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noncommutative plane from the perspective of the Majorana equation.
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1.

Introduction

Ettore Majorana was the first to study the infinite-component relativistic fields. In
the pioneering 1932 paper [1], on the basis of the linear differential wave equation of a
Dirac form, he constructed a relativistically invariant theory for arbitrary integer or halfinteger spin particles. It was the first recognition, development and application of the
infinite-dimensional unitary representations of the Lorentz group. During a long period
of time, however, the Majorana results remained practically unknown, and the theory
was rediscovered in 1948 by Gel’fand and Yaglom [2] in a more general framework of the
group theory representations. In 1966 Fradkin revived the Majorana remarkable work
(on the suggestion of Amaldi) by translating it into English and placing it in the context
of the later research [3]. In a few years the development of the concept of the infinite∗
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component fields [4]–[8] culminated in the construction of the dual resonance models and
the origin of the superstring theory [9]–[15].
After the revival, the Majorana work inspired an interesting line of research based
on a peculiar property of his equation: its time-like solutions describe positive energy
states lying on a Regge type trajectory, but with unusual dependence of the mass, M ,
on the spin, s, Ms ∝ (const + s)−1 . In 1970, Dirac [16] proposed a covariant spinor set
of linear differential equations for the infinite-component field, from which the Majorana
and Klein-Gordon equations appear in the form of integrability (consistency) conditions.
As a result, the new Dirac relativistic equation describes a massive, spin-zero positiveenergy particle. Though this line of research [17]–[22] did not find essential development,
in particular, due to the problems arising under the attempt to introduce electromagnetic
interaction, recently it was pushed [23]–[25] in the unexpected direction related to the
anyon theory [26]–[38], exotic Galilei symmetry [39]–[42], and non-commutative geometry
[43]–[46].
In pseudoclassical relativistic particle model associated with the quantum Dirac spin1/2 equation, the spin degrees of freedom are described by the odd Grassmann variables
[47]. In 1988 it was observed [48] that the (3+1)D particle analogue of the Polyakov
string with rigidity [49] possesses the mass spectrum of the squared Majorana equation.
The model of the particle with rigidity contains, like the string model [49], the higher
derivative curvature term in the action. It is this higher derivative term that effectively
supplies the system with the even spin degrees of freedom of noncompact nature and leads
to the infinite-dimensional representations of the Lorentz group. Soon it was found that
the quantum theory of another higher derivative model of the (2+1)D relativistic particle
with torsion [32], whose Euclidean version underlies the Bose-Fermi transmutation mechanism [50], is described by the linear differential infinite-component wave equation of the
Majorana form. Unlike the original Majorana equation, its (2+1)D analogue provides
with the quantum states of any (real) value of the spin, and so, can serve as a basis for
the construction of relativistic anyon theory [31]–[38]. It was shown recently [23, 24] that
the application of the special non-relativistic limit (c → ∞, s → ∞, s/c2 → κ = const)
[51, 52] to the model of relativistic particle with torsion produces the higher derivative
model of a planar particle [40] with associated exotic (two-fold centrally extended) Galilei
symmetry [39]. The quantum spectrum of the higher derivative model [40], being unbounded from below, is described by reducible representations of the exotic planar Galilei
group. On the other hand, the application of the same limit to the (2+1)D analogue of the
Dirac spinor set of anyon equations [38] gives rise to the Majorana-Dirac-Levy-Leblond
type infinite-component wave equations [24], which describe irreducible representations
of the exotic planar Galilei group corresponding to a free particle with non-commuting
coordinates [41].
Here we review the described relations of the Majorana equation to the higher derivative particle models, exotic Galilei symmetry and associated noncommutative structure.
We also discuss the relationship of the (2+1)D relativistic Abelian gauge field theories
with Chern-Simons terms [55]–[62] to the Landau problem in the noncommutative plane
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[25, 41, 53, 54] from the perspective of the Majorana equation.

2.

Majorana Equation and Dirac Spinor Set of Equations
Majorana equation [1] is a linear differential equation of the Dirac form,
(P µ Γµ − m) Ψ(x) = 0,

(2.1)

with P µ = i∂ µ and matrices Γµ generating the Lorentz group via the anti-de Sitter
SO(3,2) commutation relations similar to those satisfied by the usual γ-matrices1 ,
[Γµ , Γν ] = iSµν ,

[Sµν , Γλ ] = i(ηνλ Γµ − ηµλ Γν ),

(2.2)

[Sµν , Sλρ ] = i(ηµρ Sνλ − ηµλ Sνρ + ηνλ Sµρ − ηνρ Sµλ ).

