EJTP 7 (2005) 1-10 Electronic Journal of Theoretical Physics

Application of Coadjoint Orbits in the
Thermodynamics of Non-Compact Manifolds.

V. V. Mikheyev'; I. V. Shirokov *

Department of Physics
Omsk State University
644077 Omsk, RUSSIA

Received 20 May 2005, Published 20 Aug 2005

Abstract: Method of the solution of the main problem of homogeneous spaces thermodynamics
for non-compact spaces in the case of non-compact Lie groups is presented in the article. The
method is based on the method of coadjoint orbits. The formula that allows efficiently evaluate
heat kernel on non-compact spaces is obtained. The method is illustrated by non-trivial example.
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1. Introduction

The main goal of the thermodynamics of non-compact spaces is evaluation of the heat
kernel Z3 as a sum over the spectrum of energy operator H = —A (Laplace-Beltrami
operator)

Zﬁ - Zdn eXp<_BEn)7 (1)

where d,, is a degeneration of eigenvalue F,,, 3 - inverse temperature. In case of elliptic
operator H on compact space, series (1) is always convergent [1].
Heat kernel (1) can be expressed as a trace of density matrix pg(z, 2')

Zs= [ pate.)du(o).  dule) = Iglda, 2)
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which is a solution of Bloch equation

WAL) 4 H@oaea) =0, gl Yoo = 0=V O

Hence H is invariant operator, that problem is closely connected with the theory of
Fourier analysis on non-compact spaces.

Many papers ([2],[3],[4]) were dedicated to the investigation of the properties of
Laplace operator and heat equation, especially to high-temperature approximation of
density matrix and a lot of important results were obtained there. For instance in case
of n-dimensional compact space for Z3 is expresed as series

Vol ,
%= g 2" g

were coefficients a; represent spectral invariants, which may be expressed through func-
tions on the manifold, symbol of operator H and it’s derivatives.

The fact is that mathematical physics usually considers thermodynamics of compact
manifolds or at least non-compact manifolds of finite volume. There is no general algo-
rithm to factorize the volume of the manifold in sum (1) or in integral (2) in order to
consider specific (by volume) heat kernel.

That work dealt with thermodynamics of non-compact manifolds (non-compact Lie
groups as an example). The method of heat kernel evaluation is suggested here and it’s
based on the theory of coadjoint orbits. The method allows to factorize divergent volume
of manifold so we can easily work with sufficiently finite specific (by volume) heat kernel.

Equation of type (3) are usually to be solved in the framework of the method of
separation of variables, which allows to build the basis of solutions. Here we face a
drawback connected with the problem of composition of the solution to satisfy stated
initial conditions.

We use here method of orbits that efficiently uses the symmetries of the equation
and we can remedy the drawback referring initial conditions mentioned above. Also
the method allows to find global solutions, avoiding the problem of solution sewing in
different coordinate maps even in case when the space cannot be covered with one map.
The problem in the framework of the method of K-orbits is driven to the space of orbits
with geometry and topology much simpler then the initial space had.

As an example of efficient application of the orbits method to problems of the ther-
modynamics of non-compact manifolds we thoroughly consider these problems for one
non-compact unimodular Lie group. The case of the unimodular Lie groups was chosen
as an illustrative example of presented method to avoid non-sufficient technical details
which may make the main problem hard to understand.
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2. Quantization of transition functions to the canonic coordi-
nates on K-orbits

We introduce below basic constructions necessary for the solution of the problem, stated
in the Introduction.

Let G be a real connected n-dimensional Lie group and G its Lie algebra. Group G
acts on coalgebra G* with coadjoint representation Ad" : G x G* — G*, (g, f) — Adj f
by convention:

(Ad; f,X)=(f,Ady1 X); f€G", g€l X€G. (5)

Here Ad, is the linear operator of adjoint representation of group G on Lie algebra G.
Coordinates of covector f in the basis dual to Lie algebra G basis {e;} are denoted as
fi, [ = fie!, {¢',e;) = 0% Hence the formula (5) in the coordinates looks as (Ad; f); =
(Ady1 )L

The linear degenerate Poisson bracket is defined on the dual space G*:

{o.0}(f) = (L IVe(f), Vel w0 e C(G7), (6)

whete Vi (f) = e:00(f) /0
Let’s denote as wy a symplectic 2-form (Kirillov form) on an orbit O, which acts on
vectors tangent to orbit as follows:

w,\(a, b) = <)\, [Oz,ﬁ]), a = CLdZ)\ € T)\O)\, b= ad;)\ € T)\O)\, o, ﬁ €g. (7)

It’s obvious that the Poisson bracket determined by Kirillov form wy on an orbit O,
coincides with the restriction of the Poison bracket (6) to that orbit.

