler .

(5.13)

From (5.9) results the geometric identity [34]

R{}αβ ∧ ηαβ ≡ Rαβ ∧ ηαβ − Kαμ ∧ Kμ
β ∧ ηαβ + Kαβ ∧ T γ ∧ ηαβγ + d(Kαβ ∧ ηαβ)

= Rαβ ∧ ηαβ + Tα ∧ ∗
(
− (1)Tα + 2 (2)Tα +

1

2
(3)Tα

)
+ 4�2 dCTT∗ (5.14)

which relates the Hilbert–Einstein Lagrangian to the proper teleparallelism model, with

the Lagrangian constraint Rαβ = 0. These topological terms have been proposed, for

instance in Ref. [63], in the combination

Vθ := θT dCTT + θ∗T dCTT∗ + θL dCRR + θ

LdCRR� (5.15)

as generating function for obtaining more general Ashtekar type variables in the Hamil-

tonian formulation for θ

L = 0. With exception of the Euler terms, these θ terms violate

parity, but for purely imaginary θ parameters they would conserved the combined charge

conjugation C and parity transformation P , i.e. CP , cf. [71]. Some of these terms arise

also in the chiral anomaly [68, 64].

Appendix D: Framework of Gravitational Gauge Dynamics

The total action of interacting matter and gravitational gauge fields

W =

∫ [
L(ϑα, Ψ, DΨ) − V (ϑα, T α, Rαβ)

]
(5.16)
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is assumed to be a functional of suitable matter fields Ψ and of the geometrical variables ϑα

and Γαβ. Besides the Euler-Lagrange equation δL/δΨ = 0 for matter, their independent

variations yield the following two, general nonlinear field equations:

DHα − Eα = Σα, (5.17)

DHαβ + ϑ[α ∧ Hβ] = ταβ. (5.18)

Here the gauge field momenta are defined by the (n − 2)–forms:

Hα := − ∂V

∂Tα
, and Hαβ := − ∂V

∂Rαβ
. (5.19)

Note that in n = 4 dimensions Hα has dimension [length]. In addition to the mate-

rial currents of energy–momentum Σα := ∂L/∂ϑα and dynamical spin ταβ := ∂L/∂Γαβ,

there occur the three–forms of energy–momentum Eα := ∂V /∂ϑα = eα�V + (eα�T β) ∧
Hβ + (eα�Rβγ) ∧ Hβγ and the translational spin current Eαβ = −ϑ[α ∧ Hβ] of the gravi-

tational gauge fields themselves [35, 32]. This is due to the universality of gravitational

interactions.
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Abstract: A variant of the Hénon map is described in which the linear term is replaced by
one that involves a much earlier iterate of the map. By varying the time delay, this map can be
used to explore the transition from low-dimensional to high-dimensional dynamics in a chaotic
system with minimal algebraic complexity, including a detailed comparison of the Kaplan-Yorke
and correlation dimensions. The high-dimensional limit exhibits universal features that may
characterize a wide range of complex systems including the spawning of multiple coexisting
attractors near the onset of chaos.
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1. Introduction

The behavior of low-dimensional chaotic maps and flows has been extensively studied

and characterized [1]. Hence, much of the interest in nonlinear dynamics is now turning

to an understanding of the high-dimensional complex systems that characterize most of

the real world. The intuition that has arisen from the study of low-dimensional systems

does not necessarily extend to high-dimensional systems whose behavior is often quite

different and in some ways simpler.

The goal of this paper is to explore the transition from low-dimensional to high-

dimensional dynamics in a particularly simple example of an iterated map that is a variant

of the familiar Hénon map [2]. The dynamics will be governed by a single parameter whose

value determines the dimension of the system and hence its complexity. The system is

algebraically minimal in that it has a single (quadratic) nonlinearity and a single linearity.
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2. Delayed Hénon map

The system considered here is the time-delayed Hénon map given by

xn = 1 − ax2
n−1 + bxn−d (1)

For d = 2, this map is the familiar two-dimensional dissipative Hénon map whose solutions

are chaotic for typical values of a = 1.4 and b = 0.3. This system can also be viewed as

a quadratic map with time-delayed linear feedback in which d is a measure of the delay

time, such as might be encountered in a chaos control scheme [3].

For d = 1, the map is equivalent to the one-dimensional logistic map [4]

yn = Ayn−1(1 − yn−1)

as is evident from the transformation

y = ax/A + 1/2 − b/2A

with the condition

A2 − 2A + (2b − b2 − 4a) = 0

from which it follows that a given choice of the parameters a and b maps into A according

to

A = 1 ±
√

1 − 2b + b2 + 4a (2)

3. Fixed Points

Equation (1) has fixed point solutions at

x± =
b − 1

2a
± 1

2a

√
(b − 1)2 + 4a

These fixed points are born simultaneously in a saddle-node (blue-sky) bifurcation [5] at

a = – (b – 1)2/4 with the smaller one (x−) initially unstable and the larger one (x+)

initially stable. Thus for fixed b, the quantity a can be used as a bifurcation parameter

to take the system from a stable fixed point into chaos, analogous to the A in the logistic

map as suggested by Eq. (2).

4. Regions of Various Dynamical Behaviors

Figure 1 shows the regions of various dynamical behaviors for Eq. (1) in the ab-plane

as determined numerically for various values of d. For this purpose, the initial conditions

were taken as the mean of the two fixed points x0 = (b – 1)/2a, and the regions of chaos

were identified by calculating the largest Lyapunov exponent using a variant of the Wolf

algorithm [6]. There is no guarantee that a different initial condition would not produce

a different dynamic in the various regions, but a full study of the basins of attractions for
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every (a, b, d) combination is computationally infeasible and unessential for the purposes

of this paper (however, see Section 7 below where it is shown that multiple coexisting

attractors are common only near the onset of chaos).

From plots such as Fig. 1, it was determined that the values a = 1.6 and b = 0.1,

as shown by the dotted lines in the figure, give chaotic solutions for all d ≥ 1. These

values are close to the largest value of b for which chaos exists for fixed a (the actual

value is closer to a = 1.5933 and b = 0.10834). For much of what follows, these values

will be assumed except where describing the routes to chaos, in which case b will be fixed

at 0.1 and a varied over the range 0 to 2. For d = 1, according to Eq. (2), this choice

corresponds to varying A in the logistic map from 1.9 to 3.968164416. . . , with the value

of a = 1.6 corresponding to A = 3.685144316. . . , which coincidentally is very near the

Misiurewicz point [7] at A = 3.678573510. . . where two chaotic bands coalesce into one.

5. Attractors

Figure 2 shows the attractors for the system in Eq. (1) with a = 1.6 and b = 0.1 for

several values of d. The global structure is dominated by the quadratic map as expected

for the small value of b [8], but the dimension of the attractor clearly increases with

increasing d. This increase can be quantified by calculating the Kaplan-Yorke dimension

DKY [9] from the spectrum of Lyapunov exponents as shown in Fig. 3 along with three

of the Lyapunov exponents. Linear least-squares fits to these results over the range

1 ≤ d ≤ 100 give

DKY
∼= 0.192d + 0.699

λ1
∼= 0.354 − 2.3 × 10−5d

For these values of a and b, there is a single positive Lyapunov exponent (no hyper-

chaos), and the sum of the exponents is Σλi = log|b| = –2.302585093. . . for all d ≥
2. Consequently, the other Lyapunov exponents tend to cluster at small negative values

(λi ∼ –2.65/d for 2 ≤ i ≤ d) in the limit of large d. The actual mean at d= 100 is –0.0268

with a standard deviation of ±0.0049.

The metric entropy, which by Pesin’s identity [10] is the sum of the positive Lyapunov

exponents, is one measure of the complexity and is identical to λ1 and nearly independent

of d [11]. The single positive Lyapunov exponent is presumably a consequence of the fact

that all the stretching and folding occur along a single direction in the d-dimensional

state space. Note that all the exponents in this paper are base-e.

Because of the very smooth and predictable near linear variation of the attractor

dimension with d, this system provides a perfect opportunity for a critical comparison of

the Kaplan-Yorke dimension with the correlation dimension. Figure 3 includes data with

error bars for the correlation dimension DC [12] determined by the extrapolation method

of Sprott and Rowlands [13]. Such an extrapolation is crucial for accurately calculating
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these high correlation dimensions. A linear least-squares fit to the correlation dimension

data over the range 1 ≤ d ≤ 35 gives

DC
∼= 0.189d + 0.560

which suggests that DC
∼= 0.981DKY – 0.126 in keeping with the theoretical expectation

[14-16] of

DC ≤ DI = DKY

where DI is the information dimension. Similar behavior has been reported in an exten-

sive survey of 3-dimensional chaotic systems by Chlouverakis and Sprott [17], and the

results here can be viewed as an extension of that work up to d = 35. Such a careful

comparison of these two dimensions over such a wide range is apparently a new result.

6. Routes to Chaos

It is well known that the logistic map and the Hénon map exhibit a period-doubling

route to chaos as shown in the left panel of Fig. 4 for d = 2 and b = 0.1. Also typical

of low-dimensional maps is the existence of dense stable periodic windows in the chaotic

regime as evidenced by the negative value of λ1 and a Kaplan-Yorke dimension of zero.

By contrast, the high-dimensional case in the right panel of Fig. 4 with d = 100

and b = 0.1 shows a much smoother transition into chaos and a complete absence of

periodic windows, although there are several period doublings before the onset of chaos.

A curious feature is the oscillation between simple chaos (with λ2 < 0) and hyperchaos

(with λ2 > 0) with increasing a in the chaotic (λ1 > 0) regime. The high-dimensional

case also shows a lack of superstable orbits where λ1 is infinitely negative. The absence

of periodic windows for large d thus relates more to the dimension of the attractor than

to the presence of hyperchaos in contrast to the conjecture by Thomas, et al. [18].

Similar behavior has been observed in delay differential equations [19], convection models

governed by partial differential equations [20], lattices of coupled logistic maps [21, 22],

artificial neural networks [23], and competitive Lotka-Volterra models [24].

The detailed behavior of this case near the onset of chaos is shown in Fig. 5. At a value

of a = 1.10, the system has already period-doubled twice and exhibits a 4-cycle. When

a reaches about 1.10893 without further period doubling, a Neimark-Sacker bifurcation

[25, 26] occurs, leading to the appearance of a drift ring (a 2-torus in the corresponding

flow) as evidenced by λ1 = 0 and DKY = 1. The drift ring undergoes successive period

doublings, followed by a finite region of chaos with λ1 > λ2 = 0 beginning about a

= 1.13577 before the onset of hyperchaos with λ1 > λ2 > 0. One of the Lyapunov

exponents tends to remain at zero even after the onset of chaos, suggesting the existence

of a neutrally stable global manifold even in the presence of chaos and hyperchaos.

The route to chaos is exhibited differently by the attractors in Fig. 6. The plot of xn

versus xn−50 in the upper left is a zoom into the vicinity of one of the points in the four-

cycle just after the Neimark-Sacker bifurcation occurs. The succession of images shows
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a circular drift ring growing to a rectangular shape and then period-doubling before the

onset of chaos. The bifurcations of the drift ring to periods 2, 4, and 8 occur at a ∼=
1.12991, 1.134524, and 1.1357040, respectively, implying a Feigenbaum number of 3.91 ±
0.01, which is similar to but possibly different from the value of δ = 4.669201609. . . for

unimodal maps with a quadratic maximum [27]. Note that the plots indicate a homoclinic

tangle [28] near the corners of the rectangle as the onset of chaos is approached.

7. Global Bifurcations

The study of global bifurcations and multiple attractors in high-dimensional systems

is still in its infancy [29, 30]. The system described here provides an opportunity to study

such bifurcations in a particularly simple mapping. For this purpose, we characterize an

attractor by a single scalar value

〈r2〉 = lim
N→∞

1

N

N∑
n=1

(xn − xref )
2 (3)

which is the mean square deviation (the variance) of the attractor from the reference

point xref projected onto one axis of the time-delay embedding space. Except for a set

of measure zero, any choice of xref will give a unique and different value of 〈r2〉 for each

attractor. For fixed parameters and many different initial conditions, multiple coexisting

attractors will be indicated by values of 〈r2〉 that cluster around distinct values. With

two different reference points, even the small potential degeneracy could be resolved by

plotting the respective values in a plane, with each attractor having values that cluster

near a point in the plane. Abrupt changes in the value or slope of 〈r2〉 as a parameter is

varied will indicate a discontinuous (catastrophic or subcritical) or continuous (subtle or

supercritical) bifurcation, respectively. For the study here, the reference point was taken

as xref = b/2a (the minimum of the parabola in Eq. (1)) and initial conditions were

chosen from a normal random distribution with mean xref and variance 1.0, although

other choices give similar results.

Figure 7 shows 〈r2〉 versus a for b = 0.1 and b = 0.3 with d = 100. For the smaller

value of b, there is a single attractor for all values of a, but for b = 0.3, there is a range of

a from about 0.4 to 0.8 where multiple attractors coexist, and they are most numerous

near the onset of chaos. Figure 8 shows the relative probability for 8000 cases with

various values of 〈r2〉 for 0.6 < 〈r2〉 < 0.73 with a = 0.7, b = 0.3, and d = 100, indicating

the presence of at least seven distinct attractors. A closer examination indicates that

each of these seven cases is really a cluster of distinct but similar attractors, totaling at

least sixteen cases. Some of these attractors have very small basins of attraction since

they occur infrequently or have very similar values of 〈r2〉, which makes it difficult to be

confident that they are distinct.

Figure 9 shows four of the most common of these coexisting attractors. Three of them

are weakly chaotic (λ1 ∼ 0.002), but the one in the upper right is a period-4 drift ring

with λ1 < 10−8 (and presumably zero). Some of the attractors, such as the two at the
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bottom of Fig. 9, look almost identical but are clearly distinct, as evident by the very

different values of 〈r2〉 and the largest Lyapunov exponent.

This behavior may represent a new route to chaos through “attractor spawning.”

Figure 7 indicates that these attractors appear gradually as their basins of attraction

grow slowly or as they gradually separate from one another. The attractors coalesce into

a single strange attractor once the chaos is fully developed, and all bounded orbits then

have initial conditions that lie within its basin of attraction.

Of course Eq. (3) is only one of many possible ways to characterize an attractor.

The largest Lyapunov exponent λ1 could serve as another, and its value for each of

the four attractors is shown in Fig. 9. However, it is more difficult to calculate, and

it tends to converge more slowly. Furthermore, it would be useless for distinguishing

quasiperiodic attractors (tori) since they all have λ1 = 0. The full spectrum of Lyapunov

exponents could also be used to characterize an attractor, but that would be even more

computationally demanding.

8. Summary

Simple systems such as the one described here are useful for exploring the tran-

sition from low-dimensional and high-dimensional chaotic systems. The characteristic

intricate bifurcation structure and periodic windows in the midst of chaos gives way to

a smoother variation and more robust behavior as the dimension increases, especially in

the chaotic regime. The Kaplan-Yorke dimension increases linearly with system dimen-

sion, but the largest Laypunov exponent and metric entropy remain relatively constant.

The correlation dimension is a relatively constant fraction of about 98% of the Kaplan-

Yorke dimension. The period-doubling route to chaos that is common at low dimension

transitions to a quasiperiodic route as the dimension increases. A method for identifying

global bifurcations is described, and it shows the existence of a large number of coexisting

attractors near the onset of chaos, suggesting a new route to chaos in high-dimensional

systems.
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Fig. 1 Regions of dynamical behaviors for Eq. (1) for various values of the time delay.
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Fig. 2 Attractors for the system in Eq. (1) with a = 1.6 and b = 0.1 for various values of the
time delay.
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Fig. 3 Kaplan-Yorke dimension and Lyapunov exponents for the system in Eq. (1) with a =
1.6 and b = 0.1 versus time delay.
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Fig. 4 Kaplan-Yorke dimension and Lyapunov exponents for the system in Eq. (1) with b = 0.1
showing the route to chaos at low dimension (d= 2) and high dimension (d = 100).



Electronic Journal of Theoretical Physics 3, No. 12 (2006) 19–35 31

Fig. 5 Kaplan-Yorke dimension and a few of the largest Lyapunov exponents for the system in
Eq. (1) with b = 0.1 and d = 100 showing in more detail the onset of chaos.
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Fig. 6 Attractors for the system in Eq. (1) with b = 0.1 and d = 100 showing period doubling
of a drift ring approaching the onset of chaos.
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Fig. 7 Global bifurcations and multiple attractors for two values of b with d = 100.
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Fig. 8 Relative probability of different values of 〈r2〉 for a = 0.7, b = 0.3, and d = 100, indicating
the existence of at least seven distinct attractors.
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Fig. 9 Four coexisting attractors for a = 0.7, b = 0.3, and d = 100 near the onset of chaos.
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1. Introduction

During the last two decades many efforts have been made to solve or at least to

understand the reaming unsolved outstanding problems of theoretical physics by using

new ideas like quantum groups, deformation theory, noncommutative geometry etc.. [1]−
[9]. This may shed a light on the real microscopic geometry and structure of our universe.

One approach, is to consider a noncommutative space-time where the dynamical vari-

ables become operators and therefore, the formalism of the quantum fields theories con-

structions must be modified. It turns out that in a flat space-time geometry, this amounts

basically to replace the ordinary products by a Moyal-Weyl star products and taking into

account the Weyl ordering [1] − [10]. The goal of this paper is to consider a curved

space-time (presence of a gravitational background) and define the corresponding new

Moyal-Weyl star product and Weyl ordering. In section 2, we present our mathematical

formalism and consider an example a mass term of a complex scalar field. Finally, in

section 3, we draw our conclusions.



38 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 37–45

2. Formalism

2.1 The ordinary Moyal − Weyl ∗ −product

The Moyal-Weyl ∗-product of any two smooth functions f and g such as [12]

f (x) = (2π)−
3
2

∫
d4k eikx f̃ (k) (1)

g (x) = (2π)−
3
2

∫
d4k eikx g̃ (k) (2)

can be defined as follows:

First we associate to f and g the Weyl operators W (f) and W (g) defined by

W (f) = (2π)−
3
2

∫
d4k eikx̂ f̃ (k) (3)

W (g) = (2π)−
3
2

∫
d4k eikx̂ g̃ (k)

where x̂μ are non commuting operators satisfying

[x̂μ , x̂ν ] = iθμν (4)

Next we define the product W (f) W (g) as

W (f) W (g) = (2π)−
3
2 (2π)−

3
2

∫
d4k d4p eikx̂ eipx̂ f̃ (k) g̃ (p) (5)

Using the C-B-H formula, the Weyl product W (f) W (g) reads :

W (f) W (g) = (2π)−
3
2 (2π)−

3
2

∫
d4k d4p eikx̂+ipx̂− i

2
kμpνθμν

f̃ (k) g̃ (p) = W (f ∗ g) (6)

Where f ∗ g is a new classical function defined by:

(f ∗ g) (x) = e
i
2
θμν ∂

∂xμ
∂

∂yν f (x) g (y) (7)

This is the ordinary Moyal ∗-product. To the second ordre in θ The Moyal ∗-product

reads:

(f ∗ g) (x) = f (x) g (x) +
i

2
θμν ∂

∂xμ
f (x)

∂

∂xν
g (x) + (8)

+
i

2
θμν i

2
θαβ ∂

∂xμ

∂

∂xα
f (x)

∂

∂xν

∂

∂xβ
g (x) + ...
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Notice here, that the operators x̂μ are only defined modulo terms which vanish at the clas-

sical limit, for example xμ and xμ + Σμ
αβxαxβ −Σμ

αβxβxα are equal but the corresponding

non commutating operators are not except if Σμ
αβ is symmetric

x̂μ 	= x̂μ + Σμ
αβx̂αx̂β − Σμ

αβx̂βx̂α = x̂μ + iθαβΣμ
αβ (9)

2.2 The deformed Moyal − Weyl ∗ −product

Here, by deforming the ordinary Moyal ∗-product, we propose a new Moyal-Weyl

�-product which take in consideration the missing terms cited above and which generate

gravitational terms to the order θ2. To any smooth function f we associate the Weyl

operator W (f)

f (x) = (2π)−
3
2

∫
d4x eikx f̃ (k) → W (f) = (2π)−

3
2

∫
d4k eikX̂ f̃ (k) (10)

where X̂μ are non commuting operators associated to the following classical variables

Xμ = xμ + Γμ
αβxαxβ − 1

2
Γμ

ρλΓ
ρ
αβxαxβxλ (11)

where Γμ
αβ (x) = Γμ

βα (x) is the symmetric affine connection . The non commuting oper-

ators X̂μ are defined by a symmetrization procedure:

X̂μ = x̂μ +
(
Γ̂μ

αβx̂αx̂β
)

w
− 1

2

(
Γ̂μ

ρλΓ̂
ρ
αβx̂αx̂βx̂λ

)
w

(12)

Where the Weyl ordering is defined by:(
Σ̂μ

αβx̂αx̂β
)

w
= (Σ̂μ

αβx̂αx̂β − 2x̂αΣ̂μ
αβx̂β + x̂αx̂βΣ̂μ

αβ)/
√−g (13)

with

g = det gμν (14)

and direct simplifications (see Appendix) give:(
Σ̂μ

αβx̂αx̂β
)

w
= iθβλiθασ∂σ∂λΣ̂

μ
αβ/

√−g (15)

Where we have used the fact that Σ̂μ
αβ is symmetric, and:

[x̂μ , x̂ν ] = iθμν

and [
x̂μ , f̂ (x)

]
= iθμν∂ν f̂ (x) (16)

Thus the second term in eq.( 15) reads:
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(
Γ̂μ

αβx̂αx̂β
)

w
= −θβλ θασ∂σ∂λΓ̂

μ
αβ/

√−g (17)

It is worth to mention that we can get the same result if we define the Weyl ordering as:(
Γ̂μ

αβx̂αx̂β
)

w
= (

←−−→
Γ̂μ

αβx̂αx̂β − x̂α
←−−→
Γ̂μ

αβx̂β + Γ̂μ
αβ

←−→
x̂αx̂β)/

√−g (18)

Where

←−→
x̂αx̂β ≡ [

x̂α, x̂β
]

(19)

and

←−−−→
x̂μf̂ (x) ≡

[
x̂μ , f̂ (x)

]
(20)

Now using these relations and the fact that

Γ̂μ
αβ

←−→
x̂αx̂β = Γ̂μ

αβ

[
x̂α, x̂β

]
= iθαβΓ̂μ

αβ (21)

eq.(18) can be rewritten as(
Γ̂μ

αβx̂αx̂β
)

w
= −θβλθασ∂σ∂λΓ̂

μ
αβ/

√−g

Which is the same result as above.