(2.3)

The original Majorana realization of the Γµ corresponds to the infinite-dimensional unitary representation of the Lorentz group in which its Casimir operators C1 and C2 and
the Lorentz scalar Γµ Γµ take the values
1
3
C1 ≡ Sµν S µν = − ,
2
4

C2 ≡ ²µνλρ Sµν Sλρ = 0,

1
Γµ Γµ = − .
2

(2.4)

A representation space corresponding to (2.4) is a direct sum of the two irreducible
SL(2,C) representations characterized by the integer, j = 0, 1, . . ., and half-integer, j =
1/2, 3/2, . . ., values of the SU(2) subalgebra Casimir operator, Mi2 = j(j + 1), Mi ≡
1
² S jk . In both cases the Majorana equation (2.1) has time-like (massive), space-like
2 ijk
(tachyonic) and light-like (massless) solutions. The spectrum in the light-like sector is
Mj =

m
,
j + 12

j = s + n,

n = 0, 1, . . . ,

s = 0 or

1
.
2

(2.5)

The change Γµ → −Γµ in accordance with (2.2), (2.3) does not effect on representations
of the Lorentz group as a subgroup of the SO(3,2). For the Majorana choice with the
diagonal generator Γ0 ,
1
Γ0 = j + ,
(2.6)
2
Eq. (2.1) has the time-like (P 2 < 0) solutions with positive energy.
In [16], Dirac suggested an interesting modification of the Majorana infinite-component
theory that effectively singles out the lowest spin zero time-like state from all the Majorana equation spectrum. The key idea was to generate the Klein-Gordon and Majorana
wave equations via the integrability conditions for some covariant set of linear differential
equations. Dirac covariant spinor set of (3+1)D equations has the form
Da Ψ(x, q) = 0,
1

We use the metric with signature (−, +, +, +).

Da = (P µ γµ + m)ab Qb ,

(2.7)
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where γ-matrices are taken in the Majorana representation, and Qa = (q1 , q2 , π1 , π2 ) is
composed from the mutually commuting dynamical variables qα , α = 1, 2, and commuting
conjugate momenta πα , [qα , πβ ] = iδαβ , while Ψ(x, q) is a single-component wave function.
The SO(3,2) generators are realized here as quadratic in Q operators,
1
Γµ = Q̄γµ Q,
4

i
Sµν = Q̄[γµ , γν ]Q,
8

where Q̄ = Qt γ 0 . The covariance of the set of equations (2.7) follows from the commutation relations [Sµν , Q] = − 4i [γµ , γν ]Q, which mean that the Qa is transformed as a
Lorentz spinor, and so, the set of four equations (2.7) is the spinor set. Note also that
[Γµ , Q] = 12 γµ Q, and the Qa anticommute between themselves for a linear combination of
the SO(3,2) generators. This means that the Qa , Γµ and Sµν generate a supersymmetric
extension of the anti-de Sitter algebra.
The Klein-Gordon,
(P 2 + m2 )Ψ = 0,

(2.8)

and the Majorana equations (with the parameter m changed in the latter for 12 m) are
the integrability conditions for the spinor set of equations (2.7) [16]. Taking into account
that the Γ0 = 41 (q12 + q22 + π12 + π22 ) coincides up to the factor 12 with the Hamiltonian of a
planar isotropic oscillator, one finds that the possible eigenvalues of the Γ0 are given by
the sets j = 0, 1, . . . and j = 1/2, 3/2, . . . in correspondence with Eq. (2.6). The former
case corresponds to the Γ0 eigenstates given by the even in qα wave functions, while the
latter case corresponds to the odd eigenstates. Having in mind the Majorana equation
spectrum (2.5) (with the indicated change of the mass parameter) and Eq. (2.8), one
concludes that the spinor set of equations (2.7) describes the positive energy spinless
states2 of the fixed mass.

3.

