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EJTP V13, No 36. Preface
This issue of EJTP has articles of great interest to researchers from several ﬁelds in
theoretical physics; articles comes from areas such as cosmology, high energy theory,
non-linear waves, dark matter, and black hole physics. I may not go through all the
papers here but will present a reprsentation of papers from each category.
As a general relativist and a black hole physicist, personally I enjoyed reading the two
articles on black holes: information retrieval from young black holes were discussed by
A.Y. Yosifor and L.G. Filipov. In another article, R. Sini and C.P. Rabida did a thorough
calculation of gravitational lensing of charged black holes.
I found the papers on cosmology quite fascinating with novel ideas: H. Kleinert writes an
interesting paper to describe dark matter as a singularity in gravitational ﬁeld. Quantum
mechanics in the pre-big-bang scenario is investigated from a string theory point of view
by A. Zanzi.
This issue also had several very interesting papers on mathematical physics: wave function
of the Deuteron through the Laguerre functions were presented by V.I. Zhaba. In another
article, D-dimensional Schrodinger equation for a square root potential is presented by
T. Das. The famous KdV equation was studied in an unusual application in the context
of arterial pulse wave by G.P. Chuiko et.al.
There were several papers focused on high-energy theory in this issue. One of them by
T. Ma and S. Wang studies the massless neutrino oscillations mechanism based on the
Weyl equations for neutrinos. In another paper, the masses of weak and Higgs bosons as
composites are presented by M. Akano.
This is the ﬁrst issue of EJTP I am reading since I joined the editorial board of EJTP in
October this year. I am very happy to be a part of this journal which opens the door for
experts to publish in theoretical and mathematical physics. My expertise is in general
relativity and black hole physics. I have worked on variety of issues related to black holes
and general relativity: some of the topics include, black hole thermodynamics, quasinormal modes of black holes and black holes as particle accelerators. Currently I am a
professor at Northern Kentucky University, USA.
Sharmanthie Fernando, EJTP Editor
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The GIMP Nature of Dark Matter
H. Kleinert∗
Institut für Theoretische Physik, Freie Universität Berlin, Arnimallee 14, D14195
Berlin, Germany
ICRANeT, Piazzale della Repubblica 1, 10 -65122, Pescara, Italy

Received 14 August 2016, Accepted 25 September 2015, Published 10 November 2016
Abstract: We conjecture that dark matter consists of purely gravitational ﬁeld singularities of
spacetime. These do not couple to any of the standard elementary particles via the gauge ﬁelds of
strong, electromagnetic, or weak interactions, but are subject only to gravitational interactions.
Thus, instead of searching in vane for WIMPs by means of ordinary particle-physics experiments,
one should try to detect GIMPs (Gravitationally Interacting Massive Particles). Their purely
gravitational nature explains their invisibility in ordinary elementary-particle experiments.
c Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Dark Matter; Dark Energy; Gravitational Fields; Gauge Fields; Weakly Interacting
Massive Particles (WIMP)
PACS (2010): 98.80.Cq; 98.80. Hw; 04.20.Jb; 04.50+h

Almost hundred years ago, in 1919, Einstein published a remarkable paper entitled
“Do Gravitational Fields Play a Signiﬁcant Role in the Composition of Material Elementary Particles?” [1]. He thus asked this question long before any of the numerous
elementary particles was discovered. After their discovery, physicists thought for a long
time that the answer is negative. However, as we understand increasingly well the structure of the universe, the answer is rather an “almost yes”. Moreover, if we restrict his
title to the dark-matter part of the universe, which makes up about one third of the
universe, the answer seems to be “yes”.
Indeed, in 1933, Fritz Zwicky [2] plotted the orbital velocities of stars in the galaxy as
a function of their distance from the center and encountered an unexpected surprise: the
velocities do not decrease with distance in a way expected from the visible masses. This
made him postulate the existence of dark matter. In fact, the observed velocity curves
ask for large amounts of invisible matter in each galaxy. The presently best theoretical
ﬁts to the data [3] are shown in Figs. 1 and 2.
If a Friedmann model [4] is used to explain the evolution of the universe, one needs
∗
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a large percentage of dark matter, roughly 27% of the mass energy of the universe. If
dark matter is added to the so-called dark energy, which accounts for roughly 70% of the
energy, one ﬁnds that the visible matter is practically negligible (see Fig. 3). This is the
reason for ignoring visible atoms completely in the most extensive computer simulations
of the evolution of cosmic structures [5], the so-called Millennium Simulation.
In Fig. 4 we show the decomposition of matter when the universe became ﬁrst transparent to light. The largest chunk is that of dark matter. There are many speculations as
to what particles it may consist of. It is the purpose of this note to give the simplest possible explanation [6]. We argue that it is not made of any standard elementary particles.
Instead it consists of singular worldlines and worldsurfaces in the solutions of Einstein’s
vacuum ﬁeld equation Gμν = 0. Their energy quanta appear as massive particles. If this
is done à la Feynman via functional integrals, the Einstein-Hilbert action which governs
spacetime also governs the ﬂuctuations of these singular conﬁgurations of worldlines and
worldsurfaces.

Figure 1 (a) Velocity of stars in our Galaxy as a function of the distance from the center. Filled
triangles refer to the northern half, open squares to the southern half of the galaxy. Straight
lines are the best linear ﬁts for R ≥ 25 arcmin to all data shown, once to the northern and once
to the southern data set. (b) The straight line is the best linear ﬁt to all unbinned data for
R > 25 arcmin for the M33 rotation curve: Filled circles are from data displayed in (a), open
circles follow Newton’s theory, for comparison.

Let us remember that all static electric ﬁelds in nature may be considered as originating from nontrivial solutions of homogeneous Poisson equation for the electric potential
φ(x) as a function of x = (t, x):
Δφ(x) ≡ ∇ · ∇ φ(x) = 0.

(1)

The simplest of them has the form e/r, where r = |x|. It is attributed to pointlike electric
charges, whose size e can be extracted from the pole strength of the singularity of the
electric ﬁeld E which points radially outward and has a strength e/r2 . This becomes

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 1–12
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Figure 2 Velocity curve (points) of the galaxy M33 and comparison with a best ﬁt model
calculation (continuous line). Also shown is the halo contribution (dashed-dotted line), the
stellar disk (short dashed line), and the gas contribution (long dashed line).

Figure 3 Various types of energy in the universe, (Credit NASA/WMAP Science Team).

Figure 4 Various gravitational sources when the Universe became transparent, Credit: same as
previous ﬁgure).

explicitly visible by performing an area integral over the E ﬁeld around the singularity. We apply the famous Gauss integral theorem,


3
d x∇ · E =
d2 a · E,
(2)
V

A

and use the fact that the area integral is equal to the volume integral over ∇·E = −Δφ(x).
Inserting this we see that the ﬁeld which solves the homogeneous Poisson equation can

have a nonzero volume integral (2): V d3 x Δφ(x) = −4πe. This fact can be formulated
in a local way with the help of a Dirac delta-function δ (3) (x) as
(3)
Δφ(x) = −4πe δ (3) (x).

4
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In the sequel, it will be useful to re-express the Gauss theorem (2) in a one-dimensional
form as
 R
dr∂r r2 Er (r) = R2 Er (R).
(4)
This is valid for all R, in particular for small R, where Er (R) = 4πe/R2 . Then we can
express the combination of Eqs. (2) and (4) in radial form as

 R
 R
3
2
d x ∇·E = −4π dr r ∇·∇e/r = 4πe dr ∂r δ(r).
(5)
This implies that we can ﬁnd the electric charge e from the integral over the radial Poisson equation:
 R
dr ∂r δ(r) = e.
(6)
e
The integrand displays once more the homogeneous Maxwell equation in the presence of
a pointlike singularity ∇ · E = 4πe δ (3) (x) in a radial form.
For gravitational objects, the situation is quite similar. The Einstein equation in the
vacuum, Gμν = 0, possesses simple nontrivial solutions in the form of the Schwarzschild
metric deﬁned by
ds2 = B(r)c2 dt2 − A(r)dr2 − r2 (dθ2 + sin2 θdϕ2 ),

(7)

with B(r) = 1 − rS /r, A(r) = 1/B(r), where rS ≡ 2GN M/c2 is the Schwarzschild radius
and GN Newton’s gravitational constant. Its Einstein tensor has the component
Gt t = A /A2 r − (1 − A)/Ar2 ,

(8)

which vanishes in the vacuum.
Let us now allow pointlike singularity inspacetime and calculate the volume integral

 3 √
d x −gGt t . Inserting (8) we ﬁnd V d3 x B/A[A /Ar−(1−A)/r2 ]. If this is evaluated
V
with the gravitational singularities in the same way as in the electromagnetic case in
R
R
dr∂r (r − r/A) = (2GN /c)M
dr∂r δ(r) =
Eqs. (2)–(5), we ﬁnd that it is equal to
(2GN /c)M . Thus we obtain the nonzero integral

√
d3 x −g Gt t = κcM,
(9)
V

where κ is deﬁned in terms of the Planck length lP , as
κ ≡ 8πlP2 / = 8πGN /c3 .

(10)

From (9) we identify the mass of the object as being M .
If the mass point moves through spacetime along a trajectory parametrized by τ ≡
 
dt (dx/dt)2 /c2 as xμ (τ ), it has an energy-momentum tensor concentrated on a worldline
 ∞
m
μν
dτ ẋμ (τ )ẋν (τ )δ (4) (x − x(τ )),
(11)
T (x) = M c
−∞
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where a dot denotes the τ -derivative.
We may integrate the associated solution of the homogeneous Einstein equation Gμν =
0 over spacetime, and ﬁnd that its Einstein-Hilbert action

√
1
d4 x −gR
(12)
AEH = −
2κ
vanishes. The situation is quite diﬀerent, however, if we allow spacetime to be perforated
by singularities. For line-like singularities, the integral (12) in the Einstein-Hilbert action
m
looks as if it contains a δ-function-like source obeying Gμν = κ Tμ μ (x). If we insert here
the equation of motion of a point particle ẋ2 (τ ) = 1, we arrive from the ﬁeld equation

m
R = −G = −κ Tμ μ (x) = −M c dτ ẋ(τ )2 δ (4) (x − x(τ )) at an action which is proportional
to the classical action of a point-like particle:

worldline
∝ −M c dτ.
(13)
AEH
A slight modiﬁcation of this, which is the same at the classical level but diﬀerent
for ﬂuctuating orbits, describes also the quantum physics of a spin-0 particle via a path
integral over all orbits2 . Thus Einstein’s action for a singular world line in spacetime can
be used to deﬁne also the quantum physics of a spin-0 point particle.
In addition to pointlike singularities, the homogeneous Einstein equation will possess
also surface-like singularities in spacetime. These may be parametrized by xμ (σ, τ ), and
their energy-momentum tensor has the form
 ∞
μν
T (x) ∝
dσdτ (ẋμ ẋν −xμ xν )δ (4) (x − x(σ, τ )),
(14)
−∞

where a prime denotes a σ-derivative. In the associated vanishing Einstein tensor, the
δ-function on the surface manifests itself in the nonzero spacetime integral [9]




√
4
2
μ
d x −g Gμ ∝ d a ≡ dσdτ (ẋx )2 − ẋ2 x2 .
(15)
A

By analogy with the line-like case we obtain, for such a singular ﬁeld conﬁguration,
that the Einstein-Hilbert action (12) gives no longer zero, but reduces to a worldsurface
integral


1

worldsurface
2
∝−
d a=−
d2 a.
(16)
AEH
2κ A
16πlP2 A
The prefactor on the right-hand side has been expressed in terms of the Planck length
lP .
The important observation is now that, apart from a numerical proportionality factor
of order unity, the right-hand side of Eq. (16) is precisely the Nambu-Goto action [10, 11]
of a bosonic closed string in the true physical spacetime dimension four


d2 a.
(17)
ANG = − 2
2πls A
2

See the discussion in Section 19.1 of the textbook [8], in particular Eq. (19.10).

6
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In this formula, ls is the so-called string length parameter ls . It measures the string
tension, and corresponds in spacetime to a certain surface tension of the worldsurface.
This length scale can be related to the rather universal slope parameter α = dl/dm2 of
the Regge-trajectories [12]. These are found in plots of the angular momenta against the
squares of the meson masses m2 . The relation between the string length parameter ls and
√
the slope parameter of the Regge theory is ls = c α . Note that now there is no extra
mass parameter M , this being in contrast to the situation in world lines. The masses of
elementary particles come from the eigenmodes of string vibrations.
The original string model was proposed to describe color-electric ﬂux tubes and their
Regge trajectories whose slopes α lie around 1 GeV−2 . However, since the tubes are
really fat objects, as fat as pions, only very long ﬂux tubes are approximately line-like.
Short tubes degenerate into spherical “MIT-bags” [13]. The ﬂux-tube role of strings was
therefore abandoned, and the action (17) was re-interpreted in a completely diﬀerent
fashion, as describing the fundamental particles of nature, assuming lS to be of the order
of lP . Then the spin-2 particles of (17) would interact like gravitons and deﬁne Quantum
Gravity. However, the ensuing “new string theory” [14] has been criticized by many
authors [15]. One of its most embarrassing failures is that it has not produced any
experimentally observable results. The particle spectra of its solutions have not matched
the existing particle spectra.
The arisal of the string action proposed here has a chance of curing this problem. If
“strings” describe “dark matter”, there would be no need to reproduce other observed
particle spectra. Instead, their celebrated virtue of extracting the interaction between
gravitons from the properties of their spin-2 quanta can be used to ﬁx the proportionality
factor between the Einstein action (16) and the string action (17).

It must be kept in mind that, just as −M c dτ had to be modiﬁed for ﬂuctuating
paths, also the Nambu-Goto action (17) needs a modiﬁcation for ﬂuctuating worldsurfaces. That was found by Polyakov [16] when studying the consequences of conformal
symmetry. He replaced (17) by a new action that is equal to (17) at the classical level
but contains, in D = 26 dimensions, another spin-0 ﬁeld with a Liouville action.
Since the singularities of Einstein’s ﬁelds possess only gravitational interactions, their
identiﬁcation with “dark matter” seems very natural. All visible matter consists of singular solutions of the Maxwell equations as well as of the ﬁeld equations of the standard
model. A grand-canonical ensemble of these and the singular solutions without matter sources explain the most important part of all matter in the Friedmann model of
cosmological evolution.
But the main contribution to the energy comes from the above singularities of Einstein’s equation. Soon after the universe was created, the temperature was so high that
the conﬁgurational entropy of the surfaces overwhelmed completely the impeding Boltzmann factors. Spacetime was ﬁlled with these surfaces in the same way as superﬂuid
helium is ﬁlled with worldsurfaces of vortex lines.
Vortex lines in superﬂuid helium are known to attract material particles such as
frozen helium. This phenomenon provides us with an important tool to visualize vortex
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lines and tangles thereof [17]. In spacetime, we expect that any stable neutral particle
will be attracted by its singularities. These could be the elusive objects which many
experimental particle physicists have been looking for in elaborate searches of WIMPs
[18]. If the conjecture of this paper is correct, they should rather be serching for GIMPs
(Gravitationally Interacting Massive Particles).
In helium above the temperature of the superﬂuid phase transition, these lie so densely
packed that the superﬂuid behaves like a normal ﬂuid [19, 20]. The Einstein-Hilbert action
of such a singularity-ﬁlled turbulent geometry behaves like the action of a grand-canonical
ensemble of world surfaces of a bosonic closed-string model.
Note once more that here these are two-dimensional objects living in four spacetime
dimensions. There is deﬁnitely a need to understand their spectrum by studying the
associated Polyakov action. To be applicable in four physical dimensions one should not
circumvent the accompanying Liouville ﬁeld. Or one must ﬁnd a way to take into account
the ﬂuctuations of the gravitational ﬁeld around the ﬁeld near the singular surface.
It should be realized that, in the immediate neighborhood of line- and surface-like
singularities, the curvature will be so high that Einstein’s linear approximation −(1/2κ)R
to the Lagrangian must break down. It will have to be corrected by some nonlinear
function of R. This starts out like Einstein’s, but continues diﬀerently, similar to the
action that was suggested some time ago in 2002 [21]. Since then, many modiﬁcations of
this idea have been investigated [22].
After the big bang, the universe expanded and cooled down, so that large singular
surfaces shrank by emitting gravitational radiation. Their density decreased, and some
phase transition made the cosmos homogeneous and isotropic on the large scale. But it
remained ﬁlled with gravitational radiation and small singular surfaces that had shrunk
until their sizes reached the levels stabilized by quantum physics. The statistical mechanics of this cosmos can be described by analogy with a spacetime ﬁlled with superﬂuid
helium. The speciﬁc heat of that is governed by the zero-mass phonons and by rotons
[23]. Recall that in this way Landau discovered the fundamental excitations called rotons, whose existence was deduced by him from the temperature behavior of the speciﬁc
heat. In the universe, the role of rotons is played by the smallest surface-like singularities
of the homogeneous Einstein equation. They must be there to satisfy the cosmological
requirement of dark matter.
The situation can also be illustrated by a further analogy with many-body systems.
The defects in a crystal, whose “atoms” have a lattice spacing lP , simulate precisely
the mathematics of a Riemann-Cartan spacetime, in which disclinations and dislocations
deﬁne curvature and torsion [19, 20, 24]. Thus we may imagine a model of the universe
as a “ﬂoppy world crystal” [25], a liquid-crystal-like phase [26] in which a ﬁrst melting
transition has led to correct gravitational 1/r-interactions between disclinations. The
initial hot universe was ﬁlled with defects and thus it was in the “world-liquid”-phase of
the “world crystal”. After cooling down to the present liquid-crystal state, there remained
plenty of residual defects around, which form our dark matter [27, 28].
In the process of cooling down over a long time, the dark matter fraction can have
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decreased so that the expansion of the universe could have become faster and faster over
the millennia. Thus it is well possible that the baby universe had so much dark-matter
content that it practically did not expand at all for a long time. It would have been closer
to the steady-state universe advocated in 1931 by Einstein and in the 1940’s by Hoyle,
Bondi, and Gold [29]. This would relieve us from the absurd-sounding assumption that
the entire universe came once out of a tiny beginning in which all matter of the world
was compressed into a sphere of the order of a Planck radius.
We know that the cosmos is now ﬁlled with a cosmic microwave background (CMB)
of photons of roughly 2.725 Kelvin, the remnants of the big bang. They contribute a
constant Ωrad h2 = (2.47 ± 0.01) × 10−5 to the Friedmann equation of motion, where
h = 0.72 ± 0.03 is the Hubble parameter, deﬁned in terms of the Hubble constant H by
h ≡ H/(100 km/Mpc sec). The symbol Ω denotes the energy density divided by the socalled critical density ρc ≡ 3H 2 /8πGN = 1.88 × 10−26 h2 kg/m3 [30]. The baryon density
contributes Ωrad h2 = 0.0227 ± 0.0006, or 720 times as much, whereas the dark matter
contributes Ωdark h2 = 0.104 ± 0.006, or 4210 as much. Let us assume, for a moment,
that all massive strings are frozen out and that only the subsequently emitted gravitons
form a thermal background [31]. Then the energy of massless states is proportional to
T 4 , and the temperature of this background would be TDMB ≈ 42101/4 ≈ 8TCMB ≈ 22K.
We expect the presence of other singular solutions of Einstein’s equation to change this
result.
There is an alternative way of deriving the above-described properties of the ﬂuctuating singular surfaces of Einstein’s theory. One may rewrite Einstein’s theory as a gauge
theory [19, 20], and formulate it on a spacetime lattice [32]. Then the singular surfaces
are built explicitly from plaquettes, as in lattice gauge theories of asymptotically-free
nonabelian gauge theories [33]. In the abelian case, the surfaces are composed as shown
in Ref. [34]. For the nonabelian case, see [35]. An equivalent derivation could also be
given in the framework of loop gravity [36]. But that would require a separate study.
Summarizing we have seen that the Einstein-Hilbert action governs not only the
classical physics of gravitational ﬁelds but also, via the ﬂuctuations of its line- and surfacelike singularities, the quantum physics of dark matter. A string-like action, derived from
it for the ﬂuctuating surface-like singularities, contains interacting quanta of spin-2 which
deﬁne a ﬁnite Quantum Gravity.
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1

Introduction

It is common knowledge that our equations of standard ΛCDM cosmology give us a
cosmological singularity (a ”big-bang”). Many physicists interpret this singularity as the
signal that we are exploiting the theory in a region of lengths and energies where the
theory is not dependable anymore. Let us consider for example a homogeneous shell of
spherical dust in the absence of angular momentum and let us suppose that gravity is
the only interaction that we switch on in the theory. Needless to say, the spherical shell
collapses under the eﬀect of gravity and the matter density is an increasing function of
time. In the laboratory, at short distances, interactions diﬀerent from gravity will start
to play a crucial role and a minimum radius will be reached after some time. If we insist
∗
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in keeping only gravity in our theory, this minimum radius is not present anymore and
an inﬁnite matter density is predicted by the theory. This simple example shows that
in order to avoid the singularity, we must introduce in the UV new interactions (or new
degrees of freedom) which play a crucial role in making the matter density ”smooth”.
One of the more active research ﬁelds in modern theoretical physics is string cosmology2 . The possibility of a pre-big-bang (PBB) phase has been analyzed in detail
exploiting symmetries and dualities of string theory (see [7, 8]). In the PBB scenario it
is possible to obtain examples of bouncing cosmology. ”Bounce” means a transition from
a contracting to an expanding phase.
In this paper, in harmony with the analysis of [7], we imagine that a PBB phase
is present. Formally, the pre (post) big bang phase can be identiﬁed with the string
(Einstein) frame of our model, but, as already mentioned in [9], we are basically working
in a unique conformal frame: the frame where masses are ﬁeld dependent. From the
theoretical point of view, our scenario will be the 5-dimensional heterotic-M-theory of
references [10, 11, 9] where a naked singularity is predicted in the bulk from the supergravity (SUGRA) equations. The 5th dimension is compactiﬁed on a S 1 /Z2 orbifold.
This naked singularity is a curvature singularity (i.e. a black hole) and the gravitational
ﬁeld is very strong near the black hole. We are particularly interested in a spherical
collapse of matter (and radiation) into the black hole just before the big bang, namely
when the universe was very small. The collapse we are considering takes place in the 5th
dimension (radially) and all the matter of the universe takes part in the collapse towards
the black hole (this radial collapse might be related, for example, to a contracting phase
of the universe before the big bang). Near the big bang, the universe is small, the scale
of the ﬁfth dimension is planckian and it is natural to imagine that just before the big
bang, there was a time when the size of the universe was comparable to the de Broglie
wavelength of matter particles. In this peculiar conﬁguration, quantum mechanics becomes important and quantum phenomena like the collapse of the wave function or the
quantum interference cannot be neglected.
Recently in [9], we showed that, in the framework of heterotic-M-theory, it is possible
to obtain the so called Modiﬁed Fujii’s Model - MFM. In the MFM, namely the model
that we are going to consider in this article, the collapse of the wave function of quantum
mechanics has been analyzed in reference [12]. In this scenario the collapse of the wave
function is a quantum gravity eﬀect and it is induced by the chameleonic nature of the
model (as far as chameleon ﬁelds are concerned, the reader is referred to [13] for a review
and to [14, 15] for the original proposal). One of the experiments that was discussed
in detail in [12] was the diﬀraction of electrons through a circular hole. It is common
knowledge that a typical pattern of interference with axial symmetry will be generated
on the screen: some circular regions will be populated by electrons and other regions
(where the interference is destructive) will not.
2

For an introduction to string theory the reader is referred to [1, 2] and references therein. For a textbook
of standard cosmology the reader is referred to [3]. Recent books of string cosmology are [4, 5, 6]. A
very good resource of string cosmology is the M. Gasperini’s website http://www.ba.infn.it/ gasperin/.
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One of the purposes of this article is to show that S 4 branes can be generated around
the black hole exploiting a constructive quantum interference near the big bang. This
point must be further elaborated. In the chameleonic wave function collapse of [12],
there is no diﬀerence between a hole in a screen and a spherical shadow in a photon
background. When we analyze the radial collapse of matter into the black hole, at a
certain point matter particles will enter into the shadow of the black hole, this shadow
is spherical and the chameleon ﬁeld will perceive this shadow like a circular hole in a
screen. The gravitational ﬁeld of the black hole plays the role of a second screen (where
the results of our quantum ”measurement of position” are collected) because, once again,
in the chameleonic collapse of the wave function there is no diﬀerence between a true
screen and a region where the gravitational ﬁeld is particularly intense. The length scales
that we are considering are comparable to the de Broglie wavelengths because the universe
is very small near the big bang. We infer that the collapse of matter into the spherical
black hole just before the big bang is completely analogous to a diﬀraction of matter
through a circular hole. The result is well known: there will be spherical regions where
the quantum interference is constructive. These regions will be S 4 branes near the black
hole.
The following scenario is taking shape. The quantum interference generates the S 4
branes. As usual, the positions of these branes are parametrized by moduli ﬁelds in the
eﬀective action. In principle these moduli can have a non-trivial dynamical behaviour,
because the region of constructive interference does not necessarily correspond to a minimum of the moduli potential. Hence, quantum mechanics provides the initial position of
the branes but the moduli potential is related to the dynamical evolution of the branes.
This cosmological evolution of the branes’ moduli (together with the stability of the
branes) will be analyzed in a future work. At this stage, we simply remember that a
stabilizing potential for these moduli can be obtained exploiting Casimir energy of bulk
ﬁelds (see [16, 9]). The ﬁnal scenario is given by a set of S 4 branes rotating around the
black hole (in harmony with [9]). The radius of the branes is stable because the Casimir
energy, related to α -corrections of the string [9], provides a repulsive contribution at
short distance.
Now one interesting point can be mentioned. We avoid the cosmological singularity
because the Casimir stabilization guarantees a ﬁxed distance (measured in the 5th dimension) between the branes and the black hole. Hence, the universe has a non-vanishing
minimum size and all the ﬁelds are stabilized. This point must be further discussed. The
Casimir-induced stabilization of the dilaton φ guarantees also the stabilization of matter
ﬁelds Φ, because the presence of the term φ2 Φ2 in the lagrangian of the MFM links φ
to Φ in the minimum of the eﬀective potential. In this way, when φ is stabilized, all the
ﬁelds are stabilized and have a constant value. As already pointed out in [17], when all
the ﬁelds are stabilized, the 4D curvature is constant and, consequently, the cosmological
singularity is avoided. Summarizing, the gravitational collapse does not produce a cosmological singularity because, in our model, at short distances quantum mechanics and
stringy eﬀects are important.
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One more remark is in order. In reference [12], the collapse of the wave function has
been analyzed but a modiﬁed Schroedinger equation was missing. In this article we ﬁll this
gap exploiting a peculiar compactiﬁcation of time. Indeed, as already mentioned in [9],
in the deep UV and deep IR regions, we can exchange space with time and, consequently,
we can obtain a S 1 /Z2 orbifold of time. One of the consequences of this orbifold of time
is that we can use the string frame equations even in the post big bang phase. This will
be the key to write the modiﬁed Schroedinger equation in the MFM. We point out that
this orbifold of time is important also for the formation of S 4 branes: the analysis of [12]
is based on a chameleonic behaviour of the dilaton after the big bang. Are we sure that
the collapse of the wave function of reference [12] can be exploited before the big bang?
The answer is that the orbifold of time identiﬁes the pre with the post big bang phase.
Therefore the chameleonic wave function collapse of [12] can be exploited before the big
bang.
As far as the organization of this paper is concerned, in section 2 we summarize some
useful ideas already discussed in the literature. The original results of this paper are
presented in sections 3 and 4. In section 3 we discuss our mechanism to generate the S 4
branes. Section 4 presents the modiﬁed Schroedinger equation of the MFM. In the ﬁnal
section we draw some concluding remarks.

2

Useful Ideas from the Literature

In this section we will gather some results from the literature that will be very useful in
the remaining part of this article. This section does not contain original results.

2.1 The M-theory model
The lagrangian we are interested in is the one of the so called Modiﬁed Fujii’s Model MFM. It contains two sectors, a scale invariant one and a symmetry breaking one. Here
is the scale invariant one:
√

1
1
1
−g( ξφ2 R − g μν ∂μ φ∂ν φ − g μν ∂μ Φ∂ν Φ
2
2
2
1 2 2 λΦ 4 λφ 4
Φ − φ ).
− fφ Φ −
4
4!
4!

LSI =

(1)

φ is the string frame dilaton. Φ is another scalar ﬁeld representative of matter ﬁelds. f , ,
ξ, λΦ and λφ are constants. The symmetry breaking sector is due to the Casimir energy
of bulk ﬁelds (see also [16]) and is made of a stabilizing potential for the dilaton. This
symmetry breaking lagrangian breaks scale invariance explicitly and abundantly because
we do not ﬁne tune the parameters of the theory.
This MFM lagrangian has been discussed, in connection to (A) the cosmological
constant problem in [18, 9], (B) heterotic-M-theory in [9], (C) the collapse of the wave
function of quantum mechanics in [12], (D) solar physics in [19].
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Let us summarize the M-theory origin of the MFM lagrangian. Heterotic-M-theory is
formulated in 11 dimensions. At intermediate energies, the theory can be described by a
5D braneworld model where the ﬁfth dimension is compactiﬁed on a S 1 /Z2 orbifold. 3branes are located at the ﬁxed points of the orbifold and we can imagine that our universe
is a portion of one of these 3-branes. In reference [9] this scenario has been discussed
with many 3-branes justiﬁed in the theory as M5 branes compactiﬁed on 2-cycles. For
further details on heterotic-M-theory the reader is referred to [10, 11]. In 5D a dilaton
ﬁeld is present in the bulk. If no ﬁelds other than the bulk scalar ﬁeld are present and no
supersymmetry breaking is considered, then we are in a Bogomol’ny-Prasad-Sommerﬁeld
(BPS) conﬁguration where the bulk equations coincide with the boundary conditions
(there is a no-force condition for the branes in this conﬁguration). With the ansatz
ds2 = dz 2 + a(z)2 gμν dxμ dxν

(2)

for the line element in 5D and with the exponential superpotential of the form (k is
constant)
UB = 4keαC , α ∈ R

(3)

suggested by SUGRA, the BPS equations admits a dilatonic solution of the form
1
C(z) = − ln(1 − 4kα2 z)
α

(4)

while for the scale factor the solution is
2

a(z) = (1 − 4kα2 z)1/4α .

(5)

In the limit of small α we obtain an exponential scale factor
a(z) = e−kz .

(6)

As we see from the divergent behaviour of the dilaton (which is related to a vanishing
volume V of the 6 extradimensions diﬀerent from the orbifolded one) there is a naked
singularity in the bulk (which is expected to be resolved when the full string theory
description is taken into account). The singularity is screened by one of the two branes
(the ”hidden brane”). The remaining brane can host the standard model particles and
hence will be called the ”visible brane”.
A more realistic model can be obtained by putting matter on the branes and detuning the branes’ tension. In this case at low energies the theory is described by a
bi-scalar-tensor theory of gravitation, namely, two moduli participate into the description of gravity. These moduli are the dilaton Q and the radion R. They are related to
the position of a hidden brane (located near the singularity) and of a stack of 3-branes.
To be more precise, two ﬁeld redeﬁnitions must be considered. The ﬁrst redeﬁnition is
2β

(7)
φ̃2 = 1 − 4kα2 zvisible ,


2β
(8)
λ̃2 = 1 − 4kα2 zhidden ,
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with

2α2 + 1
.
4α2

(9)

φ̃ = Q cosh R,

(10)

λ̃ = Q sinh R.

(11)

β=
The second redeﬁnition is

The dilaton and the radion are both chameleon ﬁelds in this model3 and, consequently
once the energy density of the environment is determined, the theory is basically described
by a scalar tensor theory with a single modulus: the dilaton φ of the MFM lagrangian.

2.2 The Collapse of the Wave Function
The MFM has been discussed in connection to the collapse of the wave function in
quantum mechanics. In this paragraph we summarize some useful results from reference
[12].
When we perform a quantum measurement, we must interact with the quantum system. This interaction is related to an enhancement of the energy density of the environment. For example, in a Stern-Gerlach apparatus we exploit a magnetic ﬁeld, in a
diﬀraction experiment with electrons we exploit a screen characterized by a matter density larger than the region outside the screen. These considerations have been exploited
in [12] to infer that during a quantum measurement in the MFM, a chameleonic jump
from one ground state to another one (where the amount of scale invariance is reduced)
must take place. Needless to say, during this jump the harmonic approximation cannot
be exploited anymore and strong non linearities must be present in the chameleonic theory. These non linearities break the superposition principle during the (short time of the)
measurement.
In this article the diﬀraction of electrons through a circular hole will be particularly
interesting. Let us discuss this experiment from the standpoint of the MFM.
We start considering a plane wave traveling towards a ﬁrst screen where a small
circular hole has been made. The plane wave represents incoming electrons with ﬁxed
momentum. It is common knowledge that in this set up, we can use a second screen to
perform the measurement of position and the result of the measurement will be a set of
circular stripes of interference. Where the interference is constructive, we collect electrons
on the second screen. On the contrary, where the interference is destructive, we ﬁnd no
electrons on the second screen. Remarkably, the lagrangian is rotationally invariant but
the single electron on the screen breaks the invariance with respect to rotations around
the beam axis.
This symmetry breaking is related to the chameleonic nature of the model. When
the measurement of position is performed with the second screen, the matter density
becomes larger and, as already discussed in [21], this implies a larger string mass (i.e. a
3

The chameleonic behaviour of the radion has been discussed in [20].
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larger UV cut oﬀ). In other words, inside the screen, the theory probes short (atomic)
distances where rotational symmetry is abundantly broken. The chameleon mechanism
links together the energy density of the environment and the ground state. Therefore, the
non-symmetric environment at short distances gives us a non-symmetric ground state.
This is exactly the condition which deﬁnes spontaneous symmetry breaking: we have
a lagrangian which is rotationally invariant, but the ground state is not. Now we are
ready to discuss the origin of the symmetry breaking related to the single electron on
the screen. In [12], the relativistic formalism of quantum ﬁeld theory has been linked
to the non-relativistic formalism of wave functions: the number density of electrons in
the screen can be parametrized exploiting the non relativistic wave function (squared)
or the expectation value of the matter ﬁeld (squared). In this way, the spontaneous
symmetry breaking mentioned above is the origin of the symmetry breaking due to the
single electron: the selection of one preferred direction by the single electron is analogous
to the selection of a preferred angle by a bended rod.
For a detailed discussion of these issues, the reader is referred to [12].

3

Quantum Mechanics near the Big-Bang

Near the big-bang the universe is very small and, consequently, quantum eﬀects are
particularly relevant. Indeed, the length scales we consider can be comparable to the de
Broglie wavelength of particles. Let us apply the ideas of reference [12] near the big-bang.
Let us start considering a radial collapse of the particles towards the black-hole. This
radial collapse might be related, for example, to a contracting phase of the universe before
the big bang. In particular, let us imagine a beam of particles falling into a spherically
symmetric black-hole. The particles are moving radially along the 5th dimension. Classically the particles must fall into the black-hole. However, near the big-bang quantum
eﬀects are important: what happens quantum mechanically? When a particle is near
the black-hole we can say that the particle enters into the ”shadow” of the black-hole:
the radiation density will be smaller and this shadow can be interpreted as a spherical
hole in the energy density of the environment. The beam of particles break the spherical
symmetry but an axial symmetry remains around the beam axis. The gravitational ﬁeld
of the black-hole can be interpreted as a screen (orthogonal to the beam direction) where
the result of a measurement of position can be collected. Indeed, the eﬀect of a shift in
the matter density (a true screen) is the same as a shift in the gravitational ﬁeld: both
eﬀects are summarized by the conformal anomaly and produce a chameleonic jump. This
jump from one ground state to a diﬀerent one produces the collapse of the wave-function
in harmony with [12]. The situation is totally analogous to a diﬀraction experiment of
electrons through a circular hole: we know that in a screen orthogonal to the beam axis
there will be circular regions (rings) where the particles will be localized and also regions
(gaps) where the interference is destructive. The same pattern can be applied in the case
of a radial fall into the black-hole. Classically the particles must fall into the black-hole
but quantum mechanically particles deviate from the radial direction. Therefore, the
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particles are localized around the black-hole with the result that only certain circular
orbits are allowed by quantum mechanics. Now we can repeat the same argument with
a diﬀerent beam, namely another radial beam but coming from a diﬀerent angle. We
obtained S 4 shells of particles where the interference is constructive: these circular orbits
correspond to the initial values of the branes’ moduli. As already mentioned above, the
cosmological evolution of these branes’ moduli will be analyzed in a future work. At
this stage we simply assume that, after the S 4 branes are formed exploiting the quantum
interference, the branes’ moduli evolve towards the minimum of the Casimir potential.
This scenario has a number of interesting consequences:
1) this is a mechanism to localize particles on the S 4 branes. As already mentioned in
the previous section, when we consider BPS branes in heterotic-M-theory, we can obtain
a more realistic model putting matter on branes and detuning the brane tension. This
non-BPS conﬁguration is the result, in this article, of a constructive quantum interference.
2) The Casimir potential is not only reminiscent of a newtonian eﬀective potential (see
[9]). The Casimir potential is really a gravitational eﬀective potential for a 2-body problem (even if we are far beyond newtonian physics in this model): one body is the generic
particle around the black hole and the second body is the black hole. The 1/r term of
the black hole is mixed with the 1/r2 term related to the angular momentum. We have
one Casimir minimum for every brane (see also [9]). As already mentioned above, the
quantum interference deﬁnes the initial position of the branes and then we assume that
these branes evolve dynamically in the minimum of the Casimir potential. A detailed
analysis of this cosmological evolution of the branes’ moduli will be discussed in a future
work.
3) This quantum interference pattern is a new way to deﬁne branes in heterotic-M-theory.
The careful reader might be worried because the analysis of [12] is 4-dimensional but,
in this article, we exploit the collapse of the wave function in a 5D set-up. This is not a
problem because in the lagrangian of the MFM, the Φ ﬁeld of φ2 Φ2 is obtained evaluating
the bulk matter ﬁeld on the brane (see [9]). There is no diﬀerence between the 4D value
of a matter ﬁeld and the value (on the brane) of the bulk matter ﬁeld. We infer that
when the gravitational ﬁeld of the black hole becomes strong, there is a jump in the
value of the 5D ﬁeld and this is compatible with the localization of the wave function
of the bulk zero mode towards the black hole. The idea that the shadow of the black
hole corresponds to a hole in a screen requires only the 4D construction of [12], because
this ”hole” is orthogonal to the radial direction and, hence, it belongs to the usual 4D
dimensions.
From a theoretical point of view, it seems at this stage that the correct quantum
framework to discuss the deviation of particles from the radial direction during the collapse is given by Bohmian mechanics. This point must be further elaborated and it is
left for a future work.
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Modiﬁed Schroedinger Equation

The orbifold of time of reference [9] is a powerful tool to extract theoretical equations. An
interesting example is given by a modiﬁed Schroedinger equation for quantum mechanics.
There is one major open issue in [12]: the modiﬁed Schroedinger equation has not been
written. Now we ﬁll the gap.
The orbifold of time is telling us that the ﬁeld equations in the E-frame are mapped
into the ﬁeld equations in the S-frame. Here is the idea: let us extract the modiﬁed
Schroedinger equation from the S-frame ﬁeld equations. In the S-frame the matter ﬁeld
equation is (see [22])
2Φ −

λ
f 2
φ Φ − Φ3 = 0.
2
6

(12)

We can extract the modiﬁed Schroedinger equation following the procedure outlined
in [23]4 . We start with a Minkowski approximation which is justiﬁed exploiting the
Einstein’s equivalence principle. Hence we write (the metric signature is − + ++)
e−imt
λ e−3imt 3
(−∂t2 + ∂x2 − m2 )[ √ ΨN R ] − √
Ψ =0
6 m3 N R
m

(13)

where the mass is φ-dependent because, by deﬁnition, m2 (φ) = f2 φ2 . Hence, this equation
is actually coupled to the ﬁeld equation for φ. If we consider the mass roughly constant,
we can write the equation as
∂Ψ
e−imt
λe−3imt 3
e−imt
2im
√ e−imt N R − √ ∂t2 ΨN R + √ ∇2 ΨN R − √
ΨN R = 0.
∂t
m
m
m
6 m3

(14)

To proceed further we make the approximation of reference [23], namely
| ∂t2 ΨN R |<< m | ∂t ΨN R | .

(15)

In this way the modiﬁed Schroedinger equation is written as:
i∂t ΨN R = −

∇2
λ e−2imt 3
ΨN R .
ΨN R +
2m
12 m2

(16)

Remarkably, the equation is highly non-linear in harmony with the chameleonic nature
of the theory. Needless to say, this equation can be linearized using an harmonic approximation near the ground state where the observer lives. The harmonic approximation will
break down during the measurement. In our model, this modiﬁed Schroedinger equation
is valid not only near the big bang but also in our laboratories.
An interesting line of development will search for potential connections with the YangBaxter equation.
4

In particular we can recover the standard Schroedinger equation starting from the Klein-Gordon
−imt
equation 2Ψ+m2 Ψ = 0 simply writing Ψ = e√m ΨN R , where ΨN R is the non-relativistic wave function.
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Conclusions

We analyzed the role played by quantum mechanics near the big bang. Our scenario is
embedded in heterotic-M-theory. The cosmological singularity is avoided because when
the universe is small, quantum mechanics (and stringy eﬀects) become important. We
focused our attention on a spherical collapse of matter (and radiation) towards a SUGRAmotivated black hole. The collapse of matter (and radiation) takes place radially in the
ﬁfth dimension and, in this model, the presence of the spherical shadow of the black
hole at short distances is completely analogous to the presence of a spherical hole in a
screen of a diﬀraction experiment with electrons. The ﬁnal result is that matter does
not fall radially into the black hole but quantum eﬀects deviate the particles and create
orbits around the black hole which are allowed by quantum mechanics. The chameleonic
behaviour of the dilaton before the big bang is guaranteed by the orbifold of time which
identiﬁes the pre-big-bang phase with the post-big-bang one. This mechanism to generate
S 4 branes is interesting for various reasons:
1) This is a mechanism to localize particles on the S 4 branes and, hence, to leave the
BPS conﬁguration.
2) The Casimir potential is really a gravitational eﬀective potential for a 2-body problem.
3) We obtained a new deﬁnition of brane in heterotic-M-theory: the initial position of a
brane is the region of space characterized by a constructive quantum interference. The
evolution of the branes’ moduli towards the Casimir-induced minima will be discussed in
a future work.
Another result should be mentioned. Exploiting an orbifold compactiﬁcation of time,
we have written a modiﬁed Schroedinger equation (valid also in our laboratories and not
only near the big bang). Indeed, the orbifold of time is telling us that the equations valid
well before the big bang (like the S-frame ﬁeld equations) are valid also well after the
big bang. This modiﬁed Schroedinger equation is strongly non linear but the standard
Schroedinger equation is recovered linearizing the theory around the ground state where
the observer performs its experiments.
A promising line of development will try to investigate whether it is possible to apply
the collapse of the wave function and the quantum interference pattern to study the rings
of Saturn and the formation of planetary systems.
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1

Introduction

Neutrino was ﬁrst proposed by Wolfgang Pauli in 1930 in order to guarantee the energy
and momentum conservation for β-decay. In the current standard model of particle
physics, there are three ﬂavors of neutrinos: the electron neutrino νe , the tau neutrino
ντ and the mu neutrino νμ . The solar neutrino problem is referred to the discrepancy of
the number of electron neutrinos arriving from the Sun are between one third and one
half of the number predicted by the Standard Solar Model, and was ﬁrst discovered by
R. Davis, D. S. Harmer and K. C. Hoﬀmann [1] in 1968.
The current dominant theory to resolve the solar neutrino problem is the neutrino
∗
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oscillation theory, which are based on three basic assumptions: 1) the neutrinos are
massive, and, consequently, are described by the Dirac equations, 2) the three ﬂavors of
neutrinos νe , νμ , ντ are not the eigenstates of the Hamiltonian, and 3), instead, the three
neutrinos are some linear combinations of three distinct eigenstates of the Hamiltonian.
However, the massive neutrino assumption gives rise two serious problems. First, it is in
conﬂict with the known fact that the neutrinos violate the parity symmetry. Second, the
handedness of neutrinos implies their velocity being at the speed of light.
To resolve these diﬃculties encountered by the classical theory, we argue that there
is no physical principle that requires that neutrino must have mass to ensure oscillation.
The Weyl equations were introduced by H. Weyl in 1929 to describe massless spin- 12
free particles [16], which is now considered as the basic dynamic equations of neutrino
[4, 6, 15]; see also [2]. One important property of the Weyl equations is that they violate
the parity invariance. Hence by using the Weyl equations, we are able to introduce a
massless neutrino oscillation model. With this massless model, we not only deduce the
same oscillation mechanism, but also resolve the above two serious problems encountered
in the massive neutrino oscillation model.
Despite of the success of neutrino oscillation models and certain level of experimental
support, the physical principles behind the neutrino oscillation are still entirely unknown.
Recently, the authors developed a phenomenological model of elementary particles, called
the weakton model [9]. The ν mediator in the weakton model leads to an alternate
explanation to the solar neutrino problem. When the solar electron neutrinos collide
with anti electron neutrinos in the atmosphere, which are abundant due to the β-decay
of neutrons, they can form ν mediators, causing the loss of electron neutrinos. Note that
ν mediator can also have the following elastic scattering
ν + e− −→ ν + e− .

Also ν participates only the weak interaction similar to the neutrinos, and consequently
possesses similar behavior as neutrinos. Consequently, the new mechanism proposed here
does not violate the existing experiments (SNO and KamLAND).
This article is organized as follows. Sections 2–4 examines the solar neutrino problem,
the classical oscillation theory, and the MSW eﬀect. Section 5 introduces the massless
neutrino oscillation mechanism, and Section 6 introduces a non-oscillation mechanism
based on the weakton model.
This article is part of a research program initiated in the last few years by the authors
to derived experimentally veriﬁable laws of Nature based only on a few fundamental ﬁrst
principles, guided by experimental and observation evidences. The new theory we have
established gives rise to solutions and explanations to a number of longstanding mysteries
in modern theoretical physics. This work is synthesized in a recent by by the authors
[10]. The early version of this paper was appeared as an Issac Newton Institute Preprint
#NI14058.
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Discrepancy of Solar Neutrinos

The solar neutrino problem is known as that the number of electron neutrinos arriving
from the Sun are between one third and one half of the number predicted by the Standard
Solar Model. This important discovery was made in 1968 by R. Davis, D. S. Harmer and
K. C. Hoﬀmann [1].
To understand clearly this problem, we begin with a brief introduction to the Standard
Solar Model, following [3].
In the nineteenth century, most physicist believed that the source of the Sun’s energy
was gravity. However, based on this assumption, Rayleigh showed that the maximum
possible age of the Sun was substantially shorter than the age of the earth estimated by
geologists.
At the end of the nineteenth century, Bacquerel and Curies discovered radioactivity,
and they noted that radioactive substances release a large amounts of heat. This suggested that nuclear ﬁssion, not gravity, might be the source of the Sun’s energy, and it
could allow for a much longer lifetime of the Sun. But, the crucial problem for this solar
model was that there were no heavier radioactive elements such as uranium or radium
present in the Sun, and from the atomic spectrum, it was known that the Sun is made
almost entirely of hydrogen.
Up to 1920, F. W. Aston gave a series of precise measurements of atomic masses. It
was found that four hydrogen atoms are more weight slight than one atom of helium-4.
This implied that the fusion of four hydrogens to form a 4 He would be more favorable,
and would release a substantial amounts of energy. A. Eddington proposed that the
source of the Sun’s energy is the nuclear fusion, and in essence he was correct.
In 1938, H. Bethe in collaboration with C. Critchﬁeld had come up with a series of
subsequent nuclear reactions, which was known as the proton-proton p − p chain. The
p − p cycle well describes the reaction processes in the Sun, and consists of the following
four steps:
Step 1: two protons yield a deuteron
p + p −→ 2 H + e+ + νe
−

p + p + e −→ H + νe
2

at 99.75%,
at 0.25%,

Step 2: a deuteron and a proton produces a helium-3
2

H + p −→3 He + γ,

Step 3: helium-3 makes helium-4 or beryllium
3

He + p −→ 4 He + e+ + νe ,

3

He + 3 He −→ 4 He + p + p

almost at 86%

3

He + 4 He −→ 7 Be + γ

at 14%,
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Step 4: beryllium makes helium -4
7

Be + e− −→ 7 Li + νe

7

Li + p −→ 4 He + 4 He,

7

Be + p −→ 8 Be + γ

8

Be −→ 8 Be∗ + e+ + νe ,

8

Be∗ −→ 4 He + 4 He.

at 99.89%,
at 0.11%,

In the p − p chain, it all starts out as hydrogen (proton), and it all ends up as 4 He plus
some electrons, positrons, photons and neutrinos. Because neutrinos interact so weakly,
they are the unique products in the p − p reactions reaching the earth’s surface.
In the p − p chain there are ﬁve reactions to yield neutrinos:
p + p −→ 2 H + e+ + νe ,
−

(1)

p + p + e −→ H + νe ,
3

2

(2)

He + p −→ 4 He + e+ + νe ,
−

( 0%),

(3)

7

Be + e −→ Li + νe ,

(4)

8

Be −→ 8 Be∗ + e+ + νe .

(5)

7

But the problem is that the detection of the neutrinos have an eﬀect threshold which
will lead to a nearly vanishing response to all neutrinos of lower energy. The energy
spectras of neutrinos in the ﬁve reactions are
Em  0.4Me V

for (1),

Em  1.44M eV

for (2),

Em  18M eV

for (3),

Em  0.9M eV

for (4),

Em  14M eV

for (5),

(6)

where Em is the maximum energy of neutrinos, and the energy ﬂux are
F  1011 /cm2 · s

for (1),

F  10 / cm · s

for (2)

F  102 / cm2 · s

for (3

F  10 / cm · s

for (4),

F  106 / cm2 · s

for (5).

8

10

2

2

(7)

The Homestake experiments
The experimental search for solar neutrinos has been undertaken since 1965 by R.
Davis and collaborators in the Homestake goldmine in South Dakota. Since the neutrinos
cannot be directly detected by instruments, it is only by the reactions
νe + X −→ Y + e−
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to detect the outgoing products that counte the neutrinos. The Homestake experiments
take
(8)
νe + 37 Cl −→ 37 Ar + e− .
The eﬀective threshold of the reaction (8) is
Ec = 5.8M eV.
Thus, by (6) only these neutrinos from both reactions (3) and (5) can be observed,
which occur at a frequency of 0.015%. Theoretic computation showed that the expected
counting rate of solar neutrinos is at
NT h = (5.8 ± 0.7) snu,

(9)

where snu stands for solar neutrino unit:
1 snu = 10−36 reactions/(37 Cl atom · s).
In 1968, R. Davis et al [1] reported the experimental results, their measuring rate is
N Exp = (2.0 ± 0.3) snu.

