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EJTP V12, No 35. Breaking Bad ( News)
EJTP returns to its readers with a new load of good Physics choice after careful debate.
We believe in science as an intellectual craft, and willingly pay the price of our freedom.
I will not focus here on every single contribution, but, for personal reasons, I want
to signal the opening paper of Pisin Chen and Hagen Kleinert on foundational issues of
Quantum Mechanics. The interest of the two scholars so committed on the edge at advanced astrophysics and particle physics reminds all of us the importance of not forgetting
the foundational work, where the feet of our theories are based. It will be necessary to
go beyond the standard model in the direction of quantum gravity. On this side we also
find Khorasani, Fiscaletti, Novikov and Hansson, The latter two from the perspective of
General Relativity, whereas Addazi, Damanik and Triantaphyllou take a look beyond the
Standard Model.
Our cover is not only a tribute to a enormously successful TV series, “Breaking Bad”
by Vince Gilligan. As is known, the nickname of the protagonist, the chemist Walter
White, is “Heisenberg”. This indicates how much science has penetrated deeply in the
collective imagination, until a few years ago, the spectator reaction would be: “Heisenberg who?”.However, this provides a starting point for further reflections. In the story
Walter is forced to use its sophisticated chemistry to survive, becoming a cog in the
criminal system.
How much actual freedom is given to the individual scientist in the production system,
today? We do not just talk about technology, but also of science entertainment, media
science, made of few dominant theories “not even wrong”? Science is still a collective
enterprise, slow and diﬃcult, critical and speculative, or is it the new met?
Ignazio Licata, EJTP Editor
Ammar Sakaji, EJTP Co-Editor
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Abstract: Quantum mechanics has been one of the most successful theories in physics, yet its
foundation has remained a subject of discussion ever since it was incepted in the 1920s. While
the Copenhagen interpretation represents the main-stream view, recent years have witnessed
revived interest in the alternative deterministic, or pilot-wave, interpretation, pioneered by
Madelung, de Broglie, and Bohm. It has been argued that these two interpretations are basically
equivalent. In this article we show that this is not true. We exhibit the approximate nature of
particle trajectories in Bohm’s quantum mechanics. They follow the streamlines of a superfluid
in Madelung’s reformulation of the Schrödinger wave function, around which the proper particle
trajectories perform their quantum mechanical fluctuations that ensure Heisenberg’s uncertainty
relation between position and momentum. These fluctuations explain the apparent discrepancy
in the double-slit interference intensities between Bohmian mechanics and observations. They
are also the reason for the non-existence of a possible radiation that would be emitted by an
electron if its physical trajectory were deflected by the Bohmian quantum potential.
c Electronic Journal of Theoretical Physics. All rights reserved.
⃝
Keywords: Quantum Mechanics; Bohmian Quantum Mechanics; Bohm Trajectories; Pilot-wave,
Interpretation; Madelung; de Broglie; Bohm
PACS (2010): 03.65.-w; 03.65.Ta; 03.75.Nt

1

Introduction

In modern work on quantum mechanics (QM), one often reads, as justification of the
eﬀort, remark made by Richard Feynman in a 1964 lecture [1] that he thinks “it is safe
to say that no one understands quantum mechanics”. Similarly, Murray Gell-Mann in
∗
†

Email: pisinchen@phys.ntu.edu.tw
Email: h.k@fu-berlin.de
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his lecture at the 1976 Nobel Conference regrets that “Niels Bohr brainwashed the whole
generation of theorists into thinking that the job (of finding an adequate presentation
of quantum mechanics) was done 50 years ago” [2]. Thus there is no wonder that even
now reputable scientists are trying to get our deterministic thinking in line with quantum
theory [3].
A theory of this type has been proposed a long time ago. It is based on an observation
made as early as 1926, during the inceptive days of QM, by Madelung [4, 5]. He demonstrated that the Schrödinger equation can be transcribed into a hydrodynamic form, in
which the Schrödinger field becomes the probability amplitude of the fluid. This was
later referred to as the “Madelung quantum hydrodynamic” interpretation. Around the
same time, de Broglie presented a deterministic interpretation of QM at the 1927 Solvay
Conference, which was further developed by Bohm in 1952 to its present form [6].
It has been long believed by the experts on foundations of quantum mechanics that
Bohmian mechanics and standard quantum mechanics are observationally equivalent [6,
7, 8, 10, 9]. They are merely diﬀerent ontological interpretations on what exactly happens
to a quantum particle, say electron, in a physical process. There are two salient features in
Bohmian mechanics. One, quantum processes are inherently nonlocal, manifested by the
quantum potential that permeates the entire space-time. Two, guided by this quantum
potential, a test particle will execute deterministic motion (which Bohm called causal).
That is, the particle’s position and momentum are simultaneously specified throughout
space-time. This is in drastic contrast to the basic notion of Heisenberg’s uncertainty
principle. It therefore appears meaningful to investigate the equivalence of these two
formulations of QM in some details.
In this note we want to demonstrate that Bohmian way of doing QM is not equivalent,
but a certain semiclassical approximation to proper Schrödinger QM. To do this, we
invoke the second quantization reformulation of the Schrödinger equation as an N-body
system. Following Madelung’s original philosophy, we identify this N-body system as
a superfluid and characterize its physical properties by its particle current density Jk
and its superfluid velocity Vks . This superfluid embodies de Broglie’s pilot wave that
guides the motion of a single particle. Under this setting, single-particle movements will
be found from fluctuating paths around the superfluid streamlines in a semi-classical
approximation. The fluctuations explain the discrepancy in the double-slit interference
intensities between that derived from Bohmian mechanics and quantum mechanics. They
are also the reason for the non-existence of a radiation that would have to be emitted by
an electron if its physical trajectory is deflected by the Bohmian quantum potential.

2

Pilot Wave

In order to elucidate our point, it is useful to invoke the second-quantized reformulation
of Schrödinger QM [12] as a functional integral over a Schrödinger field ψ(x, t) via the
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quantum-mechanical partition function [13]
∫
∫
Z = DψDψ † Dλei[A+ dtλ(t)(N −N0 )]/~ ,

3

(1)

in which
∫
A=

dtd3 x ψ †(i~∂t − H)ψ

(2)

is the action and
p̂2
H=
+ V̂ (x)
2m

(3)

the Hamiltonian of the system. The integral over the Lagrangian multiplyer λ guarantees
that the particle number
∫
∫
3
†
N = d x ψ ψ ≡ d3 xρ(x, t)
(4)
is fixed to render the specific value N0 .
In the operator language of QM, the second-quantized theory is formulated in terms
of field operators ψ̂(x, t) which are defined from the particle annihilation operators as
ψ̂(x, t) ≡ eiHt/~ âx e−iHt/~ . The N -body wave functions arise from this by forming matrix
elements of the states |ψ(t)⟩ in a Fock space ⟨âx1 , . . . , âxN |:
ΨN (x1 , . . . , xN ; t) = ⟨x1 . . . , xN |ψ(t)⟩

(5)

We shall interpret this N -body wave function as de Broglie’s pilot wave of the particles.
Taking the operator version of the action (2) in the N -particle Fock space it reads
∫
∫
AN = dt dX Ψ∗N (X, t)(i~∂t − ĤN )ΨN (X, t)
(6)
where X collects the N -particle positions (x1 , . . . , xN ), and
]
∑ [ ~2
2
∂ + V (xν ) .
ĤN = −
2m xν
ν

(7)

The N -body wave function (5) satisfies the Schrödinger equation
ĤN ΨN (x1 , . . . , xN ; t) = i~∂t ΨN (x1 , . . . , xN ; t).

(8)

At this point Madelung [4, 5] factorized in 1926 the wave function as a product of a
real wave function R and a phase eiS/~ ,
ΨN ≡ ReiS/~ ,

(9)

4
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√
with R = ρ, and derived from the the Schrödinger equation the classical HamiltonJacobi equation for S, apart from an extra quantum potential 2
N
∑
~2 ∆ k R
Vq = −
.
2m
R
k=1

(10)

The full equation reads
[ (
)2
N
1
~ ∑
1
i∂t R − R∂t S =
R
∇k S
~
2m k=1
~
]
1
1
1
−2i∇k R · ∇k S − iR ∆k S + (Vc + Vq )R,
~
~
~

(11)

∑
where ∆k ≡ ∇2k is the Laplace operator and Vc ≡ N
n=1 V (xn ). This is the way that led
Madelung to the interpretation of the Schrödinger field as a probability amplitude of a
quantum fluid. In light of present-day experiments on low-temperature Bose-Einstein condensates (BEC), we shall prefer to identify this liquid as a superfluid. From the N -particle
formulation we identify the current density of each individual particle as Schrödinger current density
Jk ≡ −i

↔
~ ∗
ΨN (Q, t) ∇k ΨN (Q, t),
2m

(12)

where ∇k = (∂1 , . . . , ∂D ), and the particle number density
ρN ≡ Ψ∗N ΨN .

(13)

Here we may identify the superfluid velocity Vks by the relation
ρN Vks ≡ Jk .

(14)

By integrating the superfluid velocity over time one obtains the trajectory of the fluid
density element, i.e., the streamline of the superfluid in configuration space.

3

Bohmian Quantum Mechanics

Collecting the imaginary parts in (11) yields the continuity equation
∂t R = −
2

N
∑

∇k (vk R2 ),

(15)

k=1

where mvk = pk = ∇k S, whereas the real parts give
]
1 ∑[
∂t S +
(∇k S)2 + Vc + Vq = 0.
2m k=1
N

2

(16)

This term was derived in Bohm’s 1952 paper [6], but was already stated in Madelung’s 1926 paper [4]
as a consequence of quantum physics.
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This is the place where we can make the link between QM and Bohm’s theory. We
observe that one can replace the gradient kinetic term in the field action (2) by setting
[14]
ψ†

p̂2
j2
ψ→m .
2m
2ρ

(17)

where ρ is the fluctuating particle density defined in (4) and
j≡

1 †↔
ψ ∇ψ
2m

(18)

is the current density of the fluctuating field. Classically, this may be interpreted as
describing a cloud of particles streaming with a velocity
j
v= .
ρ

(19)

This velocity field can be introduced into the quantum mechanical partition function
(1) as a dummy auxiliary velocity variable by rewriting it as
∫
∫
′
(20)
Z = DψDψ † DvDλei[A + dtλ(t)(N −N0 )]/~ ,
where

(
)2
∫
∫
j
3
†
3 ρ
v−
.
A = dtd x ψ (i~∂t − H)ψ+m dtd x
2
ρ
′

(21)

If the auxiliary field v is fully integrated out of the partition function, we recover the
correct Schrödinger quantum mechanics.
∫t
By integrating v over time along the streamlines, we obtain x(t) = 0 dt v and interprete this as the deterministic position of the quantum particle. On the basis of the
superfluid picture introduced in the previous section, the Bohmian deterministic QM is
based on the assumption that the streamlines of superfluid velocity may be interpreted
as the possible actual trajectories of the single particle under consideration.