Higher Derivative Relativistic Particle Models

The model of relativistic particle with curvature [48, 63, 64, 65], being an analogue
of the model of relativistic string with rigidity [49], is given by the reparametrization
invariant action
Z
A=−

(m + αk)ds,

(3.1)

where ds2 = −dxµ dxµ , α > 0 is a dimensionless parameter3 , and k is the worldline
curvature, k 2 = x00µ x00µ , x0µ = dxµ /ds. In a parametrization xµ = xµ (τ ), Lagrangian of the
√
system is L = − −ẋ2 (m + k), where we assume that the particle moves with the velocity
less than the speed of light, ẋ2 < 0, ẋµ = dxµ /dτ , and then k 2 = (ẋ2 ẍ2 −(ẋẍ2 )2 )/(ẋ2 )3 ≥ 0
2

Staunton [20] proposed a modification of the Dirac spinor set of equations that describes the spin-1/2
representation of the Poincaré group
3
For α < 0 the equations of motion of the system have the only solutions corresponding to the curvaturefree case α = 0 of a spinless particle of mass m [48].
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[48]. The Lagrangian equations of motion have the form of the conservation law of the
energy-momentum vector,
µ
¶
d
∂L
d
∂L
Pµ = 0,
Pµ =
−
.
(3.2)
dτ
∂ ẋµ dτ ∂ ẍµ
The dependence of the Lagrangian on higher derivatives supplies effectively the system
with additional translation invariant degrees of freedom described by the velocity vµ ≡ ẋµ
and conjugate momentum [48]. This higher derivative dependence is responsible for a
peculiarity of the system: though the particle velocity is less than the speed of light, the
equations of motion (3.2) have the time-like (P 2 < 0), the light-like (P 2 = 0) and the
space-like (P 2 > 0) solutions [48], whose explicit form was given in [48, 65]. This indicates
on a possible relation of the model (3.1) to the infinite-component field theory associated
with the Majorana equation. Unlike the Majorana system, however, the quantum version
of the model (3.1) has the states of integer spin only, which lie on the nonlinear Regge
trajectory of the form very similar to (2.5) [48],
m
Ml = p
,
1 + α−2 l(l + 1)

l = 0, 1, . . . .

(3.3)

The choice of the laboratory time gauge τ = x0 separates here the positive energy timelike solutions.
Before we pass over to the discussion of a relativistic particle model more closely
related to the original (3+1)D Majorana equation from the viewpoint of the structure of
the spectrum, but essentially different from it in some important properties, it is worth
to note that the higher derivative dependence of the action does not obligatorily lead to
the tachyonic states. In Ref. [66] the model given by the action of the form (3.1) with
parameter m = 0 was suggested. It was shown there that in the case of ẋ2 < 0, the
model is inconsistent (its equations of the motion have no solutions), but for ẋ2 > 0 the
model is consistent and describes massless states of the arbitrary, but fixed integer or
half-integer helicities λ = ±j, whose values are defined by the quantized parameter α,
α2 = j 2 . The velocity higher than the speed of light in such a model originates from the
Zittervewegung associated with nontrivial helicity. System (3.1) with m = 0 possesses
additional local symmetry [66, 67] (action (3.1) in this case has no scale parameter), and
it is such a gauge symmetry that is responsible for separation of the two physical helicity
components from the infinite-component Majorana type field (cf. the system given by
the Dirac spinor set of equations (2.7)). Recently, the interest to such a higher derivative
massless particle system has been revived [68, 69] in the context of the massless higher
spin field theories [70, 71].
The (2+1)D relativistic model of the particle with torsion [32] is given by the action
Z
A = − (m + α%)ds,
% = ²µνλ x0µ x00ν x000
(3.4)
λ,
where α is a dimensionless parameter, and % is the particle worldline trajectory torsion.
Unlike the model (3.1), here the parameter α can take positive or negative values, and for
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the sake of definiteness, we assume that α > 0. Action (3.4) with α = 1/2 appeared originally in the Euclidean version in the context of the Bose-Fermi transmutation mechanism
[50, 29]. Like the model of the particle with curvature (3.1), the higher derivative system
(3.4) possesses the translation invariant dynamical spin degrees of freedom Jµ = −αeµ ,
√
eµ = ẋµ / −ẋ2 , as well as the three types of solutions to the classical equations of motion,
with P 2 < 0, P 2 = 0 and P 2 > 0 [32]. At the quantum level operators Jµ satisfy the
SO(2,1) commutation relations
[Jµ , Jµ ] = −i²µνλ J λ ,

(3.5)

analogous to those for the (2+1)D γ-matrices. Note that in (2+1)D, there is a duality
relation Jµ = − 12 ²µνλ S νλ between the (2+1)D vector Jµ and the spin tensor Sµν satisfying
the commutation relations of the form (2.3). The parameter α is not quantized here, and
it fixes the value of the Casimir operator of the algebra (3.5), J 2 = −α(α − 1) [32]. For
the gauge τ = x0 , in representation where the operator J0 is diagonal, its eigenvalues
are j0 = α + n, n = 0, 1, . . .. This means that the spin degrees of freedom of the
system realize a bounded from below unitary infinite-dimensional representation Dα+ of
the universal covering group of the (2+1)D Lorentz group [72, 73]. The physical states
of the system are given by the quantum analogue of the constraint responsible for the
reparametrization invariance of the action (3.4) [32],
(P J − αm)Ψ = 0.