(10)

the experimental value (10) is only about one third of the theoretically expected value
(9). It gave rise to the famous solar neutrino problem.
Super-K Experiment
In 2001, the Super-Kamiokande collaboration presented its results on solar neutrinos.
Unlike the Homestake experiment, Super-K uses water as the detector. The process is
elastic neutrino-electron scattering:
νx + e −→ νx + e,
where νx is one of the three ﬂavors of neutrinos. This reaction is sensitive to μ and τ neutrinos as well as e-neutrinos, but the detection eﬃciency is 6.5 times greater for e-neutrinos
than for the other two kinds. The outgoing electron is detected by the Cherenkov radiation it emits in water. They observed the rate at
r = 45% of the expected value.
The Super-Kamiokande detector is located in the Mozumi Mine near Kamioka section of
the city of Hida, Japan.
Sudbury Neutrino Observatory (SNO)
Meanwhile, in the summer of 2001 the SNO collaboration reported their observation
results. They obtained
r = 35% of the predicted value.
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The SNO used heavy water (2 H2 O) instead of ordinary water (H2 O), and the SNO detection method is based on the following reactions:
νe + 2 H −→ p + p + e− ,

(11)

νx + H −→ p + n + νx ,

(12)

2

−

−

νx + e −→ νx + e .

(13)

SNO detects electrons e− , but not τ − and μ− , as there is not enough energy in the solar
electron-neutrino such that the transformed tau and mu neutrino can excite neutrons in
2
H to produce either τ − or μ− .
KamLAND
The loss of reactor electron anti-neutrino ν̄e is veriﬁed by the KamLAND experiment.
A potential alternative experiment
It is known that the following reaction
νμ + n −→ μ− + p

(14)

may occur if the energy of νμ satisﬁes
Eνμ > mμ c2 = 106 MeV.
By the energy spectrum (6), the maximum energy of solar neutrinos is about 14 ∼
18 MeV, which is much smaller than mμ c2 . Hence, assuming oscillation does occur for
solar neutrinos, the reaction
νμ + 2 H −→ μ− + p + p
does not occur for the transformed νμ from solar electron-neutrinos.
However, based on the weakton model, the complete reaction for (14) should be
νμ + n + γ −→ μ− + p.
Consequently, the following reaction
νμ + 2 H + γ −→ μ− + p + p

(15)

Eνμ + Eγ > 106 MeV.

(16)

would occur if
Hence one may use high energy photons to hit the heavy water to create the situation in
(16), so that the reaction (15) may take place. From (15), we can detect the μ− particle
to test the neutrino oscillation.
Alternatively, by the μ-decay:
μ− → e− + ν̄e + νμ ,
we may measure the electrons to see if there are more electrons than the normal case to
test the existence of mu-neutrinos.
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Classical Theory on Neutrino Oscillations

Before presenting our own view, we recapitulate in this section the classical neutrino
oscillation theory.

3.1 Neutrino Oscillations
In order to explain the solar neutrino problem, in 1968 B. Pontecorvo [13, 14] introduced
the neutrino oscillation mechanism, which amounts to saying that the neutrinos can
change their ﬂavors, i.e. an electron neutrino may transform into a muon or a tau
neutrino. According to this theory, a large amount of electron neutrinos νe from the Sun
have changed into the νμ or ντ , leading the discrepancy of solar electron neutrinos. This
neutrino oscillation mechanism is based on the following assumptions:
• The neutrinos are massive, and, consequently, are described by the Dirac equations.
• The three types of neutrinos νe , νμ , ντ are not the eigenstates of the Hamiltonian
(i.e. the Dirac operator)
Ĥ = −ic(
α · ∇) + mc2 α0 .

(17)

• There are three discrete eigenvalues λj of (17) with eigenstates:
Ĥνj = λj νj

for 1 ≤ j ≤ 3,

such that νe , νμ , ντ are some linear combinations of {νj | 1 ≤ j ≤ 3}:
⎛ ⎞
⎛ ⎞
⎜ν1 ⎟
⎜ νe ⎟
⎜ ⎟
⎜ ⎟
⎜ν ⎟ = A ⎜ν ⎟ ,
⎜ 2⎟
⎜ μ⎟
⎝ ⎠
⎝ ⎠
ντ
ν3

(18)

(19)

where A ∈ SU (3) is a third-order complex matrix given by (26) below.
Remark 3.1. The formulas (17)-(19) constitute the current model of neutrino oscillation, which requires the neutrinos being massive. However, the massive neutrino
assumption gives rise two serious problems. First, it is in conﬂict with the known fact
that the neutrinos violate the parity symmetry. Second, the handedness of neutrinos implies their velocity being at the speed of light. In fact, by using the Weyl equations as
the neutrino oscillation model we can also deduce the same conclusions and solve the two
mentioned problems. Moreover, the ν mediator introduced by the authors in [9] leads to
an alternate explanation to the solar neutrino problem.
Under the above three hypotheses (17)-(19), the oscillation between νe , νμ and ντ are
given in the following fashion. For simplicity we only consider two kinds neutrinos νe , νμ ,
i.e. ντ = 0. In this case, (19) becomes
ν1 = cos θνμ − sin θνe ,
ν2 = sin θνμ + cos θνe .

(20)
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By the Dirac equations, ν1 and ν2 satisfy
i

∂νk
= λk νk
∂t

for k = 1, 2.

The solutions of these equations read
νk = νk (0)e−iλk t/ ,

k = 1, 2.

(21)

Assume that the initial state is at νe , i.e.
νe (0) = 1,

νμ (0) = 0.

Then we derive from (20) that
ν1 (0) = − sin θ,

ν2 (0) = cos θ.

(22)

ν2 = cos θe−iλ2 t/ .

(23)

It follows from (21) and (22) that
ν1 = − sin θe−iλ1 t/ ,
Inserting (23) into (20) we deduce that
νμ (t) = cos θν1 (t) + sin θν2 (t) = sin θ cos θ(−e−iλ1 t/ + e−iλ2 t/ ).
Hence, the probability of νe transforming to νμ at time t is
2

λ 2 − λ1
2
P (νe → νμ ) = |νμ (t)| = sin 2θ sin
t
.
2

(24)

Also, we derive in the same fashion that
νe (t) = cos θν2 − sin θν1 = cos2 θe−iλ1 t/ + sin2 θe−iλ2 t/ ,
and the probability of νμ to νe is given by




λ2 − λ1
λ2 − λ1
2
2
2
2
P (νμ → νe ) = |νe (t)| = cos
t + cos 2θ sin
t
2


(25)

From formulas (24) and (25), we derive the oscillation between νe and νμ , the energy
diﬀerence λ2 −λ1 , and the angle θ, if the discrepancy probability P (νe → νμ ) is measured.

3.2 Mixing matrix and neutrino masses
As mentioned in Remark 3.1, the current neutrino oscillation requires mass matrix A
deﬁned in (19). In this subsection we shall discuss these two topics.
Mixing matrix
The matrix A given in (19) is called the MNS matrix, which is due to Z. Maki, M.
Nakagawa and S. Sakata for their pioneering work in [11]. This can be considered as an
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analog for leptons as the Cabibbo-Kobayashi-Maskawa (CKM)
MNS matrix is written as
⎛
c12 c13
s12 c13
⎜
⎜
iδ
iδ
A=⎜
⎜−s12 c23 − c12 s23 s13 e c12 c23 − s12 s23 s13 e
⎝
s12 s23 − c12 c23 s13 eiδ −c12 c23 − s12 c23 s13 eiδ

matrix for quarks. The
⎞
s13 e

−iδ

⎟
⎟
s23 c13 ⎟
⎟,
⎠
c23 c13

(26)

where δ is the phase factor, and
cij = cos θij ,

sij = sin θij ,

with the values θij being measured as
θ12  34◦ ± 2◦ ,

θ23  45◦ ± 8◦ ,

θ13  10◦ .

The matrix A of (26) is a unitary matrix: A† = A−1 . Therefore, (19) can be also rewritten
as
⎛ ⎞
⎛ ⎞
⎜ νe ⎟
⎜ν1 ⎟
⎜ ⎟
⎜ ⎟
⎜ν ⎟ = A† ⎜ν ⎟ .
2
⎜ μ⎟
⎜ ⎟
⎝ ⎠
⎝ ⎠
ν3
ντ
Neutrino masses
As masses are much less than kinetic energy c|p|, by the Einstein triangular relation
of energy-momentum
E 2 = p2 c 2 + m 2 c 4 ,
we obtain an approximate relation:
E  |p|c +

1 m2 c3
.
2 |p|

The eigenvalues λk of (18) and E satisfy
λk = Ek  |p|c +

1 m2k c3
2 |p|

for k = 1, 2, 3.

(27)

Then we have

(m2i − m2j ) 4
λ i − λj = E i − E j 
E  |p|c.
(28)
c,
2E
By (28), if we can measure the energy diﬀerence λi − λj , then we get the mass square
diﬀerence of νi and νj :
Δij = m2i − m2j .

There are three mass square diﬀerences for ν1 , ν2 , ν3 :
Δ21 = m22 − m21 ,

Δ32 = m23 − m22 ,

Δ31 = m23 − m21 ,

(29)
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only two of which are independent (Δ31 = Δ32 + Δ21 ).
Now, we consider the mass relation between νe , νμ , ντ and ν1 , ν2 , ν3 . Applying the
Dirac operator Ĥ on both sides of (19), by (18), we have
⎞⎛ ⎞
⎛ ⎞
⎛
⎜ νe ⎟
⎜λ1 0 0 ⎟ ⎜ν1 ⎟
⎟⎜ ⎟
⎜ ⎟
⎜
⎟ = A ⎜ 0 λ 0 ⎟ ⎜ν ⎟ ,
Ĥ ⎜
(30)
ν
2
⎟ ⎜ 2⎟
⎜ μ⎟
⎜
⎠⎝ ⎠
⎝ ⎠
⎝
0 0 λ3
ντ
ν3
where A is the MNS matrix (26). The energies Ee , Eμ , Eτ of νe , νμ , ντ are given by


∗
Ee = νe Ĥνe dx = A∗1k A1j νk∗ Ĥνj dx (Ĥνj = λj νj ),


∗
(31)
Eμ = νμ Ĥνμ dx = A∗2k A2j νk∗ Ĥνj dx,


Eτ = ντ∗ Ĥντ dx = A∗3k A3j νk∗ Ĥνj dx,
where Aij are the matrix elements of A, A∗ij are the complex conjugates of Aij . The
masses me , mμ , mτ of νe , νμ , ντ are as follows
Ee2 = p2 c2 + m2e c4 ,

Eμ2 = p2 c2 + m2μ c4 ,

Eτ2 = p2 c2 + m2τ c4 .

(32)

It is very diﬃcult to compute Ee , Eμ , Eτ by (31). However, since A ∈ SU (3) is
norm-preserving:
Ee2 + Eμ2 + Eτ2 = E12 + E22 + E32 ,
by (32) and Ek2 = p2 c2 + m2k c4 , we deduce that
m2e + m2μ + m2τ = m21 + m22 + m23 ,
which leads to
m2e + m2μ + m2τ = Δ32 + 2Δ21 + 3m21 ,

(33)

where Δ32 and Δ21 are as in (29).
If neutrinos have masses, then only the mass square diﬀerences Δij in (29) can be
measured by current experimental methods. Hence, the only mass information of νe , νμ , ντ
is given by the relation (33).

4

MSW Eﬀect

In 1978, L. Wolfenstein [17] ﬁrst noted that as neutrinos pass through matter there are
additional eﬀects due to elastic scattering
νe + e −→ νe + e.
This phenomenon was also observed and expanded by S. Mikheyev and A. Smirnov [12],
and is now called the MSW eﬀect.
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The MSW eﬀect can be reﬂected in the neutrino oscillation model. We recall the
oscillation model without MSW eﬀect expressed as
νk = ϕk (x)e−iλk t/ ,
[−ic(
α · ∇) + mc2 α0 ]ϕk = λk ϕk k = 1, 2, 3,
⎛ ⎞
⎛ ⎞
⎜ νe ⎟
⎜ν1 ⎟
⎜ ⎟
⎜ ⎟
⎜ν ⎟ = A ⎜ν ⎟ ,
A is as in (26).
⎜ μ⎟
⎜ 2⎟
⎝ ⎠
⎝ ⎠
ντ
ν3

(34)

To consider the MSW eﬀect, we have to add weak interaction potentials in the Hamiltonian operator Ĥ for neutrinos νe , νμ , ντ . The weak potential energy is given as follows
[8, 7]:
 3

Bν
ρν
2
−kr 1
−kr
Nw e
−
(1 + 2kr)e
,
(35)
Vν = gs
ρe
r
ρ
where ρν , ρe are the radii of neutrinos and electron, gs is the weak charge, and Nw is the
weak charge density. Namely the Hamiltonian with MSW eﬀect for (νe , νμ , ντ ) is
⎞⎛ ⎞
⎛ ⎞ ⎛
0
0 ⎟ ⎜ νe ⎟
⎜ νe ⎟ ⎜Ĥ + Ve
⎟⎜ ⎟
⎜ ⎟ ⎜
⎟ ⎜
⎜ ⎟
Ĥ ⎜
Ĥ + Vμ
0 ⎟
⎟ ⎜νμ ⎟ ,
⎜ν μ ⎟ = ⎜ 0
⎠⎝ ⎠
⎝ ⎠ ⎝
0
0
Ĥ + Vτ
ντ
ντ

(36)

where Ĥ = −ic(
α · ∇) + mc2 α0 , and V is as in (35).
The equations in (34) are also in the form
⎛
iλ1 t/
⎜e
⎜
⎜
eiλ2 t/
⎜
⎝

⎞⎛ ⎞
⎛ ⎞ ⎛
⎟
⎟ ⎜ϕ 1 ⎟
⎜ νe ⎟ ⎜λ1
⎟ † ⎜ ⎟ ⎜
⎟⎜ ⎟
⎟ A Ĥ ⎜ν ⎟ = ⎜ λ
⎟ ⎜ϕ ⎟ .
μ
2
⎟
⎟ ⎜ 2⎟
⎜ ⎟ ⎜
⎠
⎠⎝ ⎠
⎝ ⎠ ⎝
iλ3 t/
e
ντ
λ3
ϕ3
⎞

(37)

Replacing Ĥ by Ĥ in (37), we infer from (34) that
⎞⎛ ⎞
⎛ ⎞ ⎛
⎟ ⎜ν1 ⎟
⎜ν1 ⎟ ⎜β1
⎟
⎜
⎟⎜ ⎟
⎜
⎟=⎜ β
⎟ ⎜ν ⎟ .
A† ĤA ⎜
ν
2
⎟ ⎜ 2⎟
⎜ 2⎟ ⎜
⎠⎝ ⎠
⎝ ⎠ ⎝
ν3
β3
ν3

(38)

The equation (38) is the neutrino oscillation model with the MSW eﬀect, where the
eigenvalues βk and eigenstates νk (1 ≤ k ≤ 3) are diﬀerent from that of (34). In fact, the
MSW eﬀect is just the weak interaction eﬀect.

36
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Massless Neutrino Oscillation Model

There are several serious problems in the massive neutrino oscillation model (34), which
we brieﬂy explain as follows.
Parity problem. It is known that all weak interaction decays and scatterings involving
neutrinos violate the parity symmetry, discovered by Lee and Yang in 1956 and experimentally veriﬁed by C. Wu [5, 18]. It means that the neutrinos are parity non-conserved.
Hence it requires that under the space reﬂective transformation
x −→ −x,

(39)

the equations governing neutrinos should violate the reﬂective invariance. We know that
the Dirac equations are covariant under the reﬂection (39), while the Weyl equations
are not covariant. Hence, the massive neutrino oscillation model is in conﬂict with the
violation of parity symmetry.
Handedness and speed of neutrinos. Experiments showed that all neutrinos possess
only the left-handed spin J = − 12 , and anti-neutrinos possess the right-handed spin
J = 12 . It implies that the velocity of free neutrinos must be at the speed of light, which
is a contradiction with massive neutrino assumption.
In fact, the handedness is allowed only for massless particles. Otherwise, there exist
two coordinate systems A and B satisfying
vA < v p < v B ,
where vA , vB and vp are the velocities of A, B and the particle. When we look at the
particle ν from A and B, the spins would be reversed. Therefore, all massive particles
must have both left-handed and right-handed spins.
In addition, all experiments measuring neutrino velocity had found no violation to
the speed of light.
Inﬁnite number of eigenvalues and eigenstates. The neutrino oscillation theory faces
the problem of the existing of inﬁnite number of eigenvalues. In the massive model (34),
the wave functions are the Dirac spinors
ϕ = (ϕ1 , ϕ2 , ϕ3 , ϕ4 )t .
For free neutrinos moving on a straight line, ϕ depends only on z. Thus the eigenvalue
equations in (34) become
⎛ ⎞
⎛ ⎞
⎛ ⎞
3
1
1
d ⎜ϕ ⎟
⎜ϕ ⎟
⎜ϕ ⎟
− icσ3 ⎝ ⎠ + mc2 ⎝ ⎠ = λ ⎝ ⎠ ,
dz ϕ4
ϕ2
ϕ2
⎛ ⎞
⎛ ⎞
⎛ ⎞
(40)
1
3
3
d ⎜ϕ ⎟
⎜ϕ ⎟
⎜ϕ ⎟
− icσ3 ⎝ ⎠ − mc2 ⎝ ⎠ = λ ⎝ ⎠ ,
dz ϕ2
ϕ4
ϕ4
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where

⎛
⎞
⎜1 0 ⎟
σ3 = ⎝
⎠.
0 −1

The equations (40) possess inﬁnite number of eigenvalues

4π 2 n2 2 c2
, ∀l > 0, n = 0, 1, 2, · · · ,
λ = m2 c4 +
l2
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(41)

(42)

and each eigenvalue has two eigenstates

ei2πnz/l
ϕ1 = √
2l3/2

ei2πnz/l
ϕ2 = √
2l3/2

⎛
⎞
2
1 + mc /λ
⎜
⎟
⎜
⎟
⎜
⎟
0
⎜
⎟
⎜
⎟,
⎜
⎟
2
⎜ 1 − mc /λ⎟
⎝
⎠
0
⎞
⎛
0
⎟
⎜
⎟
⎜
⎜ 1 + mc2 /λ ⎟
⎟
⎜
⎟.
⎜
⎟
⎜
0
⎟
⎜
⎠
⎝ 
− 1 − mc2 /λ

(43)

The problem is that which eigenvalues and eigenstates in (42) and (43) are the ones in
the neutrino oscillation model (34), and why only three of (42)-(43) stand for the ﬂavors
of neutrinos.
The Weyl equations can replace the Dirac equations to describe the neutrino oscillation, which we call massless neutrino oscillation model, expressed as follows
νk = ϕk (x)e−iλk t/ ,
ic(σ · ∇)ϕk = λk ϕk for k = 1, 2, 3,
⎛ ⎞
⎛ ⎞
⎜ν1 ⎟
⎜ νe ⎟
⎜ ⎟
⎜ ⎟
⎜ν ⎟ = A ⎜ν ⎟ , A is as in (26),
⎜ 2⎟
⎜ μ⎟
⎝ ⎠
⎝ ⎠
ντ
ν3

(44)

where νk (1 ≤ k ≤ 3) are the two-component Weyl spinors, and σ = (σ1 , σ2 , σ3 )
Based on the massless model (44), both problems of parity and handedness of neutrinos have been resolved, and we can derive in the same conclusions as given in (24) and
(25). In this case, the diﬀerences λi − λj of eigenvalues in the transition probabilities
such as (24) and (25) stand for the diﬀerences of frequencies:
λi − λj = ωi − ωj ,

(45)

38
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where ωk (1 ≤ k ≤ 3) are the frequencies of νk .
However, the massless model also faces the problem of inﬁnite number of eigenvalues
as mentioned above. The eigenvalue equations in (44) for the straight line motion on the
y−axis is written as
⎛ ⎞
⎛
⎛ ⎞
⎞
1
1
d ⎜ϕ ⎟
⎜ϕ ⎟
⎜0 −i⎟
with α2 = ⎝
icα2 ⎝ ⎠ = λ ⎝ ⎠
(46)
⎠.
dy ϕ2
2
ϕ
i 0
The eigenvalues of (46) are
λk = kc,

∀k > 0,

and each eigenvalue of (47) has two eigenstates
⎞
⎛ ⎞ ⎛
⎞
⎛ ⎞ ⎛
1
1
⎜ϕ2 ⎟ ⎜cos ky ⎟
⎜ϕ1 ⎟ ⎜ sin ky ⎟
⎠, ⎝ ⎠ = ⎝
⎠.
⎝ ⎠=⎝
2
2
− cos ky
sin ky
ϕ1
ϕ2

(47)

(48)

The eigenvalues of (44) at x-axis and z-axis are all the same as in (47), and the
eigenstates at the x and z axes are
⎛ ⎞ ⎛
⎞
⎛ ⎞ ⎛
⎞
⎛ ⎞
1
−ikx
1
−ikz
⎜ϕ ⎟ ⎜e
⎟
⎜ϕ ⎟ ⎜e
⎟
⎜ 0 ⎟
and ⎝ ⎠ = ⎝
(49)
⎝ ⎠=⎝
⎠
⎠ or ⎝ ⎠ .
ϕ2
e−ikx
ϕ2
0
eikz

6

Neutrino Non-oscillation Mechanism

Although the massless neutrino oscillation model can solve the parity and the handedness
problems appearing in the massive neutrino oscillation mechanism, the problem of inﬁnite
numbers of eigenvalues and eigenstates still exists in the model (44).
In fact, the weakton model ﬁrst introduced in [9] can provide an alternative explanation to the solar neutrino problem. Based on the weakton model, there exists a
ν-mediator, whose weakton constituents are given by
ν = αe νe ν̄e + αμ νμ ν̄μ + ατ ντ ν̄τ ,

(50)

where αe2 + αμ2 + αμ2 = 1. The values αe2 , αμ2 , ατ2 represent the ratio of the neutrinos νe , νμ
and ντ in our Universe
In view of (50), we see the reaction
νe + ν̄e −→ ν

(νe ν̄e ),

νμ + ν̄μ −→ ν (νμ ν̄μ ),

(51)

ντ + ν̄τ −→ ν (ντ ν̄τ ),
which are generated by the weak interaction attracting force, as demonstrated in the
weak charge potentials

Bi
2r −r/r0
−r/r0 1
Φi = gw e
− (1 + )e
for 1 ≤ i ≤ 3,
(52)
r
ρν
r0
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where r0 = 10−16 cm, B1 , B2 , B3 > 0 are the weak interaction constants for νe , νμ , ντ
respectively, and ρν is the neutrino radius.
The formula (52) deﬁnes attractive radii Ri for the neutrinos and antineutrinos of the
same ﬂavors. Namely, when νi and ν̄i are in the radius Ri , the reaction (51) may occur:
νi + ν̄i −→ ν (νi ν̄i )

if dist(νi , ν̄i ) < Ri

for 1 ≤ i ≤ 3,

(53)

where ν1 = νe , ν2 = νμ , ν3 = ντ , and dist(νi , ν̄i ) is the distance between νi and ν̄i . The
condition (53) implies that the transition probability Γi depends on Ri :
Γi = Γi (Ri )

for 1 ≤ i ≤ 3.

(54)

The attracting radius Ri satisﬁes that
d
Φi (Ri ) = 0.
dr

(55)

Thus we can give a non-oscillation mechanism of neutrinos to explain the solar neutrino problem. Namely, due to the β-decay, there are large amounts of electronic antineutrinos ν̄e around the earth, which generate the reaction (52) with νe , leading to the
discrepancy of the solar neutrino.
In addition, there are three axis eigenvalues of the Weyl equations given by (48) and
(49). We believe that they are the three ﬂavors of neutrinos νe , νμ , ντ . Namely, the
following three wave functions
⎛
⎛
⎞
⎞
⎜ sin ky ⎟
⎜cos ky ⎟
ψ1 = c1 ⎝
⎠ + c2 ⎝
⎠,
− cos ky
sin ky
⎞
⎛
−ikx
⎟
⎜e
(56)
ψ2 = ⎝
⎠,
−ikx
e
⎛
⎛ ⎞
⎞
−ikz
⎜e
⎜ 0 ⎟
⎟
ψ3 = c3 ⎝
⎠ + c4 ⎝ ⎠
eikz
0
represent the three ﬂavors of neutrinos. In fact, massive particles in ﬁeld equations are
distinguished by diﬀerent masses, and ﬂavors of neutrinos by diﬀerent axis eigenstates.
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Abstract: Matrix elements used in the Hylleraas-CI method for positronium-atom complexes
are derived. Our Hylleraas-CI wave function is a linear combination of determinants, each
of which contains at most one power of the positron-electron distance. Electron-electron
correlation eﬀects are introduced into the wave function via electron excitations alone. In this
work, correlation factors appearing in Hylleraas-CI determinants are expanded in complete sets
to simplify the derivation of the matrix elements. As a result, each Hylleraas-CI determinant
is transformed to a linear combination of determinants consisting only of orthonormal orbitals.
By this means, the matrix elements can be obtained simply. An approximate method which
can readily gives the many-electron integrals in the matrix elements is also discussed.
c Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Hylleraas-Ci; Positronium-Atom Complexes; Matrix Elements; Complete Sets
PACS (2010): 31.15.-p, 31.15.ve, 36.10.-k

1

Introduction

The positron is the antiparticle of the electron and forms a bound state with one electron.
This bound state is called positronium (Ps). Positronium can form complexes with several
atoms, known as positronium-atom complexes. Positronium-atom complexes have been
studied both experimentally [1–3] and theoretically [4–10], and their stability and the
details of positron-electron pair annihilation have been determined. In particular, many
theoretical studies have been made of the positronium-atom complexes.
Positronium hydride (PsH) is the simplest stable positronium-atom complex, and has
been extensively studied by various quantum mechanical calculations [11–29]. Those studies reveal that explicitly correlated function methods, such as the Hylleraas-type method
and explicitly correlated Gaussian function method, give very accurate results. It is very
∗
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important to introduce the positron-electron distance explicitly into the wave function.
The use of explicitly correlated functions is advantageous in the study of positroniumatom complexes. It is not practical to apply explicitly correlated functions to manyelectron positronium-atom complexes, however, because many-electron integrals appear.
Calculation of many-electron integrals becomes diﬃcult as the number of electrons increases. As a result, there have been no calculations with explicitly correlated functions
for many-electron positronium-atom complexes, except for complexes with one or two
valence electrons.
Our purpose is to establish an applicable computational method using explicitly correlated functions for many-electron positronium-atom complexes. Hylleraas-CI is one
possibility. This is a computational method for wave functions combining conﬁguration interaction (CI) and Hylleraas-type functions, and was ﬁrst applied by Sims and
Hagstrom to the Be atom [30]. Their Hylleraas-CI wave function is a CI expansion
with each conﬁguration function which contains at most one power of the inter-electronic
distance. Hylleraas-CI calculations for any many-electron atomic system require up to
four-electron integrals. This is an advantage of the Hylleraas-CI method which was introduced by Sims and Hagstrom. Hylleraas-CI calculations for positronium-atom complexes
have been carried out by Clary [24] alone: PsH, PsHe+ , PsHe, and PsLi+ have been
calculated.
We consider the Hylleraas-CI wave function that comprises a linear combination of determinants, each containing at most one power of the positron-electron distance, because
positron-electron distances are important for positronium-atom complex wave functions.
Electron-electron correlation eﬀects are introduced into the wave function only by electron excitations. In this work we derive the matrix elements between our Hylleraas-CI
determinants. Since this derivation is very complicated and laborious, we adopt a procedure in which the correlation factors are expanded in complete sets [31]. This procedure
transforms a Hylleraas-CI determinant to a linear combination of determinants consisting wholly of orthonormal orbitals. By this means we derive matrix elements between
determinants without correlation factors.
Below, Section 2 sets out the theoretical aspect. Section 3 summarizes the resulting
matrix elements relating to Hylleraas-CI wave functions for many-electron positroniumatom complexes. Section 4 discusses approximation for evaluating many-electron integrals
that appear in the matrix elements.

2

Theoretical Aspects

In this section we deﬁne our Hylleraas-CI wave function, and transform a Hylleraas-CI
determinant to a linear combination of determinants which consist only of orthonormal
orbitals using complete sets. The formula including cofactors of the Hamiltonian matrix
element is ﬁnally obtained.
The Hamiltonian of N -electron positronium-atom complexes in atomic units is given

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 41–56

43

by
H=

N


h(i) +

N


i=1

where

−1
rij

+ h+ (0) −

N


i<j

−1
r0i
,

(1)

i=1

1
h(i) = − ∇2i − Zri−1 ,
2
1
h+ (0) = − ∇20 + Zr0−1 .
2

(2)
(3)

The positron is signiﬁed by 0, and the electrons by 1, . . . , N . Here Z denotes the nuclear
charge, r0 and ri are distances from the nuclei to the positron and the i-th electron
respectively, and r0i and rij denote distances between the positron and the i-th electron,
and between the i-th and j-th electrons.
We now consider the Hylleraas-CI wave function for N -electron positronium-atom
complexes:


N
+1


Cαp +
Ψ=
Tμ Ψαp ,
(4)
α,p

μ=1

where Tμ is a linear combination of all μ-body excitation operators. Here, Ψαp is a determinant, as follows:
N

α
α
Ψp = Aψp (x0p )
χa (xa )
(5)
a(=p)

with
α
ξ(x0 )χp (xp ),
ψpα (x0p ) = r0p

(6)

where A is the antisymmetrization operator for N electrons, x is a space-spin coordinate,
and x0p stands for the set (r0p , x0 , xp ). In Eqs.(5) and (6), {χa } are mutually orthogonal
occupied electronic spin-orbitals and ξ is an occupied positronic spin-orbital. These
functions span subspaces of the corresponding complete sets {χi } and {ξi }. Occupied
electronic orbitals are denoted by indexes a, b, c, · · · , and indexes of orbitals in both
complete sets by i, j, k, · · · .
The aim of this work is to derive the Hamiltonian matrix element using a complete
set expansion of ψpα , i.e.


ψpα=


ξi (x0 )χj (xp )

dx0 dxp ξi∗ (x0 )χ∗j (xp )ψpα (x0p )

i,j


= ξi χj |ψpα ξi (x0 )χj (xp ).

(7)

i,j

Eq.(7) is written using a simple integral notation. We denote integrals for an arbitrary
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operator O as
ψpα χa · · · χb |O|χc ψqβ · · · χd 

≡ dx0 dx1 · · · dxN ψpα∗ (x01 )χ∗a (x2 ) · · · χ∗b (xN )Oχc (x1 )ψqβ (x02 ) · · · χd (xN ).

(8)
(9)

We may write integrals omitting positronic and electronic coordinates; functions in the
bra and the ket are arranged in order of the electron coordinate number. The integral
(8) for O = 1 is written as
(10)
ψpα χa · · · χb |χc ψqβ · · · χd .
By using Eq.(7), the Hylleraas-CI determinant (5) can be rewritten as
Ψαp =



ξi χj |ψpα ξi (x0 )Φpj

(11)

i,j

with
Φpj = Aχj (xp )



χa (xa ).

(12)

a(=p)

Next, Ψαp can be written as an electronic determinant Φpj multiplied by a positronic
orbital. Thus, our Hylleraas-CI wave function is expanded in terms of determinants
consisting of orthonormal orbitals only.
The matrix elements between our Hylleraas-CI determinants can be derived using
Löwdin’s formula for non-orthogonal matrix elements [32–34]. Let us derive the matrix
elements between Ψαp and Ψβq , where
Ψβq =


ξk χl |ψqβ ξk (x0 )Φql .

(13)

k,l

The Hamiltonian matrix element is written as
Ψαp |H|Ψβq 



α
β
−1
(a,b)
= ψp |ξi χj ξk χl |ψq  ξi |h+ |ξk Spq −
ξi χa |r01
|ξk χb Spq
i,j,k,l

a,b




(a,b)
−1
(a,b,c,d)
,
+
χa |h|χb δi,k Spq
+
χa χc |r12
(1 − P12 )|χb χd δi,k Spq
a,b

(14)

a<b,c<d

where P12 is the permutation of electron 1 and 2. Spq is the overlap integral of Φ∗pj and
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Φql :

⎧

⎪
⎪
δj,a δa,l
⎨ δj,l −
Spq =

45

(p = q)
,

a(=p)

⎪
⎪
⎩ δj,p δq,l

(a,b)

(15)

(p = q)
(a,b,c,d)

where δ is Kronecker’s delta. Spq and Spq
respectively denote the ﬁrst- and second(a,b,c,d)
−1
can be evaluated using Jacobi’s
order cofactors of Spq . When Spq is non-zero, Spq
theorem [35]:
 (a,c) (b,d)

(a,b,c,d)
−1
(a,d) (b,c)
Spq Spq − Spq
(16)
= Spq
Spq .
Spq
(a,b)

(a,b,c,d)

in Eq.(14) are summarized in Tables 1 and 2,
Non-zero values of Spq and Spq
respectively.
To perform Hylleraas-CI calculations, the matrix elements over electronic singly, doubly, and triply excited determinants are required. The corresponding determinants are
β rst
β rst···
denoted as Ψβq (ra ), Ψβq (rs
ab ), and Ψq (abc ). Here, Ψq (abc··· ) is any electron excited determinant
in which electrons have been excited from χa , χb , χc , · · · to χr , χs , χt , · · · . Those excited
determinants are written as
Ψβq (ra ) =


ξk χl |ψqβ ξk (x0 )Φql (ra ),

(17)

k,l

Ψβq (rs
ab ) =


ξk χl |ψqβ ξk (x0 )Φql (rs
ab ),

(18)

k,l

and
Ψβq (rst
abc ) =


ξk χl |ψqβ ξk (x0 )Φql (rst
abc ).

(19)

k,l
rst
The electronic singly, doubly, and triply excited determinants Φq (ra ), Φq (rs
ab ), and Φq (abc ),
are written as

(20)
Φql (ra ) = Aχl (xq )χr (xa ) χb (xb ),
b(=q,a)

Φql (rs
ab ) = Aχl (xq )χr (xa )χs (xb )



χc (xc ),

(21)

c(=q,a,b)

and
Φql (rst
abc ) = Aχl (xq )χr (xa )χs (xb )χt (xc )



χd (xd ).

(22)

d(=q,a,b,c)
α
β rst
The terms Ψαp |H|Ψβq (ra ), Ψαp |H|Ψβq (rs
ab ), and Ψp |H|Ψq (abc ) also require second-order
cofactors, but these cannot be evaluated by Jacobi’s theorem because their Spq vanish.
These second-order cofactors have to be evaluated step by step. Summaries of these
cofactor values are omitted in this paper.
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Results

This section exhibits the resulting overlap and the Hamiltonian matrix elements. All
β
matrix elements between Ψα∗
p and Ψq have diﬀerent forms for the cases p = q and p = q.
Most matrix elements include summations over occupied orbitals. We denote summation

over all values of a except p by a and summation over all values of a except p and q by
 
a . If additional conditions are required for summations, then we write these explicitly,

e.g. b(=a) for a summation over all values of b except a.
β
The overlap matrix element between Ψα∗
p and Ψp is
Ψαp |Ψβp 

ψpα |ξi χj ξk χl |ψpβ δi,k Φpj |Φpl 
=
i,j,k,l

 

ψpα |ξi χj ξi χj |ψpβ  −
ψpα |ξi χa ξi χa |ψpβ 
=
i,j

= ψpα |ψpβ  −



i

a

ψpα χa |χa ψpβ ,

(23)

a

Eq.(23) is obtained by applying Eq.(15) and the completeness condition
∞

i

|ξi ξi | =

∞


|χj χj | = 1.

(24)

j

β
Similarly, the overlap matrix element between Ψα∗
p and Ψq (p = q) is obtained as follows:

Ψαp |Ψβq  = ψpα χq |χp ψqβ .

(25)
(a,b)

The Hamiltonian matrix element Ψαp |H|Ψβq  can be obtained by using Spq and
(a,b,c,d)
Spq
as summarized in Tables 1 and 2 and Eq.(24). The resulting matrix elements for
each operator are shown below.
We ﬁrst display the matrix elements of one-body operators. The matrix elements of
a one-positron operator h+ (0) are
Ψαp |h+ (0)|Ψβp  = ψpα |h+ |ψpβ  −



ψpα χa |h+ |χa ψpβ 

(26)

a

and
Ψαp |h+ (0)|Ψβq  = ψpα χq |h+ |χp ψqβ ,

(p = q).

(27)
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The matrix elements of a one-electron operator


i
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h(i) are


 




h(i) Ψβp
Ψαp 


i





χa |h|χa  ψpα |ψpβ  −
ψpα χb |χb ψpβ  +
χa |h|χb ψpα χb |χa ψpβ 
=



a

+ψpα |h|ψpβ  −



b

a,b

ψpα χa |h(1) + h(2)|χa ψpβ 

(28)

a

and


 





h(i) Ψβq
Ψαp 


i=1


= −χq |h|χp  ψpα |ψqβ  −
+






ψpα χa |χa ψqβ 

a

χa |h|χa ψpα χq |χp ψqβ χa |h|χp ψpα χq |χa ψqβ 

!
− χq |h|χa ψpα χa |χp ψqβ  + ψpα χq |h(1) + h(2)|χp ψqβ , (p = q).
a

(29)

 −1
are given next. This operator is a positronThe matrix elements of an operator i r0i
electron interaction with sign reversed. The resulting matrix elements are

 



−1  β
Ψαp 
r0i
 Ψp


i=1

−1 β
−1 β
= ψpα |r01
|ψp  +
ψpα χa |r02
|ψp χa 



−



a
−1
ψpα χa |r01

a

−1
+ r02
|χa ψpβ  +



ψpα χa χb |R02 |χa χb ψpβ 

(30)

a,b

and



 


−1  β
α
Ψp 
r0i  Ψq



=

i=1
−1 β
−1
−1
|ψq χp  + ψpα χq |r01
+ r02
|χp ψqβ 
−ψpα χq |r02

!
ψpα χq χa |R02 |χa χp ψqβ ψpα χa χq |R02 |χp χa ψqβ  ,
+

(p = q),

(31)

a

where Rij = rij−1 (1 − P12 ).
The electron-electron interaction matrix element is complicated as a result of electron
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exchange. The electron-electron interaction matrix elements are



 



−1  β
α
Ψp 
rij  Ψp


i<j




1 
=
χa χb |R12 |χa χb  ψpα |ψpβ  −
ψpα χc |χc ψpβ 
2 a,b
c


+
χa χb |R12 |χc χb ψpα χc |χa ψpβ  +
ψpα χa |R12 |ψpβ χa 
a

a,b,c

+



ψpα χa χb |R12

+

R23 |χa χb ψpβ 

(32)

a,b

and



 



−1  β
Ψαp 
rij
 Ψq


i<j

=−





χa χq |R12 |χa χp  ψpα |ψqβ  −



a

+




ψpα χb |χb ψqβ 

b

χa χb |R12 |χp χa ψpα χq |χb ψqβ 

+ χq χa |R12 |χa χb ψpα χb |χp ψqβ 

a,b

+χq χa |R12 |χb χp ψpα χb |χa ψqβ 
−ψpα χq |R12 |ψqβ χp  +



1
+ χa χb |R12 |χa χb ψpα χq |χp ψqβ 
2



ψpα χq χa |R12 + R23 |χa χp ψqβ 

!
+ R23 |χp χa ψqβ  ,
a

+

ψpα χa χq |R12

(p = q).

(33)

We now give the overlap and Hamiltonian matrix elements between Ψα∗
p and single,
β
β r
β rs
double, and triple electron excited determinants of Ψq , Ψq (a ), Ψq (ab ), and Ψβq (rst
abc ). These
matrix elements have non-vanishing terms.
β r
The non-vanishing matrix elements between Ψα∗
p and Ψq (a ) are as follows:
Ψαp |Ψβp (ra ) = −ψpα χa |χr ψpβ ,

(34)

Ψαp |h+ (0)|Ψβp (ra ) = −ψpα χa |h+ |χr ψpβ ,

(35)
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 β r
α
h(i) Ψp (a )
Ψp 


i=1


= χa |h|χr  ψpα |ψpβ  −
+
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ψpα χb |χb ψpβ 

b

χa |h|χb ψpα χb |χr ψpβ 

+ χb |h|χr ψpα χa |χb ψpβ 

!
− χb |h|χb ψpα χa |χr ψpβ  − ψpα χa |h(1) + h(2)|χr ψpβ ,
b



(36)








h(i) Ψβq (ra )
Ψαp 


i=1

= χa |h|χr ψpα χq |χp ψqβ  − χa |h|χp ψpα χq |χr ψqβ 
−χq |h|χr ψpα χa |χp ψqβ  + χq |h|χp ψpα χa |χr ψqα ,


(p = q),

(37)







−1  β r
Ψαp 
r0i
 Ψp ( a )


i=1

−1 β
−1
−1
|ψp χr  − ψpα χa |r01
+ r02
|χr ψpβ 
= ψpα χa |r02

!
ψpα χa χb |R02 |χr χb ψpβ  + ψpα χb χa |R02 |χb χr ψpβ  ,
+

(38)

b









−1  β r
r0i
Ψαp 
 Ψ q (a )


i=1

= ψpα χa χq |R02 |χp χr ψqβ  + ψpα χq χa |R02 |χr χp ψqβ ,

(p = q),

(39)

50
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−1  β r
α
rij  Ψp (a )
Ψp 


i<j



=

⎡

χa χb |R12 |χr χb  ⎣ψpα |ψpβ  −

b(=a)

⎤
ψpα χc |χc ψpβ ⎦

c(=a)



+





χa χb |R12 |χr χc ψpα χc |χb ψpβ 

b,c(=a)

+χa χb |R12 |χc χb ψpα χc |χr ψpβ  + χb χc |R12 |χb χr ψpα χa |χc ψpβ 

1
α
β
− χb χc |R12 |χb χc ψp χa |χr ψp  + ψpα χa |R12 |ψpβ χr 
2

!
ψpα χa χb |R12 + R23 |χr χb ψpβ  + ψpα χb χa |R12 + R23 |χb χr ψpβ  ,
+

(40)

b(=a)

and









Ψαp 
rij−1  Ψβq (ra )


i<j


= χq χa |R12 |χr χp  ψpα |ψqβ  −
+






ψpα χb |χb ψqβ 

b

χa χb |R12 |χr χb ψpα χq |χp ψqβ 

+ χa χb |R12 |χp χr ψpα χq |χb ψqβ 

b

+χa χb |R12 |χb χp ψpα χq |χr ψqβ  + χq χa |R12 |χr χb ψpα χb |χp ψqβ 
+χq χa |R12 |χb χp ψpα χb |χr ψqβ  + χb χq |R12 |χr χb ψpα χa |χp ψqβ 
+χb χq |R12 |χp χr ψpα χa |χb ψqβ  + χb χq |R12 |χb χp ψpα χa |χr ψqβ 
+ψpα χq χa |R12 + R23 |χr χp ψqβ  + ψpα χa χq |R12 + R23 |χp χr ψqβ ,

!
(p = q).

(41)

The matrix elements of the overlap and h+ (0) operator for p = q vanish.
The matrix elements of the overlap and h+ (0) between Ψαp and Ψβq (rs
ab ) do not appear.
 −1 β rs
α
Ψp | i r01 |Ψq (ab ) (p = q) also vanish. The resulting matrix elements are as follows:









Ψαp 
h(i) Ψβp (rs
ab )


i

= χa |h|χs ψpα χb |χr ψpβ  − χa |h|χr ψpα χb |χs ψpβ 
+χb |h|χr ψpα χa |χs ψpβ  − χb |h|χs ψpα χa |χr ψpβ ,


(42)






−1  β rs
α
Ψp 
r0i  Ψp (ab )



=

i
α
ψp χa χb |R02 |χr χs ψpβ 

+ ψpα χb χa |R02 |χs χr ψpβ ,

(43)
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α
rij−1
Ψp 

i<j




 β rs
 Ψp (ab )



= χa χb |R12 |χr χs  ψpα |ψpβ  −
+
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ψpα χc |χc ψpβ 

c

χa χb |R12 |χc χs ψpα χc |χr ψpβ  + χa χb |R12 |χr χc ψpα χc |χs ψpβ 

c

+χa χc |R12 |χr χs ψpα χb |χc ψpβ  + χa χc |R12 |χc χr ψpα χb |χs ψpβ 
+χa χc |R12 |χs χc ψpα χb |χr ψpβ  + χb χc |R12 |χc χs ψpα χa |χr ψpβ 
+χb χc |R12 |χr χc ψpα χa |χs ψpβ  + χb χc |R12 |χs χr ψpα χa |χc ψpβ 

!

+ψpα χa χb |R12 + R23 |χr χs ψpβ  + ψpα χb χa |R12 + R23 |χs χr ψpβ ,

(44)

and









Ψαp 
rij−1  Ψβq (rs
ab )


i<j

= χa χb |R12 |χr χs ψpα χq |χp ψqβ  + χa χb |R12 |χp χr ψpα χq |χs ψqβ 
+χa χb |R12 |χs χp ψpα χq |χr ψqβ  + χq χa |R12 |χr χs ψpα χb |χp ψqβ 
+χq χa |R12 |χp χr ψpα χb |χs ψqβ  + χq χa |R12 |χs χp ψpα χb |χr ψqβ 
+χb χq |R12 |χr χs ψpα χa |χp ψqβ  + χb χq |R12 |χp χr ψpα χa |χs ψqβ 
+χb χq |R12 |χs χp ψpα χa |χr ψqβ ,

(p = q).

(45)

The matrix element between Ψαp and Ψβp (rst
abc ) is nonzero only for electron-electron
interactions, and the formula is









Ψαp 
rij−1  Ψβp (rst
abc )


i<j

= χa χb |R12 |χs χr ψpα χc |χt ψpβ  + χa χb |R12 |χt χs ψpα χc |χr ψpβ 
+χa χb |R12 |χr χt ψpα χc |χs ψpβ  + χa χc |R12 |χt χr ψpα χb |χs ψpβ 
+χa χc |R12 |χs χt ψpα χb |χr ψpβ  + χa χc |R12 |χr χs ψpα χb |χt ψpβ 
+χb χc |R12 |χt χs ψpα χa |χr ψpβ  + χb χc |R12 |χr χt ψpα χa |χs ψpβ 
+χb χc |R12 |χs χr ψpα χa |χt ψpβ .

4

(46)

Discussion

The key feature of this work is derivation of the matrix elements by complete set expansions of correlation factors in Hylleraas-CI determinants. This procedure transforms a
Hylleraas-CI determinant to a linear combination of determinants consisting of orthonormal orbitals, and hence simpliﬁes the derivation of the matrix elements. The resulting
matrix elements are given by very complicated formulas which include up to four-electron
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integrals. In the same way, the matrix elements in the Hylleraas-CI method for usual
atoms can be derived.
Computation of many-electron integrals is laborious, and requires very large storage.
There may be procedures which reduce the computational load and storage of manyelectron integrals. One procedure is to use the incomplete resolution of identity operators
[31]:
N 
N

|ξi (x0 )χj (x1 )ξi (x0 )χj (x1 )|.
(47)
P (01) =
i

j

In this procedure, three- and four-electron integrals are calculated as ﬁnite sums of products of two-electron integrals, e.g.
ψpα χa χb |R02 |χc χd ψqβ 
= ψpα χa χb |P (01)R02 P (03)|χc χd ψqβ 
N 
N

ψpα |ξi χc ξi χa |R01 |ξj χd ξj χb |ψqβ .
=
i

(48)

j

From this point, only necessary two-electron integrals have to be calculated and stored.
Although these summations are carried out only approximately, it is possible to obtain
highly accurate many-electron integrals by using very ﬂexible basis functions, e.g. the
B-spline set [36]. The B-spline set comprises piecewise polynomials, and is very ﬂexible.
The ﬂexibility of the B-splines has been demonstrated in the atomic Hartree–Fock [37]
and third Douglas-Kroll self-consistent calculations [38]. Work is in progress for these
approximate computations of many-electron integrals.

References
[1] O.E. Mogensen and V.P. Shantarovich, Solvated positron chemistry. The reaction of
hydrated positrons with chloride ions, Chem. Phys. 6, 100 (1974).
[2] D.M. Schrader, F.M. Jacobsen, N.-P. Frandsen, and U. Mikkelsen, Formation of
positronium hydride, Phys. Rev. Lett. 69, 57 (1992).
[3] O.E. Mogensen, Positron Annihilation in Chemistry, Springer, Berlin, 1995, and
references therein.
[4] J. Mitroy, M.W.J. Bromley, and G.G. Ryzhikh, Positron and positronium binding to
atoms, J. Phys. B35, R81 (2002), and references therein.
[5] D.M. Schrader, T. Yoshida, and K. Iguchi, Binding energies of positronium ﬂuoride
and positronium bromide by the model potential quantum Monte Carlo method, J.
Chem. Phys. 98, 7185 (1993).
[6] D. Bresssanini, M. Mella, and G. Morosi, Positronium chemistry by quantum Monte
Carlo. I. Positronium-ﬁrst row atom complexes, J. Chem. Phys. 108, 4756 (1998).
[7] S.L. Saito, Calculation of positronium compounds, PsLi, PsF, and PsCl, by secondorder variational perturbation method, Chem. Phys. Lett. 245, 54 (1995).