Similarly, one can define the Weyl ordering
(
Σ̂μ

αβλx̂
αx̂βx̂λ

)
w
as:(

Σ̂μ
αβλx̂

αx̂βx̂λ
)

w
= (

←−−−→
Σ̂μ

αβλx̂
α
←−→
x̂βx̂λ +

←−−−→
Σ̂μ

αβλx̂
β
←−→
x̂αx̂λ +

←−−−→
Σ̂μ

αβλx̂
λ
←−→
x̂αx̂β)/

√−g (22)

and straightforward simplifications by using the fact that Σ̂μ
αβλ is symmetric with

respect to αβ give: (
Σ̂μ

αβλx̂
αx̂βx̂λ

)
w

= −2iθβλiθασ∂σΣ̂μ
αβλ/

√−g (23)

and one can deduce that:(
Γ̂μ

ρλΓ̂
ρ
αβx̂αx̂βx̂λ

)
w

= −2iθβλiθασ∂σ

(
Γ̂μ

ρλΓ̂
ρ
αβ

)
/
√−g (24)

and the noncommuting variable X̂μ can be rewritten as:

X̂μ = x̂μ +
(
Γ̂μ

αβx̂αx̂β
)

w
− 1

2

(
Γ̂μ

ρλΓ̂
ρ
αβx̂αx̂βx̂λ

)
w

(25)

where after the corresponding expressions substitutions reads:

X̂μ = x̂μ +
1

2
iθβλiθασ∂σR̂

μ
αβλ (x) /

√−g (26)

Here R̂μ
αβλ stands for the Riemann curvature tensor defined as:
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R̂μ
αβλ (x) = ∂βΓ̂μ

αλ − ∂λΓ̂
μ
αβ + Γ̂μ

ρβΓ̂ρ
αλ − Γ̂μ

ρλΓ̂
ρ
αβ (27)

Using the C-B-H formula, one can write:

eikX̂eipX̂ = eikX̂+ipX̂+ 1
2 [ikX̂ , ipX̂]+... = eikx̂+ipx̂+ikμΔx̂μ+ipνΔx̂ν− i

2
θμνkμpν ... (28)

with

Δx̂μ =
1

2
iθβλiθασ∂σR̂

μ
αβλ/

√−g (29)

Thus, The Moyal-Weyl �-product reads:

W (f) W (g) = (2π)−
3
2 (2π)−

3
2

∫
d4kd4peikx̂+ipx̂+ikμΔx̂μ+ipνΔx̂ν− i

2
θμνkμpν f̃ (k) g̃ (p) = W (f � g)

(30)

where

(f � g) (x) = eΔxμ ∂
∂xμ +Δxν ∂

∂yν + i
2
θμν ∂

∂xμ
∂

∂yν [f (x) g (y)]x=y (31)

and to the second order in θ2 , one obtains:

(f � g) (x) = f (x) g (x) + Δxμ∂μ (f (x) g (x)) +
i

2
θμν ∂

∂xμ
f (x)

∂

∂xν
g (x) (32)

+
i

2
θμν i

2
θαβ ∂

∂xμ

∂

∂xα
f (x)

∂

∂xν

∂

∂xβ
g (x) + ...

which can be rewritten as

(f � g) (x) = f (x) g (x) +
i

2
θμν ∂

∂xμ
f (x)

∂

∂xν
g (x) + (33)

i

2
θμν i

2
θαβ ∂

∂xμ

∂

∂xα
f (x)

∂

∂xν

∂

∂xβ
g (x) + ..

where

xμ = xμ + Δxμ = xμ +
1

2
iθβλiθασ∂σR

μ
αβλ/

√−g. (34)

Notice that one can add to the expression of X̂μ the term Γ̂μ
αβΓ̂ρ

ρλx̂
αx̂βx̂λ. How-

ever, if we require that the Weyl ordering of a product of non coupled terms like

Σ̂μ
αβλ...�x̂

αx̂βx̂λ...x̂� and Λ̂ν
πστ...κx̂

πx̂σx̂τ ...x̂κ factorizes i.e.:

W
(
Σ̂μ

αβλ...�x̂
αx̂βx̂λ...x̂�Λ̂ν

πστ...κx̂
πx̂σx̂τ ...x̂κ

)
= W

(
Σ̂μ

αβλ...�x̂
αx̂βx̂λ...x̂�

)
W

(
Λ̂ν

πστ...κx̂
πx̂σx̂τ ...x̂κ

)
(35)

Then, this term does not contribute since
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(
Γ̂ρ

ρλx̂
λ
)

w
=

←−−→
Γ̂ρ

ρλx̂
λ/
√−g = −iθλσ∂σΓ̂ρ

ρλ/
√−g (36)

Now, using the fact that

Γρ
ρλ = ∂λ log (g) (37)

one deduce that:(
Γ̂ρ

ρλx̂
λ
)

w
= −iθλσ∂σΓ̂ρ

ρλ/
√−g = −iθλσ∂σ∂λ log (g) /

√−g = 0 (38)

2.3 The Noncommutative Action

Let us calculate the mass term Φ+ � Φ where Φ is a complex scalar field in this new

noncommuting space-time:

(
Φ+ � Φ

)
(x) = Φ+ (x) Φ (x) + total derivative (39)

Eq.(39) can be rewritten as:

(
Φ+ � Φ

)
(x) = Φ+ (x + Δx) Φ (x + Δx) = Φ+ (x) Φ (x)+Δxμ∂μ

[
Φ+ (x) Φ (x)

]
+total derivative

(40)

which after direct simplifications, the action reads:

I =

∫
d4x

(
Φ+ � Φ

)
(x) =

∫
d4xΦ+ (x) Φ (x)+

1

2

∫
d4xθβλθασRμ

αβλ∂σ∂μ

[
Φ+ (x) Φ (x)

]√−g

(41)

2.4 2 − d Gravity coupled to a scalar field

Let us calculate this action in two dimensions, choosing θ01 = +η , with η � 1, The

gravitational term reads

θβλθασRμ
αβλ∂σ∂μ

[
Φ+ (x) Φ (x)

]
/
√−g = θβλθασRμαβλ∂

μ∂σ

[
Φ+ (x) Φ (x)

]
/
√−g (42)

which can be simplified as:

θβλθασRμ
αβλ∂σ∂μ

[
Φ+ (x) Φ (x)

]
/
√−g = −2η2R0101g

μν∂μ∂ν

[
Φ+ (x) Φ (x)

]
/
√−g (43)

In two dimensions, the scalar curvature:
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R = gμνRμν (44)

is related to the component R0101 by the relation :

R0101 =
1

2
gR (45)

Straightforward simplifications lead to:

R00 = g11R0101 (46)

R11 = g00R0101 (47)

and

R01 = R10 = −g01R0101

and consequently, the scalar curvature R reads

R = 2g−1R0101 (48)

Finally the action gets the form:

I =

∫
d2xΦ+ (x) Φ (x) − 1

2
η2

∫
d2x

√−gRgμν∂μ∂ν

[
Φ+ (x) Φ (x)

]
(49)

3. Conclusion

Thought this work we have considered a noncommutative curved space-time in a

gravitational background and define new Moyal-Weyl star product and Weyl ordering at

the order of θ2 (θ is the order parameter of the noncommutative of the space time)where

the geometric structure is included. As an example, we have considered the mass term of

a complex field and show explicitly the gravitation effect on the noncommutative-space

time. (More studies are under investigations).

Appendix

we have

(
Σ̂μ

αβx̂αx̂β
)

w
= (

(
Σ̂μ

αβx̂α − x̂αΣ̂μ
αβ

)
x̂β − x̂α

(
Σ̂μ

αβx̂β − x̂βΣ̂μ
αβ

)
)/
√−g (A-1)

which can be rewritten as:

(
Σ̂μ

αβx̂αx̂β
)

w
== (x̂α

[
x̂β, Σ̂μ

αβ

]
−
[
x̂α, Σ̂μ

αβ

]
x̂β)/

√−g (A-2)
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using the relations eq.(16) we obtain:

(
Σ̂μ

αβx̂αx̂β
)

w
= iθβλ

(
x̂α∂λΣ̂

μ
αβ − ∂λΣ̂

μ
βαx̂α

)
/
√−g = iθβλ

(
x̂α∂λΣ̂

μ
αβ − ∂λΣ̂

μ
αβx̂α

)
/
√−g

(A-3)

thus, (
Σ̂μ

αβx̂αx̂β
)

w
= iθβλ

[
x̂α, ∂λΣ̂

μ
αβ

]
/
√−g = iθβλiθασ∂σ∂λΣ̂

μ
αβ/

√−g (A-4)
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1. Introduction

The intensity, polarization and spectral distribution of the scattered light convey

significant information about processes that occur in the liquid. Further information

on the processes can be obtained by studying the liquid which is subjected to different

fields controllable under laboratory conditions. Such fields cause splittings, shifts and

spectrum line deformations to appear. The applying of external fields changes the feature

of Brownian motion and provides control over the changes in experimental spectra. We

investigate theoretically Rayleigh light scattering by a suspension of anisotropic ellipsoidal

particles placed into a laminar flow of constant velocity gradient. Such systems can be

∗ j kupriyanova@rambler.ru
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used to model macromolecular solutions, solutions of anisotropic bacteria or colloidal

particles. There are various experimental data showing the shear flow influence on the

dynamic characteristics of liquids or the admixtures in liquids [1-3]. The wing of the

Rayleigh scattering line by dilute solutions of anisotropic particles can be ascribed to

rotational motion of the particles. The changes in scattering spectra are caused by the

orientation of the particles in a shear flow. In order to describe the spectroscopy study

results, the knowledge of the time correlation functions (CF) for the spherical harmonics

of the Euler angles, determining the orientation of the molecule’s own reference frame

with respect to the laboratory one, is necessary:

Ψ
(2)
MK(t) =

〈
D

(2)
MK(t)D

(2)∗
MK(0)

〉
(1)

If the shape of a large macromolecule is approximated, for example, with an ellipsoid,

then in the case of equilibrium liquids, these correlations functions are known from a

well-developed theory of rotational Brownian motion [4]. But in the case of even simplest

Couette flows in liquids, the study CF (1) becomes a very difficult task. Macromolecules

in a shear flow are in rotation motion, which leads to significant changes in the scattering

spectra [1-3].

2. Analysis

Let the shape of an impurity particle is represented by an ellipsoid. Any change in

the orientation of such a particle is only due to its rotation, i. e. its angular velocity. The

latter can be represented as a sum of two terms. One is the regular contribution caused

by the orienting action of the heterogeneous shear flow, and the other is the random

contribution caused by the disorientation Brownian motion of the particle. We restrict

ourselves to the case of a flow with a single velocity component Vx = Γy. The regular

component of the ellipsoid’s angular velocity in the ellipsoid’s own reference frame then

has the Cartesian components [5, 6]

�Ω0 =
1

2
Γ
(
λn1n2, −λn2n3, 1 + λ

(
n2

2 − n2
1

) )
, λ =

(
b2
|| − b2

⊥
)
/
(
b2
|| + b2

⊥
)
, (2)

where (n1, n2, n3) - are the unit vectors in this frame along the principal axes of inertia

of the ellipsoid, and the parameter λ characterizes the anisotropy of the particle with

semi-axes b||, b⊥. Using the complex spherical components of the angular velocity vector,

we can represent its components through the Vigner functions of the Euler angles:

Ω0
μ =

Γ

2
δμ0 +

2∑
α=−2

aμαD
(2)
α0 , μ = −1, 0, 1 . (3)

Here, the matrix is

aμα = − λΓ

2
√

3

⎛⎜⎜⎜⎜⎝
0 1 0 0 0
√

2 0 0 0
√

2

0 0 0 1 0

⎞⎟⎟⎟⎟⎠ .
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As an external field that determines the heterogeneous conditions in which the impurity

macromolecules move, we can choose a constant electric field. In this case, the nonpolar

macromolecules are caused by the field to gain an angular momentum, and the regular

part of the angular velocity has the components [5]

�Ω =
(−σE2n2n3, σE2n1n3 , 0

)
.

The coefficient σ bears the information of the geometrical parameters of the macro-

molecules, the polarizability anisotropy, and the properties of the surroundings. A de-

tailed study of the orientation motion of the ellipsoid with an induced dipole moment

in an external electric field was initiated by one of us in [7, 8]. Here we take advantage

of those results to analyze the orientation motion of the impurity macromolecules in a

Couette flow.

We proceed from Langevin’s equations, describing the changes in the Vigner func-

tions for the ellipsoid’s orientation variables caused by its rotation with constant angular

velocity [9]
d

dt
D

(l)
MK(t) = −i

∑
λ,ρ

[
Ω0

λ(t) + Ωr
λ(t)

]
D

(l)
Mρ(t) 〈lρ |Iλ| lK〉 . (4)

Here Ω0
λ(t) and Ωr

λ(t) are respectively the components of the regular and random com-

ponents of the angular velocity in a moving reference frame tied up to the object , and

〈. . . |I| . . .〉 are the matrix elements of the projection of the rotation operator on the

coordinate axes of the molecular frame in units of h.

Using the method and approach of works [4, 7] and the properties of the matrix

elements of the rotation operator, we can find an integro-differential equation for CF (1)

of impurity axisymmetric particles in a liquid with a shear flow:

d
dt

Ψ
(l)
MK(t) = − l(l+1)−K2

3τ2
Γ

t∫
0

dt′Ψ(2)
10 (t − t′)Ψ(l)

MK(t′) − (δ1,M + δ−1,M)δ2,lδ0,K
l(l+1)−K2

6τ2
Γ

×
[

t∫
0

dt′Ψ(l)
10(t − t′)Ψ(l)

1K(t′)−tΨ
(l)
1K(t)Ψ

(l)
1K(0)

]
− 1

τlK
Ψ

(l)
MK(t),

(5)

The expressions for the characteristic time τΓ of the orientation change in a shear flow

and the relaxation time τlK of the particle’s orientation due to the thermal motion of the

particle are of the form

1

τΓ

=
|λ| Γ

2
√

3
,

1

τlK

= l(l + 1)Θ1 + K2(Θ3 − Θ1). (6)

Here, Θi are the principal values of the rotational diffusion tensor.

Note that equation (5) is obtained under assumption τΩ << τlK , where τΩ is the

characteristic time of the angular velocity relaxation. This assumption allows us to

consider (4) as a stochastic differential equation with quickly changing disturbance Ωr
λ(t),

so that equation (5) for CF (1) is correct in the first order in magnitude in the small

parameter τΩ/τlK .
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Hereinafter, we limit the study to the spectral characteristics of CF with the indices

l = 2 ,K = 0 and M = 0,±1,±2 . The solution of the integro-differential equation is

convenient to search with use of the unilateral Fourier transform for CF:

Ψ̃
(l)
MK(ω) =

∞∫
0

dtΨ
(l)
MK(t) exp(iωt). (7)

In this case, for the CF spectraΨ̃
(2)
00 (ω), Ψ̃

(2)
10 (ω) Ψ̃

(2)
20 (ω) we have the following closed

system of equations

Ψ
(2)
10 (0)

τ 2
Γ

∂Ψ̃
(2)
10 (ω)

∂(iω)
+

(
−iω +

1

τ20

)
Ψ̃

(2)
10 (ω) +

3

τ 2
Γ

[
Ψ̃

(2)
10 (ω)

]2

= Ψ
(2)
10 (0). (8)

Ψ̃
(2)
00 (ω) =

Ψ
(2)
00 (0)

−iω + 1
τ20

+ 2
τ2
Γ
Ψ̃

(2)
10 (ω)

, Ψ̃
(2)
20 (ω) =

Ψ
(2)
20 (0)

−iω + 1
τ20

+ 2
τ2
Γ
Ψ̃

(2)
10 (ω)

(9)

The solution of this system reduces to the integration of nonlinear differential first-order

equation (8). The latter can be integrated numerically or analytically. Let us introduce

the following unitless quantities values

x =
(
−iω + 1

τ20

)
τΓ√

Ψ
(2)
10 (0)

= a (−iωτ20 + 1) , z(x) = − 3

τΓ

√
Ψ

(2)
10 (0)

Ψ̃
(2)
10 (ω),

(10)

where a is a unitless parameter depending of the velocity gradient of the shear flow:

a−2 = ( τ20/τΓ)2 Ψ
(2)
10 (0). (11)

In the variables x and z(x), differential equation (8) is a special case of the Riccati

equation
d

dx
z(x) + z2(x) = xz(x) + 3 (12)

with additional condition

z(0) = − 3

τE

√
Ψ

(2)
10 (0)

∞∫
0

dtΨ
(2)
10 (t) = − 3√

Ψ
(2)
10 (0)

τϑ

τE

. (13)

Here τϑ(Γ 	= 0) is the relaxation time for the CF of the orientation variables Ψ
(2)
10 (t).

The solution of the Riccati equation (8) is expressed through algebraic functions and a

definite integral (which reduces the error integral by integration by parts; we omit the

integration result because of its awkwardness)

z(x) = x +
2x

1 + x2
+

1

(1 + x2)2A(x)
,
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A(x) =

1∫
0

du

[
xe

1
2
x2(1−u2)

(1 + x2u2)2 − ae
1
2
(x2−a2u2)

(1 + a2u2)2

]
+

e
1
2
(x2−a2)

(1 + a2)2

[
z(0) − a − 2a

1 + a2

]−1

. (14)

It follows from here and from equation (8) that the function z(ω) is not monotone. It

has a maximum at the frequency value ωe determined from the relation

2Rez(ωe) = a − 2Re
(
a2(1 + iωeτ20)

2 + 4
)1/2

. (15)

A non-vanishing solution of (15) occurs if the condition τϑ > 2τ20/(1 +
√

1 + 12a−2) is

met. Thus, the spectral density of CF for the orientation variables of the ellipsoid in a

shear flow is in general of non-Lorenz form and can have a local maximum that strongly

depend on the velocity gradient of the flow.

The complete analysis of the obtained solution of (14) is difficult because of its

awkwardness. For the sake of convenience, we calculated the CF spectra by numer-

ical integrating of the equation system (8) for the real and imaginary parts in unit-

less variables ω̃ = ωτ20, Ψ′ + iΨ′′ = Ψ̃
(2)
00 /τ20 taking the initial conditions importance’s

Ψ′ = τϑ(Γ 	= 0)/τ20(Γ = 0) ≈ 1, Ψ′′(0) = 0.

The relaxation times for the orientation motion in absence of the flow and in its

presence are not identical, but their explicit dependences of remained undetermined.

The figure represents the dependence of the real part of the spectra of Ψ
(2)
00 on the unitless

frequency for different values of the shear flow gradient squared G = a−2 ∝ Γ2.

At the presence of a shear flow the contour of a wing of a Rayleigh line is essentially

not Lorentzian and can have one or several local maxima. Both shape of a spectrum

and peak intensity of these additional maxima varies with an alternation of parameter

G value. A position of maxima on the frequencies axis in a short-wave portion of the

spectrum also is moved when parameter G increases.

3. Conclusions

Our method makes possible to receive spectra of a Rayleigh light scattering by weak

solutions of ellipsoidal particles placed in a shear flow. The presence of a shear flow

changes the nature of ellipsoids Brownian rotation that has had an effect on the shape

and spectral content of scattered lines. In particular, the contour of a Rayleigh scattering

line wing is not Lorentzian and has a fine structure with local maxima. A position on

frequencies axis and peak intensity of these additional maxima in Rayleigh scattered line

depends both on a shear flow value and the particles sizes. This fact enables to estimate

the fragments sizes on changes of light scattering spectra if a shear flow presence.
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Fig. 1 The spectra of the real part of the correlation function Ψ(2)
00 (ω)/τ20 versus the unitless

frequency ω̃ = ωτ20 for different values of the flow velocity gradient (1 - G=0.1, 2 - 0.5, 3 - 1.5,
4 - 2.5, 5 - 3.5) and in the absence of the flow(6 - G=0).
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Gödel [1] proposed the geometry [2,3] (signature +2):

ds2 = − (
dx1

)2 − 2ex4

dx1dx2 − 1

2
e2x4 (

dx2
)2

+
(
dx3

)2
+
(
dx4

)2
, (1)

to represent a rotational universe, under the hypothesis that the cosmos is composed by an

incoherent perfect fluid. The line element (1) can be embedded locally and isometrically

into En, n ≥ 5, if [3-6] there exist a set of functions zr(xj), r = 1, ..., n such that (1)

adopts the form:

ds2 =
n∑

r=1

εr (dxr)2, εj = ±1. (2)

It is worth to recall [3] that any R4 allows embedding into E10, thus we will restrict

ourselves to the range 5 ≤ n ≤ 10.

The n = 9 and n = 10 cases were already solved in [7] and [4], respectively; so for

∗ jlopezb@ipn,mx, lopezbjl@hotmail.com
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instance, with the functions:

z1 = 1√
2
ex4

cos x2,

z3 =
√

2e
x4

2 cos 1
2
(x1 + x2) ,

z5 =
√

2e
x4

2 cos 1
2
(x1 − x2) ,

z7 = x1,

z9 = ρ + 1
2
Ln

(
ρ−1
ρ+1

)
,

z2 = 1√
2
ex4

sin x2,

z4 =
√

2e
x4

2 sin 1
2
(x1 + x2) ,

z6 =
√

2e
x4

2 sin 1
2
(x1 − x2) ,

z8 = x3,

ρ =
(
1 + 1

2
e2x4

)1/2
,

(3)

the metric (1) adopts the form (2):

ds2 = − (
dz1

)2−(dz2
)2−(dz3

)2−(dz4
)2

+
(
dz5

)2
+
(
dz6

)2−(dz7
)2

+
(
dz8

)2
+
(
dz9

)2
. (4)

On the other hand, it is known that by employing indirect methods [5], the geometry

(1) accepts embedding into E7, and hence into E8 too; but in the literature nobody

has published the corresponding zr for such cases, and therefore this turns out an open

problem. Besides, the model (1) can not be [7-10] embedded into E5. At the present

time it is ignored yet [5,6] if this Gödel solution accepts local and isometric embedding

into E6.

Is the Gödel space of class two?

One says that a given R4 has class two if it can be embedded into E6 [3,6]; our interest

is to know if (1) can be represented as a surface of a pseudo-Euclidian 6-space. As a first

possibility, one can initiate the quest (if they exist) of the zr, r = 1, ..., 6 which reduce

(1) to the structure (2), and in case of success the corresponding explicit embedding will

be obtained.

Another option consists in solving the differential equations of Gauss–Codazzi-Ricci

(GCR) [3,6] for (1), next trying to construct the second fundamental forms (j)bac, j = 1, 2

and the Ricci vector Ac, which determine the extrinsic geometry of R4 with respect to

E6. If somebody were able to show that this GCR system has no solution, then the Gödel

metric will not be of class two.

Yakupov [6,11-13] has shown that in every R4 embedded into E6, the following alge-

braic necessary condition has to be fulfilled:

Y ≡∗ R∗tjkc ∗Rarkc Rar
tj

= 0, (5)

where ∗Rijkc and ∗R∗
ijkc are the duals [2,7,9,10,14-16] of the Riemann tensor. This means

that if (1) had Y 	= 0 then would be impossible its embedding into E6; but after a long

calculation it can be checked the truth of (5) for the Gödel geometry, which do not help

to decide if (1) is of class two because (5) is a necessary but not sufficient requisite for the

embedding. Hence, it will be convenient to find new necessary algebraic/differential con-

ditions alternatives to (5), rendering more information about the possibility of embedding

(1) into E6.
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Lanczos spintensor

Now we shall show that in this geometry there is a symmetric tensor which generates

differentially to conformal tensor and algebraically to curvature tensor. In fact, for the

Gödel spacetime (1) we have [17, 18] the Lanczos potential [15]:

Kaij =
1

9
(Rji ; a − Rja ; i) , (6)

where Rij = Rc
ijcis the Ricci tensor, being Racij the curvature tensor, besides ; r means

covariant derivative. On the other hand, the metric tensor satisfies gac ; r = 0 , and (1)

has the constant vector (Br) = (0, 0, 1, 0) ,that is, Br ; c = 0 . Then it is evident that (6)

is equivalent to:

Kaij =

√
2

18
(bji ; a − bja ; i) , (7)

with

bij =
√

2

[
Rij +

1

2
(BiBj − gij)

]
. (8)

Thus we have that (8) is a differential generator, via the Lanczos potential, for the Weyl

tensor:

Caijr = Kaij ;r − Kair;j + Kjra ; i − Kjri ; a + garKji − gajKri + gijKra − girKja , (9)

where Kij = Kr
ij;r But bij also is an algebraical generator for the Riemann tensor because

it verifies the Gauss equation [3]:

Racij = baibcj − bajbci . (10)

We must note that (8) violates the Coddazi relation [3] bac ; r − bar ; c = 0 because b12 ; 4 	=
b14 ; 2 , that is, it is impossible the embedding of (1) into E5 [5,8].
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[1] K. Gödel, Rev. Mod. Phys. 21 (1949) 447

[2] J. L. Synge, Relativity: the general theory, North-Holland, Amsterdam (1976)

[3] D. Kramer, H. Stephani, M. MacCallum and E. Herlt, Exact solutions of Einstein’s
field equations, Cambridge University Press (1980)

[4] J. Rosen, Rev. Mod. Phys. 37 (1965) 204

[5] C. D. Collinson, J. Math. Phys. 9 (1968) 403

[6] H. F. Goenner, General relativity and gravitation, A. Held, Editor, Plenum N.Y.
(1980) Vol. 1, Chap. 4
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1. Introduction

Recent advances in nanostructure technology have made it possible to define quasi-

one-dimensional (Q1D) constructions, which lateral dimensional electron gas (2DEG)

formed at semiconductor hetrostructure. Mesoscopic system has been shown to exhibit

unusual conductance properties, due to quantum effects [1]. This behavior also affects

the thermoelectric effect of such systems [2]. Quantized thermo power in quantum point

contact [3-5] and universal thermo power fluctuations [6] have been measured. The defini-

tion of thermodynamics transport coefficients for mesoscopic systems presents theoretical

challenge.