(3.6)

One can treat Eq. (3.6) as a (2+1)D analogue of the original Majorana equation (2.1).
The difference of the (2+1)D from the (3+1)D case proceeds from the isomorphism between SO(2,2) and SO(2,1)⊕SO(2,1) algebras, and here the SO(2,1) generators Jµ simultaneously play the role analogous to that played by the SO(3,2) generators Γµ satisfying
the commutation relations (2.2). In the time-like sector, the solutions of Eq. (3.6) describe the positive energy states of the spin sn = α + n lying on the Majorana type
trajectory [32]
m
Mn =
,
n = 0, 1, . . . .
(3.7)
1 + α−1 n

4.

Fractional Spin Fields

The (2+1)D analogue of the Majorana equation (3.6) being supplied with the KleinGordon equation (2.8) describes the fields carrying irreducible representation of the
Poincaré ISO(2,1) group of any, but fixed spin s = α > 0 [32], and so, can serve as a basis
for relativistic anyon theory [26]–[31]. Instead of these two equations, one can obtain the
same result starting from the linear differential (2+1)D Majorana-Dirac wave equations
suggested in [34]4 . In such a case it is supposed that besides the index n associated with
the infinite-dimensional half-bounded unitary representation Dα+ , the infinite-component
4

Jackiw and Nair [33] proposed an alternative theory based on the (2+1)D Majorana equation supplied
with the equation for topologically massive vector gauge field.
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field carries in addition a spinor index, and that it satisfies Eq. (3.6) as well as the Dirac
equation
(P γ − m)Ψ = 0.
(4.1)
As a consequence of Eqs. (3.6), (4.1), the Majorana-Dirac field satisfies not only the
Klein-Gordon equation, but also the equations
²µνλ J µ γ ν P λ Ψ = 0,

(Jγ + α)Ψ = 0,

(4.2)

and one finds that it describes the positive energy states of the mass m and spin s = α− 12
[34].
The alternative way to describe an anyon field of the fixed mass and spin consists in the
construction of the (2+1)D analogue of the Dirac spinor set of equations (2.7) generating
the Majorana and Klein-Gordon equations in the form of integrability conditions. The
construction needs the application of the so called deformed Heisenberg algebra with
reflection intimately related to parabosons [74, 75],
[a− , a+ ] = 1 + νR,

R2 = 1,

{a± , R} = 0,

(4.3)

where ν is a real deformation parameter. Here operator N = 12 {a+ , a− } − 12 (ν + 1) plays
the role of a number operator, [N, a± ] = ±a± , allowing us to present a reflection operator
R in terms of a± : R = (−1)N = cos πN . For ν > −1 algebra (4.3) admits infinitedimensional unitary representations realized on a Fock space5 . In terms of operators a±
the SO(2,1) generators (3.5) are realized in a quadratic form,
1
J0 = {a+ , a− },
4

1
J± = J1 ± iJ2 = (a± )2 .
2

(4.4)

Here Jµ J µ = −s(s−1) with s = 14 (1±ν) on the even/odd eigensubspaces of the reflection
operator R, i.e. as in the (3+1)D case we have a direct sum of the two infinite-dimensional
irreducible representations of the (2+1)D Lorentz group. These quadratic operators
together with linear operators
1
L1 = √ (a+ + a− ),
2

i
L2 = √ (a+ − a− ),
2

(4.5)

extend the SO(2,1) algebra into the OSP(1|2) superalgebra:
{Lα , Lβ } = 4i(Jγ)αβ ,