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 41–56

53

[8] S.L. Saito and S. Hidao, Theoretical study on stability of PsBr and PsI with secondorder correlation energies, Chem. Phys. Lett. 288, 277 (1998).
[9] S.L. Saito, Multireference conﬁguration interaction calculations for positronium
halides, J. Chem. Phys. 122, 054302 (2005).
[10] S.L. Saito, Multireference conﬁguration interaction calculations for complexes of
positronium and B, C, N, and O atoms, Theor. Chem. Acc. 115, 281 (2006).
[11] A. Ore, The existence of Wheeler-compounds, Phys. Rev. 83, 665 (1951).
[12] V.I. Gol’danskii, A.V. Ivanova, and E.P. Prokop’ev, Annihilation of positrons in alkali
metal hydrides Zh. Eksp. Teor. Fiz. 47, 659 (1964) [Sov. Phys.–JETP 20, 440 (1966)].
[13] O.G. Ludwig and R.G. Parr, Conﬁguration interaction wavefunction for positronium
hydride, Theor. Chim. Acta 2, 440 (1966).
[14] K. Strasburger and H. Chojnacki, On the reliability of the SCF and CI wavefunctions
for systems containing positrons, Chem. Phys. Lett. 241, 485 (1995).
[15] M.W.J. Bromley, J. Mitroy, and G.G., Ryzhikh, Conﬁguration interaction
calculations of positronic atoms and ions, Nucl. Instrum. Methods Phys. Res. B 171,
47 (2000).
[16] M.W.J. Bromley and J. Mitroy, Conﬁguration interaction calculations of PsH and
e+ Be, Phys. Rev. A 65, 012505 (2002).
[17] S.L. Saito, Multireference conﬁguration interaction calculations of some low-lying
states of positronium hydride, J. Chem. Phys. 118, 1714 (2003).
[18] S.M. Neamtan, G. Darewych, and G. Oczkowski, Annihilation of positrons from the
H− e+ ground state, Phys. Rev. 126, 193 (1962).
[19] C.F. Lebeda and D.M. Schrader, Towards an accurate wave function for positronium
hydride, Phys. Rev. 178, 24 (1969).
[20] B.A.P. Page and P.A. Fraser, The ground state of positronium hydride, J. Phys. B 7,
L389 (1974).
[21] Y.K. Ho, Positron annihilation in positronium hydrides, Phys. Rev. A 34, 609 (1986).
[22] A. M. Frolov and V. H. Smith, Jr., Positronium hydrides and the Ps2 molecule:
Bound-state properties, positron annihilation rates, and hyperﬁne structure, Phys.
Rev. A 55, 2662 (1997).
[23] Z-C. Yan and Y. K. Ho, Ground state and S-wave autodissociating resonant states of
positronium hydride, Phys. Rev. A 59, 2697 (1999).
[24] D.C. Clary, Conﬁguration-interaction-Hylleraas calculations on one-positron atomic
systems, J. Phys. B 9, 3115 (1976).
[25] G. G. Ryzhikh, J. Mitroy, and K. Varga, The structure of exotic atoms containing
positrons and positronium, J. Phys. B 31, 3965 (1998).
[26] J. Usukura, K. Varga, and Y. Suzuki, Signature of the existence of the positronium
molecule, Phys. Rev. A 58, 1918 (1998).
[27] T. Yoshida and G. Miyako, Diﬀusion quantum Monte Carlo calculations of
positronium hydride and positron lithium, Phys. Rev. A 54, 4571 (1996).

54

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 41–56

[28] D. Bressanini, M. Mella, and G. Morosi, Stability and positron annihilation of
positronium hydride L= 0, 1, 2 states: A quantum Monte Carlo study, Phys. Rev. A
57, 1678 (1998).
[29] S.L. Saito and F. Sasaki, Application of pair correlation theory to positronium
compounds, J. Chem. Phys. 102, 8040 (1995).
[30] J.S. Sims and S. Hagstrom, Combined conﬁguration-interaction-Hylleraas-type wavefunction study of the ground state of the beryllium atom, Phys. Rev. A4, 908 (1971).
[31] W. Kutzelnigg and W. Klopper, Wave functions with terms linear in the
interelectronic coordinates to take care of the correlation cusp. I. General theory.,
J. Chem. Phys. 94, 1985 (1991)
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Table 1 First-order cofactors in Ψp |H|Ψq  (a = b)
(p,p)
Spp
(p,a)
Spp
(a,p)
Spp
(a,a)
Spp
(a,b)
Spp

=1
= −δa,l
= −δj,a

= δj,l − c(=p,a) δj,c δc,l
= δj,a δb,l

(p,q)

Spq = δq,l
(q,q)
Spq = δj,p

(q,p)
Spq = −δj,l + c(=p,q) δj,c δc,l
(a,p)
Spq = −δj,a δq,l
(q,a)
Spq = −δj,p δa,l
(a,a)
Spq = δj,p δq,l

Table 2 Second-order cofactors in Ψp |H|Ψq  (a < b < c and p < q)
(p,a,p,a)
Spp
=1
(p,a,a,b)
= δb,l
Spp
(p,b,a,b)
Spp
= −δa,l
(a,b,p,a)
Spp
= δj,b
(a,b,p,b)
Spp
= δj,a

(a,b,a,b)
Spp
= δj,l − d(=p,a,b) δj,d δd,l
(a,b,a,c)
Spp
= −δj,b δc,l
(a,b,b,c)
Spp
= −δj,a δc,l

(p,q,p,q)

Spq
=1
(p,q,p,a)
Spq
= −δa,l
(q,a,p,q)
Spq
= δj,a
(p,a,p,a)
Spq
= δq,l
(q,a,q,a)
Spq
= δj,p

(q,a,p,a)
Spq
= −δj,l + d(=p,q,a) δj,d δd,l
(q,a,p,b)
Spq
= −δj,a δb,l
(a,b,p,a)
Spq
= δj,b δq,l
(a,b,p,b)
Spq
= −δj,a δq,l
(q,a,a,b)
Spq
= δj,p δb,l
(q,b,a,b)
Spq
= −δj,p δb,l
(a,b,a,b)
Spq
= δj,b δq,l
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1

Introduction

The A Toroidal Large Hadron Collider (LHC) Apparatus (ATLAS) and Compact
Muon Solenoid (CMS) collaborations have recently reported that the LHC experiment detected Higgs bosons with a mass of 124–126 GeV [1–5]. According to the
standard model, the Higgs boson induces particle mass, but the physics of the Higgs
ﬁeld is not yet clear. Therefore, it is useful to investigate this mass problem from
another standpoint. Here, we propose a theory beyond the standard model and
speculate that the origins of mass and decay should be equivalent because the mass
changes during the decay of an unstable particle.
On the other hand, according to astronomy, most of the universe is occupied
by dark matter and dark energy, which should play an important role in the cosmic structure. In analogy with this, we previously proposed a hypothetical hidden
∗
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coupling mediated by a hidden scalar boson that can produce mass and a weak
interaction. The resulting mass values compare favorably with experimental particle data [6–9]. However, the masses estimated by our theoretical expansion, which
considers the weak and Higgs bosons as composites of basic particles, deviate from
current data [9–12].
In this study, we re-estimate the masses of the weak and Higgs bosons in such a
way that our expansion of the gauge boson ensures that the W boson mass ﬁts the
experimental data. We then deduce favorable masses for the Z and Higgs bosons
corresponding to current data. Consequently, we predict the existence of a charged
Higgs boson with a mass of about 113 GeV. Our aim in this study is to show that
the essential boson yielding mass is not the Higgs boson itself but rather the hidden
scalar boson, which is a constituent of the Higgs boson.

2

Fundamental hidden coupling

We have speculated that there are both real and hidden particles. The basic particles
are leptons lλ (λ = e, μ, τ ); the proton p; hidden neutrinos hλ , which may be the
light Majorana neutrino; and the hidden scalar boson φ(φ0 , φ− ), which has mass
M (M0 , M− ) and exchanges real and hidden particles. Furthermore, a new quantum
number z was assigned to these particles, namely, z = 1 for p; z = 0 for muonic
leptons and hμ ; z = −1 for electronic leptons, he , and φ; and z = −2 for tauonic
leptons and hτ [6–9].
The hidden particle is postulated to be a hypothetical particle that we cannot
directly observe, but we can indirectly understand its existence by hidden couplings,
which can deduce interactions through the composite structure of the intermediate
boson.
We then assume the following hidden couplings Ki between hλ and the proton or
leptons, considering the connection between mass and the weak interaction [9, 12]:
√
K1 = (f / 2)[hμ O− le φ∗ + le O+ hμ φ],
√
K2 = (f / 2)[he O− νμ φ0 + ν μ O+ he φ0∗ ],
√
K3 = (f / 2)[he O− lτ φ∗ + lτ O+ he φ],
√
K4 = (f / 2)[hτ O− νe φ0 + ν e O+ hτ φ0∗ ],
√
K5 = (f / 2)[hμ O−A pφ− + pO+A hμ φ−∗ ],
O± = 1 ± γ5 , O±A = 1 ±

(1)
(2)
(3)
(4)
(5)

CA± γ5 ,

CA+ CA− = 1, CA+ + CA− = 2CA ,

(6)

where CA is the renormalization factor of the axial vector current of the proton. The
total z number and charge at each vertex of these couplings are conserved. Note
that there is no φ+ (z = −1) term, but φ+ (z = 1) = φ−∗ .
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The coupling constant f is determined so that the self-energy of the electron is
ﬁnite. According to coupling (1) and Fig. 1a, the self-energy of the electron is given
by
Δmφ = [f 2 me /(4π)2 ][ln(Λ/M− ) − 1/4].

(7)

On the other hand, the self-energy given by the electromagnetic interaction in quantum electrodynamics is
Δmγ = [3αme /(4π)][2ln(Λ/me ) + 1/2].

(8)

To cancel the divergence Λ from the sum of (7) and (8), we assume [6–8]
f 2 /4π = −6α.

(9)

Under condition (9), the couplings (1)–(5) are not Hermitian conjugates, so these
couplings are not observable. This is expected because they deﬁne interactions
between real particles and hidden particles that we cannot observe. The hidden
particle is believed to be a type of dark matter, which can be detected indirectly by
the curvature of space-time. Thus, we assume that the hidden particles hλ and φ
cannot be observed owing to their ﬁnite electromagnetic self-energy. The boson φ
interchanges real and hidden particles. The resultant particle mass and interaction
Hamiltonian will indirectly verify the existence of these couplings.

Fig. 1 Diagrams illustrating (a) the self-energy of the electron according to coupling (1),
(b,c) the equivalent internal energies between le and hμ , and (d, e) the equivalent internal
energies for the neutrino pairs in a composite system because initial and ﬁnal states are
equal like those in Fig. 1b.

3

Pion mass and electroweak interaction

To study the hidden couplings [1–5], we assume a diﬀerent composite model of
pion based on the quark model as follows. To determine the hidden boson mass
M , we estimate the mass of the pion, which is a composite of the basic fermions
corresponding to the decay products [6–8]. We assume pions to be composite systems
π − = (eν e hμ hμ ) and π 0 = (νe ν e hμ hμ ), considering the conservation of lepton number.
In a composite system, the ﬁnal state resulting from the interaction process
between the constituents must be equal to the initial state. This process is possible
for hidden couplings and will be repeated so a composite state is conserved until
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it decays. For example, coupling (1) for le and hμ produces equal initial and ﬁnal
states, as shown in Fig. 1b. Thus, the line representing the initial particle connects
with that representing the ﬁnal particle and forms a loop, as shown in Fig. 1c.
Similarly, the coupling for a neutrino pair can produce a ﬁnal state that is equal
to the initial state, as shown in Fig. 1d, forming a loop, as shown in Fig. 1e. The
internal energies between the constituents are then given by couplings (1)–(4) and
Figs. 1b–e, in consideration of the lepton helicity, as follows [6–9, 12]:
E(le hμ ) = (6α/r) exp(−M r) = V (r),

(10)

E(νλ ν λ ) = E(hλ hλ ) = [3(6α/M0 )2 /2]δ(r).

(11)

When the pion has the expansion r = r1 , (11) vanishes, and the pion masses are
then given as [6–8]
m(π − ) = V1− + V10 + me ,
V1s

m(π 0 ) = 2V10 ,

(12)

s = 0, −.

(13)

= (6α/r1 )exp(−Ms r1 ),

If these masses are equal to the experimental masses m(π − ) = 139.6 MeV and
m(π 0 ) = 135.0 MeV, then we have
M0 = 15.3 GeV, M− = 14.9 GeV,
r1 = 1/7.4mp ,

(14)
(15)

considering the Fermi weak coupling constant (19) [6–8]. The expansion (15) may
be associated with the fractional charge of the quark [9].
As shown in Figs. 1c and 1e, two fermions form a bubble in a composite. Therefore, the internal energy is generally the bubble energy induced by φ. Thus, we can
speculate that a lepton or hidden neutrino would behave as if it had the internal
energy as eﬀective mass in the composite system. Using this composite model, we
have deduced that the hadron masses are in fair agreement with the experimental
data [6–9].
However, there remains the question of why such a composite system is metastable.
The answer is as follows. In a charged system satisfying (1), the component pair
(hμ hμ ) can create an electron pair mediated by virtual φ− particles with probability
P1 that is proportional to f 4 . Then, one can suppose the following potential:
Un (r) = (n/2)V (r)(1 + c) − α/r,

(16)

where n is the number of φ particles between constituents and c is the higher order
correction factor of (10) [9]. The charged particle vibrates inside the valley of the
potential in (16), and it will be in a stable state at the minimal point rn given by
exp(M rn ) = 3n(1 + M rn )(1 + c).

(17)
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Fig. 2 Correspondence of interactions in our hidden model to the standard model (SM).
The electromagnetic interaction diagrams of the electron in (a) SM and (b) our hidden
model. Diagrams of the Fermi weak interaction between the electron and electronic neutrino in (c) SM and (d) our hidden model.

As the condition to form a composite is 1/3 ≤ n ≤ 4, we assume the quantum
number for the expansion of the system
n = 1/3, 1/2, 1, 2, 4,

(18)

which yields, e.g., r1/2 = 0.074/mp , r2 = 0.198/mp , and r4 = 0.253/mp . These
ranges will give the favorable composite masses listed in Table I.
Similarly, in a neutral system, the component neutrino pair can create an electron
pair with probability P2 , which is proportional to f 8 , through virtual (hμ h̄μ ) particles
as per (1). Therefore, the neutral bubble will vibrate inside the valley of the potential
in (16) with the probability P1 P2 . Hence, the lifetime of the neutral composite will
be shorter than that of the charged composite, except for the system including
pairing charged particles.
Next, we show that the electroweak interaction can be deduced from hidden
couplings through the composite structure of the photon and weak boson. L. de
Broglie proposed that the photon is composed of a neutrino pair [13]. We then
suppose that the photon has a similar structure, as shown in Fig. 1e. Because of
(11), this system will have a vanishing mass for the nonlocal structure if the essential
mass m(νλ ) = 0. Thus, the electromagnetic interaction Hamiltonian of the electron
is given approximately by [9, 11]

Hem = e1 (eL γμ eL )Aμ ,
e1 = (3α/π)ln(MP /M− ) = 0.95e0 ,

(19)
(20)

from (1), (2), (9), and Fig. 2b, where the Planck mass MP is a cutoﬀ momentum,
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and e0 is the elementary charge.
On the other hand, the Fermi weak interaction Hamiltonian between the electron
and electronic neutrino is similarly given by Fig. 2d as
√
HW = (GP / 2)(eL γμ νeL )(ν eL γμ eL ),
√
GF / 2 = (6α/M )2

(21)
(22)

at the low-energy limit. The charged and neutral current interaction Hamiltonians
can be similarly deduced from the composite structures of the weak bosons, which
are deﬁned below [9, 12].
In Table I, we list some examples of particle masses evaluated using our composite
model, e.g., n = (p e ν e ) by Heisenberg, K or η = (π π), and Σ = (n π) [6, 9].
Table 1 Examples of particle masses evaluated under our composite model.

Particle

Number for
expansion

K+

1, 4

η

Theoretical

mass(MeV)a

mass (MeV)

494

487

547

539

n

1/2

939.6

939.4

Σ0

1, 2

1193

1185

1315

1311

3097

3197

ψ(2S)

3686

3790

B−

5279

5316

Υ(1S)

9460

9622

Υ(3S)

10355

10522

Ξ0
ψ(1S)

a Reference

4

Experimental

1/2, 1

[15].

W boson

The charged current interaction, e.g., the e − νe scattering process, according to the
standard theory is illustrated in Fig. 2c. This interaction can also be interpreted as
Fig. 2d under (1) [10, 11]. Therefore, we can treat W bosons as composites:
Wλ+ = (φ−∗ hλ hλ φ0 ), Wλ− = (φ− hλ hλ φ0∗ ), λ = e, μ, τ.

(23)

These masses should be given by the sum of the internal energies under hidden
couplings (1)–(5) and the component masses. Similar to the pion case, the initial
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and ﬁnal states are equal, as shown in Figs. 3–6. Using (1)–(5) and (9), we can
obtain the positive internal energies E11 from diagrams similar to Fig. 1c, and we
can obtain E12 and E2 from those similar to Fig. 1e.
If the expansion of the weak boson is r0 , then we have the following internal
energies from Figs. 3a–3f and Fig. 4:
E(φ∗ hμ ) = E(φhμ ) = E1 = E11 + E12 ,

(24)

E11 = (6α/r0 ) exp(−mr0 ),
s
= [(6α)2 /πr0 ]
E12
 1

exp[−Ms r0 1 + (1 − xy)/(1 − x)]
×
0

×xdxdy/(1 − x),
E2s = E(φs∗ φs )
= [(6α)2 /πr0 ] exp(−Ms r0 )ln(MP /Ms ),

(25)

where m is the virtual fermion mass, and the Planck mass MP is the cutoﬀ momentum. For example, the mass of Wμ+ is given by
m(Wμ+ ) = E(φ−∗ hμ ) + E(φ−∗ hμ ) + E(φ0 hμ )
+E(φ0 hμ ) + E(φ−∗ φ0 ) + E(hμ hμ )
+M0 + M− + Δmw
−
−
−
0
= E1(p)
+ E11(p)
+ E1− + E11
+ E10 + E11

+2E20− + M0 + M− + Δmw ,
E1s
−
E1(p)
−∗ 0

=
=

E(φ φ ) =

s
E11 + E12
,
−
−
−
E11(p) + E12(p)
= aE11
2E20− = E20 + E2− ,

(26)

−
+ bE12
,

a = (1 + CA )/2, b = (1 + CA2 )/2,
where Δmw = (0.033 − 0.039)m(W) is the self-energy of W predicted by Sirlin [14].

Fig. 3 Internal interactions between hidden bosons and neutrinos, which are constituents
of Wμ and Zμ .

We then have m(Wμ− ) = m(Wμ+ ). Similarly, according to couplings (2)–(4) and
Figs. 4–6, we have the following masses of We and Wτ :
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Fig. 4 Internal interactions between two hidden bosons.

−
0
m(We ) = E1− + E11
+ 2(E10 + E11
+ E20− )

+M0 + M− + Δmw ,
m(Wτ ) = 2(E10 + E20 ) + M0 + M− + Δmw .

(27)
(28)

Fig. 5 Internal interactions between the constituents of We and Ze .

Fig. 6 Internal interactions between the constituents of Wτ and Zτ .

If the expansion of the weak boson is
r1/3 = r0 = 1/194mp ,

(29)

the internal energies are, e.g., E11 = 7.972 GeV, E10 = 8.405 GeV, E20 = 4.205 GeV,
−
= 0.442 GeV. Thus, the bare masses of Wλ are 89.71 GeV
E2− = 4.217 GeV, and E12
for Wμ , 87.76 GeV for We , and 55.43 GeV for Wτ from (14) and (24)–(29) because
CA = 1.24. We suppose that the component pair (hλ hλ ) continuously oscillates
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between the three λ generations, with equal possibilities in the composite state of
hidden particles that we cannot observe. Hence, the mean mass of W is
m(W ) = [m(Wμ ) + m(We + m(Wτ )]/3 = (80.2 − −80.7) GeV,

(30)

which is consistent with the experimental mass of m(W ) = 80.419 ± 0.056 GeV [15].

5

Z boson

We suppose that the Z boson consists of the following composite, similar to the W
boson case:
(31)
Zλ0 = (φ0∗ hλ hλ φ0 ) or Zλ− = (φ−∗ hλ hλ φ− ).
According to Figs. 3–6, the masses of these composites are
0
+ 4E20 + 2M0 ,
m(Zμ0 ) = 3E10 + E11

(32)

+ΣE2− + 2M− ,

(33)

−
−
−
) + E11
+ E11(p)
m(Zμ− ) = 2(E1− + E1(p)
−
+ E20 ) + 2M0 ,
m(Ze0 ) = 4(E10 + E11

m(Ze− )
m(Zτ0 )
ΣE2−

=
=
=
=

−
2(E10 + E11
) + ΣE2− +
4(E10 + E20 ) + 2M0 ,
−
−
2E2− + E2(p)
+ E2(pp)
(2 + a + b)E2− .

2M− ,

(34)
(35)
(36)
(37)

The boson Zτ− = (φ−∗ hτ hτ φ− ) does not exist because there is no coupling between
hτ and φ− . From (25) and (31)–(37), we have the theoretical masses m(Zμ0 ) =
80.61 GeV, m(Zμ− ) = 101.66 GeV, m(Ze0 ) = 112.93 GeV, m(Ze− ) = 81.04 GeV, and
m(Zτ0 ) = 81.07 GeV. Thus, the mean mass of Z is
m(Z) = [m(Zμ0 ) + m(Zμ− ) + m(Ze0 ) + m(Ze− )
+m(Zτ0 )]/5 = 91.5 GeV,

(38)

which is close to the experimental mass of m(Z) = 91.1882±0.0022 GeV [15]. These
results imply that the expansion of the gauge boson in (29) is fairly reasonable.

6

Higgs boson

According to the standard theory, the Higgs boson yields the particle mass; however,
our hidden scalar boson φ can produce many particle masses [6, 7, 9–11]. If Higgs
boson was a composite (φ0 φ0 ), this mass would be 2(M0 + E20 ) = 39 GeV, which
is too small to ﬁt the LHC data. Considering that the composite structures of the
pion and weak boson consist of two particle pairs, we assume that the Higgs boson
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is composed of two particle pairs. Therefore, we suppose that the Higgs boson is
composed of our hidden scalar bosons:
H10 = (φ0∗ φ0 φ0∗ φ0 ), H20 = (φ−∗ φ− φ0∗ φ0 ),

or H30 = (φ−∗ φ− φ−∗ φ− ).

(39)

Each constituent of these scalar bosons has a hidden characteristic that produces
mass. From Fig. 4, these masses are given as
m(H10 ) = 4(4E20 + M0 ),

m(H20 ) = 4(E20− + E20 ) + ΣE2− + 2(M0 + M− ),
m(H30 ) = 4(ΣE2− + M− ).

(40)

Then, if (25) is used, the mean mass will be given by
m(H) = [m(H10 ) + m(H20 ) + m(H30 )]/3
= 124.9 GeV,

(41)

which is consistent with the present data of 124–126 GeV [1]. This implies that the
expansion of the Higgs boson is equal to that of the weak boson. Furthermore, we
can consider a charged Higgs boson as
H1+ = (φ−∗ φ0 φ0∗ φ0 ) or H2+ = (φ−∗ φ0 φ−∗ φ− ).

(42)

These will then have the following masses:
m(H1+ ) = 2(4E20 + 2E20− ) + 3M0 + M− ,

m(H2+ ) = 2(ΣE2− + 2E 0− ) + 3M− + M0 ,

(43)

and (25) gives the mean mass as
m(H ± ) = [m(H1± ) + m(H2± )]/2 = 112.6 GeV.

(44)

We cannot directly detect the essential mass generator φ that is not observable.
However, the Higgs boson can be produced as the composite of mass generators by
the LHC experiment.

7

Conclusions

Under hypothetical hidden couplings, which are not observable, we showed that the
masses of the weak and Higgs bosons are consistent with the experimental data
when these composites are given using the expansion in (29). The probabilities P1
and P2 of creating an electron pair in the charged and neutral systems must be
estimated to study the connection with the lifetimes of pions. Furthermore, these
hidden couplings can produce the electroweak interaction through the composite
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structures of the photon and weak boson. It is important to note that any weak or
Higgs bosons that can be produced consist of two pairs of basic particles. Moreover,
we predicted a charged Higgs boson mass of about 113 GeV. If the LHC experiment
can conﬁrm this boson, our composite model would be veriﬁed. In other words,
this conﬁrmation would indicate that the Higgs boson is a unique particle including
only mass generators because its constituents cannot be observed. The nature of
the Higgs ﬁeld may be connected with these hidden couplings. Thus, it might be
reasonable to consider that there are real and hidden particles mediated by a hidden
scalar boson that induces mass. Furthermore, we have previously shown that the
masses of many hadrons and baryons consisting of composites of basic particles,
which are deduced from hidden couplings, compare favorably with the experimental
masses, although some topics remain as future studies [6–9]. Consequently, we can
conclude that the essential mass generator is the hidden scalar boson deﬁned by
couplings (1)–(5), which should induce broken symmetry.
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1

Introduction. The Standard Model Postulates.
Base Lagrangian of the Standard Model

Let us extend the approach developed in articles [1] and [2], so that the chromodynamical
sector of physics was also included into the theoretical scheme. Within the framework of
∗
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this extension, the complete – i.e. not allowing further expansion – classical picture
of physical reality is based on the following postulates:
• The postulate of the three-sector physics.
Physics is three-sector. Physical reality consists of singlet (maxwellian) sector and
two Yang-Mills’ sectors – the triplet and octuplet ones. The base Lagrangian L
consists of the sum of three sector Lagrangians – singlet Lagrangian LS , triplet
Lagrangian LT and octuplet Lagrangian LO :
L = LS + LT + LO .

(1)

• The postulate of the dyadic ﬁeld character.
In each sector of physics, physical reality is locally (i.e. in a small neighborhood
of each point of the four-dimensional space-time continuum) a ﬁeld . Field in each
sector is a dyad . It consists of a current and potential. The dyad components
are unequal: potentials can exist while currents are missing, currents cannot exist
without potentials. Currents and potentials are functions of the space-time coordinates.
Current of the singlet sector is speciﬁed by one Lorentz 4-vector Jν . Potential of the
singlet sector is speciﬁed by one Lorentz 4-vector Wν .
& '
The triplet sector contains Yang-Mills (further – YM) triplet of currents Jν =

α

Jν ,

α = 1, 2, 3, where each of them is a Lorentz 4-vector. Potential
& in
' the triplet sector
a
is also described by YM-triplet of Lorentz 4-vectors Wν = W ν .
For any two YM-vectors of the triplet sector A and B at one point of the fourdimensional space-time continuum, irrespective of their Lorentz tensor dimension,
the operations of scalar and vector multiplication are determined. The scalar prodα α

uct will be denoted by A · B (A · B =A B, the repeated over-letter YM-indices of
the triplet sector from the beginning of the Greek alphabet mean summation from
one to three).
Vector product C of two YM-vectors A and B of the triplet sector will be denoted
by C = A × B. This product is speciﬁed in an ordinary way with a 3-symbol of
αβγ

Levi-Civita ε :
α

αβγ β γ

C= ε A B .

(a )
Currents of the octuplet sector are YM-octuplet Jν = J ν , a = 1, 8. Each of the
octuplet currents is a Lorentz 4-vector. Potentials
( a )of the octuplet sector also form
ν
YM-octuplet of the Lorentz 4-vectors W = W ν .
Over-letter YM-indices of the octuplet sector will be denoted by the letters of the
beginning of the Roman alphabet, and, to avoid confusion, we shall use the letters
of the beginning of the Greek alphabet only for over-letter YM-indices of the triplet
sector. For the same reasons, we should use a diﬀerent type to refer to the octuplet
vectors in order to distinguish them from the triplet YM-vectors.
The Greek indices from the middle of the alphabet μ, ν, . . . are used here to denote
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Lorentz indices. They run the values from zero to three. A zero value of an index
corresponds to the time component of the 4-vectors.
For any pair of A and B vectors of the octuplet sector, at the same point of spacetime, the scalar and vector product is determined, similarly to the triplet sector. The
a a
scalar product is A·B =A B (the doubly repeated octuplet index means summation
from a = 1 to a = 8). Vector product C = A × B for the octuplet sector is speciﬁed
abc

by means of the structural anti-symmetric 3-symbol of the group SU (3) f :
abc b c

a

C= f A B .

(2)

abc

Structural symbol f is completely anti-symmetric in all pairs of indices. Nonzero
abc

components f are speciﬁed as follows (see, e.g., Appendix C in [3]):
123

f = 1;

458

678

f =f =

√

3
;
2

(3)

246 257 345 165 376
1
f =f =f =f =f =f = .
2

147

Mathematicians usually call the bilinear anti-symmetric form (2) ”the Lie bracket”.
In the octuplet sector it seems convenient to keep to the same conventional vector
terminology and the same conventional vector notations which are used in the triplet
sector. One just has to get used to the fact that the octuplet vector product is deabc

termined not by the Levi-Civita symbol, but by the structure constants f (3)2 .
The structure of the octuplet vector product (2) is such that, in accordance with coabc

eﬃcient values f (3), in the eight-dimensional vector space of YM-octuplets, vector
subspaces of a smaller dimension, closed relative to the operation of vector product
(if vectors A and B belong to this subspace, their vector product also belongs to
it) are formed3 .
abc

From form f (3) it is easy to see that there are ﬁve closed three-dimensional subspaces of this kind: {1, 2, 3}, {1, 4, 7}, {1, 5, 6}, {2, 4, 6}, {2, 5, 7}, and there
are two closed four-dimensional subspaces: {3, 4, 5, 8}, {3, 6, 7, 8}. The ﬁgures in
these symbolic notations of subspaces correspond to octuplet YM-indices.
Availability of such closed vector subspaces mean, in particular, that in the octuplet
2

As it is well known, in vector algebra, mathematicians have entered such a rigid determination of a
vector product (determination of this object by geometrical characteristics), that it allows existence of
vector product only in vector spaces of dimension of k = 3 and k = 7. It seems that determination of
vector product by formula (2) through structural constants of the group SU (n) is more appropriate for
objectives of theoretical physics: it allows the existence of vector product within the dimension spaces
of k = n2 − 1 for any n > 1. Group SU (2) corresponds to vector algebra of the triplet sector of physics,
group SU (3) corresponds to the octuplet sector of physics.
3
At the same time, mathematicians dwell about ”sub-algebras of Lie’s algebra”.
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sector of physics, in contrast to the singlet and triplet sectors, there is not one wave
which is free of currents, but eight diverse types of free waves, diﬀering in a set of
YM-potentials which are available in the wave: ﬁve triplet waves, two quartuplet
waves and one complete octuplet wave. These waves, existing in the octuplet sector
of the classical ﬁeld theory, are the classical models of gluons (see p.8).
• The postulate of the three-part (”three-deck”) structure of the sector
Lagrangians.
Each of the three sector terms of the base Lagrangian of the classical ﬁeld theory (1)
(or the Standard Model Lagrangian in generally accepted terminology) consists,
in its turn, of three terms: the current Lagrangian Lcur , the interaction Lagrangian
Lint and the Lagrangian of free ﬁelds Lf :
LS = LS,cur + LS,int + LS,f ;
LT = LT,cur + LT,int + LT,f ;

(4)

LO = LO,cur + LO,int + LO,f .
• The postulate of the interaction Lagrangian.
In each sector of physics, the interaction Lagrangian is proportional to scalar product
of vectors of the ﬁeld dyad, but they have their own proportionality coeﬃcient in
each sector:
1 ν
1 ν
1 ν
Lint = −
J Wν −
J · Wν −
J · Wν .
(5)
2pS
2pT
2pO
Sector coeﬃcients pS , pT , pO entering the form (2), will be named Weinberg’s parameters.
Let us remind the reader that, according to the previous articles of this series [1] and
[2], that the classical ﬁeld theory, developed here, includes an unknown fundamental
constant of length dimension r0 (the estimate of its quantity is provided in [2]). This
constant is taken for a length unit in all the formulas. Velocity of light c is also taken
for a unit. In the process, currents and potentials have electric charge dimension,
and the Lagrangian and action functional have dimension of electric charge square.
Weinberg’s sector parameters pS , pT , pO are dimensionless constants, which numerical values are determined arbitrarily by a selected unit of measurement of an electric
charge. It is convenient to select this unit in such a way so that to normalize for
unit the sum of the square of Weinberg’s parameters:
p2S + p2T . + p2O = 1

(6)

Relation (6) allows to use two Weinberg angles, ψ and ϑ, instead of three Weinberg
sector parameters pS , pT , pO :
if we assume that
pO = sinψ, pT = cosψsinϑ, pS = cosψcosϑ,
condition (6) will be transformed into an identity, and Weinberg angles ψ and ϑ are
two fundamental empirical constants of the Standard Model.
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The same unit of an electric charge which normalizes Weinberg parameters (6) is
used for current and potential measurement, and, correspondingly, currents and
potentials can be further considered dimensionless values.
• The postulate of the current Lagrangian.
The current Lagrangian in each sector is proportional to pseudo-Euclidean square
of sector current (taking into account the multiplicity of a current). Sector proportionality coeﬃcients for the singlet and triplet sector are introduced in [2]. The
proportionality coeﬃcient for the octuplet sector is determined by the rule of the
”sector equality”:
Lcur = −

1 ν
1
1
J Jν − 2 Jν · Jν − 2 Jν · Jν .
2
8pS
8pT
8pO

(7)

According to the ideas, expressed in the previous articles of this series [1], [2], each
of the twelve currents of the Standard Model (one singlet current, three currents of
YM-triplet of currents and eight currents of YM-octuplet of currents) is space-like.
If we denote any of the twelve currents of the theory with a conventional symbol jν ,
jν jν ≤ 0.

(8)

The equality sign is reached in formula (8) at the three-dimensional outer boundary σj of the four-dimensional current zone Ωj ﬁlled with the given current jν . At
this boundary, termed in [1] ”pomerium”, isotropization of current jν takes place.
Beyond this boundary, current jν is missing (if within the framework of a speciﬁc
problem, other current zones Ωj , which are separated from the considered zone, are
not essential).
According to the ideas expressed in [1] and [2], none of the twelve currents of the
theory can be unrestrictedly large by pseudo-Euclidean module. In each of the three
sectors of physics there is a sector constant j∗ which has a dimension of current
density, such one that for any current jν in this sector the following inequality is
satisﬁed:
(9)
jν jν ≥ − (j∗ )2 .
The equality sign in formula (9) is reached at some inner boundaries of current zone
Ωj . These boundaries in [2] were named latens. The boundaries latens are outer
boundaries for some cavitated zones (latebrae) inside current zone Ωj . There is no
current jν in the cavity of latebra, but there are potentials which match this current
of the sector. The boundaries of pomerium and latens are not pre-set and must be
constructed in the process of numerical solution of speciﬁc boundary-value problems
of the Standard Model.
The classical approach to physics, developed in this series of articles, makes us
operate with details of ”elementary” particles’ structure in the length range which
are not available for experimental study (10−33 cm – 10−26 cm)4 . The technical,
4

This length range has been available only for one Experimenter, and probably only at the ﬁrst moments
of his laboratory- the Universe- coming into existence.

74

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 69–98

applied, usefulness of this approach is determined by the fact that it may allow
to estimate the particles’ masses [1], [2]. Some massive particles, in accord with
[1], [2], are stationary one-current or multi-current states in one of the sectors of
physics. The conceptual, philosophical usefulness of this approach is determined by
the fact that by allowing us to reject the point particles as empirical (inexplicable and
uninterpretable) protomaterial of physics, it gives us the possibility to construct
particles as some of the intrinsic states of continual current ﬁelds, and thus it may
bring us one step closer to understanding of fundamental principles of the structure
of all things in existence – one step on the way which dates back to the times of
Thales, Anaximander, and Heraclitus.
According to [1] and [2], we have to assume the existence of the states in which
some current jν becomes isotropic in some 4-zone of ΩN which has a non-zero 4volume. This current was named in [1], [2] a neutrino current, and zone ΩN
– a neutrino zone. In neutrino zone, the contribution of a corresponding neutrino
current jν into the current Lagrangian is missing, but in this zone, we have to add
a ”penalty” term of the form λjν jν to the Lagrangian (7), where λ is undetermined
Lagrange’s multiplier. This term is a ”penalty” for neutrino character of current.
This ”penalty” transforms base Lagrangian into some eﬀective Lagrangian suitable
for solution of neutrino problems. The examples of neutrino problems’ solutions are
provided in [1], [2].
• The postulate of the ﬁeld Lagrangian.
The Lagrangian of the free ﬁelds Lf is included into each sector of physics in the
form of the expression quadratic by sector tensor of ﬁeld Wμν (singlet sector), Wμν
(triplet sector), Wμν (octuplet sector). Contributions of all the three sectors enter
into the Lagrangian Lf with the same weight:
1
(Wμν Wμν + Wμν · Wμν + Wμν · Wμν ) .
16π
Sector tensors of ﬁelds are determined as follows [2].
Singlet ﬁeld tensor:
Wμν = ∂μ Wν − ∂ν Wμ .
Lf = −

(10)

(11)

Triplet ﬁeld tensor:
Wμν = ∂μ Wν − ∂ν Wμ + pT Wμ × Wν ,

(12)

or, at the explicit indication of the triplet YM-indices,
α

α

α

αβγ β

γ

Wμν = ∂μ Wν −∂ν Wμ +pT ε Wμ × Wν ,
Octuplet ﬁeld tensor:
Wμν = ∂μ Wν − ∂ν Wμ + pO Wμ × Wν ,
or, at the explicit indication of the octuplet YM-indices,
a

a

a

abc b

c

Wμν = ∂μ Wν −∂ν Wμ +pO f Wμ × Wν ,

(13)
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As it has been noted in [2], the choice of expressions (12) and (13) for YM- ﬁeld tensors was in its time motivated by the considerations of SU (2) – and, correspondingly,
SU (3) – the gauge invariance. However, within the framework of the classical ﬁeld
theory, developed in this series of articles, these ﬁeld tensors can be interpreted just
as the simplest antisymmetric Lorentz tensors of the second rank which can be constructed from potentials and their derivatives with regard to the algebra rules of the
sector, within the framework of the corresponding sectors of the Standard Model.
Sector coeﬃcients pT or pO , preceding the last non-linear term in tensors (12) and
(13) are determined by considerations of ”derivability” of the equations of current
conservation/transformation of sector currents from the sector ﬁeld equations. This
”derivability rule” can be formulated in the following way: the mode of sector ﬁeld
tensor should agree with the law of conservation / transformation of sector currents5 .
• The postulate of Riemann geometry.
The geometry of four-dimensional space-time continuum of the Standard Model is
the Riemann geometry where Minkowski signature (+ − − −) is the same for all
points. Metric tensor of the Riemann space obeys Einstein equations, which state
that the Ricci tensor, formed by metric tensor and its ﬁrst and second derivatives,
is proportional to the energy-momentum tensor. The coeﬃcient of proportionality
is determined by the gravitation constant.
The type of energy-momentum tensor is determined by the complete Lagrangian of
the Standard Model, i.e. by the sum of the Lagrangians (5), (7) and (10).
Accounting of the Riemann curvature of space-time is essential for the problems of
discrete states, i.e. of the states with ﬁnite current zone having inner and outer
boundaries (see [1] and [2]). These states describe the internal structure of massive
”elementary” particles. Accounting of the Riemann curvature may be less important
for continual or wave states in which current zone boundaries and zones of large
values of pseudo-Euclidean module of current or potential are missing.
While deriving all ﬁeld equations of the Standard Model from the Lagrangian of
the singlet-triplet-octuplet theory, it is convenient to disregard the problem of the
Riemann curvature, deriving the equation in Minkowski coordinates (as we have already done it while writing ﬁeld tensors (12) and (13)). As in the article [2], we will
assume that the formal accounting of curvature in ﬁeld equations can be conducted
by Einstein’s recipe described in [2].
Such approach to gravitation means that gravitation is removed from the framework
of physics as some geometric background that has an eﬀect on the ﬁeld dyad physics.
However, the characteristics of this background can not be pre-set; they are determined by physics of ﬁeld dyads.
We can formulate the following basic distinction between physical ﬁelds and gravitation (geometry): physics is dyadic (described by the current/potential couple),
5

Usually in the notation of ﬁeld tensor determination (12) or (13), charge value appears instead of
dimensionless Weinberg’s coeﬃcients. However, a charge is an integral characteristic of state and, correspondingly, appearance of this value in local formulas (12), (13) seems irrelevant.
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geometry is monadic (described by one object – metric tensor), and there is nothing
in nature that could be interpreted as a gravitational current. Gravitation is not a
physical ﬁeld (and, in fact, the very terms ”gravitation” and ”gravitational ﬁeld”
are archaic and redundant for theoretical physics). It is appropriate to complete the
statement of the Standard Model postulates with the well-known Sancti Thomas
Aquinas’ maxim: et haec sunt credibilia – ”and they are what is to believe”.
Anything else in the classical relativistic physics follows from these postulates.
The above postulates contain both standard interpretation of the Standard Model
(let the reader excuse the tautological phrase) and non-standard deviations from it.
The originality , ﬁrst of all, consists of accepting the idea of dyadic character of a
ﬁeld: currents and potentials are the primary continual variables of the theory; they
are uninterpretable and inexpressible by something which is simpler – in particular,
they have no mechanical interpretation.
Refusal from mechanical interpretation of electromagnetic ﬁeld occurred in the XIXth
century rather fast and required eﬀorts of a single generation of theoretical physicists after Maxwell. Even in a century and a half after Maxwell there was no refusal
from mechanical interpretation of current. Perhaps this refusal required some revolutionary, almost Copernican, change of the way of thinking, typical for theoretical
physics. In mechanical interpretation, current is treated through mechanical motion
of the point material carrier of some properties (mass, charge, strangeness, etc.).
With this interpretation, current can be described only by a time-like vector.
In articles [1], [2] and in the present article, the continual, ﬁeld interpretation of
current is adopted. In this process, current is described by space-like vectors (in
some states by isotropic vectors).
Adoption of continual interpretation of current, in a sense, completes the ”ﬁeld revolution” in classical physics which was initiated by Michael Faraday, J.C.Maxwell, and
H.A. Lorentz. This continual interpretation allows to construct current Lagrangian
(7) in a very simple form - but in the form which is deviating from the one, which is
currently adopted in the Standard Model, too much. While adopting the continual
interpretation of current, we unavoidably have to, as shown in article [1], take into
account the Riemann curvature of space-time inside current zones and around them:
high density of energy-momentum and signiﬁcant deviations of geometry from the
ﬂat Minkowski’s world correspond to the large values of current and potential.
It should be noted that the form of the current Lagrangian (7), suggested here,
is the simplest possible form, and perhaps it is too much simple. The current Lagrangian (7) is quadratic by currents and does not contain any derivatives of current.
(Derivatives of current could enter into the theory through current tensor, arranged
similarly to the sector ﬁeld-tensor). Missing of currents derivatives in the Lagrangian
(7) makes Hamiltonian formulation of the theory impossible, and, therefore, blocks
some ways of quantization of the theory, which were successfully used in due time in
non-relativistic physics – for example, Schrodinger ”leap” from de Broglie’s waves
through the classical Hamilton-Jacobi equation to Schrodingers wave equation.
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Intersector Diﬀerential Constraints for Currents

Currents of the three sectors of the Standard Model obey the three inter-sector diﬀerential
coupling equations:
(14)
∂μ Jμ = 0;
∂μ Jμ + pT Wμ × Jμ = 0;

(15)

∂μ Jμ + pO Wμ × Jμ = 0.

(16)

Equations (14), (15), (16) are the scalar Lorentz relations; their Yang-Mills multiplet
dimension coincides with multiple dimension of the corresponding sector. Equation (14)
expresses the singlet current conservation law. Diﬀerential constraint (15) for triplet
sector currents already appeared in C.N. Yang, R.L. Mills’ pioneer work of 1954 [4].
It conveys some rule of transmutation of currents of the triplet sector. For some of
the triplet sector states, relation (15) is equivalent to the law of conservation of some
YM-components of current and to orthogonally conditions of some YM-components of
currents and potentials [2]. Equation (16) is the octuplet analogue of triplet equation
(15). Intersector constraint equations (14), (15), (16) are constructed simultaneously with
the expressions for sector ﬁeld tensors (11), (12), (13) so that the equations of diﬀerential
current constraints (14), (15), (16) were the result of the ﬁeld equations which are based
on the form of sector Lagrangians. This ”derivation” of constraint equations from the
sector ﬁeld equations (Maxwell’s equations in the singlet sector and Yang-Mills equations
in triplet and octuplet sectors) means that coupling equations (14), (15), (16) specify
natural couplings for the singlet-triplet-octuplet Lagrangian. These natural couplings
do not cause any necessity for speciﬁc account of couplings by means of extension of
the base Lagrangian, which additively includes the coupling conditions, multiplied by
indeterminate Lagranges multipliers (see [2]).

3

Intersector and Cross-sector Algebraic Couplings between
Currents

The base Lagrangian of the Standard Model is additive relative to sector ﬁelds. At the
level of the base Lagrangian, the sectors of physics ”do not notice” each other. There is
also no direct interaction of YM-multiplet currents within the framework of one sector:
each multiplet current interacts only with ”its” potential. The integrity of the YMmultiplet is provided by inter-sector mixing of multiplet potentials due to availability of
the term, non-linear by potentials, in tensor of YM- ﬁeld.
However, the experience also shows a cross-sector mixing (diﬀerent sectors of the Standard Model ”notice” each other), and a direct interaction of currents within the multiplet.
The terms, responsible for these phenomena, are missing in the base Lagrangian. In the
construction of the singlet-triplet (electroweak) theory in article [2], to reﬂect such mixings, the algebraic couplings between currents, interpreted as some holonomic constraints
imposed on the solution of the ﬁeld equations of the theory, have been introduced into
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the theory. The cross-sector coupling between singlet current Jν and the third component
3

of YM-triplet of currents J ν has been introduced into the theory:


3
3
ν
ν
J
Jν −J = 0.

(17)

It is this coupling that provides the existence of ”Maxwell-Yang-Mills’ neutrino” (mymino), a cross-sector object, described in article [2]. Relation (17) shows that the presence of
singlet current Jν violates the equality of the three currents of YM-triplet of currents: one
of the three currents is distinguished by the coupling condition with the singlet current;
YM-triplet space is not isotropic.
Besides cross-sector coupling of currents (17), the condition of inter-sector normalization
of YM-triplet currents has also been introduced into the singlet-triplet theory [2]:
2

1

3

3

2 J ν Jν =J ν Jν .

(18)

The symmetry of the triplet sector with respect to permutation of YM-indices 1 ↔ 2
suggests one more inter-sector normalization condition, imposed on pseudo-Euclidean
current modules 1 and 2 of the triplet sector:
1

1

2

2

J ν Jν =J ν Jν .6
Within the framework of the original concept of article [2], and in accordance with the
traditional mathematical methods of ﬁnding a conventional extremum of functionals, the
algebraic couplings (17) and (18) were counted by adding ”additional Lagrangian” Lad
to the base Lagrangian of the singlet-triplet theory:




3
3
1
3
2
3
ν
ν
ν
ν
lad = η J
Jν −J + ψ 2 J Jν − J Jν .
(19)
In this additional Lagrangian, η and ψ are the Lagrange’s multipliers, which must be
determined at the simultaneous solving of ﬁeld equations of the theory and holonomic
constraints (17) and (18). Field equations of the theory are constructed on the basis of
the eﬀective Lagrangian, which is equal to the sum of the base Lagrangian and the
additional Lagrangian (19).
However, non-zero values of the Lagranges ”penalty” multipliers η and ψ, absolutely
innocent from the mathematical point of view, would be extremely overloading for the
physical theory itself. They would mean the existence of two, external to the theory
under consideration, ”Higgs-like” physical ﬁelds, which aﬀect the real physical currents
in such a way that they make them obey the conditions (17) and (18). These ”Higgslike” ﬁelds η and ψ, per se, are deformed, they do not have a dyadic character, they
do not contribute to the Lagrangian with the exception of (19) and, accordingly, they
do not have explicit ﬁeld equations that would control their behavior. The occurrence
6

In article [2] this condition is not provided in the explicit form.
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of such deformed objects in fundamental physical theory is totally unacceptable – it
demonstrates incompleteness of the theory, its inability to adequately reﬂect the circle of
physical phenomena which it claims to describe.
Based on these considerations (”anti-Higgs principle”), we must treat inter-sector and
cross-sector algebraic couplings between the currents of the theory as additional ones to
the base Lagrangian of the relation theory, which perform two functions simultaneously:
• They are natural couplings for a certain class of solutions of ﬁeld equations of
the theory – that is, accounting of these constraints does not require inclusion of
additional terms of the form (19) into the Lagrangian of the theory; in other words,
some solutions of ﬁeld equations of the theory satisfy these conditions at zero values
of the Lagrange multipliers.
• They express forbidding of use of other solutions of the ﬁeld equations which do not
satisfy these coupling equations. To sum it up, we must admit that no constraints
that are not natural for the Lagrangian of the theory, can appear in the fundamental
physical theory which claims to provide full description of reality.
In article [2], devoted to the singlet-triplet theory, there has not been constructed a formal
proof of the naturalness of couplings (17) and (18) for this theory, but a number of
partial solutions to the ﬁeld equations, satisfying these couplings, have been provided.
Undoubtedly, we must take into account such natural couplings within the frame of the
Standard Model. However, we have to admit that we have not managed to construct such
couplings which include currents of the octuplet sector. Such couplings can be cross-sector
or inter-sector. The cross-sector couplings should mix all or some of the currents of the
octuplet sector with singlet current (without these couplings, we would be unable to assign
the presence of electrical charge to quarks) and with triplet sector currents (without these
couplings, we would be unable to describe weak decays of quarks). Inter-sector couplings
should build inter-sector normalizations of octuplet currents (without such couplings, we
would be unable to explain the availability of generation of quarks). We may expect
any current couplings to be quadratic by currents, similarly to constraints (17) and (18).
The matrices, specifying quadratic couplings, should in some form contain current mixing
parameters which are already known in theoretical physics: N. Cabibbo’s angle and other
mixing angles, entering into M. Kobayashi–K. Maskawa matrix. However, Kobayashi–
Maskawa 3 × 3-matrix is built for the existing six-quark version of the Standard Model
and it mixes three generations of quarks. The eight-current Lagrangian of the octuplet
sector of physics, constructed in this article, automatically presupposes the existence of
eight sets of stationary one-current states, which are the classical quark models within
the framework of our classical theory, or, of the four doublet generations of quarks, if
it is in general acceptable to speak about ”generations of quarks” within the framework
of the classical theory. Consequently, we must expect appearance in the theory of some
analogs of Kobayashi–Maskawa matrix with dimensions 4 × 4 and 4 × 3. Besides this, it
should be noted that the existing Kobayashi–Maskawa matrix contains complex elements,
which is absolutely unacceptable for any classical theory: all elements of the current
coupling matrices of the classical theory must be real. While not having these mixing
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conditions, we have no possibility to discuss any mixed cross-sector states that include
octuplet currents. We have to conﬁne ourselves to the research of pure one-sector octuplet
states. No doubt, we may be sure of the existence of pure zero-current states (no current
couplings aﬀect zero-current states) and some one-current states. Consideration of multicurrent states has a preliminary hypothetical character: some of them can be forbidden
by unknown algebraic inter-sector or cross-sector current couplings.
Such ”one-sector” narrowing of view has two unpleasant consequences: it is impossible
to assign electrical charge to quarks as well as it is impossible to describe the processes
of quarks’ weak decays. But in this poor one-sector picture we manage to give a visual
classical interpretation to such basic chromo-dynamic concepts as ”ﬂavor”, ”color” and
”strangeness”.