4

Path Integral Representation of Bohm’s QM

The path integral approach to Bohmian mechanics is not new. Philippidis et al. [15]
invoked it to calculate the interference pattern behind a double-slit. The reader familiar
with the standard path integral representation of QM [16, 17] will recognize that the
partition function (1) is simply the second-quantized version [18] of the canonical path
integral:
∫ x(tb )=xb
∫
Dp iA[p,x]/~
′
(xb tb |xa ta ) =
Dx
e
.
(22)
2π~
x(ta )=xa
with the canonical action
A[p, x] =

∫

tb

ta

[

]
p2 (t)
dt p(t)ẋ(t) −
− V (x(t)) .
2m

(23)

6
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We note that the first term in this action guarantees the validity of Heisenberg’s uncertainty relation between p and x. If we integrate out the fluctuating momentum paths,
the amplitude takes the form
∫ x(tb )=xb
(xb tb |xa ta ) =
D′ x eiAF [x]/~
(24)
x(ta )=xa

with the action
m
AF [x] =
2

∫

tb

[
]
dt ẋ2 (t) − V (x) ,

(25)

ta

which was used by Feynman [16, 17] to calculate quantum mechanical amplitudes via
path integrals by summing over all histories of x(t) in x-space.
The Bohmian QM is obtained by approximating the path integrals over the fluctuating
momenta in two steps. First, one rewrites the initial path integral (22) with the help of
a dummy velocity path v(t) as
∫ x(tb )=xb
∫
∫
Dp iA′ [p,v,x]/~
′
(xb tb |xa ta ) =
D x Dv
e
,
(26)
2π~
x(ta )=xa
in which the action A[p, x] of (22) has been replaced by
[
]2
∫
m tb
p(t)
′
A [p, v, x] =
dt v(t) −
+ A[p, x].
2 ta
m

(27)

The Gaussian path integral over all v(t)’s ensures that (26) is the same as the amplitude
(22). Second, one approximates the path integral over v(t) in a certain semiclassical way
by selecting only the extremum of the first term in (27), i.e., by assuming the velocity v(t)
to be equal to V(t) ≡ p(t)/m at each instant of time, rather than performing its proper
harmonic quantum fluctuations dancing around V(t) [19] to satisfy v(t) = V(t) only
on the average. We note that this approximation destroys the validity of Heisenberg’s
uncertainty relation. By integrating V(t) over time one obtains functions X(t) which
in Bohm’s theory are considered to be the trajectories of the quantum particle guided
by the pilot wave. It is therefore evident that Bohmian mechanics is not equivalent to
proper QM.

5

Double-Slit Experiment

A commonly invoked gedanken experiment in QM is the scattering of a stream of particles on a double-slit which gives evidence on the wave-particle duality. It shows that
interference patterns produced by massive particles are analogous to those produced by
light waves in Young’s experiment. Due to the smallness of the de Broglie wavelength for
electrons, the double-slit experiment remained gedanken until 1961 when Claus Jönsson
performed it successfully [20] and found an interference pattern in good agreement with
Young’s formula in the Fraunhofer zone:
I(θ) = I0 (sin α/α)2 cos2 β,

(28)
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where α = (a/λ)π sin θ, β = (d/λ)π sin θ, a is the width of the slit, d the separation of the
two slits, and θ the deflection angle relative to the symmetry line between the two slits.
As is well-known, the interference pattern governed by the factor cos2 β is modulated by
the square of the cardinal sine function (sin α/α)2 that governs the single-slit diﬀraction.
Subsequent double-slit experiments were performed with photons, electrons, neutrons,
atoms, and even molecules, again in good agreement with Young’s formula [21, 22, 23,
24, 25].
In the context of Bohmian mechanics, the pattern of electrons behind a double-slit
was first calculated explicitly by Philippidis et al. [15] using the physical parameters
of Jönsson’s experimental setup as their numerical example. The associated quantum
potential is plotted in Fig. 1, while the Bohmian particle trajectories are shown in Fig.
2. These calculations have often been cited and reproduced in the literature (see for example [5, 27]) as a strong argument for Bohmian mechanics. However, the Philippidis et
al. interference deviates significantly from the experimental result, which agrees perfectly
with quantum mechanics [28]. Specifically, the ratio of intensities between the central
primary peak and the second peak according to Bohmian mechanics, which can be deduced from Fig. 2 by counting the number of Bohmian trajectories crossing the screen
in each corresponding constructive interference zone, is roughly 26 : 8 ∼ 3.25. Whereas
Young’s formula using the same set of parameters gives the ratio 1 : 0.97 ∼ 1.03: The
latter agrees with QM and experiment.
What could be the origin of this significant discrepancy? In his book, Holland stressed
the fundamental diﬀerence between the Feynman paths and the Bohmian trajectories,
which he called quantum paths [5]. “For example, in the two-slit experiment a path
starting in one of the slits and crossing the axis of symmetry of the apparatus is possible
for Feynman but forbidden for us (Bohmian mechanics).” (p. 267 of [5]). That is, the
trajectories for electrons passing, for example, the left slit will only reach the left side
of the center divide on the screen. As we have recognized, a Bohmian trajectory is a
semiclassical approximation of the fluctuating QM paths that dance around it. These
fluctuating QM paths are not confined to one side of the symmetry line. This explains
why Bohmian trajectories have an excessive probability at the center and do not produce
correct double-slit interference patterns predicted by QM.

6

A Spurious Radiation

One other consequence of treating the semiclassical averaged velocity V(t) as the actual
particle velocity v(t) is that such a deterministic motion may induce a spurious radiation that would be emitted by an electron if its physical trajectory is deflected by the
Bohmian quantum potential. Invoking the double-slit experiment as an example, it was
shown in [29] that the drastic variations of the quantum potential (see Fig. 1) in the
direction transverse to electron’s motion from the slits to the screen would inevitably
induce radiation if the particle does execute Bohmian deterministic classical trajectory,
with the emission angle following the direction of the canyon where the particle crosses.

8
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Fig. 1 Plot of the quantum potential Vq (x) looking back from the screen to double-slit A & B,
taken from [29]. This quantum potential was first calculated in [15].

Fig. 2 Bohmian trajectories in a double-slit experiment [15]. The key parameters used in [15]
follow that in Jönsson’s experiment [28]: slit half-width a/2 = 0.1 × 10−4 cm, slit separation
d = 1 × 10−4 cm, distance between the slits and the screen x = 35cm, and the electron de Broglie
wavelength λ = 5.5 × 10−10 cm.

This would result in a discrete bright-and-dark stripe pattern on the screen due to such
radiation, which exactly complements the interference pattern of electrons that eventually
all travel on the plateau.
With the realization that the Bohmian trajectories are semiclassical approximation
to the actual fluctuating QM trajectories, we believe that this spurious radiation eﬀect
should not occur. It would be interesting, nevertheless, to investigate this spurious radiation experimentally.

7

Multivalued Nature of S

As experimentalists are in the process of investigating detailed properties of Bohmian
quantum mechanics [30], they should be aware that an important aspect of that theory
is still absent in (11) and (16). That is, the function S is really a multivalued function
of configuration space and time [14]. Its derivatives ∇k S(Q, t) are defined only modulo
integer multiples of 2π~ times a delta function in some area A to be denoted by δk (Q, A; t).
It is defined by the integral
∫
∫
3N −3
Q̄ dAk δ(Q − Q̄),
δ k (Q, A; t) ≡
d
(29)
A(t)
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∫
where d3N −3 Q̄ runs only over the configuration space of all q̄i except q̄k , and the vector
q̄k is integrated over the area A [14]. Therefore the Bohm equation (11) for the pilot
wave is correct only if the gradients of S in that equation are replaced by
∇k S(Q, t) → ∇k S(Q, t) − 2πm~δ k (Q, A; t),

(30)

where A denotes possible surfaces across which the phase jumps by an amount 2πm~,
with some integer m. In analogy, a charged particle circulating around an infinitely thin
magnetic flux line along the z-axis has a wave function eimϕ , where ϕ is the azimuthal
angle in cylindrical coordinates. The replacement of (30) in (16) accounts for this eﬀect
in general. By analogy with the theory of plasticity, we shall denote the extra term as
SPk = 2πmδ k (Q, A; t) and call it the plastic deformation of the eikonal S,
Similarly we have to replace the time derivative in the first terms of (11) and (16) as
∂t S(Q, t) → ∂t S(Q, t) − 2πn~δ(t − t(Q))
= ∂t S(Q, t) − StP (Q, t).

(31)

After these replacements the Bohm equation (16) gives a complete description of the
motion of a gas of Bose particles in a zero-temperature condensate if the gas is suﬃciently
dilute that there are practically no interactions among the particles. In the presence
of electromagnetism, the plastic deformations of the eikonal are modified by the usual
minimal replacement rules.
Note that (11) is also the hydrodynamic description of a field Ψ(Q, t) emerging from
a standard Ginzburg-Landau action [33], the only diﬀerence is that here the field depends
on all 3N configuration coordinates in Q, rather than only a single coordinate x, as in
the original Ginzburg-Landau action, which is a mean-field approximation to a secondquantized many-body action [34].

8

Summary

In this note we have demonstrated that Bohmian mechanics and proper QM are not
equivalent. However this aspect, that is, determinism vs. indeterminism, is independent
of the issue of nonlocality [35]. As is demonstrated by the famous Bell inequality [36],
QM is inherently nonlocal. This aspect is particularly transparent in the Madelung-de
Broglie-Bohm formulation manifested through the superfluid BEC in the multidimensional configuration space.
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[11] D. Dürr and S. Teufel, Bohmian Mechanics (Springer, Berlin, 2009). See
also S. Teufel’s lecture https://cast.itunes.uni-muenchen.de/vod/clips/
29SAqIjSLD/flash.html.
[12] See Chapter 6 in the textbook by S. S. Schweber, An Introduction to Relativistic
Quantum Field Theory (Harper and Row, N.Y., 1961).
[13] See Chapter 2 in H. Kleinert, Particles and Quantum Fields (World Scientific,
Singapore, 2013) [http://klnrt.de/b7].
[14] H. Kleinert, Multivalued Fields in Condensed Matter, Electromagnetism, and
Gravitation (World Scientific, Singapore, 2009) [http://klnrt.de/b11].
[15] C. Philippidis, C. Dewdney and B. J. Hiley, Il Nuovo Cimento 52B, 15 (1979).
[16] R. P. Feynman and A. R. Hibbs, Quantum Mechanics and Path Integrals (McGrawHill, New York, 1965).
[17] H. Kleinert, Path Integrals in Quantum Mechanics, Statistics, Polymer Physics, and
Financial Markets, (World Scientific, Singapore, 2009) [http://klnrt.de/b5].
[18] See Eqs. (2.27) and (2.29) in the textbook [17].
[19] See the quotation in the beginning of Chapter 2 of the textbook [17].
[20] C. Jönsson, Zeit. Phys. 161, 454 (1961); English translation: Am. J. Phys. 42, 4
(1974).

