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Abstract: The neutrino propagation through the Earth is investigated in the framework of
the democratic neutrino theory. In this theory the neutrino mixing angle θ13 is approximately
determined, which allows one to make a well deﬁned neutrino oscillogram driven by the 1-3
mixing in the matter of the Earth. Signiﬁcant diﬀerences in this oscillogram from the case of
models with relatively small θ13 are discussed.
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1

Neutrino

Introduction

The Democratic Neutrino Theory (DNT), which was introduced in Refs. [1, 2, 3], is based
on a simple S3 symmetric leading order democratic mass matrix, which allows to make
certain predictions on the neutrino masses and mixing. In particular, a generic neutrino
mass spectrum in DNT with small perturbations can be approximately written as (small
deviation of m3 from 2m is irrelevant)
{m, m + δm, 2m},

(1)

where m ≈ 0.03 eV is the absolute neutrino mass scale, which is determined from the
atmospheric neutrino oscillation data, and δm  m is a perturbation in the democratic neutrino mass spectrum. In this model the mixing angles can be approximately
determined as θ12 ≈ 30◦ , θ23 ≈ 45◦ and θ13 ≈ 35.3◦ (in the standard parametrization).
These predictions agree with the present solar, atmospheric and accelerator neutrino data.
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However the alternative explanations with respect to the Conventional Neutrino Theory
(CNT) [4] of many neutrino results are required [3]. In particular, the suppression of the
atmospheric νe → νμ,τ oscillations, which was observed by the Super-Kamiokande [5, 6],
is explained in CNT by small |Ue3 |2 . It was proposed in Ref. [3] that in DNT this suppression may take place due to the Earth’s matter eﬀect. In this paper we investigate
this possibility in more detail.
Another essential diﬀerence between DNT and CNT is in explanation of the large amplitude of the atmospheric νμ oscillations, which was observed by the Super-Kamiokande
and MINOS [7, 8]. In CNT this close to unity amplitude is explained by the large νμ → ντ
√
oscillations due to the large values of |Uμ3 | and |Uτ 3 |, where each of them is about 1/ 2.
However in DNT this result is explained by the sum of νμ → ντ and νμ → νe oscillations,
where they both are signiﬁcant.
Finally, in DNT the ﬂuxes of incoherent massive neutrino eigenstates at the Earth
correspond to the mass composition of the electron neutrino at production in the core
of the Sun. However CNT assumes either that these ﬂuxes correspond to the mass
composition of neutrino at the last scattering surface or neutrino coherence at the Earth.
First possibility does not work since the interactions of neutrinos with the matter of
the Sun do not change the lepton number. Second possibility is not realistic due to the
separation of the neutrino wave packets. Hence the explanation of solar neutrinos in CNT
is in question.
We should stress that due to these diﬀerences in explanation of the particular neutrino
phenomena in DNT and CNT the results of conventional global analysis of the neutrino
data can not be applied to DNT directly. This paper is one of the steps in the direction
to an adequate global analysis, which is required for accurate veriﬁcation of DNT.
We notice a strong hierarchy Δm221  Δm231 between the two neutrino mass splittings
Δm231 ≡ Δm2 = 3m3 and Δm221 ≡ Δμ2 ≈ 2mδm in DNT with tiny perturbations, which
signiﬁcantly simpliﬁes the investigation of the neutrino propagation through the Earth.
Moreover the given value of the 1-3 mixing angle removes the major uncertainty in the
neutrino oscillogram, which is investigated in the next section.

2

Neutrino Oscillograms of the Earth: DNT vs. CNT

The evolution of the neutrino state over a ﬁnite distance from x0 to x can be described
using the evolution matrix S(x, x0 ) [9, 10, 11]. The matrix S(x) = S(x, 0) satisﬁes the
same evolution equation as the state vector νf = (νe , νμ , ντ )T , namely,
i

dS(x)
= Ĥ(x)S(x).
x

(2)

In this equation the Hamiltonian can be written as2
2

In sections 2.1 and 2.2 a symmetric Hamiltonian (with H11 = −H22 = − cos 2θ13 Δm2 /4E + V /2) for
2ν system is used, which diﬀers from Eq. (3) by a term proportional to the unit matrix, see Ref. [9].
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Ĥ(x) =

201

U M 2U †
+ V̂ (x),
2Eν

(3)

where Eν is the neutrino energy, M 2 = diag(0, Δm221 , Δm231 ) is the neutrino splitting
matrix;
U = R23 Iδ R13 I−δ R12

(4)

is the neutrino mixing matrix, where Rij = Rij (θij ) is the Euler rotation matrix, and
Iδ = diag(1, 1, eiδ ) with CP -violating Dirac phase δ; and V̂ (x) = diag(V(x), 0, 0) is the
matrix of matter-induced neutrino potentials with
V (x) =