4

Getting Rid of Weinberg Parameter:
Chromodynamical Lagrangian

By considering only pure octuplet states, we are getting rid of the necessity to use a
symbol font for denoting currents and potentials of the octuplet sector, since currents
and potentials from other sectors further do not appear.
By conducting, as previously in article [2], scale transformation of potentials and currents,
we can get rid of Weinberg parameter pO in the notation of octuplet ﬁeld tensor and the
octuplet Lagrangian.
Let us introduce a rescaled octuplet potential Aν through the relation:
A ν = pO W ν .

(20)

Let us also introduce a rescaled octuplet current jν :
jν =

1 ν
J .
2

(21)

Within the framework of the rescaled variables, the octuplet Lagrangian LO has the form:
LO =

1
Lc ,
p2O

(22)

where

1 ν
1
j · jν − jν · Aν −
Aμν · Aμν .
2
16π
In formula (23) the rescaled octuplet ﬁeld tensor Aμν has the form:
Lc =

Aμν = ∂μ Aν − ∂ν Aμ + Aμ × Aν .

(23)

(24)

This tensor does not contain Weinberg parameter pO . It is obvious that tensor Aμν is
proportional to tensor :
(25)
Aμν = pO Wμν .
From formula (22) it is obvious that the octuplet Lagrangian LO diﬀers from the Lagrangian Lc , which does not contain Weinberg parameter pO , only in insigniﬁcant scale
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multiplier. By historical reasons it is appropriate to name Lc a chromodynamical Lagrangian.
The one-sector chromodynamical Lagrangian (23) is the octuplet copy of the one-sector
rescaled triplet ”weak Lagrangian” Lw , presented in article [2], which also does not contain Weinberg sector parameter pT . Considering the change of multiplet YM-dimension,
while dealing with the Lagrangian (23) and ﬁeld tensor (24), it should be taken into
account that the eight-dimensional vector product in (24) is speciﬁed through a set of
abc

structural constants f (3) of the SU(3) group. An important distinction of the chromodynamical Lagrangian Lc from its triplet analog – the weak Lagrangian Lw – is the
missing of an a priori requirement of some current’s isotropy. Such requirement appears
in the triplet sector because of one of triplet currents’ coupling with singlet current. In
the chromodynamical Lagrangian, all currents can be considered space-like. Isotropization of octuplet current takes place only in singular state of one-sector octuplet neutrino.
Chromodynamical diﬀerential condition for currents (16) in these rescaled variables also
does not contain Weinberg parameter pO :
∂ν jν + Aν × jν = 0.
By varying the Lagrangian (23) by currents and potentials, we obtain, as in the triplet
sector, two systems of equations: 1) current equations, expressing the existence of linear
algebraic coupling of currents and potentials; 2) Yang-Mills equations.

5

Charge Conjugation in the Octuplet Sector

Complete charge conjugation, i.e. a simultaneous reverse of sign for all currents and
potentials, in the triplet sector of physics, as it has been showed in the previous article
of this series [2], requires permutation of two indices of Yang-Mills triplet: 1 ↔ 2.
But in octuplet sector of physics, complete charge conjugation is impossible.
Under complete charge conjugation, the ﬁrst two terms in ﬁeld tensor (24), linear by
octuplet potential, reverse a sign. The last term in (24), an eight-dimensional vector
product, is quadratic by potential Aμ . It does not reverse sign under complete charge
conjugation. To change a sign of the vector product, it is necessary to permute eight YMindices of YM-octuplet so that the signs of all non-trivial elements of structural symbol
abc

f (3) would be reversed.
Let us name such disordered set of three integral numbers a, b, c (in the range from 1 to
abc

8), which any of non-trivial elements f corresponds to, a ”regular triple”.
In accordance with (3), there are nine of such sets. It is obvious that it is impossible to
permute eight numbers within nine regular triples in such a way that all the nine elements
abc

f (3) would reverse a sign7 .

7

A simple and elegant proof of this statement was suggested by Tatyana Kubovskaya. It will be
presented in one of the subsequent articles of this series devoted to numerical research of octuplet waves.
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Consequently, in the octuplet sector it is possible to provide only incomplete charge
conjugation, leaving the signs of some currents and potentials, corresponding to these
currents, irreversible.
If, under such incomplete charge conjugation, the signs of n currents and n potentials,
corresponding to them (1 ≤ n < 8), are irreversible, we will mean that charge conjugation
with n range defect is executed. Charge conjugation with the least defect of range 1 can
be provided in the following way:
1 → −1; 2 → −2; 3 → 3; 4 → −7; 5 → −6; 6 → −5; 7 → −4; 8 → −8.

(26)

In formula (26) each number denotes a conventional form of the notation of current and
potential with YM-index corresponding to this number.
Corresponding to formula (26) 8 × 8-matrix of the octuplet charge conjugation ĈO with
the defect of range 1, has the form:
⎞
⎛
⎜ −1 0 0 0 0 0 0 0 ⎟
⎟
⎜
⎜ 0 −1 0 0 0 0 0 0 ⎟
⎟
⎜
⎟
⎜
⎟
⎜
⎜ 0 0 1 0 0 0 0 0 ⎟
⎟
⎜
⎟
⎜
⎜ 0 0 0 0 0 0 −1 0 ⎟
⎟
⎜
(27)
ĈO = ⎜
⎟.
⎟
⎜
⎜ 0 0 0 0 0 −1 0 0 ⎟
⎟
⎜
⎟
⎜
⎜ 0 0 0 0 −1 0 0 0 ⎟
⎟
⎜
⎟
⎜
⎜ 0 0 0 −1 0 0 0 0 ⎟
⎟
⎜
⎠
⎝
0 0 0 0 0 0 0 −1
In accordance with (26) and (27), under the charge conjugation in the octuplet sector,
current 3 and potential 3 remain invariable, the other seven currents and seven potentials reverse sign under simultaneous permutation in two couples of YM-indices: 4 ↔ 7;
5 ↔ 6.
Octuplet charge conjugation matrix (27) reﬂects charge asymmetry of the octuplet world.
While creating the octuplet world, the world of hadrons, God could assign a deﬁnite sign
to current 3. The other seven currents with the same sign form a matter in the world
with arbitrarily chosen sign of current 3; currents with the opposite signs correspond
to antimatter in this world. If God had made another choice of sign for current 3, the
matter and antimatter would have changed over.
Charge conjugation in the triplet sector requires permutation of two indices of YM-triplet:
1 ↔ 2 [2]. This permutation can be interpreted in empirically sensible terms as permutation of particles W+ and W− .
Permutations 4 ↔ 7 and 5 ↔ 6, imposed by matrix (27) under the octuplet charge conjugation, look rather shocking if we try to interpret them into the terms of experimental
physics.
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Stationary one-current states of the octuplet sector correspond to quarks (they are classical models of quarks). Permutations 4 ↔ 7 and 5 ↔ 6 imply the replacement of one
quark by another quark, for example, turning of a strange quark s into a bottom quark
of the third generation b and a charmed quark c into a top quark of the third generation
t. Therefore, charge conjugation matrix (27) prescribes to admit that a true antiparticle
for quark c is a quark which seems to be an antiparticle for quark b. But these quarks
have diﬀerent strangeness characteristics and diﬀerent own weights (in the ranges where
it is in general relevant to speak about own weight of a quark which does not exist in free
form). It is not easy to put up with such picture, and we will stop its further discussion,
similar to the authors of texts of the Council of Trent, ”by cautiously preferring to avoid
any unnecessary speciﬁcations” [5].

6

Coordinate Inversion in the Octuplet Sector

While conducting operation of inversion of 4-dimensional frame:
xν → −xν ,

(28)

in the octuplet sector, as in the triplet sector, it should be taken into account that
occurring transformation of three-dimensional right spatial frame into the left one (or
vise versa), requires a similar transformation in YM-space [2]. In the triplet sector of
physics, as it has been shown in [2], it is enough to permute two YM-indices 1 ↔ 2,
without charge inversion, which is nominally required according to the rules of any
Lorentz vectors transformation under operation (28), or, if you wish, under double charge
inversion, within the framework of the three-way combined coordinate inversion described
in [2]:
(1) Inversion of signs xν (28), accompanied by the sign inversion of all currents and
potentials of the triplet sector.
(2) Permutation of YM-indices 1 ↔ 2.
(3) Repeated sign inversion of all currents and potentials of the triplet sector.
Coordinate inversion per se (28) is not a correctly determined procedure in the triplet
sector of physics (so called ”law of parity nonconservation in weak interactions” [2]).
Finally, 3 × 3-matrix D̂T , specifying transformation of currents and potentials of the
triplet sector under performing of coordinate inversion (28), has the form:
⎞
⎛
⎜0 1 0⎟
⎟
⎜
⎟.
D̂T = ⎜
1
0
0
⎟
⎜
⎠
⎝
001
This matrix diﬀers from triplet matrix of charge conjugation ĈT only in sign.
In the octuplet sector, with regard to a more complex procedure of octuplet charge conjugation, we can describe a similar three-way operation of combined coordinate inversion:
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(1) Inversion of coordinate signs (28), accompanied by the sign inversion of all currents
and potentials of the octuplet sector.
(2) YM-indices permutation in pairs 4 ↔ 7 and 5 ↔ 6.
(3) Repeated sign inversion of all currents and potentials, with exception of current 3
and potential 3.
Finally, 8 × 8-matrix D̂O , specifying currents and potentials transformation, which the
octuplet sector variables should be subjected to for insuring the chromo-dynamical Lagrangian invariance relative to coordinate inversion (28), diﬀers from matrix of the octuplet charge inversion ĈO only in sign (27):
⎛
⎜1
⎜
⎜0
⎜
⎜
⎜
⎜0
⎜
⎜
⎜0
⎜
D̂O = ⎜
⎜
⎜0
⎜
⎜
⎜0
⎜
⎜
⎜0
⎜
⎝
0

⎞
0 0 0 0 0 0 0⎟
⎟
1 0 0 0 0 0 0⎟
⎟
⎟
⎟
0 −1 0 0 0 0 0 ⎟
⎟
⎟
0 0 0 0 0 1 0⎟
⎟
⎟.
⎟
0 0 0 0 1 0 0⎟
⎟
⎟
0 0 0 1 0 0 0⎟
⎟
⎟
0 0 1 0 0 0 0⎟
⎟
⎠
0 0 00001

(29)

The coordinate inversion per se (28) is not a correctly determined operation in the octuplet sector of physics. This assertion can be interpreted as the ”law of parity nonconservation in strong interactions”. The opposite assertion about parity conservation
in strong interactions, cited by many authors, is incorrect, or, to be precise, boundedly
correct – in case of experimenting with the systems that contain only currents 1 and
2 (i.e. the lightest quarks u and d). Permutation of potentials, required in the process
by matrix D̂O , and the sign reversal of potential 3, result in quark’s color change (i.e.
the current zone ﬁeld shell, see p.9); while the color is not an observable variable.
Coordinate inversion for the system which includes all currents of the octuplet sector,
in accordance with (28), seems to be impracticable even for the Omnipotent: in order
to see the mirror image of some experiment, it is necessary to move to the other Universe, with diﬀerent current sign3. In this other Universe, matter and antimatter change
over. Further, we have to make an experiment with the matter of our Universe, which is
the antimatter in this other Universe, simultaneously permuting the two pairs of strange
quarks8
8

Undoubtedly, giving this description, the author has violated the cited above ”rule of the Tridentine
circumspection”.
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Classiﬁcation of the Octuplet Sector States

As in the triplet sector, in the octuplet sector of physics, a state can be categorized
primarily by the number of currents that form this state. But in the octuplet sector there
is a possibility for one more additional classiﬁcation – by the composition of octuplet
potentials accompanying this current set of state. The possible existence of diﬀerent sets
of octuplet potentials at a speciﬁed current composition of the state is related to the fact
that in the eight-dimensional space of YM-vectors of octuplet there are three-dimensional
and four-dimensional subspaces which are closed relative to vector multiplication. In the
three-dimensional space of YM-vectors of the triplet sector there are no such closed
subspaces, and therefore any current composition of the triplet state is accompanied by
a complete set of triplet potentials.
We shall represent the states of the octuplet sector in the form of a bracket symbol:
a, . . . |a, b, c, . . ..

(30)

To the left of the vertical dividing line, there are symbols denoting currents of the state,
to the right – there are symbols that represent potentials of the state (at least three
potentials).
If current a is presented in this state, potential a, conjugated with it, is sure to be
presented in this state.
Zero-current state will be denoted by a one-sided bracket symbol containing only a list
of potentials of states:
(31)
|a, b, c, . . ..9
Zero-current states describe Yang- Mills free waves in the octuplet sector of physics.
These waves are the classical models of gluons. Gluon waves, similarly to the triplet
sector waves, can be classiﬁed by the type of wave vector: the waves with time-like wave
vector (actually gluons) and the objects which are cognate to triplet object terriculum
[2] with space-like wave vector.
The states that have at least one current, can be classiﬁed into discrete and wave states
[2]. In discrete states, the three-dimensional zone, occupied by currents at each instant
of time, has a ﬁnite volume. The outer boundary of this three-dimensional current zone
is pomerium – the surface of current isotropization. Within the current zone, there are
voids containing no currents (latebrae). On the outer boundary of these cavitated zones
(latens), the negative square of pseudo-Euclidean module of space-like current takes its
limiting value (9).
The major subtype of discrete states is the stationary states. For each stationary
state there is such a frame of reference in which all currents and potentials do not depend
on time. Geometry of stationary states is substantially non-planar and obeys Einstein
gravitation equations.
Wave current states do not have current boundaries of pomerium and latens. Current
9

This convenient octuplet bracket symbolism is not an absolute copy of the quantum bra| – and –
|cket Dirac’s symbolism: bra| – states (currents without potentials) do not exist.
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zone ﬁlls the whole four-dimensional space – time. Wave states with not very high energy
density of the wave can be described as waves in Minkowskis ﬂat world. Wave current
states, as well as zero-current states, can have both time-like and space-like wave vector.
Among one-current wave states we can identify speciﬁc neutrino states (octuplet neutrinos). In the neutrino state, current is isotropic everywhere.
Current states with the same bracket formula (30) are available in two varieties – the
stationary state and the wave state. This doubling of states arouses some concern. What
corresponds to this doubling from the point of view of experimental physics? (The same
question naturally arises both in the singlet and triplet sectors of physics). Undoubtedly,
stationary one-current states in the octuplet sector correspond to quarks (they are classical models of quarks)10 . But do their wave one-current ”doubles” correspond to any
particle? Perhaps these one-current wave states of the octuplet sector (”ﬂavored gluons”), as well as ”heavy photon” described in the article [1], correspond to enormously
massive bosons with the rest energy of the Planck range, that can hardly be seen in the
laboratory experiment.

8

Zero-current States (gluons)

In the octuplet sector there are eight kinds of zero-current states that diﬀer in composition
of potentials states.
• Five triplet zero-current states:
|1, 2, 3, |1, 4, 7, |1, 6, 5, |2, 4, 6, |2, 5, 7.

(32)

These ﬁve triplets are composed of the potentials, which form three-dimensional
subspaces of YM-octuplet, closed relative to vector multiplication speciﬁed in the
eight-dimensional YM-space by equations (2) and (3).
Mathematical description of the wave state |1, 2, 3,  totally coincides with the description of free YM-wave in the triplet sector. Detailed description of wave states of
the triplet sector is presented in the previous article of this series [2]. Mathematical
description of other triplet waves from the list (32) is reduced to wave description
|1, 2, 3,  by means of re-scaling of potentials and / or time in the intrinsic system
of the wave.
• Two quartuplet zero-current states:
|3, 4, 5, 8, |3, 6, 7, 8.

(33)

These quartuplets consist of potentials which form four-dimensional subspaces of
YM-octuplet, closed relative to the cross product.
+

For quartuplet |3, 4, 5, 8, it is convenient to introduce a combined potential V
10

Stationary one-current states in the octuplet sector are not normalized by energy due to ”bad behavior”
of the stationary potential triplet ”at inﬁnity”, far away from the pomerium. This fact is doubtless (free
quarks are not observed), but it obviously has no formal proof.
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which is a superposition of potentials 3 and 8:
+
+
√
1*
V=
3+ 3·8 .
2

(34)

When using YM-vector (34), the mathematical description of quartuplet wave |3, 4, 5, 8
+

can be reduced to a description of the triplet wave with the formula | V, 4, 5. Besides the energy integral, the wave |3, 4, 5, 8 has one more integral which is linear
by potentials. In this wave the components 3 and 8 can grow unboundedly, despite
+

the oscillations of vector V which are ﬁnite by amplitude. This growth arouses certain problems in interpretation of the wave |3, 4, 5, 8.
−

For quartuplet |3, 6, 7, 8 it is convenient to introduce a combined potential V:
−

V=

+
√
1*
3− 3·8 .
2

(35)

When using YM-vector (35), mathematical description of the quartuplet wave |3, 6, 7, 8
−

can be reduced to a description of the triplet wave | V, 6, 7. For this quartuplet,
there also occurs a problem of physical interpretation of unbounded growth of potentials 3 and 8 under the bounded oscillations of their linear combination (35).
• One complete octuplet zero-current state:
|1, 2, 3, 4, 5, 6, 7, 8.

(36)

A plane wave with time-like wave vector, corresponding to complete octuplet zerocurrent state (36), in the intrinsic wave system can be described by a set of eight
three-dimensional vectors. Yang-Mills equations for this set of values are a system
of 24 ordinary diﬀerential equations of the second order with cubic nonlinearities.
Perhaps, this is one of the most complex and multi-dimensional test subjects in the
theory of nonlinear dynamical systems11 .
Here we do not provide the explicit form of Yang - Mills wave equations (36), having
an intention to present them in one of the subsequent articles of this series which is
devoted to numerical investigation of the octuplet waves. The reader, who is already
familiar with the technique of mathematical description of plane triplet YM-waves
from the previous articles of this series [2], may independently derive these equations
from the ﬁeld octuplet Lagrangian. The most signiﬁcant diﬀerence of the octuplet
abde

sector algebra is the lack of a simple formula for the four-index convolution F of
abc

the two structural symbols f :
abde

abc dec

F =f f .

(37)

Through convolution (37), which forms a double cross product in the octuplet, we
can calculate Yang-Mills inertia tensor for the octuplet sector, enter an explicit form
11

The numerical investigation of dynamics of this subject will be presented in one of the subsequent
articles of this series.
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of the equations for the plane wave dynamics and construct the energy integral for
these waves. Symbol (37) has 212 elements, but only√364 of its elements are non-zero
,
,
,
,
and can be reduced to one of the ﬁve values: 1 4, 3 4, 1 2, 3 4, 112 .
Each of the eight states (32), (33) and (36) is a classical model of gluon. A set of
potentials, entering the description of these zero-current states, should be interpreted
as a color of gluon (eight colors).
Flat zero-current waves can have a time-like wave vector. Accordingly, we must
assume that gluons have nonzero rest mass. A wide-spread idea of the gluon’s
masslessness is incorrect.
In the octuplet sector, as well as in the triplet sector, the chirality problem arises.
The method for its solution for the triplet sector is described in article [2]. For gluon
waves, the same procedure of ”soft chiralization” as for the wave triplet sector can
be applied. However, in the octuplet sector, the chiral determinacy of a solution is
controlled by signs of the nine chiral determinants CD, but not of one CD as for the
triplet waves. The components of potentials that form each CD are determined by
a set of ”normal triples”, mentioned above in p. 5.

9

One-current States (ﬂavored gluons and quarks)

The octuplet sector algebra rules allow the existence of eight sets of one-current states
that diﬀer in YM-number of the current which enters the state. Let us name a complete
set of one-current states for a given current, the ﬂavor. One-current states within the
range of one ﬂavor vary in a set of YM-potentials that enter into the bracket formula
of the state. This set of potentials must belong to a three-or four-dimensional subspace,
closed under the octuplet vector multiplication (2), (3). The set of potentials, appearing
in the bracket formula of one-current state, will be named the color of this state. Flavor 8
is dichromatic; the other seven ﬂavors are trichromatic. The full list of bracketed formulas
of one-current states, varying in ﬂavor and color, is presented in Table 1.

12

We do not know any compact formula for (37). The explicit notation of the massive (37) in the form
of a set of 64th square matrices 8 × 8, convenient for obtaining complete octuplet wave equations (36),
will be presented in one of the subsequent articles of this series. The elements of massive were calculated
by Tatyana Kubovskaya by means of the packet of Wolfram Mathematica 8.0.
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Table 1 Bracket formulas of one-current states, varying in ﬂavor and color

Color

I

II

III

1

1 | 1, 2, 3

1 | 1, 4, 7

1 | 1, 6, 5

2

2 | 1, 2, 3

2 | 2, 4, 6

2 | 2, 5, 7

4

4 | 1, 4, 7

4 | 2, 4, 6

4 | 3, 4, 5, 8

5

5 | 1, 6, 5

5 | 2, 5, 7

5 | 3, 4, 5, 8

6

6 | 1, 6, 5

6 | 2, 4, 6

6 | 3, 6, 7, 8

7

7 | 1, 4, 7

7 | 2, 5, 7

7 | 3, 6, 7, 8

3

3 | 1, 2, 3

3 | 3, 4, 5, 8

3 | 3, 6, 7, 8

8

—

8 | 3, 4, 5, 8

8 | 3, 6, 7, 8

Flavor

Let us name the color, consisting of three potentials, the ordinary color , but the
color, consisting of four potential – the strange color . There are two strange colors and
ﬁve ordinary ones. Let us name the ﬂavor that has only ordinary colors, the ordinary
ﬂavor ; the ﬂavor, containing only one strange color – the strange ﬂavor ; the ﬂavor,
containing two strange colors – the special ﬂavor . According to Table 1, there are two
ordinary ﬂavors – ﬂavor 1 and ﬂavor 2; there are four strange ﬂavors – 4, 5, 6, 7; there
are two special ﬂavors 3 and 8.
Each one-current state can exist both in the form of a wave without current boundaries
(let us name this wave the ﬂavored gluon), and in the form of a stationary state. A
certain particle with a ﬁnite three-dimensional volume of the current zone corresponds to
a stationary state. Undoubtedly, we have to identify these stationary states with quarks,
or more prudently: each stationary one-current state of the octuplet sector is a classical
model of a quantum object – quark. Each quark is characterized not only by ﬂavor and
color, but also by two integral numbers – the pomerium connectivity and the number of
inner current-free zones latebrae. With this ﬂavor and color there can be several quarks
varying in these two integer-valued characteristics13 .
The above description and Table 1 provide a simple and obvious classical interpretation
of the abstract phenomenological property ”quark color”. Color – is a set of three
or four potentials, which form Yang-Mills ﬁeld shell of the current zone
(and inﬂuencing the current distribution within the current zone). Within
the framework of octuplet algebra, this interpretation is natural and, in a sense, it makes
the very term ”color” redundant and archaic. The classical interpretation of phenomenological concept ”strangeness”, suggested above, is quite natural within the framework
of octuplet algebra. This interpretation is based on distribution of the three-current and
13

The equality of the number of ﬂavors and the number of quarks is an empirical fact. Probably, the
”topologically excited” or ”multi-compendent” quarks of each ﬂavor, acceptable within the framework
of our classical YM-theory, are excessively massive and inaccessible for modern experiments.
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four-current colors in the octuplet scheme of ﬂavors and colors in Table 1.
The two ordinary ﬂavors from Table 1, ﬂavor 1 and ﬂavor 2, should be, undoubtedly,
identiﬁed with the ﬂavors of the lightest quarks u and d. The four strange ﬂavors – 4, 5,
6, 7 – should be identiﬁed with the four strange quarks s, c, b, t. While discussing the
charge conjugation (p.5) and the coordinate inversion (p.6) above, we mentioned a close
coupling in couples (4, 7) and (5, 6), caused by the necessity for YM-indices permutation
in these couples under the charge conjugation and coordinate inversion. Probably, this
implies that the ﬂavors in these couples agree with the same magnitude electric charges14 .
Consequently, the ﬂavors of couple 4 and 7 both have to be either upper or lower .
These terms – upper quarks and lower quarks – do not have support in the octuplet
algebra. We should treat them as uninterpretable phenomenological terms which indicate
the existence of certain inter-sector current couplings in the octuplet sector. These couplings form doublet generations of quarks. In octuplet algebra per se there is no evidence
for existence of quark generations.
Nothing in phenomenological physics of particles of the six-quark Standard Model corresponds to special ﬂavors 3 and 8, presented in Table 1. This ”non-observability” of the
fourth generation of quarks can have three possible versions of explanation:
a) Stationary one-current states with currents 3 and 8 do not exist, and the corresponding
”non-existence theorem” can be proved in the framework of mathematics of the octuplet
sector without additional involvement of current couplings15 .
b) Stationary one-current states with currents 3 and 8 do not exist due to yet unknown
cross-sector or inter-sector current couplings.
c) Stationary one-current states with currents 3 and 8 exist, but the quarks, corresponding to them, are too massive and the hadrons, containing these quarks, are not generated
under the available accelerator energy.
If we keep to the last ”optimistic” version of the explanation, with naive extrapolation
of masses of the three known generations of quarks, we can estimate the quarks’ masses
of the fourth generation as 200 – 500 GeV (bottom quark) and 10 – 20 TeV (top quark).
Not being able to distinguish between the upper and lower YM-quarks within the framework of the octuplet algebra, we can establish a hypothetical correspondence between
Yang-Mills and phenomenological quarks in a few diﬀerent methods. One of the possible
variants of this correspondence is demonstrated in Table 2. We are going to use this
variant for further interpretations of multi-current states.

14

An appeal to the electric charge quantity moves us beyond the frames of the octuplet sector. Not
including into consideration cross-sector couplings between the currents, we are, in fact, discussing here
the one-sector models of quarks which are devoid of the electric charge.
15
We do not currently have a theorem of the stationary states existence in any of the three sectors of
physics. Perhaps a mathematician exists somewhere else who is capable to get interested in this problem
of existence.
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Table 2 The Table of possible correspondences between Yang-Mills (1, 2, 4, 5, 6, 7) and
phenomenological quarks (u, d, s, c, b, t)

Number of generation

10

1

2

3

4

Upper quarks

u

1

c

5

t

6

?

8

Lower quarks

d

2

s

4

b

7

?

3

Type of quarks

Ordinary
quarks

Strange quarks

Special
quarks

Two-current States (biﬂavored gluons and dions)

The state, in which two diﬀerent octuplet currents exist at each time point in each point
of some ﬁnite or inﬁnite three-dimensional volume, will be named the two-current state.
By this deﬁnition we exclude from consideration, for example, the proton that has a quark
formula uud or, in YM-notations adopted here, the proton that has a compound current
formula of the two currents 1 + 2. Within the framework of the classical ﬁeld theory, a
proton is a compound state containing two currents, but it is not a two-current state.
Classical proton should be considered as a non-stationary system of three interacting
quasi-stationary one-current objects. Within the framework of the classical ﬁeld theory,
such system would probably have to lose energy in the form of gluon waves. Numerical
investigation of such system would, of course, be a mathematical adventure, no less
exciting than the three-body problem in celestial mechanics, but now we have to put
up with the fact that such familiar objects of particle physics as baryons may not allow
the adequate description within the classical theory. But other objects – gluons, quarks,
pions ... – allow such description.
Two-current states have a common bracket formula of the form:
a, b | a, b, c or a, b | a, b, c, d,

(38)

i.e. they contain two diﬀerent currents and a triplet or quartuplet of potentials which
form an octuplet subspace closed relative to the cross product (2), (3). A two-current
state with YM-ﬁeld triplet will be called the ordinary state, and the state with quartuplet
of ﬁelds – the strange state.
Two-current states (38) can be divided into the wave states (the state with inﬁnite current
zone, which has no pomerium) and the discrete states (the states in which the current
zone has an outer boundary of pomerium, common for the two currents). The most
important of the discrete states are the stationary states. Stationary states are classical
models of some of the particles.
Wave two-current states will be named biﬂavor gluons. Mathematical description of these
waves is similar to the description of two-current waves of the triplet sector, presented
in the previous article [2]. Perhaps, these waves are available in the gluon sea of baryon
along with gluons and ﬂavor gluons.
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Stationary two-current states will be named dions. These objects can probably be interpreted as the classical models of some of the charged and neutral mesons (but not all
mesons)16 .
While forming tables of dions, we will use the table of correspondence of currents and
quarks (Table 2), and will assign to YM-quarks the standard quantities of electric charges
,
,
of phenomenological quarks: ±2 3 (upper quarks), and ±1 3 ( lower quarks). This ”assignment” has no explanation within the framework of the classical one-sector theory,
but it is convenient to classify dions.
Dions can be divided into two classes: the charged and neutral dions. Charged dions
consist of a mixture of the upper current and lower anti-current (or vice versa). They
correspond to the charged pions and other charged mesons. Neutral dions can be divided
into two classes: the upper neutral dions and the lower neutral dions. The upper neutral
dions consist of two diﬀerent upper currents of the table of correspondence (Table 2),
to be precise – of current and anticurrent. The lower neutral dions are formed by two
diﬀerent lower currents, to be precise – by current and anticurrent.
Table 3 demonstrates the bracket formulas of charged dions. For some dions, the real
mesons, which hypothetically correspond to them, are indicated. Strange diones are
marked with an asterisk (*). Perhaps, the ordinary and strange dions may have diﬀerent
physics.
There are 16 couples of charged dions with a charge ±1. Dion with the current formula
2, 8 | . . . is prohibited by the rules of octuplet algebra. Dion with current formula
3, 8 | . . . has two variants of the allowed ﬁeld shells. Charged dions exist in the form of
doublets17 .
Dion’s mass 5, 7 | 2, 5, 7 is determined by the mass of quark b and can be estimated as
∼ 7 GeV. Dions’ masses 2, 6 | 2, 4, 6, 4, 6 | 2, 4, 6 and 6, 7 | 3, 6, 7, 8 are determined by the mass of quark t and can be estimated as 175 – 180 GeV. The author does
not know whether there are such mesons, but we can hardly doubt their existence.

16

Nevertheless, it is possible that dions, which, in accordance with (38), have a colored shell, are also
unobservable in the free form, similarly to quarks. However, they have common current formulas with
mesons.


17
A wide-spread treatment of the family of pions as a triplet π + , π 0 , π − is incorrect within the framework of our classical models. A neutral pion is not a dion, it does not belong to the class of two-current
systems within the deﬁnition which has been given above. A classical neutral pion should be treated as
a non-stationary compound system.
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Table 3 The table of charged dions

Lower
currents

1

5

6

8

1, 2|1, 2, 3

2, 5|2, 5, 7

2, 6|2, 4, 6

—

π±

D±

1, 4|1, 4, 7

4, 5|3, 4, 5, 8∗

4, 6|2, 4, 6

4, 8|3, 4, 5, 8∗

K±

Ds±

1, 7|1, 4, 7

5, 7|2, 5, 7

6, 7|3, 6, 7, 8∗

7, 8|3, 6, 7, 8∗

3, 5|3, 4, 5, 8∗

3, 6|3, 6, 7, 8∗

3, 8|3, 4, 5, 8∗

Upper
currents
2

4

7

B±
1, 3|1, 2, 3

3

3, 8|3, 6, 7, 8∗

Table 3 also includes more questionable objects – dions containing currents of the
fourth generation. Since the quarks of the fourth generation have not been revealed, the
masses of these dions are diﬃcult to estimate with some reliability. Masses of the dions,
which contain the lower current of the fourth generation, are estimated by the mass of
the fourth lower quark and can be of 350 – 700 GeV. Masses of the dions, containing the
upper current of the fourth generation may be 10 – 20 TeV. Detection of such massive
mesons would be the evidence for existence of the fourth generation of quarks.
Tables 4 and 5 provide bracket formulas of the upper and lower neutral dions. For some
dions, there are presented real mesons, hypothetically corresponding to them.

Table 4 The table of the upper neutral dions

Currents

1

5

1, 5|1, 6, 5

5

6

D0
6

1, 6|1, 6, 5

5, 6|1, 6, 5

8

—

5, 8|3, 4, 5, 8∗

6, 8|3, 6, 7, 8∗
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Table 5 The table of the lower neutral dions

Currents

2

4

2, 4|2, 4, 6

4

7

KL0
7

3

2, 7|2, 5, 7

4, 7|1, 4, 7

B0

Bs0

2, 3|1, 2, 3

3, 4|3, 4, 5, 8∗

3, 7|3, 6, 7, 8∗

There are ﬁve upper neutral dions (dion with the current formula 1, 8 | . . . is prohibited by the rules of octuplet algebra). There are six lower neutral dions. Dion masses
1, 6 | 1, 6, 5 and 5, 6 | 1, 6, 5 are determined by quark t mass and can be 175 – 180
GeV.
The masses of the three lower neutral dions, containing current 3, are determined by the
mass of the undiscovered lower quark of the fourth generation and can be 350 – 700 GeV.
The masses of the two upper neutral dions, containing current 8, are determined by the
mass of undiscovered upper quark and can be 10 – 20 TeV.
Objects, such as neutral pion or charmonium, should be treated as a non-stationary system of two interacting one-current particles, both of which have its own pomerium. The
adequate numerical modeling of such systems within the framework of the classical ﬁeld
theory is hardly possible.
Each stationary dion, as well as any stationary particle with pomerium in any of the
three branches of physics – is characterized not only by the bracket formula, but by a
couple of integral numbers: pomerium connectivity and the number of inner current-free
cavities. In other words, if a stationary two-current problem has a spectrum of solutions with diﬀerent boundary topology18 , each dion, besides its basic state, can have
such ”topologically excited states”, which exceed the masses of the known mesons by 2-3
orders.

11

Three-current States
(triﬂavored gluons and trions)

The state, in which three diﬀerent currents coexist at each time point in each point of
some ﬁnite or inﬁnite three-dimensional volume, will be named the three-current state.
Three-current states have a bracket formula of the form
a, b, c | a, b, c or a, b, c | a, b, c, d.

(39)

Potentials of the three-current state (39) must form a subspace of the eight-dimensional
YM-space that is closed under the eight-dimensional cross product.
18

And if this problem in general has a solution, it should be added by the ”Tridentine circumspection
rule”.
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Wave three-current states will be named the triﬂavored gluons. Stationary three-current
states with common outer boundary (pomerium) for all three currents will be named
trions19 .
Trions is a family of fermions with charges 0; ±1; ±2. Each member of the family is a
doublet of particle and antiparticle. Both members of the doublet have the same bracket
formula, but they diﬀer in inessential for bracket formula signs of all three currents. For
charged trions it means the opposite signs of the electric charge of the particle and antiparticle. In the doublets of neutral trions, the particles and antiparticles coincide.
Neutral trions have one upper and two lower currents in the current formula. Trions
with charge ±1 have two upper currents and one lower current in the current formula.
Existence of trions with three lower quarks is prohibited by the rules of octuplet algebra
(in any case, if we use table 2 to establish the correspondence between Yang-Mills and the
phenomenological quarks). Trions with charge ±2 are formed by three upper currents.
Altogether, the rules of octuplet vector algebra allow the existence of thirteen trion doublets. If we roughly estimate the masses of trions by the masses of quarks corresponding
to the trion currents, trions can be divided into the lightest, the massive and supermassive ones.
The two lightest trions are neutral. They have bracket formulas of the form 1, 4, 7|1, 4, 7
(with the mass of about 5 GeV) and 2, 5, 7 | 2, 5, 7 (with the mass of about 7 GeV).
We do not know how it could be possible to distinguish these trions from strange hyperons
which have the same current composition – usb and dcb, respectively. Baryons (from the
classical point of view) are rather friable formations, in which the compact one-current
particles, quarks, having dimensions of the order of fundamental length r0 ∝ 10−26 cm
[2], swim in the huge gluon sea with a typical dimension of ∝ 10−13 cm. But trions have
to be20 the compact objects with dimension of the order r0 .
However, we do not have any dynamical theory, which would be able to predict how this
structural distinction aﬀects the lifetime and decay schemes.
There are ﬁve average mass trions (in the range of hundreds of GeV). For two of them,
which do not contain ”questionable” currents of the fourth generation, mass can be predicted with some certainty. This mass is determined by the mass of quark t, and can be
estimated as 175 – 180 GeV. This is a neutral trion with bracket formula 2, 4, 6|2, 4, 6
and a trion doublet with charge ±2 which has bracket formula 1, 5, 6|1, 5, 6. A charged
trion may be somewhat more massive than a neutral trion.
The lower current of the fourth generation 3 contains three more neutral average mass
trions. Their masses may belong to the range of 200 – 700 GeV. They are the trions with
bracket formulas 1, 2, 3|1, 2, 3, 3, 4, 5|3, 4, 5, 8 and 3, 6, 7|3, 6, 7, 8. Octuplet alge19

We can not assert that trions exist. To make such assertion we must have the theorem of existence
of the solution to some boundary-value problem in a zone with unknown boundaries for the system
of equations in partial derivatives, describing the trion structure. (This system includes Yang-Mills’
octuplet equations and Einstein’s gravity equations). We do not have such theorem of existence. We
are just considering such three-current states, the existence of which is not prohibited by the rules of
octuplet vector algebra. This notice concerns all stationary states in all sectors of the theory.
20
If they exist.
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bra also allows the existence of such trions, which current formula includes the upper current of the fourth generation 8. They are probably the supermassive objects with a mass
of 10 – 20 TeV. Two of them are neutral: 3, 4, 8|3, 4, 5, 8 and 3, 6, 8|3, 6, 7, 8. Four
of these super-massive trions have the charge ±1: 4, 5, 8|3, 4, 5, 8, 6, 7, 8|3, 6, 7, 8,
3, 6, 8|3, 6, 7, 8 and 3, 5, 8 | 3, 4, 5, 8.
All of the ”allowed” trions can be depicted on the ”trion chessboard” (Fig. 1). The ﬁeld
numbers on this board vertically and horizontally correspond to YM-numbers of the two
currents entering into the three-current formula of a trion: the numbers in the cells correspond to YM-number of the third current. Each state is represented only once, above
the diagonal directed from the left bottom corner to the right top corner.
It should be noted that the current list of each trion state is determined only by the rules
of octuplet algebra. The assignment of masses and charges to trions is based not only
on the rules of octuplet algebra, but also on the table of correspondence of currents and
quarks (Table 2) and, therefore, contains an element of arbitrariness.

Fig. 1 Trion currents chessboard

12

Four-current States
(tetraﬂavored gluons and tetrons)

The state, in which four diﬀerent currents coexist at each time point in each point of
some ﬁnite or inﬁnite three-dimensional volume, will be named the four-current state. In
accordance with (33), only two bracket formulas of the four-current states are algebraically
allowed:
3, 4, 5, 8 | 3, 4, 5, 8 and 3, 6, 7, 8 | 3, 6, 7, 8.
(40)
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States (40) can exist in the form of the waves which will be named tetraﬂavored states
and as stationary states, which will be named tetrons.
Tetrons21 are bosons, which mass is determined by the properties of current 8 and can
make 10-20 TeV. Each of the two bracket formulas (40) corresponds to one charged
doublet particle / antiparticle with the charge ±2 and two diﬀerent doublets of neutral
particles in which the particle is the same as the antiparticle.

13

Total Eight-current State
(octoﬂavored gluons and octons)

The state, in which all eight octuplet currents coexist at each time point in each point
of some ﬁnite or inﬁnite three-dimensional volume, will be named the compound eightcurrent state. Bracket formula of this state has the following form:
1, 2, 3, 4, 5, 6, 7, 8 | 1, 2, 3, 4, 5, 6, 7, 8.

(41)

The wave form of the state (41) will be named the octoﬂavored gluon. Any stationary
state (41) with a single pomerium, common for all currents, will be called octon. Octons22 form a large family of super-massive bosons with the mass determined by current
8 (10 – 20 TeV). Due to the same current formula, all members of this family can have
almost the same masses.
Considering all the possible combinations of quark charges, corresponding to each current,
and separating from them those that provide integral total charge of the octon, we can
ﬁnd that amongst octons there is one doublet particle / antiparticle with the charge ±4,
16 diﬀerent doublets with the charge ±2, and 22 diﬀerent doublets of neutral particles23 .
One-current systems with fractional charge can form dions with integral charge. If we
assume by analogy that octons with the ”wrong” combination of currents, creating a fractional charge, may be combined into double octuplets (dioctons) with integral charge, the
number of such dioctons can also be measured in many dozens.
Therefore, if energy of the accelerators ever falls into the area of dozens of TeV, the
experimenters can expect a breakthrough in physics of the fourth generation of quarks,
which abounds with many particles.
It is appropriate to bring together all the cited and implied reservations: ”if this fourth
generation exists”, ”if current couplings and constraints do not prevent the occurrence of
these massive particles”, and ﬁnally, if these stationary states exist – at least as mathematical objects of the classical theory of the octuplet ﬁeld with continuum currents.
21

If they exist.
If they exist.
23
In these calculations the fact of invariability of the charge sign for current 3 is ignored, i.e. the fact of
missing of antiparticle for quark 3 (see p.6). If this is taken into account, the number of possible octons,
tetrons, trions and dions decreases (for some particles, antiparticles vanish).
22
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Abstract: Korteweg-de-Vries equation (KdV) is very popular tool to describe nonlinear
waveform like cnoidal waves or solitons. The long waves within environments with weak
dispersion are the object of it. Many authors recognize pulse waves (PW) in blood vessels
as varieties of such nonlinear waves. Therefore, the solution of the problem of the dispersion
for pulse waves is either solid scientiﬁc support or vice versa of this widespread viewpoint. This
paper ﬁrst presents the solution of above problem with methods of dimension analysis. This
technique is utterly independent of assumptions that are backbone of KdV theory. The results
of analysis show that the dispersion of PW depends just of two parameters. Both of them are
proportional to wavenumber. The ratio of them is equal to large Reynolds number. Thus, we
2πD
<< 1, where D is
can keep only one of them. It is dimensionless wave number: u =
λ
inner diameter of vessel, and λ is the wavelength. For our purposes important is the result about
weak dispersion of pulse waves. The dependence of frequency vs. the wavenumber is almost
linear with minor cubic adding. Pulse wave is quite long wave as it follows from dimensional
analysis. Both these outcomes conﬁrm the validity of KdV equation for pulse waves into blood
vessels.
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Introduction

The pulse wave (PW) is prominent complex phenomenon within blood circulation. There
are several methods of pulse wave measurements based on diﬀerent principles. Such
measurements are standard for diﬀerent medical diagnostic purposes [ 1 , 2 ].
In 1895 the Danish scientists Diderik Johannes Korteveg and Gustav de Vries studied
equations, which obey a wave on the water, in the absence of water currents and with
constant viscosity of ﬂuid. The equation of Korteveg-de-Vries (KdV) ﬁrst described the
case of long waves on shallow water [ 3 , 4 ].
The KdV equation is in intensive using of hemodynamics for mathematical modeling
of blood pulse waves [ 5 , 6 , 7 ]. Indeed, the pulse wave (PW) resembles solitary waves
in many respects [ 7 , 8 ]. It comes about cnoidal waves as well as solitons. Both are
exact solutions of the KdV equation [ 9 , 10 ].
There exist the rich traditions of dimensional analysis within ﬂuid mechanics [ 11 , 12
]. Yet, this topic tends be overlooked into hemodynamics sources. We can to refer on the
single paper [ 13 ]. The dimension analysis is especially useful because its conclusions do
not depend on the basic assumptions of KdV-theory. Consequently, they could conﬁrm
or refute its legitimacy.
The aim of this paper is the determination of the general form of dispersion law
for pulse waves into blood vessels by dimensional analysis method. Weak or strong
dispersion should be independent arguments ”pro et contra” respectively as for validity
of KdV equation regarding to PW.

2

Dimensional Analysis

We are going here to apply the methods [ 12 , 13 ] i.e. the classic way of dimensional
analysis for above-mentioned problem. To do this, let us determine the set of so-called
controlling variables and constants that signiﬁcantly aﬀect the spread of pulse waves.
The short list of these: the cyclic frequency of the PW (ω), wave number (k), kinematic
viscosity of blood (μ), D - eﬀective inner diameter of the artery, blood density (ρ) and
eﬀective modulus of elasticity of the arterial walls (C) [ 1 , 2 , 5 ].
Some equation of state unites the selected variables:
F (ω, κ, μ, D, ρ, C) = 0.

(1)

Let us to deﬁne the dimensions of above mentioned control factors respectively:

 
 


 

1
1
length2
mass
mass
,
,
, length,
,
.
(2)
time
length
time
length3
length time2
Therefore, we need only three fundamental units (length, time and mass: L, T, M ) to
describe the dimensions of all variables. It is obvious from the above list of dimensions.
Hence, the equation of state (1) may be rewritten as function only of three dimensionless
factors. These three factors are combinations of six primary variables in accordance with
the famous π-theorem [ 12 ].
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The dimension of each of these three factors (πi , i = 1, 2, 3) is obviously equal to one.
This fact looks as follows in the monomial form:
[π1,2,3 ] = [ω]r1 [κ]r2 [μ]r3 [D]r4 [ρ]r5 [C]r6 =
= L−r2 + 2r3 + r4 − 3r5 − r6 T −r1 − r3 − 2r6 M r5 + r6 = 1,

(3)

here rj , (j = 1..6) - are degree indicators, the square brackets denote dimensions of
variables according to (2).
Reader can easy write a system of linear equations for these indicators using the
expression (3):
⎫
⎪
−r2 + 2r3 + r4 − 3r5 − r6 = 0 ⎪
⎪
⎪
⎬
(4)
r1 + r3 + 2r6 = 0 ⎪ .
⎪
⎪
⎪
r5 + r6 = 0 ⎭
Get this system in relation to the three indicators that presenting via the other three:
⎫
⎪
r2 = r3 + r4 − r1 ⎪
⎪
⎪
⎬
r1 + r3
.
(5)
r5 =
⎪
2
⎪
−r1 − r3 ⎪
⎪
⎭
r6 =
2
Let us account the solutions (5) into monomial expression (3):


[ω]r1 [κ]r3 + r4 − r1 [μ]r3 [D]r4 [ρ]

r1 + r2
2





−r1 − r2

[C]

2



= 1.

(6)

Further we are going to apply the method of extremes [ 14 ] for unambiguous identiﬁcation of the rest unknown indicators: r1 , r3 , r4 . Taking the logarithm of the both sides
of the expression (6), we write down it as a function of those indicators:
r1 ln ω + (r3 + r4 − r1 ) ln κ + r3 ln μ + r4 ln D +




r1 + r3
r1 + r3
+
ln ρ −
ln C = 0
2
2

(7)

Then ﬁnd the partial derivatives of the function (7) on its variables r1 , r3 , r4 , looking
for extreme:
ln ρ ln C
−
=0
2
2
ln ρ ln C
−
=0
ln κ + ln μ +
2
2
ln κ + ln D = 0

ln ω − ln κ +

The solutions of (8-10) have such forms:
0
0
C
1 C
ω = κ
;
μ =
;
ρ
κ
ρ

D =

(8)
(9)
(10)

1
,
κ

(11)
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C
is well-known Moens-Korteweg velocity of course.
ρ
We can now ﬁnd the above-mentioned three dimensionless factors with solutions (11):

here

ω


π1 =
κ

C
ρ

;

μκ
π2 =  ;
C
ρ

π3 = κD.

(12)

Currently we can rewrite the equation of state (1) in such a form:
π1 = f (π2 , π3 ).

(13)

Because parameters (π2 , π3 ) both are proportional to wave number κ we can to write
down:
0 
C
ω(κ) =
κ f (κ),
(14)
ρ
here the function of wavenumber depends on two dimensionless factors:
f (κ) = f (π2 , π3 ).

3

(15)

Dispersion: Analysis and Estimates

Equation (14) is actually the general law of dispersion for the frequency of the pulse waves.
It is the connection between the frequency and wavenumber. The dispersion takes place
if only the function f (κ) is not a constant. Just the dependence of the function f (κ) (15)
on wave number determines the non-linearity of the dispersion law (14). Opposite, the
dispersion law becomes linear under condition f (κ) = const. The dispersion is absent in
such a case.
Important is that the ratio of two variables of function f (κ) (13) is exactly equal to
Reynolds’s number:
0
D C
π3
=
= Re.
(16)
π2
μ
ρ
This number describes the contribution of the viscous forces in the current mode of
the stream.
Let us to put for evaluations [ 1 ]: D ≈ 2.4·10−2 m, μ ≈ 3.3·10−6 m2 /s, C ≈ 5·106 P a,
ρ ≈ 1.06 · 103 kg/m3 .
Then we can obtain about 7 m/s for Moens-Korteweg speed and big Reynolds number:
Re≈ 5 · 104 >> 1. Hence, the Moens-Korteweg speed signiﬁcantly exceeds the typical
value for stationary blood ﬂow (about 0.2 − 0.5 m/s [ 1 ]). The Reynolds number for
the pulse waves testiﬁes the negligible contribution of the viscous force. This force is
presented by dimensionless factor π2 .
Thus, the extremely small factor π2 << π3 may be neglected in (14), (15) according
to the recommendations of the theory [ 12 ]. From the viewpoint of Physics, it means
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choosing the model of ideal ﬂuids for blood ﬂow, neglecting the eﬀects of viscous friction
on the spread of PW. We can to rewrite the equation of state (14) in more compact and
simpler form based on such considerations:
0 
C
κ f (κD).
(17)
ω=
ρ
Estimations of the pulse wavelength is provided in [ 1 , 5 ] though the direct measurements are unknown for us. These evaluations belongs to rather wide range: λ ≈
(2.5 − 5.5) m. Nonetheless, this allows us to evaluate the dimensionless factor π3 = κD:
2πD
(18)
∈ [2.7 − 6.0] · 10−2 << 1.
λ
Hence, the dimensionless wavenumber (18) is clearly small and PW shall be taking
as the long waves. It is the ﬁrst argument for KdV-equation.
Let us decompose the function of right side (17) close to zero point (κD → 0). We
hope that the function has a ﬁnite limit and proper derivatives in this point [ 12 ]:
1
f (κ D) ≈ A + BκD + G(κD)2 .
(19)
2
Here A, B, G are some digital dimensionless constants. If function (17) has not only
the ﬁnite limit but and an extreme at zero point then the constant B is equal to zero.
Under such condition, the dispersion law converts itself to the form:
0  

C
1
2 2
ω=
κ A + Gκ D .
(20)
ρ
2
κD =

The dispersion law (20) would be one-to-one with that reported in [ 5 ] if additionally
1
A = 1, G = :
12
0  

C
κ2 D 2
ω=
κ 1+
.
(21)
ρ
24
The concretization of dimensionless constants in (21) is not the sole and main distinction between expressions (20) and (21). More important is that (21) has been obtained
in framework of KdV theory whereas (20) beyond it.
Both dispersion laws (20) and (21) are practically linear because each next factor
within brackets is much smaller of ﬁrst. We shall to recognize the dispersion as very
weak for the reason deﬁned by inequality (18) for dimensionless wavenumber.
The phase propagation velocity and the same for energy spread are determined by
(21) and practically coinciding:
0  

C
1
2
νph =
1+
(κD)
(22)
ρ
24
0  

C
3
2
1+
(κD)
(23)
νgr =
ρ
24
Such an almost coincidence is typical for environments with weak dispersion.