In this paper we study the thermo power effect in mesoscopic systems with the variable

Fermi energy and electrochemical potential at different values of channels length and

temperature respectively and thermoelectric efficiency of the quantum point contacts

∗ attiamd2005@yahoo.com
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as function of electrochemical potential. The thermo power is sensitive to the energy

dependence of the conductance.

2. Theory

We model the roughness by dividing a one-dimensional (1D), channel into a large amount

of segments in the direction of transport, the segments being thin enough so that one

can approximate the potential to be of transverse dependence only. A sample channel

of length, L, and average width, W, with random roughness of amplitude δ Won each of

the two boundaries. We assume a hard wall potential in the transverse direction. We

also connect the 1D channel to two semi-infinite reservoirs by smooth entries, in order

to avoid the formation of longitudinal resonant states between the entrance and exit [7].

It is interesting to study the influence of scattering by boundary roughness on electron

transport through quantum point contact under the variable of the Fermi energy and

electrochemical potential. A current between the reservoirs is related to differences in

chemical potential or temperature of the reservoirs. Within the linear-response theory,

this is generally formulated as

J = L̂ F (1)

Where J is general current traversing the system and F is a generalized affinity. L̂ is the

transport coefficient matrix. The corresponding net currents are heat and charge fluxes,

denoted by Q and G, respectively, and Eq. (1) is written as

⎛⎜⎝ I

Q

⎞⎟⎠ =

⎛⎜⎜⎜⎜⎜⎜⎝
L11 L

12

L21 L22

⎞⎟⎟⎟⎟⎟⎟⎠
⎛⎜⎝μL/e − μR/e

TL − TR

⎞⎟⎠ (2)

Where TL − TR = ΔT , in order to calculate L12, we use the approximation

fL (ε, T + ΔT ) − fR (ε, T )

≈
(

−df(ε−(μF +α eVsd))
dε

)
(ε − (μF + α eVsd)) Γ (ε) ΔT/T

We get

L12 ≡ (
I

ΔT

)
= − (

e
T �

) ∞∫
−∞

dε (ε − (μF + α eVsd))

Γ (ε)
(

df(ε−(μF +α eVsd))
dε

) (3)

By the same method we calculate L21,L11andL22; it is useful to define the following

additional quantity, which provides a measure for the efficiency of the thermoelectric

effect [4]

Δ ≡
(

L12 L21

L11 L22

)
(4)
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Where, Δg is a measure of the rate of entropy production in the transport process. The

problem of the electron transport through the system is solved by using the scattering–

matrix method developed by Xu [8]. The conductance at finite temperature, T, is then

given by:-

G(μF , T ) =
(

Itotal

V

)
=
(

2e2

h

) ∫∞
0

∑
i

Γi(ε)
(
−∂f(ε−(μF +α eVsd) ,T )

∂ε

)
dε

, (5)

Where

f(ε − (μF + α eVsd) , T ) is the Fermi –Dirac distributions function, the transmission

probability is given by

Γi(ε) =

[
1 +

V 2
0

4ε (V0 − ε)
Sin(K L)

]−1

(6)

K, is the wave vector

K =

[
2m∗ (ε − α e Vsd − EF )

�2

] 1
2

, (7)

and

∂f(ε − (μF + α eVsd) , T )

∂ε
= (4kBT )−1 cosh−2

[
(ε − (μF + α eVsd) − EF )

2kBT

]
(8)

Where T, is the temperature, kB is the Boltzmann constant, e is the electron charge, Vsdis

source−drain voltage, V0 is the potential well depth of the semiconductor heterojunction

quantum point contact and μF is electrochemical potential.

The thermo power, S (μF , T), for transport from one equilibrium electron reservoir

to another, along a multichannel lead are given by [3, 9]

S(μF , T ) =
[

kB

e

]
x⎧⎨⎩

∑
i

∫∞
0 dε

[
− df(ε−(μF +α eVsd),T )

dε

]
Γi(ε)

[
(ε−(μF +α eVsd)−EF )

2kBT

]
∑
i

∫∞
0 dε

[
− df(ε−(μF +α eVsd),T )

dε

]
Γi(ε)

⎫⎬⎭ (9)

Where, ε is the transverse energy associated with the ith channel in the lead, Γi is transmis-

sion probability from all channels into channels i, and f is the Fermi–Dirac distributions

function.

3. Results and Discussion

In the following, we will present our numerical calculations for the thermo power, S

(μF , T), (Eq.9) for the case GaAlAs/GaAs heterostructure. Our results are characterized

as the follows:-

In Fig. (1) Shows that the variation of the thermo power, S(μF ,T), with the Fermi

energy, EF , with different values of channels length, L. The thermo power is oscillations
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with the variable Fermi energy, and the fluctuations is random and strong, the values

of thermo power at channel length, L = 500 nm is smaller than the values of thermo

power at the channels length, L = 100 nm. In Fig. (2) Shows that the variation of the

thermo power, S (μF , T), with the electrochemical potential μF , with different values of

the temperatures, T. The thermo power is oscillations with the variable electrochemical

potential, and the fluctuations is random and strong, the values of the thermo power at

temperature, T= 0.5 K is higher than the values of the thermo power at the temperature,

T =0.1 K. In Fig (3) Show that the thermoelectric efficiency of the quantum point contacts

as function of electrochemical potential and the oscillations are periodic and even in the

electrochemical potential. This result has been confirmed by us [4, 10-12] previously and

by many authors [4, 13-14]. The cases in the presence roughness show the strong the

thermo power suppression by the roughness.

4. Conclusion

We have studied the generic effects of boundary roughness on the thermopower,

S(μF ,T), of the quantum point contacts. We have shown that in the presence of the

boundary roughness, the thermopower of long quantum point contact shows random

and rapid fluctuations and strong. These effects are more pronounced on the increasing

the Fermi energy, and electrochemical potential, the oscillations is caused by the rough

boundaries and oscillations are due to the Coulomb blockade effect and the quantum

interference of quasiparticles due to Andreev reflections processes interface. These results

agree with existing experiments and can be used as a guideline for the evaluation of the

fabrication process of quantum point contact.
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Fig. 1 The thermopower –Fermi energy dependence for different values of channels length L
(Solid line L=500 nm, dashed line L=100 nm, α = 0.5,m∗ = 0.047me , W=100 nm).

Fig. 2 The thermopower – electrochemical potential dependence for different values of temper-
atures ( Solid line T= 0.1 K, dashed line T= 0.5 K, α = 0.5, m∗ = 0.047me, W=100 nm).
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Fig. 3 The thermoelectric efficiency of the quantum point contact as function of electrochemical
potential ( α = 0.5, m∗ = 0.047me, W = 100 nm).
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There has been a great deal of interest in the idea that the matrix theory may be

an effective tool in physical theories. This tool plays an important role in the high-energy

physics and quantum field theory. In this paper, we consider the modified space-time

uncertainty in the matrix theory compactifications. In the usual space-time uncertainty,

a small distance should detect by going to high and higher momenta according to Δx ≥
�/Δp. In string theory regime, Witten [1] has shown that for detection of small distances

by going to very high momenta, the behavior of “Heisenberg microscope” changes to,

Δx ≥ �

Δp
+ α′Δp

�
, (1)

Relation (1) is a standard result of string theory and scale inversion symmetry,

Δp
√

α′

�
↔ �

Δp
√

α′ (2)

which relates large and small distances,

α′

R
↔ R (3)
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Relation (3) named T-duality. This symmetry relates large and small distance. Numerous

calculation of the space-time uncertainty have been done from different point of view

and all hint at the modified space-time uncertainty as the relation (1) [1,3,4,5,6]. An

alternative solution of the modified space-time uncertainty is in the matrix theory.

Let begin with Schwarz inequality, for any |δ > , and |γ > we can write,

|γ >= (Â− < Aα >)|α > (4)

|δ >= (B̂− < Bα >)|α > (5)

In this framework the Schwarz inequality written as,

< γ|γ >< δ|δ >≥ | < γ|δ > |2 (6)

In accordance with relation (4), (5) and (6) we have,

< γ|γ >= | < α|(Â− < Aα >)(Â− < Aα >)|α >= | < α|(Â− < Aα >)2|α > | = (ΔAα)2

(7)

and,

< δ|δ >= | < α|(B̂− < Bα >)(B̂− < Bα >)|α >= | < α|(B̂− < Bα >)2|α > | = (ΔBα)2

(8)

From Schwarz inequality and relation (7), (8) and (6) we conclude

< γ|γ >< δ|δ >= (ΔAα)2(ΔBα)2 ≥ | < α|T̂ |α > |2 + | < α|T̂ ′|α > |2 (9)

Where T̂ , T̂ ′ are non-Hermitian operators [1] and,

T̂ = (Â− < A >α)(B̂− < B >α),

T̂ ′ = (B̂− < B >α)(Â− < A >α)
(10)

Here T̂ , T̂ ′ must be the Hermitian operators. Hence, we can analyze eqs (10) as,

T̂ = D̂ +
1

2
iĈ, T̂ ′ = F̂ +

1

2
iK̂. (11)

Where Ĉ, D̂, F̂ , K̂ are the Hermitian operators.

Theorem: let A be coordinate and B, be the canonical momenta. The modified

uncertainty relation in matrix theory defined by,

(ΔAα)(ΔBα) ≥ 1

2
(< C >2

α + < K >2
α)

1/2. (12)

There is a non-commutativity relation between the coordinate and momenta, hence we

can write,

(Â− < A >α)(B̂− < B >α) 	= (B̂− < B >α)(Â− < A >α) (13)
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From eqs (13) we have,

Ĉ =
(Â− < A >α)(B̂− < B >α)

i
− (B̂− < B >α)(Â− < A >α)

i
(14)

D̂ =
(Â− < A >α)(B̂− < B >α)

2
+

(B̂− < B >α)(Â− < A >α)

2
(15)

K̂ =
(B̂− < B >α)(Â− < A >α)

i
− (Â− < A >α)(B̂− < B >α)

i
(16)

F̂ =
(B̂− < B >α)(Â− < A >α)

2
+

(Â− < A >α)(B̂− < B >α)

2
(17)

we can write,

(ΔAα)2(ΔBα)2 ≥ | < T >α |2 + | < T ′ >α |2 =
1

4
< C >2

α +
1

4
< K >2

α (18)

Consequently, from eqs. (18) we conclude that,

(ΔAα)(ΔBα) ≥ 1

2
(< C >2

α + < K >2
α)

1/2 . (19)

Eqs (19) is the genuine modified space-time uncertainty principle in the matrix theory

compactifications.

Conclusion

We incorporated the modified space-time uncertainly in the matrix theory by a

theorem, and furthermore, provident of this theorem considered.
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Abstract: We introduce a direct simple method to evaluate the one-photon double differential
spectrum from the decay of pseudo-scalar neutral mesons. The analytical distributions of the
opening angle and of the ratio of energies of the two gammas are then straightforwardly deduced.
The physical interest is also outlined.
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1. Introduction

The study of meson decay processes provides powerful tools in the understanding of

various phenomena in low- and high-energy nuclear and particle physics [1, 2].

In heavy-ion reactions at intermediate energies, the subthreshold pion production

may carry important information about the initial stage of the nucleus-nucleus colli-

sion, i.e. when the projectile and target surface just begin to overlap. Theoretically,

the subthreshold meson production can be described as a classical radiative process hav-

ing a collective character, i.e. in terms of cooperative effects involving the contribution

from several nucleons of the projectile and target [3]. Alternatively, in the framework

of transport theory, the meson production at energies as low as 25 MeV/nucleon can

be interpreted as due to nucleon-nucleon collisions whose time evolution is described

by the Boltzmann-Nordheim-Vlasov equation, usually solved by means of test-particle

techniques. The comparison with experimental data has indicated that, at intermedi-

ate energies, the subthreshold π0-production seems to be originated from an incoherent
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superposition of individual nucleon-nucleon contributions,and therefore due to Fermi mo-

mentum coupling to the relative motion of the colliding nuclei [4].

In particle physics, the pion-nucleon scattering was the first (1970s) tool adopted for

the study of meson-nucleon interaction at intermediate and high energies. The performed

experiments gave an estimation for the scattering probability and, moreover, the evidence

for the existence of instable intermediate states, the baryonic resonances [5]. These

latter can be identified by a partial-wave expansion of the interacting meson’s wave-

function. The existence of baryonic resonances has been also confirmed in electromagnetic

scattering on the nucleon, e.g. in the following scalar meson photoproduction reactions:

γ + N −→ N + π0 , (1)

γ + N −→ N + η , (2)

where N is a nucleon (either n or p). The extraction of photo-excitation amplitudes

beyond the first resonance region (Ecm
tot � 1.5 GeV ) constitutes a powerful tool in the

search for the so-called ‘missing’ resonances; these resonant baryonic states are predicted

by QCD-inspired models, such as, for example, SU(6) ⊗ O(3)-symmetric quark models,

but not observed in conventional πN −→ πN experiments. Moreover, photoproduction

experiments can provide an effective criterium for the choice between the different theo-

retical models [6]. In the following we will focus our attention on the two-gamma decay

of π0 and η mesons, i.e. their dominant decay process, with branching ratios of 98% and

38% in the two cases respectively. Because of their very small mean free paths, the neutral

mesons are detected indirectly, by reconstructing their kinematics from the decay prod-

ucts, usually via the invariant mass method. For this purpose, large efficiency detector

systems with high granularity are currently operating in various laboratories [7, 8]. The

differential spectra for the aforementioned processes are generally numerically deduced

within Monte Carlo simulation approaches, which, as it’s widely known, don’t require any

knowledge about the analytical expressions. Although this could be the only resource in

cases of very complex calculations, we’ll show here that their analytical expressions can

be in general achieved by simple and straightforward mathematical considerations.

2. Double Differential Photon Spectrum

Let us consider a reaction producing a scalar neutral meson X (either π0 or η),

which in turns decays in two photons:

X −→ γ + γ

By choosing the polar axis along the direction of the X meson momentum in the laboratory-

frame, the spin-0 nature of the X meson assures the process to be obviously isotropic and

symmetrical in the X-center-of-mass frame, each produced photon carrying one-half of

the rest energy of the X meson:

θ′1 + θ′2 = π (3)

E ′
γi =

mXc2

2
≡ E0 , i = 1, 2 , (4)
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the primed quantities denoting the kinematical variables in the X-center-of-mass frame.

The double-differential spectrum for the single decay photon is then trivially obtained as:

∂2Nγ

∂E ′
γ∂Ω′

γ

=
1

2π
δ(E ′

γ − E0) , (5)

which is normalized to 2 in order to account for the fact that each decay process produces

two photons.

By making use of (5), and of the usual Lorentz transformations for the four-momentum,

the expression for the single-photon spectrum in the laboratory frame reads:

∂2Nγ

∂Eγ∂Ωγ

=
Eγ

E ′
γ

∂2Nγ

∂E ′
γ∂Ω′

γ

=
1

2π

Eγ

E ′
γ

δ(E ′
γ − E0) (6)

Now, let us note that:

E ′
γ = γEγ(1 − β cos θ) , (7)

where γ and β have the usual meanings as in relativistic kinematics. This allows us to

rewrite the (6) in terms of laboratory-frame kinematical variables only:

∂2Nγ

∂Eγ∂Ωγ

=
1

2πγ(1 − β cos θ)
δ[γEγ(1 − β cos θ) − E0] (8)

2.1 One-photon energy spectrum

By observing that:

δ[γEγ(1 − β cos θ) − E0] = (γβEγ)
−1δ

[
cos θ − 1

β

(
1 − E0

γEγ

)]
, (9)

the integration of (8) over the whole solid angle is straightforwardly accomplished as:

dNγ

dEγ

= (γ2βEγ)
−1

∫ 1

−1

δ
[
cos θ − 1

β

(
1 − E0

γEγ

)]
(1 − β cos θ)

d cos θ =
1

γβE0

Θ

[
1 − 1

β

∣∣∣∣1 − E0

γEγ

∣∣∣∣]
(10)

where Θ is the step-function (namely it is zero for negative argument and one otherwise).

From this latter, and by making use of (4), we can infer the range of allowed values for

the energy of the single decay photon to be:

E− ≤ Eγ ≤ E+ ,

where we defined:

E± ≡ E0γ(1 ± β) =
EX

2
(1 ± β) ,

EX being the relativistic total energy of the X meson.

The obtained flat energy spectrum (10) can easily be rewritten in a compact form as:

dNγ

dEγ

=
2

EXβ
Θ[(E+ − Eγ)(Eγ − E−)] (11)
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2.2 One-photon angular distribution

Let us note that:

δ[γEγ(1 − β cos θ) − E0] =
1

γ(1 − β cos θ)
δ

[
Eγ − E0

γ(1 − β cos θ)

]
(12)

By inserting this latter into (8), and integrating over the allowed interval of energy, we

obtain:
dNγ

dΩγ

=

∫ E+

E−

∂2Nγ

∂Eγ∂Ωγ

dEγ =
1

2π

1 − β2

(1 − β cos θ)2
, (13)

the following relation holding:

E− ≤ E0

γ(1 − β cos θ)
≤ E+

In fig.1 the dependence of (13) upon θ and β is shown.

3. Distribution of angular separation and of disparity of the

photon pair

3.1 Angular separation distribution

Let us call θ the opening angle, in the laboratory frame, between the directions

of the emitted photons, θ1 and θ2 being their deflection polar angles respectively. As

the azimuthal angle is not affected by relativistic aberration, and the obvious relation

φ2 − φ1 = π holding, one easily infers:

cos θ =
2β2 − 1 − β2 cos2 θ′

1 − β2 cos2 θ′
, (14)

where we made use of the usual Lorentz transformation between θ′i and θi and of (3);

moreover, we briefly defined θ′ ≡ θi for a chosen value of i . From (14) we get:

cos2 θ′ =
1

β2

(
1 − 1 − β2

sin2 θ
2

)
, (15)

for any value of θ such that:

0 ≤ cos
θ

2
≤ β

From this latter (in which we took into account that 0 ≤ θ ≤ π ), the minimum value of

the opening angle is easily deduced:

θmin = 2 arccos β (16)

and, from the (15):

d cos θ′ =
1

4βγ2 sin3 θ
2

√
β2 − cos2 θ

2

d cos θ (17)
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It is perhaps not superflous, now, to observe, from (15), that each value of cos θ corre-

sponds to two (opposite) values of cos θ′, and so the expression for the angular distribution

of photon pairs in the laboratory frame is retrieved as:

dNγγ

dΩ
= 2

dNγγ

dΩ′
d cos θ′

d cos θ
=

1 − β2

8πβ sin3 θ
2

√
β2 − cos2 θ

2

, (18)

where [θmin, π] is the allowed range of values for θ .

In fig. 2 we plot the (18) for two different values of β . We can remark a huge rise

and compression of the distribution when θ approaches θmin as β → 0 ; this behaviour is

shown to be:

lim
β→0

dNγγ

dΩ
=

1

2π sin θ
δ(θ − π)

3.2 Disparity distribution

In order to obtain the distribution of disparity (i.e. the ratio of energies) of the two

photons from the X-meson decay, let us define u ≡ Eγ 1/Eγ 2.

Then, the number of photon pairs characterized by an energy ratio not higher than ε

is given [9] by:

Nγγ(ε) =
1

2

∫ ∫
u≤ε

∂2Nγ

∂Eγ 1∂Eγ 2

dEγ 1dEγ 2 =

=
1

2

∫ E+

E−
dEγ 2

∫ εEγ 2

E−

∂2Nγ

∂Eγ 1∂Eγ 2

dEγ 1 =

=
1

2

∫ ε

E−/Eγ 2

du

∫ E+

E−
Eγ 2

(
∂2Nγ

∂Eγ 1∂Eγ 2

)
Eγ 1=uEγ 2

dEγ 2 (19)

Therefore,
dNγγ

dε
=

1

2

∫ E+

E−
Eγ 2

(
∂2Nγ

∂Eγ 1∂Eγ 2

)
Eγ 1=εEγ 2

dEγ 2 (20)

In our case, the relation Eγ 1 + Eγ 2 = EX holding, one has:

∂2Nγ

∂Eγ 1∂Eγ 2

=
dNγ

dEγ 1

δ[EX − Eγ 1 − Eγ 2] (21)

By inserting this latter in (20), and by observing that:

δ(EX − Eγ 1 − Eγ 2) = δ[EX − (1 + ε)Eγ 2] =

= (1 + ε)−1δ

(
Eγ 2 − EX

1 + ε

)
,

we deduce:
dNγγ

dε
=

1

2

EX

(1 + ε)2

(
dNγ

dEγ 1

)
Eγ 1=EXε/(1+ε)

, (22)
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from which, by using (11), we finally get:

dNγγ

dε
=

1

β(1 + ε)2
Θ[(ε+ − ε)(ε − ε−)] , (23)

where ε± ≡ (1 ± β)/(1 ∓ β) .

In fig. 3 the (23) is displayed for β = 0.5 .

4. Conclusions

In this paper we have introduced a direct way to retrieve analitical expressions for

the energy spectrum and the angular distribution of photons from the in-flight decay of

neutral scalar mesons. These have been used in order to get the angular separation and

energy ratio distributions of the two decay photons. The importance of the meson produc-

tion mechanisms in heavy-ion collisions at intermediate energies and in particle physics

has been also outlined. In this latter context, our presented analytical expressions can be

fruitfully used both in the simulation and experimental data analysis for neutral-meson

experiments relying upon large solid angle acceptance and high granularity detectors.
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Fig. 1 One-photon angular distribution from the scalar meson decay as a function
of β .
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Fig. 2 Angular separation distribution of photon pairs in the laboratory frame for
two different values of β .
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Fig. 3 Distribution of disparity for the photon pair, with β = 0.5.
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Such derivatives lead to finite Riesz type fractional derivative, which could be considered as
the fractional power of the Laplacian operator modelling the dynamics of many anomalous
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1. Introduction

It is known that the classical calculus provides a power tool to explain and to model

many important dynamically processes in most parts of applied areas of the sciences.

But the experiments and reality teach us that there are many complex systems in nature

with anomalous dynamics, including biology, chemistry, physics, geology, astrophysics

and social sciences, and more in particular in transport of chemical contaminant through

water around rocks, dynamics of viscoelastic materials as polymers, diffusion of pollu-

tion in the atmosphere, diffusion processes involving cells, signals theory, control theory,

electromagnetic theory, and many more.

In most of the above-mentioned cases, this kind of anomalous processes have a macro-

scopic complex behavior, and their dynamics cannot be characterized by classical deriva-

tive models. It is also important to remark that the anomalous behavior of many complex

∗ amasayed@hotmail.com
† mghf408@hotmail.com



82 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 81–95

processes include the multi-scaling in the time and space variables and so also the fractal

characteristics of the media.

Stochastic tools have been used extensively during last 40 years to describe the dy-

namics of many anomalous processes, as such sub and super-diffusive processes. But the

connections of these statistical models with some fractional differential equations, involv-

ing the fractional integral and derivative operators (Riemann-Liouville, Caputo, Liouville

or Weyl and Riesz) have been formally established during the last 15 or 20 years and more

intensively during the last 10 years by so many researches of a large list of different fields.

It is possible to find so many reference of such fractional models and the applications of

the fractional differential equations in the following monographic works by I. Podlubny

(1999 [22]), B.J. West (1999 [26]), R. Metzler and J. Klafter (2000 [21]), E. Hilfer (Ed.)

(2000 [13]), G.M. Zaslavsky (2005 [27]), and A.A. Kilbas, H.M. Sivastava and J.J. Trujillo

(2006 [15]).

The Riemann-Liouville fractional integrals of order α > 0, for suitable functions ϕ (x)

(x ∈ R), in the interval (a, b) ⊆ R, are well known (see for example [22, 24])

Iα
a+ϕ (x) : =

1

Γ (α)

∫ x

a

(x − ζ)α−1 ϕ (ζ) dζ, (1.1)

Iα
b−ϕ (x) : =

1

Γ (α)

∫ b

x

(ζ − x)α−1 ϕ (ζ) dζ, (1.2)

where Γ (.) is the Gamma function. We refer to such fractional integrals Iα
a+ and Iα

b−
as left and right handed fractional integrals, respectively. Complementarily we define

I0
a+ = I0

b− := I (Identity operator), as it is usual. Let us point out the namely the

semigroup property for such fractional operators (see, for example, [24]), which can be

written as follows: ∀α, β ≥ 0,

Iα
a+Iβ

a+ = Iβ
a+Iα

a+ = Iα+β
a+ ,

Iα
b−Iβ

b− = Iβ
b−Iα

b− = Iα+β
b− .