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 1–12

11

[21] A. Tonomura, J. Endo, T. Matsuda, T. Kawasaki, and H. Ezawa, Am. J. Phys. 57,
117 (1961).
[22] F. Shimizu, K. Shimizu, and H. Takuma, Phys. Rev. A 46, R17 (1992).
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1

Introduction

Quantum physics, in its modern formulation, has about 90 years. Although at the beginning it was a very speculative theory, in the following decades a lot of experiments
have confirmed its predictions in an excellent way, with a incredibly high precision. This
turned out very important in order to convince the scientific community that quantum
mechanics is correct, till the point that today nobody sees the necessity to develop a new
theory that replaces quantum mechanics.
However, since its birth, quantum mechanics has created many interpretative problems in regard to what it says about the world. On the basis of experimental results,
∗
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quantum systems seem to live an exotic, indefinite realm, contrary to what happens to
macroscopic systems of our everyday experience, despite they are ultimately built out
starting from quantum systems. Quantum theory is formulated in such a way that implies a dramatic boundary between classical domain and quantum domain. What does
it happen when we move to lower and lower scales? In particular, at what point can one
say that physical reality generate the exotic features of the microscopic world? How do
atomic and subatomic particles behave? Despite the extraordinary progresses achieved
in high energy physics and in cosmology after world war two, even today a well defined
and completely satisfactory answer to these simple questions does not exist [1, 2].
As regards the geometry of the physical world, one can say that quantum physics yields
more spread scenarios than those oﬀered by every previous physical theory. In particular,
the most fundamental and intriguing element which emerges from the quantum formalism
lies in the fact that subatomic particles are non-locally connected and can be in entangled
states. The non-local correlations between subatomic particles which characterize EPRtype experiments turn out to be inexplicable and understandable inside a classical picture.
In the Copenhagen interpretation owed to Bohr, Heisenberg and their followers, nonlocality emerges indeed as an unexpected host which lies behind the purely probabilistic
interpretation of the wave function and the mechanism of “casuality” associated with
it. However, on the basis of the experimental results of many authors (such as those
of A. Aspect and A. Zeilinger, just to name a few), one has to acknowledge that nonlocality is the ultimate visiting card of the geometry of quantum physics and it should
be introduced from the very beginning within the theory structure as a fundamental
principle. The experimental results suggest that quantum non-locality must be considered
as the essential property which is at the basis of the behaviour of subatomic particles and
of the geometry of the quantum world [3, 4].
The non-local correlations characterizing the behaviour of subatomic particles do not
transport energy, for this reason they do not violate the laws of relativity. In other words,
quantum non-locality turns out to be compatible with the existence of a limit speed: the
quantum formalism cannot be used to send superluminal signals. This condition defines
a sort of “pacific coexistence” between relativity and quantum physics [5]. Nonetheless,
it becomes natural to put ourselves the following fundamental question: is the space-time
model used in relativity appropriate to describe the peculiarities of the geometry of the
quantum world? The problem of reconciling the classical image of Einstein’s space-time
and quantum non-locality becomes therefore to build a dynamic model of the spacetime background in which the quantum processes also find a place and to characterize
the geometrical properties of this background, in other words to develop a quantum
geometrodynamics.
Despite 20th century theoretical physics opened important perspectives in the exploration of new territories (such as the meaning of matter at the Planck scale and the
role of the quantum information), it is characterized by significant foundational problems
which the inner unity of physics knowledge depend on. In the light of the developments
of theoretical physics during last century, what must be considered the real, fundamental
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arena of physical processes? What is the real background of physics which determines
and rules the behaviour of matter? What is space? What is the geometry that rules
physical processes? What is matter? What is the meaning of “motion” of a subatomic
particle such as, for example, the electron? Does nature play the same game on diﬀerent
scales? Are there only formal analogies between the diﬀerent descriptive levels of physical
reality or is there a deeper meaning? These are some of the foundational questions that
one must face in order to find a unifying picture and synthesis in physics. We need to
find a new answer to these questions – diﬀerent from Newton’s answer – which takes into
account what we have learned about the world with the building blocks of contemporary
physics, namely quantum mechanics, special relativity and general relativity and, at the
same time, involves also significant changes of perspectives able to provide a unifying
picture and let us realize matter and space-time at the fundamental level.
Assuming non-locality as the ultimate visiting card of quantum mechanics, one can
think that there are two possible ways in order to build a fundamental theory which
describes the geometrodynamics and the arena of physical processes, exploring the actual
behaviour of matter at the fundamental level:
a) the quantum geometry is assumed as primary and non-local, and therefore it is
necessary to introduce additional hypotheses about its deep structure, or
b) the space-time manifold must be considered an emergence of the deepest processes
situated at the level of quantum gravity. In this regard, one can mention here, at least,
Sacharov’s original proposal of deducing gravity as “metric elasticity” of quantum vacuum
in which the action of space-time is interpreted as the eﬀect of quantum fluctuations of the
vacuum in a curved space [6], Haisch’s and Rueda’s model regarding the interpretation
of inertial mass and gravitational mass as eﬀects of an electromagnetic quantum vacuum
[7], Puthoﬀ’s polarizable vacuum model of gravitation [8] and the most recent one by
Consoli on ultra-weak excitations in a condensed manifold as a model for gravity and
Higgs mechanism [9].
According to these approaches, the entire connected and local structure of both spacetime and quantum information can be seen as the explicit order of a hidden, implicit
order, in other words a quantum vacuum which acts as a “fabric of reality” at a subquantum level, fundamentally discrete and non-commutative [10]. In fact, a crucial consequence of contemporary quantum field theories (such as the quantum electrodynamics,
the Weinberg-Salam-Glashow theory of electroweak interactions and the quantum chromodynamics of strong interactions) is constituted by the existence of a unified quantum
vacuum as a fundamental medium subtending the observable forms of matter, energy
and space-time. In the light of the predictions of quantum field theories, the notion of an
“empty” space devoid of any physical properties can be replaced with that of a quantum
vacuum state, defined to be the ground (lowest energy density) state of a collection of
quantum fields, which exhibits zero-point fluctuations everywhere in space giving rise
to an enormous vacuum energy density. These quantum field theories imply that various contributions to the vacuum energy density exist: the fluctuations characterizing
the zero-point field, the fluctuations characterizing the quantum chromodynamic level of
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subnuclear physics, the fluctuations linked with the Higgs field, as well as perhaps other
contributions from possible existing sources outside the Standard Model (for instance,
Grand Unified Theories, string theories, etc. . . ). On the other hand, there is no structure
within the Standard Model which suggests any relations between the diﬀerent contributions to the quantum vacuum energy density, and it is therefore customary to assume
that the total vacuum energy density is, at least, as large as any of these individual
contributions. As regards the role of the diﬀerent contributions to the vacuum energy
density, the reader can find a detailed analysis, for example, in the paper [11] by Rugh and
Zinkernagel who studied the connection between the vacuum concept in quantum field
theory and the conceptual origin of the cosmological constant problem, and in the paper
[12] by Timashev who examined the possibility of considering the physical vacuum as a
unified system governing the processes taking place in microphysics and macrophysics,
which manifests itself on all space-time scales, from subnuclear to cosmological.
In this paper, in order to face the foundational questions listed above, we will explore
a model of a three-dimensional (3D) timeless non-local quantum vacuum whose most
fundamental properties are processes of creation/annihilation of quanta corresponding to
changes and fluctuations of the energy density. We will explore how the idea of a 3D
timeless non-local quantum vacuum allows us to interpret the real background of physics
as well as the meaning of “motion” of a subatomic particle such as, for example, the
electron. We will see furthermore how our model faces the problem of the emergence of
quantum mechanics and of the existence of diﬀerent levels of physical reality: whether
nature plays the same game on diﬀerent scales and if there are there formal analogies
between the diﬀerent descriptive levels of physical reality or there is a deeper meaning.
This paper is structured in the following manner. In chapter 2 we will show how
Bohm’s approach can be considered the starting point to develop a 3D timeless nonlocal quantum vacuum. In chapter 3 we will see how non-locality can be formalized and
described in terms of transactions. In chapter 4 we will analyse how the transactional
view leads directly to a 3D timeless non-local quantum vacuum. In chapter 5 we will
study the behaviour of subatomic particles inside the 3D timeless non-local quantum
vacuum. Finally, in chapter 6 we will explore the perspectives introduced by the model
of the 3D timeless non-local quantum vacuum towards an unifying picture of gravity and
quantum behaviour.

2

Bohm’s View as the Epistemological Foundation to Develop
a Three-dimensional Timeless Non-Local Quantum Vacuum

