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Abstract: In the following we reproduce, translated into English, a section of Volumetto II, a notebook
written by Majorana in 1928 when he was still a Physics student at the University of Rome (see S.
Esposito, E. Majorana jr, A. van der Merwe and E. Recami (eds.) Ettore Majorana: Notes on Theoretical
Physics, Kluwer, New York, 2008). This study was performed by the author when he was preparing his
Thesis work on “The Quantum Theory of Radioactive Nuclei” (unpublished), whose supervisor was
E. Ferma.
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Let us consider the emission of an « particle by a radioactive nucleus and assume
that such a particle is described by a quasi-stationary wave. As Gamov has shown, after
some time this wave scatters at infinity. In other words, the particle spends some time
near the nucleus but eventually ends up far from it. We now begin to study the features
of such a quasi-stationary wave, and then address the inverse of the problem studied by
Gamov.! Namely, we want to determine the probability that an « particle, colliding with
a nucleus that has just undergone an « radioactive transmutation, will be captured by
the nucleus so as to reconstruct a nucleus of the element preceding the original one in
the radioactive genealogy. This issue has somewhat been addressed by Gudar, although
not deeply enough. It is directly related to our hypothesis according to which, under
conditions rather different from the ones we are usually concerned with, a process can
take place that reconstitutes the radioactive element.

Following Gamov, let us suppose that spherical symmetry is realized, so that the
azimuthal quantum of the particle near the nucleus is zero. For simplicity, we neglect for
the moment the overall motion of the other nuclear components. The exact formulae will
have to take account of that motion, and thus the formulae that we shall now derive will
have to be modified; but this does not involve any major difficulty. For the spherically

! The author is referring here to G.Gamov, Z. Phys. 41 (1928) 204. [N.d.T]
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symmetric stationary states, setting, as usual, 1 = x/x, we shall have

2

%—FQH—?(E—U)X:O. (1)
Beyond a given distance R, which we can assume to be of the order of the atomic di-
mensions, the potential U practically vanishes. The functions x will then be symmetric
for £ > 0. For definiteness, we require U to be exactly zero for x > R, but it will be
clear that no substantial error is really introduced in this way in our calculations. For
the time being, let us consider the functions y to depend only on position, and —as it is
allowed— to be real. Furthermore, we use the normalization condition

/OR Ydr = 1. (2)

Let us now imagine that it exists a quasi-stationary state such that it is possible to
construct a function uy which vanishes for x > R, satisfies the constraint

R
/0 |u?dz = 1, (3)

and approximately obeys? the differential equation (1) at the points where its value is
large. This function ug will be suited to represent the a particle at the initial time. It is
possible to expand it in terms of the functions x that are obtained by varying E within
a limited range. Let us then set

E = Ey+ W (4)

The existence of such a quasi-stationary state is revealed by the fact that for x < R the

functions x, normalized according to Eq. (2), and their derivatives are small for small
W.

In first approximation, we can set, for z < R,

Xw = Xo + Wy(x)7
(5)
Xw = Xo + W¥'(z),

and these are valid (as long as U has a reasonable behavior) with great accuracy and for
all values of W in the range of interest. In particular, for z = R:

xw(R) = xo(R) + Wy(R),

xw(R) = xo(R) + Wy (R).

2 For an approximately determined value of ¢, while being almost real.
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Bearing in mind that Eq. (1) simply reduces for x > R to

Eyxw  2m
WJFﬁ(EoJFW)XW:O, (7)

for z > R we get

xw = (a+bW) cos %\/Qm(EO +W)(x — R)

1
+ (a1 + b W) sinﬁ\/Qm(Eo + W)(x — R),
having set
a = XO(R)7 b = y(R)a

(9)
hxo(R) _ R

U B W) L am(Bat W)

Note that a; and b, are not strictly constant but, to the order of approximation for which

our problem is determined, we can consider them as constant and replace them with

! AV 2mE0 ’ ! vV 2mEO .

Moreover, since Ej is not completely determined, we shall fix it in order to simplify Eq.

(8); with this aim, we can shift R by a fraction of wavelength h/v/2m#Ey. It will then be
found that Eq. (8) can always be replaced with the simpler one

Xw = a cos/2m(Ey+ W) (x — R)/ h

(11)
+ W sin/2m(Ey+ W) (x — R)/ h.
We set

V2m(Eg+W) /b = \/2mEy /h + 2y = C + 277, (12)

and, in first approximation, the following will hold:

5 W %24
Ty N ——— = —,
! hn/2Ey/m T

v being the (average) speed of the emitted « particles. On substituting into Eq. (11), we

(13)

approximately find
xw = a cos(C + 27y)(x — R)
(14)

+"y sin(C + 217)(z — R),
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with
B = B2rh+/2Ey/m. (15)