1
[Jµ , Lα ] = (γµ L)α ,
2

(4.6)

where the (2+1)D γ-matrices are taken in the Majorana representation, (γ0 )α β = (σ2 )α β ,
(γ1 )α β = i(σ1 )α β , (γ2 )α β = i(σ3 )α β , and (γµ )αβ = (γµ )α ρ ²ρβ . With these ingredients, the
(2+1)D analogue of the Dirac spinor set of wave equations (2.7) is [38]
¢
¡
(4.7)
(P γ)α β + m²α β Lβ Ψ = 0.
5

For negative odd integer values ν = −(2k + 1), k = 1, 2 . . ., the algebra has finite, (2k+1)-dimensional
nonunitary representations [74].
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From these two (α = 1, 2) equations the (2+1)D Majorana and Klein-Gordon equations
appear in the form of integrability conditions.
The spinor set of equations (4.7) was used, in particular, for investigation of the
Lorentz symmetry breaking in the (3+1)D massless theories with fractional helicity states
[76].

5.

Exotic Galilei Group and Noncommutative Plane
A special non-relativistic limit (c is a speed of light) [51, 52]
c → ∞,

s → ∞,

s
= κ,
c2

(5.1)

applied to the spinor set of equations (4.7) results in the infinite-component DiracMajorana-Lévy-Leblond type wave equations [24]
r
k + 1 P+
i∂t φk +
φk+1 = 0,
(5.2)
2θ m
r
2(k + 1)
P− φk +
φk+1 = 0,
(5.3)
θ
where k = 0, 1, . . ., P± = P1 ± iP2 , and
θ=

κ
.
m2

(5.4)

The first equation (5.2) defines the dynamics. The second equation relates different
components of the field allowing us to present them in terms of the lowest component,
³ ´ k µ P ¶k
−
k κ 2
φ0 .
(5.5)
φk = (−1)
2
m
Though a simple substitution of the second equation into the first one shows that every
component φk satisfies the Shrödinger equation of a free planar particle, the nontrivial
nature of the system is encoded in its symmetry. The (2+1)D Poincaré symmetry of the
original relativistic system in the limit (5.1) is transformed into the exotic planar Galilei
symmetry characterized by the noncommutative boosts [39, 41],
[K1 , K2 ] = −iκ.

(5.6)

The system of the two infinite-component equations (5.2), (5.3) can be presented in the
equivalent form
i∂t φ = Hφ,
V− φ = 0,
(5.7)
with

P−
1
V − = v− −
.
(5.8)
H = Pi vi − mv+ v− ,
2
m
The translation invariant operators v± = v1 ±iv2 , [vi , vj ] = −iκ−1 ²ij , is the non-relativistic
limit (5.1) of the noncompact Lorentz generators, −(c/s)J± → v± . The symmetry of the
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quantum mechanical system (5.7) is given by the Hamiltonian H, the space translation
generators Pi , and by the rotation and boost generators,
1
J = ²ij xi Pj + κv+ v− ,
2

Ki = mxi − tPi + κ²ij vj .

(5.9)

These integrals generate the algebra of the two-fold centrally extended planar Galilei
group [39, 41] characterized by the non-commutativity of the boosts (5.6).
The first equation from (5.7) is nothing else as a non-relativistic limit of the (2+1)D
Majorana equation (3.6) [24]. The system described by it (without the second equation
from (5.7)) corresponds to the classical system given by the higher derivative Lagrangian
1
L = mẋi 2 + κ²ij ẋi ẍj ,
2

(5.10)

which, in its turn, corresponds to the non-relativistic limit (5.1) of the relativistic model
of the particle with torsion (3.4) [23]. It is interesting to note that the system (5.10) (for
the first time considered by Lukierski, Stichel and Zakrzewski [40], in ignorance of its
relation to the relativistic higher derivative model (3.4)), reveals the same dynamics as
a charged non-relativistic planar particle in external homogeneous magnetic and electric
fields [77]. The spectrum of the Hamiltonian (5.8),
En (P ) =

1 2
P − mκ−1 n,
2m i

n = 0, 1, . . . ,

(5.11)

is not restricted from below, and the system (5.10), similarly to its relativistic analogue
(3.4), describes a reducible representation of the exotic Galilei group. The role of the
second equation from (5.7), whose component form is given by Eq. (5.3), consists in
singling out the highest (at fixed Pi2 ) energy state from (5.11) with n = 0, and fixing an
irreducible infinite-dimensional unitary representation of the exotic planar Galilei group
[24, 77]. The system being reduced to the surface given by this second equation (classically
equivalent to the set of the two second class constraints Vi = 0, i = 1, 2) corresponds to
the exotic planar particle considered by Duval and Horvathy [41, 79], which is described
by the free particle Hamiltonian and an exotic symplectic two-form,
H=

1 2
P ,
2m i

1
ω = dPi ∧ dxi + θ²ij dPi ∧ dPj .
2

(5.12)

The system (5.12) reveals a noncommutative structure encoded in the nontrivial commutation relations of the particle coordinates,
[xi , xj ] = iθ²ij .