The fundamental starting-point as well epistemological foundation to develop a 3D timeless non-local quantum vacuum can be considered the David Bohm quantum physics
vision.
As well known, Bohm’s view introduces important and relevant perspectives into the
understanding of the exotic features of the microscopic world and of the behaviour of
subatomic particles. It suggests a way of treating subatomic processes which is simpler
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with respect to the Copenhagen interpretation allowing the reopening of many questions
(which were considered closed or forever “paradoxical” inside the standard view). What
naturally results from Bohm’s approach is a theory, predictably equivalent to quantum
mechanics, which can provide a causal completion to quantum mechanics and explain
the quantum behaviour of matter remaining faithful to the principle of causality and the
motion dogma, which not only accommodates, but provides the simplest known explanation for the quantum formalism (including the Born rule, the Heisenberg uncertainty
relation, the representation of dynamical variables as Hilbert space operators, and so
on). Bohm’s interpretation of quantum mechanics reproduces all the empirical results of
quantum theory and at the same time has the merit to describe atomic and subatomic
processes without ascribing a crucial role to the observer and to recover some causality
also in the microscopic world that is so seen as a world in which quantum particles have
precise trajectories [1, 2, 13, 14].
As regards the interpretation of non-relativistic quantum mechanics proposed by
Bohm, a great deal of confusion exists about what Bohm was saying exactly when he
first published his 1952 papers. Many discussions about Bohm’s ideas in these two papers
assume that they represented some kind of definitive theory. As shown clearly by Hiley
in the recent article Some remarks on the evolution of Bohm’ proposals for an alternative to standard quantum mechanics [15], the misunderstandings about Bohm’s original
ideas, grew after the appearance of the term “bohmian mechanics” in a 1992 paper of
Dürr, Goldstein and Zanghı̀ [16]. However, it must be emphasized that, in his classic
works of 1952, Bohm never used the term mechanics: in these two papers Bohm’s intention was not to find a classical order based on a deterministic mechanics from which the
quantum formalism would be derived. Indeed the content of his book Quantum Theory
published in 1951 [17], which gives an exhaustive account of the orthodox view of the
theory, already shows the seeds of how radical a change Bohm thinks is needed in order
to begin to understand the structure that underlies the quantum formalism. By reading
that book one can see easily in Bohm’s ideas the need to go beyond mechanical ideas. In
the section of this book titled ‘The need for a non-mechanical description’, Bohm writes
“....the entire universe must, in a very accurate level, be regarded as a single indivisible
unit in which separate parts appear as idealisations permissible only on a classical level of
accuracy of the description. This means that the view of the world as being analogous to
a huge machine, the predominant view from the sixteenth to nineteenth century, is now
shown to be only approximately correct. The underlying structure of matter, however, is
not mechanical” [17].
The mathematical formalism suggested by Bohm in his 1952 papers merely show
that an alternative view, that attributes definite properties to individual particles, is
possible without radically changing the formalism and altering the predictions. He was
not oﬀering these proposals as the final definitive interpretation of the quantum formalism
in the non-relativistic domain. On the other hand, throughout the papers he stresses that
his approach opens up possibilities of modifying the formalism in ways that could not be
possible in the standard interpretation, that could expect something deeper.
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As shown clearly also by Hiley in [15], the fundamental key element which shows that
Bohm’s 1952 approach was not mechanical is the quantum potential. In his 1952 papers,
Bohm showed that, in virtue of the mathematical features of the quantum potential, the
whole environment determines the properties of the individual particles and their relationship. In Bohm’s view, the quantum potential implies a universal interconnection of
things that could no longer be questioned. What one can conclude from the analysis
of Bohm’s 1952 papers is that the quantum potential enables the global properties of
quantum phenomena to be focused on the particle aspect, where the ‘particle’ is not
independent of the background. In this regard, the ultimate visiting card of Bohm’s work
has been the crucial role of non-locality to be introduced ab initio in the structural corpus
of the physical theory, and the quantum potential, even in the plurality of the mathematical treatments, is in the core of such structure, the non-local trait d’union between the
post-classical features of quantum physics and the most advanced perspectives of field
theory [18, 2]. In the last part of his life, Bohm proposed therefore the revolutionary
idea that quantum non-locality does not look like a field at all, but it is “written” in the
informational structure of a pre-space that Bohm-Hiley called “Implicate Order”. This
deeper descriptive level of physical reality is revealed only partially, depending on the
information the observer chooses to extract from the system, and gives to quantum mechanics its characteristic “contextuality” [19]. In this way, Bohm’s approach of implicate
order someway allows the recovering of the old Bohr complementarity, now in terms not of
something “elusive” and the “uncertain” role of the observer, but of the deep logic of the
physical world and the non-commutative relation between system and environment. The
theory of Implicate/Explicate order is the first real attempt to realize the J. A. Wheeler
program of It from Bit (or QBit), the possibility to describe the emergent features of
space-time-matter as expressions, constrained and conveyed, of an informational matrix
“at the bottom of the world” [20].
According to the author, the real starting point and epistemological foundation of the
idea of a 3D timeless non-local quantum vacuum can be drawn from the following excerpt
of Bohm’s “duel” with M. Pryce, a defender of the orthodox vision, broadcasted by BBC
in 1962 (excerpt which shows clearly that Bohm’s ideas are considerably diﬀerent from
classical and post-classical ones): “We wondered what actually an electron does. What
should it do while it passes from the source to the slit? That’s the point. Well, I could
propose, for example, that the electron is not a particle in the sense it is currently meant,
but an event. I assume such event happens in a generic medium – a “field” – we can
suppose in this field there’s an impulse. A wave moves forward and converges in a point
so producing a very strong impulse and then diverges and scatters away. Let’s imagine
these impulses in a series all reaching a line there producing a series of intense pulses.
The impulses will be very close one to the other, and so they will look like a particle.
In most cases, all that will behave just like a particle and will behave diﬀerently when
goes through the two slits, because each impulse will come out according to the way the
incident wave passes the slits. The result is that we are looking at something it’s neither
a wave nor a particle. If you wonder how the electron has actually passed the slit and
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if it has really passed one slit or the other, I would reply that probably is not that kind
of thing which can pass a slit or the other one. Actually, it is something which forms
and dissolves continuously and that can be the way it really acts.”[21]. As regards the
double slit experiment, these last two sentences provide the real most ultimate, crucial
key in order to throw new light as regards the problem of the meaning of “motion” of a
subatomic particle, of the existence of diﬀerent descriptive levels of physical reality and
thus of the possible deeper origin, at a fundamental level, of physical processes. One can
say that the electron intended as a wave or a corpuscle (satisfying the well known laws
of quantum theory) has not a primary physical existence but its “physical appearance”
actually emerges from more elementary processes of formation and dissolving of quanta of
an informational arena. The idea of a fundamental quantum vacuum (in particular, in our
model, of a fundamental 3D timeless non-local quantum vacuum) as the ultimate arena
of the universe, as the ground (lowest energy density) state of a collection of quantum
fields, which exhibits zero-point fluctuations corresponding to elementary processes of
creation/annihilation, somewhat draws inspiration from these two sentences of Bohm’s
1962 words at BBC. In this regard, the key idea is to introduce Bohm’s quantum potential
into a 3D isotropic quantum vacuum characterized by a Planckian metric and defined by
elementary processes of creation/annihilation of quanta corresponding to Chiatti’s and
Licata’s transactions.

3

From Bohm’s View to Kastner’s Possibilist Transactional Interpretation and Chiatti’s and Licata’s Approach about Transactions

Once one realizes that each subatomic particle, such as the electron, is something which
forms and dissolves continuously and thus that its behaviour derives from fluctuations corresponding to elementary processes of creation/annihilation of quanta of an informational
vacuum, there is the problem to describe mathematically and characterize conceptually
this ultimate vacuum. Assuming non-locality as a fundamental feature of this vacuum,
a first step in this regard could be to consider the possibilist transactional approach recently proposed R. Kastner in the references [22-25]. The transactional interpretation
was originally introduced by John G. Cramer in a series of papers in the 1980s [26-29] by
inspiring to previous theories of Wheeler-Feynman and of Hoyle-Narlikar. According to
Cramer’s approach, the behaviour of a subatomic particle such as the electron is a timesymmetric process, in which one has an “absorber” which generates confirmation waves
in response to an emitted oﬀer wave: a system emits a field in the form of half-retarded,
half-advanced solutions to the wave equation, and the response of the absorber combines
with that primary field to create a process that transfers energy from the emitter to the
absorber. Cramer’s theory leads to a definition of a vacuum which gives form to the anticipated waves; these inform a particle about the global situation in its space-time region
and in this way one can reproduce the quantum behaviours, and in particular explain
EPR-type experiments, in terms of information – the transaction events – coming from
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the future owed to the relativistic nature of the vacuum.
In the recent papers [22-25], Ruth Kastner extended Cramer’s approach into a more
general and fundamental theory, the possibilist transactional interpretation, which can
explain the nature of the process leading to an actualized transaction. In Kastner’s approach, space-time is not a pre-existing substance, a structured container for events, but
rather unfolds as an emergent manifold from a more fundamental collective structure, a
“pre-spacetime” characterized by “transactional processes” (constituted by emission and
absorption of quanta) involving de Broglie waves. In the picture proposed by Kastner, the
behaviour of a subatomic particle such as the electron derives from realized transactions
resulting in transfers of energy from an emitter to an observer, which must be considered as pre-spacetime objects at the micro-level. In Kastner’s view, the transactions are
processes that somewhat transcend the space-time structure, in other words are the expression of the non-local feature of the processes characterizing subatomic particles. Each
quantum particle emerges from actualizations of transactions, and thus from emissions
and absorptions of quanta, giving rise to the related events comprising the space-time
arena. The actualization of a transaction is an a-spatiotemporal process; it is the coming
into being of an event (actually two linked events, the emission and the absorption of
quanta).
In Kastner’s possibilist transactional approach, the apparent four-dimensional spacetime universe we perceive is not something “already there”, there is no “space-time”
without actualized transactions; rather, space-time crystallizes from an indeterminate
(but real) non-local pre-spacetime of dynamical possibility. Kastner’s view implies that,
if one studies the evolution of a subatomic particle in a given experiment, only the “now” is
the fundamental empirical realm and that the changing properties of the physical system
under consideration are associated with electromagnetic signals that transfer energy from
what we are observing to our sense organs (by way of actualized transactions). The “now”
is defined by a spatial coordinate (or, in a relational view of space-time, the object(s)
with which we are currently in direct contact) and any light signals that have reached our
eyes from other objects. According to the possibilist transactional interpretation, what
is fundamental in the temporal sense is just the now, which changes. The now, and thus
being is the ultimate, primary reality of the universe, and the description of the evolution
of the particle in the time index is just a way of recording the changes of the now. In
other words, one deals here with a sort of “growing universe” theory of time; the past
grows and continues to become actualized as it falls away from the present. As regards
the fundamental arena of the physical processes, one can say that in Kastner’s approach
the origin of the time of our common experience (and thus of space-time) is contained in
matter, whose behaviour in turn emerges from non-local transactional processes resulting
in transfers of energy from an emitter to an observer.
Once one arrives to realize that the non-local behaviour of subatomic particles can
be seen as something that derives from transactions – involving de Broglie waves and
resulting in transfers of energy from an emitter to an observer – which must be considered
as pre-spacetime objects at the micro-level, the next fundamental step is to describe
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mathematically and characterize conceptually the fundamental, ultimate informational
vacuum given by the network of these transactional processes. In this regard, according
to the author of this paper, the crucial point is represented by the approach of the archaic
vacuum developed by Chiatti and Licata in the references [30-33].
In Chiatti’s and Licata’s model, the vacuum, besides to be an eigenstate of minimal
energy, is the network of all the possible transactions of the field modes in an “undivided
oneness” and it must be considered as a radical non-local and event-symmetric state.
Chiatti’s and Licata’s approach of transactions implies that the physical vacuum as a
fundamental arena of the universe is an archaic, atemporal manifold that constrains and
conveys the dynamical processes we observe in nature. Chiatti’s and Licata’s approach
is based on the idea that the only truly existent “things” in the physical world are
the events of creation and destruction (or, in other words, physical manifestation and
demanifestation) of certain qualities [30]. Such properties’ measurement is all that we
know of the physical world from an operational view point [31]. In this picture, any other
construction in physics – like the continuous space-time notion itself or the evolution
operators – has the role to causally connect the measured properties: they are “emergent”
with respect to the network of events. In the language of quantum field theory the
events of creation and destruction are the “interaction vertices”, while the diﬀerent sets
of manifested/demanifested qualities in the same vertex are the “quanta”.
From a theoretical point of view, the probability of the occurrence of a creation/destruction
event for a quantum Qin a point event xis linked with the probability amplitude ψQ (x),
which can be a spinor of any degree. Each component ψQ,i (x) of this spinor satisfies the
Klein-Gordon quantum relativistic equation
(