√

2GF Ne (x),

(5)

where GF is the Fermi constant, and Ne (x) is the electron number density.
In the propagation basis ν̃ = (νe , ν̃2 , ν̃3 )T , which can be deﬁned through the transformation νf = Ũ ν̃ with Ũ = R23 Iδ , the evolution matrix can be written as
S̃(x) = Ũ † S(x)Ũ ,

(6)

and parametrized as
⎛

⎞

⎜ Aee Ae2̄ Ae3̄ ⎟
⎟
⎜
⎟
S̃ ≡ S̃(L) = ⎜
⎜ A2̄e A2̄2̄ A2̄3̄ ⎟ ,
⎠
⎝
A3̄e A3̄2̄ A3̄3̄

(7)

where L is the total length of the neutrino trajectory.
In the DNT with small perturbations the 1-2 mass splitting can be neglected to a
good precision (not only for high energies Eν  1 GeV as in CNT). In this approximation
Ae2̄ = A2̄e = A2̄3̄ = A3̄2̄ = 0, A2̄2̄ = 1 and the evolution matrix in the ﬂavor basis can be
rewritten as [9]
⎛

⎞

s23 Ae3̄
c23 Ae3̄
⎜ Aee
⎟
⎜
⎟
⎜
2
2
S̃ = ⎜ s23 A3̄e c23 A2̄2̄ + s23 A3̄3̄ −s23 c23 (A2̄2̄ − A3̄3̄ ) ⎟
⎟,
⎝
⎠
2
2
c23 A3̄e −s23 c23 (A2̄2̄ − A3̄3̄ ) s23 A2̄2̄ + c23 A3̄3̄

(8)

where cij = cos θij and sij = sin θij . Using the value θ23 ≈ π/4 of DNT with tiny
perturbations, the neutrino oscillation probabilities [9, 11], which are relevant to the
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atmospheric neutrino ﬂuxes, can be written as
P (νe → νe ) = 1 − PA ,

(9)

1
P (νe → νμ ) = P (νμ → νe ) ≈ PA ,
2
1 1
1
1 − PA cos φX ,
P (νμ → νμ ) ≈ − PA +
2 4
2
1
P (νe → ντ ) = P (ντ → νe ) ≈ PA ,
2
1 1
1
1 − PA cos φX ,
P (νμ → ντ ) = P (ντ → νμ ) ≈ − PA −
2 4
2

(10)
(11)
(12)
(13)

where
PA = |Ae3̄ |2

(14)

is the two-neutrino transition νe ↔ νμ,τ probability, and φX = arg A2̄2̄ A∗3̄3̄ .
In our calculations we use the electron density proﬁle N (r) = Ne (r)/NA (where r is
the distance from the center of the Earth, and NA is the Avogadro constant), which was
derived in Ref. [12] using the PREM model [13] for the matter density distribution in the
Earth. The correspondent neutrino potential is symmetric with respect to the midpoint
of the trajectory
V (x) = V (L − x),

(15)

where L = 2R cos Θν is the length of the neutrino trajectory, which corresponds to a
nadir angle Θν . For the mantle-only crossing trajectories ( 33.1◦ < Θν < 90◦ ) V (x) can
be considered as one matter layer with relatively weakly varying density, while for the
core-crossing trajectories ( 0◦ < Θν < 33.1◦ ) V (x) can be considered as three matter
layers of this type. For each of these layers the neutrino potential V (x) along a given
trajectory can be written as
V (x) = V̄ + ΔV (x),

(16)

where V̄ is a constant term, and ΔV (x) is a small perturbation.

2.1 Mantle-only Crossing Trajectories
Consider the neutrino trajectories, which cross only the Earth mantle ( 33.1◦ < Θν < 90◦ ).
Using a perturbation theory in ΔV the two-neutrino transition probability in Eq. (14)
can be rewritten as [9]
PA = cos ε sin 2θ̄ sin φ + sin ε cos 2θ̄

2

,

(17)

m
mV̄
(V̄ ) is the mixing angle in matter, φ = φ13
(L), and ε = sin 2θ̄ΔI with
where θ̄ = θ13


L
1 L/2
mV̄
cos[φ13
ΔV z +
(z)]dz.
(18)
ΔI =
2 −L/2
2
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We have used the expressions [11]
m
=
cos 2θ13

mV̄
φ13
(x)

cos 2θ13 Δ − V


=x

,

(19)

(cos 2θ13 Δ − V̄ )2 + Δ2 sin2 2θ13 ,

(20)

(cos 2θ13 Δ − V )2 + Δ2 sin2 2θ13

where Δ ≡ Δm231 /(2Eν ), and averaged the neutrino potential along the trajectory as
V̄ (Θν ) =

1
L(Θν )

L(Θν )
0

V [r(x, Θν )] dx,

(21)

where

r(x, Θν ) =

L(Θν )
tan Θν
2



2
+

L(Θν )
−x
2

2
(22)

is the distance from the Earth’s center to the point x of the neutrino trajectory.