According to the Darboux theorem the local canonical coordinates (the Darboux
coordinates) exist on an orbit @, in which the form w), looks like

% dim Oy

Wy = Z dpg N dq°.
a=1

It’s easy to see that the transition to the canonical Darboux coordinates (f;) — (pa, ¢%)
means to find a set of analytic functions of the variables (p, q): fi = fi(q,p, A) that satisfy
following conditions

afz(Qap7 )‘) af](qvpa )‘) af]((pr >‘) 8fz(Q7p’ )‘) ik .
apa aqa - apa 8q“ - Cijfk(QuP? /\)a (9)
K, (f(g,p,N) =K,(\); p=1,...,codimO,. (10)

(Here K, (f) are the Casimir function for orbit O,, i.e. such functions from the space

C>(G) that {o(f), Ku(f)}Ho, =0, Ve € C=(G7)).
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Let’s require the transition to the canonical coordinates (in other words, the gp-

transition) to be linear on p,, i.e.
fila,p, ) = af(@)pa + xi(g, A); - rankaf(q) = %dim Oy (11)

In general, the linear transition (11) does not exist but if we assume that af(q)
and x;(q; \) are the holomorphic functions of the complex variables ¢ then the class of
a K-orbits and a Lie algebras which might allow the linear transition becomes much
wider. (We assume that functionals from G* are extended linearly on G¢). The domain
of definition @) of variables ¢ and the domain of definition P of variables p is determined
from the requirement for the function f;(q,p, \) to be real-valued.

The following theorem is proven in [5].
Theorem 1. Linear transition to the canonical coordinates on orbit Oy exists only when
for a linear functional A the normal polarization does exist, i.e. the subalgebra H C G°¢
such as

1
dimH =n — 5oum@, NHOH]) =0, A+ HE C O,

The linear transition (11) is useful in many aspects. Firstly, the procedure of the
Poisson bracket quantization is easily obtained because in this case the problem of regu-
larization of operators does not arise (see below). Secondly, quadratic hamiltonians maps
(when the transition (11) applied) into also quadratic hamiltonians in respect to impulses
and after the quantization we get second order equations. The linear gp-transition ex-
ists in the overwhelming majority of cases because it’s known (see, e.g. [6]) that for an
arbitrary Lie algebra and for any non-degenerate covector a solvable polarization does
exist.

We introduce notation j, (© = 1,...,ind(G)) for local coordinates in the space of
orbits G*/G. We fix representative of an orbit A = A(j), assuming that A depends on j
linearly. Further we will consider covector A to be non-degenerate, i.e. dim O, to have
maximal value.

Let’s define the concept of the K-orbit quantization, see [5]. The quantization must be
done separately for each type of orbits. It consists in the correspondence to a type of orbits
the special infinite-dimensional Lie algebra representation, so called (A-representation).
The condition of integrality is imposed on the orbits. We remind [7], that an orbit called
integer-valued if the Kirillov form integral taken over any 2-dimensional cycle is integer-
valued.

Let’s consider the transition functions f;(q,p; A\) as the symbols of operators. They
are defined as follows, variables p, are substituted with the differential operators p, —
Po = —thOp. Then the covector’s coordinates f; transform into the linear operators
filg,p; \) — fi = filg, —ihd,; A + ihB)) (here R is a real positive parameter). Under
the quantization an arbitrary function ¢(f) € C°°(G*) is assigned with a symmetrized
operator function f) of the operators fl The real vector ( is determined from the
real-value requirement for the functions:

Ru(A) = Ku(f). (12)



Electronic Journal of Theoretical Physics 7 (2005) 1-10 5

The procedure of quantization is ambiguous. This ambiguity vanishes if we require
the operators f; to satisfy the following commutation rules

i . . .
ﬁ[fia fil = CE fr (13)

It’s obvious that if the transition to the canonical coordinates is linear, i.e. for this
type of an orbit exists a normal polarization, then

~

0
Ji= —iha?(Q)a—qa + Xi(q, A +ihf3)). (14)

3. Quantum equations on K—orbits and heat kernel

We define here special infinite-dimensional irreducible representation of Lie algebra G
which we shall call A-representation. Operators of A-representation [;(¢,d,, A) are con-
structed as follows from the quantized canonic transition functions

7 ~

li(q’am)‘) hfi(qvam)‘)' (15)

Let X\ be a non-degenerate covector that belongs to an integer-valued orbit. Here fol-
lowing conventions are assumed, the group G is unimodular; /;(q, 9,, A) is a A-representation
of Lie algebra G; dg is an invariant measure on Lie group G; du(q) is the measure on @
such that operators ;(q, d,, A) are skew-symmetric with respect to the scalar product in
Lo(Q, du(q)). Note that the left-invariant vector fields (¢;) and the right-invariant vector
fields (n;) on G also are skew-symmetric with respect to the scalar product in Lyo(G, dg).