In section 2. of this paper, the corresponding right Caputo fractional derivative is

introduced, as the corresponding complementary operator to the well known left Caputo

fractional derivative, according to the left and right handed fractional integrals given

in (1.1) and (1.2). Some properties of such derivative are presented. In section 2.4, we

obtain the numerical solutions of some simple examples of fractional differential equa-

tions, involving both mentioned Caputo derivatives, by using the Adomian decomposition

method (ADM). As an application, in section ??, we introduce a new fractional finite

Riesz derivative. Such fractional derivative could be considerd as the fractional power of

the known Laplacian operator. Finally, we establish the exact solutions of certain bound-

ary problems for the fractional diffusion-wave partial differential equations by using the

ADM. We remark that the finite Riesz derivative could play an important role in mod-

elling the dynamics of some anomalous phenomena, for example to model the dynamics

of super-diffusive processes, as a alternative to the recently models presented by several

authors by using the Riesz derivative (see for example [19, 20]).
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2. Left and Right Caputo Fractional Derivatives

In this section we present the fractional differentiation on finite interval in the frame-

work of the Caputo fractional calculus. Particular attention is devoted to the ADM

to solve Cauchy type problems of fractional differential equations involving the Caputo

derivatives in a way accessible to applied scientists. By applying such analytic-numerical

technique we shall derive the explicit solutions of some simple linear differential equations

of fractional order.

Definition 1 [10, 24] (left and right handed Riemman-Liouville fractional derivatives)

For functions f (x) given in the interval [a, b], The left and the right handed Riemman-

Liouville fractional derivatives are given by

Dα
a+f (x) =

1

Γ (m − α)

(
d

dx

)m ∫ x

a

f (t) dt

(x − t)α−m+1 , (2.1)

Dα
b−f (x) =

(−1)m

Γ (m − α)

(
d

dx

)m ∫ b

x

f (t) dt

(t − x)α−m+1 , (2.2)

where m = [α]+1, respectively. Fractional derivatives (2.1) and (2.2) are usually named

Riemman-Liouville fractional derivatives.

Definition 2 [10] (finite Weyl fractional derivative)

The finite Weyl fractional derivative of order α, m − 1 < α ≤ m of the function

f (t) ∈ �m, t ∈ (0, a) is defined by

W α
a f (t) :=

1

Γ (α)

∫ a

t

(ζ − t)m−α−1 fm (ζ) dζ,

where �m is the class of all functions f : (0, a) → X, with f (k) (a) = 0, k = 0, 1, ..., m− 1.

Let m = 1, 2, · · · and ACm ([a, b]) the space of functions ϕ which have continuous

derivatives up to order m−1 on [a, b] with ϕ(m−1) ∈ AC ([a, b]). Assuming that for m−1 <

α < m and a suitable function ϕ (x) (for example, ϕ ∈ ACm ([a, b])). The corresponding

left and right Caputo fractional derivatives, of order α > 0, to the Riemann-Liouville

fractional integrals given in (1.1) and (1.2) are given by

Dα
a+ϕ (x) = Im−α

a+ Dmϕ (x) , (2.3)

Dα
b−ϕ (x) = (−1)m Im−α

b− Dmϕ (x) , (2.4)

2.1 Some properties of the left and right Caputo fractional operators

First we introduce the following Proposition:

Proposition 1 [12]

For a well-behaved function ϕ (x) (with x ∈ (a, b)) we have⎧⎪⎨⎪⎩ DnIn
b−ϕ (x) = (−1)n ϕ (x) ,

In
b−Dnϕ (x) = (−1)n

{
ϕ (x) −∑n−1

k=0
ϕ(k)(b)

k!
(b − x)k

}
,

a < x < b,



84 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 81–95

and

DmIm
a+ = I and DmIm

b− = (−1)m I.

Assume that ϕ (x) is a suitable function, for example ϕ (x) ∈ ACm ([a, b]). For α ∈
(m − 1,m) and Dmϕ (x) 	= 0, we have the following Theorem:

Theorem 1

(1) limα→m Dα
b−ϕ (x) = (−1)m ϕ(m) (x) .

(2) If μ ≥ 0, and α ∈ (m − 1,m], we have

Dα
b−xμ =

[
m−1

Π
k=0

(μ − k)

]
(−1)m (b − x)m−αbμ−m

Γ(m − α + 1)

× F1,2(m − μ, 1; m − α + 1;
b − x

b
), b 	= 0.

(3)

Iα
b−Dα

b−ϕ (x) = (−1)m ϕ (x) +
m−1∑
k=0

(−1)m−k−1 (b − x)k

k!
Dkϕ (b) .

(4) For β > m ≥ α > m − 1,

Iβ
b−Dα

b−ϕ (x) = (−1)m Iβ−α
b− ϕ (x) +

m−1∑
k=0

(−1)m−k−1 (b − x)k+β−α

Γ (k + β − α + 1)
Dkϕ (b) .

(5) For m ≥ β > α > m − 1,

Iα
b−Dβ

b−ϕ (x) = (−1)m Dβ−α
b− ϕ (x)

+
m−1∑
k=0

(−1)m−k−1 (b − x)k+β−α

Γ (k + β − α + 1)
Dk+1ϕ (b) .

(6) Assume that β > m ≥ α > m − 1 and β = m + ν. If DmIβ
b±ϕ (x) 	= 0, then

Dα
b±Iβ

b±ϕ (x) = (±1)m Iβ−α
b± ϕ (x) .

(7) Assume that m ≥ α > m − 1 ≥ n and k + n = m. If DmIn
b±ϕ (x) 	= 0, then

Dα
b±In

b±ϕ (x) = (±1)n Dα−n
b± ϕ (x) .

Proof.

(1)

lim
α→m

Dα
b−ϕ (x) = (−1)m lim

α→m

(
ϕ(m) (b) (b − x)m−α

Γ(m − α + 1)

− 1

Γ(m − α + 1)

∫ b

x

(s − x)m−α ϕ(m+1) (s) ds

)
= (−1)m

(
ϕ(m) (b) −

∫ b

x

ϕ(m+1) (s) ds

)
= (−1)m ϕ(m) (x) .



Electronic Journal of Theoretical Physics 3, No. 12 (2006) 81–95 85

So, in (2.3) and (2.4) we can take α ∈ (m − 1, m].

(2) From the fact that

Iβ
b−x� =

(b − x)−β b�

Γ (1 − β)
F1,2(−�, 1; 1 − α;

b − x

b
), β > 0,

where F1,2(a, b; c; z) is the hypergeometric distribution introduced as [3]

F1,2(a, b; c; z) =
∞∑

j=0

(a)j(b)j

(c)j

zj

j!
,

c 	= 0,−1,−2, · · · , |z| ≤ 1, and (a)j = Γ(a+j)
Γ(a)

. So, we have

Dα
b−xμ =

[
m−1

Π
k=0

(μ − k)

]
(−1)m (b − x)m−αbμ−m

Γ(m − α + 1)

× F1,2(m − μ, 1; m − α + 1;
b − x

b
), b 	= 0,

for μ ≥ 0, and α ∈ (m − 1,m].

(3)

Iα
b−Dα

b−ϕ (x) = Iα
b−Im−α

b− Dmϕ (x) = Im
b−Dmϕ (x)

= (−1)m ϕ (x) +
m−1∑
k=0

(−1)m−k−1 (b − x)k

k!
Dkϕ (b) .

(4) For β > m ≥ α > m − 1,

Iβ
b−Dα

b−ϕ (x) = Iβ
b−Im−α

b− Dmϕ (x)

= Im+β−α
b− Dmϕ (x)

= (−1)m Iβ−α
b− ϕ (x) +

m−1∑
k=0

(−1)m−k−1 (b − x)k+β−α

Γ (k + β − α + 1)
Dkϕ (b) .

(5) For m ≥ β > α > m − 1,

Iα
b−Dβ

b−ϕ (x) = Iα
b−Im−β

b− Dmϕ (x)

= Im+α−β
b− Dm−1 (Dϕ (x)) = (−1)m Dβ−α

b− ϕ (x)

+
m−1∑
k=0

(−1)m−k−1 (b − x)k+β−α

Γ (k + β − α + 1)
Dk+1ϕ (b) .

(6) Assume that β > m ≥ α > m − 1 and β = m + ν. If DmIβ
b±ϕ (x) 	= 0, then

Dα
b±Iβ

b±ϕ (x) = Im−α
b± DmIm

b±Iν
b±ϕ (x)

= (±1)m Im−α+ν
b± ϕ (x) = (±1)m Iβ−α

b± ϕ (x) .

(7) Assume that m ≥ α > m − 1 ≥ n and k + n = m. If DmIn
b±ϕ (x) 	= 0, then

Dα
b±In

b±ϕ (x) = Im−α
b± DmIn

b±ϕ (x) = (±1)n Dα−n
b± ϕ (x) .
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It is easy to check that the following Lemma is true.

Lemma 1

If ϕ(p) (b) = 0, for all p = 0, 1, 2, · · · , [α]. Then [10]

(a) limα→p Dα
b−ϕ (x) = Dp

b−ϕ (x) =
(∓ d

dx

)p
ϕ (x) and

(b) The family
{
Dα

b−; α ∈ R
}

is a multiplicative group.

(c) If μ > 0, α ∈ (m − 1,m] (m ≥ 1)and b > x, then

Dα
x,b−(b − x)μ =

Γ(μ + 1)

Γ(μ − α + 1)
(b − x)μ−α.

2.2 The relationship between the operators Dα
b− and Dα

b−

The left and the right handed Riemman-Liouville fractional derivatives are given as [24],

Dα
a+ϕ (x) =

1

Γ (m − α)

(
d

dx

)m ∫ x

a

ϕ (t) dt

(x − t)α−m+1 , (2.5)

Dα
b−ϕ (x) =

(−1)m

Γ (m − α)

(
d

dx

)m ∫ b

x

ϕ (t) dt

(t − x)α−m+1 , (2.6)

where m = [α] + 1, respectively.

When α ∈ (0, 1) we have the following relationship between the operators Dα
b− and

Dα
b− (see [24])

Dα
b−ϕ (x) =

1

Γ (1 − α)

[
ϕ (b)

(b − x)α − Dα
b−ϕ (x)

]
.

Such relations can be extended easily to the case that α ∈ (m − 1,m] as follows:

Dα
b−ϕ (x) = Dα

b−ϕ (x) +
m−1∑
k=0

(−1)m−k (b − x)k−α

Γ (k − α + 1)

[
Dkϕ (x)

]
x=b

. (2.7)

So, if α ∈ (m − 1,m] and ϕ(k) (x) = 0 for all k = 0, 1, 2, · · · ,m − 1, then

Dα
b−ϕ (x) ≡ Dα

b−ϕ (x) .

Remark 1

(A) From the relationship (2.7) between the operators Dα
b− and Dα

b−, we find that the

finite Weyl derivative (Definition 2) coincide with the right handed Riemman-Liouville

fractional derivative (Definition 1).

(B) By passing to the limit for α → m− and using (2.7), we have

lim
α→m−

Dα
b−ϕ (x) = (−1)m ϕ(m) (x) +

m−1∑
k=0

(−1)m−k δ(m−k−1) (b − x) ϕ(k) (b)

	= (−1)m ϕ(m) (x) .

So, from Theorem 1 (1), we see that the right Caputo fractional derivative Dα
b− have

the continuation property, in other hand this property is not verified in the case of the

right handed Riemman-Liouville fractional derivative.
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The following results are well known (see, for example [15]). Here we will present a

proof of it by using the ADM as an example. We must mention that the ADM to solve

the ordinary fractional differential equations has been used by several authors with good

results (see, for example, [23, 25]).

Lemma 2 Let x ∈ (a, b) ⊆ R, ϕa ∈ R, and α ∈ (0, 1]. Then the following Cauchy type

problem

cDα
a+ϕ (x) = ϕ (x) (2.8)

ϕ (a) = ϕa, (2.9)

have the unique solution

ϕ (x) = ϕaEα ((x − a)α) . (2.10)

Proof. First of all we can be sure that the problem (2.8)-(2.9) have a unique continuous

solution by the application of the known existence theorem for Cauchy type problems in-

volving the left Caputo derivative (see for example, [9] and [15]). Here, we apply the ADM

to get the exact solution of the problem (2.8)-(2.9). In fact by the mentioned theorem

we know that such problem is equivalent to the following Volterra integral equation

ϕ (x) = ϕa + Iα
a+ϕ (x) .

Now solving the last equality by using the ordinary ADM, with ϕ0 (x) = ϕa, we have

ϕ1 (x) = Iα
a+ϕ0 = ϕa

(x − a)α

Γ (1 + α)
,

...

ϕn (x) = Iα
a+ϕn−1 = ϕa

(x − a)nα

Γ (1 + nα)
, n ≥ 1.

...

Then, we can conclude that the unique solution of (2.8)-(2.9) is given by (2.10).

Lemma 3 The unique continuous solution of the following Cauchy type problem

cDα
b−ϕ (x) = ϕ (x) , x ∈ (a, b) ⊆ R, α ∈ (0, 1], (2.11)

ϕ (b) = ϕb (2.12)

is given by

ϕ (x) = ϕbEα ((b − x)α) . (2.13)

Proof. As in Lemma 2, we apply the corresponding existence theorem to Cauchy type

problems involving the right Caputo derivative cDα
b−, from which we know that the prob-

lem (2.11)-(2.12) has a unique continuous solution which is equivalent to the integral

equation

ϕ (x) = ϕb − Iα
b−ϕ (x) .

Now we can apply the ADM, with ϕ0 (x) = ϕb, so we obtain that

ϕn (x) = Iα
b−ϕn−1 = ϕb

(
(b − x)nα

Γ (1 + nα)

)
,

and we can conclude that (2.13) is the solution of (2.11)-(2.12).
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2.3 A physical model

Consider a semi-infinite rod with a thermal source producing a temperature wave f (t)

localized at the front of the rod. The temperature wave intensity of the rod is registered

by a detector at the times t = 0 and t = b.

An efficient way of obtaining some information about a layered medium structure and

makeup is to measure its temperature wave expose reaction. The suggested technique

allows us to restore the medium basic parameters with arbitrary accuracy.

Notice that in this case we study the primary phase of temperature oscillation in

order to solve inverse problems. In the case of media exhibiting memory. So, we have

the following boundary value problem in Ω = {(x, t) : x ≥ 0, t ∈ [0, b]} :

Dα
t,b−ϕ (x, t) = λ2∂2ϕ (x, t)

∂x2
, α ∈ (0, 2], x ≥ 0, t ∈ [0, b] ,

ϕ (x, 0) = p (x) , x ≥ 0,

ϕ (x, b) = q (x) , x ≥ 0, α ∈ (1, 2], (2.14)

ϕ (0, t) = f (t) , t ∈ [0, b]

ϕx (0, t) = g (t) , t ∈ [0, b] .

where λ is the thermal diffusivity and α is the anomalous diffusion index, (see for example

[4]).

2.4 Applications of the Adomian method to solve fractional models

The ADM has been used to solve the problem (2.14) in the case α = 1, 2 by Lesnic

[16, 17, 18]. In this section we extend the ADM given in [16, 17, 18] to obtain the explicit

solution of this boundary problem in the case that α ∈ (0, 1) and α ∈ (1, 2) for the

following examples.

Example 1 Consider the fractional boundary value problem

∂2u (x, t)

∂x2
= D2α

t,b−u (x, t) , α ∈ (
1

2
, 1], x > 0, t ∈ (0, b) ,

u (0, t) =
2 (b − t)2α

Γ (2α + 1)
, t ∈ (0, b) ,

ux (0, t) = 0, t ∈ (0, b) ,

u (x, 0) = x2 +
2b2α

Γ (2α + 1)
, u (x, b) = x2.

The solution of this problem is given by

u (x, t) =
2 (b − t)2α

Γ (2α + 1)
+ x2.

Let us define the starting term

u0 (x, t) =
1

2

[
p (t) + xq (t) + f0 (x) +

(
b − t

b

)α

(fb (x) − f0 (x))

]
,
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and the recurrence relation as [16, 17, 18],

un+1 (x, t) =
1

2

[
L−1

t Lxx + L−1
xx Lt

]
un, n ≥ 0,

where Lt =c D2α
t,b−, Lxx = ∂2

∂x2 ,

L−1
t w (t) =

∫ b

t

(s − t)2α−1

Γ (2α)
w(s)ds +

(
b − t

b

)α ∫ b

0

(b − s)2α−1

Γ (2α)
w(s)ds,

L−1
xx =

∫ x

0

dx′
∫ x′

0

dx′′.

The ADM gives the solution in the following decomposed form

u (x, t) = lim
N→∞

ΦN (x, t) , ΦN (x, t) =
N∑

n=0

un (x, t) , N ≥ 0.

In this example, we use this starting term and recurrence relation in the decomposition

method to avoid the error which may be appear in our solution (see [1, 2, 16, 17, 18]).

Now, using Lemma 1 (c) and Theorem 1 (3) , with m = 2, we can conclude that

u (x, t) = − 2tbα

Γ (2α + 1)
+

(
x2 +

2 (b − t)2α

Γ (2α + 1)
+

2tbα

Γ (2α + 1)

) ∞∑
n=0

1

2n+1

= x2 +
2 (b − t)2α

Γ (2α + 1)
.

We check easily that when α → 1, we have ϕ (x, t) = x2 + (b − t)2 , which is the solution

of the wave equation,

∂2u (x, t)

∂t2
=

∂2u (x, t)

∂x2
, 0 < t < b, x > 0,

with the conditions

u (0, t) = (b − t)2 , ux (0, t) = 0, 0 ≤ t ≤ b,

u (x, 0) = x2 + b2, u (x, b) = x2, x > 0.

Example 2 Consider the backward fractional heat equation given as [11]

∂u (x, t)

∂t
= kD2α

x,b−u (x, t) , α ∈ (
1

2
, 1], x ∈ (0, b) , t > 0,

subject to the following initial and boundary conditions

u (x, 0) = f0 (x) , x ∈ [0, b]

u (0, t) = p (t) , u (b, t) = r (t) , t > 0,

where D2α
x,b−u (x, t) = I2−α

b−
∂2u(x,t)

∂x2 . We use the starting term

u0 (x, t) =
1

2

[
f0 (x) + p (t) +

(
b − x

b

)α

(r (t) − p (t))

]
,
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and the recurrence relation

un+1 (x, t) =
1

2

[
kL−1

t Lxx +
1

k
L−1

xx Lt

]
un, n ≥ 0,

where Lt = ∂
∂t

, Lxx = D2α
x,b−,

L−1
t w (t) =

∫ t

0

w(s)ds,

L−1
xx v (x) =

∫ b

x

(s − x)2α−1

Γ (2α)
v(s)ds +

(
b − x

b

)α ∫ b

0

(b − s)2α−1

Γ (2α)
v(s)ds.

To illustrate the decomposition method for solving this problem, consider k = ±1, f0 (x) =
2(b−x)2α

Γ(1+2α)
, p (t) = 2b2α

Γ(1+2α)
+ 2kt and r (t) = 2kt, then the given recurrence relation and

starting term gives

u0 (x, t) =
1

2

[
2 (b − x)2α

Γ (1 + 2α)
+

2 (b − x)α bα

Γ (1 + 2α)
+ 2kt

]
,

un (x, t) =
1

2n+1

[
2 (b − x)2α

Γ (1 + 2α)
− 2 (b − x)α bα

Γ (1 + 2α)
+ 2kt

]
, n ≥ 1,

and

u (x, t) =
∞∑

n=0

un (x, t)

=
2 (b − x)α bα

Γ (1 + 2α)
+

(
2 (b − x)2α

Γ (1 + 2α)
+ 2kt − 2 (b − x)α bα

Γ (1 + 2α)

) ∞∑
i=0

1

2i+1

=
2 (b − x)2α

Γ (1 + 2α)
+ 2kt.

As α → 1, we have

u (x, t) = (b − x)2 + 2kt

which the solution of the forward and backward heat problem (see [17])

∂u (x, t)

∂t
= k

∂2u (x, t)

∂x2
, 0 < x < b, t > 0, k = ±1,

with the initial and boundary conditions u (x, 0) = (b − x)2 , u (0, t) = 2kt, u (b, t) =

b2 + 2kt.

3. The finite fractional powers of the second order derivative

The finite Riesz potential, for x ∈ (a, b) ⊆ R, was introduced in [24], as follows:

Iα
(a,b)ϕ (x) =

Iα
a+ϕ (x) + Iα

b−ϕ (x)

2 cos
(

απ
2

)
=

1

2Γ (α) cos
(

απ
2

) ∫ b

a

|x − ζ|α−1 ϕ (ζ) dζ,
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for any α > 0 with the exclusion of odd integer numbers for which cos
(

απ
2

)
vanishes.

The finite Riesz potential given above has the semigroup only in restricted rang, e.g.

Iα
(a,b)I

β
(a,b) = Iα+β

(a,b) for 0 < α < 1, 0 < β < 1, α + β < 1.

Now, we can introduce the finite Riesz derivative, in the framework of the Caputo

derivative, as follows:

Rα
(a,b)ϕ (x) = Im−α

(a,b) Dmϕ (x) = Im−α
(a,b) (Dmϕ (x))

= −Dα
a+ϕ (x) + Dα

b−ϕ (x)

2 cos
(

(m−α)π
2

)
=

−1

2Γ (α) cos
(

(m−α)π
2

) ∫ b

a

|x − ζ|m−α−1 Dmϕ (ζ) dζ,

for any positive α ∈ (m − 1,m) and x ∈ (a, b) ⊆ R.

In general, the Riesz fractional derivative Rα
(a,b) turns out to be related to the α

2
-power

of the positive definite operator −D2 = − d2

dx2 as follows:

Rα
(a,b)ϕ (x) =

(
− d2

dx2

)α
2

ϕ (x)

=

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−Dα
a+ϕ(x)+Dα

b−ϕ(x)

2 cos( (1−α)π
2 )

, α ∈ (0, 1),

−Dα
a+ϕ(x)+Dα

b−ϕ(x)

2 cos( (2−α)π
2 )

, α ∈ (1, 2),

− 1
π

∫ b

a
Dϕ(ζ)
|t−ζ| dζ, α = 1,

(3.1)

where x ∈ (a, b) ⊆ R.

From our definition of the finite Riesz derivative it is easy to prove the following

Lemma.

Lemma 4

Let α ∈ (1, 2), and ϕ (x) be suitable function, for example ϕ (x) ∈ AC2, then

(a) limα→2 Rα
(a,b)ϕ (x) = − d2

dx2 ϕ (x) .

(b) Rα
(a,b) (kx + �) = 0 for all constants k, �.

(c) For α ∈ (m − 1,m], we have

Rα
(a,b)I

m
a+ϕ (x) = Im−α

(a,b) ϕ (x) ,

and

(d) Rα
(a,b)I

m
b−ϕ (x) = (−1)m Im−α

(a,b) ϕ (x) .
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Proof.

(a)

lim
α→2

Rα
(a,b)ϕ (x) = lim

α→2
I2−α
(a,b)D

2ϕ (x)

= lim
α→2

⎡⎣−Dα
a+ϕ (x) + Dα

b−

2 cos
(

(2−α)π
2

)
⎤⎦ϕ (x)

= − d2

dx2
ϕ (x) .

So, in (3.1) we can take α = 2.

(b) Rα
(a,b) (kx + �) = I2−α

(a,b)D
2 (kx + �) = 0 for all constants k, �.

(c) For α ∈ (m − 1,m], then by using Proposition 1, we have

Rα
(a,b)I

m
a+ϕ (x) = Im−α

(a,b) Dm
(
Im
a+ϕ (x)

)
= Im−α

(a,b) ϕ (x) ,

(d) Rα
(a,b)I

m
b−ϕ (x) = Im−α

(a,b) Dm
(
Im
b−ϕ (x)

)
= (−1)m Im−α

(a,b) ϕ (x) .

Remark 2

The finite Riesz derivative introduced above could be so convenient to be applied in

model connected with physics, engineering, and applied science (see for example, [20-23]).