For the moment, the yyu functions are normalized as follows:

R
/ Xipdr = 1.
0

We denote by 7y the same eigenfunctions normalized with respect to dvy. For x > R, we

then get
2

nw = \/ﬁ [a cos(C + 2my)(z — R)
(16)
2

/a2 + 5/272 XW-

We expand ug, which represents the o particle at the initial time, as a series in 7y,

+ 'y sin(C +2m7)(z — R)] =

and get .
uy = / K, nw dy. (17)

Now, since ug = yw for x < R and therefore
K, = /Oonwugdx: #/Rx%/vdx = #, (18)

on substituting into Eq. (17), we obtain

=~ 4 xw
Uy = /Oo —a2+ﬁ’2’y2 dy. (19)

For small values of x, the different functions yy actually coincide and are also equal to
ug; it must then be true that

o 4 4T
Il = ——dy = —— 20
/_oo o+ foy2 ) af’’ (20)
and, consequently,
4
g=-= (21)

must necessarily hold. Because of Eq. (13), if we introduce the time dependence, we
approximately get

dy. (22)

- 00 4XW exp{Qm'\/ 2E0/m ’)/t}
u = / 2 2.2/ 2
o o + 16m°v*/a

For small values of x the yy’s can be replaced with ug, and we have

u = ugefot/h exp{—a2\/2E0/mt/2}. (23)
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This can be written as
u = ug ez‘Eot/he—t/2T’ (24)
quantity 7" denoting the time-constant (“mean-life”)
1 1

T = CMQ\/W = 5 (25)

In this way, and using also Eq. (21), both o and ' can be expressed in terms of T":
+1

VT YE/mTE
B = Tar VoT = TF4n /2(E/m)T. (27)

It will be clear that only one stationary state corresponds to a hyperbolic-like orbit in

a (26)

the classical theory. The revolution period or, more precisely, the time interval between
two intersections of the orbit with the spherical surface of radius r, is given by

4

Py = ——— 28

w (a2+ﬁ’272)v’ (28)
and the maximum value is reached for W = 0:
4

Py = — = 4T. 29

— (20)

As a purely classical picture suggests, the probabilities for the realization of single sta-
tionary states are proportional to the revolution periods (see Eq. (18)), and T it-
self can be derived from classical arguments. Indeed, if a particle is on an orbit W
and inside the sphere of radius R, on average it will stay in this orbit for a time
Tw = (1/2) Py = (2/v)/(a? + 34?), and the mean value of Ty will be

_ o0 o0 1
Ty = T2, d Tydy = — = T. 30
W /0 Wv//o wdy = — (30)

However, we must caution that, by pushing the analogy even further to determine the
expression for the survival probability, we would eventually get a wrong result.

The eigenfunction u takes the form in Eq. (23) only for small values of x. Neglect-
ing what happens for values of x that are not too small, but still lower than R, and
considering, moreover, even the case x > R, from Egs. (15) and (19) we have

U = eiBot/h /OO dov COS(CQ+ 2ry)(z — R) 2TVt 4y
0 a? + ﬁ/?,yQ
5 /°° 43"y sin(C + 27)(z — R)
; a2 1 G272
where a and " depend on T" according to Egs. (26), (27). Equation (31) can be written
as

eQﬂ'i”L)’Vt d,y:| : (31)

U = eiBot/h | GiC(a—R) /OO (2(32“ — 2i8'y) e2mi(vt-+a—R)y dy
0 a? + 6/2,-)/2

—iC(z—R = (2@ + 2Zﬁ,7) 2mijvt—(z—R
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Since o and 3’ have opposite signs and, for ¢ > 0 and = > R, one has vt +x — R > 0, the
first integral is zero, while the second one equals

00 (20&4-225/’}/) it (o= Ry B () e27ri[vt—(a:—R)]'y
o © dy = 2 ——dy
o a?+ (% 0 a—if'y
_AT ore/pt-@-RB)] _ _ AT —(a2/2)pi-(aR)]
g o ’

= (33)

for vt — (x — R) > 0 and vt — (z — R) < 0, respectively. On substituting into Eq. (34)
and recalling that, from Eq. (12), C' = muv/h, we finally find

a eiEot/h e—imv(:c—R)/h e—t/2T e(a:—R)/(ZvT),

W = (34)

0,

for vt—(z—R) > 0 and vt—(z—R) < 0, respectively. Let us now assume that the nucleus
has lost the o particle; this means that, initially, it is ug = 0 near the nucleus. We now
evaluate the probability that such a nucleus will re-absorb an « particle when bombarded
with a parallel beam of particles. To characterize the beam we’ll have to give the intensity
per unit area, the energy per particle, and the duration of the bombardment. The only
particles with a high absorption probability are those having energy close to Fy, with an
uncertainty of the order h/T". On the other hand, in order to make clear the interpretation
of the results, the duration 7 of the bombardment must be small compared to T'. Then
it follows that, from the uncertainty relations, the energy of the incident particles will be
determined with an error greater than i /7. Thus, instead of fixing the intensity per unit
area, it is more appropriate to give the intensity per unit area and unit energy close to
Ey; so, let N be the total number of particles incident on the nucleus during the entire
duration of the bombardment, per unit area and unit energy.