104

4

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 99–106

Conclusions

The pulse waves are long waves in comparison with the channel sizes. The small values
of dimensionless wavenumbers conﬁrm this statement. It is an argument for validity of
KdV theory.
The dispersion of pulse waves is extremely weak because minor dimensionless wavenumber deﬁnes it. That is the second argument for legitimacy of KdV equation for pulse
waves.
Dimensional analysis and estimates are the way that allows achieving both above
arguments for validity of KdV equation as for blood pulse waves.
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1

Introduction

The Abraham-Minkowski controversy has been discussed by a number of authors
over a hundred years. Minkowski [1] proposed the electromagnetic momentum density in a dielectric medium must be D × B, and Abraham [2,3] proposed E × H for
that (in the present letter symbols have conventional meanings, e.g., E = electric
ﬁeld, unless otherwise stated). There have been published numerous papers on this
problem both theoretically and experimentally, but the ﬁnal conclusion is still yet
to come (see, e.g., [4,5] for reviews).
Several authors [6,7,8] pointed that the electromagnetic ﬁeld inevitably aﬀect the
dynamics of the medium to change its energy-momentum, and therefore, the energymomentum of an electromagnetic wave must include the contribution of the medium.
The present letter claims that the Minkowski momentum is the sum of electromagnetic momentum and the momentum of the medium. Feigel [6] obtained a similar
∗
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result based on the Noether’s theorem using Lagrangian formulation. Compared to
this elegant approach, the calculation in the present letter is rather down-to-earth
type, which is more closer to the Minkowski’s original derivation. This approach is
less elegant, however, easier to understand its meaning intuitively. Note that the
author does not claim this calculation is a novel result; it is to give readers a concise
knowledge on this problem. The consideration stated above is conﬁrmed by an example of an MHD wave in a collisionless magnetized plasma. The author also would
like to remark the derivation of MHD wave momentum ﬂux here is not novel. The
purpose of the present letter is to suggest that the momentum of plasma waves is
favorable evidence for the Minkowski momentum.
Usually the electromagnetic behavior of an ordinary medium is complicated and
need to calculate microscopic states of molecules, which is diﬃcult to solve exactly.
A collisionless plasma is, in contrast, easy to calculate its response to the electromagnetic ﬁeld from the classical basic equations (Maxwell equations and Newtonian
equation of motion). Here in this letter we use the MHD approximation, which is
the approximation often used to investigate large scale phenomena in plasmas. If
one wishes it is possible to derive an exact solution without the MHD approximation
to conﬁrm the same result.
The word “plasma” refers to a gas contains charged particles and interacts with
electromagnetic ﬁeld. Usually the negative and positive charges of a plasma particles
are equal in total and the ﬂuid is neutral as a whole; local charge accumulations
may take place but they are canceled to vanish when integrated over a large enough
volume.
In the present letter we treat a simplest case, where the plasma contains no neutral particles and consists of equal number protons and electrons only. Further, we
assume the plasma density is low enough to neglect the collisions between particles.
This situation is not unrealistic at all. On the contrary, such plasmas are commonly
found in most of space environments except the peripheral region of celestial bodies
such as the sun or earth.
When we are interested in large scale phenomena in collisionless plasmas, the
MHD approximation can give a good description; the words “large scale” mean
much larger than the temporal and spatial scales of Larmor motion. In such scales,
a plasma can be treated with two simple equations, namely, Ohm’s law and ﬂuid
equation of motion. When the collisions are negligible, the conductivity becomes
inﬁnitely large and the Ohm’s law is reduced to the condition E + v × B = 0. This
is called “frozen-in condition” since ﬂuid elements of a plasma behave as if “frozen”
into the magnetic ﬁeld under this condition.
From the frozen-in condition we can determine the plasma bulk motion from
the electromagnetic ﬁeld; the momentum of plasma ﬂuid is calculated from this
motion. In addition the polarization is calculated from the equation of motion,
and therefore, the electric ﬂux density can be obtained to estimate the Minkowski
momentum. Comparing these two results we ﬁnd the Minkowski momentum is the
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sum of the electromagnetic momentum and the momentum carried by the plasma
ﬂuid.
The derivation from the MHD equation stated above is intuitive and easy to
understand, however, it is not the derivation from the microphysics of charged particles. To understand the microscopic aspect of the plasma dynamics, it is desirable
to derive the same result without the knowledge of the MHD theory. Therefore, a
derivation based on the very basic Newtonian equation of motion is also provided.

2

Basics

We brieﬂy review the meaning of polarization/magnetization vector in this section.
Microscopic Ampere’s law in a medium is
∂E
(1)
+ μ−1
0 ∇×B = J
∂t
Suppose there is no external current, and J consists of the polarization current JP
and magnetization current JM , which are generated in response to the electric ﬁeld
E and magnetic ﬁeld B respectively. We introduce the polarization vector P and
magnetization vector M such that
−ε0

∂
(2)
P = JP , ∇ × M = JM
∂t
In this context, P and M should be understood as convenient mathematical expressions to represent the response of the medium to the electromagnetic ﬁeld, rather
than real physical entities. This is somewhat similar to introducing electric potential
φ to handle electric ﬁelds E. What we actually measure is E, but the calculation
becomes easier when we introduce a mathematical tool called potential φ.
Let us introduce macroscopic polarization and magnetization vector P̄ and M̄
(bar means average) by averaging over a microscopically large but macroscopically
small volume. These macroscopic vectors are created in response to the electromagnetic ﬁeld, thus, can be expressed as a functional of E and B in general. For
example, P̄ may be written as something like

 0

dt
dx f (E(t − t , x − x ), B(t − τ, x − x )) .
P̄(x, t) =
−∞

If the above complex relations can be approximated with simple linear relations, the
calculation will be considerably simpliﬁed. Actually there are materials, namely,
dielectric and magnetic materials, for which the above expression can be well approximated by simple linear and local relations as
P̄ = χP Ē , M̄ = χM B̄ .

(3)

The ﬁelds D̄ and H̄ are then deﬁned as macroscopic quantities as
−1
D̄ = ε0 Ē + P̄ = εĒ , H̄ = μ−1
0 B̄ + M̄ = μ B̄

(4)
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The linear coeﬃcients χP and χM are matrices in general because the medium may
not be isotropic (as in our example of magnetized plasmas).
Note that these are not exact expressions; just phenomenological approximation
that is valid only within certain ranges of ﬁeld strength and time/spatial scales.
Also, there are materials for which the above expressions are not appropriate. For
example, collisionless plasmas we will examine in this letter do not have such a linear
relation for magnetic ﬁeld and ﬂux.
The macroscopic polarization and magnetization vector P̄ and M̄ are often introduced as the sum of polarization/magnetization of each molecule in the material.
This is not the only microscopic mechanism to cause the polarization or magnetization. The derivation of macroscopic Maxwell equations is valid as long as the linear
and local relations (3) are appropriate. Actually, the polarization vector P̄ is not
due to the molecular polarization, but derived from the Larmor motion of charged
particles, in our example of an MHD plasma in this letter.

3

Minkowski Momentum

This section is for the review on the argument favorable to the Minkowski momentum; the calculations here are close to the original Minkowski’s. The momentum of
microscopic electromagnetic ﬁeld is ε0 E × B and its conservation law is
∂
(ε0 E × B) + ∇ · T + (JP + JM ) × B + (QP + QM )E = 0 ,
∂t

(5)

where T is the Maxwell stress tensor and we denote ∂Tij /∂xi = (∇·T )j in short. The
polarization/magnetization charge QP and QM are the result of polarization/magnetization
current (∂QP,M /∂t = ∇JP,M ). The charge due to magnetization current vanishes
when averaged, Q̄M = 0 since J̄M satisﬁes (2).
The third and fourth term of (5) are the Lorentz and Coulomb force acting on the
medium, and therefore, it can expressed by the momentum change of the medium.
(Jp + JM ) × B + (QP + QM )E =

∂
g + ∇ · TM ,
∂t

(6)

where g and TM are the momentum density and stress tensor of the medium. It
should be noted that the right hand side of the above expression has mathematical
ambiguity. If we deﬁne new values of momentum/stress by g = g+a and T  = T +G
with arbitrary vector a and tensor G that satisfy ∂a/∂t = ∇G = 0, they also satisfy
the above equation. Therefore, g and T do not necessarily have to be the total
momentum/stress of the medium. For example, the medium may contain a part
that does not interact with the electromagnetic ﬁeld, and such part causes this
ambiguity.
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From (4) we obtain

∂
1
2
J̄P × B̄ = (P̄ × B̄) + χP (Ē · ∇)Ē + ∇Ē + Ē(∇Ē) ,
∂t
2

1
J̄M × B̄ = χM (B̄)B̄ + ∇B̄2 .
2

(7)

Here we neglected cross terms of ﬂuctuation in averaging as usually done in this
kind of calculation, e.g., P × B = P̄ × B̄. Combining (5), (6) and (7) we obtain
∂
∂
(ε0 Ē × B̄ + ḡ) + ∇ · (T̄ + T̄M ) = (D̄ × B̄) + ∇ · T̄  = 0 ,
∂t
∂t

(8)

where T̄  is the stress tensor in a dielectric medium deﬁned as
1
¯
T̄ij = Ēi D̄j + μ−1
0 B̄i H̄j − δij (Ē·D + B̄ · H̄) ,
2

(9)

which is the sum of the ﬂuxes of electromagnetic momentum and momentum carried
by the medium.
Now that we understand the Minkowski momentum includes the part of the
medium then so should be for the energy. The energy is equivalent to mass in
relativity, thus the energy ﬂux of the medium must include mass, and then the ﬂux
may take the form of D̄ × B̄ to make the energy momentum symmetric.

4

Drift and Current in MHD Plasma

In this section we give a brief derivation of the drift and current invoked by an electric
ﬁeld in a MHD plasma, which we will need to analyze the momentum associated
with an electromagnetic wave (an MHD wave) in the next section. Both E cross
B drift and polarization current are very basic ingredients in the MHD theory, and
readers familiar with plasma physics can skip this section.
Firstly, we give derivation using two MHD equations, namely, equation of motion
and Ohm’s law. The MHD theory regards a plasma as a conductive ﬂuid, and the
current is related to the electric ﬁeld with the conductivity σ as
E + v × B = σ −1 J ,

(10)

where v is the bulk velocity of the plasma ﬂuid, i.e., the velocity of the gravicenter
of plasma particles. If the density of the plasma is low enough to be able to ignore
collisions between plasma particles, the conductivity is supposed to inﬁnitely large;
the right hand side of (10) vanishes in this case. Taking the outer product of B and
(10) with vanishing right hand side, we arrive at
v⊥ =

E×B
,
B2

(11)
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where v⊥ is the velocity component perpendicular to the magnetic ﬁeld B. The
above expression means that the perpendicular motion of the MHD plasma is determined by the outer product of E and B; this is called E cross B drift in plasma
physics.
Now that we have the velocity of an MHD plasma, we move on to the current
associated with plasma motion. To this end, we start from the equation of motion,
which is
1
∂v
+ (v · ∇)v = (∇P + J × B) ,
(12)
∂t
ρ
where ρ and P are the mass density and plasma pressure respectively. Usually a
charge separation in an MHD plasma is negligibly small so the Coulomb force term
does not appear in the equation of motion. Here in this letter we treat the simplest
case, where nonlinearity and the plasma pressure are negligible; the same conclusion
can be obtained when these eﬀects are included. The current perpendicular to the
magnetic ﬁeld is obtained by taking the outer product of (12) and B, which is


ρ
∂v
.
(13)
J⊥ = 2 B ×
B
∂t
This current is called inertial current or polarization current, and corresponds to J̄P
in Section II.
Hereafter we assume a speciﬁc case where the plasma is immersed in a stationary
background magnetic ﬁeld from an external source; plasmas in the earth’s magnetosphere or nuclear fusion devices (tokamak etc.) are examples of such a situation.
We further simplify the problem to have the magnetic ﬁeld uniform; we take the z
coordinate in its direction as Bz = B0 .
Suppose a linearly polarized plane wave is propagating in the z direction. We
take the x direction along its electric ﬁeld (Ex ), and consequently the wave magnetic
ﬁeld is in the y direction (By ). From (11) we obtain
Ex
.
B0

(14)

ρ ∂Ex
B02 ∂t

(15)

vy =
and substituting this into (13) we have
Jx =

The time derivative of By vanishes by taking the outer product with B0 in the above
expression. The polarization vector P can be calculated from the deﬁnition (2) as
Px =

ρEx
.
B02

The above expression has the form form of (3) and thus we obtain


ρ
Dx = ε0 + 2 Ex ,
B0

(16)

(17)
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√
where VA = B0 / μ0 ρ. From this expression we can obtain an electromagnetic
wave

2
2
propagating in the magnetic ﬁeld direction with wave velocity c + VA ; this wave
is called “Alfven wave”.
Combining the above expression with (14) we arrive at
(D × B)y = Dx B 0 = ε0 Ex B0 + ρvy .

(18)

The above expression means the electromagnetic momentum proposed by Minkowski
is the sum of the electromagnetic momentum ε0 Ex B0 and momentum of the MHD
plasma ρvy .

5

Maicroscopic Derivation

The essential properties of an MHD plasma to obtain our result (18) is the E cross
B drift (11) and the inertial current (13). We have derived these two from the
MHD equations in the above. This derivation is standard and intuitive, however, it
is not from the basic equation and underlying microphysics is not transparent. In
the following we derive the same result from the very basic equation of motion of a
particle in electromagnetic ﬁelds.
Suppose a charged particle with charge e and mass m is in a uniform background
magnetic ﬁled in the z direction Bz = B0 . What we would like to calculate is the
particle motion in response to the time varying electric ﬁeld exerted perpendicularly
to the magnetic ﬁeld. We take the direction of the electric ﬁeld along the x axis.
Then the equation of motion becomes
e
∂ux
= ±Ωuy ± E(t) ,
∂t
m
∂uy
= ∓Ωux ,
∂t

(19)

where ux and uy are the particle velocity and Ω = eB0 /m; double sign corresponds
to positive and negative particles. The motion in the z direction is not important
here and we assume uz = 0 for simplicity. The particle motion is a superposition of
so called Lamor motion, which is the motion with E(t) = 0, and the eﬀect of E(t).
Thus we denote
ux = u0 cos(Ωt + ϕ) + ux ,
uy = ±u0 sin(Ωt + ϕ) +

uy

(20)
,

where the ﬁrst term of each expression represents the Lamor motion; ϕ and u0 is
determined from the initial condition. The second terms are called drift motion, or
drifts, invoked in response to E(t). Here we assume the frequency of the electric
ﬁeld is much smaller than the frequency of Larmor motion. The drift motion is
linear to the electric ﬁeld, therefore, |∂ux /∂t|  Ω|ux |. This assumption is valid
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for MHD waves; in other words, the MHD theory is limited to such low frequency
phenomena.
Substituting (20) into (19) we obtain
e ∂
∂ 2 ux
2 
=
Ω
u
±
E(t)
x
∂t2
m ∂t
Neglecting the left hand side because of |∂ux /∂t|  Ω|ux | we obtain
ux = ∓

e ∂
E(t) .
mΩ2 ∂t

(21)

Since uy must vanish when E(t) = 0 we have
uy =

E(t)
.
B0

(22)

Now that the motion of each particle is obtained, we can calculate the bulk
motion of the plasma and the current in it. Suppose the plasma consists of equal
number of electrons and protons, whose masses are me and mp respectively; the
number density of each species is the same n.
The velocity of a plasma v is deﬁned as the velocity of gravicenter of particles.
The contribution of the Larmor motion is canceled out when averaged, and thus
drift velocity determines the plasma bulk velocity. The y component of the drift
velocity uy is the same for all particles (22), thus we have (14). The velocity in the
x direction (21) may be rewritten as
ux = ∓

1 ∂
E(t) ,
B0 Ω ∂t

(23)

therefore negligibly small compared to uy when the frequency of the MHD wave is
much smaller than Ω. Therefore, we can write (11) for the plasma bulk velocity v⊥ .
The drift in the x direction is negligible for the bulk motion, however, it is not
so for the current. Since the drift in the y direction has the same sign for electrons
and protons, there is no net current in the y direction. In contrast, the current
exists in the x direction because (21) has opposite sign for electrons and protons.
By summing up the current carried by each particle, we arrive at
Jx =

ρ ∂
E(t) ,
B02 ∂t

(24)

where ρ is the mass density ρ = n(mi + me ). Now we see the current is expressed
as in (13).

6

Concluding Remarks

Momentum carried by an MHD wave is examined from the view point of AbrahamMinkoski controversy. It has been conﬁrmed that the total momentum (electromagnetic momentum plus momentum of the medium) is expressed in the form of D × B
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as proposed by Minkowski. The derivation of an MHD wave is not new at all, and
based on the very simple and basic two properties of an MHD plasma, the frozen-in
condition (14) and polarization current (13), namely. It would not be exaggeration
when one says the whole kingdom of MHD plasma physics would fall if these two
basic properties were wrong.
Here in the present letter we examined a simplest case of an parallel (to the
B ﬁeld) propagating MHD wave, but similar calculations can be done for more
complicated plasma waves to conﬁrm the result here. Collisionless plasmas contain
a wide variety of wave phenomena, and the properties of waves can be precisely
calculated at least in the linear limit. Calculation of the Minkowski momentum
for various plasma waves would be a good exercise to understand the AbrahamMinkowski controversy.
What we have shown in the present letter is that the Minkowski momentum can
be self consistent description of the total momentum of an electromagnetic wave in
a polarizable medium. This does not necessarily mean the Abraham momentum is
wrong and inconsistent; it might be possible to give Abraham momentum another
appropriate meaning to make it consistent. For example, Barnett [9] recently argued
both Abraham and Minkowski momentum can be consistent when we interpret the
former as kinetic momentum and latter as canonical momentum. It is out of our
scope here to examine this argument, however, it should be noted the legitimacy
of the Minkowski momentum does not automatically exclude the validity of the
Abraham momentum.
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Abstract: Landau quantization  = h̄ωc m ± δ2 1 + 4h̄ ωδc2β m for fermions from mass
chiral Dirac equation for the system of doped graphene/insulator/doped graphene and from
Schrödinger equation for the two-dimensional materials with spin-orbit interactions in a second
quantization is found exactly. Quantum Hall eﬀect in layered graphite as well as in twodimensional materials with spin-orbit interactions is predicted. Schrödinger equation for pair
of two particles of carbon armchair ribbon when magnetic ﬁeld is applied is analytically solved.
The perfect pairing between electron Fermi spheres when magnetic ﬁeld is applied creating a
Cooper pair is found. The conditions under which the bielectron states exist are shown to be
concerned with the higher magnetic ﬁelds..
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The layered graphites i.e. a systems of doped graphene/insulator/doped graphene
present a new state of matter of layered materials [see for instance [1–3]]. The energy
bands for graphite was found using ”tight-binding” approximation by P.R. Wallace [4].
In the low-energy limit the single-particle spectrum is Dirac cone similarly to the light
cone in relativistic physics, where the light velocity is substituted by the Fermi velocity
vF = 106 m/s and describes by the massless Dirac equation.
The graphene is the single graphite layer, i. e. two-dimensional graphite plane of
thickness of single atom. The graphene lattice resembles a honeycomb lattice. The
graphene lattice one can consider like into the composite of two triangular sublattices.
In 1947 Wallace in ”tight-binding” approximation consider a graphite which consist oﬀ
the graphene blocks with taken into account the overlap only the nearest π-electrons.
∗
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The two-dimensional nature of graphene and the space and point symmetries of
graphene acquire of the reason for the massless electron motion since lead into massless Dirac equation (Majorana fermions) [4, 5]. At low-energy limit the single particle
spectrum forms with π-electron carbon orbital and consist oﬀ completely occupation valence cone and completely empty conduction cone, which have cone like shape with single
Dirac point. In Dirac point the existing an electron as well as a hole is proved. The state
in Dirac cone is double degenerate with taken into account a spin.
The existing of the massless Dirac fermions in graphene was proved based on the
unconventional quantum Hall eﬀect. The reason of creation the integer Hall conductivity
[6–9] is derived from Berry phase [10, 11].
When the magnetic ﬁeld is applied perpendicularly into graphene plane the lowest
(n=0) Landau level has the energy ±Δ in two nonequivalent cones K∓ , correspondingly
[12]. In the paper [12] the Dirac mass via a splitting value is found when Zeeman coupling
is absence. These properties of the lowest Landau level which distribute between particles
and antiparticles in equal parts are base of the integer quantum Hall eﬀect in graphene
[12]. For n ≥ 1 an all Landau levels are fourfold degenerate. For n = 0 a states in both
cones are twofold degenerate with energies ±Δ with taken into account a spin [12].
In the paper [13] a chiral superconductivity from electron-electron repulsive in doped
graphene in the M point is predicted.
In the paper [14] a Magneto-Coulomb levels at a three-dimensional saddle point were
found. The Schrödinger equation for the three-dimensional saddle surface geometry at
the magnetic ﬁeld is applied unconventionally was solved exactly in the paper [14] by
reducing into one-dimensional Schrödinger equation.
In the paper [15] the exciton binding energy is scaled with the formed band gap when
the magnetic ﬁeld is applied and an exciton insulator transition in carbon nanotubes was
not found and their THz application was predicted.
In the paper [16] in the UCoGe material the high-temperature superconductivity is
connected with spin ﬂuctuations and hence may be reduced by magnetic ﬁeld is applied.
Energy surface of graphene consist oﬀ completely occupation valence cone and completely empty conduction cone, which have cone like shape with single Dirac point. In
Dirac point the existing an electron as well as a hole is proved. In the low-energy limit the
single-particle spectrum is Dirac cone similarly to the light cone in relativistic physics,
where the light velocity is substituted by the Fermi velocity vF = 106 m/s and describes
by the massless Dirac equation. Eﬀective Hamiltonian for graphene can be found using
”tight-binding” approximation [17]:
2
2
2
2
h̄2 p̂2
2
−h̄ vF (p̂x + ip̂y ) 2
2
2
2m∗
ĤK (p) = 2
(1)
2.
2
2
2
2
h̄ p̂
−h̄
v
(p̂
−
ip̂
)
2
2
F
x
y
2m∗
Dirac equation for the system of doped graphene/insulator/doped graphene under a
perpendicular magnetic ﬁeld can be solved simultaneously with the Schrödinger equation
for the two-dimensional materials with both Rashba and Dresselhaus spin-orbit interac-
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tions under a perpendicular magnetic ﬁeld i.e. these equations will be have the coincident
general solutions.
Schrödinger equations for the two-dimensional materials with both Rashba and Dresselhaus spin-orbit interactions in a second quantization can be found as follows [see for
instance [18]]:
2
22
2
2
2 2 (1) 2
†
2
2 h̄ωc (â† â + 1 ) + h̄ωc ξ −  − gap
2
2
h̄ωc (αâ + iβâ )
2
2 2 Φn 2
2
2
22
2 = 0,
2
2 2 (2) 2
1
†
†
(αâ
−
iβâ)
h̄ω
(â
â
+
)
−
h̄ω
ξ
−

+

Φ
h̄ω
2
c
c
c
gap 2 2 n 2
2

(2)

√
where â = (p̂y + ip̂x )/ 2mh̄ ωc , ωc = eB/mc, ξ = −gμB mc/2h̄ e.
Schrödinger equations for the two-dimensional materials with Dresselhaus spin-orbit
interactions in a second quantization can be written as follows [18]:
2
22
2
2
2 2 (1) 2
2 h̄ωc (â† â + 1 ) + h̄ωc ξ −  − gap
2 2 Φn 2
h̄ωc iβâ†
2
22
2
2
2
22
2 = 0.
(2)
2
2
2
2
1
†
−h̄ωc iβâ
h̄ωc (â â + 2 ) − h̄ωc ξ −  + gap 2 2 Φn 2
2

(3)

The solutions Eq. (3) can look for in the form:
Φ(1)
n =
Φ(2)
n =




Cn(1) Φn ,

(4)

Cn(2) Φn .

(5)

Substituting the solutions (4) and (5) in Eq. (3), the latter equation can be found in
the form:
−h̄ωc iβâ


n


1
Cn(1) Φn + (h̄ωc (â† â + ) − h̄ωc ξ −  + gap )
Cn(2) Φn = 0.
2
n

(6)

The desired solution can be found by multiplying Eq. (6) on Φm and by integrating
the latter equation regarding function domain. Then one can ﬁnd the equation:





h̄ωc
Cn(2) Φm |Φn  = 0,
−h̄ωc ξ−+gap )
2
n
n
n
(7)
or in a presentation of second quantization the latter equation can be rewritten in the
form:

−h̄ωc iβ

Cn(2) Φm |â† â|Φn +(


h̄ωc
Cn(2)  m|n = 0.
−h̄ωc ξ−+gap )
2
n
n
n
(8)
Using the second quantization algebra the latter equation can look for in the form:

−h̄ωc iβ



Cn(1) Φm |â|Φn +h̄ωc

Cn(1)  m|â|n+h̄ωc



Cn(2)  m|â† â|n+(
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√
h̄ωc
Cn(1) n m|n−1+h̄ωc
Cn(2) n m|n+(
Cn(2)  m|n = 0.
−h̄ωc ξ−+gap )
2
n
n
n
(9)
The Eq. (9) one rewrite in the form:

−h̄ωc iβ





√
h̄ωc
Cn(1) nδm,n−1 + h̄ωc
Cn(2) nδm,n + (
Cn(2) δm,n = 0,
− h̄ωc ξ −  + gap )
2
n
n
n
(10)
by solving the desired integrals in equation.
Then the Eq. (10) one rewrite in the form:

−h̄ωc iβ



h̄ωc
(1) √
(2)
(2)
m+(
= 0,
− h̄ωc ξ −  + gap )Cm
−h̄ωc iβ Cm+1 m + 1 + h̄ωc Cm
2
or as follows
√

(11)

h̄ωc
(2)
(12)
(1 + 2ξ) −  + gap )Cm−1 = 0.
2
If we shall return into the ﬁrst equation of system then one can obtain the following
desired equations kipping in mind the foregoing algebra operations
−h̄ωc iβ

(1)
mCm
+ (h̄ωc m −



1
Cn(1) Φn + h̄ωc iβâ†
Cn(2) Φn = 0,
(h̄ωc (â† â + ) + h̄ωc ξ −  − gap )
2
n
n
h̄ωc



Cn(1)  m|â† â|n+(

n

h̄ωc


n

Cn(1) nδn,m + (

(13)



h̄ωc
Cn(1)  m|n+h̄ωc iβ
Cn(2)  m|â† |n = 0,
+h̄ωc ξ−−gap )
2
n
n
(14)



√
h̄ωc
Cn(1) δm,n + h̄ωc iβ
Cn(2) n + 1δm,n+1 = 0,
+ h̄ωc ξ −  − gap )
2
n
n
(15)

(h̄ωc m +

√
h̄ωc
(2)
(1)
+ h̄ωc iβ mCm−1 = 0,
(1 + 2ξ) −  − gap )Cm
2
√

δ
(2)
−  + gap )Cm−1 = 0.
2
Then the solution of the Eq. (17) one look for in the form:
2 2
2
2
2
2 (1) 2 2
2 Cm 2 2 cos θm 2
2 2
2
2
2=2
2.
2
2
2 (2) 2 2
2 Cm−1 2 2 sin θm−1 2
−h̄ωc iβ

(1)
mCm
+ (h̄ωc m −

(16)
(17)

(18)

Substituting the solution (18) in Eq. (17), the latter equation one ﬁnd as follows

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 117–130

121

√
δ
(19)
− ) sin θm−1 − h̄ωc iβ m cos θm = 0,
2
where δ  = δ − 2gap , δ = h̄ω2 c (1 + 2ξ).
From trigonometric calculations one can ﬁnd the following recurrence relations:
(h̄ωc m −

√
δ
2h̄ωc iβ m cos θm
(h̄ωc m − ) sin θm−1 − sin θm−1 (1 +
) = 0,
2
δ
sin θm−1
√
cos θm
2h̄ωc iβ m cos θm
) = −(1 − tan 2θm
),
−(1 +

δ
sin θm−1
sin θm−1
√
2h̄ωc β m
,
tan 2θm =
δ
0
4h̄2 ωc2 β 2 m
1
=± 1+
,
cos 2θm
δ 2
A = −(1 − tan 2θm

cos θm
cos θm
1
)=−
(cos 2θm − sin 2θm
),
sin θm−1
cos 2θm
sin θm−1
sin θm = sin θm−1 ,

1
.
cos 2θm
Using the foregoing algebra operations the Eq. (19) one can found as follows:
A=



δ
(h̄ωc m −  ±
2

(20)
(21)
(22)

(23)
(24)
(25)
(26)

0
4h̄2 ωc2 β 2 m
1+
) sin θm−1 = 0.
δ 2

(27)

The solution of the Eq. (27) is the desired Landau quantization
 = h̄ωc m ±



δ
2

0
1+

4h̄2 ωc2 β 2 m
,
δ 2

(28)

for fermions from mass chiral Dirac equation for the system of doped graphene/insulator/doped
graphene and from Schrödinger equation for the two-dimensional materials with the Dresselhaus spin-orbit interactions in a second quantization which was found exactly, with
the following wave functions
2
2
2
2
2 cos θm φm 2
2
2
(29)
ψ− = 2
2,
2
2
2 sin θm φm−1 2
2
2
2
2
2 − sin θm φm 2
2
2
(30)
ψ+ = 2
2.
2
2
2 cos θm φm−1 2
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In addition the Eq. (2) consist oﬀ Rashba spin-orbit interaction. In the present of
both spin-orbit interaction the latter equation will return back to the solved Eq. (3) via
introducing of new parameter β 2 → (α2 − β 2 ) by apply Bogoliubov transformation [18].
From Eq. (28) one can see that if δ  = 0 then  = 0 at m = 0.
When the magnetic ﬁeld is applied perpendicularly into graphene plane the lowest
(n=0) Landau level has the energy ±Δ in two nonequivalent cones K∓ , correspondingly
[12]. In the paper [12] the Dirac mass via a splitting value is found when Zeeman coupling
is absence. These properties of the lowest Landau level which distribute between particles
and antiparticles in equal parts are base of the integer quantum Hall eﬀect in graphene
[12]. For n ≥ 1 an all Landau levels are fourfold degenerate. For n = 0 a states in both
cones are twofold degenerate with energies ±Δ with taken into account a spin [12].
Solving Dirac equation if the magnetic ﬁeld is applied in the Landau gauge one can
derive the known for quantum
electrodynamics (QED) solution - the root ambiguity in
√
energy spectrum  = ± B l, where l is a number of natural numbers set [19]. The root
ambiguity in energy spectrum at the solution of the problem about quantization with
relativistic invariance lead in quantum ﬁeld theory into the creation of a pairs of particles
(particles+antiparticles) [20].
In addition the existence  = 0 at l = 0 was responsible for the anomalies of unconventional integer quantum Hall eﬀect in graphene [12]. It is known [12, 21, 22] that the
experimental proof of the existence of Dirac fermions in graphene came from the observation of the theoretical expected unconventional integer quantum Hall eﬀect with the
quantized ﬁlling factor
e2
ν, ν = ±2(2n + 1), n = 0, 1, ...
(31)
h
For fermions in mass chiral Dirac equation for the system of doped graphene/insulator/doped
graphene and for fermions in Schrödinger equation for the two-dimensional materials with
the spin-orbit interactions in a second quantization was found exactly that  = 0 if δ  = 0
at m = 0 from Eq. (28). This is responsible for the anomalies of unconventional integer
quantum Hall eﬀect in the situations under study.
In particular one can conclude that for fermions in mass chiral Dirac equation for the
system of doped graphene/insulator/doped graphene the theoretical expected unconventional integer quantum Hall eﬀect with the quantized ﬁlling factor
σxy =

e2
(32)
σxy = ν, ν = ±2(2n + 1), n = 0, 1, ..,
h
as well as for fermions in Schrödinger equation for the two-dimensional materials with
the spin-orbit interactions in a second quantization the theoretical expected unconventional integer quantum Hall eﬀect with the quantized ﬁlling factor
e2
ν, ν = ±2(n + 1), n = 0, 1, ...
(33)
h
Theory of energy surfaces and optical transitions in carbon armchair ribbons was
constructed analytically using a tight-binding model [23]. Energy dispersion for carbon
σxy =
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Figure 1 (Color online)Single-particle spectrum of layered graphite for massless Dirac fermions
(Majorana fermions).

armchair ribbon is presented in Fig. 2. Energy dispersion surface is resemble on a twodimensional saddle point. The prediction of a chiral superconductivity from electronelectron repulsive in doped graphene in the M point is studied in the paper [13]. Theory
of a chiral superconductivity from electron-electron repulsive in gated graphene as well as
in doped graphene in the K point if magnetic ﬁeld is applied was presented in the papers
[24–26]. In the paper [14] a Magneto-Coulomb levels at a three-dimensional saddle point
were found. The Schrödinger equation for the three-dimensional saddle surface geometry
at the magnetic ﬁeld is applied unconventionally was solved exactly in the paper [14] by
reducing into one-dimensional Schrödinger equation. Even if energy dispersion surface
geometry of carbon armchair ribbon remind us a two-dimensional saddle surface we have
considered theory of a chiral superconductivity from electron-electron repulsive in carbon
armchair ribbons under magnetic ﬁeld for three-dimensional saddle surface.
Hamiltonian for Schrödinger equation for pair of two particles of carbon armchair
ribbon at applied magnetic ﬁeld Hz = H cos θ, Hy = H sin θ in Cartesian coordinates one
can ﬁnd
H = 12 [− √ih̄mt ∂∂x +

|e|
√
(H
c mt

sin θz − H cos θy)]2 +

+ 12 [− √ih̄mt ∂∂y +

|e|
√
(H
c mt

∂
+ 12 [− √ih̄
+
mz ∂ z

|e|
√
(−H
c mz

cos θx]2 +

(34)

sin θx]2

By apply coordinate transformation as follows

ξ=

 mt
Mt

x,

(35)

124

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 117–130

Figure 2 (Color online)Single-particle spectrum of carbon armchair ribbon.

1
η=
ς=

Mt
(− sin θz
mt

+ cos θy),

(36)

Mt2 sin θ
(
y
mt mz

cos θ
z),
mt

(37)

+

Hamiltonian (34) transforms to the form
∂
−
H = 12 [− √ih̄
Mt ∂ ξ
∂
+ 12 [− √ih̄
+
Mt ∂ η

|e|ℵ
√
η]2 +
2c Mt

|e|ℵ
√
η]2 +
2c Mt

(38)

∂ 2
+ 12 [− √ih̄
].
Mz ∂ ς

In the new coordinate system the expression for interparticle spacing one can ﬁnd in
the form

t 3/2
r 2 = x2 + y 2 + z 2 = ς 2 + ( M
) (1 +
mt

t
t
+ (M
)(cos φ2 + ( mM
)2 (cos θ2 m2z + sin θ2 m2t ) sin
mt
t mz
(39)
At introduced the polar coordinates ρ, ϕ on the plane ξ and η, Hamiltonian one can
be rewritten

Ĥ =

sign(mt ) 1 ∂
(ρ ∂∂ρ )
2Mt ρ ∂ ρ

+

mt
) sin 2θ sin φρς
mz

sign(mt ) 1 ∂ 2
2Mt ρ2 ∂ ϕ2

−

1 ∂2
2Mz ∂ ς 2

−

eh̄
ℵ ˆlς
4Mt c

+

e2 ℵ2
ρ2
32Mt c2

−

Ze2
κr

(40)

Since
(Mt )3/2 sin 2θ = 0,

(41)
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as well as
(

Mt (θ) 2 2
) (mz cos θ2 + m2t sin θ2 ) = 1,
mt mz

(42)

then the solution of Schrödinger equation
ĤΨ =  Ψ

(43)

Ψ = R(ρ)χ(ς).

(44)

one can ﬁnd as follows

The equation for deriving of the ground state energy of bielectron in carbon armchair
ribbons necessarily to solve the following equation
1 ∂2
Ze2
−
χ(ς) −
2Mz ∂ ς 2
κ



∞
0

R2 (ρ)ρ dρ
1 00
χ(ς) = χ(ς),
t
2
ς2 + (M
)ρ
mt

(45)

where
2

R00

1 − 4aρ 2
=
e H.
aH

(46)

From algebra calculation one can ﬁnd the following set of equations:
∂2
Ze2
1
χ(ς)
−
−
2Mz a2B ∂ (ς/aB )2
κ aB



∞

χ(ς) = χ(ς),

(47)

2
R00
(ρ)ρ dρ
1
χ(ς) = χ(ς).
2
(ς/aB )2 + (2aãH2 ) ρ2

(48)

(ς/aB

0

∂2
Ze2
1
χ(ς)
−
−
2Mz a2B ∂ (ς/aB )2
κ aB

2
R00
(ρ)ρ dρ

1


∞
0

)2

+

2
t (2aH )
(M
) a2 ρ2
mt
B

B

In order to solve the latter equation necessarily to introduce the following relations
for deﬁne of Bohr radius ãB in unconventional Hydrogen theory of considered the threedimensional saddle surface geometry:
−

h̄2 1
= −Ry,
2Mz a2B
aB = κ

−

h̄2
,
Mz e2

e2
= −2Ry,
κ aB

ã2B = √

κ2 h̄4
,
mz Mz Mz e4

(49)

(50)

(51)

(52)
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a2H =

h̄ c
.
|e|H

(53)

Our approximate result is shown to be obtained for the higher magnetic ﬁelds i.e. at
condition
(2aH )2
<< 1,
ã2B

(54)

the Eq. (28) takes the Whittaker form of the conﬂuent hypergeometric equation
[27–29]
(−

n 1
∂2
− + )χ(˜
ς ) = 0,
2
∂ ς˜
ς˜ 4

(55)

where ς˜ = 2ς.
Of solution of Eq. (55) will be the following wave function and quantized energy
χ(˜
ς) = √

2˜
ς
1
Wn,1/2 (
),
naB
naB

E=−

h̄2
.
2Mz (naB )2

(56)

(57)

The ground state energy of bielectron in carbon armchair ribbons takes the form
1
ãB
= ln
,
n
2aH

(58)

Mz Z 2 e4
κ2 h̄3 H
√
(ln
)2 .
(59)
4Z 2 |e|3 cMz mz Mz
2h̄2 κ2
1
2 2 2
δ
Landau quantization  = h̄ωc m± 2 1 + 4h̄ ωδc2β m for fermions from mass chiral Dirac
equation for the doped graphene/insulator/doped graphene systems and from Schrödinger
equation for the two-dimensional materials with spin-orbit interactions in a second quantization is found exactly. Quantum Hall eﬀect in a doped graphene/insulator/doped
graphene systems as well as in two-dimensional materials with spin-orbit interactions
is shown. Schrödinger equation for pair of two particles of carbon armchair ribbon at
applied magnetic ﬁeld is analytically solved. Our approximate result is shown to be obtained for the higher magnetic ﬁelds. The perfect pairing between electron Fermi spheres
when magnetic ﬁeld is applied creating a Cooper pair is found.
E=−

1

Mathematical appendix
∂
∂y

1
=

=

Mt
mt

∂η ∂
∂y ∂η

+

∂ς ∂
∂y ∂ς

cos θ ∂∂η +

=

Mt2 sin θ ∂
,
mt mz ∂ ς

(60)
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∂
∂z

=−

1

Mt
mt

+

−

|e|H
√
(− sin θz
c mt

∂
Mt ∂ ξ

=

1
[− √ih̄mt ∂∂y
2
Mt
mt

∂
,
Mt ∂ ξ

[− √ih̄mt (

1

1

cos θ ∂∂η

Mt
mt

Mt
mt

(62)

+ cos θy)]2 =

|e|H  mt 2
√
η]
c mt
Mt

(63)

|e|ℵ
√
η]2 ,
2c Mt

|e|
√
(H
c mt

cos θx]2 =
1
Mt2 sin θ ∂
|e|
t
√
+ mt mz ∂ ς ) + c mt M
ξ H cos θ]2 ,
mt

1
∂
[− √ih̄
2
mz ∂ z

(−
= 12 [− √ih̄
mz

(61)

 mt

=

∂
= 12 [− √ih̄
−
Mt ∂ ξ

1

=

Mt2 cos θ ∂
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mt m t ∂ ς

sin θ ∂∂η +

∂
−
= 12 [− √ih̄
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1
[− √ih̄mt (
2
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∂
∂x

 mt

1
[− √ih̄mt
2

∂η ∂
∂z ∂η

=
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+

|e|
√
(−H
c mz

sin θx]2 =
1
M2
|e|
θ ∂
Mt
√
+ mtt cos
)
−
ξ H sin θ]2 ,
mt ∂ ς
c mz
mt

+

sin θ ∂∂η

Mt2 sin θ ∂
)
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cos θ ∂∂η +
2

+
2

2

|e|
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M4
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ξ
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(65)

H cos θ]2 =

2

h̄
h̄
∂
2 ∂
t sin θ
= −m
2 Mt cos θ ∂ η 2 − m m2 m2 ∂ ς 2 −
t
z
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Mt Mt sin θ
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1
Mz

=

Mt2
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ξ H ( mt mz
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t 3
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In the last few years there has been growing interest in the intersecting D-brane models
[1, 2]. These models aims to systematically classify all possible conﬁgurations [3, 4], and
seeking an acceptable eﬀective low energy theory which reproduces the success of the
Standard Model (SM) [5, 6, 7, 8]. However, the problem of mass hierarchy remains one
of the most open question in gauge theories of fundamental interactions. In the present
paper, we address the problem in the context of type IIA superstring using intersecting
D6-branes, where fermions as well as Higgs ﬁelds appear at the intersections and are
located at diﬀerent positions in the internal space being a six-dimensional factorizable
torus [9, 10]. The number of fermion generations is related to the multiplicity of the
corresponding intersecting number.
Based on the simplest and most economical D-brane conﬁguration which can incorporate the SM gauge symmetry [8, 11], we examine the quark Yukawa sector with
the presence of two Higgs doublets and discuss the family hierarchy through consistent
Yukawa components. In eﬀective low energy theories modeled from intersecting D-branes
conﬁgurations, the Yukawa superpotential terms are subject to additional restrictions
from abelian symmetries and anomaly cancelation conditions. In a minimal spectrum,
it is shown that several Yukawa couplings are absent in the perturbative superpotential.
Thus the mass of all quarks can be obtained only when additional Higgs doublets are
considered leading to smaller, comparable or even larger entries in the mass matrices,
depending of course on the magnitude of the various Higgs vevs. Moreover, in a realistic
∗
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D-brane SM analogue one could envisage to interpret the quark mass spectrum through
the Higgs dependent couplings eﬀects. This is a generic characteristic with rather exciting
and unprecedented implications on the low energy phenomenology of these constructions.
Here we focus on a vacuum conﬁguration involving four stacks of D6-branes: a stack
of three (color stack a), a stack of two (weak stack b), and two single branes c and d.
The hypercharge embedding is Y = Qa /6 − Qc /2 − Qd /2. Our basic assumption is that
in the minimal D-brane models the resulting fermions Yukawa couplings are sensitive to
the Higgs ﬁelds content,
+
*

(1)
Yf = Yf H, H , .. ,


where H, H , .. represent the various Higgs ﬁelds in the conﬁguration giving rise to a
spectrum satisfying all anomaly cancellation conditions, and some other conditions coming from tadpole cancellation [12]. Here we restrict ourself to quark sector This consists
of the three SM quark generations and the needed Higgs doublets. Let qi1 : (1, −1, 0, 0)
and Qi2 : 2 (1, 1, 0, 0) be the three quark doublets, u : 3 (−1, 0, 1, 0) d : 3 (−1, 0, −1, 0)
the right handed partners and the two Higgses Hu : (0, −1, −1, 0) and Hd : (0, 1, 1, 0)
required in orientIfold realizations. The indices i1 , i2 introduced take one, two values
respectively to serve for quark famliy assignment,
(1, (2, 3)) → q1 , Q2 , Q3 ,
(i1 , i2 ) = (2, (1, 3)) → q2 , Q1 , Q3 ,

(2)

(3, (2, 1)) → q3 , Q2 , Q1 .
According to their charges (qa , qb , qc , qd ), a number of useful Yukawa couplings is missing at the perturbative level. Indeed, depending on the particular assignment of the
quark generation (2), three possible coupling matrix textures arise with the up down
complementary generation relation
Yiu2 j +Y di1 j = Yij .

(3)

Fig. 1 The allowed Yukawa mass terms for both up and down quarks

The most obvious possibility of deriving the requested couplings is to extend the


Higgs sector by introducing new multiplets H with suitable charges Hu : (0, 1, −1, 0)

and Hd : (0, −1, 1, 0) emerging in the intersection of the two convenient branes,
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Fig. 2 The generated Yukawa mass terms for both up and down quarks.

Taking into account the additional Higgses, the resulting Yukawa couplings can be
expanded into two terms as,
*
Yij H, H



+
=




gij

i1 ,i2

H  
H

n i
,

(4)

where the appropriate powers, assumed family dependent, ni explain the hierarchical
pattern of quark masses. The gij ’s are dimensionless coupling constants, which we assume
to be of the same order. So the new terms ﬁll the missing couplings in the up and down
matrices such as,

Yiju
Yijd

*
H, H
*
H, H







+
= gi 1 j



+
= gi 1 j

Hu 
Hu 
Hd 
Hd 

nui

1


+ gi 2 j

ndi

1


+ g i2 j

Hu 
Hu 
Hd 
Hd 

nui

2

,

ndi

2

.

(5)

When the Higgs ﬁelds develop vacuum expectation values, the quarks attain hierarchical
masses through the family dependent powers of the Higgs vevs ratios. According to (2)
three diﬀerent coupling matrix textures are possible, of course, not all of them can be
compatible with the known data and due to the complementary texture zero structure of
the up and down quark coupling matrices (3), the consitent textures seem those where the
up and down quark Yukawa matrices are aligned in the way that both of them manifest
the same hierarchical structure. In addition, since generated in the same intersection of
the barne stacks, the two doublet quark ﬂavors Qi2 reveal a neighbouring hierarchy an
therefore could correspond to the two ﬁsrt light generations while the remaining quark
doublet qi1 will refer to the heavy third one. So we end up with the following assignment
as well as the resulting order of the various vevs,
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⎞

⎛
⎜
⎜
u
Y =⎜
⎜
⎝

g11

g12

g13

g21

g22

g23

g31 Hu  / Hu  g32 Hu  / Hu  g33 Hu  / Hu 

⎛

⎟
⎟
⎟,
⎟
⎠

⎞




⎜ g11 Hd  / Hd  g12 Hd  / Hd  g13 Hd  / Hd  ⎟
⎜
⎟
⎟.



Yd = ⎜
g
H

/
H

g
H

/
H

g
H

/
H

21
d
22
d
23
d
⎜
⎟
d
d
d
⎝
⎠
g32
g33
g31

(6)

(7)

In the ﬁrst set, small couplings occupy the two ﬁrst matrix lines of both up and down
quarks, while larger entries are in the remaining ones. This leads to,
3 4
3 4
Hu  Hu  , Hd  Hd  ,

(8)

nui1 = 1, nui2 = 0, ndi1 = 0, ndi2 = 1,

(9)

for the Higgs vevs and to,

values for the corresponding hierarchical powers. As can be noted, even if this texture
seems the be the consistent one containing the correct family assignment and quark mass
hierarchy, the distinction among the diﬀerent texture relys on the magnitude of the new
entries. This will be dictated when the order of magnitude of the Higgs vevs ratios will
be speciﬁed and thus considerable adjustment of the parameters is needed to derive the
observed quark data.
The fermion masses is a wide class of eﬀective low energy models emerging from intersecting D-brane conﬁgurations. In these constructions the Yukawa superpotential terms
are subject to additional restrictions from abelian symmetries and anomaly cancelation
conditions. In this work we have shown that in a minimal spectrum, several Yukawa
couplings are absent in the perturbative superpotential and by consequence the mass of
all quarks generations are obtained only when additional Higgs doublets are considered
leading to smaller, comparable or even larger entries in the mass matrices, depending of
course on the magnitude of the various Higgs vevs. Hence, in a realistic D-brane SM
analogue one could envisage to interpret the quark mass spectrum through the Higgs
dependent couplings eﬀects.
This is a generic characteristic with rather exciting and unprecedented implications
on the low energy phenomenology of these constructions, even if other alternative remain possible [13, 14, 15, 16], attributing the observed family hierarchy to the diﬀerent
magnitude perturbative Higgs dependant couplings.

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 131–136

135

Acknowledgement
The author wishes to thank URAC CNRST.