)
−~2 ∂ µ ∂µ + m2 c2 ψQ,i (x) = 0,

(1)

where ~ is Planck’s reduced constant and mis the mass of the quantum. At the nonrelativistic limit, this equation becomes a pair of Schrodinger equations [34]:
−

~2 2
∂
∇ ψQ,i (x) = i~ ψQ,i (x) for creation events
2m
∂t

(2)

∂ ∗
~2 2
(x) for destruction events.
(3)
∇ ψQ,i (x) = −i~ ψQ,i
2m
∂t
The first equation has only retarded solutions, which classically correspond to a material
point with impulse p and kinetic energy E = p•p/2m>0. The second equation has
only advanced solutions, which correspond to a material point with kinetic energy E=p•p/2m<0. Thus there are no true causal propagations from the future. From the
point of view of the dynamical laws for the probability amplitudes of these events, the
creation of quality Qis associated with the initial condition for ψQ,i (x) in equation (2);
the destruction of quality Qis associated with the “initial”, actually the final, condition
∗
for ψQ,i
(x) in equation (3).
More generally speaking, in this approach the transactions can be defined in the
following way. One has at t = t1 the event of the creation-destruction of a quality
−
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Q(|⟩ ⟨Q|) and at t = t2 the event of the creation-destruction of a quality R(|⟩ ⟨R|). These
two processes are linked by a time evolution operator Swhich acts in the following way:
|⟩ is transported from Sinto |⟩?⟩ and projected onto ⟨R|, |⟩ is transported by S + into
|⟩?⟩ and projected onto ⟨Q|. The amplitudes product ⟨R| S |⟩ ⟨Q| S + |⟩ = |⟨R| S |⟩|2 is
immediately obtained, which is the probability of the entire process. Moving to the
representation of the coordinates, by substituting bras and kets with wavefunctions, we
once again obtain as a particular case the result already seen with the non-relativistic
expressions (2) and (3). Here, the propagation S + is as “real” as the S, in the sense
that the initial condition |⟩ and the final one ⟨R| are connected in a non-local way, in
the light of the well-known non-local phenomena EPR and GHZ [35], confirmed by solid
experimental evidence [36-39].
In Chiatti’s and Licata’s approach, the two extreme events of a transaction correspond
to two reductions of the two state vectors which describe the evolution of the quantum
process in the two directions of time. They are also called “R processes” (where R
stands for reduction) and here are the only real physical processes. They are constituted
of interaction vertices in which real elementary particles are created or destroyed; these
interactions are not necessarily acts of preparation or detection of a quantum state in
a measurement process. Both the probability amplitudes in the two directions of time
and the time evolution operators which act on them are mathematical entities whose
only purpose is to describe the causal connection between the extreme events of the
transaction, i.e. between R processes. This connection is possible because the two
events derive from the transformation of the same aspatial and atemporal “substratum”.
According to this approach, therefore, the history of the Universe and thus the behaviour
of matter, considered at the basic level, are interpreted as a complete network of past,
present and future R processes deriving from the same invariant atemporal substratum.
It looks as if every quantum process regarding subatomic particles (as well as time itself)
emerge from this invariant atemporal substratum and re-absorbed within it.
In Chiatti’s and Licata’s approach, this substratum which rules the actual behaviour
of matter can also be called “archaic vacuum” to distinguish it from the quantum field
theory traditional dynamic vacuum and to indicate all the self-consistency logical constraints which rule “the fabric of reality”. In this atemporal substratum, at a fundamental
level only the transactions between field modes take place, and the quantum-mechanical
wave-function simply emerges as a statistical coverage of a great amount of elementary
transitions. This atemporal vacuum generates and conveys the dynamical processes regarding subatomic particles we observe in our measurements. It is a fabric from which
patterns emerge by R processes and such patterns influence the vacuum activity, in a
quantum feedback. Moreover, Chiatti’s and Licata’s view of transactions emerging from
an atemporal “archaic vacuum” leads, from the cosmological point of view, to define an
Archaic Universe where the starting point is the group approach to the DeSitter Universe
as quantum vacuum’s geometrical shape where the old Big Bang conception as a “thermodynamic balloon” seems to be irreparably compromised [32, 33]. In this regard, Licata
clearly underlines: “The elimination of the initial singularity by the adoption of de Sitter
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5 hyper-sphere as pre-space makes possible a very concise description of the boundary
conditions necessary for the evolution of the observed physical universe. Such “archaic
pre-space” has not to be considered as antecedent to “Big-Bang”, but rather as a prespatial and a-temporal substrate of the usual spacetime metric containing in nuce all the
evolutionary possibilities that the General Projective Relativity equations indicate. After
eliminating any geometrical singularity with Euclidean substrate, the description of the
Universe evolution can be seen as an extended nucleation from a coherent timeless state
(de Sitter isotropic singularity) with very high non-local information to an observable
mix of local matter-energy.” [31].

4

From Transactions . . . to a Three-dimensional Timeless Nonlocal Quantum Vacuum

If the quantum behaviour derives from transactional processes defining an archaic, atemporal vacuum and if, in the light of contemporary quantum field theories, the unified
quantum vacuum, as a fundamental medium subtending the observable forms of matter,
energy and space-time, exhibits zero-point fluctuations which give rise to an enormous
vacuum energy density, what can the archaic vacuum energy density be described? And,
in synthesis, what is the real, actual, physical link and the interrelation between archaic
vacuum, vacuum energy density and non-locality?
As regards the quantum vacuum energy density which should originate the macroscopic space-time, the Planck energy density
√
c14
ρpE =
≈ 4, 641266 · 10113 J/m3 ∼
(4)
= 1097 Kg/m3
~2 G4
is usually considered as the origin of the dark energy, if the dark energy is supposed to be
owed to an interplay between quantum mechanics and gravity. However the observations
are compatible with a dark energy given by relation
ρDE ∼
= 10−26 Kg/m3 ,

(5)

thus giving rise to the so-called “cosmological constant problem” because the dark energy
(5) is 123 orders of magnitude larger than (4). In order to solve this problem, Santos
proposed an interesting explanation for the actual value (5) of the dark energy in which
the fluctuations of the quantum vacuum determine a curvature of space and made a
calculation, involving plausible hypotheses within quantized gravity, which establishes a
relation between the two-point correlation of the vacuum fluctuations
C (|⃗r1 − ⃗r2 |) =

1
⟨vac| ρ̂ (⃗r1 , t) ρ̂ (⃗r2 , t) + ρ̂ (⃗r2 , t) ρ̂ (⃗r1 , t) |⟩
2

(6)

and the space curvature [40, 41]. In Santos’ approach the dark energy ρDE is the eﬀect of
the quantum vacuum fluctuations on the curvature of space-time according to equation
∫ ∞
∼
ρDE = 70G
C (s) sds
(7)
0
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where C (s) is a two-point correlation function of vacuum density fluctuations. Santos’
model of quantized general relativity predicts that the quantum vacuum fluctuations
actually give rise to a curvature of space-time similar to the curvature produced by a
“dark energy” density. The relations between the metric coeﬃcients and the matter
stress-energy tensor are non-linear and, as a consequence, the expectation of the metric
turns out to be not the same as the metric of the expectation of the matter tensor and
the diﬀerence between these two quantities gives rise to a contribution of the vacuum
fluctuations mimicking the eﬀect of Einstein’s cosmological constant. Santos’ formalism
implies furthermore that the action of the quantum vacuum fluctuations is direct, in the
sense that it is expressed by a two-point correlation function that, in the case of equal
times, depends only on the distance between those two points.
In the recent paper Space-time curvature of general relativity and energy density of a
three-dimensional quantum vacuum [42], by following the philosophy that is at the basis
of Haisch’s and Rueda’s model [7], Puthoﬀ’s model [8], Consoli’s approach [9] and Santos’
approach [40, 41], the author of this paper and Sorli have introduced a model of a 3D
quantum vacuum in which general relativity emerges as the hydrodynamic limit of an
underlying theory of a more fundamental microscopic 3D quantum vacuum condensate.
In this approach, the fluctuations of the quantum vacuum energy density generate a
curvature of space-time similar to the curvature produced by a “dark energy” density
and produce a shadowing of the gravitational space which determines the motion of
other material objects present in the region under consideration. Although this approach
is in its germinal stages of development, it suggests the relevant perspective to interpret
the curvature of space-time characteristic of general relativity as a mathematical value
of a more fundamental actual energy density of quantum vacuum which has a concrete
physical meaning.
In this model, by starting from the Planckian metric one shows that the fundamental
arena of the universe is a 3D isotropic quantum vacuum composed by elementary packets
of energy having the size of Planck volume and whose most universal property is the
energy density. Here, the ordinary space-time we perceive derives from this 3D isotropic
quantum vacuum and this quantum vacuum is assumed to be characterized by processes
analogous to Chiatti’s and Licata’s transactions. In the free space, in the absence of
matter, the energy density of the 3D quantum vacuum is at its maximum and is given
by the Planck energy density
19, 5903 · 108
mp · c 2
2, 1767 · 10−8 · (3 · 108 )
Kg
=
ρpE =
=
= 4, 641266 · 10113 2 .
3
3
−105
−35
lp
4, 220896 · 10
ms
(1, 6161 · 10 )
(8)
In the ordinary space-time we perceive, the appearance of matter endowed with a given
mass m corresponds to a more fundamental diminishing of the quantum vacuum energy
density. The energy density of quantum vacuum at the centre of this object is given by
relation:
m · c2
ρqvE = ρpE −
(9)
V
2

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 13–38

25

where V is the volume of the massive object under consideration. The appearance of a
massive particle in a given region of the ordinary space-time derives from an opportune
change of the quantum vacuum energy density ∆ρqvE = ρqvE −ρpE on the basis of equation
V ∆ρqvE
.
c2

m=

(10)

Taking account of Santos’ results, in our approach the quantized metric of the 3D quantum vacuum condensate is
dŝ2 = ĝµν dxµ dxν
(11)
whose coeﬃcients (in polar coordinates) are defined by equations
(
)
ĝ00 = −1+ĥ00 , ĝ11 = 1+ĥ11 , ĝ11 = 1+ĥ11 , ĝ33 = r2 sin2 ϑ 1 + ĥ33 ,

ĝµν = ĥµν for µ ̸= ν
(12)
where multiplication of every term times the unit operator is implicit and, at the order
O (r2 ), one has
⟨