Also we must point out that The finite Riesz derivative is a complementary operator to

the well known Riesz derivative given explicitly by Samko et al. [24], in the d-dimensional

case, as follows:

(−Δ)
α/2
d f (x) =

−Γ [(d − 2 + α) /2]

π(2−α)/222−αΓ [(2 − α) /2]

∫
Ω

Δf (ξ)

‖x − ξ‖d−2+α
dΩ (ξ)

= −I2−α
d [Δf (x)] .

where 0 < α < 2, x ∈ Ω ⊂ R
d, and

Iβ
d w (x) =

Γ [(d + β) /2]

πβ/22βΓ [β/2]

∫
Ω

w (ξ)

‖x − ξ‖d+β
dΩ (ξ) .

Example 3

We can consider the space-time fractional diffusion equation in a finite space domain,

which is obtained from standard diffusion equation in a finite space domain, by replacing

in the standard diffusion equation

∂

∂t
u (x, t) = C

∂2

∂x2
u (x, t) , x ∈ R, t ≥ 0

the second-order space derivative by the finite Riesz derivative of order β ∈ (1, 2] and the

first-order time derivative by the Caputo derivative of order α ∈ (0, 1], which can inter-

preted as a space and time derivative of fractional order, we obtain a sort of generalized

diffusion equation.

Dα
t u (x, t) = CRβ

xu (x, t) , x ∈ (a, b) , t ≥ 0.
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The infinite space domain was investigated with respect to its scaling and similarity prop-

erties in [14].

Dα
t u (x, t) = CRβ

xu (x, t) , x ∈ R, t ≥ 0 (3.2)

with to the initial condition

u (x, 0) = δ (x) , x ∈ R, (3.3)

where Dα
t ≡ Dα

t,0+ is the Caputo time fractional derivative of order α, with respect to

t, Rβ
x ≡ Rβ

(a,b),x is the space finite Riesz derivative of order β in (a, b), C is the positive

coefficient of diffusion, α ∈ (0, 1], β ∈ (1, 2], u(x, t) is a real function in the time-space

variables, and δ (x) is the Dirac delta function. So the solution of (3.2) with the initial

condition (3.3) is given as [14]

uα,β (x, t) =

∫ ∞

−∞
Gα,β (x − y, t) δ (y) dy,

where

Gα,β (x, t) =
1

2π

∫ ∞

−∞
e−ikxEα

[
C(−ik)βtα

]
dk.

and Eα (z) is the Mittag-Leffler function defined as [22]

Eα (z) =
∞∑

n=0

zn

Γ (1 + nα)
.
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Abstract: First, using a driven harmonic oscillator model by a numerical scheme formulated by
Littlewood, we present a computer simulation of charge density waves (CDW); next, we use this
simulation to show how the dielectric model presented via this procedure leads to a blow up at
the initialization of a threshold field ET . Finding this approach highly unphysical, we initiated
inquiry into alternative models. We investigate how to present the transport problem of CDW
quantum mechanically, through a numerical simulation of the massive Schwinger model. We
find that this single-chain quantum mechanical simulation used to formulate solutions to CDW
transport is insufficient for transport of soliton-antisolitons (S-S’) through a pinning gap model
of CDW. We show that a model Hamiltonian with Peierls condensation energy used to couple
adjacent chains (or transverse wave vectors) permits formation of S-S’ that can be used to
transport CDW through a potential barrier. This addition of the Peierls condensation energy
term is essential for any quantum model of CDW to give a numerical simulation to tunneling
behavior.
c© Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Charge-Density-Wave Systems (CDW), Schwinger Equation, CDW Simulations,
Solitons, Tunneling
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1. Introduction

The classical charge density wave (CDW) transport model, as presented by Gruner,

answers a host of CDW questions associated with electrodynamic phenomena. However,

as we show, we obtained a very non linear blow up of the calculated dielectric response

of NbSe3, which indicates that the Gruner model requires revision. This lead to inves-

∗ projectbeckwith2@yahoo.com
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tigations of first a single-, then a multi-chain model of CDW based upon the massive

Schwinger equation model, with results we discuss herein.

Previously, we used the integral Bogomil’nyi inequality to show how a soliton-anti

soliton (S-S’) pair could form [1], [2]. Here, we argue that this is equivalent to putting

in a so called multi-chain interaction term with a constant term in it proportional to the

Peierls gap times a cosine term representing interaction of different CDW chains in our

massive Schwinger model, [3] which is highly unusual since at first glance adding in an

additional potential energy term makes the problem look like a Josephon junction problem

with no connection to the fate of the false vacuum hypothesis. We found that a single-

chain simulation of the problem suffers from two defects. First, it does not answer what

are the necessary and sufficient conditions for formation of a S-S’. More importantly, we

also find through numerical simulations of the single-chain transport model that one needs

additional physical conditions to permit barrier penetration. Our numerical simulation of

the single chain problem for CDW involving S-S’ gave a resonance condition in transport

behavior over time, with no barrier tunneling. We argue that the false-vacuum hypothesis

[1,2,4] is a necessary condition for the formation of S-S’ pairs — and that the multi-chain

term we add to a massive Schwinger equation for CDW transport is a sufficiency condition

for the explicit formation of a S-S’ in our CDW transport problem. We initiate the second

quantum mechanical section of this monograph by a numerical simulation of the single

chain model of CDW, then show how addition of the Peierls condensensation energy

permits a S-S’ to form. Then, we present how to numerically simulate a multi-chain

CDW simulation.

2. Presenting the Classical Washboard Potential Using Little-

wood’S Random Pinning Model

In 1986, Littlewood [5] presented an innovative scheme which incorporates a classical

phase pinning model of Fukuyama, Lee, and Rice [6] [7] for the interaction of impurities

in a one dimensional setting. We note that, in numerical form, Littlewood’s scheme bears

striking semblance to the Sine-Gordon equation [8] for evolution of phase values along a

one dimensional crystal. The impurity sites are randomly distributed in one dimension;

we have that the phase term φ (x) represents the local ‘position’ of a charge density wave

which interacts via an interaction potential of

Vj (x − Rj) ≡ V · δ (x − Rj)

which is a short range interaction between the phase φ (x) and an impurity site Rj.

V turns out to be a strength of interaction term which we set equal to unity in our

simulation, and the randomly chosen position of impurities,Rj, happens to be chosen via

a random number generator in our simulation, and this selection done in such a way as to

avoid bunching about certain fixed numerical quantities in a one dimensional line. This

necessitated an ordering insuring Rj+1 > Rj. Given this, Littlewood used an overdamped

equation of motion, as well as dimensionless units, in order to give an evolution equation
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with a first order derivative of phase with respect to time, assuming that phase φ (x)

responds ‘instantly’ to the effects of an extremely localized interaction of phase with

each impurity site given by Rj. This last assumption permits us to integrate between

impurity sites so as to come up with a first order in time evolution equation for the phase

φ (xj) ≡ φj, where each xj ≡ c · Rj. The constant, c, is the impurity concentration and

assumes that we have a correlation length L so that we observe c · Ld >> 1; that is, we

have weak impurity pinning (here, d is the dimensionality of the spatial integration). In

our model, we set d=1.0. The remainder of this section on classical models is to look at

the consequences of taking a discrete Fourier transform (DFT) of current J ≈
〈
φ̇
〉

to

obtain computed conductivity and dielectric values due to the evolution of CDW along

a one-dimensional crystal.

Several caveats are in order. First, we had to keep impurity sites from clustering

too closely about the origin. When this occurs, we obtain wildly divergent computed

numerical values for several computed physical quantities, especially, the derivative of

phase with respect to time; this leads to spurious results for conductivity even when the

applied E field is < Eth. In fact, the scheme became so unstable that, when we had

numerous impurity sites near the origin, the derivative of phase with respect to time

would blow up after only several dozen time steps from an initial time. In contrast with

this instability, quite stable values of the derivative of phase with respect to time exist so

long as the applied field to a quasi one-dimensional metal sample (e.g., NbSe3)wa s less

than a strength V and applied electric field E having their dimensions rescaled by variable

changes to non-dimensional constants. However, it is important to note that Eq. 2.1 uses

a non-uniform distribution of impurity sites, when there is an interaction between phase

and ions in a one-dimensional setting. However, the Δφi term in Eq. 2.1 represents the

interaction between adjacent impurity sites and shows compression (or deformation) of

the CDW phase, while assuming the impurity sites as given by Xi = cRi have a random

distribution of Ri values, while having Ri > Ri−1.

•
φi = Δ2φi +

1

2
E(Xi+1 − Xi) + V sin(θi + φi) (2.1)

Eq. 2.1 is due, in part to setting the acceleration term
••
φ in the sliding condition (uniform

spacing for impurities) for CDW equal to zero (called deep damping due to importance

of the 1
τ

•
φ term) while then, next, randomizing the position of impurity sites that is

initially set equally spaced in Eq. 2.1. The θi expression in Eq. 2.1 is a randomized force

term that varies according to a random generation of numerical values between zero and

2π. Furthermore, although the sliding criteria for CDW mentioned in Eq. 2.2 assumes

no spatial compression (meaning the presence of CDW only, but of no soliton), we can

specifically show a distinct spatial behavior for the φ phases as generated by Eq. 2.1

above. We now refer to the uniform spacing between impurity sites equation for the

evolution of phase values, by

••
φ +

1

τ

•
φ +ω2

0 sin φ = e · Q

MF

· E (t) (2.2)
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Eq. 2.1 explicitly uses φi = φ(Xi) where Xi= c R i and c represents impurity concen-

tration for each impurity site on a one-dimensional line. R i represents each place on

a one-dimensional line for each impurity site and is a randomly set, monotonically in-

creasing function for each ith index that grows larger. We also used a discretized second

derivative.[9], [10], [11]

Δ2φi =
φi+1 − φi

Xi+1 − Xi

− φi − φi−1

Xi − Xi−1

(2.3)

If we look at the first end point of the impurity sites, this procedure leads to a re-write

of Eq. 2.3, which looks like [12]

Δ2φ1 =
φ2 − φ1

X2 − X1

− φ1 − φN

X1 − (XN − L)
(2.4)

where L is the grid length used in this simulation of CDW dynamics.

For the sake of including in both DC and AC contributions to an electric field, we

can write

E = Edc (2.5)

and/or

E = Edc + Eacsin(ωτ) (2.6)

When these electric field values are put into both Eq. 2.1, we may then examine dielectric

plots which are plotted against increasing frequency according to:

Reε(ω) = 4π

(
Imσ(ω)

ω

)
(2.7)

and

Imε(ω) = 4π

(
Reσ(ω)

ω

)
(2.8)

Reσ(ω) ∝ g1 ·
∑

n

〈
φ̇
〉

n
· cos (ωtn) · Δt (2.9)

as well as

Imσ(ω) ∝ g1 ·
∑

n

〈
φ̇
〉

n
· sin (ωtn) · Δt (2.10)

As written, the derivative of phase used here is from a second-order Runge-Kutta sim-

ulation, which was chosen for robustness of simulation. Having a higher-order accurate

simulation for the derivative of phase, as symbolically indicated above placed in what

appears to be a first-order calculation of conductivity would effectively negate the entire

purpose of improved accuracy of taking the derivative of the phase calculation, as sym-

bolically referred to in Eq. 2.1. We must perform the DFT inside the Runge-Kutta sub-

routine initially chosen to analyze the left side of Eq. 2.1 accurately. Otherwise, round-off

error from the first-order conductivity calculation dominates, negating the second-order

calculations used for the current calculation. We find that if we re-scale dielectric mea-

surements, we re-scale dielectric measurements versus an applied electric field by resetting

ε/εinitial in place of just ε versus E field (applied to an experimental sample), and that as

the frequency ω gets much smaller than ωc, we observe increasingly non-linear dielectric

behavior as the E field approaches Eth. This is seen in Figures 2a, 2b,



Electronic Journal of Theoretical Physics 3, No. 12 (2006) 97–116 101

3. Review of the Q.M. Numerical Behavior of a Single Chain

for Cdw Dynamics

Partly due to the failure of the classical model to avoid a blow up of the dielectric

constant, addressed in the second section, we review alternate computational models

that could provide some of the numerical behavior that has more overlap with known

experimental features seen in previous device-development lab (TcSAM) experiments

that were performed in the 1990s up to 2000. First, we examine. a quantum mechanical

CDW model introduced by Dr. Miller, which answers certain physical issues but that we

found required building in additional features.

We are modifying a one chain model of CDW transport initially pioneered by Dr. John

Miller that furthered Dr. John Bardeen’s work on a pinning gap presentation of CDW

transport and that involves a Hamiltonian modeling how CDW would move via modeling

with S-S’ pairs. Qualitatively, the single-chain model is a useful way to introduce how

a threshold electric field would initiate transport. We did, however, assume that the

CDW would be easily modeled with a S-S’ Gaussian packet, which is what we found

needs further justification. With these considerations, we undertook this investigation

to determine, among other things, the necessary and sufficient condition to physically

justify use of a S-S’ for our wave packet.

We start by using an extended Schwinger model [3], [13] with the Hamiltonian set as

H =

∫
x

[
1

2 · D · Π2
x +

1

2
· (∂xφx)

2 +
1

2
· μ2

E · (φx − ϕ)2 +
1

2
· D · ω2

P · (1 − cos φ)

]
(3.1)

as well as working with a quantum mechanically based energy

E = i�
∂

∂t
(3.2a)

and momentum

Π = (�/i) · ∂

∂φ(x)
(3.2b)

The first case we are considering is a one-chain mode situation. Here, in order to intro-

duce a time component, Θ ≡ ωDt was used explicitly as a driving force, while using the

following difference equation due to using the Crank Nickelson [14] scheme. We should

note that ωD is a driving frequency to this physical system which we were free to ex-

periment with in our simulations. The first index, j, is with regards to space, and the

second, n, is with regards to time step. Eq. 3.3 is a numerical rendition of the massive

Schwinger model plus an interaction term, where one is calling E = i� ∂
∂t

and one is using

the following replacement

φ (j, n + 1) = φ (j, n − 1)

+i · Δt ·

⎛⎜⎝ �

D

[
φ(j+1,n)−φ(j−1,n)−2·φ(j,n)+φ(j+1,n+1)+φ(j−1,n+1)−2φ(j,n+1)

(Δx)2

]
−2·V (j,n)

�
φ (j, n)

⎞⎟⎠ (3.3)
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We use these variants of Runge-Kutta in order to obtain a sufficiently large time step

interval so as to be able to finish calculations in a reasonable period of time, while avoiding

an observed spectacular blow up of simulated average phase values; one so bad that one

gets nearly infinite wave function values after, say 100 time steps at Δt ≈ 10−13. Stable

Runge-Kutta simulations require Δt ≈ 10−19. Otherwise, one would need up to half a

year on a PC in order to get the graph presented in Figure 4 below.

A second numerical scheme, the Dunford-Frankel, which is implicit [14], allows us to

expand the time step even further. Then, the ‘massive Schwinger model’ equation has:

φ (j, n + 1) =
2 · R̃

1 + 2 · R̃ · (φ (j − 1, n) − φ (j + 1, n)) +
1 − 2 · R̃
1 + 2 · R̃ · φ (j, n − 1) (3.4)

−i · ΔtV (j,n)
�

φ (j, n)

where one has R̃ = −i · Δt �

2·D·(Δx)2
.The advantage of this model is that it is second-

order accurate, explicit, and unconditionally stable, so as to avoid numerical blow up

behavior. One then gets resonance phenomena as represented by Figure 4. This is, to

put it mildly, quite unphysical and necessitates making the changes that we present in

this manuscript.

4. Addition of an Additional Term in the Massive Schwinger

Equation to Permit Formation of A S-S’ in Our Model

Initially, we show how addition of an interaction term between adjacent CDW chains

will allow a S-S’ to form due to analytical considerations that we outline here. Next, we

show in a numerical simulation how these terms could lead to quantum tunneling. Finally

we shall endeavor to show how our argument with the interaction term ties in with the fate

of the false vacuum construction of S-S’ terms performed when we used the Bogomil’nyi

inequality [2], [15] as a necessary condition to the formation of S-S’ term. Let us now

first refer to how we can obtain a soliton via assuming that adjacent CDW terms can

interact with each other.

There is an interesting interplay between the results of using the Bogomil’nyi in-

equality [2], [15] to obtain a S-S’ pair which we approximate via a domain thin wall ap-

proximation [2], [16] and the nearest neighbor approximation of how neighboring chains

interrelate with one another to obtain a representation of phase-evolution as an arctan

function w.r.t. space and time variables. To whit, we can say that the Bogomil’nyi in-

equality provides for the necessity of a S-S’ pair nucleating via a Gaussian approximation,

while the interaction of neighboring chains of CDW material permits the existence of S-S’

in CDW transport.

The Bogomil’nyi inequality [2], [15] permits the nucleation of a S-S’ pair, whereas in

the argument we advance here is also pertinent whether or not we have the existence of

an individual S-S’. This assumes we are using Δ
′

as a Peierls gap [17] energy term as

an upper-bound for energy coupling between adjacent CDW chains. Note that in the

argument about the formation of a S-S’, we use the following equation for a multi chain
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simulation Hamiltonian with Peierls condensation energy [3], [17] used to couple adjacent

chains (or transverse wave vectors):

H =
∑

n

[
Π2

n

2 · D1

+ E1 [1 − cos φn] + E2 (φn − Θ)2 + Δ′ · [1 − cos (φn − φn−1)]

]
(4.1a)

with ‘momentum ‘ we define as

Πn = (h/i) · ∂

∂φn

(4.1b)

We can reverse engineer this Hamiltonian to come up with an equation of motion which

leads to a soliton, via use of taking the potential in Eq. 3.1a and then use a nearest

neighbor approximation to use a Lagrangian based calculation of a chain of pendulums

coupled by harmonic forces to obtain a differential equation which has a soliton solution.

To do this, if we say that the nearest neighbors of the adjacent chains make the primary

contribution, we may write the interaction term in the potential of this problem to be [3]

Δ
′
(1 − cos [φn − φn−1]) → Δ

′

2
· [φn − φn−1]

2 + very small H.O.T.s (4.2)

and then considered a nearest neighbor interaction behavior via

Vn.n. (φ) ≈ E1 [1 − cos φn] + E2 (φn − Θ)2 +
Δ

′

2
· (φn − φn−1)

2 (4.3)

Here, we have that Δ
′
>> E1 >> E2 , so then we had a round off of

Vn.n. (φ)|
first order roundoff

≈ E1 [1 − cos φn] +
Δ

′

2
· (φn+1 − φn)2 (4.4)

which then permits us to write

U ≈ E1 ·
n+1∑
l=0

[1 − cos φl] +
Δ

′

2
·

n∑
l=0

(φl+1 − φl)
2 (4.5)

which allowed us, eventually, to obtain using L = T − U a differential equation of

••
φi −ω2

0 [(φi+1 − φi) − (φi − φi−1)] + ω2
1 sin φi = 0 (4.6)

with

ω2
0 =

Δ′

me−l2
(4.7)

and

ω2
1 =

E1

me−l2
(4.8)

where we assume the chain of pendulums, each of which is of length l actually will lead

to a kinetic energy

T =
1

2
· me−l2 ·

n+1∑
j=0

•
φ2

j (4.9)
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where we neglect the E2 value. However, as we state in our derivation of the formation

of a S-S’ pair, having E2 → ε+ ≈ 0+ would tend to lengthen the distance between a

S-S’ pair nucleating, with a tiny value of E2 → ε+ ≈ 0+, indicating that the distance L

between constituents of an S-S’ pair would get very large. We did, however, find that it

was necessary to have a large Δ
′
for helping us obtain a Sine-Gordon equation. This is so

that when we set the horizontal distance of the pendulums to be d, the chain is of length

L
′
= (n + 1)d. Then, if mass density is ρ = me−/d and we model this problem as a chain

of pendulums coupled by harmonic forces, we set an imaginary bar with a quantity η as

being the modulus of torsion of the imaginary bar, and Δ
′
= η/d. We have an invariant

quantity, which we will designate as: ω2
0d

2 = η
ρ·l2 =v2, which, as n approaches infinity,

allows us to write a Sine-Gordon

∂2φ (x, t)

∂t2
− v2∂φ (x, t)

∂x2
+ ω2

1 sin φ (x, t) = 0 (4.10)

with a way to obtain soliton solutions. In order to obtain soliton solitons, we introduce

dimensionless variables of the form z = ω1

v
· x , τ = ω1 · t, leading us to finally obtain a

dimensionless Sine–Gordon equation, which we write as:

∂2φ (z, τ)

∂τ 2
− ∂2φ (z, τ)

∂z2
+ sin φ (z, τ) = 0 (4.11)

so that

φ± (z, τ) = 4 · arctan

(
exp

{
± z + β · τ√

1 − β2

})
(4.12)

where we can vary the value of φ± (z, τ) between 0 to 2 · π. Below is an example of how

one can do just that: When one is looking at φ+ (z, τ) and set β = −.5, where one has

τ = 0 one can have φ+ (z << 0, τ = 0) ≈ ε ≈ 0 and, also, have φ+ (z = 0, τ = 0) = π;

whereas for sufficiently large z one can have φ+ (z, τ = 0) → 2 · π. In a diagram with z

as the abscissa and φ+ (z, τ) as the ordinate, this soliton field from 0 to 2 · π propagates

with increasing time in the positive z direction and with a dimensionless velocity of β. In

terms of the original variables, the soliton so modeled moves with velocity v · β in either

the positive or negative x direction. One gets a linkage with the original pendulum model

linked together by harmonic forces by allowing the pendulum chain as an infinitely long

rubber belt whose width is l and which is suspended vertically. What we have described

is a flip over of a vertical strip of the belt from φ = 0 to φ = 2 · π which moves with

a constant velocity along the rubber belt. This motion is typical of the soliton we have

managed to model mathematically from our potential terms above. It is very important

to keep in mind the approximations used above. First, we are using the nearest neighbor

approximation to simplify equation 4.4. Then, we are assuming that the contribution to

the potential due to the driving force E2 (φn − Θ)2 is a second order effect. All of this in

its own way makes for an unusual physical picture, namely that the ‘capacitance’ effect

given by E2 (φn − Θ)2 will not be a decisive influence in deforming the solution, and is

a second order effect which is enough to influence the energy band structure the soliton

will be tunneling through but is not enough to break up the soliton itself.
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5. Computer Simulation Work for Multi Chain Representations

of Cdw Transport

Now, our Peierls gap energy [3], [17] was added to the massive Schwinger equation

model [13] precisely due to the prior resonance behavior with a one-chain computer

simulation. We can now look at the situation with more than one chain. To do so, take

a look at a Hamiltonian with Peierls condensation energy used to couple adjacent chains

(or transverse wave vectors)[3], [18]:

H =
∑

n

[
Π2

n

2 · D1

+ E1 [1 − cos φn] + E2 (φn − Θ)2 + Δ′ · [1 − cos (φn − φn−1)]

]
(5.1)

and Π=
n

(
�/i

)
· ∂/∂φn

and when we will use wave functions which are

Ψ = N ·
∏

j

(
a1 exp

(−α · φ2
j

)
+ a2 exp

(−α (φj − 2 · π)2)) (5.2a)

with a two chain analogue of

Ψtwo chains = N ·
2∏

n=1

(
a1 exp

(−α · φ2
j

)
+ a2 exp

(−α (φj − 2 · π)2)) (5.2b)

If so, we put in the requirement of quantum degrees of freedom so that one has for each

chain for a two dimensional case

|a1|2 + |a2|2 = 1 (5.3)

that provides coupling between nearest neighbor chains. In doing so, we are changing

the background potential of this to a different situation where one has multiple soliton

pairs that are due to the Δ
′
term in which has huge cusps given which permit the exis-

tence of tunneling due to the band structure we will present as given in Figure 5, which

we will describe in the next paragraph. We will first describe a two band structure and

then generalize to a five band structure we will graph in Figure 5 later on. First for a

two cusp band situation with dynamical structure we have two chain interactions which

we will describe here first. We should note that in tandem with NbSe3 being quasi one

dimensional that α ≈ 1√
soliton w idth

. For phase co-ordinate φj, exp
(−α · φ2

j

)
is an un-

renormalized Gaussian representing a S-S’ centered at φj = 0, and a probability of being

centered there given by |a1|2. Similarly, exp (−α · (φj − 2 · π)2). is an unrenormalized

Gaussian representing a ‘soliton’(anti-soliton) centered at φj = 2 · π with a probability

of occurrence at this position given by |a2|2. We can use Eq. 5.3 to represent the total

probability that one has some sort of tunneling through a potential given by Eq. 5.1

dominated by the term Δ
′
which dominates the dynamics we can expect due to Eq. 5.1.