References
[1] L. E. Ibanez and R. Richter, “Stringy Instantons and Yukawa Couplings in MSSMlike Orientifold Models,” JHEP 0903 (2009) 090 [arXiv:0811.1583 [hep-th]
[2] G. K. Leontaris, “Instanton induced charged fermion and neutrino masses in a
minimal Standard Model scenario from intersecting D-branes,” arXiv:0903.3691 [hepph],
[3] I. Antoniadis, E. Kiritsis and T. N. Tomaras, “A D-brane alternative to
uniﬁcation,”Phys. Lett. B 486 (2000) 186 [arXiv:hep-ph/0004214],
[4] P. Anastasopoulos, T. P. T. Dijkstra, E. Kiritsis and A. N. Schellekens, “Orientifolds,
hypercharge embeddings and the SM,” Nucl.Phys. B 759 (2006) 83 [arXiv:hepth/0605226],
[5] I. Antoniadis, E. Kiritsis and T. Tomaras, “D-brane Standard Model”, Fortsch. Phys.
49 (2001) 573 [arXiv:hep-th/0111269],
[6] I. Antoniadis, E. Kiritsis, J. Rizos and T. N. Tomaras, “D-branes and the standard
model”, Nucl. Phys. B 660 (2003) 81 [arXiv:hep-th/0210263],
[7] D. V. Gioutsos, G. K. Leontaris and J. Rizos, “Gauge coupling and fermion mass
relations in low string scale brane models”, Eur. Phys. J. C 45 (2006) 241 [arXiv:hepph/0508120],
[8] P. Anastasopoulos, T. P. T. Dijkstra, E. Kiritsis and A. N. Schellekens, “Orientifolds,
hypercharge embeddings and the standard model”, Nucl. Phys. B 759 (2006)83
[arXiv:hep-th/0605226],
[9] R. Blumenhagen, L. Goerlich, B. Kors and D. Lust, “Noncommutative
compactiﬁcationsof type I strings on tori with magnetic background ﬂux”, JHEP
0010 (2000) 006 [arXiv:hep-th/0007024],
[10] D. Cremades, L. E. Ibanez and F. Marchesano, “Yukawa couplings in intersecting
D-brane models,” JHEP 0307 (2003) 038 [arXiv:hep-th/0302105],
[11] D. V. Gioutsos, G. K. Leontaris and A. Psallidas, “D-brane standard model variants
and split supersymmetry: Uniﬁcation and fermion mass predictions,” Phys. Rev. D
74 (2006) 075007 [arXiv:hep-ph/0605187],
[12] L. E. Ibanez, F. Marchesano and R. Rabadan, “Getting just the standard model at
intersecting branes,” JHEP 0111 (2001) 002 [arXiv:hep-th/0105155],
[13] R. Blumenhagen, M. Cvetic and T. Weigand, “Spacetime instanton corrections in 4D
string vacua - the seesaw mechanism for D-brane models,” Nucl. Phys. B 771 (2007)
113 [arXiv:hep-th/0609191],
[14] L. E. Ibanez and A. M. Uranga, “Neutrino Majorana masses from string theory
instanton eﬀects,” JHEP 0703 (2007) 052 [arXiv:hep-th/0609213],
[15] B. Florea, S. Kachru, J. McGreevy and N. Saulina, “Stringy instantons and quiver
gauge theories,” JHEP 0705 (2007) 024 [arXiv:hep-th/0610003],

136

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 131–136

[16] S. A. Abel and M. D. Goodsell, “Realistic Yukawa couplings through instantons in
intersecting brane worlds,” JHEP 0710 (2007) 034 [arXiv:hep-th/0612110],

EJTP 13, No. 36 (2016) 137–146

Electronic Journal of Theoretical Physics

Higher Order Perturbative QCD
and Non-perturbative Higher Twist
Correctionto F2N S Structure Function
Nayan. M. Nath∗1,2 and J. K. Sarma2
1

Department of Physics, Rajiv Gandhi University, Rono Hills, Doimukh-791112,
Arunachal pradesh, India
2
High Energy Physics Laboratory, Department of Physics, Tezpur University,
Tezpur-784028, Assam, India

Received 9 February 2016, Accepted 20 September 2016, Published 10 November 2016
Abstract: We have determined the F2N S structure function by means solving the DGLAP
evolution equations with perturbative Quantum Chromodynamics(pQCD) corrections
upto next-next-to-leading order(NNLO) using a Q2 dependent regge ansatz as the initial
input. In addition we have extracted the higher twist contribution to the structure function
F2N S in NNLO perturbative orders and then incorporated them to our results. Our
NNLO results along with higher twist corrections are observed to be compatible with
corresponding experimental data and other phenomenological analysis.
c Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Quantum Chromodynamics; Regge Theory; F2N S Structure Function; Higher
Twist Correction
PACS (2010): 12.39.-x ; 12.38.-t; 12.38.Bx; 13.60.Hb

1

Introduction

F2N S , the non-singlet part of F2 structure function is regarded as one of the most
important observable in order to investigate Quantum Chromodynamics(QCD) as
the underlying theory of strong interaction and therefore it has been an object
of intensive investigation both theoretically and experimentally in recent years(see
for example [1] and references therein). In QCD, the structure functions are governed by a set of integro-diﬀerential equation, known as the DGLAP (DokshitzerGribov-Lipatov-Altarelli-Parisi) evolution equations [2], which is a renormalisation
∗
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group equation for the distribution of quarks and gluons inside hadrons. Although
QCD predicts the Q2 dependence of structure functions in accord with the DGLAP
equations but they have limitations on absolute prediction of structure functions.
DGLAP equations have the capability to predict only the evolution of structure functions with Q2 , once an initial distribution is given, they cannot predict the initial
values from which the evolution starts. Further, due to its complicated mathematical structure, an exact analytic determination of the structure functions is currently
out of reach and one needs to apply approximated methods to arrive on predictions
from the DGLAP equation. Accordingly several approximate numerical as well as
semi-analytical methods for the solution of DGLAP equation have been discussed
considerably over the past years [3–10] for several QCD observable.
In our previous paper Ref. [10], in order to determine the GLS sum rule
we obtained the small-x behaviour of xF3 structure function by means of solving
the DGLAP evolution equation using the Q2 dependent Regge behaved ansatz,
xF3 (x, t) = Ax(1−bt) as initial input with pQCD corrections upto next-next-toleading order(NNLO). In this paper we extend the similar formalism to account
for the F2N S structure function.
The Q2 dependency of the F2N S structure function is governed by the DGLAP
equation
 1
dω N S x 2
∂F2N S (x, Q2 )
=
(1)
F2 ( , Q )P (ω).
2
∂ln Q
ω
x ω
Here, P (ω) is the splitting function associated with the F2N S (x, Q2 ) structure function which is deﬁned up to NNLO by [11]
* α(Q2 ) +2
* α(Q2 ) +3
α(Q2 ) 0
1
P (ω) +
P 2 (ω)
(2)
P (ω) =
P (ω) +
2π
2π
2π
Here, P 0 (ω), P 1 (ω) and P 2 (ω) are the corresponding LO, NLO and NNLO corrections to the splitting functions. The DGLAP equation is valid to all orders in the
2)
. One important point to be noted is that both the
strong coupling constant α(Q
2π
splitting function and strong coupling constant for F2N S in LO, NLO and NNLO
has the form similar to xF3 structure function and hence they are predicted with
the same DGLAP equation. Thus in accord with Ref. [10], with the ansatz of
F2N S (x, t) = Ax(1−bt) type as initial input the DGLAP evolution equations in LO,
NLO and NNLO can be solved to have,
 
t

F2N S (x, t) = F2N S (x0 , t0 ) exp
 
t

F2N S (x, t) = F2N S (x0 , t0 ) exp

t0

t0

α(t)
2π

α(t)
2π





LO

x
P (x0 , t)dt .
x0
 t


P (x0 , t)dt +
N LO

t0

α(t)
2π

(1−bt)
,

(3)


2
Q(x0 , t)dt
N LO

x
x0

(1−bt)
(4)
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and
 
t

F2N S (x, t) = F2N S (x0 , t0 ) exp

t0

α(t)
2π



 t
P (x0 , t)dt +
N N LO

 t

+
t0

α(t)
2π

3

t0

α(t)
2π

2
Q(x0 , t)dt
N N LO



R(x0 , t)dt
N N LO

x
x0

(1−bt)
(5)

respectively. Here

2
4
P (x, t) = {3 + 4ln(1 − x)} +
3
3


1

Q(x, t) =
x



1
x

dω
1−ω

5

6
1 + ω 2 −(1−bNi S t)
−2 ,
ω
ω

(6)

dω (1)
P (ω)ω −(1−bt) ,
ω

(7)

dω (2)
P (ω)ω −(1−bt)
ω

(8)

,


1

R(x, t) =
x

in which the two loop and three loop correction terms to the splitting functions for
non-singlet structure functions are given by [11]

3 1 2
PF (ω) − PA (ω) + δ(1 − ω){ − π + ζ(3) − 8S̃(∞)}
P (ω) =
8 2
&
'
1
17 11 2
+ CF CA PG (ω) + PA (ω) + δ(1 − ω)
+ π − ζ(3) + 8S̃(∞)
2
12
9
&
'
1 2 2
+CF TR NF PNF (ω) − δ(1 − ω)
+ π
6 9
(1)

CF2

(9)

and
5120
L1 − 197.0
81
+381.1ω + 72.94ω 2 + 44.79ω 3 − 1.497ωL30 − 56.66L0 L1

2608 2 64 3
−152.6L0 −
L − L
81 0 27 0




51
ω
3
2 64
+NF
− D0 −
+ 3ζ3 − 5ζ2 δ(1 − ω) +
L0
+5
81
16
1−ω
2


11
3 2
+1 + (1 − ω) 6 + L0 + L0 .
2
4

P (2) (ω) = NF − 183.187D0 − 173.927δ(1 − ω) −

(10)
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with
1 + ω2
PF (ω) = −2
ln ω ln(1 − ω) −
1−ω




3
1
+ 2ω ln ω − (1 + ω) ln2 ω
1−ω
2
−5(1 − ω),


1 + ω2
11
67 1 2
2
ln ω +
− π + 2(1 + ω) ln ω
PG (ω) =
ln ω +
(1 − ω)+
3
9
3
40
+ (1 − ω),
3

2 1 + ω2
5
(− ln ω − ) − 2(1 − ω) ,
PNF (ω) =
3 (1 − ω)+
3
1 + ω2
PA (ω) = 2
1+ω



1/(1+ω)
ω/(1+ω)

dz 1 − z
ln
+ 2(1 + ω) ln ω + 4(1 − ω).
z
z

(11)

(12)

(13)

(14)

Here the following abbreviations are used,
D0 =

1
,
(1 − ω)+

L1 = ln(1 − ω),

L0 = ln ω.

(15)

The results for F2N S (x, Q2 ) structure function in accord with eq. (3), (4) and (5)
are depicted in Fig. 1 against Q2 in comparison with NMC [12] data and NNPDF
[13] parametrization results. Our results are evolved with respect to the input
point F (x0 , t0 ) = 0.010348 and with the best ﬁtted value for the parameter b =
0.118. Here, our LO, NLO and NNLO results are represented by the dotted, dashed
and solid curves respectively. The solid circles are used to represent the NMC
data point and they are along with vertical upper and lower error bars for total
uncertainties of statistical and systematic errors. As far this ﬁgure is concerned,
we observe a very good consistency between theoretical and experimental as well as
parametrization results within the kinematical region x ≤ 0.035 and Q2 ≤ 20GeV 2
of our consideration, especially, if the NNLO results are concerned.
Thus we see that higher order pQCD corrections have a signiﬁcant contribution
towards the precise predictions of the structure functions. However recent analysis
indicates that precise prediction of structure functions demand to incorporate several
non-perturbative eﬀects, in addition to pQCD corrections. There are several nonperturbative eﬀects such as higher twist eﬀects, nuclear corrections, target mass
corrections(TMC) etc., to be included into the joint QCD analysis of structure
functions and sum rules. However in accord with [14] the contribution due to TMC
within the region of our consideration is neglected. In this paper we present an
analysis of the NNLO results of F2N S structure function taking into account the
Higher twist corrections.
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Fig. 1 Q2 (in the unit of GeV 2 ) evolution of F2N S (x, Q2 ) structure functions in accord with
(3)-(5) in comparison with NMC [12] and NNPDF [13]results. For clarity, the points are
oﬀset by the amount given in parenthesis. (Q2 ’s are taken in the unit of GeV 2 ).

2

Higher Twist Corrections on F2N S structure function

The behaviour of the deep inelastic structure functions can be analyzed with the
perturbative QCD. A method used for this analysis is the operator product expansion method(OPE) [15]. The OPE is successful in describing the contributions from
diﬀerent quark-gluon operators to hadronic tensor and helps in ordering them according to their twist. In accord with OPE, the DIS structure functions and sum
rules consist of two parts, the leading twist(LT) and the higher twist(HT) contributions:

F (x, Q2 ) = F LT (x, Q2 ) +

Hi (x, Q2 )
,
Q2

(16)

where i labels the type of the structure function (F = F2 , F3 , g1 ). The leading twist
term is associated with the single particle properties of quarks and gluons inside the
nucleon and is responsible for the scaling of DIS structure function via perturbative
QCD αs (Q2 ) corrections. The higher twist terms reﬂect instead the strength of
multi-parton interactions (qq and qg). Since such interactions spoil factorization
one has to consider their impact on the parton distribution functions extracted in
the analysis of low-Q2 data. Because of the non-perturbative origin it is diﬃcult
to quantify the magnitude and shape of the higher twist terms from ﬁrst principles
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and current models can only provide a qualitative description for such contributions,
which must then be determined phenomenologically from data.
The higher twist terms are governed by the terms contributing at diﬀerent orders
of 1/Q2 :
Hi (x, Q2 )
h1 (x) h2 (x)
=
+
+ ............,
2
Q
Q2
Q4

(17)

the leading term in this expansion is known as twist-two, the sub-leading ones twistthree, etcetera. The higher twist terms are suppressed by terms of order 1/Q2 ,
1/Q4 ..., respectively.
The currently available experimental data on deep inelastic structure functions
covers a large kinematical regime with high precision measurements. This provides
an interesting challenge for theoretical physics when it comes to describing this data
in the low-Q2 domain. pQCD predictions, even with higher order corrections up to
NNLO and NNNLO observed to be not suﬃcient for a precise description of deep
inelastic structure function data, which in turn reveals that the discrepancy among
data and pQCD predictions are not primarily the sub-leading terms in powers of
αs , but corrections which are proportional to the reciprocal value of the photon
virtuality Q2 , viz. higher-twist terms.
The usual approach in available analyses who attempt in extracting the leading
twist PDFs is either to parametrize the higher twist contributions by a phenomenological form and ﬁt the parameters to the experimental data [16, 17], or to extract
the Q2 dependence by ﬁtting it in individual bins in x [18–22]. Such an approach
eﬀectively includes contributions from multiparton correlations along with other
power corrections that are not yet part of the theoretical treatment of DIS at low
Q2 . These include O(1/Q2) contributions such as jet mass corrections [23] and soft
gluon resummation [24], as well as contributions which are of higher order in αs but
whose logarithmic Q2 behavior mimics terms ∝ Q12 at low virtuality [22, 25].
In the following we present a simple model in order to extract the higher twist
contribution to F2N S structure function and comment on the phenomenological implications of our results.
In order to estimate the higher twist contribution to the F2N S structure function,
we have performed an analysis based on a simple model. Here the ﬁrst higher twist
term is extracted and to do so we have parameterised the non-singlet structure
functions as
data


F2N S (xi , Q2 )


=

LT
F2N S (xi , Q2 )

+

h1 (xi )
.
Q2

(18)

Here leading twist(LT) term corresponds to the pQCD contribution to structure
functions and the constants h1 (xi ) (one per x - bin) parameterize the x dependence
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of higher twist contributions. For the leading twist term, we have utilised the results
for the non-singlet structure functions obtained in our previous paper. Incorporating our results for non-singlet structure functions in NNLO as the LT terms we have
data 
LT

NS
2
NS
2
− F2 (xi , Q )
from their correextracted the diﬀerence, F2 (xi , Q )
sponding experimental data and then ﬁtted with h1 (xi )/Q2 . From the best ﬁtting
values, we have determined the higher twist contribution terms hi per x-bin. In
this analysis we have performed our ﬁtting analysis within the kinematical region
0.0125 ≤ x ≤ 0.5 and 1 ≤ Q2 ≤ 20GeV 2 .
The parametrization for the F2N S structure function incorporating higher twist
contributions in terms of the parameter h1 (xi ) is ﬁtted to the NMC data for the
x-bins xi = 0.0125, 0.0175, 0.025, 0.035. Here we have used the NNLO results (5) for
the term (F2N S (xi , Q2 ))LT . Best ﬁtted values of h1 at diﬀerent values of x for the
χ2
F2N S structure functions are presented in Table 1 and Fig. 2 along with the d.o.f.
value.
xi

N LO
hN
1

0.0125

−0.00397 ± 0.0025

0.0175

−0.00283 ± 0.0029

0.025

−0.0045 ± 0.0026

0.035

−0.0022 ± 0.0052

χ2
d.o.f.

0.85

Table 1 Higher Twist corrections to F2N S structure functions at NNLO.

In Fig. 2 we have presented the best ﬁtting results of (18) for F2N S in comparison
with NMC experimental data. Here both the NNLO results, with HT and without
HT are shown. Signiﬁcant higher twist contribution to F2N S structure function is
observed in the low-x, low-Q2 region. We observe that our expressions along with
the HT corrections provide better description of NMC data than without HT within
our kinematical region of consideration.

3

Conclusion

Some analytical expressions are obtained to describe small x behaviour of F2N S (x, Q2 )
structure function by means of solving DGLAP equations up to NNLO using a Regge
behaved ansatz with Q2 dependent intercept as the initial input. The solutions are
analysed phenomenologically and observed that there is a good agreement between
our results with those of other experimental measurements. Further the solutions
are used to extract the higher twist contributions in accord with a simple model.
Higher twist corrected results are also compared with the available experimental
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Fig. 2 Higher twist corrections to F2N S structure function at NNLO. (Q2 ’s are taken in
the unit of GeV 2 ).

data. From the phenomenological analysis we have the following observations:
i. The Regge inspired ansatz F2N S = Ax1−bt in accord with DGLAP equations
provides a very good description of the small-x behaviour of F2N S (x, Q2 ) structure
function, which are consistent with other results taken from Ref. [12, 13], which signiﬁes that the model is applicable in describing the small-x behaviour of F2N S (x, Q2 )
structure function although it being simple. Moreover, in this method we do not
require the knowledge of initial distributions of structure functions at all values of
x from 0 to 1. Here, we just require one input point at any ﬁxed x and Q2 and
with respect to that point both the x and Q2 evolution of structure functions can
be obtained.
ii. Considering the NNLO solution of DGLAP evolution as the leading twist
term we have estimated the higher twist contribution with a simple model. Inclusion
of these higher twist terms to NNLO results provides a better description of the NMC
[12] results.
Based on all these observation we conclude with that the simple but eﬃcient
2
Q dependent Regge ansatz for F2N S (x, Q2 ) is capable of evolving successfully the
F2N S (x, Q2 ) structure function in accord with DGLAP equation at small-x and along
with the higher twist corrections provide well description of the experimental data
and parametrization.
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1

Introduction

Deuteron is the most elementary nucleus, which consists of the two strongly interacting particles (a proton and a neutron). The simplicity of the deuteron’s structure
makes it a convenient laboratory for studying nucleon-nucleon forces. Currently,
deuteron has been well investigated both experimentally and theoretically.
The experimentally determined values of static performances of the deuteron
are in good agreement with the experimental data. Despite that, there still are
some theoretical inconsistencies. For example, one (for Bonn potential) or both
(for Moscow potential) components of the wave function have knots [1, 2] near the
origin of the coordinates. The presence of knots in the wave functions of the basic
and sole state of the deuteron is the evidence of inconsistencies and inaccuracies in
∗

Email: viktorzh@meta.ua
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implementation of numerical algorithms in solving similar problems. The way the
choice of numerical algorithms inﬂuences the solution is shown in Ref. [3, 4].
Such potentials of the nucleon-nucleon interaction as Bonn [1], Moscow [2], Nijmegen group potentials (NijmI, NijmII, Nijm93, Reid93 [5]), Argonne v18 [6] or
Paris [7] potential have quite a complicated structure and cumbersome representation. The original potential Reid68 was parameterized on the basis of the phase
analysis by Nijmegen group and was called Reid93. The parametrization was done
for 50 parameters of the potential, where χ2 /Ndata =1.03 [5].
Besides, the deuteron wave function (DWF) can be presented as a table: through
respective arrays of values of radial wave functions. It is sometimes quite diﬃcult
to operate with such arrays of numbers during numerical calculations. And the
program code for numerical calculations is overloaded. Therefore, it is feasible to
obtain simpler analytical forms of DWF representation. It is possible on the basis
to calculate the form factors and tensor polarization, characterizing the deuteron
structure.

2

Analytical form of the Deuteron Wave Function

The known numerical values of a radial DWF in coordinate space can be approximated with the help of convenient expansions [8] in the analytical form (N1 =11):
⎧
N1

⎪
⎪
Ai exp(−ai r2 ),
⎨ u1 (r) =
i=1

N1

⎪
⎪
⎩ w1 (r) = r2
Bi exp(−bi r2 ).
i=1

To solve the system of associated Schrödinger equations that describe the radial
DWF u and w
⎧
⎪
⎨ u − α2 u = f (r),


⎪
⎩ w − α2 + 62 w = g(r)
r

(1)

parameterizations were proposed back in 1955 [9]:
⎧
∞

⎪
⎪
cn ψ1n (r),
⎨ f (r) =
n=0

∞

⎪
⎪
dn ψ1n (r).
⎩ g(r) =
n=0

They can be generalized for the DWF approximation as such analytical forms
through Laguerre functions:
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⎧
11

⎪
⎪
An ψ3n (r),
⎨ u(r) =
n=0

11

⎪
⎪
Bn ψ3n (r),
⎩ w(r) =

(2)

n=0

functions [9]:
where ψ3n (r) - Laguerre
√
exp(αr) dn
2α
2α
(rn+2 exp(−2αr)) , n=0,1,2,3,. . .
ψ3n (r) = √
r
dr n
n!

(n+1)(n+2)

ψ30 =

ψ31 = 2

√

α exp(−αr) (2αr) ,



α
exp(−αr) 3αr − 2α2 r2 ,
3





2α
exp(−αr) 3αr − 4α2 r2 + α3 r3 ,
3


√
2 4 4
2 2
3 3
= 2 10α exp(−αr) αr − 2α r + α r − α r ,
15
ψ32 = 2

ψ33

ψ34 =

ψ35 = 2



16 4 4
4 5 5
5α
2 2
3 3
exp(−αr) 6αr − 16α r + 12α r − α r + α r ,
3
5
15



7α
2 5 5
4 6 6
2 2
3 3
4 4
exp(−αr) 3αr − 10α r + 10α r − 4α r + α r −
α r ,
3
3
105

.............
Despite cumbersome and time-consuming calculations and minimizations of χ2
(to the value smaller than 10−7 ), it was necessary to approximate numerical values
of DWF, the arrays of numbers of which made up 8394 values in an intervalr=025 fm for potentials NijmI, NijmII, Nijm93 and Reid93 [5], and 15002 values in an
intervalr=0-15 fm for potential Argonne v18 [6].
The accuracy of parametrization (2) is characterized by:
1 
(yi − f (xi ; a1 , a2 , ..., ap ))2 ,
χ =
n − p i=1
n

2

(3)

where n - the number of points of the array yi of the numerical values of DWF
in the coordinate space; f - approximating function of u (or w) according to the
formulas (2); a1 ,a2 ,. . . ,ap - parameters; p - the number of parameters (coeﬃcients
in the sums of formulas (2)). Hence, χ2 is determined not only by the shape of the
approximating function f , but also by the number of the selected parameters.
Based on the known DWFs (2) one can calculate the deuteron parameters (Table 1): deuteron radius rm , the quadrupole moment Qd , the magnetic moment μd ,
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Fig. 1 Deuteron wave functions

the D- state probability PD , the “D/S- state ratio” η. They are in good agreement
with the theoretical [5, 6] and experimental [10] data.
The designed DWFs (2) do not contain superﬂuous knots (Fig.1). They correlate
well with the data in Ref. [5, 6]. The values of coeﬃcients Ai , Bi , α for formulas
(2) are shown in Tables 2 and 3.
Table 1. Deuteron properties
PD (%)

rm (fm)

Qd (fm2 )

μd (μN )

η

Nijm I (2)

5.66478

1.9661

0.271884

0.847528

0.024297

Nijm I [5]

5.664

1.967

0.2719

-

0.0253

Nijm II (2)

5.6398

1.96415

0.270405

0.84767

0.024529

Nijm II [5]

5.635

1.968

0.2707

-

0.0252

Nijm 93 (2)

5.75922

1.96434

0.270307

0.84699

0.023983

Nijm 93 [5]

5.755

1.966

0.2706

-

0.0252

Reid93 (2)

5.70092

1.96711

0.270149

0.847322

0.024261

Reid93 [5]

5.699

1.969

0.2703

0.8853

0.0251

Argonne v18 (2)

5.75929

1.95329

0.267481

0.846989

0.025090

Argonne v18 [6]

5.76

1.967

0.270

0.847

0.0250

-

1.975(3)

0.2859(3)

0.857438

0.0256(4)

[10]
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Table 2. Coeﬃcients Ai , α
NijmI

NijmII

Nijm93

Reid93

Argonne v18

A0

0.79122804

0.71188044

0.74475987

0.74296661

0.68678222

A1

-0.48085374

-0.55345986

-0.52249319

-0.52955025

-0.56422705

A2

0.19209966

0.22242176

0.21703951

0.20637090

0.24575741

A3

-0.19142145

-0.23519092

-0.21781696

-0.22110198

-0.23909236

A4

0.07945871

0.11246612

0.10017850

0.09614305

0.13330378

A5

-0.06071998

-0.08545236

-0.07749178

-0.07617094

-0.09101688

A6

0.04118743

0.06304857

0.05368065

0.05320700

0.07374333

A7

-0.01463533

-0.02738827

-0.02303712

-0.02154056

-0.03299228

A8

0.02113029

0.03468695

0.02918209

0.02874499

0.03672823

A9

-0.00249397

-0.00837166

-0.00560753

-0.00534089

-0.01002996

A10

0.00941583

0.01777712

0.01483231

0.01402941

0.01230063

A11

6.5691E-10

8.6959E-09

9.6740E-10

1.2174E-09

-4.8664E-09

α

0.98365400

1.14771906

1.08690976

1.07714584

1.21278892
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Table 3. Coeﬃcients B i , α

3

NijmI

NijmII

Nijm93

Reid93

Argonne v18

B0

0.213991872

0.204826708

0.209111271

0.210285457

0.207879909

B1

-0.097150131

-0.114413263

-0.11168506

-0.107223815

-0.113823624

B2

-0.007961896

0.000995226

0.002205801

0.000660303

0.000922686

B3

-0.03512312

-0.034689076

-0.035258107

-0.034288059

-0.035504255

B4

-0.001217534

0.004524132

0.003375334

0.002947312

0.004413124

B5

-0.005232595

-0.004891425

-0.006107023

-0.005553301

-0.004905812

B6

0.005727961

0.007444181

0.006643619

0.006343344

0.007881779

B7

0.003114367

0.002347743

0.001967454

0.001820614

0.002835326

B8

0.005412518

0.005530414

0.005526667

0.004851527

0.005675591

B9

0.003060012

0.002249765

0.002417623

0.001896869

0.002972332

B10

0.002933145

0.002766437

0.003007419

0.002361315

0.002108114

B11

0.001229201

0.00080667

0.000985632

0.000612914

0.001555599

α

1.076934768

1.195165753

1.197049139

1.169722503

1.204892508

Form Factors and Tensor Polarization of the Deuteron

Measurement of polarization characteristics of a response of deuteron fragmentation A(d, p)X at the intermediate and high energies remains one of the basic tools
for examination of a deuteron structure. For a quantitative understanding of the
deuteron structure, S- and D- states and polarization characteristics, one should
consider diﬀerent models of the nucleon-nucleon potential. The deuteron charge
distribution is not well known from the experiment, because it is done only through
the use of polarization measurements, and the unpolarized elastic scattered diﬀerential cross sections [11, 12, 13, 14]. However, it can be determined [11]. Diﬀerential
cross section of elastic scattering of unpolarized electrons by unpolarized deuterons
without measuring polarization of the repulsed electrons and deuterons [12, 13]
 
dσ
dσ
S,
=
dΩ
dΩ M OT T
 
θ
2
.
S = A(p) + B(p) tan
2
Here θ - the scattering angle in the laboratory system, p - the deuteron momentum in fm−1 , A(p) and B(p) - functions of the electric and magnetic structure
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[12, 13]:
8
2 2
A(p) = FC2 (p) + η 2 FQ2 (p) + ηFM
(p),
9
3

(4)

4
2
(p),
B(p) = η(1 + η)FM
3

(5)

2

p
where η = 4M
2 ; MD =1875.63 V - deuteron mass. Charge FC (p), quadrupole FQ (p)
D
and magnetic FM (p) form factors contain information about the electromagnetic
properties of the deuteron [11, 12, 13, 14]:

∞
FC = [GEp + GEn ]

!
u2 + w2 j0 dr;

(6)

0

2
FQ =
η



9
[GEp + GEn ]
8

∞


w2
uw − √ j2 dr;
8

(7)

0

∞ 7* 2 w2 +
FM = 2 [GM p + GM n ]
u − 2 j0 +
0
+ 8
*
∞ 2
uw
w2
3
+
[G
+
G
]
w [j0 + j2 ] dr;
j
dr
+
+ √
2
Ep
En
2
2
2

(8)

0

where u, w - radial DWFs (3), j0 , j2 - the spherical Bessel functions from the
argument pr /2; GEp , GEn (GM p , GM n ) - neutron and proton electric (magnetic) form
factors. In the experiments with the unpolarized elastic scattering, the structure
functions can be obtained by determining B(p) directly from the scattering cross
section back. Tensor polarization of the repulsed deuterons is determined [11, 12, 13]
using the form factors (6)-(8):
1
t20 (p) = − √
2S



8
1
8
ηFC (p)FQ (p) + η 2 FQ2 (p) + η 1 + 2(1 + η)tg 2
3
9
3
0

2
 η
t21 (p) = √
3S cos 2θ

η+

η2


 
θ
2
FM (p) ,
2
(9)

 
θ
sin
FM (p)FQ (p),
2
2

1
2
(p).
t22 (p) = − √ ηFM
2 3S

(10)

(11)

Tensor polarization (9) and (10) for NijmI, NijmII, Nijm93, Reid93 and Argonne
v18 potentials (Fig. 2 and 3) has been carried out and the obtained results have been
compared with the published experimental and theoretical data.
A detailed comparison of the obtained values of t20 (p) (the scattering angle
θ=700 ) for NijmI, NijmII, Nijm93, Reid93 and Argonne v18 potentials (Fig. 2)
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Fig. 2 Tensor polarization of deuteron t20

Fig. 3 Tensor polarization of deuteron t21

with the up-to-date experimental data of JLAB t20 [11, 14] and BLAST [15, 16]
collaboration. There is a good agreement is for the momentas p=1-4 fm −1 .
The calculated value t20 (p) is in good agreement with the results of works, where
the theoretical calculations have been conducted: with data [15] for the Paris, Argonne v14 and Bonn-E potentials and with data [17] for Moscow, NijmI, NijmII,
CD-Bonn and Paris potentials. It is in a good agreement with the value t20 (p)
calculated in [16] for elastic ed -scattering for models with the inclusion of nucleon
isobaric component, within light-front dynamics and quark cluster model, for BonnA, Bonn-B and Bonn-C, Bonn Q, Reid-SC and Paris A-VIS potentials. There is
a good agreement of the obtained values of t21 (p) with the data for models NRIA
and NRIA+MEC+RC [15]. Besides, t20 (p) and t21 (p) coincide well with the results
according to the eﬀective ﬁeld theory [16].
The experimental data for t21 (p) and t22 (p) in a wide range of momentas is missing in the scientiﬁc literature. Therefore, this is of current importance to get these
values both theoretically and experimentally. It is also appropriate to calculate polarization characteristics of deuteron (sensitivity tensor components to polarization
of deuterons 20 , polarization transmission 0 and tensor analyzing power ) and compare them with theoretical calculations [4], as well as with the experimental data
[18].
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Conclusions

The coeﬃcients of the approximating dependencies have been calculated in a new analytic form (2) through Laguerre functions for the numerical values of DWF in the
coordinate space for realistic phenomenological potentials NijmI, NijmII, Nijm93,
Reid93 and Argonne v18. With the account of the minimum values of χ2 for these
forms we have built DWFs in the coordinate space, which do not contain superﬂuous knots. The calculated parameters of the deuteron are in good agreement with
theoretical and experimental results.
The deuteron tensor polarization has been calculated based on the received
DWFs. The behavior of the value t20 (p) depending on χ2 has been studied. Numerical calculations of the deuteron tensor polarization t20 (p) and t21 (p) have been
carried out in the range of momentas 0-7 fm−1 . The result t20 (p) for NijmI, NijmII,
Nijm93, Reid93 and Argonne v18 potentials is in good agreement with the published
results for other potential nucleon-nucleon models, as well as with the experimental
data.
The obtained results of the deuteron tensor polarization tij (p) give some information about the electromagnetic structure of the deuteron and diﬀerential cross
section of double scattering, if there the tensor analyzing power would be known.
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[9] F. Cap, W. Gröbner. New method for the solution of the deuteron problem, and
its application to a regular potential
Nuovo Cimento. 1955, v.1, p. 1211-1222.
[10] M. Garcon, J.W. van Orden. The deuteron: structure and form factors
Adv. Nucl. Phys. 2001, v. 26, p. 293-378.
[11] D. Abbott et al. Measurement of Tensor Polarization in Elastic ElectronDeuteron Scattering at Large Momentum Transfer
Phys. Rev. Lett. 2000, v. 84, p.5053-5057.
[12] R. Gilman, F. Gross. Electromagnetic structure of the deuteron // J. Phys. G.
2002, v. 28, p. R37-R116.
[13] A.K.A. Azzam, M.A. Fawzy, E.M. Hassan et al. Electron-Deuteron Tensor
Polarization and D-State Probability
Turk. J. Phys. 2005, v. 29, p. 127-135.
[14] D. Abbott et al. Phenomenology of the deuteron electromagnetic form factors
Eur. Phys. J. A. 2000, v. 7, p. 421-427.
[15] M. Garson, J. Arvieux, D.H. Beck et al. Tensor polarization in elastic electrondeuteron scattering in the momentum transfer range 3.8 ≤Q ≤4.6 fm−l
Phys. Rev. C. 1994, v. 49, p. 2516.
[16] C. Zhang, M. Kohl, T. Akdogan et al. Precise Measurement of Deuteron Tensor
Analyzing Powers with BLAST
Phys. Rev. Lett. 2011, v. 107, p. 252501.
[17] N.A. Khokhlov, A.A. Vakulyuk. Elastic Electron-Deuteron Scattering within a
Relativistic Potential Model
Phys. Atom. Nucl. 2015, v.78, p.92-104.
[18] L.S. Azhgirey, S.V. Afanasiev, A.Yu. Isupov et. al. Measurement of the tensor
Ayy and vector Ay analyzing powers of the deuteron inelastic scattering of
beryllium at 5.0 GeV/c and 178 mrad
Yad. Fiz. 2005, v.68, p.1029-1036.(in Russian).

EJTP 13, No. 36 (2016) 157–168

Electronic Journal of Theoretical Physics

Bipolar Expansions and Overlap Corrections to the
Electrostatic Interaction Energy
G. Vaman∗
Institute of Atomic Physics, P.O.Box MG-6, Bucharest, Romania

Received 26 June 2016, Accepted 25 August 2016, Published 10 November 2016
Abstract: We use the multipole technique to derive four equivalent expressions for the bipolar
expansion of the inverse distance, valid in all the regions of conﬁguration space. Using the ﬁrstorder perturbation theory, we calculate the overlap correction to the long-range electrostatic
energy between two hydrogen atoms and between a hydrogen atom and a proton.
c Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Bipolar Expansion; Multipole; Electrostatic Interaction; Dirac Delta
PACS (2010): 41.20.-q; 02.50.Ng; 82.20.Ln

1

Introduction

The bipolar expansion of the inverse distance between two points and its applications
in the study of chemical bonding has been widely studied in the literature by diﬀerent
methods [1–3], as being very suitable for approximating the interaction potential between
various kinds of molecules in terms of their multipoles. It is usually used in a four-region
form, which imply the decomposition of the integration space in regions with complicated boundary-surfaces: a nonoverlapping region and three overlapping regions. As
many modern numerical calculations used in quantum chemistry are based on multipolar
approximations [4, 5], the convergence of the bipolar expansion is very important. The
recent conclusions of the numerical studies from Refs. [6, 7] are not encouraging at all.
They reveal that the convergence in the overlapping region is conditional and that the
Laplace equation is not satisﬁed either termwise or pointwise. Nevertheless, the author
of [6] hopes in ”the possibility of clariﬁcation through generalized functions”.
In this paper, we are going to analyze new forms of the bipolar expansion, deduced
from the multipolar formalism of Refs. [8, 10] and calculate the overlap correction to the
∗
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158

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 157–168

long-range electrostatic energy for two simple systems: a hydrogen atom and a proton
and two hydrogen atoms in their ground states. Using this formalism we obtain wellknown results [11] and this encourages us to assert that our expansions are ”good enough”
for studying more complicated systems. In contrast to other papers which are studying
the bipolar expansions, we start from the multipole series of the electrostatic interaction
energy and compare it with its deﬁnition as can be found in textbooks. Our results contain
well-behaved functions as well as generalized functions, therefore their convergence can
be discussed only in the weak or distributional sense. In our approach, using the results
of Ref. [8], we are able to identify the generalized-functions terms with the contribution of
the mean square radii and to prove that they describe the overlap (or contact) interaction.
The paper is organized as follows: in the next section we justify four equivalent forms
for the bipolar expansion of the inverse distance, valid in all regions of space. Next,
we use the perturbation theory to calculate the ﬁrst-order correction to the electrostatic
interaction energy for two simple physical systems, neglecting the exchange. The end
section is devoted to conclusions.

2

New Forms of the Bipolar Expansion

We consider two charge distributions, one of which is centered at the origin and is described by the vector b and the other centered at a distance R from the origin and
described by the vector a, as shown in Fig. 1. We are concerned with the inverse distance between the points A and B. We shall justify here the following four equivalent
equations:

Fig. 1 Coordinates for the bipolar expansion
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1
=
|b − a − R|
∞
∞ 
∞ 
l
∞ 
l



l=0
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(−1)l (4π)2 bl+2n al +2n
·

2n+n n!n !(2l + 2n + 1)!!(2l + 2n + 1)!!
l =0 m=−l m =−l n=0 n =0
(1)
1

∗
Ylm
(b̂)Yl∗ m (â)Δn+n
Ylm (−∇R )Yl m (−∇R ) .
R
R

1
=
|b − a − R|
(2)
l



∞
∞ 
l
∞ 
∞ 

 
(−1)l (4π)2 bl+2n al +2n l + l , m + m |lm|l m 
·
n+n n!n !(2l + 2n + 1)!!(2l  + 2n + 1)!!
2




l=0 l =0 m=−l m =−l n=0 n =0

1

∗
Ylm
(b̂)Yl∗ m (â)Δn+n
Yl+l m+m (∇R ) ,
R
R

1
=
|b − a − R|
(3)


∞ 
l
l
∞ 
∞ 
∞



l=0







(−1)l (2l + 1)(2l + 1)b2l+2n+1 a2l +2n +1
·
n+n n! n ! l! l  ! (2l + 2n + 1)!!(2l  + 2n + 1)!!
2




n=0
l =0 m=−l m =−l
n =0
1
1
1

∂bi1 . . . ∂bil ∂aj1 . . . ∂ajl Δn+n
∂Ri1 . . . ∂Ril ∂Rj1 . . . ∂Rjl ,
R
b
a
R
 
1
=
|b − a − R| l=0 l =0 n=0 n =0
∞

∞

∞

∞





px , py , pz

qx , q y , q z

p x + p y + pz = l q x + q y + q z = l






(−1)l (2l + 1)(2l + 1)b2l+2n+1 a2l +2n +1
·
2n+n n!n !(2l + 2n + 1)!!(2l + 2n + 1)!!px !py !pz !qx !qy !qz !
1
1
1
 p +q
p
p +q
∂Rxx x ∂Ryy y ∂Rpzz+qz ,
∂bpxx ∂byy ∂bpzz ∂aqxx ∂aqyy ∂aqzz Δn+n
R
b
a
R

(4)

where we have used the following notations:
• ri is the i-th component of the vector r and r = |r|, , r̂ = r/r
- Ylm (r̂) is a spherical harmonic and Ylm (r) = rl Ylm (r̂) is a solid spherical harmonic (
[12])
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- ∂ri = ∂r∂ i means partial derivative with respect to the i-th component of the vector
r
- ∇ is the gradient operator and Δ = ∇ · ∇ is the laplacian
- ∂rn = ∂r . . . ∂r , Δnr = Δr . . . Δr
9 :; <
9 :; <
n times

n times

• l + l , m + m |lm|l m  is a Gaunt coeﬃcient [13].
The summation over dummy indices is understood. In the following, for shortness, we
shall habitually drop the limits in summations.
According to Ref. [8], the two charge distributions are described by the expansions:


(2l + 1)!!
4π 2n (1) n
rlm Δ δlm (r),
(5)
ρ1 (r) =
n
2
n!(2l
+
2n
+
1)!!
2l
+
1
l,m,n


(2l + 1)!!
ρ2 (r) =
n
2 n!(2l + 2n + 1)!!
l,m,n



4π 2n (2) n
r
Δ δlm (r − R),
2l + 1 lm

where ρ(r) is the charge density, δ(r) is the Dirac delta function, δlm (r) =
2n
and the two sets of mean square radii rlm
of the charge distributions:

(1,2)

(6)

1
Y (−Δ)δ(r)
(2l−1)!! lm

are calculated with respect to the two centers



2n
rlm
2n
rlm

(1)

(2)


4π
∗
=
(b̂)ρ1 (b)d3 b,
bl+2n Ylm
2l + 1


4π
∗
=
(â)ρ1 (a)d3 a.
al+2n Ylm
2l + 1

(7)

The electrostatic potential produced by the second charge distribution is:


(2l + 1)
φ2 (r) =
n
2 n!(2l + 2n + 1)!!
l,m,n
(2)



2n
rlm
Δn Ylm (−∇)

4π
·
2l + 1

1
.
|r − R|

(8)

After integrating by parts, one obtains the following expression for the electrostatic
interaction energy

W = d3 rρ1 (r)φ2 (r) :
(9)

W =


l,l ,m,m ,n,n



(1)
(−1)l 4π (2l + 1)(2l + 1)
 (2)
2n
rlm
rl2n
·
 m

n+n



2
n!n !(2l + 2n + 1)!!(2l + 2n + 1)!!

1

Ylm (−∇R )Yl m (−∇R ) .
Δn+n
R
R

(10)
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We insert in the above equation the expressions of the mean square radii (7) and interchange sums and integrals:






(−1)l (4π)2 bl+2n al +2n
W = db da ρ1 (b) ρ2 (a)
·
2n+n n!n !(2l + 2n + 1)!!(2l + 2n + 1)!!
l,l ,m,m ,n,n
1

∗
Ylm
(b̂)Yl∗ m (â)Δn+n
Ylm (−∇R )Yl m (−∇R ) .
R
R
If we compare the above equation with:


ρ1 (b) ρ2 (a)
,
W = db da
|b − a − R|

(11)

(12)

we easily obtain the expansion (1). Eq.(1) can be easily veriﬁed in the Fourier space: if

we take the Fourier transform dR eikR and make the summations over the indices n
and n we obtain:

∗
eik(b−a) =
jl (kb)jl∗ (ka)Ylm
(b̂)Yl∗ m (â)Ylm (k̂)Yl m (k̂),
(13)
l,l ,m,m

where
jl (x) = 4πi

l

∞

n=0

(−1)n xl+2n
n!2n (2l + 2n + 1)!!

are the spherical Bessel functions. Thus, we have obtained the well-known Rayleigh
expansion of the plane wave. Eq.(2) is a slightly modiﬁed form of Eq.(1), obtained by
using the addition theorem of the irregular solid spherical harmonics from [13], Eq. (7.4),
which we transcribe here in a slightly modiﬁed form:
1
1
 m (−∇R )
(−∇
)Y
Y
=
lm
R
l
(2l − 1)!!
R
1


2
l + l m + m |lm|l m 2l  1 l+l ·
2 l

1
1
Yl+l ,m+m (−∇R ) .

(2l + 2 − 1)!!
R
After we use the deﬁnition of the Pochhammer symbol: (a)n =
Euler Gamma function, the above equation becomes:

(14)
Γ(a+n)
,
Γ(a)

where Γ(x) is the

1
=
R
1
(15)
l + l m + m |lm|l m Yl+l ,m+m (−∇R )
R
and our Eq.(2) follows immediately.
Now, in Eq.(10) we pass to the Cartesian tensor formalism, using Eq.(16) of Ref. [10],
which can be written in operatorial form as follows:

2n
rlm
Ylm (−∇) =
Ylm (−∇R )Yl m (−∇R )


(2l − 1)!!

m

2l + 1 (−1)l 2n
r
∂i . . . ∂ i l
4π
l! i1 ...il 1

(16)
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We obtain the following expression for the electrostatic interaction energy:
W =


l,l ,m,m ,n,n

2

n+n

(1)
(−1)l (2l + 1)!!(2l + 1)!!
 (2)
ri2n
rj2n
1 ...il
1 ...j 




l
n!n !l!l !(2l + 2n + 1)!!(2l + 2n + 1)!!



Δn+n
∂ i 1 . . . ∂ i l ∂ j1 . . . ∂ j l 
R

1
,
R

where
ri2n
1 ...il

(−1)l
=
(2l − 1)!!

(17)


dr r2l+2n+1 ρ(r)∂i1 . . . ∂il

1
r

are the Cartesian components of the mean square radius of order n and multipolarity
l, and the summation over dummy indices is understood. If we introduce in Eq.(17)
the above expression for the Cartesian mean square radius and compare with Eq.(12),
we obtain Eq.(3). Eq.(4) can be obtained by writing the contractions of the totally
symmetric tensors in terms of the compressed forms of the tensors (Eq.(2) of Ref. [12]),
as follows:
∂i1 . . . ∂il ∂Ri1 . . . ∂Ril =



p!
p
∂ px ∂ py ∂ pz ∂ px ∂ y ∂ p z .
px !py !pz ! x y z Rx Ry Rz

(18)

px , py , pz
px + py + pz = l

3

Calculation of the Long-range Electrostatic Energy

3.1 The Interaction between Two Hydrogen Atoms
In this section we consider the long-range electrostatic interaction between two hydrogen
atoms, in their ground states. We shall neglect the exchange and calculate the ﬁrst order
correction to the energy by using the non-degenerate perturbation theory. As the charge
density of a hydrogen atom centered at the origin is:
ρ(r) = eδ(r) − eδ(r − a),
where e > 0 is the charge of the proton, the mean square radii of the two interacting
systems (calculated in their own reference systems) are:


2n
rlm


(1)

rl2n
 m

4π 2n ∗
a Ylm (a) + eδl,0 δn,0 ,
2l
+
1

4π 2n ∗
= −e
b Yl m (b) + eδl ,0 δn ,0 .
2l + 1

= −e

(2)
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Introducing the above expressions in Eq.(10), we obtain the following expression of the
perturbation operator:
W (a, b; R) =





l,l ,m,m ,n,n



(4π)2 e2 (−1)l a2n b2n
Y ∗ (a)Yl∗ m (b)·
2n+n n!n !(2l + 2n + 1)!!(2l + 2n + 1)!! lm

1

Ylm (−∇R )Yl m (−∇R ) −
Δn+n
R
R

4πe2 a2n
1
∗
(a)ΔnR Ylm (−∇R ) −
Ylm
n
2 n!(2l + 2n + 1)!!
R
l,m,n

l ,m ,n



(19)



(−1)l 4πe2 b2n
1
e2
∗
n
Y
+
.
 m (b)ΔR Yl m (−∇R )

l
2n n !(2l + 2n + 1)!!
R R

Note that, if we place the x-axis along R and explicitly write the ﬁrst terms of the above
expansion, we obtain the r.h.s. of Eq.(3) from [14], supplemented by an inﬁnite number
of point-like terms (which contain Dirac delta functions and their derivatives). This
point-like terms are the contribution to the energy operator of the mean square radii:
for each multipolarity order, there exists an inﬁnite number of mean square radii, which
contribute only to the overlap (contact) energy. Considering the contribution of the mean
square radii is equivalent to considering the correct form of the bipolar expansion in the
interpenetrating region.
As pointed out in Ref. [15], the ﬁrst consequence of using the correct form of the
bipolar expansion in the overlap region is that the ﬁrst order correction to the energy no
longer vanishes (in Ref. [14], where the contribution of the mean square radii have not
been considered, the ﬁrst-order correction to the interaction energy between two hydrogen
atoms in their ground states is zero).
The calculation of the ﬁrst-order correction to the energy can be done either in
the coordinate space (using the operator (19)) or in the reciprocal (Fourier) space.
= (a, b; k) =
We shall use here the second method. We take the Fourier transform W

ikR

W (a, b; R) and, after summing over the indices n, n , we obtain:
dR e
= (a, b; k) = 4πe
W
k2

2





∗
(−1)l jl (ka)jl (kb)Ylm
(â)Yl∗ m (b̂)Ylm (k̂)Yl m (k̂)−

l,l ,m,m

4πe 
∗
jl (ka)Ylm
(â)Ylm (k̂)−
k 2 l,m
4πe2
4πe2 
l
∗
 (kb)Y   (b̂)Yl m (k̂) +
(−1)
j
.
l
m
l
k 2 l ,m
k2
2

(20)

Due to the spherical symmetry of the ground-state wave function of the hydrogen atom,
only the monopole mean square radii (l = l = m = m = 0) give contribution to the
ﬁrst-order correction to the energy:



(1)
ikR (1)
>
= (a, b; k)Ψ(0) (a)Ψ(0) (b),
E (k) = dR e E (R) = da db Ψ(0)∗ (a)Ψ(0)∗ (b)W
(21)
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where
Ψ (r) =



1

(0)

3/2

π 1/2 a0

r
exp −
a0



is the hydrogen ground-state wave function, a0 is the Bohr radius. All the integrations
can be easily done and, after taking the inverse Fourier transform, one obtains:


2R
E0 a0
(1)
exp −
E (R) =
·
12R
a0

 3
4R
18R2 15R
+ 2 −
− 24 ,
(22)
a30
a0
a0
where E0 = −e2 /(2a0 ) is the ground-state energy of the hydrogen atom. This is the result
obtained in Eq.(31) of Ref. [11], by the direct integration of the Coulomb potential, when
the exchange is neglected. As in our calculation this term have been obtained from
the contribution of the monopole mean square radii, we conclude that it has nothing
to do with the polarization of the atoms. The eﬀect of the polarization (contributions
from the dipole operator, quadrupole operator etc.) appears in the second order of the
perturbation theory.