We introduce generalized function ng, (g) as the solution of the overdetermined sys-
tem

[€i(9) + 1. 94, M| Dgyy(9) = 03 [1mi(g) + Li(d', 05, )] Dgyr(9) = 0. (16)

(since D;‘q, (g) are the generalized functions then all of the equalities that include them
(e.g. equation (16)) must be considered in the weak sense).The system (16) is consistent
but global solutions exist only for integer-valued orbits. By definition functions D;‘q/ (9)
appear to be the eigenfunctions of the Casimir operators and they are determined by
the system (16) with an accuracy to a constant factor. This arbitrariness is eliminated
by introduction of the normalization requirement ng,(e) = 0(q,q'), where 6(q,q') is the
Delta-function with respect to the measure du(q). Note that the functions D, (g) are to
be found in quadratures because the system (16) is overdetermined.
Functions ‘Dé\q’ (¢9) on unimodular Lie groups have following properties

[ D) D@ la") = D (')

S
Déq/<x> - Dq/q(l‘ 1)7 (17)
D, (e)

8(q.q").
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The set of functions D\, (g) is full and orthogonal [5] and since that satisfies following

equations .
[ Dl Digts) dg = sla. 030930, (18)
G
| Dhld)Di (o) dutidnta)duta) = o(s.5). (19)
QXQxJ

Because of that for any function ¢(g) from the dense kernel subspace in Ly(G, dg) the
generalized Fourier transformation and inversion are defined:

oxla,q) = / w(9)D,,(g) dg (20)

olg) = / 2x(0:0) D> (9) dp(g)da(q' dp( ). (21)

Here dp() is the spectral measure of Casimir operators K,(ih§) (n=1,...,7).

In the conventional method of harmonic analysis the functions that perform Fourier
transformation are the eigenfunctions for a full n-dimensional set of commuting operators
from an enveloping algebras of right- and left-invariant fields U(G%), U(G*®) [8]. The
suggested approach has the significant advantage: if the functions ¢(g) and ¢,(q, ') are
connected by the transformations (20), (21) then the same transformation connects the
action of the following operators

&(9)elg) <= 1i(q,0, Noa(a:d),  ni(9)elg) <= Li(d, 0y, N)a(a, q) (22)

Let’s put in correspondence to the function H(f) on the coalgebra the symmetric func-
tion H (ifin) of operators ihn; and consider the following differential equation in Ly (G, dg):

H(ihm)p(g) = Ev(g). (23)

The equation (23) is called quantum equation on the Lie group G [9].
Using transformation (21) and formula (22) we get the equivalent equation for the
function ¢, (g, ¢')

~

H(f(q,\)éala:4") = Ega(q,q)- (24)
Let’s consider operator H(x)
H(x) = G*(ilma)(ily), (25)

where G is arbitrary constant symmetric non-degenerate matrix of positively defined
quadratic form, 7, — right-invariant vector fields on Lie group. It’s easy to see that in
this case operator H is Laplace operator on Lie group with rightinvariant metric

g7 (x) = G () (). (26)
Obviously Riemannian measure un Lie group /gdx coincides (to the constant factor)
with bi-invariant measure on Lie group.
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Since set D(’l\q, (g) is full, the solution of equation (3) may be expressed as follows

ps(a, ') = / 75(0, 4+ 3. @, @, ) D’ () Dl (") dpa(q)dp(q ) dpe() Ayl @) dpe( T ) dpa (), (27)

where function ps(q, ¢, 7, G, @, j) satisfies equation

aﬁ Q7q,7ja(jaglaj £\ ~ o~ o~
ﬁ( aﬁ )+H(f)pﬁ(Q7q,7]7Q7q,7]) =0, (28)

ﬁﬁ(Q7 q/7.j> (jv CTJ”B:O = 5(Q7 Q)é(q/a q/)(s(]aj)