We then are working with

E (Θ) = 〈Ψtwo chains|Htwo chains |Ψtwo chains〉 (5.4)



106 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 97–116

We observe a band structure of sorts given by this minimum ‘energy surface’ given in the

graph of Eq. 5.4 And we find that the term Δ
′
given in Eq. 4.4 is needed in order to

obtain a band structure in the first place. The situation in which we have a band structure

with Δ
′
(1 − cos [φ2 − φ1]) included [3],[18] becomes complicated when we use Fortran

90, since this would ordinarily imply coupled-differential equations, which are extremely

unreliable to solve numerically. For a number of reasons, one encounters horrendous round

off errors with coupled-differential equations solved numerically in Fortran. Thus, when

the problem was completed, instead, using Mathematica software which appears to avoid

the truncation errors Fortran 90 presents us if we use a PC. with standard techniques.

Here is how the problem was presented before being coded for Mathematica: where one

has E1 = Ep = pinning energy, E2 = Ec = charging energy, and Δ
′ · [1 − cos (φ2 − φ1)]

represents coupling between “degrees of freedom” of the two chains. For higher number of

interacting chains, we generalize to Δ
′ ·[1 − cos (φn − φn−1)] When we had five interacting

chains, the wave function was set to a different value than given in either Eq. 5.2 or Eq.

5.2a

Ψm (φi) =
2∑

m=−2

bm exp (−α (φi − 2 · π · m)) (5.5)

with:
2∑

m=−2

b2
m = 1 (5.6)

we obtained a minimum energy ‘band structure’ with five adjacent parabolic arcs [3], [18].

We obtain a minimum energy out of this we can write as:

E = Emin = 〈Ψ| Ĥ |Ψ〉 (5.7)

where D1 = 174.091, Ep = .00001, Ec = .000001 and Δ
′
= .005 for Hamiltonian

Ĥtwo chains =
2∑

n=1

[
Π2

n

2 · D1

+ E1 [1 − cos φn] + E2 (φn − Θ)2 + Δ′ · [1 − cos (φn − φn−1)]

]
(5.8)

where minimum energy curves are set by the coefficients of the two wave functions,

which are set as b−2, b−1, b0, b1, b2; c−2, c−1, c0, c1, c2; α(which happens to be the wave pa-

rameter for Eq.5.6.

This leads to an energy curve given in Figure 5 where there are five local minimum

potential energy values. It is a reasonable guess that for additional chains (i.e. if m

bracketed by numbers > 2) that the number of local minimum values will go up, provided

that one uses a modified version of numerical simulation wave function as given in Eq. 5.5.

We performed the following to plot an average <phi> value, which we will represent in

equation 5.10. The easiest way to put in a time dependence in the Hamiltonian (Eq. 5.8)

is to provisionally set Θ = ωDt for the graphics presented, ωD = 0.67 M Hz. If we set

Ψ ≡ Ψ (φ1, φ2, Θ) which has an input from the Hamiltonian Ĥtwo chains
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then we can set up an average phase, which we will call:

Φ =
1

2
(φ1 + φ2) (5.9)

where we calculate a mean value of phase given by [3], [18]

〈Φ (Θ)〉 =

ηπ∫
−ηπ

ηπ∫
−ηπ

dφ1dφ2
1

2
· (φ1 + φ2) |Ψ (φ1, φ2, Θ)|2 (5.10)

The integral 〈Φ (Θ)〉 was evaluated by ‘Nintegrate’ of Mathematica, and was graphed

against Θ in Figure 6, with η = 20

These total sets of graphs put together are strongly suggestive of tunneling when one

has Δ 	= 0 in Ĥtwo chains.

The simulation results of Figure 6 are akin to a thin wall approximation leading to a

specific shape of the S-S’pair in phase-space, which is also akin to when we have abrupt

but finite transitions after long periods of stability [1], [2]. We can link this sort of abrupt

transitions to what happens when we have a ‘thin wall approximation ‘ as spoken of by

Sidney Coleman in his “fate of the false vacuum” hypothesis [4] for instanton transitions.

We do, however, need to verify if or not that the soliton solution to this problem is

optimal for tunneling. Trying to show this will be the main reason for the next section

treatment of how a multi-chain interaction will be a necessary condition for formation of

S-S’ in CDW transport problems. This is when we will be working with wave functionals

of the form given by initial and final wave functionals looking like

Ψi [φ (x)]|φ≡φci
= ci · exp

{−α · ∫ dx [φci (x) − φ0 (x)]2
}

,

Ψf [φ (x)]|φ≡φcf
= cf · exp

{−α
∫

dx [φcf (x) − φ0 (x)]2
} (5.11a,b)

6. Conclusion: Setting up the Framework for a Field Theoret-

ical Treatment of Tunneling

We have, in the above identified pertinent issues needed to be addressed in an an-

alytical treatment of CDW transport. First, we should try to have a formulation of

the problem of tunneling that has congruence with respect to the Sidney Coleman false-

vacuum hypothesis. We make this statement based upon the abrupt transitions made in a

multi-chain model of CDW tunneling that are identical in form to what we would expect

in a thin-wall approximation of a boundary between true and false vacuums. Secondly,

we can say that it is useful to keep a S-S’ representation of solutions for CDW transport.

Figure 5 and Figure 6 address minimum conditions for the formation of a S-S’; what we

have outlined here, however, concerns when we want to have a band structure pertinent

to tunneling analysis; then we should keep the Δ
′
term necessitated in coupling chains

together in CDW transport analysis.

We explicitly argue that a tunneling Hamiltonian based upon functional integral meth-

ods is essential for satisfying the necessary and sufficient conditions for the formation of
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a S-S’ pair. The Bogomil’nyi inequality stresses the importance of the relative unimpor-

tance of the driving force E2 · (φn − Θ)2, which we drop out in our formation of a S-S’ in

our multi chain calculation. In addition, we argue those normalization procedures, plus

assuming a net average value of the Δ
′
(1 − cos [φn − φn−1]) → Δ

′

2
· [φn − φn−1]

2 + small

terms as seen in our analysis of the contribution to the Peierls gap contribution to S-S’ pair

formation in our Gaussian1,2 wave functional Eqs. 5.11a,b, where the normalizing term

ci,f would allow us to scale out an averaged out value of the Δ
′
(1 − cos [φn − φn−1]) →

Δ
′

2
· [φn − φn−1]

2, and representation of how S-S’ pairs interact in a multi-chain model

evolve in a pinning gap transport problem for CDW dynamics. This would allow us, if

done, to have S-S’ pairs being used in equation 5.13 due to their formation in our problem

and due the Peierls gap term in the Hamiltonian [3], [18].

Then the fate of the false vacuum hypothesis used [1], [2], [3]so that the S-S’ pairs

can have nucleation behavior as seen in Figure 7.

is consistent with a Gaussian wave functional representation of transport behavior

[1], [2] leading to [1], [2] matching with experimentally observed current behavior [2], [3]

as seen in Figure 8. This would permit us to form necessary and sufficient conditions for

permitting a Gaussian wave functional to use S-S’ pairs to form the current experimen-

tally observed in Figure 8, where after a long derivation [1], [2], [3]we have Figure 8 below.

where we write

I ∝ C̃1 ·
[
cosh

[√
2 · E

ET · cV

−
√

ET · cV

E

]]
· exp

(−ET · cV

E

)
(6.1)

with C̃1 ≡ C1·C2

2·m∗

which is a significant improvement over a prior expression derived to qualitatively fit

experimental data [19]

I ∝ GP · (E − ET ) · exp

(−ET

E

)
if E > ET (6.2)

We have, in the last several pages , indicated how the classical model breaks down.

Specifically, a driven harmonic oscillator model gives a resonance phenomena which leads

to singular dielectric and conductivity behavior which has no physical counter part in

laboratory experiments. The computer simulations of a quantum model, essentially as-

suming a multi chain model , i.e. a modified Josephon junction , give correct behavior

w.r.t. tunneling, as noted by our computer simulations with step behavior of the phase

in potential. This is equivilent to the current model so noted at the end which improves

upon a Zenier curve fit by giving non negative current values for an applied electric field

below the threshold electric field.

That last result, called in TcSAM the ”diamond” by those in the know at TcSAM of

this problem, has lead to speculations of topological domain wall contributions to density

wave physics. Needless to say all those theoretical developments would have been still
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born and not even brought up had these computer simulations not shown the necessity

of a make over of the classical Washboard potential. What is presented here is the pre

cursor of these developments, and essential physics which we have used to extrapolate

what is a new re make of density wave evolution in quasi one dimensional metallic solids.
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Fig. 1 Average phase 〈φ〉 plotted against time (for Edc) with〈φ〉 stabilizing if Edc < Eth and 〈φ〉
monotonically increasing if Edc > Eth.

Fig. 2 a Comparison of scaled dielectric values when one has signal frequency ω ≤ ωc i.e. near
a critical value ωc .Figure 2a applies to low frequency plots. One obtains the situation that
there is a blow up of the dielectric response if one has the electric field exceeding a threshold
value, which could not be duplicated numerically. The dielectric is infinite valued when E=Eth
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Fig. 2 b Comparison of scaled dielectric values when one has signal frequency ω ≤ ωc i.e. near
a critical value ωc . Figure 2b to high frequency plots. One obtains the situation that there
is a blow up of the dielectric response if one has the electric field exceeding a threshold value,
which could not be duplicated numerically. The dielectric is infinite valued when E=Eth

Fig. 3 This conductivity plot shows the origins of how we pick critical value ωc
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Fig. 4 Beginning of resonance phenomena in single chain quantum dynamics due to using the
traditional Crank–Nickelson numerical iteration scheme of the one-chain model.

Fig. 5 Determining band structure via a Mathematica 8 program, with wave functions given by
Eq. 4.6.
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Fig. 6 Phase vs. Θ, according to the predictions of the ‘multi-chain’-tunneling model.
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Fig. 7 Experimental and theoretical predictions of current values. The dots represent a Zenier
curve fitting polynomial, whereas the blue circles are for the S-S’ transport expression derived
with a field theoretic version of a tunneling Hamiltonian.
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Fig. 8 Evolution from an initial state φi to a final state φf for a double-well potential (inset)
in a 1-D model, showing a kink-antikink pair bounding the nucleated bubble of true vacuum.
The shading illustrates quantum fluctuations about the classically optimum configurations of
the field φi (x)= 0 and φf (x), while φ0(x) represents an intermediate field configuration inside
the tunnel barrier
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1. Introduction

It is known that Barut’s equation could predict lepton and hadron mass with remark-

able precision [1]. A plausible extension of Barut’s equation is by using Barut-Dirac ’s

model via inclusion of electron self-field. Furthermore, a number of authors has extended

∗ vxianto@yahoo.com
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this equation using non-linear field theory [2a][5][5a]. Barut’s equation is as follows [5a]:[
iγν∂ν − a∂2

μ/m + κ
]
Ψ = 0 (1)

where ∂ν = ∂/∂xν and repeated indices imply a summation [5a]. The remaining param-

eters come from substitution of variables: m = κ/α1 and a/m = −α2/α1 [5a]. In the

meantime Barut-Dirac-Vigier’s equation could be written as:[
cα.p − E + β(mc2+ ∈ e2/r)

]
Ψ = −[(∈ α�e2)/(4πmc2r2)]iβαΨ (2)

Despite this apparently remarkable result of Barut’s equation, nonetheless there is ques-

tion concerning the physical meaning of his equation, in particular from the viewpoint of

non-linear field theory [2a]. This question seems very interesting, in particular consider-

ing the unsolved question concerning the physical meaning of wavefunction in Quantum

Mechanics [4a]. It is known that some proponents of ‘realism’ interpretation of Quan-

tum Mechanics predict that there should be a complete ‘realism’ description of physical

model of electron, where non-local hidden variables could be included [4][1a]. We consider

that this question remains open for discussion, in particular in the context of plausible

analog between classical electrodynamics and non-local quantum interference effect, via

Aharonov-Casher effect [8].

In the present article we argue that it is possible to derive a new wave quantum

relativistic equation as an alternative to Barut-Dirac-Vigier’s equation. Our description

is based on the known exact correspondence (isomorphism) between Dirac equation and

Maxwell electromagnetic equations via biquaternionic representation. In fact, we will

discuss five approaches as alternative to Barut-Dirac equation. And we would argue that

the question of which of these approaches is the most consistent with experimental data

remains open. Our proposition of alternative to Barut(-Dirac) equation was based on

characteristics of Barut equation:

• it is a second-order differential equation (1);

• it shall include the physical meaning of vierbein in quantum mechanical equation;

• it has neat linkage with other known equations in Quantum Mechanics including

Dirac equation [5a], while its solution could be different from Dirac approach [11];

• our observation asserts that it shall also include a proper introduction of Lorentz

force, and acceleration from relativistic fluid dynamics.

Furthermore, in the present note we submit the viewpoint that it would be more conceiv-

able if we interpret the vierbein of this equation in terms of superfluid velocity [12][13],

which in turn brings us to the notion of topological electronic liquid [27]. Its impli-

cations to quantization of celestial systems lead us to argue in favor of signatures of

Bose-Einstein cosmology, which thus far has not been explored sufficiently yet in the

literature [49a][49b].

What we would argue in the present note is that one could expect to extend fur-

ther this quaternion representation into the form of unified wave equation, in particular

using Ulrych’s representation [7]. While such an attempt to interpret vierbein of Dirac

equation has been made by de Broglie (in terms of ‘Dirac fluid’ [41]), it seems that an
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exact representation in terms of superfluid velocity has never been made before. From

this viewpoint one could argue that the superfluid vierbein interpretation will make the

picture resembles superfluid bivacuum model of Kaivarainen [20][21]. Furthermore, this

proposition seems to support previous hypothetical argument by Prof. J-P. Vigier on the

further development of theoretical Quantum Mechanics [6]:

“..a revival, in modern covariant form, of the ether concept of the founding fathers

of the theory of light (Maxwell, Lorentz, Einstein, etc.). This is a crucial question, and

it now appears that the vacuum is a real physical medium, which presents surprising

properties (superfluid, i.e. negligible resistance to inertial motions) . . . “

Provided this proposition of unified wave equation in terms of superfluid velocity

vierbein corresponds to the observed facts, and then it could be used to predict some

new observations, in particular in the context of condensed-matter analog of astrophysics

[16][17][18]. Therefore in the last section we will extend this proposition to argue in

favor of signatures of Bose-Einstein cosmology, including some recent relevant observation

supporting this argument.

While quaternionic Quantum Mechanics has been studied before by Adler etc. [14c][28],

and also biquaternionic Quantum Mechanics [2][3], it seems that interpreting the right-

hand-side of the unified wave equation as superfluid 4-velocity has not been considered

before, at least not yet in the context of cylindrical relativistic fluid of Carter and Sklarz-

Horwitz.

In deriving these equations we will not rely on exactitude of the solutions, because

as we shall see the known properties, like fine structure constant of hydrogen, can be

derived from different approaches [11][15][19][22a]. Instead, we will use ‘correspondence

between physical theories’ as a guiding principle, i.e. we argue that it is possible to derive

some alternatives to Barut equation via generalization of various wave equations known

in Quantum Mechanics. More linkage between these equations implies consistency.

Further experimental observation to verify or refute this proposition is recommended.

2. Biquaternion, Imaginary algebra, Unified relativistic Wave

Equation

Before we discuss biquaternionic Maxwell equations from unified wave equation, first

we should review Ulrych’s method [7] by defining imaginary number representation as

follows [7]:

x = x0 + j.x1, j2 = −1 (3)

This leads to the multiplication and addition (or substraction) rules for any number,

which is composed of real part and imaginary number:

(x ± y) = (x0 ± y0) + j.(x1 ± y1), (4)

(xy) = (x0y0 + x1y1) + j.(x0y1 + x1y0). (5)
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From these basic imaginary numbers, Ulrych [7] argues that it is possible to find a new

relativistic algebra, which could be regarded as modified form of standard quaternion

representation.

Once we define this imaginary number, it is possible to define further some relations

as follows [14]. Given w = x0 + j.x1, then its D-conjugate of w could be written as:

w̄ = x0 − j.x1 (6)

Also for any given two imaginary numbers w1, w2 ∈ D, we get the following relations [14]:

w1 + w2 = w̄1 + w̄2 (7)

w1 • w2 = w̄1 • w̄2 (8)

|w|2 = w̄ • w = x2
0 − x2

1 (9)

|w1 • w2|2 = |w1|2 • |w2|2 (10)

All of these provide us nothing new. For extension of these imaginary numbers in Quan-

tum Mechanics, see [33]. Now we will review a few elementary definitions of quaternions

and biquaternions, which are proved to be useful.

It is known that biquaternions could describe Maxwell equations in its original form,

and some of the use of biquaternions was discussed in [2][34].

Quaternion number, Q is defined by [33][60]:

Q = a + b.i + c.j + d.k a, b, c, d ∈ R, (11a)

where

i2 = j2 = k2 = ijk = −1 (11b)

Alternatively, one could extend this quaternion number to Clifford algebra [3a][3][6][25][41],

because higher-dimensions Clifford algebra and analysis give the possibility to generalize

the factorisations into higher spatial dimensions and even to space-time domains [70a].

In this regard quaternions H ∼ C�0,2, while standard imaginary numbers C∼ C�0,1

[70a].

Biquaternion is an extension of this quaternion number, and it is described here using

Hodge-bracket operator, in lieu of known Hodge operator (∗∗ = −1) [5a]:

{Q}∗ = (a + iA) + (b + iB).i + (c + iC).j + (d + iD).k, (12a)

where the second part (A,B,C,D) is normally set to zero in standard quaternions [33].

For quaternion differential operator, we define quaternion Nabla operator:

∇q ≡ c−1.∂/∂t + (∂/∂x)i + (∂/∂y)j + (∂/∂z)k = c−1.∂/∂t +�i.�∇ (12b)

And for biquaternion differential operator, we define a quaternion Nabla-Hodge-

bracket operator:

{∇q}∗ ≡ (c−1.∂/∂t + c−1.i∂/∂t) + {�∇}∗ (12c)
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where Nabla-Hodge-bracket operator is defined as:

{�∇}∗ ≡ (∂/∂x + i∂/∂X).i + (∂/∂y + i∂/∂Y ).j + (∂/∂z + i∂/∂Z).k. (13a)

It is worthnoting here that equations (4)-(10) are also applicable for biquaternion number.

While equations (3)-(12a) are known in the existing literature [33][59], and sometimes

called ‘biparavector’ (Baylis), we prefer to call it ‘imaginary algebra’ with emphasis on

the use of Hodge-bracket operator. It is known that determinant and differentiation of

quaternionic equations are different from standard differential equations [59], therefore

solution for this problem has only been developed in recent years.

The Hodge-bracket operator proposed herein could become more useful if we introduce

quaternion number (11a) in the paravector form [70]:

�q =
3∑

k=0

qk.ek when {qk} ⊂ C, {ek |k = 1, 2, 3} (13b)

and e0 is the unit. Therefore, biquaternion number could be written in the same form

[70]:

{�q}∗ = �q + i�q =
3∑

k=0

qk.ek + i{
3∑

k=0

qk.ek} (13c)

Now we are ready to discuss Ulrych’s method to describe unified wave equation [7], which

argues that it is possible to define a unified wave equation in the form [7]:

Dφ(x) = m2
φ.φ(x), (14)

where unified (wave) differential operator D is defined as:

D =
[
(P − qA)μ

(
P̄ − qA

)μ
]
. (15)

To derive Maxwell equations from this unified wave equation, he uses free photon fields

expression [7]:

DA(x) = 0, (16)

where potential A(x) is given by:

A(x) = A0(x) + jA1(x), (17)

and with electromagnetic fields:

Ei(x) = −∂0Ai(x) − ∂iA0(x), (18)

Bi(x) =∈ijk ∂jAk(x). (19)

Inserting these equations (17)-(19) into (16), one finds Maxwell electromagnetic equation

[7]:

−∇ • E(x) − ∂0C(x)

+ij∇ • B(x)

−j(∇xB(x) − ∂0E(x) −∇C(x))

−i(∇xE(x) + ∂0B(x)) = 0

(20)



122 Electronic Journal of Theoretical Physics 3, No. 12 (2006) 117–144

The gauge transformation of the vector potential A(x) is given by [7]:

A′(x) = A(x) + ∇Λ(x)/e, (21)

where Λ(x) is a scalar field. As equations (17)-(18) only use simple definitions of imag-

inary numbers (3)-(5), then an extension from (20) and (21) to biquaternionic form of

Maxwell equations is possible [2][34].

In order to define biquaternionic representation of Maxwell equations, we could extend

Ulrych’s definition of unified differential operator [7] to its biquaternion counterpart, by

using equation (12a), to become:

{D}∗ ≡
[
({P} ∗ −q{A}∗)μ

({P̄} ∗ −q{A}∗)μ
]
, (22a)

or by definition P = −i�∇and (13a), equation (22a) could be written as:

{D}∗ ≡
[
(−�{∇} ∗ −q{A}∗)μ (−�{∇} ∗ −q{A}∗)μ

]
, (22b)

where each component is now defined in its biquaternionic representation. Therefore the

biquaternionic form of unified wave equation takes the form:

{D} ∗ φ(x) = m2
φ.φ(x), (23)

if we assume the wavefunction is not biquaternionic, and

{D} ∗ {φ(x)}∗ = m2
φ.{φ(x)} ∗ . (24)

if we suppose that the wavefunction also takes the same biquaternionic form.

Now, biquaternionic representation of free photon fields could be written in the same

way with (16), as follows:

{D} ∗ A(x) = 0 (25)

We will not explore here complete solution of this biquaternion equation, as it has been

discussed in various literatures aforementioned above, including [2][33][34][59]. However,

immediate implications of this biquaternion form of Ulrych’s unified equation can be

described as follows.

Ulrych’s fermion wave equation in the presence of electromagnetic field reads [7]:[
(P − qA)μ

(
P̄ − qA

)μ
ψ
]

= −m2.ψ, (26)

which asserts c=1 (conventionally used to write wave equations). In accordance with

Ulrych [7] this equation implies that the differential operator of the quantum wave equa-

tion (LHS) is composed of the momentum operator P multiplied by its dual operator,

and taking into consideration electromagnetic field effect qA. And by using definition of

momentum operator:

P = −i�∇. (27)
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So we get three-dimensional relativistic wave equation [7]:

[(−i�∇μ − qAμ) (−i�∇μ − qAμ) ψ] = −m2.c2.ψ. (28)

which is Klein-Gordon equation. Its 1-dimensional version has also been derived by

Nottale [67, p,29]. A plausible extension of equation (28) using biquaternion differential

operator defined above (22a) yields:

[(−�{∇μ} ∗ −q{Aμ}∗) (−�{∇μ} ∗ −q{Aμ}∗) ψ] = −m2.c2.ψ, (29)

which could be called as ‘biquaternionic’ Klein-Gordon equation.

Therefore we conclude that there is neat correspondence between Ulrych’s fermion

wave equation and Klein Gordon equation, in particular via biquaternionic representa-

tion. It is also worthnoting that it could be shown that Schrodinger equation could be

derived from Klein-Gordon equation [11], and Klein-Gordon equation also neatly corre-

sponds to Duffin-Kemmer-Petiau equation. Furthermore it could be proved that modified

(quaternion) Klein-Gordon equation could be related to Dirac equation [7]. All of these

linkages seem to support argument by Gursey and Hestenes who find plenty of interest-

ing features using quaternionic Dirac equation. In this regard, Meessen has proposed a

method to describe elementary particle from Klein-Gordon equation [30].