3.2 The Interaction between a Hydrogen Atom and a Proton
The unperturbed system consists of a hydrogen atom in its fundamental state and a
proton. We study their electrostatic interaction, neglecting the exchange (that is, we
suppose that the electron does not jump from one proton to the other). The charge mean
square radii of the two interacting systems are:

(1)
4π 2n ∗
2n
rlm = −e
a Ylm (a) + eδl,0 δn,0 ,
2l + 1


rl2n
 m

(2)

= eδl ,0 δn ,0

(23)

The perturbation operator is:


−4πe2 a2n
W (a; R) =
·
2n n!(2l + 2n + 1)!!
l,m,n
∗
(a)ΔnR Ylm (−∇R )
Ylm

1
e2
+
R R

(24)

and its Fourier transform:
=(a; k) = − 4πe
W
k2

2



∗
jl (ka)Ylm
(â)Ylm (k̂)

l,m

+
One obtains:

4πe2
.
k2

(25)
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> (1)

E


(k) =

= (a; k)ψ (0) (a) =
daψ (0)∗ (a)W


16
4πe2
1−
,
k2
(4 + k 2 a20 )2
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(26)

and after taking the inverse Fourier transform we get the ﬁrst-order correction to the
energy:

E

(1)

e2 −2 R
(R) = e a0
R



R
+1
a0


(27)

This is the well-known result for the ﬁrst-order correction to the energy, when the exchange is neglected (Eq. (19b) of Ref. [11]). As in the preceeding subsection, this correction to the energy comes from the contributions of the monopole mean square radii of
the hydrogen atom, so it has nothing to do with the polarization.

4

Discussion and Conclusions


Our main results (1) - (4), (8), (10) contain series of the type l,m,n [. . . ]Ylm (−∇)Δn R1 =

−4π l,m,n [. . . ]Ylm (−∇)Δn−1 δ(R). Such series of Dirac delta functions were studied
both by mathematicians and physicists, in connection with the asymptotic analysis, generalized solutions of diﬀerential equations, multipole analysis, quantized ﬁeld theories,
etc. [16–23]. Starting from the need of multipole series in diﬀerent branches of physics,
the mathematicians extended the Schwartz’s space of distributions to diﬀerent spaces of
ultradistributions (polynomial, tempered, with exponential growth, of compact support,
Hermitean, etc), in which some series of Dirac delta functions are convergent. Without
entering into the mathematical details of these theories, we wish to underline here some
important aspects regarding these distributional series:
• our formalism make sense only for ﬁnite or rapidly descending charge densities, so
that the mean square radii Eq.(7) should be ﬁnite.
• the distributional series which appear in our results are convergent at least as polynomial ultradistributions. Finding the largest space in which our results are convergent
remains an open problem.
• these inﬁnite series of Dirac delta functions are not localized (supported) at the
origin ( [18, 23]). If we regard them as functionals applied to some analytic function
φ, we obtain:
∞

n=0

cn δ (n) (R)φ(R) =

∞

(−1)n cn φ(n) (0),

(28)

n=0

so they depend not only on the values of φ at 0, but on the values of φ in a certain
neighborhood of 0. In our multipole formalism these series are precisely connected
to the ﬁnite or inﬁnite overlap of the charge densities.
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• When we calculate the interaction energy by using Eq. (9), if the charge density
ρ1 (r) is an analytic function, we obtain a convergent power series. Let us consider,
for example, the interaction between a uniformly charged sphere ρ1 (r) = C1 θ(a − r)
2
and a gaussian charge density ρ2 (r) = C2 e−λ|r−R| . From Eqs.(8), (9), one obtains:

W (R = 0) = 8C1 C2

a3 π 8π 2 C1 C2 5
−
a + ...,
3λ
15

(29)

which are the ﬁrst two terms of the Taylor series of the exact result:

8π 2 C1 C2 3 −λa2 4π 2 C1 C2 2
ae
+
a·
W (R = 0) =
3
3λ
2
λ




3
5
4π 2 C1 C2 2
2
2
γ
aγ
, λa −
, λa ,
3
2
2
3λ 2

(30)

where γ is the incomplete Gamma function.
• all the derivatives which appear in our formulas should be taken in distributional
sense. Let us consider the interaction between a uniformly charged sphere ρ1 (r) =
C1 θ(a − r) and an exponential charge density ρ2 (r) = C2 e−λ|r−R| . If we use Eq. (8)

for the electrostatic potential of the sphere and calculate W = dr φ1 (r)ρ2 (r − R),
when we integrate by parts we should apply the operator Δn to the exponential
function, without neglecting the Delta-type terms:

Δe−λr = −2λ
2 −λr

Δe

= −4λ

3e

−λr

r

e−λr
+ λ2 e−λr
r

+ λ4 e−λr + 8πλδ(r)

e−λr
+ λ6 e−λr +
r
16πλ3 δ(r) + 8πλΔδ(r), ...etc

Δ3 e−λr = −6λ5

For n = 0, ∞, we obtain a series of delta functions and their derivatives, which
should be summed. We can do this by using the Fourier transform method:
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W (R) = drφ1 (r)ρ2 (r) =

∞

a2n+3
n 1 −λ|r−R|
4πC1 C2
=
drΔ
e
2n n!(2n + 3)!!
r
n=0

1
4
3
dr e−λ|r−R| − 16π 2 C1 C2 ·
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3
r
∞

a2n+3
Δn−1 e−λR =
n n!(2n + 3)!! R
2
n=1

1
4
3
dr e−λ|r−R| − 16C1 C2 λ·
πC1 C2 a
3
r

∞
−ikR

a2n+3 (−1)n−1 k 2n−2
e
=
dk 2
(k + λ2 )2 n=1 2n n!(2n + 3)!!

e−ikR
1 −λ|r−R| 16C1 C2 λ2
dk
+
·
e
r
π2
k 3 (k 2 + λ2 )2

ka
1
j1 (ka) −
4πi
3

(31)

Note that the series which contain a2n+3 from the above equation (lines 2, 4 and 6)
should not be viewed as power series in ”a” (because their coeﬃcients are generalized
functions) and are not useful in numerical calculations. For R = 0 one obtains:
16π 2 C1 C2
·
λ5 
 −λa
e (λa + 2)2 + λ2 a2 − 4 ,
W (R = 0) =

(32)

which coincide with the result obtained by direct calculation.
Using the multipolar formalism, as presented in Refs. [8, 10], we have written four
compact equivalent forms for the bipolar expansion of the inverse distance, which are
valid in all the regions of conﬁguration space. In the nonoverlapping region, these expansions coincide with those already known [1–3]. The equivalence of our results in the
interpenetrating region with the other results from the literature remains an open problem. Using the ﬁrst order perturbation theory, we have calculated the overlap corrections
to the long-range electrostatic interaction energy for two simple systems, neglecting the
exchange. We have shown that, considering the contributions of the mean square radii
to the interaction energy is equivalent to considering the correct form of the bipolar expansion in the interpenetrating region.
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1

Introduction

We discuss three examples of Hypercomputation models and their advancements.
The ﬁrst example is based on a new theory that advocates the use of superluminal
particles in order to bypass the energy constraint of a physically realizable Accelerated Turing Machine (ATM) [1, 2]. The second example refers to contemporary
developments in relativity theory that are based on recent astronomical observations
and discovery of the existence of huge slowly rotating black holes in our universe,
which in return can provide a suitable space-time structure to operate a relativistic
computer [3, 4 and 5]. The third example is based on latest advancements and
research in quantum computing modeling (e.g. The Adiabatic Quantum Computer
and Quantum Morphogenetic Computing) [6, 7, 8, 9, 10, 11, 12 and 13].
Copeland deﬁnes the terms Hypercomputation and Hypercomputer as it follows:
“Hypecomputation is the computation of functions or numbers that [. . . ] cannot
be computed with paper and pencil in a ﬁnite number of steps by a human clerk
∗
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working eﬀectively. . . A hypercomputer is any information-processing machine, notional or real, that is able to achieve more than the traditional human clerk working
by rote. . . Hypercomputers compute functions or numbers, or more generally solve
problems or carry out tasks, that lie beyond the reach of the Universal Turing Machine” [1].
Up until the year 2010, Hypercomputation did not have a solid grounding in
the realm of engineering, however this fact has not just changed but even more,
ameliorated with the development of the ‘Inﬁnity Machine’ [7] (Technically, Adiabatic Quantum Computer; which its commercial version was ﬁrst released in 2011,
by D-Wave company based in Vancouver, Canada) that can ﬁnd solutions, in a
matter of days, for optimization problems that require years to solve if executed
on standard; even parallel processing, computer models [7, 8 and 10]. Besides, in
Science, every theory has its exceptions and limitations that bind it to the domain
of its application. In the computing discipline, we should look at where limitations
can be exploited in order to open the doors for new developments and give rise for
possible new theories. For instance, what if the energy consumption to perform an
operation on an Accelerated Turing Machine (ATM) does not grow exponentially
with the number of operations to be executed? [2]. Thus, by just reﬂecting on the
hypotheses upon which we conclude our results (e.g. a physical realization of an
ATM is impossible) and by expanding the frontiers of the domain of applicability
(e.g. The Machine upon which we implement our attempt), then ﬁnding solutions
for unsolvable problems could be possible. It can be thought unreasonable of considering such eﬀorts and conjectural challenges; like rejecting pre-set hypotheses,
objecting old theories whilst building new theories in the aim to solve problems
that their solutions are already comprehended as unattainable. However, this is
not the case in the scientiﬁc practice, which its virtue relies on questioning, exploration and discovery. For instance, let’s consider the proof of Fermat last Theorem.
This theorem took 700 years to be solved. Its solution by Andrew Wiles in 2001
gave rise to new developments in the ﬁeld of mathematics that make a link between
Galois representations, Modular forms and L-functions; which are distinct areas in
number theory [14]. We note that the solution of Fermat Last Theorem has ever
been deemed to be impossible. The mathematician Kenneth Ribet said that with
the proof of Fermat last theorem “the mathematical landscape has changed. . . You
discover that things that seemed completely impossible are more of a reality” [15].
Moreover, a Super Task is a task, which requires an inﬁnite number of operations
to be performed in a ﬁnite amount of time [16]. For instance, imagine a computer
model that can execute an inﬁnite number of statements (translated into logical and
arithmetical operations) in a ﬁnite amount of time. This seems to be impossible.
However, one theoretical model; was envisaged in such direction, it is called Accelerated Turing Machine (ATM) [1] and described next (Section 2). Furthermore, in
section 3, we will discuss a new insight for physically realizing ATMs using Superluminal particles. Then we will tackle new advancements in Relativistic computing
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(Section 4) and Quantum Computing modelling (Section 5) that attempt to execute
super tasks. Section 6 concludes the article with Critics by Martin Davis.

2

Accelerated Turing Machines (ATM)

One theoretical model that can achieve a Super Task is called Accelerated Turing
Machine (ATM) [1]. An ATM executes a single operation in the half amount of
time taken to execute the previous operation [1]. This can be explained with the
following mathematical formula:
ET (t − 1)
(1)
2
Where ET means Execution Time and t is the time step; which can be deﬁned
in any unit of time (e.g. milliseconds, seconds, minutes. . . )
With initial conditions: ET(0) = 1.
In the scenario of executing a super task, the Total Execution Time (TET) of
the task; which requires t to go to inﬁnity, is the limit of this sequence at inﬁnity
and can be written as follows:
ET (t) =

T ET =

t


ET (i)

i=0

T ET = ET (0) + ET (1) + ET (2) + ET (3) + ......
1 1 1
T ET = 1 + + + + ......
2 4 8
T ET ∼
=2

(2)

Since the limit of this sequence converges to 2, then the time steps required to
execute a super task; that requires an inﬁnite number of operations, converges to
two time units. In this mode of operation, an ATM will execute an inﬁnite number
of operations in a ﬁnite amount of time. This can be considered as a model of
a Hypercomputer in a pure theoretical sense [1]. Next, we will study a possible
physical realisation of this theoretical ATM.

3

ATM using Superluminal Particles

In this section, we will ﬁrst discuss why ATM was considered not to be physically
realizable, and then we will discuss how it can be physically realizable by considering
the use of the recent theory of Superluminal Particles [2].
According to Takaaki Musha [2], ATM is considered not to be physically realizable “because the energy to perform the computation will be exponentially increased
when the computational step is accelerated” [2]. This is based on the energy-time
uncertainty relation [17, 18] given next:
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ΔHΔT ∼ h̄

(3)

Where, ΔH is “the standard of energy, ΔT is a time interval” [17] and h̄ is the
planck constant h divided by 2π.
In order to realize hypercomputation in the means of an ATM, Musha [2] suggests
the use of superluminal particles instead of subliminal particles (e.g. Photons) to
escape the uncertainty of energy-time relation (equation 3). Musha bases his work on
the energy consumption of the reversible computer (e.g. Richard Feynman model),
which is a quantum computer. He refers to Lloyd inﬂuential paper on the physical
limits of computation [19] by showing that the quantum system; based on the study
of its energy consumption per computational step as given by Feynman, requires an
inﬁnite amount of time to complete inﬁnite steps of computation when the system
uses subluminal particles, as photons [2]. Hence, Musha proceeds by studying the
uncertainty principle based on superluminal particles. Superluminal means traveling
faster that light. By the means of quantum tunneling, where photons tunnels a
material or a barrier, it was shown that a photon could travel faster than light when
it tunnels a speciﬁc barrier or material. This means that the speed of photons can
by pass the celerity of light (c) when they are inside a speciﬁc barrier or material. In
this regard, Musha quotes the studies of [20] and the experiments of [21, 22 and 23]
which proves superluminal behavior based on quantum tunneling. Musha reaches a
new uncertainty relation of energy-time for superluminal particles, which is:
ΔHΔT ∼

h̄
β.(β − 1)

(4)

Where, β = vc
c is the celerity of light and v is the speed of the particle after it has been
measured (Note that the speed of the particle is equal to c before the measurement).
Last, Musha derives the equation of the total computational time required by a
quantum system based on a Feynman model that uses superluminal particles when
the system performs a number of computational steps. He ﬁnds out that the total
computational time converges while the number of computational steps that the
system executes tends to inﬁnity. This means, “an accelerated Turing machine can
be realized by utilizing superluminal particles instead of subliminal particles for the
Feynman’s model of computation” [2].

4

Relativistic Computers

In the context of hypercomputation and the time required for a computer to fulﬁll
an inﬁnite number of operations in a ﬁnite amount of time, Copeland states Hogarth
who says “there is no reason why a computer user must remain beside the computer”
[1]. This elaborates the idea of relativistic computing where a computer executing
a task can travel in spacetime and transmits the answer of its computation to a
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user. In this regard, for a speciﬁc spacetime that is considered to be a relativistic
spacetime, “the inﬁnite lifespan of the computing machine can be surveyed by the
user in a ﬁnite amount of time” [1].
New discoveries in relativity theory, black hole physics and cosmology suggests
that the possibility of a relativistic computer is scientiﬁcally adequate and can be
physically realizable in our existing universe [3]. To study and explain the novel relativistic computer model, we will refer to the work of Andreka et al. [3]; who claim:
“In our speciﬁc physical universe there seem to exist regions of spacetime supporting potential non-Turing computations” [3]. In comparison to quantum computing
that tackles the complexity barriers of the theory of computation, the relativistic
computing paradigm tackles and challenges the physical Church Turing thesis itself.
The physical Church Turing thesis says that a physical Turing machine can simulate
any algorithmic function. The physical Turing machine is a mere physical device,
which was accentuated on the worldview of Newtonian physics where the notion of
time is considered to be absolute [3]. This is not the case in the context of relativity
theory where time is relative to its observers. This means, “Various observers at
various points of spacetime in diﬀerent states of motion might experience time radically diﬀerently. Therefore, we might be able to speed up the time of one observer,
say C (Cecil, for ‘computer’), relatively to the other observer, say P (Peter, for
‘programmer’). Thus P may observe C computing very fast” [3]. The experiments
of [24, 25] study the spacetime structure of huge slowly rotating black holes. The
conﬁrmation of the existence of these black holes is based on recent astronomical
observations [4, 5]. Note that such black holes are called slow-Kerr black holes in
the literature.
Black holes are regions of spacetime that exhibit a very high gravitational ﬁeld.
The following example illustrates the idea of speeding up computation: Consider an
extremely very high tower that exists on earth. Also, consider two atomic clocks,
one running on the top of the tower and the other on the bottom. According to the
Gravitational Time Dilation (GTD) theorem of relativity theory, the clock on the
top will run faster than the clock on the bottom because gravity aﬀects time. As
much as gravity is strong, the time is slow. The clock on the bottom will run slower
than the clock on the top because gravity makes time run slower. So, P can send
his computer C to the top to gain execution time from this speed time eﬀect [3].
Furthermore, if “we want to increase this speed-up eﬀect to the inﬁnity. Therefore,
instead of the Earth, we use a huge black hole” [3]. Andreka considers the slow-Kerr
black holes (i.e. huge slowly rotating black holes) that have two event horizons of
bubble like surfaces. These two event horizons are the inner event horizon and the
outer event horizon as illustrated in the following drawing next (Fig. 1).
Respectively, the earth is the slowly rotating balck hole, the programmer P on
the bottom of the tower is considered to be on the inner event horizon and the
computer C on the outer event horizon. “If we could suspend the lower observer
P on the event horizon itself then from the point of view of C, P’s clocks would
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Fig. 1 Depiction of a slowly rotating black hole showing its outer event horizon and its
inner event horizon. Because the black hole is rotating, then the inner event horizon exerts
a centrifugal force on P in the Newtonian sense, which in return can suspend the motion
of P. This is a main characteristic of slowly rotating black holes (i.e. having two event
horizons in contrast to Schwarzschild black holes which have only one event horizon that
could crush P). Excerpt from [3] with permission from the authors.

freeze, therefore from the point of view of P, C’s clocks (and computers!) would
run inﬁnitely fast, hence we would have the desired inﬁnite speed-up upon which
we could then start our plan for breaking the Turing barrier” [3]. An appropriate
geodesic can be chosen for P so it enters the black hole and bypass the inner horizon.
Once inside the inner horizon, P can remain in constant distance to C; that is moving
on the outer horizon, due to the centrifugal force of the rotating black hole that is
exerted on P. Now, any information sent by C to P can “reach P before P meets the
inner horizon” [3] as seen in Fig. 2.

Fig. 2 Showing z as the axis of the rotating black hole and t as time. The world lines of C
and P are shown as well as the inner and outer event horizons separated by τ . A photon
that is sent by C to P arrives to P before P reaches the inner event horizon. Excerpt from
[3] with Permission from the authors.

As seen in Fig.2, “the time measured by P is ﬁnite . . . while the time measured
by C is inﬁnite” [3].
The approach of considering slowly rotating black holes is interesting and provides advancement in the theory of a relativistic computer. Its major importance is
that a slowly rotating black hole has two event horizons, which is diﬀerent than a
simple black hole like a Schwarzschild black hole that have only one event horizon.
By considering only one event horizon, we don’t have a centrifugal eﬀect, thus P
cannot slows down. Therefore, the gravitational force of the black hole will crush
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P [3]. Furthermore, we have to note that the advantage of choosing slowly rotating
black holes compared to simple black holes is that P will slow down by just using
the gravitational force of the inner horizon without the need of brute force like using
a rocket to slow down its fall or maintain its altitude [3].

5

Quantum Computing

In this section, we ﬁrst introduce Quantum Computing as a possible model of Hypercomputation and then discuss its latest advancements in this regard.
According to Kieu [26], “It is argued that computability, and thus the limits of
Mathematics, ought to be determined not solely by Mathematics itself but also by
physical principles” [26]. In his paper, Kieu studies a quantum algorithm to solve the
10th Hilbert problem of ﬁnding the existence of solutions of Diophantine equations.
Kieu’s argument suggests that the realization of a quantum algorithm could impact
the standards of the Church-Turing thesis and will modify its eﬀectiveness in terms
of computability. He further argues that the proof of the realization is constrained
to physical limitations not logical argument [26]. To give insight on the plausibility
of quantum computing that could be advanced from this quantum algorithm he
quotes Godel in [27] who says: “... On the other hand, on the basis of what has
been proved so far, it remains possible that there may exist (and even be empirically
discoverable) a theorem-proving machine which in fact is equivalent to mathematical
intuition, but cannot be proved to be so, nor even be proved to yield only correct
theorems of ﬁnitary number theory.” Kieu suggests that quantum computation is
that possibility.
Richard Feynman [6] was the ﬁrst person who questioned the plausibility of building physical computing devices that could operate on quantum rules and follow the
principles of quantum mechanics based on the laws of quantum physics rather than
classical physics. With Feynman, a contemporary era of the theory of computation
is born that resembles the modern era of computing that was born with Alan Turing
inﬂuential work on the theory of computation in the mid thirties.
Computers nowadays are an elaboration of the Turing machine. The latter
process information in the form of bits. This means that a bit (i.e. an entity that
takes the value of either 0 or 1) is the single unit of information that can be processed
within a computer. Furthermore, an elementary operation of a computer processes
a single bit at a time step. In contrast, in a quantum computer, information is
encoded in qubits. A qubit is a single unit of information that encapsulates the
state of a bit by being 0 or 1; moreover it can take another value that is 0 and 1
superposed! This fact is due to the superposition principle of quantum mechanics,
which considers that an electron (i.e. a particle) can be in any state unless it is
measured, thus it can be in a superposition of states. So, under quantum rules the
single unit of information in a quantum computer can be 1, or 0, or 1 and 0 at
the same time. As David Deutsch explains in his book “The Fabric of Reality”, a
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quantum bit is the dual existence of a bit, where each of its states exists in diﬀerent
universes [28]. An illustration of a bit and a qubit is given in Fig. 3 next.

Fig. 3 This shows an illustration of a classical bit vs. a quantum bit and the potential of
using quantum bits to perform computation. On the left, data units take the form of a bit
that is processed in a classical computer as an entity having a single state; which is either
0 or 1. On the right, data units take the form of a quantum bit (i.e. qubit) that can be
0, 1 or 0 and 1 at the same time due to the principle of quantum superposition. A data
unit exhibiting multiple states allows concurrent operations that lead fast data processing,
which is achieved using a quantum computer model. Illustration re-sketched from [7].

The latest advancement in quantum computing is a quantum physical computer
called the D-wave machine [7]. In the common sense, this quantum computer is
called the Inﬁnity Machine [7] and it is now suggested as a signiﬁcant reference for
the engineering community [8]. This device (namely D-Wave two) is the latest of
its kind that instruments a physical realization of a quantum-computing machine,
which is able to perform tasks (e.g. Solving optimization problems) that defeat the
performance of a classical computer. Moreover, it outperforms the super scale of
ultimate parallel computation. This quantum computer is being implemented in
Vancouver, Canada. In other words, it physically exists in a computer company
called D-Wave and it operates in a cooling room on a temperature of −459.60 F,
inside the ﬁrm. It is a device of 10 ft High and its central processing unit is called
the niobium chip.
How D-wave quantum computer work?
D-wave quantum computer is able to solve optimization problems and is based on
Quantum Tunneling. Quantum tunneling is the phenomenon in which a particle can
cross a barrier with a speciﬁc probability. Since solving an optimization problem
is thought like ﬁnding the lowest points in a mountains landscape, then think of
the particles as tunneling through the mountains which is in contrast with classical
mechanics where a particle could either bounce back of a hill or get crushed inside the
mountain. The valleys found by the tunneling particles are considered as candidate
solutions. Quantum Annealing and Adiabatic Quantum Computation, described
next, are methods that can be applied to the tunneling phenomenon in order to ﬁnd
the best candidate solution (i.e. the lowest valley).
In Quantum Annealing (QA), we try to minimize an Energy function which is
represented by a Hamiltonian h. Furthermore, we add to h a local Hamiltonian
hL (t) which starts very large and reduces to 0 after n time steps. In other words,
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the total Hamiltonian is:
H (t) = h + hL (t)
As we can see, H is time dependent. And,
H(0) ≈ hL (0)
Also, hL (t) reduces to 0 after n time steps, so:
hL (n) ≈ 0
Finally, we have:
H(n) ≈ h
This means, at the end of the annealing time, the energy function that we want to
optimize, and which we represented by h, is recuperated.
Adiabatic Quantum Computation [9] uses a similar process to Quantum Annealing, but instead of using a time dependent local Hamiltonian, we use a time
independent one hL and we rewrite the total Hamiltonian as the following:
H (t) =

t
t
h + (1 − )hL
n
n

Similarly, we have:
H (0) = hL
And,
H (n) = h
D-wave one implements such adiabatic process where qubits are set into “a state
of quantum superposition, in which they’re free to explore all [. . . ] computational
possibilities simultaneously, then you allow them to settle back into a classical state
and become regular 1s and 0s again. The qubits naturally seek out the lowest possible energy state consistent with the requirements you speciﬁed in your algorithm
back at the very beginning” [7]. In this regard, one can request the lowest value of
a search space by considering it as the lowest energy state; thereafter the qubits will
harvest all the search space and respond at the same time. Thus, the lowest point
value is retrieved.
Quantum entanglement and superposition provide the system global information
of the quantum process and its environment [11]. Similar to a conceptual Turing
machine that has the whole inﬁnite tape contents at its disposal in a speciﬁc moment in time, in contrast to the classical Turing machine which processes the tape
square by square in step by step. This makes the system non-local, in other words
not restricted to the locality principle as in a classical Turing machine [11]. In
[11], Licata suggests that in order to beneﬁt from the essential features of Quantum
mechanics, which are quantum entanglement and superposition, in the design of a
quantum-hyper-computing machine, we have to drop out the traditional universality
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characteristic of the machine. Thus, we should focus on “speciﬁc problem-oriented
computation and based on its physical implementation” [11]. Such approach is referred as the “geometry of eﬀective physical process. . . where computation is strongly
linked to the very physical nature of the system and its global conﬁguration, and
the ‘algorithm’ is the evolution of the system itself in controlled experimental conditions” [11, 12]. An interesting point to mention is that the notion of programming
is redeﬁned and takes a whole new perspective because programming is now related
to the geometry of the physical implementation [11, 12]. Last but not least, if an
adequate conﬁguration of an adiabatic quantum computer could be worked out,
then it could “ﬁnd the factors of a number that is the product of two large primes”
[7] in a single night, which would take years for a conventional computer to solve;
this will have enormous outcomes in exploiting nowadays encryption. Furthermore,
D-wave one was able to ﬁnd the lowest-energy conﬁguration of a folded protein [10],
which is a challenging problem in computational biophysics. This was “the ﬁrst
experimental and largest quantum annealing experiment related to an optimization
problem in the physical sciences” [10 (Supplementary material)].
We have to note that Adiabatic Quantum Computation and Kieu Quantum
Algorithm that we mentioned in the beginning of this section are examples of the
“geometry of eﬀective physical process” [12] approach that we discussed. For further
investigation of this approach and its latest advancement, we refer the reader to
[13] where the mathematical foundation of “Quantum Morphogenetic Computing”
is presented as a general framework, which derives a non-Euclidean geometry of
information from the probabilistic features of quantum phenomena (Superposition
and Entanglement).

6

Conclusion

In 1999, Jack Copeland along with Diane ProudFoot [29] brought legacy to Alan
Turing; by explaining and illustrating two well elaborated and forgotten ideas, which
this brilliant scientist came up with, theorized and conceptualized. First, building
artiﬁcial neural networks (e.g. an ‘Unorganized Machine’ which Alan Turing had
suggested as a model of the unorganized neurons in an infant cortex that can be
organized by suitable interfering training). Second, building a ‘super computer’
framework or a ‘Hyper Machine’ (e.g. The O-Machine; which is an augmented
version of a Universal Turing Machine (UTM), theorized by Alan Turing as a UTM
accompanied with a black box called the Oracle. The Oracle’s function is to assist
the UTM in deciding if a number is computable or not). Hypothetically, a Hyper
Machine, if implemented, could bypass the limitations of the Turing Machine (i.e.
The physical barrier of the Church-Turing Thesis).
Finally, when we discuss Hypercomputation, we should obviously mention the
critic of Martin Davis towards the topic [30]. Martin Davis is skeptic about Hypercomputation research; he says that studying Hypercomputation is just a substitution
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of studying how to compute the non-computable. He claims that since we are ﬁnite
human beings, who have a ﬁnite life span and who have access to ﬁnite data then
it is impossible that we will be able to see the outcome of an inﬁnite output that
is computed by a Hypercomputer and to compare it with a Turing Machine, thus
“no possible experiment could certify that a device is truly going beyond the Turing
computable” [30]. Also, Martin Davis claims that if a device is to be considered as
a Hypercomputer then it should be based on a physical theory that is absolutely
correct. But, since any physical theory gives just an approximation to reality then
it is impossible to have – to build - such a physical system that can have an absolute
precision to inﬁnity [30]. Furthermore, he says that Kieu’s algorithm will not be able
to ﬁnd positive integer solutions for all Diophantine equations. Kieu responds to
Martin Davis and other critics by saying that they just misunderstood his approach
towards solving Hilbert’s 10th problem using the Quantum Adiabatic Theorem. Kieu
says, “the noncomputability of Hilbert’s tenth problem is the fact that we ask for a
single ﬁnite procedure which can be applied to all the elements of sets of countably
many Diophantine equations” [31]. But, he agrees that “that there is no single ﬁnite
recursive algorithm for all Diophantine equations, but for each given equation we
have to ﬁnd a recursive algorithm anew each time” [31]. In fact, this is the essence
of adiabatic quantum computing approach and the “geometry of eﬀective physical
process” [11, 12] approach, which are problem speciﬁc.
This review article highlighted on the advancements of three interesting examples of Hypercomputing models or Hyper Machines; Accelerated Turing Machines
using Superluminal particles, Relativistic Computing based on recent discoveries
in relativity theory and Quantum Computing using adiabatic quantum computer
modeling and Quantum Morphogenetic Computing. The three examples were chosen because they are centered on new insights in quantum physics and relativity
theory.
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1

Introduction

Hawking argued in his semiclassical calculations [1] that the radiated to inﬁnity outmodes were of almost thermal spectrum. Particle dependence solely on the mass of
the black hole would imply lack of correlations with the internal degrees of freedom
(limited by causality) for an outside observer. As a result, the emitted quanta will
∗
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carry no information and large amount of entropy S = M 2 / Mp2 , where Mp is the
Planck mass. In his model the lack of unitary S-matrix and the geodesic divergence
as r → 0 lead to loss of information. Ever since Hawking’s proposal [1] that a pure
N

ρn |ψn >< ψn | there
quantum state ρ = | ψ >< ψ | evolves into a mixed one ρ =
n=1

has been a tremendous amount of work done to both falsify and back-up his claims
[2-6]. Although many proposals regarding the fate of information as it falls inside a
black hole have been made a consensus has still not been reached.
Recent developments [7-12] strongly suggest the processes of black hole formation/evaporation are described by unitary S-matrix. In the current paper we build
upon a model which, to my knowledge, was proposed by Page [13] and advocate a
scenario which suggests steady monotonic information release throughout the black
hole’s evolution. For now this seems like a physically reasonable and less radical
approach.
We present a model assuming no remnants are left behind and the system is
described by unitary S-matrix. Namely, we suggest monotonic information release
begins soon after the in-modes have crossed the horizon. By making certain reasonable (conservative) assumptions regarding the interior dynamics of the black hole,
we suggest an outside observer does not have to wait for half of the entropy of the
hole to evaporate in order to be able to recover the initial quantum state | ψ >
of an ingoing matter. Further, the advocated dynamics is such that it associates
the retrieval with the scrambling time scales. Moreover, we conjecture a method
for storing the information regarding infalling matter onto the degenerate vacuum
surrounding the hole in a layered-like manner as an alternative to the conventional
storing onto the horizon. We ﬁnd relations between the alternative information
storing method and black hole complementarity which further support the notion of
a physical membrane (stretched horizon) as far as a distant observer is concerned.
The reference-based complementarity descriptions establish a time-symmetric map
between past and future null inﬁnity. Later in the paper we use black hole perturbation theory to derive a quasi-stable behavior of the horizon. As a result, under
plausible assumptions regarding black hole mechanics we have found that unitary
interior dynamics can cause Planckian-amplitude horizon oscillations. The conjectured horizon oscillations may account for the stretched horizon reported by an
observer at future null inﬁnity. The paper is organized as follows.
In Sec. II, by making certain assumptions, we examine a scenario for information
retrieval from a black hole which has evaporated less than half of its mass. In Sec.
III we present an alternative model for storing information regarding the quantum
state of an ingoing matter onto the degenerate vacuum in the near-horizon region.
The model we present is identical to the one given by Susskind concerning a relation
between complexity and proper distance to the horizon. Section IV contains a brief
formulation of the ﬁrewall paradox as given by AMPS. In Sec. V we describe the
quasi-stable nature of the horizon, and further make the case for how the conjectured
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oscillations may account for the stretched horizon in complementarity.

2

Partial Information Reﬂection

In the current Section we put forward a model motivated by an argument made by
Page [13], certain generic assumptions regarding the fate of information as it crosses
the horizon, and the internal unitary dynamics of the hole to make the case that
”young” black holes act as partiallyreﬂectingmirrors. Until the end of the Section we
will consider the more conservative approach that infalling information experiences
no drama as it crosses the horizon and shortly after that gets embedded onto it.
Alternative proposal will be given in Sec. III.
We deﬁne a ”young” black hole to be one which has evaporated less than half
of its coarse-grained entropy. As a result we argue an observer outside a black
hole before Page time can, in principle, recover some information regarding infallen
perturbation.
Consider the following gedanken experiment. Suppose we have matter in a box
and an observer, Alice, who can freely manipulate it. Just as it has been argued by
Preskill and Hayden [14] let us assume that Alice has studied thoroughly the matter
and possesses complete knowledge of its state. Suppose now that Alice collapses the
matter to produce a Schwarzschild black hole given by the metric




2M
1
ds2 = − 1 −
(1)
dt2 +
dr2 + r2 (dΘ2 + sin2 Θdφ2 )
2M
r
1− r
where the singularity is at r = 0 and the global horizon is at r = 2M . The black
hole is described by a Hilbert space HBH with dimensionality of
dim(HBH ) = eA/4

(2)

in Planck units. Following the argument we further suggest Alice has complete
knowledge not only of the initial quantum state of the newly formed hole but of its
dynamics, too. Imagine now that Alice decides to throw inside the black hole k bits
whose states she has also studied. Note that no additional perturbations have been
added to the system. By assuming that Alice performs decoding once every k bits
are emitted, we are interested in two questions.
• When will Alice be able to recover the ﬁrst of the tossed k bits?
• How long will it take Alice to recover all of the bits?
For addressing the questions we will begin by using an argument presented by Page
[13] concerning gradual information escape in the form of Hawking radiation and
will then describe the internal black hole dynamics. A general estimate in [13] shows
that information in young black holes may, in fact, be released adiabatically. For
that reason we consider the black hole and the Hawking cloud to be subsystems of
a composite system in random pure state. The information content in the emitted
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photons would be barely noticeable in a perturbative analysis. Straightforwardly
the emission will be low for a massive black hole. In the particular model we are
interested in estimating the information content in the early radiation of a black
hole which has evaporated much less than half of its entropy. Suppose that the
two subsystems, the black hole and the Hawking emission, are described by Hilbert
spaces of dimensions B and A, respectively. Together they compose a larger system
AB . The Hilbert space dimensions will be then given by
dim(Hwhole ) = AB

(3)

dim(HBH ) = B

(4)

dim(Hradiation ) = A

(5)

The average information content I can be approximated to be
IAB = A/2B

(6)

where A denotes the dimensionality of the Hilbert space of the Hawking cloud
Hradiation and B denotes the dimensionality of the subsystem of the black hole where
dim (HBH ) = A/4. The initial emission of information has been calculated [13] to
be
dI
2
(7)
∼ e−4π/y
dt
where y = Mp /E and E is radiation energy.
The smaller subsystem of a larger system in pure state is expected to be in
nearly maximally mixed state. For a young black hole we expect B > A . As
the hole evolves, however, due to the eﬀects of the strong gravitational ﬁeld onto
the quantum vacuum, the black hole will monotonically lose mass. Based on the
assumption we made in the gedanken experiment that no matter is further tossed
into the hole (except for the initial k bits where k  HBH ), as it radiates we should
see the following inversed proportionality between the subsystems dim (HBH ) =
−dim(Hradiation ) . As a result in the case of a young black hole we expect to ﬁnd
little information in the smaller subsystem . In fact most of the information is
found in the correlations between the subsystems A and B. Detailed calculations
have been carried out in [13].
Based on the provided argument and a few generic assumptions given below we
address the questions regarding information retrieval time.
The notion that black holes scramble information very rapidly rather than destroy it is embraced throughout the paper. They are conjectured to be the fastest
scramblers in nature [15]. We deﬁne a system to be scrambled when a subsystem,
smaller than half of the larger system, reaches maximum entanglement entropy. We
take the scrambling to be a strong form of thermalization. In the context of black
hole physics, the scrambling time ts is the smallest possible time scale for localized
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perturbation to become scrambled, (strongly thermalized) and hence eﬀectively undetectable
R
(8)
ts = R ln( )
lp
where R is the Schwarzschild radius and lp is the Planck length. In other words,
that is the time it takes for a state to become maximally mixed with the degrees of
freedom of a system. Preskill and Hayden have recently made the case [14] that for
a suﬃciently old black hole (after Page time), the scrambling time is of order the
retrieval time ts ∼ tretrieval . The retrieval time in this context should be regarded as
the time it takes an outside observer to recover initially tossed information from a
black hole in the form of Hawking radiation. For instance, suppose we throw a bit
of classical information into an already scrambled system. As a result the system
will be brieﬂy taken out of its present state, and of order ts later will return to its
initial strongly thermalized state. Based on the provided example one might argue
the scrambling time is the time period for which the inner dynamics of an already
scrambled system ”deals” with the additionally introduced perturbation (which has,
in a way, partially unscrambled it), and thus returns to its initial scrambled state.
Moreover we suppose infalling matter experiences no drama as it crosses the
horizon r = 2M . Further we believe in the presence of a strong gravitational ﬁeld
(like the interior of a black hole as r → 0 ) the strong energy condition (SEC)
(Tμν − 12 T gμν )X μ X ν ≥ 0 may be violated. Therefore as infalling matter reaches
r = 0 the unitary dynamics transform the coarse-grained into ﬁne-grained entropy.
Thus information is not destroyed but rather processed. It is strongly thermalized
(scrambled), and by the repulsive gravity features of the r = 0 region, embedded
onto the horizon. The Bekenstein-Hawking bound S = A/4 is satisﬁed as far as
an outside observer is concerned. We argue the distribution of the scrambled information across the horizon is an exclusively stochastic process. Hence the strongly
thermalized information is not embedded onto the horizon in a perfectly uniform
manner. Homogeneous distribution would imply that each of radiated Hawking particles carries a bit which would be problematic.
* + In that case the retrieval time would
be of order logR which is less than R ln lRp . Information retention in a time scale
smaller than the scrambling time, Eq.(8), would allow an outside observer to verify
quantum cloning. Moreover, it is hard to come up with a physically reasonable
scenario for storing the information onto the horizon in a speciﬁc pattern.
As a result of Page’s argument and the generic assumptions we have put forward
regarding the unitary interior dynamics of a black hole which has evaporated less
than half of its coarse-grained entropy we argue the required time for an outside
observer, Alice, to recover the ﬁrst of the initially tossed k bits cannot be known
a priori . Regardless of Alice’s complete knowledge about the black hole’s state,
dynamics and the state of the k bits, there are no measurements she can perform in
order to derive a time scale for the retrieval. The inability of determining tretrieval
is rooted in the completely probabilistic nature of the distribution of ﬁne-grained
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entropy across the horizon. Also, nonuniformity is necessary for deriving a value
for tretrieval which obeys the no-cloning bound tretrieval ≥ ts , and thus preserves the
linearity of quantum mechanics. As we have already made the case, if we assume
that the thermalized matter is eﬀectively ”stretched out” throughout the horizon
(perfectly uniform distribution, as one would naively expect) we allow quantum
xeroxing to be veriﬁed. Following the same line of reasoning and expanding the
argument we arrive at the same conclusion for the case of retrieving all of the thrown
k bits. Namely, Alice cannot a priori derive a time scale. It should be noted there is
nothing, in principle, which forbids the ﬁrst k bits emitted from a young black hole
to be that same k bits that Alice had tossed an order of ts earlier. However, due
to the random nature of the involved processes (scrambling and distribution across
the horizon) the probability of that occurring is exponentially small.
We now derive several generic relations which follow from classical black hole
mechanics and thermodynamics regarding the evolution of the information content
in the Hawking radiation as a young black hole evaporates. Let us substitute the
information content I from Eq.(6) with Δ t , where Δ t is the typical retention time.
We get
Δ t = A/2B
(9)
One can easily derive a relation between the typical retention time Δ t and black
hole’s mass/area
(10)
Δ t = −dim(Hradiation )
1
(11)
16πM 2 G2
where M is the mass of the hole and G is the Newton constant. As the black hole
evaporates, the dimensionality of the Hilbert space describing the emitted Hawking
radiation cloud dim (Hradiation ) grows. Hence the usual time it would take Δ t for
initially thrown k bits inside the hole to be retrieved by an outside observer (Alice)
decreases. This implies the information content in the radiation I is associated with
the retrieval time
Δ t = −I
(12)
dim (Hradiation ) =

However, Δ t is not unbounded. As the black hole evaporates half of its entropy, we
assume we get into the realm of the argument given by Preskill and Hayden [14],
Figure 1. Namely, as the hole passes its ”half-way” point (Page time) Δ t reaches
its lower bound
 
R
(13)
Δ t ∼ R ln
lp
as dim (Hradiation ) ≥ dim (Hwhole )
The provided relations Eqs. (9-12) are simple tools for more robust illustration
of the given gedanken experiment and the overall model. This further justiﬁes our
claim that black holes which have evaporated less than half of their entropy can be
regarded as partially-reﬂecting mirrors. Before Page time, an observer, Alice, staying
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Fig. 1 Depiction of the information content of the emitted radiation by a young black
hole I as a function of black hole’s mass M . The blue dot denotes the Page time at which
Δ t ∼ ts .

outside a black hole, collecting and decoding radiation would expect to receive a bit
every once in a while, so to speak. We argue Alice can expect to get a complete
and rapid ”reﬂection” of the thrown k bits only after the ”half-way” point has been
passed.

3

Alternative Information Storing

In this Section we consider an alternative scenario for storing information about
infalling matter. In the past, attempts have been made to falsify the hypothesis of
a complete (remnant-free) evaporation with gradual release of information [21,22]
by stating that locality has to be violated in order for information to escape from
r < 2M . However, it was proposed in [21,22] that one can preserve locality by
assuming no information enters the interior of the black hole. The current Section
provides such a mechanism.
It has been recently argued [16,17] that an observer outside a black hole should
see slight deviations from the unique Minkowski vacuum. Hence implying the apparent uniqueness of the quantum vacuum is an eﬀective ﬁeld theory. As a result the
near-horizon black hole region should be surrounded by energetically indistinguishable states. Following the postulates of black hole complementarity [18] we suppose
the degenerate vacuum should be able to store information about infalling matter
and not get physically excited. Thus an infalling observer will not feel anything out
of the ordinary (no drama). It has been suggested the number of the diﬀerent vacua
|ψn > is the exponential of the Bekenstein-Hawking area/entropy bound; namely
|ψn > = eA/4

(14)
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where A is the area of the black hole.
Spherically symmetric solutions to Einstein ﬁeld equations (EFE) describe generic
collapse with the horizon region being a ﬂat plane with no special dynamics. Quantum vacuum in asymptotically ﬂat spacetime with a boundary surface leads to a
certain ambiguity (Casimir eﬀect). In this case the number of measured eigenstates
a†i ai , will be observer-dependent. Here a†i is a creation operator, and ai is an annihilation operator.
Suppose we have a pair of observers, Alice and Bob, each carrying a measuring
apparatus, where Alice is close to the event horizon, and Bob is far away. We
expect Alice and Bob to disagree on the number of the produced eigenstates in the
near-horizon region
 †
φ=
(ai fi∗ + ai fi )
(15)
i

 †
(bi fi∗ + bi fi )
φ=

(16)

i

Hence they measure diﬀerent number of particles, NA = NB .
In [19] Susskind introduced a duality which connects the distance from the horizon to the computational complexity in order to study the relation between black
holes and complexity. To do so he conjectured an onion-like (layered) structure in
the near-horizon region. Each layer carries diﬀerent degrees of freedom. We believe
similar method can be used for storing information onto the degenerate vacuum.
Suppose we embrace the same layered structure,

Fig. 2 Penrose diagram for the layered (onion-like) structure of the degenerate vacuum
in the near-horizon region. The blue lines indicate the diﬀerent layers. The singularity is
given by the red wave-like line.

Let’s assume the thickness of each layer is of order lp and that they extend in
outward direction of order R, where R is the Schwarzschild radius. It seems reason-
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able to make that assumptions since at that scale the geometry of the spacetime is
ﬂat (Minkowski vacuum)
R
= SBH
(17)
lp
In this case the layered degenerate vacuum is suﬃcient to eﬀectively reproduce the
degrees of freedom of the black hole. As a result, ingoing matter should encode
the information about its initial quantum state onto the degenerate vacuum. We
further wish to extend the assumption we made about the random embedding of
scrambled information onto the event horizon. Namely, we suggest even for the case
of layered-structured degenerate vacuum one should regard the storing of information as a completely random process. In this case the emitted thermal Hawking
photons will periodically ”pick up” information from the vacuum. We suspect the
exact mechanism for that requires insights from quantum gravity which we do not
yet possess. Thus not every single Hawking particle will carry information. Addressing the questions raised in Sec. II in the context of the current framework yields
identical results. This could be easily seen by the similarities between the stochastic
information encoding onto the horizon and the degenerate vacuum. Although it may
not sound as straightforward as the scenario for encoding onto the horizon given in
Sec. II, the current alternative should not be ignored altogether as it succeeds to
achieve similar results.

4

Postulates Inconsistency

In the present Section we examine AMPS argument regarding an inconsistency between the postulates of complementarity.
Recently, it has been argued by AMPS [23] there is an inconsistency between the
postulates of black hole complementarity [18] which causes drama for an infalling
observer after half of the mass has been evaporated. The three postulates are given
as follows. The absence of drama for an ingoing observer is also mentioned in [18],
and has been established in the literature as a fourth postulate.
Postulate 1: The process of formation and evaporation of a black hole, as viewed
by a distant observer, can be described entirely within the context of standard
quantum theory. In particular, there exists a unitary S−matrix which describes the
evolution from infalling matter to outgoing Hawking-like radiation.
Postulate 2: Outside the stretched horizon of a massive black hole, physics can
be described to good approximation by a set of semiclassical ﬁeld equations.
Postulate 3: To a distant observer, a black hole appears to be a quantum system
with discrete energy levels. The dimension of the subspace of states describing a
black hole of mass M is the exponential of the Bekenstein entropy S(M ) .
Postulate 4: A freely falling observer experiences nothing out of the ordinary
when crossing the horizon.
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We wish to preserve unitarity in accordance with Postulate 1
ρ = |ψ >< ψ|

(18)

Following the semiclassical approximation, stated in Postulate 2, combined with the
desired information preservation in Postulate 1, we see that an infalling observer
should encounter high-energy quanta at the horizon,

Fig. 3 Black hole in Eddington-Finkelstein coordinates. The wave-like line (r = 0) is
the singularity. The event horizon is depicted by the solid blue line. The solid green line
depicts an infalling observer, and the Hawking radiation is shown by the red arrows.

However, according to Postulate 4, there should be absence of drama for an
infalling observer. Hence she should measure the ground state with no deviations
from the classical Unruh vacuum. Suppose an infalling observer is counting the highenergy modes with a measuring apparatus. Following Postulate 4, the expectation
value should be zero, Ni = 0, where Ni = a†i ai . As AMPS have pointed out, this
statement appears to be in contradiction with our nomenclature regarding quantum
ﬁeld theory in curved spacetime (Postulate 2). As Hawking has explicitly shown
in his semiclassical calculations [24] the strong gravitational ﬁeld acts on the quantum vacuum and polarizes the virtual particle pairs. The number of the produced
particles which are radiated away to inﬁnity is thus given by





|βi |2
(19)
< 0 a†i ai  0 > =
i

By ﬁnding the value of β we approximate the number of the emitted quanta. As it
follows from black hole perturbation theory [25,26] as the hole evaporates it loses
mass which leads to an increase of the temperature, and thus faster evaporation
rate. Although the value of β is generally negligible, the eﬀects of the black hole’s
mass on the matter ﬁelds add up during the course of evaporation, and should be
signiﬁcant after Page time.
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Therefore, after half of the black hole has evaporated the number of out-modes,
that an infalling observer carrying measuring apparatus will count, should be nonzero, hence causing drama and contradicting Postulate 4.
Because of the contradiction between the postulates of complementarity, AMPS
argue the following three statements cannot all be true:
(i) Purity of the emitted Hawking quanta.
(ii) Absence of drama for an infalling observer.
(iii) Semiclassical physics in the vicinity of the black hole.