⟩

⟨

ĥµν = 0 except

⟩
ĥ00

⟨
and

⟩
ĥ11

8πG
=
3
8πG
=
3

(
(

)6 )
V
∆ρDE
r2
c2 qvE
(
)6 )
35Gc2 V
+
∆ρDE
r2 .
qvE
4
2
2π~ V c

∆ρqvE
35Gc2
+
c2
2π~4 V
−

∆ρqvE
2c2

(

(13)

In equations (13), ∆ρDE
qvE are opportune fluctuations of the quantum vacuum energy
density which determine the dark energy density on the basis of relation
(
)2
V
1 1
G
DE
∆ρqvE
·
(14)
ρDE ∼
= 70
2
4π c
l l3
where

~
) .
DE
∆ρ
2
qvE c
c

l = (V

(15)

The quantized metric (11) is associated with an underlying microscopic geometry expressed by equations
~
∆p ( 2 )2/3 2/3 4/3
∆x ≥
+
2π /3
l lP ,
(16)
2∆p
2~
which is the uncertainty in the measure of the position,
∆t ≥

∆ET02
~
+
,
2∆E
2~

(17)

which is the time uncertainty and
∆L ∼
=

1/3 1/3 2/3
l lp T0 E

(2π 2 /3)

2~

(18)

which indicates in what sense the curvature of a region of size L can be related to
the presence of energy and momentum in it. Equations (16)-(18) are derived from the
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quantum uncertainty principle [43] and from the hypotheses of space-time discreteness
at the Planck scale by following Ng’s treatment [44-47] in which the structure of the
space-time foam can be inferred from the accuracy in the measurement of a distance l
– in a spherical geometry over the amount of time T = 2l/c it takes light to cross the
volume – given by
(
)1/3 1/3 2/3
δl ≥ 2π 2 /3
l lP .
(19)
The quantized metric (11) allows the quantum Einstein equations
Ĝµν =

8πG
T̂µν
c4

(20)

where the quantum Einstein tensor operator Ĝµν is expressed in terms in terms of the
operators ĥµν to be obtained directly: this means that the curvature of space-time characteristic of general relativity may be considered as a mathematical value which emerges
from the quantized metric (11) and thus from fluctuations of the quantum vacuum energy
density (on the basis of equations (12) and (13)) [42].
Now, the fundamental point of our approach, which allows us to open a connection
with the ideas illustrated in the previous chapters, lies in the fact that the quantized metric (11) of the 3D quantum vacuum condensate (whose coeﬃcients are directly associated
with the fluctuations of the quantum vacuum energy density on the basis of equations
(12) and (13)) is strictly tied to the quantum behaviour of subatomic particles deriving
from transactional processes. In this regard, on the basis of the results obtained in the
recent paper Perspectives about quantum mechanics in a model of a three-dimensional
quantum vacuum where time is a mathematical dimension [48], in our model, in analogy with Chiatti’s and Licata’s approach, the elementary fluctuations of the quantum
vacuum energy density physically correspond to the events of preparation of the initial
state (creation of a particle or object from the 3D quantum vacuum) and of detection of
the final state (annihilation or destruction of a particle or object from the 3D quantum
vacuum). The creation and annihilation of an elementary quantum are the two only
primary extreme physical events of the 3D quantum vacuum and each corresponds to a
peculiar reduction of a state vector (which is constituted of interaction vertices in which
real elementary particles are created or destroyed). They can be also called “RS processes” where RS stands for state reduction. These two quantum events of reduction,
these two RS processes correspond, in our level of physical reality, to the evolution of
the quantum process in the two directions of time (namely forward-time evolution and
time-reversed evolution respectively, which can be associated with the opportune time
evolution operators S and S + respectively of the Chiatti-Licata model).
Moreover, one can say that the behaviour and evolution of a particle or object – which
is originated by fluctuations of the 3D quantum vacuum energy density – is determined by
appropriate waves of the vacuum associated with the wave function which describes the
amplitude of creation or destruction events associated with the corresponding fluctuations
of the quantum vacuum energy density. The waves of the vacuum act in a non-local way
through an appropriate quantum potential of the vacuum (which, so to speak, guides the
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occurring of the processes of creation or annihilation in the 3D quantum vacuum). The
quantum potential of the vacuum can be seen as the primary mathematical reality which
emerges from the very real extreme primary physical realities, namely from the processes
of creation and annihilation of elementary quanta. In virtue of the primary physical
reality of the processes of creation and annihilation and of the non-local action of the
quantum potential which is associated with the amplitudes of them, in the 3D quantum
vacuum the duration of the processes from the creation of a particle or object till its
annihilation has not a primary physical reality but exists only in the sense of numerical
order. In other words, the 3D quantum vacuum, as a fundamental medium subtending the
observable forms of matter, energy and space-time, is a timeless background: time exists
merely as a mathematical parameter measuring the dynamics of a particle or object.
Each RS process is a self-connection of the timeless 3D quantum vacuum. A RS
process that begins with the creation of quality qand ends with the destruction of quality
rcan be represented simply by the form q + r− and can be described as the concurrence
of two distinct transformations. In the first transformation, the 3D quantum vacuum
divides into two pairs of opposites: q+, q- and r+, r- ; the first pair forms “event A”,
the second pair forms “event B”. More precisely, we have an infinite set of loops of
self-connections of the event A and an infinite set of loops of self-connections of the event
B. The second transformation is the real generation of the transaction having the events
Aand Bas its extremities. It consists in the breaking of N loops of the first group and
M loops of the second group.
The probability of the occurrence of a creation/destruction event for a quantum particle Qof mass (10) in a point event xis linked with the probability amplitudes
 ψQ,i
(x)
 ψQ,i 
(for creation events) and φQ,i (x) (for destruction events) of a spinor C = 
 at
φQ,i


 ψQ,i 
two components. The generic spinor C = 
 satisfies a time-symmetric extension
φQ,i
of Klein-Gordon quantum relativistic equation of the form


H 0 
(21)
C = 0

0 −H
where H = (−~2 ∂ µ ∂µ + m2 c2 ). Equation (21) corresponds to the following equations
( 2 µ
)
−~ ∂ ∂µ + m2 c2 ψQ,i (x) = 0 for creation events
(22)
( 2 µ
)
~ ∂ ∂µ − m2 c2 φQ,i (x) = 0 for destruction events
(23)
which can also be conveniently written as
(
)
V2
2
2 µ
−~ ∂ ∂µ + 2 (∆ρqvE ) ψQ,i (x) = 0 for creation events
c

(24)
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(
)
V2
2
2 µ
~ ∂ ∂µ − 2 (∆ρqvE ) φQ,i (x) = 0 for destruction events
c

(25)

V ∆ρ

respectively, where m = c2qvE is the mass of the quantum particle under consideration.
At the non-relativistic limit, equation (21) becomes a pair of Schrödinger equations:
−

~2 2
∂
∇ ψQ,i (x) = i~ ψQ,i (x) for creation events
2m
∂t

~2 2
∂
∇ φQ,i (x) = −i~ φ∗Q,i (x) for destruction events,
2m
∂t
which read respectively
−

(26)
(27)

~2 c 2
∂
∇2 ψQ,i (x) = i~ ψQ,i (x)
2V ∆ρqvE
∂t

(28)

~2 c 2
∂
−
∇2 φQ,i (x) = i~ φ∗Q,i (x) .
2V ∆ρqvE
∂t

(29)

−

The creation of a quantum particle Q of mass (10) is associated with the initial condition
for ψQ,i (x) in the equation (28), which has only retarded solutions, which classically
corresponds to a material point with impulse p and kinetic energy E = p•p/2m>0;
the destruction of the quantum particle Qis associated with the “initial”, actually the
∗
final, condition for ψQ,i
(x) in equation (29), which has only advanced solutions, which
correspond to a material point with kinetic energy E=-p•p/2m<0. In general, however,
the two conditions are diﬀerent and therefore generate diﬀerent solutions for the two
equations, which are not necessarily mutual complex conjugates.
The non-locality of the 3D quantum vacuum is associated with a quantum potential
of the 3D quantum vacuum which can be introduced as the fundamental mathematical
element which guides the occurring of the processes of creation and annihilation of quanta
in the diﬀerent regions of the 3D quantum vacuum. In this regard, by writing the two
components of the spinor in polar form
( ψ )
iSQ,i
ψQ,i = |ψQ,i | exp
,
(30)
~
(
φQ,i = |φQ,i | exp

φ
iSQ,i
~

)
(31)

and decomposing the real and imaginary parts of the Klein-Gordon equation (21), for the
real part one obtains a couple of quantum Hamilton-Jacobi equations that, by imposing
the requirement that they are Poincarè invariant and have the correct non-relativistic
limit, assume the following form


 


ψ
ψ
ψ
2
 SQ,i  µ  SQ,i  V
 QQ,i 
2
(32)
∂µ 
 = 2 (∆ρqvE ) exp 
∂ 
,
φ
φ
φ
c
SQ,i
SQ,i
−QQ,i
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while the imaginary part gives the continuity equation



ψ

 SQ,i 
∂µ ρ∂ µ 
 = 0
φ
SQ,i

(33)

where ρ is the ensemble of particles associated with the spinor under consideration and
(

)
2
∇2 − 12 ∂ 2 |ψQ,i |
c ∂t


~2 c 2
ψ


( | Q,i |2 )
QQ,i =
(34)
1
∂
2
2


2
∇
−
φ
|
|
Q,i
2
2
V (∆ρqvE )
c ∂t
−
|φQ,i |
is the quantum potential of the vacuum. In the non-relativistic limit, equation (32)
becomes






2
ψ
ψ
2
∂  SQ,i 
c
 ∇SQ,i 
V 
(35)
=− 

 + QQ,i + 

φ
2V (∆ρqvE )
∂t
φ 2
−V
SQ,i
∇SQ,i
and equation (33) becomes






|ψQ,i |

2

ψ
∇SQ,i
m



∂  |ψQ,i | 



 + ∇ ·  φ 2 ∇S φ  = 0
| Q,i | Q,i
∂t |φ |2
2

Q,i

where

m


QQ,i = −

(36)

∇2 |ψQ,i |



~2 c
 |ψQ,i | 


2V (∆ρqvE ) ∇2 |φQ,i |
|φQ,i |

(37)

is the non-relativistic quantum potential of the vacuum.
On the basis of equations (34) and (37), both in the relativistic domain and in the
non-relativistic domain, both for the processes of creation and for the processes of annihilation, the quantum potential has a non-local, instantaneous action. In other words,
the quantum potential of the vacuum guides the occurring of the processes of creation
and annihilation of quanta in the diﬀerent regions of the 3D quantum vacuum in a nonlocal, instantaneous manner. In sum, the non-local connection between RS processes
derives from the instantaneous action of the quantum potential guiding the evolution of
the occurring of the processes of creation or annihilation of quanta (corresponding to
opportune changes of the quantum vacuum energy density) in the diﬀerent regions of the
3D quantum vacuum. The first component of the quantum potential regards the processes of creation of quanta, the second component regards the processes of annihilation
of quanta in the 3D quantum vacuum. Moreover, according to the author, the opposed
sign of the second component with respect to the first component translates from the
mathematical point of view the idea that, in the 3D quantum vacuum, time exists only
as a measuring system of the numerical order of material changes: the sign of the second
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component indicates that it is not possible to go backwards in the physical time intended
as a numerical order [48]. In the light of the action of the quantum potential of the vacuum, according to this approach, the behaviour of the matter in the universe can be seen
as an undivided network of RS processes that take place in the 3D timeless quantum
vacuum. Causal laws are only rules of coherence which must be verified by the network
and are per se indiﬀerent to the arrow of the time of our level of physical reality.