Suppose that, initially, the incident plane wave is confined between two parallel planes
at distance d; and dy = d; + ¢ from the nucleus, respectively. Since we have assumed
that the initial wave is a plane wave, it will be

uy = up(§), (35)

¢ being the abscissa (distance from the nucleus) of a generic plane that is parallel to the
other two. Then, for £ < dy or & > ds, it is ug = 0. Furthermore, we’ll suppose d; > R
and, without introducing any further constraint,

ho ho

— = pA, 36
ma/2Ey/m muv 4 (36)
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with p an integer number and A\ the wavelength of the emitted « particle. We can now
expand vy between d; and ds in a Fourier series and thus as a sum of terms of the kind

ko 6027ri(£—d1)/€7 (37)

with integer 0. The terms with negative o roughly represent outgoing particles, and thus
we can assume them to be zero. Let us concentrate on the term

k;p eP2mi(§—di)/t _ k;p gimv(§—d1)/h (38)

and let us set?
uy = Yo + k,emEd/R 39
13

The eigenfunctions of a free particle moving perpendicularly to the incoming wave, nor-
malized with respect to dFE, are

v, — e oIV2ME(E—di)/h (40)

/2hE/m

Note that the square root at the exponent must be considered once with the positive sign
and once with the negative sign, and F runs twice between 0 and co. However, only the
eigenfunctions with the positive square root sign are of interest to us, since they represent
the particles moving in the direction of decreasing £&. We can set

Yo = / co b, dE, (41)
0
wherein )
2
di
In particular, we put
d2 1 : k¢
_ —imv(§—dq)/h d _ P 43
@ e .
Ey 0 ,lvbo \/h_?J 5 \/h_l) ( )
Since, evidently,
N = & (44)
one finds
N = k’% ¢ (45)
o

Let us now expand ug in terms of the eigenfunctions associated with the central field
produced by the remaining nuclear constituents. Since only the spherically symmetric
eigenfunctions having eigenvalues very close to Ej are significantly different from zero
near the nucleus, we shall concentrate only on these. For z > R, the expression of these

3 Note that the author split the wavefunction of the incident particles into a term related to the principal
energy Ey (the second term in Eq. (39)) plus another term which will be expanded according to Eq.
(41). [N.d.T]
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eigenfunctions is given in Eqgs. (16), (26), (27). Actually, the ny given by Eq. (16) are
the eigenfunctions relative to the problem reduced to one dimension. In order to have
the spatial eigenfunctions, normalized with respect to v, we must consider

gw = W7 (46)
Adx
In this way we will set
o = / pygwdy + ..., (47)
0

wherein

We can set

b= [[[ asawin - /dd 2 3 gy d : o de. (48)
1

gy = — [A’Y ei(C+27r'y)(m—d1) + BA/ e—i(C+27r’y)($—d1)} : (49)
and, from Eq. (16),
A — a—ify i(C+2m)(d1—R)
v /aZ + 3272 ’
(50)

B _OFiY  icerm@-n)
v /a? + 3272
We can now assume that d;, and thus ds, is arbitrarily large; but ¢ = dy — d; has to
be small because the duration of the bombardment, which is of the order ¢/v, must be
negligible with respect to T'. Since 27 is of the same order as o?, that is to say, of the
same order as 1/vT (see Eq. (25)), 2my{ is absolutely negligible. For d; < x < dy it is
then possible to rewrite Eq. (49) as

1 , )
gW _ |:A'y ezmv(x—dl)/h + B’y e—zmv(x—dl)/h}
drx

: (51)

given Egs. (50).
Let us now substitute this into Eq. (48), taking into account Egs. (39) and (45).
We’ll simply have

p, = 27\/457: :2 o—imv(z—d1)/h §,. /C: eimu(E=di)/h ¢
3/2
s = s = 1B &
with 1372 \71/2
(53)

= imuvl/2y/Ar
Substituting into Eq. (47), one gets

Py = q/ Bygwdy + ... (54)
0
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and, at an arbitrary time,
¢ _ eiEot/hq / B'y i e27riv'yt d’)/ + ..., (55)
0

or, taking into account Egs. (46) and (16),

Y = eibot/h _ 4 /00 _25 xw e dy L. (56)
Tz by i
We now want to investigate the behavior of ¢/ near the nucleus. There, assuming that
other quasi-stationary state different from the one we are considering do not exist, the
terms we have not written down in the expansion of ¢ can contribute significantly only
during a short time interval after the scattering of the wave. If this is the case, ¢ will
have spherical symmetry near the nucleus. We set

u

Y = (57)