Although H(f) in (24) depends only on ¢, solution of (28) may me written down as

ps(¢,4',3.4,d.7) = Rp(a,4.5)0(q'.7)3(5, ) (29)
Function Rz(q, q, 7) also satisfies equation
O0Rs(q,q,J A _ . ~ _ . -
IRe(@:0.4) H(f)Rs(q,d,5) =0, Rpl(a,q.J)]s=0 = (g, q)- (30)

ap
Let’s substitute (30) in (28) and integrate over § and j taking into account special

properties (28) of functions Déq, (z) for unimodular Lie groups, we will get final expression
for density matrix on unimodular Lie group:

piea') = [ Rala,0.0)D3a’™ 2)d@)dn @) 61

One might see, that diagonal elements of density matrix have no dependence on group
coordinates x. Heat kernel on Lie group as a trace of density matrix (31) is defined as
follows

Zs= [ pate.yin(o) = [ duta) [ dala.a.3)duta)dnG) =

— Volg / 7o, 0.5)du(@)du(s), (32)

where integration is performed over entire volume of the group.

One can easily see that specific (by volume) heat kernel (statistic sum) z5 = Zg/Volg
is sufficiently finite because operator H is elliptic.

As an example we will consider the problem of heat kernel on one non-compact Lie

group.

4. Example

As an example of the method we will consider 3-dimensional Lie group E(2). Lie algebra
of that group is determined by following commutation rules:

e, e2] =0, ez, e3] =eer,  [er, e3] = —eea.
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Lie group F(2) is popular subject of study in theoretical physics and mathematics but
usually parameter ¢ is taken equal 1. That case corresponds with Lie algebra of group of
motions of two-dimensional euclidean plane. Other well known value of ¢ is 0 which repre-
sents three dimensional abelian Lie group. We take in consideration arbitrary parameter
€ to be able to perform contraction £ — 0.

Matrix G% = diag(A, B,C) and in given case we assume det G > 0.

Left-invariant and right-invariant vector fields on that group are

& = cos (ex3)0r +sin (exs)0y, & = —sin (exs)0r + cos (ex3)Dy, &3 = 05,

m=—0, mn=—0, 1un3=cr0)—ex10,— 0.
According (25) we get operator H (ihn)

H = —hQ(Anf + Bng + C’ng).
Canonic transition functions are:

fi=—jcos(eq), fo=jsin(eq), f3=np.

Functions on Lagrange submanifold () to the symplectic sheet, i.e functions of variable ¢
here here are functions on S which are 27 /e periodic.

Set of functions ng, we obtain as a solution of (16) and it satisfies (17), (18) and
(19), looking as follows

Déq, = exp [ﬁ](—xl cos (eq) + 9 sin (£¢))]0 (23 + ¢ — ¢')

and we choose measure du(j) = ejdj/(2wh)>.
The case we are interested in is bolzmannian gas (gas of non-interacting particles of
mass m). Because of that we have following restriction put on matrix G: A =B =(C =

~

1/2m and thus H(f) is a hamiltonian of a free particle.

Operator H(f), that is built according (24) from quantized canonic transition func-
tions and enters (30):

H(f) =5 (4 B+ B) (3)

Since Rs(q, q,7) on Lagrange submanifold @ to the orbit Oy must be 2 /¢ periodic
we must build a solution of the equation (24) as a series using Fourier transformation
over variable gq.

So we get density matrix Rgz(q, ¢, j) on Lagrange submanifold @ to the orbit O,, as
a solution of (24) with operator (33):

S expl(— (k) + )8 — inclq ) =

£
21

(220U exp(- 2
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Specific statistic sum obtained from formula (32) is
2mm?

m
225

2= (5

)*/205(0, exp(— (34)

which can be written down for more convenient consideration of thermodynamic proper-
ties as follows (65 is #3 Jacobi function)

(kaT
Z =

3/2
L) 0.l (35

where kg — Bolzmann constant and Ty(e) = h%e?/2mkpn?).

Mean energy of the particle in that space is

Olnz
oT

u = k’BT2

and we can get specific heat (for one particle) in given space.

Asymptotic transition (contraction) e — 0 corresponds to the specific heat for the
bolzmannian gas of free particles in flat space R3.

Here we give the graph for the specific heat ¢, of bolzmannian gas (for one particle)
depending on t = T'/Ty(e).

Fig. 1

On the graph one can see that lower temperatures cause elimination of one degree
of freedom but at higher temperatures particles behave just like in three dimensional
flat space. That abnormal behavior of the specific heat can be explained by the fact
that particle ”feels” topology of the space. Indeed the group space of F(2) is a cylin-
der with non-trivial topology which strongly influences thermodynamical properties of
bolzmannian gas at low temperatures.

The principal result of the paper is formula (32) that solves the main problem of
thermodynamics of homogeneous spaces for non-compact unimodular Lie groups.
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