2.2 Core-crossing Trajectories
In case of the core-crossing neutrino trajectories ( 0◦ < Θν < 33.1◦ ) the two-neutrino
transition probability can be found as [9]
PA = |S12 |2 ,

(23)

using the factorized evolution matrix S = S1T S2 S1 , where the matrix S1 (S2 ) corresponds
to the neutrino evolution in the appropriate region of the Earth’s mantle (core). In
particular,
⎛
⎞
⎜ sin 2θ̄2 cos 2θ̄2 ⎟
(24)
S2 = cos ε2 S̄2 − i sin ε2 ⎝
⎠,
cos 2θ̄2 − sin 2θ̄2
where ε2 = sin 2θ̄2 ΔI2 and
⎛
⎞
−i sin 2θ̄2 sin φ2
⎜ cos φ2 + i cos 2θ̄2 sin φ2
⎟
S̄2 = ⎝
⎠
−i sin 2θ̄2 sin φ2
cos φ2 − i cos 2θ̄2 sin φ2

(25)

V̄2
with φ2 = φm
13 (L − 2L1 ) and ΔI2 = ΔI(V̄ → V̄2 , L → L − 2L1 ).
Following Ref. [9] we approximate the density proﬁle within each mantle layer by a
linear function

V1 (z) = V̄1 + ΔV1 (z),

ΔV1 (z) ≈ V1

z
,
L1

(26)
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Fig. 1 Neutrino oscillograms calculated within: CNT with sin2 2θ13 = 0.1 (left) and DNT
(right). Shown are the values of PA in the plane of the nadir angle Θν and the neutrino
energy Eν .
where L1 is the length of the trajectory within one mantle layer, V̄1 = V̄ (L → L1 ) and
z = x − L1 /2. At ﬁrst-order in ε1 = sin 2θ̄1 ΔJ1 :
⎞
⎛
⎜ cos φ1 + i cos 2θ̄1 sin φ1 sin 2θ̄1 (−i sin φ1 − ΔJ1 ) ⎟
S1 ≈ ⎝
(27)
⎠,
sin 2θ̄1 (−i sin φ1 + ΔJ1 ) cos φ1 − i cos 2θ̄1 sin φ1
V̄1
where θ̄1 = θm (V̄1 ), φ1 = φm
13 (L1 ) and

ΔJ1 = V1 L1

sin φ1 − φ1 cos φ1
.
4φ21

(28)

2.3 Neutrino Oscillograms
The neutrino oscillograms calculated in the considered approximation of a matter layer
with weakly varying density are shown in Fig. 1 for the range of neutrino energies from
1 GeV to 15 GeV. (For lower neutrino energies the matter eﬀect on atmospheric neutrinos
is mainly determined by the electron number density within one oscillation length under
the detector [14].) The oscillogram in the left is calculated within CNT with sin2 2θ13 =
0.1. Its part for the mantle-only crossing trajectories (Θν  33◦ ) accurately reproduces
the corresponding result of Ref. [9]. Some diﬀerences with the result of Ref. [9] for the
core-crossing trajectories require additional consideration. The oscillogram in the right is
calculated within DNT, in which the value of θ13 is signiﬁcantly larger (sin2 2θ13 = 8/9).
Fig. 1 shows that the suppression of νe → νμ,τ oscillations is really signiﬁcant in DNT
with respect to CNT for the multi-GeV events with Eν > 5 GeV at the core-crossing
trajectories.
The main diﬀerences of the shown DNT result from the CNT one for the mantle-only
crossing trajectories are:
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(1) larger values of PA in the lower part of shown (Θν , Eν ) area;
(2) existence of the two bands (instead of one) with large values of PA , which are separated
by the band with small values of PA , in the energy range 5 GeV < Eν < 15 GeV.
For the core-crossing trajectories the diﬀerences between DNT and CNT results are
even more dramatic: the picture derived in DNT has partly mirror dependence on the
nadir angle with respect to the picture derived in CNT. Also the values of PA are essentially smaller in DNT with respect to CNT for Eν > 5 GeV.
The discussed diﬀerences should signiﬁcantly eﬀect ﬁtting of the experimental data,
using the simulated ﬂuxes of atmospheric neutrinos [15, 16]. This is a subject of future
researches, which may include a detailed investigation of the oscillation channels Pμμ and
Pμτ . Implementation of new methods [17] would be also useful in further investigations.
In conclusion, we have found the neutrino oscillogram driven by the 1-3 mixing in
the matter of the Earth in the framework of the Democratic Neutrino Theory. This
oscillorgam shows the signiﬁcant suppression of νe → νμ,τ oscillations for the core-crossing
trajectories of neutrinos with the energies Eν > 5 GeV. This is an important step on the
way of accurate veriﬁcation of this theory.
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