By assigning imaginary numbers to each component [7, p.26], equation (26) could be

rewritten as follows (by writing c=1):[
(P − qA)μ (P − qA)μ − eEiijσi − eBiσi + m2

]
ψ = 0, (30)

where Pauli matrices σi are written explicitly. Now it is possible to rewrite equation

(30) in complete tensor formalism [7], if Pauli matrices and electromagnetic fields are

expressed with antisymmetric tensor, so we get:[
(P − qA)μ

(
P̄ − qA

)μ − eσμνF
μν + m2

]
ψ = 0, (31)

where

Fμν = (∂μAν − ∂νAμ). (32)

Note that equation (31) is formal identical to quadratic form of Dirac equation [7], which

supports argument suggesting that modified (quaternion) Klein-Gordon equation could

be related to Dirac equation. Interestingly, equation (31) is also known in the literature

as Feynman-Gell-Mann’s equation, and its implications will be discussed in subsequent

section [5]. Interestingly, if we neglect contribution of the electromagnetic field (q and e)

component, and using only 1-dimensional of the partial differentiation, one gets a wave

equation from Feynman rules [56, p.6]:(
∂μ∂

μ + m2
)
Ψ = 0, (33)

which has been used to describe quantum-electrodynamics without renormalization [56].
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Further extension of equation (28) could be made by expressing it in terms of 4-

velocity:

[(−i�∇μ − qAμ) (−i�∇μ − qAμ) ψ] = −pμp
μ.ψ. (34)

In the context of relativistic fluid [10][11], one could argue that this 4-velocity corresponds

to superfluid vierbein [13][16][17]. Therefore we could use Carter-Langlois’ equation [12]:

μρ.μ
ρ = −c2.μ2, (35)

by replacing m with the effective mass variable μ. This equation has the meaning of

cylindrically symmetric superfluid with known metric [12]:

gρσ.dxρ.dxσ = −c2.dt2 + dz2 + r2.dφ2 + dr2. (36)

Further extension of equation (35) is possible, as discussed by Fischer [13], where the

effective mass variable term also appears in the LHS of velocity equation, by defining

momentum of the continuum as:

pα = μ.uα. (37)

Therefore equation (35) now becomes:

μ2.uα.uα = −c2.μ2, (38)

where the effective mass variable now acquires the meaning of chemical potential [13]:

μ = ∂ ∈ /∂ρ, (39)

and

ρ.pα/μ =
(
K/�

2
)
pα = jα, (40)

K = �
2 (ρ/μ) . (41a)

The quantity K is defined as the stiffness coefficient against variations of the order pa-

rameter phase. Alternatively, from macroscopic dynamics of Bose-Einstein condensate

containing vortex lattice, one could write the chemical potential in the form [57]:

μ = μ0.
[
1 − (Ω0/ω⊥)2]2/5

(41b)

where the quantity Ω corresponds to the angular frequency of the sample and is assumed

to be uniform, ω is the oscillator frequency, and chemical potential in the absence of

rotation is given by [57]:

μ0 = (�ωho/2) (Na/0.0667aho)
2/5 (41c)

and N represents the number of atoms and a is the corresponding oscillator length [57]:

aho =
√

�/Mωho (41d)
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Now the sound speed cs could be related to the equations above, for a barotropic fluid

[13], as:

cs = d (ln μ) /d (ln ρ) =
(
K/�

2
)
d2 ∈ /dρ2. (42)

Using this definition, then equation (42) could be rewritten as follows:

pα =
(
K−1

�
2
)
jα = (jα/cs).d

2 ∈ /dρ2, (43)

Introducing this result (43) into equation (34), we get:

[(−i�∇μ − qAμ) (−i�∇μ − qAμ) ψ] = − (
(jα/cs).d

2 ∈ /dρ2
)2

.ψ (44)

which is an alternative expression of relativistic wavefunction in terms of superfluid sound

speed, cs. Note that this equation could appear only if we interpret 4-velocity in terms

of superfluid vierbein [11][12]. Therefore this equation is Klein-Gordon equation, where

vierbein is defined in terms of superfluid velocity. Alternatively, in condition without

electromagnetic charge, then we can rewrite equation (44) in the known form of standard

Klein-Gordon equation [36]:

[DμD
μψ] = − (

(jα/cs).d
2 ∈ /dρ2

)2
.ψ. (45)

Therefore, this alternative representation of Klein-Gordon equation (45) has the physical

meaning of relativistic wave equation for superfluid phonon [37][38].

A plausible extension of (44) is also possible using our definition of biquaternionic

differential operator (22a):

{D} ∗ ψ = − (
(jα/cs).d2 ∈ /dρ2

)2
ψ (46)

which is an alternative expression from Ulrych’s [7] unified relativistic wave equation,

where the vierbein is defined in terms of superfluid sound speed, cs. This is the main

result of this section. As alternative, equation (46) could be written in compact form:

[{D} ∗ +Γ]Ψ = 0, (47)

where the operator Γ is defined according to the quadratic of equation (43):

Γ =
(
(jα/cs).d

2 ∈ /dρ2
)2

. (48a)

For the solution of equation (44)-(47), one could refer for instance to alternative descrip-

tion of quarks and leptons via SU(4) symmetry [28][58]. As we note above, equation

(31) is also known in the literature as Feynman-Gell-Mann’s equation, and it has been

argued that it has neat linkage with Barut equation [5]. This assertion could made more

conceivable by noting that equation (31) is quadratic form of Dirac equation. In this

regard, recently Kruglov has considered a plausible generalization of Barut equation via

third-order differential extension of Dirac equation [60]:

(γμ∂μ + m1) (γν∂ν + m2) (γα∂α + m3) ψ = 0. (48b)
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It is also interesting to note that in his previous work, Kruglov [60a] has argued in favor

of Dirac-Kahler equation:

(d − δ + m) ψ = 0, (48c)

where the operator (d − δ) is the analog of Dirac operator γμ∂
μ. It seems plausible,

therefore, in the context of Kruglov’s recent attempt to generalize Barut equation [60] to

argue that further generalization to biquaternionic form is possible by rewriting equation

(47) in the third-order equation, by using our definition (12c):

[{�∇q
μ} ∗ +pμ][{�∇q

ν} ∗ +pν ][{�∇q
α} ∗ +pα]Ψ = 0. (48d)

Therefore, we could consider this equation as the first alternative to (generalized) Barut

equation. Note that we use here equation (12c) instead of (22a), in accordance with

Kruglov [60] definition:

∂ν = ∂/∂xν = (∂/∂xm, ∂/∂(it)) (48e)

In subsequent sections, we will consider a number of other plausible alternatives to Barut-

Dirac’s equation, in particular from the viewpoint of superfluid vierbein.

3. Alternative #2: Barut-Dirac-Feynman-Gell-Mann Equation

It is argued [5, p. 4] that Barut equation is the sum of Dirac equation and Feynman-

Gell-Mann’s equation (31). But from the aforementioned argument, it should be clear

that the Feynman-Gell-Mann’s equation is nothing more than Ulrych’s fermion wave

equation, which is indeed a quadratic of Dirac equation. Therefore, it seems that there

should be other route to derive Barut-Dirac type equation. In this regard, we submit

the viewpoint that the introduction of electron self-field would lead to an alternative of

Barut equation.

First, let us rewrite equation (31) with assigning the real c in lieu of c=1:[
(P − qA)μ

(
P̄ − qA

)μ − eσμνF
μν + m2c2

]
ψ = 0, (49)

By using equation (34), then Feynman-Gell-Mann’s equation becomes:

[(−i�∇μ − qAμ) (−i�∇μ − qAμ) − eσμνF
μν + pμp

μ] Ψ = 0, (50)

or

[(−i�∇μ − qAμ) (−i�∇μ − qAμ) + pμp
μ] Ψ = (eσμνF

μν)Ψ, (51)

which can be called Feynman-Gell-Mann’s equation with superfluid vierbein interpreta-

tion, in particular if we then introduce equation (43) into the LHS.

In this regard, we can introduce Ibison’s description of electron self-energy from ZPE

[38]:

eσμνF
μν = m0a

μ − m0τ0

[
daλ/dτ + aλaλu

μ/c2
]

(52)

where

τ0 = e2/6πε0m0c
3 (53)
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The first term in the right hand side of equation (52) could be written in the Lorentz

form [42] [24a, p.12]:

m0a
μ = m[dv/dt] = e[E + vxB] (54)

where:

E = −∇φ, (55)

B = ∇xA. (56)

Therefore, by defining a new parameter [24a, p.12]:

∀ = e[E + vxB]μ − m0(e
2/6πε0m0c

3)
[
daλ/dτ + aλaλu

μ/c2
]
, (57)

one could rewrite equation (51) in term of equation (43):[
(−i�∇μ − qAμ) (−i�∇μ − qAμ) +

(
(jα/cs).d

2 ∈ /dρ2
)2
]
Ψ = ∀Ψ, (58)

which could be regarded as a second alternative expression of Barut equation. Therefore

we propose to call it Barut-Dirac-Feynman-Gell-Mann equation. Implications of this

equation should be verified via experiments, in particular with condensed-matter physics.

4. Alternative #3: Second Order Differential Form of Schrödinger-

Type Equation

It is known that Barut equation is a typical second-order differential equation, which

is therefore non-linear. Therefore a good alternative to Barut equation could be derived

from similar approach with Schrödinger’s original equation, but this time it should be

differentiated twice.

In this regard, it seems worthnoting here that it is more proper to use Noether’s expres-

sion of total energy in lieu of standard derivation of Schrödinger’s equation (E = �p2/2m).

According to Noether’s theorem [39], the total energy of the system corresponding to the

time translation invariance is given by:

E = mc2 + (cw/2).

∫ ∞

0

(
γ2.4πr2.dr

)
= kμc2 (59)

where k is dimensionless function. It could be shown, that for low-energy state the total

energy could be far less than E = mc2. Interestingly Bakhoum [22] has also argued in

favor of using E = mv2 for expression of total energy, which expression could be traced

back to Leibniz. Therefore it seems possible to argue that expression E = mv2 is more

generalized than the standard expression of special relativity, in particular because the

total energy now depends on actual velocity [39].

From this new expression, it is plausible to rederive quantum relativistic wave equation

in second-order differential expression, and it turns out the new equation should also

include a Lorentz-force term in the same way of equation (57). This feature is seemingly

interesting, because these equations are derived from different approach from (57).
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We start with Bakhoum’s assertion that it is more appropriate to use E = mv2,

instead of more convenient form E = mc2. This assertion would imply [22]:

H2 = p2.c2 − m2
o.c

2.v2. (60)

Therefore, for phonon speed (cs) in the limit p → 0, we write [37]:

E(p) ≡ cs. |p| . (61)

A bit remark concerning Bakhoum’s expression, it does not mean to imply or to interpret

E = mv2 as an assertion that it implies zero energy for a rest mass. Actually the problem

comes from ’mixed’ interpretation of what we mean with ’velocity’. In original Einstein’s

paper (1905) it is defined as ’kinetic velocity’, which can be measured when standard

’steel rod’ has velocity approximates the speed of light. But in quantum mechanics,

we are accustomed to make use it deliberately to express ’photon speed’=c. According

to Bakhoum, to get a consistent interpretation between special relativity and quantum

mechanics, we should treat this definition of velocity according to its context, in particular

to its linkage with electromagnetic field. Therefore, in special relativity 1905 paper, it

should be better to interpret it as ’speed of free electron’, which approximates c. For

muon, Spohn [42] has obtained v=0.9997c which is very near to c, but not exactly =c.

For hydrogen atom with 1 electron, the electron occupies the first excitation (quantum

number n=1), which implies that their speed also approximate c, which then it is quite

safe to assume E ∼ mc2. But for atoms with large amount of electrons occupying large

quantum numbers, as Bakhoum showed that electron speed could be far less than c,

therefore it will be more exact to use E = mv2, where here v should be defined as

’average electron speed’. Furthermore, in the context of relativistic fluid, we could use

Eα = μ.uαuα from equation (37).

In the first approximation of relativistic wave equation, we could derive Klein-Gordon-

type relativistic equation from equation (60), as follows. By introducing a new parameter:

ζ = i(v/c), (62)

then we can rewrite equation (60) in the known procedure of Klein-Gordon equation:

E2 = p2.c2 + ζ2m2
o.c

4, (63)

where E = mv2. [22] By using known substitution:

E = i�.∂/∂t, p = �∇/i, (64)

and dividing by (�c)2, we get Klein-Gordon-type relativistic equation:

−c−2∂Ψ/∂t + ∇2Ψ = k
′
o

2
Ψ, (65)

where

k
′
o = ζmoc/�. (66)
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One could derive Dirac-type equation using similar method. But the use of new parameter

(62) seems to be indirect, albeit it simplifies the solution because here we can use the

same solution from Klein-Gordon equation [30].

Alternatively, one could derive a new quantum relativistic equation, by noting that

expression of total energy E = mv2 is already relativistic equation. We will derive here

two approaches to get relativistic wave equation from this expression of total energy.

The first approach, is using Ulrych’s [7] method as follows:

E = mv2 = p.v (67)

Taking square of this expression, we get:

E2 = p2.v2 (68)

or

p2 = E2/v2 (69)

Now we use Ulrych’s substitution [7]:[
(P − qA)μ

(
P̄ − qA

)μ
]

= p2, (70)

and introducing standard substitution in Quantum Mechanics (64), one gets:[
(P − qA)μ

(
P̄ − qA

)μ
]
Ψ = v−2.(i�.∂/∂t)2Ψ, (71)

or [
(−i�∇μ − qAμ) (−i�∇μ − qAμ) − (i�/v.∂/∂t)2

]
Ψ = 0. (72a)

which can be called as Noether-Ulrych-Feynman-Gell-Mann’s (NUFG) equation. This is

the third alternative to Barut-Dirac equation.

Alternatively, by using standard definition p=m.v, we can rewrite equation (71) in

form of equation (43):[
(P − qA)μ

(
P̄ − qA

)μ
]
Ψ = m2

(
(jα/cs).d

2 ∈ /dρ2
)−2

.(i�.∂/∂t)2Ψ. (72b)

In order to verify that we can use the same method with Schrödinger equation to derive

nonlinear wave equation, let us consider Oleinik’s nonlinear wave equation. It is argued

that the proper equation of motion is not the Dirac or Schrödinger equation, but an equa-

tion with a new self-energy term [24]. This would mean that there is a pair wavefunction

to include electron interaction with its surrounding medium. Therefore, the standard

Schrödinger equation becomes nonlinear equations of motion [24]:[
i∂/∂t + ∇̄2/2m − U(x)

](Ψ(x)

Ψ̄(x)

)
= 0 (73)

where we use � = 1 for convenience.

From this equation, one can get the relativistic version corresponding to Dirac equa-

tion [24]. Interestingly, Froelich [66] has considered equation of motion for the few-body
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systems associated with the hydrogen-antihydrogen pairs using radial Schrödinger-type

equation. Therefore, it seems interesting to consider equation (73) also in the context of

hydrogen-antihydrogen molecule.

And because equation (73) is derived from the standard definition of total energy

E = �p2/2m, then our method to use equation (60) seems to be a logical extension

of Oleinik’s method. To get nonlinear version similar to equation (73), then we could

rewrite equation (72a) as:[
(−i�∇μ − qAμ) (−i�∇μ − qAμ) − (i�/v.∂/∂t)2

](Ψ(x)

Ψ̄(x)

)
= 0. (74)

What’s more interesting here, is that Oleinik [24a, p.12] has shown that equation (73)

could lead to an expression of Newtonian-Lorentz force similar to equation (54):

m0a
μ = m[d2r/dt2] = e[E + v × B] (75)

This verifies our aforementioned proposition that a good alternative to Barut’s equation

should include a Lorentz-force term in wave equation. In other words, from equation

(73) we find neat linkage between Schrödinger equation, nonlinear wave, and Lorentz-

force. We will use this linkage in the following section. It turns out that we can find

a proper generalization of Barut’s equation via introduction of Newtonian-acceleration

from velocity of the relativistic fluid in similar form of Lorentz force.

5. Alternative #4: Lorentz-force & Newtonian Acceleration

Method

For the fourth method, we will introduce Leibniz rule [40] into equation (67) via

differentiation with respect to time, which yields:

dE/dt = d[p.v]/dt = v.[dp/dt] + p.[dv/dt] (76)

The next step is taking derivation of the known substitution in QM:

dE/dt = i�.∂2/∂t2, (77)

dp/dt = d(−i�∇)/dt = −i�∇̇
Now, substituting back equation (77) and (64) into equation (76), we get:

(i�.∂2/∂t2)Ψ = (v.[−i�∇̇] − [dv/dt].i�∇)Ψ. (78)

At this point, we note that the second term in the right hand side of equation (78) could

be written in the Lorentz force form [42], and following equation (54):

[dv/dt] = e/m.(E + vxB) (79)

where:

E = −∇φ, (80)
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B = ∇xA. (81)

Therefore, we can rewrite equation (78) in the form:

(i�.∂2/∂t2)Ψ = (v.[−i�∇̇] − e/m.[E + vxB].i�∇)Ψ, (82)

which is a new wave relativistic quantum equation as alternative to Barut equation.

To our present knowledge, this alternative wave equation (82) has never been derived

elsewhere.

As an alternative to equation (79), we can rewrite Lorentz form in term of Newto-

nian acceleration. In this regard, it is worthnoting that the definition of acceleration of

relativistic fluid is not widely accepted yet [10]. Therefore we will use here result from

relativistic field equations from Poisson process [46], from which we get an expression of

acceleration [46]:

dv/dt = �/2m.(∂2u/∂x2) − v.∂u/∂x + u.∂v/∂x − m−1.∂V/∂x = ∃ (83)

Therefore, by substituting this equation into (78), we get:

(i�.∂2/∂t2)Ψ = (v.[−i�∇̇] − ∃.i�∇)Ψ, (84)

which can be considered as a better alternative to equation (82).

6. Alternative #5: Schrödinger-Ginzburg-Landau Equation and

Quantization of Celestial Systems

In the preceding section (#4), we have found the neat linkage between Schrödinger

equation, nonlinear wave, and Lorentz-force, which indicates a possibility to be considered

as alternative to Barut equation. Now, as the fifth alternative method, it will be shown

that we can expect to generalize Schrödinger equation to describe quantization of celestial

sytems. While this notion of macro-quantization is not widely accepted yet, as we will

see the logarithmic nature of Schrödinger equation is sufficient to ensure its applicability

to larger systems. As alternative, we will also discuss an outline for deriving Schrödinger

equation from simplification of Ginzburg-Landau equation. It is known that Ginzburg-

Landau equation exhibits fractal character.

First, let us rewrite Schrödinger equation (73) in its common form:[
i∂/∂t + ∇̄2/2m − U(x)

]
Ψ = 0 (85)

where we use � = 1for convenience, or

(i∂/∂t)Ψ = H.Ψ (86)

Now, it is worthnoting here that Englman & Yahalom [4a] argue that this equation

exhibits logarithmic character:

ln Ψ(x, t) = ln (|Ψ(x, t)|) + i. arg(Ψ(x, t)) (87)
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Schrödinger already knew this expression in 1926, which then he used it to propose

his equation called ‘eigentliche Wellengleichung’ [4a]. Therefore equation (85) can be

rewritten as follows:

2m(∂ ln |Ψ| /∂t) + 2∇̄ ln |Ψ| .∇̄ arg[Ψ] + ∇̄.∇̄ arg[Ψ] = 0 (88)

Interestingly, Nottale’s scale-relativistic method [43][44] was also based on generalization

of Schrödinger equation to describe quantization of celestial systems. It is known that

Nottale-Schumacher’s method [45] could predict new exoplanets in good agreement with

observed data. Nottale’s scale-relativistic method is essentially based on the use of first-

order scale-differentiation method defined as follows [43][44]:

∂V/∂(ln δt) = β(V ) = a + bV + ... (89)

Now it seems clear that the logarithmic derivation, which is essential in scale-relativity

approach, also has been described properly in Schrödinger’s original equation [4a]. In

other word, its logarithmic form ensures applicability of Schrödinger equation to describe

macroquantization of celestial systems.

To emphasize this assertion of the possibility to describe quantization of celestial

systems, let us return for a while to the preceding section where we use Fischer’ description

[13] of relativistic momentum of 4-velocity (37)-(38). Interestingly Fischer [13] argues that

the circulation leading to equation (37)-(38) is in the relativistic dense superfluid, defined

as the integral of the momentum:

γs =

∮
pμdxμ = 2π.Nv�, (90)

and is quantized into multiples of Planck’s quantum of action. This equation is the co-

variant Bohr-Sommerfeld quantization of γs. And then Fischer [13] concludes that the

Maxwell equations of ordinary electromagnetism can be cast into the form of conservation

equations of relativistic perfect fluid hydrodynamics [10], in good agreement with Vigier’s

guess as mentioned above. Furthermore, the topological character of equation (90) corre-

sponds to the notion of topological electronic liquid, where compressible electronic liquid

represents superfluidity [27].

It is worthnoting here, because here vortices are defined as elementary objects in the

form of stable topological excitations [13], then equation (90) could be interpreted as

signatures of Bohr-Sommerfeld quantization from topological quantized vortices. Fischer

[13] also remarks that equation (90) is quite interesting for the study of superfluid rotation

in the context of gravitation. Interestingly, application of Bohr-Sommerfeld quantization

to celestial systems is known in literature [47][48], which here in the context of Fischer’s

arguments it seems plausible to suggest that quantization of celestial systems actually

corresponds to superfluid-quantized vortices at large-scale [27]. In our opinion, this result

supports known experiments suggesting neat correspondence between condensed matter

physics and various cosmology phenomena [16]-[19].
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To make the conclusion that quantization of celestial systems actually corresponds to

superfluid-quantized vortices at large-scale a bit conceivable, let us consider an illustration

of quantization of celestial orbit in solar system.

In order to obtain planetary orbit prediction from this hypothesis we could begin with

the Bohr-Sommerfeld’s conjecture of quantization of angular momentum. This conjecture

may originate from the fact that according to BCS theory, superconductivity can exhibit

macroquantum phenomena [16][65]. In principle, this hypothesis starts with observation

that in quantum fluid systems like superfluidity, it is known that such vortexes are subject

to quantization condition of integer multiples of 2π, or
∮

vs.dl = 2π.n�/m4. As we know,

for the wavefunction to be well defined and unique, the momenta must satisfy Bohr-

Sommerfeld’s quantization condition:∮
Γ

p.dx = 2π.n� (91)

for any closed classical orbit Γ. For the free particle of unit mass on the unit sphere the

left-hand side is [49]:
T∫

0

v2.dτ = ω2.T = 2π.ω (92)

where T=2π/ω is the period of the orbit. Hence the quantization rule amounts to quan-

tization of the rotation frequency (the angular momentum):ω = n�. Then we can write

the force balance relation of Newton’s equation of motion [49]:

GMm/r2 = mv2/r (93)

Using Bohr-Sommerfeld’s hypothesis of quantization of angular momentum, a new con-

stant g was introduced:

mvr = ng/2π (94)

Just like in the elementary Bohr theory (before Schrödinger), this pair of equations yields

a known simple solution for the orbit radius for any quantum number of the form [49]:

r = n2.g2/(4π2.GM.m2) (95)

which can be rewritten in the known form [43][44]:

r = n2.GM/v2
o (96)

where r, n, G, M, vo represents orbit radii, quantum number (n=1,2,3,. . . ), Newton

gravitation constant, and mass of the nucleus of orbit, and specific velocity, respectively.

In this equation (96), we denote:

vo = (2π/g).GMm (97)

The value of m is an adjustable parameter (similar to g). [43][44]
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Using this equation (96), we could predict quantization of celestial orbits in the solar

system, where for Jovian planets we use least-square method and define M in terms of

reduced mass μ = (M1.M2)/(M1 +M2). From this viewpoint the result is shown in Table

1 below [49]:

Table 1. Comparison of prediction and observed orbit distance of

planets in Solar system (in 0.1 AU unit) [49]

Object No. Bode Nottale CSV Observed Δ(%)

1 0.4 0.428

2 1.7 1.71

Mercury 3 4 3.9 3.85 3.87 0.52

Venus 4 7 6.8 6.84 7.32 6.50

Earth 5 10 10.7 10.70 10.00 -6.95

Mars 6 16 15.4 15.4 15.24 -1.05

Hungarias 7 21.0 20.96 20.99 0.14

Asteroid 8 27.4 27.38 27.0 1.40

Camilla 9 34.7 34.6 31.5 -10.00

Object No. Bode Nottale CSV Observed Δ(%)

Jupiter 2 52 45.52 52.03 12.51

Saturn 3 100 102.4 95.39 -7.38

Uranus 4 196 182.1 191.9 5.11

Neptune 5 284.5 301 5.48

Pluto 6 388 409.7 395 -3.72

2003EL61 7 557.7 520 -7.24

Sedna 8 722 728.4 760 4.16

2003UB31 9 921.8 970 4.96

Unobserved 10 1138.1

Unobserved 11 1377.1

For comparison purpose, we also include some recent observation by M. Brown et

al. from Caltech [50][51][52][53]. It is known that Brown et al. have reported not less

than four new planetoids in the outer side of Pluto orbit, including 2003EL61 (at 52AU),

2005FY9 (at 52AU), 2003VB12 (at 76AU, dubbed as Sedna.) And recently Brown and his

team reported a new planetoid finding, called 2003UB31 (97AU). This is not to include

Quaoar (42AU), which has orbit distance more or less near Pluto (39.5AU), therefore this

object is excluded from our discussion. It is interesting to remark here that all of those
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new ‘planetoids’ are within 8% bound from our prediction of celestial quantization based

on the above Bohr-Sommerfeld quantization hypothesis (Table 1). While this prediction

is not so precise compared to the observed data, one could argue that the 8% bound limit

also corresponds to the remaining planets, including inner planets. Therefore this 8%

uncertainty could be attributed to macroquantum uncertainty and other local factors.