)
drx

so that the number of particles that will eventually be captured is

/ |u®| dz (58)

(the integration range should extend up to a reasonable distance, for example up to R).
Substituting into Eq. (56), and noting that for small values of x we approximately have
Xw = Xo, one obtains

u = g6 Bt/ /°° 2. e2rilvt=(d-Rly g~ (59)
0o a—ify

Since, as we already noted, a3’ < 0, and setting d = d; — R, from Eqs. (26), we find

( t—d/v t—d/v ;
gayoe'Pthe 2T —gae e 2T | fort> o
u = (60)
0, fort< Sl
\ v

The meaning of these formulae is very clear: The a-particle beam, which by assumption

does not last for a long time, reaches the nucleus at the time ¢ = d/v, and there is a

probability |qal? that a particle is captured (obviously, ¢?a? < 1). The effect of the

beam then ceases and, if a particle has been absorbed, it is re-emitted on the time scale

predicted by the laws of radioactive phenomena. If we set n = |ga/?, then from Eqgs. (25)
and (53) we get "
2mh

n= T N, (61)

which tells us that the absorption probabilities are completely independent of any hy-

pothesis on the form of the potential near the nucleus, and that they only depend on the
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time-constant 7".4

Equation (61) has been derived using only mechanical arguments but, as a matter
of fact, we can get the same result using thermodynamics. Let us consider one of our
radioactive nuclei in a bath of a particles in thermal motion. To the degree of approxima-
tion we have treated the problem so far, we can consider the nucleus to be at rest. Due
to the assumed spherical symmetry of the system, a particle in contact with the nucleus
is in a quantum state with a simple statistical weight. Such a state, of energy Fj, is not
strictly stationary, but has a finite half-life; this should be considered, as in all similar
cases, as a second-order effect. Assuming that the density and the temperature of the
gas of « particles is such that there exist D particles per unit volume and unit energy
near Ey, then, in an energy interval dF, we will find

DdE (67)

particles per unit volume. Let us denote by p the momentum of the particles, so that we
have

p = \/2mEy, (68)
dp = vVm/2FE,dE. (69)

4 The original manuscript then continues with two large paragraphs which have however been crossed
out by the author. The first one reads as follows:
“Since only the particles with energy near Ej are absorbed, we can think, with some imagination, that
every energy level Ey + W is associated with a different absorption coefficient /v, and that such ¢y is
proportional to the probability that a particle in the quasi-stationary state has energy Ey + W. From
(13), (21), (25), and (18), we then have
D
by = ———————. 62
VT 14T R? (62
Since the number of incident particles per unit area and unit energy with energy between (Ey + W) and
(Eo+ W) +dW is NdW, we must have

- h
TL:N[mfde:ND%, (63)
from which, comparing with (61),
D — ELQ — >‘72 (64)
T o m2? m

This is a very simple expression for the absorption cross section of particles with energy Fy, i.e., the
particles with the greatest absorption coefficient. If we set

h
N' = N;T—T, (65)
then Eq. (61) becomes
2
n= 2w, (66)
7T

which means that the absorption of N/ particles of energy Ej is equivalent to the absorption of N particles
per unit energy.” The second paragraph is not reproduced here since it appears to be incomplete. [N.d.T]
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FEy appears instead of E in the previous equations because we are considering particles
with energy close to Ey. The DdFE particles fill a unitary volume in ordinary space,
and in momentum space they fill the volume between two spheres of radii p and p + dp,
respectively. Thus, in phase space they occupy a volume

4rp*dp = 4nm?\/2Ey/mdE = 4rm?vdE. (70)

This volume contains )
mev

2m2h3
quantum states. Therefore, on average, we have

dE (71)

22 k3

D 2
m=v

(72)

particles in every quantum state with energy close to Fy. This is also the mean number
of particles inside the nucleus, provided that the expression (72) is much smaller than 1,
so that we can neglect the interactions between the particles. Since the time-constant
(“mean-life”) of the particles in the nucleus is T, then
2m2h3 D
m2vT
particles will be emitted per unit time and, in order to maintain the equilibrium, the
same number of particles will be absorbed. Concerning the collision probability with a
nucleus, and then the absorption probability, D particles per unit volume and energy are
equivalent to a parallel beam of N = Duv particles per unit area, unit energy and unit
time. On substituting, we then find
212 h3
n = N (74)

m2v2T "’

which coincides with Eq. (61).