(5.13)

This noncommutative structure is the non-relativistic limit (5.1) [51] of the commutation
relations
Pλ
[xµ , xν ] = −is²µνλ
(5.14)
(−P 2 )3/2
associated with the minimal canonical approach for relativistic anyon of spin s [78]. Note
that as was observed by Schonfeld [55] (see also [80]), the commutation relations (5.14) are
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dual to the (Euclidean) commutation relations for the mechanical momentum of a charged
particle in the magnetic monopole field. The latter system also admits a description by
the higher derivative Lagrangian [80],
1
|~r|
LCM = m~r˙ 2 − eg
(~r × ~r˙ ) · ~r¨ .
2
(~r × ~r˙ )2

(5.15)

There is a close relationship between the charge-monopole non-relativistic system (5.15)
and the model of relativistic particle with torsion (3.4). Indeed, in a parametrization xµ =
xµ (τ ), the torsion term from (3.4) takes the (Minkowski) form of the higher derivative
charge-monopole coupling term, but in the velocity space with v µ ≡ ẋµ ,
√
−v 2
Ltor = −α
²µνλ v µ v̇ ν v̈ λ .
(5.16)
ρ
σ
2
(²γρσ v v̇ )
~n + eg = 0 is the analogue of the (2+1)D Majorana
For system (5.15) the relation J~
equation (3.6), where ~n = ~r/|~r| and J~ is the charge-monopole angular momentum.
The exotic planar particle described by the symplectic structure (5.12), or by the
Dirac-Majorana-Lévy-Leblond type equations (5.2), (5.3), can be consistently coupled to
an arbitrary external electromagnetic field at the classical level [41, 25]. However, at the
quantum level the Hamiltonian reveals a nonlocal structure in the case of inhomogeneous
magnetic field [25]. Another peculiarity reveals even in the case of homogeneous magnetic
field corresponding to the Landau problem for a particle in a noncommutative plane
[25, 54, 81], where the initial particle mass m is changed for the effective mass [41]
m∗ = m(1 − eBθ),

(5.17)

see below. As a result, the system develops three essentially different phases corresponding to the subcritical, eBθ < 1, critical, eBθ = 1, and overcritical, eBθ > 1, values of the
magnetic field [25, 54].

6.

Gauge Theories with Chern-Simons Terms and Exotic Particle

In the case of the choice of finite-dimensional non-unitary representations of the
deformed Heisenberg algebra with reflection (4.3) corresponding to the negative odd
values of the deformation parameter, ν = −(2k + 1), k = 1, 2, . . ., the (2+1)D spinor
set of equations (4.7) describes a spin-j field with j = k/2 and both signs of the energy
[82, 83, 37]. In particular, in the simplest cases of ν = −3 and ν = −5, Eq. (4.7) gives
rise, respectively, to the Dirac spin-1/2 particle theory and to the topologically massive
electrodynamics [55, 56]. The latter system is described by the Lagrangian
1
m
LT M E = − Fµν F µν − ²µνλ Aµ Fνλ ,
Fµν = ∂µ Aν − ∂ν Aµ .
(6.1)
4
4
Let us suppress the dependence on the spatial coordinates xi by making a substitution
√
Aµ (x) → m rµ (t). Then (6.1) takes a form of the Lagrangian of a non-relativistic
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charged particle in the homogeneous magnetic field B = m2 e−1 , L = 12 mṙi2 + 21 eB²ij ri ṙj ,
while the variable r0 disappears6 .
In Ref. [62], Deser and Jackiw proposed an extension of the topologically massive
electrodynamics by adding to Lagrangian (6.1) the higher derivative term of the ChernSimons form,
LDJ = LT M E + LECS ,

LECS = κm−1 ²µνλ Fµσ ∂ σ Fνλ ,

(6.2)

where κ is a dimensionless numerical parameter. Making the same substitution as before,
and changing ri → xi , we reduce the (2+1)D field Lagrangian (6.2) to the mechanical
Lagrangian for a particle in a plane,
1
1
L = mẋ2i + eB²ij xi ẋj + κ²ij ẋi ẍj ,
2
2