While our previous prediction only limits new planet finding until n=9 of Jovian

planets (outer solar system), it seems that there are enough reasons to suppose that

more planetoids are to be found in the near future. Therefore it is recommended to

extend further the same quantization method to larger n values. For prediction purpose,

we include in Table 1 new expected orbits based on the same quantization procedure we

outlined before. For Jovian planets corresponding to quantum number n=10 and n=11,

our method suggests that it is likely to find new orbits around 113.81 AU and 137.71 AU,

respectively. It is recommended therefore, to find new planetoids around these predicted

orbits.

As an interesting alternative method supporting this proposition of quantization from

superfluid-quantized vortices (90), it is worthnoting here that Kiehn has argued in favor

of re-interpreting the square of the wavefunction of Schrödinger equation as the vorticity

distribution (including topological vorticity defects) in the fluid [61]. From this viewpoint,

Kiehn suggests that there is exact mapping from Schrödinger equation to Navier-Stokes

equation, using the notion of quantum vorticity [61]. Interestingly, de Andrade & Sivaram

[62] also suggest that there exists formal analogy between Schrödinger equation and the

Navier-Stokes viscous dissipation equation:

∂V/∂t = ν.∇2V (98)

where ν is the kinematic viscosity. Their argument was based on propagation torsion

model for quantized vortices [62]. While Kiehn’s argument was intended for ordinary fluid,

nonetheless the neat linkage between Navier-Stokes equation and superfluid turbulence

is known in literature [63][64][21].

Therefore, it seems interesting to consider a plausible generalization of Schrödinger

equation in particular in the context of viscous dissipation method. First, we could write

Schrödinger equation for a charged particle interacting with an external electromagnetic

field [61] in the form of equation (28) and (85):

[(−i�∇μ − qAμ) (−i�∇μ − qAμ) Ψ] = [−i2m.∂/∂t + 2mU(x)] Ψ. (99)

In the presence of electromagnetic potential [69], one could include another term into the

LHS of equation (99):

[(−i�∇μ − qAμ) (−i�∇μ − qAμ) + eAo] Ψ = 2m [−i∂/∂t + U(x)] Ψ. (100)

This equation has the physical meaning of Schrödinger equation for a charged particle in-

teracting with an external electromagnetic field, which takes into consideration Aharonov

effect [69]. Topological phase shift becomes its immediate implication, as already consid-

ered by Kiehn [61].
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Therefore, in the context of quaternionic representation of Schrödinger equation [70],

one could write equation (100) in terms of equation [22a]:

[{D} ∗ +eAo] Ψ = 2m [−i∂/∂t + U(x)] Ψ. (101)

In the context of topological phase shift [69], it would be interesting therefore to find the

scalar part of equation (101) in experiments [8].

As described above, one could also derive equation (96) from scale- relativistic Schrödinger

equation [43][44]. It should be noted here, however, that Nottale’s method [43][44] dif-

fers appreciably from the viscous dissipative Navier-Stokes approach of Kiehn, because

Nottale only considers his equation in the Euler-Newton limit [67][68]. Nonetheless, as

we shall see, it is possible to find a generalization of Schrödinger equation from Nottale’s

approach in similar form with equation (101). In order to do so, first we could rewrite

Nottale’s generalized Schrödinger equation via diffusion method [67][71]:

i2mγ
[− (iγ + a(t)/2) (∂ψ/∂x)2 ψ−2 + ∂ ln ψ/∂t

]
+iγa(t). (∂2ψ/∂x2) /ψ = Φ + a(x)

(102)

where ψ,a(x), Φ, γ each represents classical wave function, an arbitrary constant, scalar

potential, and a constant, respectively. If the function f(t) is such that

a(t) = −i2γ, α(x) = 0, (103)

γ = �/2m (104)

then one recovers the original Schrödinger equation (85).

Further generalization is possible if we rewrite equation (102) in quaternion form

similar to equation (101):

i2mγ [− (iγ + a(t)/2) ({∇}∗)2ψ−2 + ∂ ln ψ/∂t]

+iγ.a(t). ({∇′}∗) /ψ = Φ + a(x)
(105)

Alternatively, with respect to our superfluid dynamics interpretation [13], one could also

get Schrödinger equation from simplification of Ginzburg-Landau equation. This method

will be discussed subsequently. It is known that Ginzburg-Landau equation can be used

to explain various aspects of superfluid dynamics [16][17][18].

According to Gross, Pitaevskii, Ginzburg, wavefunction of N bosons of a reduced mass

m* can be described as [55]:

−(�2/2m∗).∇2ψ + κ |ψ|2 ψ = i�.∂ψ/∂t (106)

For some conditions (where the temperature dependence of the density of Cooper pairs,

ns, is just the square of order parameter. Or |ψ|2 ≈ ns = A(Tc − T )), then it is possible
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to replace the potential energy term in equation (106) with Hulthen potential. This

substitution yields:

−(�2/2m∗).∇2ψ + VHulthen.ψ = i�.∂ψ/∂t (107)

where

VHulthen(r) = κ |ψ|2 ≈ −Ze2.δ.e−δr/(1 − e−δr) (108)

This equation (108) has a pair of exact solutions. It could be shown that for small

values of δ, the Hulthen potential (108) approximates the effective Coulomb potential, in

particular for large radius [14b]:

V eff
Coulomb = −e2/r + �(� + 1).�2/(2mr2) (109)

Therefore equation (109) could be rewritten as:

−�
2∇2ψ/2m ∗ +

[−e2/r + �(� + 1).�2/(2mr2)
]
.ψ = i�.∂ψ/∂t (110)

For large radii, second term in the square bracket of LHS of equation (110) reduces to

zero [54],

�(� + 1).�2/(2mr2) → 0 (111)

so we can write equation (110) as:

(−�
2∇2ψ/2m ∗ +U).ψ = i�.∂ψ/∂t (112)

where Coulomb potential can be written as:

U = −e2/r (113)

This equation (112) is nothing but Schrödinger equation (85). Therefore we have re-

derived Schrödinger equation from simplification of Ginzburg-Landau equation, in the

limit of small screening parameter. Calculation shows that introducing this Hulthen

effect (108) into equation (107) will yield different result only at the order of 10−39 m

compared to prediction using equation (110), which is of course negligible. Therefore, we

conclude that for most celestial quantization problems the result of TDGL-Hulthen (110)

is essentially the same with the result derived from equation (85). Now, to derive equation

(96) from Schrödinger equation, the reader is advised to see Nottale’s scale-relativistic

method [43][44].

What we would emphasize here is that this derivation of Schrödinger equation from

Ginzburg-Landau equation is in good agreement with our previous conjecture that equa-

tion (90) implies macroquantization corresponding to superfluid-quantized vortices. This

conclusion is the main result of this section. It is also worthnoting here that there is

recent attempt to introduce Ginzburg-Landau equation in the context of microtubule

dynamics [72], which implies wide applicability of this equation.

In the following section, we would extend this argument by noting that macroquan-

tization of celestial systems implies the topological character of superfluid-quantized vor-

tices, and cosmic microwave background radiation is also an indication of such topological

superfluid vortices.
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7. Further Note: Signatures of Bose-Einstein Cosmology

It is known that CMBR temperature (2.73K) is conventionally assumed to come from

the hot early Universe, which then cools adiabatically to the present epoch. Nonetheless

this description is not without problems, such as how to consider the small temperature

fluctuations of CMBR as the seeds that give rise to large-scale structure such as galaxy

formation [73]. Furthermore it is known that CMBR follows Planck radiation law with

high precision, so one could argue whether it also indicates that large-scale structures

obey quantum-mechanical principles. Therefore we will consider here some alternative

hypothesis, which support the idea of low-energy quantum mechanics corresponding to

superfluid vortices described in the preceding section.

In recent years, there are alternative arguments suggesting that the Universe indeed

resembles the dynamics of N number of Planckian oscillators. Using similar assumption,

for instance Antoniadis et al. [74] argue that CMBR temperature could be derived using

conformal invariance symmetry, instead of using Harrison-Zel’dovich spectrum. Other

has derived CMBR temperature from Weyl framework [74a]. Furthermore, if the CMBR

temperature 2.73K could be interpreted as low-energy part of the Planck distribution

law, then it seems to indicate that the Universe resembles Bose-Einstein condensate [75].

Pervushin et al. also argued that CMBR temperature could be derived from conformal

cosmology with relative units [76]. These arguments seem to support Winterberg’s hy-

pothesis that superfluid phonon-roton aether could explain the origin of cosmic microwave

background radiation [18][19].

Of course, it does not mean that CMBR data fits perfectly with Planck distribution

law. It has been argued that CMBR data more corresponds to q-deformed Planck radia-

tion distribution [77]. However, this argument requires further analysis. What interests

us here is that there are reasons to believe that a quantum universe based on Planck

scale is not merely a pure hypothetical notion, in particular if we consider known analogy

between superfluidity and various cosmology phenomena [16][17].

Another argument comes from fractality argument. It has been discovered by Feyn-

man that the typical quantum mechanical paths are non-differentiable and fractal [67].

In this regard, it has been argued that the Universe is embedded in Cantorian fractal

spacetime having non-integer Hausdorff dimension [78], and from this viewpoint it could

be inferred that the correlated fluctuations of the fractal spacetime is analogous to the

Bose-Einstein condensate phenomenon. Interestingly, there is also hypothesis suggesting

that Hausdorff dimension could be related to temperature of ideal Bose gas [79].

From these aforementioned arguments, it seems plausible to suppose that that CMBR

temperature 2.73K could be interpreted as a signature of Bose-Einstein condensate cos-

mology. In particular, one could consider [22b] that “this relationship comes directly from

Boltzmann’s law N= B.k.T, where N is the background noise power; T is the background

temperature in degrees Kelvin; and B is the bandwidth of the background radiation. It

follows that the ratio (N/kB) for the cosmic background radiation is approximately equal

to ”e”, because we usually convert the equation to decibels by taking natural logarithm.
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The relationship is a solid one in fact.” From this viewpoint, it seems quite conceivable to

explain why CMBR temperature 2.73K is near enough to known number e= 2.71828. . . ,

which seems to suggest that the logarithmic form of Schrödinger equation (‘eigentliche

Wellengleichung’) [4a] may have a deep linkage with this number e= 2.71828. . .

Nonetheless, we recognize that this proposition requires further analysis before we

could regard it as conclusive. But we can describe here some arguments to support the

new interpretation supporting this Bose-Einstein cosmology argument:

• From Fischer’s argument [13] we know that Bohr-Sommerfeld quantization from

superfluid vortice could exhibit at all scales, including celestial quantization. This

proposition comes directly from his assertion of the topological character of superfluid

vortices, because superfluid is topological electronic liquid [27].

• Extending further the aforementioned hypothesis of topological superfluid vortices,

then it seems interesting to compare it with topological analysis of COBE-DMR

data. G. Rocha et al. [80] argue using wavelet approach with Mexican Hat potential

that it is possible to interpret the data as clue for a finite torus Universe, albeit not

conclusive enough.

• Interestingly, this conjecture could be related to Bulgadaev’s argument [81] suggest-

ing that topological quantum number could be related to torus structure as stable

soliton [81a]. In effect, this seems to imply that the basic structure of physical

phenomena throughout all scales could take the form of topological torus.

In other words, the topological character of superfluid vortices implies that it is possible to

generalize superfluid vortices to large scales. And the topological character of CMBR data

seems to support our proposition that the universe indeed exhibits topological structures.

It follows then that CMBR temperature is topological [80] in the sense that the superfluid

nature of background temperature [18][19] could be explained from topological superfluid

vortices.

Interestingly, similar argument has been pointed out by a number of authors by

mentioning non-Gaussian part of CMBR spectrum. However, further discussion on this

issue requires another note.

8. Concluding Remarks

It is known that Barut equation could predict lepton mass (and also hadron mass)

with remarkable precision. Therefore, in the present article, we attempt to find plausible

linkage between Dirac-Maxwell’s isomorphism and Barut-Dirac-Vigier equation. From

this proposition we could find a unified wave equation in terms of superfluid velocity

(vierbein), which then could be used as basis to derive some alternative descriptions of

Barut equation. Further experiment is required to verify which equation is the most

reliable.

In the present note we submit the viewpoint that it would be more conceivable if we

interpret the vierbein of the unified wave equation in terms of superfluid velocity, which

in turn brings us to the notion of topological electronic liquid. Nonetheless, the proposed
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imaginary algebra discussed herein is only at its elementary form, and it requires further

analysis in particular in the context of [5a][7][14][28]. It is likely that this subject will

become the subject of subsequent paper.

Furthermore, the notion of topological electronic liquid could lead to topological su-

perfluid vortices, which may explain the origin of macroquantization of celestial systems

and perhaps also topological character of Cosmic Microwave Background Radiations.

Nonetheless, such a proposition requires further analysis before it can be considered as

conclusive.

Provided the aforementioned propositions of using superfluid velocity (vierbein) to

describe unified wave equation correspond to the observed facts, and then in principle it

seems to support arguments in favor of possibility to observe condensed-matter hadronic

reaction.
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Abstract: We Consider a spherically symmetric thick shell in two different space times. We
have used the equation of motion for thick shell, developed by Khakshournia and Mansouri, to
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1. Introduction

The thin shell formalism of general relativity (GR) has found wide applications in GR

and cosmology. This formalism was first developed in [1] and applied to the gravitational

collapse problem [2]. Studies on gravitational collapse, dynamics of bubbles and domain

walls in inflationary models, wormhole, signature changes, structure and dynamics of

voids in the large scale structure of the universe are some of the applications (cf [3] and

references their in). Thin shells are considered as zero thickness objects with a δ- function

singularity in their energy-momentum and Einstein’s tensors.

However the dynamics of a real thick shell has been rarely discussed in the literature

because of the complexity to define it within GR and to find its exact dynamical equations.

The outstanding paper that modifies the Israel thin shell equations to treat the motion of

spherical and Planar thick domain walls is that of Garfinkle and Gregory [4], see also [5].

∗ aeid06@yahoo.com
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According to the results of that paper, the effect of thickness in the first approximation

is to reduce effectively the energy density of the wall compared to the corresponding thin

domain wall, and therefore to increase the collapse velocity of the wall in vacuum.

I use the formalism developed by Mansouri and Khakshournia(MK) [6] to treat a

charged thick shell. The organization of this paper is as follows. In Section 2 I give

a brief introduction to MK junction condition of thick shell. I describe the dynamics

of charged spherically symmetric thick shell Section 3. A general conclusion is given in

Section 4.

2. The Junction Conditions

Consider a spherically symmetric thick shell with two boundaries Σ1 and Σ2 dividing

the space –time into three regions: Min inside the inner boundary Σ1, Mout outside the

outer boundary Σ2, and M for the thick shell having two boundaries Σ1 and Σ2. First of

all , write down the appropriate junction condition on each boundary Σj(j = 1, 2) treated

as a three dimensional timelike hypersurface. The continuity of the second fundamental

form of Σj, or the extrinsic curvature tensor Kab of Σj, so that consider Σ1(Σ2) as

a boundary surface separating M region from Min(Mout). This crucial requirement is

formulated as

[Kab]
Σj
= 0 (j = 1, 2), (1)

where the square bracket indicates the jump of Kab across Σj, ([Kab] = K+
ab−K−

ab). Latin

indices range over the intrinsic coordinates of Σj denoted by (τj, θ, φ), where τj is the

proper time of Σj. In particular, the angular component of equation (1) on each boundary

is written as

Kθ+
θ |Σ1 − Kθ−

θ |Σ1 = 0 (2)

Kθ+
θ |Σ2 − Kθ−

θ |Σ2 = 0 (3)

where the superscript +(-) refers to the side of Σj towards which the corresponding unit

space like normal vector nα(−nα) points. It means that on Σ1(Σ2), the superscript +

refers to the region M(Mout) and the superscript - refers to the region Min(M). Adding

equations (2) and (3), to get

Kθ+
θ |Σ2 − Kθ−

θ |Σ1 + Kθ+
θ |Σ1 − Kθ−

θ |Σ2 = 0. (4)

In the next section, this general equation will be applied to the case of a collapsing

charged shell.

3. Dynamics of Charged Thick Shell

Consider a spherical thick shell immersed in two different spherically symmetric

space-times. The space-time outside the shell is described by Reissner-Nordstrom (RN)

metric:

ds2
o = −fdt2 + f−1dr2 + r2dΩ2 (5)
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where

f = 1 − 2m

r
+

e2

r2
= 1 − F (r)

r
= 1 + Φ (r) (6)

where F (r) or Φ(r) is an real function, and e is the electric charge.

The space-time inside the shell is described by Minkowski metric:

ds2
i = −dT 2 + dr2 + r2dΩ2 (7)

where

dΩ2 = dθ2 + sin2 θdφ2

is the line element on the unit sphere. The induced intrinsic metric on Σj may be

represented as

ds2
∣∣
Σj

= −dτ 2
j + R2

j (τj)
(
dθ2 + sin2 θdφ2

)
(j = 1, 2),

where Rj(τj) being the proper radius of Σj. Now, define the constant commoving thick-

ness of the shell as follows 2δ = r2 − r1 where r1 and r2 are commoving radii of the

boundaries Σ1 and Σ2 respectively. Using the metric (5),(7) the relevant extrinsic curva-

ture tensors in the region M are

Kθ+
θ |Σ1 =

1

R1

√
1 + Ṙ2

1 −
F (r1)

R1

Kθ−
θ |Σ2 =

1

R2

√
1 + Ṙ2

2 −
F (r2)

R2

(8)

and the relevant extrinsic curvature tensors in the regions Min and Mout are

Kθ+
θ |Σ2 =

1

R2

√
1 + Ṙ2

2 −
R (r2)

R2

Kθ−
θ |Σ1 =

1

R1

√
1 + Ṙ2

1 (9)

where Rj ≡ R (rj, τ) and R(r2) is the radius of the spherical shell within the commoving

surface r2.

To obtain the dynamical equation of the thick shell, expand the following quantities

in a Taylor series around (r0), the mean commoving radius of the thick shell,

R (rj, τ) = R (r0, τ) + εjδR
′ (r0, τ) + 0

(
δ2
)

(10)

F (rj) = F (R0) + εjδF
′ (r0) + 0

(
δ2
)

(11)

R (r2) = R (r0) + δR′ (r0) + 0
(
δ2
)

(12)

where ε1 = −1 and ε2 = +1. Using equations (10), (11), (12) in the expressions (8) and

(9), and keeping only terms up to the first order of δ, to get

Kθ−
θ |Σ1 =

1

R0

√
1 + Ṙ2

0(1 + δ(
R′

0

R0

− Ṙ0Ṙ
′
0

1 + Ṙ2
0

)),
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Kθ+
θ |Σ2 =

1

R0

√
1 + Ṙ2

0 −
R(r0)

R0

(1 − δ(
R′

0

R0

−
Ṙ0Ṙ

′
0 − R′(r0)

2R0
+

R′
0R(r0)

2R2
0

1 + Ṙ2
0 − R(r0)

R0

)),

Kθ+
θ |Σ1 =

1

R0

√
1 + Ṙ2

0 −
F (r0)

R0

(1 + δ(
R′

0

R0

−
Ṙ0Ṙ

′
0 − F ′(r0)

2R0
+

R′
0F (r0)

2R2
0

1 + Ṙ2
0 − F (r0)

R0

)),

Kθ−
θ |Σ2 =

1

R0

√
1 + Ṙ2

0 −
F (r0)

R0

(1 + δ(
R′

0

R0

−
Ṙ0Ṙ

′
0 − F ′(r0)

2R0
+

R′
0F (r0)

2R2
0

1 + Ṙ2
0 − F (r0)

R0

)), (13)

where R0 ≡ R (r0, τ). Substituting equation (13) into equation (4) and noting that

F (r0) ≡ R(r0), then the thick shell’s equation of motion written up to the first order in

δ is

α−β = 2δ
F ′ (r0)

2βR0

−δ

[
R′

0

R0

(α − β) +
Ṙ0Ṙ

′
0

αβ
(α − β) +

1

2βR0

(
R′ (r0) +

R′
0F (r0)

R0

)]
(14)

where α =
√

1 + Ṙ2
0

and β =
√

1 + Ṙ2
0 − R(r0)

R0
≡
√

1 + Ṙ2
0 − F (r0)

R0
.

This is the generalization of thin shell dynamical equation up to the first order of the

thickness.

To verify the thin shell limit of this thick shell dynamical equation, consider the

following definition for the surface energy density of the infinitely thin shell [1],

σ =

+ε∫
−ε

ρ (r, τ) dn (15)

Where n is the proper distance in the direction of the normal nμ and 2ε is the physical

thickness of the shell. With the metric (5) equation (15) takes the form

σ =

+δ∫
−δ

ρ (r, τ)√
1 + Ṙ2 − F (r)

R

dr (16)

Since ∂m
∂R

= 4πR2ρG, then equation (16) can be written as

8πGσ =

+δ∫
−δ

2∂m
∂R

dr

R2

√
1 + Ṙ2 − F (r)

R

=

+δ∫
−δ

F ′ (r)

R2

√
1 + Ṙ2 − F (r)

R

dr (17)

Substituting equations (10) and (11) into equation (17) and integrate it up to the first

order in δ to get

8πGσ = 2δ
F ′ (r0)

R2
0

√
1 + ˙̇R2

0 − F (r0)
R0

+ 0
(
δ2
)

(18)
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Substituting equations (18) into equation (14) to get

α−β = 4πGσR0 − δ

[
R′

0

R0

(α − β) +
Ṙ0Ṙ

′
0

αβ
(α − β) +

1

2βR0

(
R′ (r0) +

R′
0F (r0)

R0

)]
(19)

When δ tends to zero the second term on the right hand side goes to zero, then this

equation reduced to the equation of motion of charged thin shell.

Rewrite the dynamical equation of thick shell (19) in the form

α − β = 4πGR0σ̃ (20)

where

σ̃ = σ − δ

4πGR0

[
R′

0

R0

(α − β) + Ṙ0Ṙ
′
0

(
α − β

αβ

)
+

1

2βR0

(
R′ (r0) +

R′
0F (r0)

R0

)]
(21)

It has the same form of the equation of thin shell with the effective surface density σ̃.

From equation (21) note that the shell starting its collapse at rest when the velocity

Ṙ is negative during the collapse, it becomes more negative with r so that Ṙ
′
0 ≺ 0, so

ṘṘ
′
0 must be positive. Also, the radius of the shell layers is increased with rso that

R′ (r0)〉0. Therefore all terms within the bracket on the right hand side of equation (21)

are positive. This leads to the result σ̃〈σ. Solving equation (20) for Ṙ2 to get

Ṙ.2
0 = −1 + 4π2G2σ̃2R2

0 +
F (r0)

2R0

+
F 2 (r0)

64π2G2σ̃2R4
0

. (22)

It follows that Ṙ2 becomes larger with smaller σ̃ and R0〉R (r0). Substituting by (6) into

equation (22) to get

Ṙ.2
0 = −1 + 4π2G2σ̃2R2

0 + m
R0

+ m2

16π2G2σ̃2R4
0

+ e2

2R2
0
(−1 − m

8π2G2σ̃2R3
0

+ e2

32π2G2σ̃2R4
0
)

Therefore the first order thickness corrections to the Israel thin shell approximation speed

up the collapse of the shell.

4. Conclusion

I applied the modified Israel formalism which developed by MK to the case of the

collapse of a charged thick shell in RN and obtained the zero thickness limit of the charged

thin shell equation, and Israel thin shell equation with e =0.

It has been shown that the effect of thickness up to the first order in the shell thickness,

is to speed up the collapse of the shell.
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