5

About the Behaviour of the Electron in the Three-dimensional
Timeless Non-Local Quantum Vacuum

After seeing how the transactional view leads to the idea of a 3D non-local timeless
quantum vacuum characterized by elementary energy fluctuations, we can at this point
try to answer to the relevant questions mentioned in the introduction, and to throw
thus new light as regards what is the actual behaviour of a subatomic particle. In the
model here presented of a 3D timeless non-local quantum vacuum, the evolution of each
subatomic particle (such as the electron in a double-slit interference) emerges from opportune elementary RS processes of creation/annihilation of quanta. The behaviour of
a subatomic particle described by Bohm’s approach to quantum mechanics can thus be
seen as the result of a more fundamental evolution of fluctuations of the quantum vacuum energy density corresponding to elementary RS processes of creation/annihilation of
quanta. Moreover, one can say that each elementary RS process of creation/annihilation
of quanta in the 3D quantum vacuum has indeed a corpuscular and a wave nature. For
example, electron can be seen as the result of opportune elementary RS processes of
creation/annihilation of quanta which can be associated with a opportune waves of the
vacuum which evolve according to the general equations (24) and (25) (which become
equations (28) and (29) respectively in the non-relativistic limit). Because of its origin
from the elementary fluctuations of the quantum vacuum energy density, electron can be
therefore associated with appropriate waves of the vacuum which guide it in the diﬀerent
regions of the 3D quantum vacuum through the action of the quantum potential of the
vacuum.
In this approach, the behaviour of a quantum particle as we know it from ordinary
quantum mechanics actually derives from the equations of the 3D timeless non-local
quantum vacuum model. In particular, as regards creation events, in the relativistic
domain the fundamental equation of motion is the first of the quantum Hamilton-Jacobi
equations (32), namely:
∂µ SQ,i ∂ µ SQ,i =
where

V2
(∆ρqvE )2 exp QQ,i ,
2
c
(

QQ,i =

1 ∂2
c2 ∂t2

)

∇ −
|ψQ,i |
~2 c2
|ψQ,i |
V 2 (∆ρqvE )2
2

(38)

(39)
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is the quantum potential of the vacuum. In the non-relativistic limit, equation (38)
becomes
c |∇SQ,i |2
∂SQ,i
+ QQ,i + V = −
2V (∆ρqvE )
∂t

(40)

where
QQ,i = −

~2 c
∇2 |ψQ,i |
2V (∆ρqvE ) |ψQ,i |

(41)

is the quantum potential of the vacuum. According to equations (38), (39), (40), and
(41), the following interpretation of subatomic particles becomes permissible: in our
world electrons and other elementary particles have precise positions at every time and
follow precise trajectories which emerge from the evolution laws regarding creation events
of quanta of the 3D quantum vacuum (38) and (40) and the corresponding quantum
potentials (39) and (41) indicate the quantum force exerting on these quanta, which guides
the appearance of these quanta in the regions where the wave function of the vacuum is
more intense. Therefore, according to the 3D timeless non-local quantum vacuum model
here proposed, the quantum potential of ordinary non-relativistic quantum mechanics
~2 ∇2 R
for a one-body system) can be considered a consequence of the more
(Q = − 2m
R
fundamental quantum potential of the quantum vacuum (41) (and an analogous result
regards the quantum potential of Klein-Gordon’s relativistic quantum mechanics which
derives from the more fundamental quantum potential of the 3D quantum vacuum (39)).
As regards the quantum potential of the 3D quantum vacuum ((39) or (41)), it is
also important to emphasize that it must not be considered as an external entity in the
vacuum but as an entity which contains a spatial information, namely as an entity which
expressed the geometrical properties of the 3D quantum vacuum. In other words, this
quantum potential can be considered a geometric entity of the vacuum, the information
determined by the quantum potential ((39) or (41)) is a type of geometrodynamic information “woven” into the quantum vacuum. The quantum potential of the quantum
vacuum has a geometric nature just because has a contextual nature, contains a global
information on the environment in which the experiment (deriving from opportune RS
processes of creation or destruction of opportune qualities) is performed; and at the same
time it is a dynamical entity just because its information about the RS processes and
their environment is active, determines the behaviour of the quantum particles (created
or destroyed in the RS processes). On the basis of its mathematical expressions, the
action of the quantum potential of the vacuum is like-space, namely creates onto the
particles (created or destroyed in the RS processes) a non-local, instantaneous action.
In a double-slit experiment, for example, if one of the two slits is closed the quantum
potential of the vacuum changes, and this information arrives instantaneously to the particle, which behaves as a consequence. This means that, at a fundamental level, the 3D
timeless non-local quantum vacuum, through its special state represented by the quantum potential of the vacuum, acts as an immediate information medium in determining
the motion of a subatomic particle [49].
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6

Perspectives about Quantum Behaviour of Matter and Gravity as Two Diﬀerent Aspects of the Three-dimensional Timeless Non-Local Quantum Vacuum

Besides the possibility to obtain a complete derivation of the quantum formalism and
an interesting reading of the quantum dynamics as a particular aspect of such general
theory, another relevant merit of this approach lies in a suggestive interpretation of gravity as a phenomenon emerging from the 3D timeless non-local quantum vacuum. The
3D timeless non-local quantum vacuum model introduces the interesting perspective to
interpret gravity and quantum behaviour as two diﬀerent aspects of a same source, of a
same coin.
In this regard, A. Shojai and F. Shojai recently developed an interesting toy model
which, studying the behaviour of spinless particles in a curved space-time, demonstrates
that the quantum potential provides an additional contribution to the curvature that is
added to the classic one and that reveals deep and unexpected connections between gravity and the quantum phenomena [50, 51]. By the investigation of the coupling of purely
gravitational eﬀects and purely quantum eﬀects of a particle in a general background
space-time metric, this approach can obtain a fundamental equivalence of quantum effects of matter and a curved space-time. By the analysis of the quantum eﬀects of matter
in the framework of bohmian mechanics, A. Shojai’s and F. Shojai’s model shows that
the motion of a spinless particle with quantum eﬀects is equivalent to its motion in a
curved space-time. The quantum eﬀects of matter as well as the gravitational eﬀects of
matter have geometrical nature and are highly related: the quantum potential can be
interpreted as the conformal degree of freedom of the space–time metric and its presence
is equivalent to the curved space-time. In fact, the presence of the quantum force is
just like having a curved space–time which is conformally flat and the conformal factor
is expressed in terms of the quantum potential. All this is expressed by an equation of
motion of the form
˜ µS ∇
˜ ν S = m2 c 2
g̃ µν ∇
(42)
˜ µ is the covariant diﬀerentiation with
where S is the phase of the wave function ψ, ∇
respect to the metric
M2
g̃µν = 2 gµν
(43)
m
(which is a conformal metric) where the quantum mass is
M 2 = m2 exp Q,
(

where
Q=

~2
m2 c 2

∇ −
2

1 ∂2
c2 ∂t2

|ψ|

(44)
)
g

|ψ|
(45)

is the quantum potential. The important conclusion of F. Shojai’s and A. Shojai’s model
is that the presence of the quantum potential is equivalent to a curved space-time with its
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metric being given by (45), providing thus a fundamental geometrization of the quantum
aspects of matter.
Here, in analogy to the conclusions of F. Shojai’s and A. Shojai’s model, we can
show that, in our model of a 3D timeless non-local quantum vacuum characterized by
RS processes, quantum behaviour of matter and gravity constitute two diﬀerent aspects
deriving from the same 3D timeless non-local quantum vacuum. In this regard, by starting
from Bohm’s version of Klein-Gordon equation of the generic component of the probability
amplitude of the occurrence of creation event for a quantum particle Q based on equations
(38) and (39), one can show that the generic component of the spinor associated with the
quantum particle under consideration (and thus the quantum potential associated with
it) has an important link with the curvature of the ordinary space-time we perceive. This
means that the eﬀects of gravity on geometry and the quantum eﬀects on the geometry
of space-time are highly coupled and that both of them derive from the RS processes of
the 3D timeless non-local quantum vacuum.
By starting from equation (38), the extension to the case of a particle moving in
a curved background can be done by changing the ordinary diﬀerentiating ∂µ with the
covariant derivative ∇µ and by changing the Lorentz metric with the curved metric gµν .
In this way, we obtain the equations of motion for a change of the quantum vacuum
energy density (which determines the occurrence of creation event for a quantum particle
Q of mass (10)) in a curved background:
˜ µ SQ,i ∇
˜ ν SQ,i =
g̃µν ∇

V 2 (∆ρqvE )2
,
c 2 ~2

(46)

˜ µ represents the covariant diﬀerentiation with respect to the metric
where ∇
g̃µν = gµν / exp Q

(47)

which is a conformal metric, where
(
QQ,i =

~2 c 2
V 2 (∆ρqvE )2

∇ −
2

1 ∂2
c2 ∂t2

)

|ψQ,i |

g

|ψQ,i |
(48)

is the quantum potential of the vacuum.
The important conclusion we can draw from this treatment is that the presence of
the quantum potential of the vacuum is equivalent to a curved space-time with its metric
being given by (47). On the ground of equations (44)-(46), it becomes so permissible the
following reading, the following interpretation of the curvature of space-time (and thus
of gravitation) inside the 3D timeless non-local quantum vacuum characterized by RS
processes. RS processes associated with creation events of quantum particles determine a
quantum potential of the vacuum which is equivalent to the curvature of the space-time.
The quantum potential of the vacuum corresponding to the generic component of the
spinor of a quantum particle is tightly linked with the curvature of the space-time we
perceive. In other words, we can say that RS processes, through the manifestation of
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the quantum potential of the vacuum (48), lead to the generation, in our macroscopic
level of reality, of a curvature of space-time and, at the same time, the space-time metric
is linked with the quantum potential of the vacuum which influences and determines the
behaviour of the particles (themselves corresponding to creation events of the 3D timeless
non-local quantum vacuum).
In this way, we have achieved the geometrization of the quantum aspects of matter and
the source of this geometrization can be considered the 3D timeless non-local quantum
vacuum characterized by RS processes. In this picture, one can say that the space-time
geometry sometimes looks like what we call gravity and sometimes looks like what we
understand as quantum behaviours and both these features of physical geometry emerge
from the RS processes of the 3D timeless non-local quantum vacuum.