5

Oscillations as Stretched Horizon

We now address the question of what boundary conditions need to be present at the
vicinity of the event horizon in order to avoid formation of a ﬁrewall for a suﬃciently
old black hole. We then put forward the quasi-stable behavior of the horizon which
can account for the conjectured in complementarity stretched horizon.
As it has been argued in Sec. IV AMPS’ argument leads to violation of the nodrama principle after Page time if there is an entanglement (maximal correlation)
between early- and late-time Hawking radiation. It has been shown in [27] that disentangling the quantum vacuum in the near-horizon region by introducing certain
boundary conditions preserves the eﬀective ﬁeld theory for old black holes. The
imposed boundary conditions have to meet certain requirements, namely to change
the correlation between the in- and out-modes without aﬀecting the thermal spectrum of the radiation emitted to L+ , and preserve the conservation of momentum.
Even small deviations from the purely thermal spectrum of the Hawking particles
will lead to stress-energy divergence due to the large blueshift which occurs when
an observer at L+ traces the particles to the origin. In that case, Tμν → ∞ as
r → 2M .
Following [18,27] as far as a far away observer is concerned there is a stretched
horizon (physical membrane) located lp away from the global horizon (r = 2M )
in outward direction. The proposed membrane acts as a partially-reﬂecting mirror
with the following characteristic
Φout − Φin = 0

(20)

where in and out stand for coming from L− and radiated to L+ , respectively. Thus
an observer at L+ can obtain all of the information from L− and vice versa. The
reﬂective property Eq.(20) implies we preserve the unitary evolution of the S-matrix
and establish a complete time-symmetric map between past and future null inﬁnity.
As a result the stress-energy tensor is normalized. That being said, the conditions
imposed in [27] lead to polarization of the particle pairs solely on one side of the
horizon, either r < 2M or r > 2M , and hence break the trans-horizon correlations.
We argue the Planckian-amplitude horizon oscillations [20] can generically account for the suggested boundary conditions. The conjectured oscillations arise
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naturally from perturbation theory. The eﬀect is argued to be caused by transformation of coarse-grained degrees of freedom into ﬁne-grained degrees of freedom
which is an integral part of the black hole formation/evaporation process. We assume the frequency of the horizon oscillations are related to the mass of the hole
following trivial principles from black hole thermodynamics. That being said, the
oscillations frequency should be gradually increasing for a monotonically evaporating isolated black hole with no ingoing matter present. Hence the frequency of the
oscillations solely depends on the mass of the hole

−T μν
(21)
ω=
M
where Tμν is the emitted Hawking radiation and M is the mass of the black hole. We
assume the conjectured oscillations can account for the vacuum disentanglement.
Suppose we have a spherically symmetric collapse given by the Schwarzschild
metric, Eq.(1). In the context of complementarity an observer at L+ would measure
the entropy of the black hole to emerge from the ﬁne-grained degrees of freedom
outside the global horizon (stretched horizon). As it has been argued in [18] each
point from the global horizon ( r = 2M ) is projected onto a physical membrane
located a lp away. Hence the whole horizon surface is shifted by order of , where δ
is a small positive constant. Therefore the entropy of the event horizon equals the
entropy of the stretched horizon which obey the Bekenstein bound in Planck units
Shorizon = Sstretched = A/4

(22)

Because of the established equality we argue the oscillations can account for the
physical membrane as far as an observer at L+ is concerned.
Since the black hole polarizes the quantum vacuum in the vicinity of its horizon,
we suppose the proposed oscillations are suﬃcient to produce the desired eﬀect,
namely the particle pairs remain in either the interior or exterior region. Thus
breaking up the vacuum entanglement. Suppose we have a collapse in initially pure
state
?

|ψ > |
i>
(23)
|ψ > =
i

where |ψ >∈ Hout and |i >∈ Hin . Here Hout and Hin stand for radiation emitted
to inﬁnity and radiation close to the horizon, respectively. For a black hole after
Page time we assume | ψ >> |i >. If we interpret the radiated Hawking particles in
terms of Hilbert spaces, we get dim(Hout ) > dim(Hin ) [28]. That being said, when
an observer at L+ traces the Hawking quanta back to the origin no deviations will
be observed due to the purely thermal spectrum of the emission. Moreover, when
the out-modes are traced back no membrane will be present. As far as a close-by
observer is concerned infalling matter is not reﬂected by a stretched horizon, and
crosses the r = 2M region with no drama. We argue there will be discrepancy
between the reference-based descriptions of order the scrambling time ts , Eq.(8),
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due to the lack of perturbation to the background metric caused by ingoing matter.
Hence a close-by observer should see matter being radiated away from the global
horizon, which would imply it has been reﬂected by the singularity region (dS core)
[20] of order ts later.
So far we have provided a complementary description of the physical membrane,
and have shown how the conjectured horizon oscillations can account for it. However,
we still have not addressed the question of what causes the infalling matter reﬂection,
as reported by an observer at L+ .
In Sec. III we have argued the near-horizon region is surrounded by numerous
energetically-identical vacua. Later on in Sec. V we have shown the number of
the indistinguishable vacua, Eq.(14) equals the entropy of the global, and hence
stretched horizon of the black hole, Eq.(22). That being said, we argue a distant
observer (Bob) can falsely interpret the information stored onto the degenerate vacuum as a partially-reﬂective surface. As far as Bob is concerned, infalling matter
gets thermalized, and reﬂected back by the stretched horizon. Moreover, the outmodes emitted to inﬁnity are also seen to originate from the physical membrane,
from the perspective of an observer at L+ . For Alice, however, who is at proper distance r from the black hole nothing unusual happens. Infalling matter experiences
no drama, and the Hawking particles are emitted from the global horizon (r = 2M ).
We have been able to show that by starting from diﬀerent principles one might
derive a complementary description similar to the one given in [18].

6

Conclusions

Section II was built on the premise that black hole are objects which process information. By using mathematical framework given by Page [13] and making certain
generic assumptions regarding the unitary interior dynamics of a black hole which
has evaporated less than half of the its coarse-grained entropy, we made the case
that one does not have to wait for Page time in order to recover information concerning in-modes. In fact, what we have shown is that an outside observer, having
complete knowledge regarding the initial quantum state of the black hole and the
tossed matter, can, in principle, retrieve information in the form of Hawking particles. Hence establishing young black holes as partially-reﬂecting mirrors. Also, we
presented several relations which further explain the connection between the information content in the Hawking radiation I and black hole’s mass . As it turns out,
once the ”half-way” point (Page time) is reached the typical retention time reaches
its lower bound ts ∼ tretrieval . Furthermore, in Sec. III we described an onionlike layered behavior of the degenerate vacuum in the near-horizon region that can
record information about ingoing matter. In both cases, conventional (horizon) and
alternative (degenerate vacuum) we managed to obtain similar results for the typical
time scale for information retention. Thus in both cases CPT symmetry is respected.
We have then shown (Sec.V) that the generic phenomena of Planckian-amplitude
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horizon oscillations can account for the stretched horizon proposed in black hole
complementarity, and also provide the necessary conditions for breaking up the entanglement between early- and late-time Hawking particles. Thus preventing the
formation of a ﬁrewall after Page time. The conjectured oscillations follow from
classical black hole perturbation theory. The model builds on the complementary
picture given by Susskind by providing natural explanation of its basic features.
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1

Introduction

One of the focal attention of chemical physics or molecular physics is to study the bonding
nature of the constituent particles of a particular system. Generally, these are studied
via diﬀerent potential models. No one has yet succeeded to specify the absolute correct
potential model for a particular molecule or atomic system, because still we don’t have
the full understanding of the mysterious world of the atomic or molecular cluster. Though
we have limitations, we can predict some potentials purely on the base of experimental
analysis and this subject has long history[1-3]. The best mathematical tool to look after
these potential models is non other than Schrödinger equation, obliviously when relativistic matters are not important. Schrödinger equation nowadays are studied in higher
dimensions. These higher dimensional studies provide a general treatment of the problem in such a manner that one can obtain the required results in lower dimensions just
dialing appropriate D. Motivated by these, over the past few years, theoretical physicists
have shown a great deal of interest in solving higher dimensional Schrödinger equation
∗
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for various potentials [4-15]. Apart from regular well known potentials, also some complicated potentials like ring shaped potential coupled with Coulomb potential, exponential
potential, hyperbolic potential or their diﬀerent combinations are also addressed by many
authors [16-22].
Unfortunately, in this part of literature so far the solutions of higher dimensional Schrödinger
equation with anharmonic potentials like combination of singular fractional power po
tential with Singular integer power potential V (r) = pi=0 arii , Sextic potential V (r) =
λr 2
ar6 + br4 + cr2 , Non-polynomial potential V (r) = r2 + 1+gr
2 and others have not yet been
paid a considerable amount of interest. Singular fractional power law potential has been
recently found application in quark-antiquark interaction [23] and in models of exhibiting
shape resonance behavior [24]. There are few number of studies basically on lower dimensional Schrödinger equation via various approximation methods [25-28]. Motivated by the
lack of these type of studies in higher dimensional Schrödinger equation, an attempt has
been maid in this paper to solve the following square root power potential
V (r) =

4

ai
i

i=0

r2

,

(1)

where ai (i = 0, 1, 2, 3, 4) represent the potential parameters. The important fact of
this potential is, it can generate several well known potentials that are important in
molecular or atomic physics. The potential under consideration is not purely fractional
power potential rather than it is a combination of singular fractional power potential with
singular integer power potential. It is clear, due to the mathematical diﬃculty only the
running index is taken up to i = 4. At present there are number of suitable techniques
available [29-32] to solve diﬀerent type of diﬀerential equations that generally appear in
physical systems like Schrödinger equation in quantum mechanics. However, in this paper
traditional wave function ansatz concept [33-34] with a little series solution technique [35]
has been employed to solve the potential (1) for multidimensional Schrödinger equation.
The paper is organized as follows: Next section is for the bound state spectrum of the
potential. In Section III special cases are studied. Section IV is for the conclusion of the
work and ﬁnally important references are given in section V.

2

Bound State Spectrum of the Potential

The D-dimensional time-independent Schrödinger equation for a particle of mass M with
arbitrary angular quantum number  is given by [36] (in units of  = 1)
7
*
+8
∇2D + 2M En − V (r) ψnm (r, ΩD ) = 0 ,
(2)
where En and V (r) denote the energy eigenvalues and potential. ΩD within the argument of n-th state eigenfunctions ψ denotes angular variables θ1 , θ2 , θ3 , ....., θD−2 , ϕ. The
Laplacian operator in hyperspherical coordinates is written as
∇2D =

Λ2D−1
∂ D−1 ∂
,
(r
)
−
rD−1 ∂r
∂r
r2
1

(3)
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where
Λ2D−1

=−

 D−2

k=1

1
×
2
2
sin θk+1 sin θk+2 .....sin2 θD−2 sin2 ϕ



∂
∂
sink−1 θk
k−1
sin θk ∂θk
∂θk
1




∂
∂
sinD−2 ϕ
. (4)
+ D−2
sin
ϕ ∂ϕ
∂ϕ
1

Λ2D−1 is known as hyperangular momentum operator.
Expressing the solution as ψnm (r, ΩD ) = Rn (r)Ym (ΩD ) and applying the separation
variable method in Eq.(2) we can have two separated equations
Λ2D−1 Ym (ΩD ) = ( + D − 2)Ym (ΩD ) ,
and




)
D−1 d
( + D − 2) 2M (
d2
+
+ 2 En − V (r) Rn (r) = 0 ,
−
dr2
r dr
r2


(5)

(6)

where Ym (ΩD ) in the Eq.(5) are the hyperspherical harmonics.  is called the orbital
angular momentum quantum number, where  = 0, 1, 2, 3.....
Eq.(6) is called the hyperradial or in short “radial” equation containing the radial part
of the solution Rn (r). The separation constant ( + D − 2) is only applicable for D > 1.
1
Now inserting the Eq.(1) into Eq.(6) and changing the variable as r 2 = x we have


(
)
D
2
N
2D − 3 d
a3
d
R(x) = 0 ,
(7)
+
− a2 4 + 8M (En − a0 )x2 − a1 x − a2 −
2
dx
x dx
x
x
D
where Na
= 4( + D − 2) + 8M a4 and Rn (r) ↔ R(x).
4
In order to solve Eq.(7) we ﬁrst ﬁnd the asymptotic behavior of R(x). As x → ∞ we
have
(
)
d2 R(x)
2
+
8M
(E
−
a
)x
−
a
x
R(x) = 0 .
(8)
n
0
1
dx2

The solution must be bounded at inﬁnity i.e R(x → ∞) → 0. So let us try the solution
of Eq.(8) as
R(x) = [const]e−(Ax

2 +Bx)

,

(9)

where A, B are constants. Taking this form of solution into Eq.(8) and neglecting the
term B 2 − 2A, as it is fare for large limit of x, we have, by comparing the coeﬃcient of
x2 and x,

(10a)
A = −2M (En − a0 ) ,
2M a1
B=
.
(10b)
−2M (En − a0 )
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The solution must be bounded in origin also. The well-behaved complete solution of R(x)
now can be taken as
R(x) = [const]e−(Ax

2 +Bx)

f (x) ,

(11)

were f (x → 0) → 0.
Using Eq.(11), Eq.(7) leads to the following homogeneous linear second order diﬀerential
equation
df (x)
d2 f (x)
+ h(x)
+ g(x)f (x) = 0 ,
2
dx
dx

(12)

where
2D − 3
− (4Ax + 2B) ,
x
D
8M a3 + (2D − 3)(2Ax + B) Na
− 24 .
g(x) = (B 2 − 2A − 8M a2 ) −
x
x

h(x) =

(13a)
(13b)

The complete solution of this diﬀerential equation can be found if one integral in its
complementary function be known. Let us try an inspection such that f (x) = xk is a
solution of this equation. So we have
k(k − 1) + H(x)k + G(x) = 0 ,

(14)

where H(x) = xh(x) and G(x) = x2 g(x).
Now h(x) and g(x) are not analytic near the origin, but H(x) and G(x) are both analytic
at x = 0. This provides k(k − 1) + H(0)k + G(0) = 0 and hence

(15a)
k+ = −(D − 2) + (D + 2 − 2)2 + 8M a4 ,

k− = −(D − 2) − (D + 2 − 2)2 + 8M a4 .
(15b)
The acceptable solution must be k+ (> 0) as it preserves the rule f (x → 0) → 0.
Now we are in a situation to write the form of complete solution for f (x) as a series like
f (x) = x

k

∞


c p xp .

(16)

p=0

Taking this into Eq.(12) we have the following identity
∞

p=0

α p cp x

k+p+2

−

∞

p=0

βp cp x

k+p+1

+

∞


γp cp xk+p = 0 ,

(17)

p=0

where
αp = B 2 − 8M a2 − 4A(D + k + p − 1) ,

(18a)

βp = 8M a3 + B(2D + 2k + 2p − 3) ,

(18b)

D
.
γp = (k + p)(k + p + 2D − 4) − Na
4

(18c)
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Equating the coeﬃcient of lowest power of x, which corresponds to p = 0 in the left hand
side of the identity, we have the indicial equation
D
] = 0.
c0 [k(k − 1) + k(2D − 3) − Na
4

(19)

We must choose c0 = 0 as k = k+ makes the bracket term of Eq.(19) a vanishing.
Similarly equating the coeﬃcient of next higher power of x, i.e xk+1 from the identity we
get
c1 =

8M a3 + B(2k + 2D − 3)
c .
D 0
(k + 1)(k + 2D − 3) − Na
4

(20)

After deciding the coeﬃcients c0 and c1 and ﬁnally equating the coeﬃcient of xp+k+2 from
both sides of the given identity i.e Eq.(17) we achieve
αp cp − βp+1 cp+1 + γp+2 cp+2 = 0 .

(21)

Now for physical cases the series must be a polynomial or in short it must terminate at
p = n ∈ Z+ . That means we must have cn = 0 and cn+1 , cn+2 , cn+3 , ... = 0
From the above argument it is easy to ﬁnd αn = 0 which ﬁnally provides the energy
eigenvalue equation in association with Eq.(10b) as
4A3 (D + k + n − 1) + 8A2 M a2 − 4M 2 a21 = 0 .
The corresponding radial eigenfunctions are
7√
Rn (r) = Nn e

− r

2M a1
−2M (En −a0 )+r 1/2 √
−2M (En −a0 )

8
r

k+
2

n


(22)

cj rj/2 ,

(23)

j=0

where we have used Eq.(10a, 10b), Eq.(11) and Eq.(16) with the exchange of variable
x = r1/2 . Nn is the normalization constant which can be evaluated from the condition
∞
[Rn (r)]2 rD−1 dr = 1.
0

3

Discussion of Special Cases

1
3
(1) Singular one fractional power potential: V (r) = ra1/2
+ ra3/2
The potential is obtained from Eq.(1) by setting a0 = a2 = a4 = 0
Under this condition from Eq.(15a) we have k+ = 2, and from
√
Eq.(10a) A = −2M En .
Now Eq.(22) immediately gives the energy eigenvalues

En

1
=−
2M



M 2 a21
2k  + n + 1

 23
,

(24)
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where k = ( D2 +  − 1).
The corresponding radial eigenfunctions are given by
7
8
Rn (r) = Nn e

√
2M a1
− r −2M En +r 1/2 √

−2M En

r



n


cj rj/2 .

(25)

j=0

The above results are in excellent agreement with the ref.[33].
(2) Mie-type potential: V (r) = a0 + ar2 + ar24
The potential is obtained from Eq.(1) by setting a1 = a3 = 0.
Eq.(10b) gives B = 0 hence Eq.(18b) provides βp (or β)= 0.
Under this condition Eq.(20) gives c1 = 0 and the recurrence relation comes out
from Eq.(21) as
αp cp + γp+2 cp+2 = 0 .

(26)

The above relation immediately gives
5
= 0, if p is odd,
cp ⇒
= 0, if p is even.

(27)

Taking p = 2nr where nr = 0, 1, 2, 3..... we again argue that the series must terminate
at p = 2nr (i.e c2nr = 0) to achieve a polynomial solution to explain the physical
cases. So under this situation in Eq.(26) we have to set cp+2 = 0 for p > 2nr .
This gives α2nr = 0 which is nothing but the same as Eq.(22) except p ≡ n = 2nr
and potential parameter a1 = 0.
Hence the energy eigenvalues are
2

M
a2
(
) .
(28)
Enr  = a0 −

2 n + 1 1 + (D + 2 − 2)2 + 8M a
r

4

2

This is what obtained in ref.[12] and ref.[31].
The radial eigenfunctions for this case emerges from Eq.(23) as
7√
8
2nr
k+ 
− r −2M (Enr  −a0 )
2
r
cj rj/2 .
Rnr  (r) = Nnr  e

(29)

j=0

j=odd

(3) Coulomb potential: V (r) = ar2
This can be obtained from Eq.(1) by setting a0 = a1 = a3 = a4 = 0. Thus the
results of Mie-type potential as well as the explanations of that section are equally
applicable and can be used here with an extra condition a0 = a4 = 0. So the energy
eigenvalues are

2
a2
M
.
(30)
En r  = −
2 D2 +  + nr − 12
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This result is similar to the ref.[10].
Eq.(15a) provides k+ = 2, hence we have the radial eigenfunctions from Eq.(29) as
7√
8
2nr

−r
−2M Enr 
r
Rnr  (r) = Nnr  e
cj rj/2 .
(31)
j=0

j=odd

4

Conclusions

In this paper D-dimensional Schrödinger equation is addressed for square root power
law potential using wave function ansatz method. It has been shown that traditional
mathematical method like wave function ansatz and series solution always provide a wide
space to deal with complicated potential problems. The result that has been obtained in
this work is satisfactory in the sense that some special cases like singular one fractional
power potential, Mie-type potential, Coulomb potential are derived easily and they are
in excellent agreement with the previous works.
The exact form of the energy eigenvalues given by Eq.(22) is complicated. The only way to
ﬁnd the energy eigenvalues is the numerical computation of the equation for a particular
state. However the eigenfunctions are in well known form. May be after normalization
they can be expressed in terms of Laguerre polynomials or conﬂuent hypergeometric
functions.
We will look forward to the further study of this potential in future at least for few
more terms (i = 0 → 5) or (i = 0 → 6). May be other methods like the asymptotic
iteration method (AIM), the Nikiforov-Uvarov method (NU) will help to achieve this
aim. Moreover, after careful introduction of Pekeris approximation [37] with suitable
restrictions on Eq.(1) can generate other complicated hyperbolic potentials also.
Furthermore, following the same way of this paper, one can study the other class of
 ai
 ai
and
.
fractional singular power potentials like
r i/3
r i/4
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1

Introduction

Gravitational lensing provided the ﬁrst experimental veriﬁcation of General Relativity (GR) [1] through observations of starlight bending around the Sun during
the solar eclipse. In 1979, Walsh et.al reported the observation of two quasi stellar
objects known as 0957 + 561 A and B separated in the sky by only 5.7 arc seconds,
had nearly identical magnitudes, redshifts and detailed spectra. It was diﬃcult to
describe them as two distinct objects and thus suggested that light from a single
source passes through the gravitational ﬁeld of some large intervening object was
arriving at the Earth from two diﬀerent directions [2]. The phenomenon is now
referred to as gravitational lensing and the object causing a detectable deﬂection
is known as gravitational lens. Now the gravitational lensing is observed in many
astrophysical contexts ranging from stars through galaxies and clusters of galaxies
up to the large-scale structure of the universe [3].
∗
†

Email: rsini2002@gmail.com
Email: rabida4@gmail.com

208

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 207–214

The full theory of gravitational lensing has been developed following the scheme
of the weak ﬁeld approximation. When the light goes very close to a heavy compact
body like a black hole, an inﬁnite series of images generate, which provide more
information about the nature of the black hole’s surrounding. In these cases the
strong gravitational lensing can help us to explore the characteristics of the gravitational source. There has been signiﬁcant theoretical eﬀort over several decades
to understand lensing in the strong deﬂection regime. Virbhadra and Ellis obtained
the lens equation using an asymptotically ﬂat background metric and analyzed the
lensing by a Schwarzchild black hole in the center of the Galaxy using numerical
methods [4]. Fritelli et al. [5] found an exact lens equation without any reference to
a background metric and compared their results with those of Virbhadra and Ellis
for the Schwarzchild black hole case. Eiroa, Romero and Torres [6] applied the same
technique to a Reissner - Nordstrom black hole. More topics within the region of
the strong ﬁeld lensing can be listed as, gravitational source with naked sigularities
[7], GMGHS charged black hole [8], a spining black hole [9] - [10] a braneworld black
hole [11]- [12], an Einstein-Born-Infeld black hole [13], a black hole in Brans-Dicke
theory [14], a black hole with Barriola-Vilenkin monopole [15]- [16] and the deformed
Horava-Lifshitz black hole [17] etc.
The aim of this article is to review the theoretical aspects of gravitational lensing
by RN extremal black holes. Section II describe the geometry of lensing. Strong
ﬁeld gravitational lensing by RN extremal black hole was explained in Section III.
Application to a galactic black Hole is given in Section IV. Section V contains the
conclusion.

2

Geometry Of Lensing

In a lensing system there are,
• Source : from where the light comes. The source can be a Quasar, a galaxy,
etc.
• Lens : the one which deﬂect the path of light. It may be a galaxy, dark matter
or a supermassive black hole, etc.
• Image : they are the result of gravitational lensing.
Fig.(1) gives a schematic diagram of the lensing situation and deﬁnes standard
quantities: β the angular position of source, θ the angular position of an image,
α the bending angle, Dol the distance between observer and lens, Dos the distance
between observer and source, and Dls the distance between lens and source [4].
When source, lens and observer are all aligned we obtain the deformation of
light from a source into a ring. If the alignment is perfect, ie, the lens is perfectly
symmetric with respect to the line between the source and observer, We could see
a ring of image and is called Einstein ring. From the Fig.(3) it is clear that angular
separation of the source from the lens is zero.ie, β = 0. Here the bending of light
is similar to the refraction of light at the interface of two media. However there
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Fig. 1 Geometry of lensing

Fig. 2 Einstein Ring

are some basic diﬀerence between optical lensing and gravitational lensing. In the
former, light rays from a point source get focussed at a point and we say that an
image has been formed. In gravitational lensing, the null geodesics which connect
the source and observer split up in such a manner that the observer receives light
from diﬀerent directions.
For a general spherically symmetric metric is given by,
ds2 = A(x)dt2 − B(x)dx2 − x2 (dθ2 + sin2 θdφ2 )

(1)

the general formula for the deﬂection angle is given by [20],
α=

1 − y0 

[C0 y0 − C0 A0 ],

C0 A0

(2)


where A(x) at x0 (distance of closest approach) is A0 , C(x) at x0 is C0 , C (x) at



x0 is C0 and A (x) at x0 is A0. . A photon incoming from inﬁnity with some impact
parameter, will reach a minimum distanc and then emerge in another direction.
That distance is called the distance of closest approach x0
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The RN black hole’s (event
 and inner) horizons in terms of the black hole parameters
are given by r± = M ± M 2 − Q2 , where M and Q, are respectively, mass and charge
of black hole. In extreme case, these two horizons coincide, i.e. r± = M . Then the
metric corresponds to RN extremal black hole is given by,
ds2 = (1 −

M 2 2
1
dr2 − r2 (dθ2 + sin2 θdφ2 ).
) dt −
r
(1 − Mr )2

(3)

In this metric we use a change of variable,
x=


r
.
2M

(4)



Therefore the value of A0 , C0 , C0 and A0 will be obtained as,
A0 = (1 −

1 2
) = y0 ,
2x0

(5)

1 −2
) ,
2x0

(6)

B0 = (1 −

C0 = x20 ,

(7)

Substituting Eqs.(5) to (7) in Eq.(2), we get the formula for deﬂection angle and
is given by,
1 − 4x0
.
(8)
α=
2x0
The general behavior of deﬂection angle as a function of the closest approach x0 is
shown in Fig.(3) and is as obtain in [18]. The thin lens approximation [19] can be
40

Α
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0.25

x0 

Fig. 3 Behavior of deﬂection angle as a function of the closest approach x0

expressed as
β =θ−α

Dls
Dos

(9)

Substituting the expression for α in thin lens approximation, we get
2x0 θ − 2βx0 −

Dls
Dls
+4
x0 = 0.
Dos
Dos

(10)
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From the lensing geometry we will get a relation between distance of closest approach
and angular separation of image with lens θ and is given by,
x0 =

θDol
.
2M

(11)

Substituting Eq.(11) in Eq.(10) we get a quadratic equation in θ (image position)
and is given by,
(12)
A1 θ2 + A2 θ + A3 = 0,
where,
Dol
,
(13)
M
Dol Dls
− β),
(14)
(2
A2 =
M Dos
Dls
.
(15)
A3 = −
Dos
By solving the quadratic equation(12) we will get two roots. If they are real we will
have two images. Its value depends on the parameters M, Dol , Dls and Dos . The
ﬁrst experimental observation regarding gravitational lensing was twin quasars [2].
Its actually the image of single quasar which is lensed by gravitational ﬁeld. Several
such observations are obtain latter. This explain our theoretical predictions on the
image formations were correct.
A1 =

3.1 Radius Of Photon Sphere
Photon sphere is a lowest possible orbit around a black hole, where the speed of
light c is required to maintain the orbit. To ﬁnd the deﬂection angle xps , we impose
the condition α = 0 for x=xps
1
α=
− 2.
(16)
2x0
Therefore radius of photon sphere is,
1
xps = .
4

(17)

3.2 Magniﬁcation
Magniﬁcation [20] of lensed image at angular position θ is given by,
μ =|
To obtain

dθ
,
dβ

dθ θ
|.
dβ β

diﬀerentiate Eq.(10) with respect to θ,and obtained as,

Dol Dls
Dol
Dol dβ
θ+
2
= 0.
2
−β −θ
M
M
Dos
M dθ

(18)

(19)
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Table 1 Positions of two Images

Source Position, β

First image, θ1

Second Image, θ2

10−4

-0.9999

5.3379 × 10−15

1

−7.30575 × 10−8

7.3058 × 10−8

2

−5.3374 × 10−15

1

3

−2.6687 × 10−15

2

4

−1.7791 × 10−15

3

5

−1.3344 × 10−15

4

Therefore,
θ2
.
μ=
Dls
β[2θ + 2 D
−
β]
os

4

(20)

Application To A Galactic Black Hole

To illustrate our results, we consider gravitational lensing by the super massive black
hole at the center of our Galaxy . Here we are considering the week ﬁeld lensing,
that is the observer, source and lens are far away. The black hole has a mass of
M = 2.8 × 106 [21] and the distance D0l = 8.5kpc. Therefore, the ratio of mass to
distance DMol ≈ 1.57 ∗ 10−11 . We consider a point source, with the lens situated half
Dls
way between the source and the observer. That is D
= 12 . We allow the angular
os
position of the source to change keeping Dls ﬁxed. From the Fig.(9)
1
Dos = Dos + Dol ,
2

(21)

Dos = 2Dol .

(22)

therefore,

The image position θ for the above case is obtained from the solution of Eq.(12).
The image position for various values of source position are calculated and given in
the Table.(1).
Magniﬁcation of the images for various values of source position are calculated
using Eq.(20) and is given in Table.(2). From this we found that the magniﬁcation
of one images falls extremely and the other image rises, as the source position
increases from perfect alignment. We plot magniﬁcation (μ) vs image position θ (in
arc seconds) for source position β (in micro arc seconds). The total magniﬁcation
are positive for all images on the same side of the source and negative for all images
on the opposite side of the source.
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Table 2 Magniﬁcation of two Images

Source Position, β

Magniﬁcation of θ1

Magniﬁcation of θ2

10−4

−9999

2.8496 × 10−25

1

−3.6529 × 10−8

3.6529 × 10−8

2

−1.4244 × 10−29

0.5000

3

−1.18699 × 10−30

0.6667

4

−2.6378 × 10−31

0.7500

5

−8.9025 × 10−32

0.8000
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20 000
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Fig. 4 μ vs θ for source position β = 2&10−4

5

Conclusion

The phenomenon of deﬂection of light due to a strong gravitational ﬁeld is referred
to as gravitational lensing and is one of the predictions of Albert Einstein’s General
theory of Relativity.
We have discussed gravitational lensing due to a Reissner-Nordstrom extremal
black hole in the weak ﬁeld limit. In this work we discussed the image formation by
RN black hole. In particular, calculations are done for a super massive black hole
with mass 2.8 × 106 times the mass of the sun, which may be an ideal model for
the type of black hole in the center of our galaxy. The geometry of the lensing is
studied using thin lens approximation, which leads to the possibility of two images
depending mass and distance parameters. The position and magniﬁcation of images
can be calculated. We found that the magniﬁcation of one image falls extremely
and the other image rise as the source position increases from the perfect alignment.
We also plotted magniﬁcation verses image position for diﬀerent source positions.
The total magniﬁcation are positive for all images on the same side of the source
and negative for all images on the opposite side of the source.
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1

Introduction

The issue of Genericity of a property plays an equally important role as the issue of
stability in Mathematics, Mathematical and Physical sciences, and other sciences also.
When we deﬁne a certain property of a topological space, or a measure space, or property of a dynamical system or that of a space-time in the theory of relativity, we expect
that such a property will hold for ”almost all” objects. The word ”generic” is used to
describe such properties. Thus, properties that hold for ”typical” examples are called
generic properties. For instance, ”a generic polynomial does not have a root at zero,”
or ”A generic matrix is invertible.” As another example, ”If f : M → N is a smooth
function between smooth manifolds, then a generic point of N is not a critical value of
f .” (This is by Sard’s theorem.)
∗
†
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There are many diﬀerent notions of ”generic” (what is meant by ”almost all”) in mathematics, with corresponding dual notions of ”almost none” (negligible set). The two main
classes are:
( I ) In measure theory, we say that a property is generic if it holds almost everywhere.
This means that a property holds for all points except for a set of measure zero.
( II ) In topology and algebraic geometry, a generic property is one that holds on a dense
open set, or more generally on a residual set, with the dual concept being a nowhere
dense set, or more generally a meagre set.
In discrete mathematics, one uses the term ”almost all” to mean coﬁnite (all but ﬁnitely
many), cocountable (all but countably many), for suﬃciently large numbers, or, sometimes, asymptotically almost surely. The concept is particularly important in the study
of random graphs.
As mentioned above, in topology and algebraic geometry, a generic property is one that
holds on a dense open set, or more generally on a residual set (a countable intersection
of dense open sets), with the dual concept being a closed nowhere dense set, or more
generally a meagre set (a countable union of nowhere dense closed sets). Same deﬁnition
is used in the theory of Dynamical Systems also. However, ”denseness” alone is not suﬃcient to characterize a generic property. This can be seen even in the real numbers, where
both the rational numbers and their complement, the irrational numbers, are dense in
the set of real numbers. Since it does not make sense to say that both a set and its complement exhibit typical behavior, both the rationals and irrationals cannot be examples
of sets large enough to be typical. Consequently we rely on the stronger deﬁnition above
which implies that the irrationals are typical and the rationales are not. We also note
that none of these sets is an open subset of real numbers under usual topology.
For applications, if a property holds on a residual set, it may not hold for every point, but
perturbing it slightly will generally land one inside the residual set, and these are thus
the most important case to address in theorems and algorithms. For function spaces, a
property is generic in C r (M, N ) if the set holding this property contains a residual subset
in the C r topology. Here C r (M, N ) is the function space whose members are continuous
functions with r continuous derivatives from a manifold M to a manifold N. This topology
is often used in the mathematics literature and is well-known as Whitney-C r topology.
We also note that the space C r (M, N ) of C r mappings between M and N is a Baire space
and hence any residual set is dense. This property of the function space is what makes
generic properties typical.
In Diﬀerential geometry, Ebin [1] in his Ph.D. thesis in 1967, and in his subsequent article
in 1970, studied the space M of Riemannian metrics on a compact manifold of dimension
> 1 and endowed it with a topology and diﬀerential structure induced by that on the
space of mappings between two manifolds. In this work, he proved that the subset of
the space M consisting of metrics with trivial isometry group forms an open and dense
subset of M. In this sense, this property is generic. As we shall see later, this property
is not suﬃcient to ensure our result on linearization stability.
In general theory of relativity, there are few properties of a space-time which are known
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to be generic. For example, Hawking [5] remarks that a property of a space-time being
stably causal is a generic property. Another generic property is the ”generic condition”
used in Hawking-Penrose singularity theorems ( see for example, Hawking and Ellis [6]).
Beem and Harris [7] proved this result in mathematical detils. In the present short paper,
we show that ”linearization stability” of Einstein Field Equations is a Generic Property.
More speciﬁcally, we prove that in the class V of space-times which admit a compact
Cauchy hypersurface of constant mean curvature, the subclass VK of space-times which
are linearization stable forms an open and dense subset of V under C ∞ - topology. In
classical general relativity, Einstein ﬁeld equations for vacuum space-times are described
by
4
Ein(4 g) = 4 Rμν − 12 Rgμν = 0 where
4
gμν is space-time metric and Ein(4 g), 4 Rμν and 4 R are respectively the Einstein tensor,
Ricci tensor and curvature scalar with respect to 4 gμν . If we consider a spacetime resulting from evolution of a three dimensional spacelike hypersurface M which is usually taken
as three dimensional compact or non-compact Riemannian manifold, then spacetime can
be described as M × R and above ﬁeld equations can be split into four constraint equations and six evolution equations in terms of three dimensional quantities deﬁned on M .
This is well-known as ADM formalism (see, for example, Misner,Thorne and Wheeler
[8], Chapter 21) and splitting uses Gauss-Codazzi equations from diﬀerential geometry.
These equations are given as follows :
Constraint equations:
√
√
Φ0 (g, π) =R(g) g − (|π|2 − 1/2(trg π)2 )/ g = 0,
(This is known as Hamiltonian constraint equation), and
√
Φi (g, π) =2(∇j Kij − ∇i (trg K)) g = 0
(This is known as Momentum constraint equation).
Here, g is the suﬃciently smooth Riemannian metric on M induced by 4 gμν , K denotes
the second fundamental form corresponding to g, π  = (K − (tr K)g) and π = π  ⊗ μg
where μg is the volume element corresponding to g. π is momentum density conjugate
to g and (g, π) form vacuum initial data in ADM ( Hamiltonian) formalism from which
space-time evolves.
Evolution equations are given as follows:
1
∂g/∂t =2N [π  − (trπ  )g] − LX g
2
∂π/∂t =N Sg (π, π) − [N Ein(g)-Hess N − gN ]μg − LX π
Here N is the Lapse function and X is the shift vector ﬁeld,
N = −g ij N|i|j , HessN = N|i|j ,
Ein(g) = Ric(g) − 12 R(g)g,
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Sg (π, π) = −2[π  × π  − 12 (trπ  )π  ]μg + 12 g  [π  .π  − 12 (trπ  )2 ]μg , and
(π  × π  )ij = (π  )ik (π  )jk , π  .π  = (π  )ij (π  )ij .
We consider the Constraint function Φ = (Φ0 , Φi ) = Φ(g, π).
Mathematical aspects of this formalism such as the problem of linearization stability and
its relationship with the presence of Killing ﬁelds, manifold structure of set of solutions of
constraint equations and existence and uniqueness of solutions of constraint equations for
vacuum spacetimes as well as spacetime with matter ﬁelds such as electromagnetic ﬁelds,
Yang-Mills ﬁelds, scalar ﬁelds etc. attracted attention of mathematicians and theoretical
physicists for more than four decades. These aspects are aptly described in the review
articles by Fischer and Marsden [2], Choquet-Bruhat and York [9] and papers by Fischer,
Marsden and Moncrief [3], Arms [10, 11] , Saraykar and Joshi [12] and Saraykar [13, 14],
Isenberg [15] and Choquet-Bruhat, Isenberg and Pollock [16]. In the present paper, we
restrict our attention to vacuum space-times for simplicity. As far as coupled matter
ﬁelds are concerned, we make some remarks at the end of the paper.
Thus, in Section 2, we describe deﬁnition of ’linearization stability’ of vaccun Einstein
ﬁeld equations and the results on this aspect proved by Fischer, Marsden and Moncrief
which are needed for our purpose. We also state our main theorem. In Section 3, we
give the proof of the main theorem and make some concluding remarks about Einstein
ﬁeld equations coupled with diﬀerent matter ﬁelds and also about asymptotically ﬂat
space-times.

2

Deﬁnition and Results on Linearization Stability

In this section we give the basic deﬁnitions and results on linearization stability. This
section is based on the work by Fischer, Marsden and Moncrief [2,3]
We begin with the following deﬁnition :
Deﬁnition : Let Φ : X −→ Y be a non-linear diﬀerential operator between Banach spaces
or Banach manifolds of maps X and Y (over a compact manifold ) . Consider the equation Φ(x) = y0 for y0 ∈ Y .
Let Tx X denote the tangent space to X at x ∈ X, and let
DΦ(x) : Tx X −→ Ty Y , with y = Φ(x), be the Frechet derivative of Φ(x) at x. Thus
to each solution x0 of DΦ(x) = y0 , DΦ(x0 ).h = 0, h ∈ Tx0 X, is the associated system
of linearized equations about x0 , and a solution h ∈ Tx0 X of linearized equations is an
inﬁnitesimal deformation ( or ﬁrst order deformation ) of the solution x0 . If for each solution h of linearized equations , there exists a curve xt of exact solutions of DΦ(x) = y0
which is tangent to h at x0 i.e. x(0) = x0 and [(d/dt)(xt )]|t=0 = h, then we say that
equation Φ(x) = y0 is linearization stable at x0 , and deformation h is called integrable.
Useful criterion to prove linearization stability is as follows :
Theorem: Let X and Y be Banach manifolds, and Φ : X −→ Y be a C 1 -map. Let
x0 ∈ X be a solution of Φ(x) = y0 . Suppose DΦ(x0 ) is surjective with splitting kernel .
Then the equation Φ(x) = y0 is linearization stable at x0 .
( Splitting kernel means: Tx X = Range(DΦ)∗ (x) + KerDΦ(x)).
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Proof uses the Implicit Function Theorem.
We now discuss Linearization stability of Einstein’s equations in case where Cauchy
(spacelike) hypersurface is a compact 3 - manifold without boundary. In analogy with
above deﬁnition, we deﬁne linearization stability of Einstein ﬁeld equations :
We write Einstein equations for vacuum space-time as : Ein(4 g) = 0, where Ein denotes
Einstein tensor. Let 4 g0 be a solution of Einstein equations. Then linearized equation is
given by DEin(4 g0 ).4 h = 0. If for every 4 h satisfying linearized Einstein equation, there
is a curve (4 gt ) of exact solutions such that [4 gt ]|t=0 =4 g0 , and [(d/dt)(4 gt )]|t=0 =4 h, then
4
g0 is called linearized stable. In this case 4 h is called integrable. Not every 4 h satisfying
Linearized equation is integrable: Brill and Deser [17] considered the space-time (T 3 ) × R
and showed that there are solutions of linearized equation which are not integrable. For
more details, we refer the reader to the review article by Fischer and Marsden [2].
In proving our main theorem, we shall need the following important results about Linearization Stability which are proved in [2]. We state them one by one:
Theorem 1 : The Einstein system , deﬁned by the evolution equations and constraint
equations described above
⎛ can
⎞ be written as
⎛ ⎞
⎜g ⎟
⎜N ⎟
⎝ ⎠ = J · (DΦ(g, π))∗ · ⎝ ⎠
π
X
where J is the complex structure and N and X are the Lapse function and the shift
vector ﬁeld.
Let CH = {(g, π) : Φ0 (g, π) = 0} denote the set of solutions of Hamiltonian constraint,
and Cδ = {(g, π) : Φi (g, π) = 0} denote the set of solutions of momentum constraint.
@
Thus, C = CH Cδ is the constraint set for Einstein system.
Moreover, we assume the following conditions :
CH : If π = 0, then g is not ﬂat;
Cδ :If for X ∈ χ(M ), LX g = 0 and LX π = 0 , then X = 0
Ctr : trπ  is a constant on M.
Then we have the following theorem :
(evolution equation)

∂
∂λ

@
Theorem 2: Let (g, π) ∈ CH Cδ satisfy the conditions CH , Cδ and Ctr given above.
@
Then the constraint set C = CH Cδ is a C ∞ submanifold of T ∗ M in a neighborhood of
(g, π)with tangent space
T(g,π) C = kerDΦ(g, π).
Then, we have the following basic theorem on linearization stability.
Theorem 3: Let Φ : T ∗ M → Cd∞ × Λ1d and so C = Φ−1 (0).
Let (g0 , π0 ) ∈ C. Then the following conditions are equivalent:
i)The constraint equations Φ(g, π) = 0 are linearization stable at (g0 , π0 ),
ii)DΦ(g0 , π0 ) : S2 × Sd2 → Cd∞ × Λ1d is surjective,
iii)DΦ(g0 , π0 )∗ : C ∞ × χ → Sd2 XS2 is injective.
Here, S2 denotes the class of symmetric 2- tensors on M , Sd2 denotes symetric 2-tensor
densities, C ∞ denotes class of C ∞ - functions on M , Cd∞ denotes function densities, χ
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denotes C ∞ - vector ﬁelds on M and Λ1 and Λ1d denote respectively one-forms and oneform densities on M . The spaces Cd∞ × Λ1d and C ∞ × χ are dual spaces of each other
with natural L2 - pairing giving the appropriate inner product structure. Same is true for
symmetric 2-tensors and tensor densities.
The following theorems describe more results on linearization stability, and the isomorphism relationship between the set of independent Killing ﬁelds that a space-time admits,
and the kernel of DΦ(g0 , π0 )∗ . It is noteworthy that the conditions which facilitate the
property of linearization stability to hold, also makes the operator DΦ(g0 , π0 )∗ elliptic.
This makes further analysis simple because kernel of an elliptic operator is always ﬁnite
dimensional. Thus we have :
Theorem 4: Let (V,(4) g0 ) be a vacuum spacetime which is the maximal development of
Cauchy data (g0 , π0 ) on a compact hypersurface M .
Then the Einstein equations Ein ((4) g) = 0 on V are linearization stable at ((4) g0 ) if and
only if constraint equations Φ(g, π) = 0 are linearization stable at (g0 , π0 ) .
In particular , if conditions CH , Cδ and Ctr hold for (g0 , π0 ) , then the Einstein equations
are linearization stable.
Theorem 5: Let ((4) g) be a solution to the empty-space ﬁeld equations Ein ((4) g) = 0.
Let M be a compact Cauchy hypersurface with induced metric g0 and canonical momentum π0 . Then ker DΦ(g0 , π0 )∗ (a ﬁnite-dimensional vector space) is isomorphic to the
space of Killing vector ﬁelds of ((4) g) . In fact, (N, X) ∈ kerDΦ(g0 , π0 )∗ if and only if
there exists a Killing vector ﬁeld 4 X of ((4) g) whose normal and tangential components
to M are N and X.
Theorem 6: Let (4) g0 be a solution of the vacuum ﬁeld equations Ein ((4) g) = 0 on V .
Assume that (V,(4) g0 ) has a compact Cauchy surface M and that (V,(4) g0 ) is the maximal
development. Then the Einstein equations on V , Ein ((4) g) = 0 , are linearization stable
at (4) g0 if and only if (4) g0 has no killing vector ﬁelds.
Thus, summarizing, for a space-time (V,4 g) admitting a compact constant mean curvature (CMC) Cauchy hypersurface M , (DΦ)∗ (g, π) is elliptic, the space of Killing ﬁelds
of 4 g is isomorphic to the kernel of (DΦ)∗ (g, π), and if (V, 4 g) has no Killing ﬁelds, then it
is linearization stable and conversely, if (V,4 g) is linearization stable, then ker (DΦ)∗ (g, π)
is trivial.
Moreover, since kernel of an elliptic operator is ﬁnite dimensional, a space-time admitting
compact CMC hypersurfaces can admit only a ﬁnite number of independent Killing ﬁelds.
It will not be out of place to mention that similar results hold for Einstein ﬁeld equations
coupled with matter ﬁelds such as scalar ﬁelds, electro-magnetic ﬁelds and Yang-Mills
ﬁelds. See, for example, [10 − 12]. For full analysis of the structure of the space of solutions of Einstein’s ﬁeld equations in the presence of Killing ﬁelds, we refer the reader
to Fischer, Marsden and Moncrief [3] and Arms, Marsden and Moncrief [18]. See also
Saraykar [14] for scalar ﬁelds case.
We now state our main theorem :
Theorem : Let V denote the class of space-times which admit a compact Cauchy hy-
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persurface of constant mean curvature. Then the subclass VK of space-times which are
linearization stable form an open and dense subset of V under C ∞ - topology ( in general
under Whitney-C r - topology). Thus, in this sense, linearization stability is a generic
property.

3

Proof of the Main Theorem

We now consider the class V of all vacuum space-times ( equivalently class of Lorentz
metrics satisfying Einstein ﬁeld equations for vacuum space-times ) possessing compact
Cauchy hypersurfaces of constant mean curvature (CMC). Such a class of space-times
can be endowed with a suitable topology whose choice can be made as per our need.
Such topologies have been discussed by Hawking [5],Lerner [19] and Beig, Chrusciel and
Schoen [4]. For this class of space-times, we have theorems 1 − 6 as proved in Fischer and
Marsden [2], which we have stated in the previous section. We use them in the following
argument:
Thus, as noted above,space-times admitting compact CMC hypersurfaces can admit only
ﬁnite number of independent Killing ﬁelds. Also,such a space-time (V, 4 g) is linearization
stable if and only if it has no Killing ﬁelds if and only if ker (DΦ)∗ (g, π) is trivial.Any
vector ﬁeld 4 X on a space-time can be identiﬁed with a pair (N, X) where N is the
perpendicular component of 4 X and X is its parallel (space-like)component. This decomposition is of course related to Riemannin metric g on the Cauchy hypersurface M .
Beig et.al call this pair (N, X) as Killing Initial Data (KID) when 4 X is a Killing ﬁeld on
(V, 4 g), and (g, π) is called vacuum initial data, where (g, π) is as in ADM formalism explained above. Thus, each space-time (V, 4 g) corresponds to a vacuum initial data (g, π)
and the Killing ﬁeld 4 X which a space-time admits, corresponds to a KID (N, X). Due
to covariance property of Einstein ﬁeld equations, Killing property of initial data will
be carried throughout the evolution. Thus this property is possessed by space-time as a
whole. In other words, KIDs are in one-to-one correspondence with Killing vectors in the
associated space-time. With this association,and keeping above result in mind, it is now
clear that the class of vacuum space-times VK possessing a compact cauchy hypersurface
which are linearization stable can be identiﬁed with the class VI of all vacuum initial data
(g, π) without (global) KID with tr(π) = constant. To this class VI , we now apply the
following theorem proved by Beig, Chrusciel and Schoen [4] :
Theorem:(Theorem (1.3) of [4] ): Consider the following collections of vacuum initial
data sets:
1.Λ = 0 with an asymptotically ﬂat region ,or
2. trg K = Λ = 0 with an asymptotically ﬂat region ,or
3.K = Λ = 0with an asymptotically ﬂat region ,or
4.with a conformally compactiﬁable region in whichtrg K is constant , or
5. the trace of K is constant and the underlying manifold M is compact , with
2n
Λ, or
(trg K)2 ≥ n−1
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6.K = 0 , M is compact, and the curvature scalar R satisﬁes R = 2Λ ≤ 0, with a
C k,α × C k,α weighted in the non-compact region) topology, with k ≥ k0 (n) for some
K0 (n)(k ≥6 if n=dimM=3). For each such collection the subset of vacuum initial data
sets without global KID is open and dense.
Here Λ is a cosmological constant. Since we are considering vacuum space-times, Λ = 0,
and hence if (trg K) is constant, second condition in (5) above is automatically satisﬁed.
Of course, (trg K) is constant is equivalent to (trg π) is constant.
Beig, Chrusciel and Schoen [4] also prove that above result remains true if Cauchy surface
is asymptotically ﬂat or asymptotically hyperbolic.
Thus, applying this theorem under condition 5, we conclude that the class VI is open
and dense in V. Openness and denseness is to be considered under appropriate topology,
as explained in [4]. Thus, as explained above, we can now conclude that the class of
space-times possessing compact Cauchy hypersurface of constant mean curvature which
are linearization stable forms an open and dense subset of V. In this sense, property of
linearization stability is generic. This completes the proof of the theorem.
Some remarks are in order.
Remarks :
1. In support of this result, we quote a somewhat similar result proved by Mounoud [20]
:
Theorem (Theorem 1, Mounoud [20]) : Let V be a compact manifold with dimension ≥ 2
and Mp,q be the set of smooth pseudo-Riemannian metrics of signature (p, q) on V . Then
the set G = {g ∈ Mp,q : Is(g) = Id} contains a subset that is open and dense in Mp,q for
the C ∞ -topology. Here, Is(g) denotes isometry group of g.
2. As remarked in the Introduction, the ﬁrst result of this kind for Riemannian metrics
was proved by Ebin [1] in 1970. He proved that the set of Riemannian metrics without
isometries on a compact manifold is open and dense in the set of all Riemannian metrics under suitable topology. Similar but more general results were noted and proved by
Henrique de A. Gomes [21] by using Ebin-Palais slice theorem. However, these results
do not imply directly the generic property of linearization stability of space-times under
consideration, even though the condition that isometry group of g is trivial is equivalent to saying that g admits no non-trivial Killing ﬁeld. This is because, vanishing of
Lie derivative of 4 g with respect to 4 X involves vanishing of Lie derivatives of g and π
both, and triviality of isometry group of g alone does not imply that of π. This has
been explained in more mathematical details in [4]. Thus, diﬀerent argument is needed
in proving Theorem 1.3 in [4], which enabled us to prove our result.
3. Finally, in the context of general relativity, it is interesting to note that it is not yet
fully known if the above generic result is valid when constant mean curvature condition
is removed.

Electronic Journal of Theoretical Physics 13, No. 36 (2016) 215–224

4

223

Concluding Remarks

In this paper, we have proved that within the class V of space-times which admit a
compact Cauchy hypersurface of constant mean curvature, the subclass VK of space-times
which are linearization stable form an open and dense subset of V under C ∞ - topology.
Beig, Chrusciel and Schoen [4] work with C k - topology, but we can as well work with C ∞
- topology. Thus, in this sense, linearization stability is a generic property. For simplicity,
we have considered vacuum space-times with compact Cauchy hypresurface of constant
mean curvature. It is well-known that (cf. [10 − 12]) Einstein ﬁeld equations coupled
with matter ﬁelds for space-times possessing compact Cauchy surfaces can be written in
the Hamiltonian formalism (ADM-formalism) and similar linearization stability analysis
is valid for such ﬁeld equations. Hence, genericity result will also hold for such coupled
systems. Moreover, since linearization stability results hold for asymptotically ﬂat spacetimes also (cf. Choquet-Bruhat [22] and Saraykar [13]) and the theorem proved by Beig,
Chrusciel and Schoen [4] is valid for such space-times, linearization stability will remain
a generic property for such space-times too.
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