(6.3)

that describes the higher derivative model (5.10) coupled to the external homogeneous
magnetic field. The system (6.3), like the free higher derivative system (5.10) underlying
the special non-relativistic limit (5.1) of the (2+1)D Majorana equation, has a spectrum
unbounded from below. This drawback can be removed by supplying the coupled system
with the appropriately modified constraint (5.3) [25]. Classically, this is equivalent to the
change of the higher derivative Lagrangian (6.3) for the first order exotic Duval-Horvathy
Lagrangian [41]
1
1 2 1
Pi + θ²ij Pi Ṗj + eB²ij xi ẋj ,
(6.4)
Lex = Pi ẋi −
2m
2
2
corresponding in a free case to the symplectic structure (5.12)7 . It generates the equations
of motion with the effective mass (5.17), Pi = m∗ ẋi , Ṗi = eB²ij ẋj .
The interacting exotic particle system (6.4) can also be obtained by a reduction of another (2+1)-dimensional Abelian gauge field theory given by the Lagrangian with several
Chern-Simons terms,
1
1
1
LH = −²µνλ Φµ ∂ν Aλ − λΦµ Φµ − κm−1 ²µνλ Φµ ∂ν Φλ − βm²µνλ Aµ ∂ν Aλ ,
2
2
2

(6.5)

where λ, κ and β are dimensionless parameters. The system with Lagrangian (6.5) was
investigated by Hagen [59], see also [60]. Suppressing the dependence of√the fields Φµ
and Aµ on the spatial
coordinates by making the substitutions Aµ (x) → λm rµ (t) and
√
Φµ (x) → π µ (t)/ mλ (we assume λ > 0), and denoting λβm2 = eB and κ/(λm2 ) = θ,
we reduce (6.5) to the first order Lagrangian
L = ²ij πi ṙj −
6

1 2
1 2 1
1
πi +
π0 + θ²ij πi π̇j + eB²ij ri ṙj .
2m
2m
2
2

This corresponds to the nature of the A0 field, which can be removed by imposing the Weyl gauge
A0 = 0.
7
For the system (6.3), one can get rid of the unbounded from below spectrum by changing the sign in
the first, kinetic term. In this case the problem reappears at κ = 0.
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Hence, the π0 plays the role of the auxiliary variable, and can be omitted using its equation
of motion π0 = 08 . Then, changing the notations ri → xi and πi → ²ij Pj , we arrive at
the Lagrangian (6.4).
Therefore, the both systems (6.3) and (6.4), corresponding (in a free case) to the
special non-relativistic limit (5.1) of the (2+1)D Majorana equation (3.6) and Dirac spinor
set of equations (4.7), can be treated as reduced versions of the relativistic Lagrangians
(6.2) and (6.5) of the (2+1)D Abelian gauge field theories with Chern-Simons terms.

7.

Conclusion

To conclude, we point out two interesting open problems related to the Majorana
equation.
It is known that the spin-statistics connection for the infinite-component fields described by the Majorana type equations is absent [5, 7, 8]. On the other hand, the
question on such a connection for the fields of fixed mass and spin described by the
Dirac covariant set of equations is open. The question on the spin-statistics relation for
the fractional spin field theories constructed on the basis of the (2+1)D analogue of the
Majorana equation also still waits for the solution.
As we saw, the original (3+1)D Majorana equation and the Dirac spinor set of equations constructed on its basis, as well as their (2+1)D analogues, have a hidden supersymmetric structure encoded in the Majorana spectrum (2.5). Hence, it would be very
natural to try to construct a supersymmetric extension of these theories. Such an attempt was undertaken in Ref. [83] for the case of the (2+1)D analogue of the Dirac
spinor set of equations. Within the framework of a restricted approach taken there, the
supersymmetric extension was obtained only for a few special cases corresponding to
finite-dimensional representations of the underlying deformed Heisenberg algebra with
reflection (4.3)9 . A supersymmetric extension could help to resolve the problem of the
electromagnetic coupling, including the quantum case of the non-relativistic exotic particle in the noncommutative plane.
Acknowledgements. The work was supported in part by FONDECYT grant 1050001.

8

Disappearance of π0 (r0 ) is rooted in the independence of Lagrangian (6.5) of the time derivative of
Φ (A0 ).
9
See also ref. [35] for the case of ν = 0.
0
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