7

Conclusions

In order to face the fundamental questions regarding what is the real background of
physics, what is the actual meaning of “motion” of a subatomic particle such as, for example, the electron and if between the diﬀerent descriptive levels of physical reality there
are only formal analogies or there is a deeper meaning, we have started from Bohm’s
quantum physics vision and, by assuming non-locality as the ultimate visiting card of
quantum geometry, we have arrived to the idea of a three-dimensional timeless nonlocal quantum vacuum characterized by elementary processes of creation/annihilation of
quanta. Bohm’s 1962 words at BBC illustrating that the electron intended as a wave
or a corpuscle (satisfying the well known laws of quantum theory) has not a primary
physical existence but its “physical appearance” actually emerges from more elementary
processes of formation and dissolving, can be considered the real, actual starting-points
and epistemological foundations of the idea of a non-local quantum vacuum as fundamental arena of the universe, as ultimate descriptive level of quantum processes. The
intrinsic non-locality of Bohm’s approach leads to Kastner’s transactional interpretation
and then to Chiatti’s and Licata’s transactions as fundamental processes of an archaic
vacuum as “fabric of reality”. Hence, in order to reproduce the energy density of quantum vacuum the step is brief and the approach of the three-dimensional timeless non-local
quantum vacuum characterized by elementary RS processes of creation/annihilation of
quanta proposed by the author of this paper allows us to “close the circle” and “resolve”
the problem introduced by Bohm in his 1962 words at BBC.
In virtue of the ontology which derives from the 3D timeless non-local quantum vacuum model here suggested, we can conclude that the primary physical reality of subatomic
processes is constituted by RS processes of creation/annihilation of quanta associated
with energy fluctuations of the energy density of the 3D timeless non-local quantum vacuum. By using a Bohmian terminology, we can define the reality constituted by the RS
processes and their evolution through the non-local action of the quantum potential of
the vacuum as the background from whose diﬀerentiation the foreground constituted by
the events of a given subatomic particle or system (governed by the well-known laws of
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quantum theory) emerges. By attributing the status of primary physical reality solely
to the arena of RS processes it follows that the spacetime coordinates are labels associated with these processes and which express certain properties of relation between them.
Spacetime as such is only the domain setoﬀ this labels and has no physical reality of
its own. It is, so to speak, materialized by RS processes. In analogous way, also the
background associated with the de Broglie-Bohm pilot-wave theory but also of Bohm’s
implicate order and Hiley’s pre-space can be seen as manifolds deriving from this more
fundamental arena represented by the three-dimensional non-local timeless quantum vacuum, are someway “materialized” by RS processes. The philosophy of this model as
regards the link between our level of physical reality (regarding measurement processes),
the implicate order and the 3D timeless non-local quantum vacuum actually follows someway the program that Bohm had already sketched out when had studied the relationship
between implicate and explicate order and at the same time allows us to go beyond it,
suggesting a possible deeper origin and explanation of Bohm’s implicate order. In this
way, the problem regarding the existence, in quantum physics, of diﬀerent descriptive levels of physical reality, whether formal analogies exist between them or there is a deeper
meaning, gets a new significance. In fact, one can say that, since each subatomic particle
(such as the electron in the famous double-slit interference experiment) is indeed the evolution of RS processes of creation/annihilation of quanta corresponding to elementary
fluctuations of the quantum vacuum energy density, there is an equivalence between the
3D timeless non-local quantum vacuum and the space-time background of the subatomic
particle into consideration (and in this sense there is a formal analogy between the 3D
timeless non-local quantum vacuum and the usual background of quantum theory), but
at the same time the 3D timeless non-local quantum vacuum allows to go beyond suggesting a deeper meaning about the relationships between the diﬀerent descriptive levels
of physical reality. In fact, on one hand, with the introduction of a three-dimensional
timeless non-local quantum vacuum defined by RS processes of creation/annihilation of
quanta corresponding to elementary fluctuations of the quantum vacuum energy density,
the ordinary quantum mechanics emerges directly from the three-dimensional timeless
non-local quantum vacuum. On the other hand, this approach has the merit to introduce
a significant geometrization of physics which arises in the fundamental processes of the
three-dimensional timeless non-local quantum vacuum: in virtue of the RS processes
and the changes of the energy density corresponding to them, the quantum behaviour of
matter and gravity appear as two diﬀerent aspects of this fundamental arena (thus introducing new perspectives of unification between quantum physics and general relativity).
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Abstract: We show how R-parity can be dynamically broken by non-perturbative quantum
gravity eﬀects. In particular, in D-brane models, Exotic instantons provide a simple and
calculable mechanism for the generation of R-parity violating bilinear, trilinear and higher
order superpotential terms. We show examples of MSSM-like D-brane models, in which one
Exotic Instanton induces only one term among the possible R-parity violating superpotentials.
Naturally, the idea can be generalized for other gauge groups. As a consequence, a dynamical
violation of R-parity does not necessarily destabilize the proton, i.e. a strong fine tuning
is naturally avoided, in our case. For example, a Lepton violating superpotential term can
be generated without generating Baryon violating terms, and viceversa. This has strong
implications in phenomenology: neutrino, neutron-antineutron, electric dipole moments, dark
matter and LHC physics.
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1

Introduction

The possibility, that MSSM does not possess an R-parity has intriguing implications for
phenomenology, in particular for LHC, baryon/lepton violations in low energy physics,
neutrino mass and so on. This subject is rich with reviews and papers. See [1, 2, 3, 4,
5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19], for a general overview in R-violating
models.
However, as it is well known, MSSM without R-parity immediately destabilizes the
proton, as well as the lightest neutralino. For the neutralino, one need not be particularly
∗

Email: andrea.addazi@infn.lngs.it

40

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 39–56

afraid: maybe, it could be substituted by another candidate. For example, gravitino is
an alternative candidate for dark matter. On the other hand, proton destabilization
is a serious problem: MSSM, without extra discrete symmetries, has to assume a very
strong fine-tuning. For this reason, such a proposal seems farfetched without a deeper
theoretical reason. On the other, we have learned several times in particle physics that,
often, a mechanism of spontaneous or dynamical breaking of a symmetry is smarter than
an explicit one. Can R-parity be spontaneously or dynamically broken, without proton
destabilization?
As shown in [25, 26, 27, 30, 28, 29, 31, 32, 33, 41, 42, 34, 35, 36, 37, 38, 39], R-parity can
be dynamically broken by exotic instantons. In particular, in intersecting D-brane models
with open strings attached to D-brane stacks, exotic instantons are nothing but other
Euclidean D-branes (or E-branes) wrapping diﬀerently the Calabi-Yau compactification
2
(diﬀerent n-cycles) with respect to physical D-branes (see [47, 48, 49, 50, 51, 52, 53, 54,
55, 56, 57, 58, 59, 60, 61, 62, 63, 64] for D-brane models reproducing MSSM in the low
energy limit) 3 4 .
In this paper, we discuss several diﬀerent implications in phenomenology of exotic
instantons, in the particular case of MSSM. We will show how, starting from an R-parity
preserving model, one can generate specific operators in the superpotentials from exotic
instantons, without generating all the possible R-violating violating terms! This leads
to very interesting implications for LHC physics, Neutrino Physics, Dark Matter issues,
Neutron-Antineutron physics, Electric Dipole moment physics, without proton decay.

2

Dynamical Generation of Bilinear and Trilinear Superpotential Terms

As first examples, let us consider a D-branes’ model as the one in Fig. 1-(a)-(b)-(c). At
low energy limit, these reproduce N = 1 susy G = U (3)c × Sp(2)L × U (1) × U ′ (1) × U ′′ (1),
embedding MSSM 5 . We consider a Ω-plane in our construction. Let us remind that: i)
2

However, another class of exotic instantons studied in [43, 44, 45] could lead to the same relevant
eﬀects. I would like to thank Parsa Ghorbani for useful discussions of these aspects.
3
An alternative mechanism for a dynamical R-parity violation is considered in [20, 21]. In this one,
R-parity breaking is communicated from a hidden sector to our ordinary one. In this case, R-violating
Kähler potentials are generated. On the other hand, another simple mechanism for a spontaneous Rparity breaking was proposed in [22, 23, 24]. This last seems intriguingly connected with our suggestion:
usually, exotic instantons’ eﬀects are connected to a Stueckelberg mechanism for U (1)B−L , as shown in
publications cited above.
4
Let us comment that SU (5) models can be embedded in D-brane models and that also in this case
exotic instantons can generate R-parity violating terms. This can be an interesting reinterpretation
of models like the one considered in [65]. Alternatively, one can construct 3-3-1 models, like the one
in [66, 67, 68], from D-branes constructions, in which exotic instantons generate extra B/L-violating
eﬀective operators, not permitted at perturbative level. I would like to thank Luca Di Luzio and José
Valle for inspiring conversations on these subjects.
5
U (1)Y = − 31 U (1)3 + U (1) + U (1)′ − U (1)′′ for Fig.1-(c). However, following considerations are valid
for a more general class of models with diﬀerent hypercharge combinations.
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extra anomalous U (1)s contained in G are cured by the Generalized Chern-Simon mechanism, in string theory; ii) extra Z ′ bosons associated to extra U (1)s get masses through
a Stuckelberg mechanism 6 , typically mZ ′ ∼ MS , where MS is the string scale. These aspects are extensively discussed in [69, 70, 71, 72, 73, 74, 75, 76, 77, 78, 79]. However, the
presence of Euclidean D2-branes (usually also called E2-instantons), wrapping diﬀerent
3-cycles with respect to ordinary D6-branes stacks, induce extra superpotential terms not
permitted at perturbative level by R-parity. Which superpotential operators? It depends
on intersections of the E2-instanton with ordinary D6-branes. In particular, in cases of
Fig.1-(a)-(b), E2-instantons have a O(1) Chan-Paton group 7 . In Fig.1-(a), we consider
an E2-instanton intersecting one time with the U (1)-stack, one time with U ′ (1)-stack, one
time with SpL (2)-stack 8 . Now, although similar calculations were made several times in
the literature cited above, we will show them again for our case, for completeness. The
following interactions are generated in Fig.1-(a):
(1)

′ (1)

L1 ∼ C (1) β (1) HuA τA + Ci

(1)

γ (1) LiA τA

(1)

where β (1) , γ (1) , τ (1) are fermionic zero modes corresponding to excitations of open strings
attached to U (1) − E2, U ′ (1) − E2 and SpL (2) − E2 respectively; i, j are SpL (2) indices,
′
A; B are flavor indices; C (1) , C (1) are coupling constants, coming from the disk correlators.
Integrating out fermionic zero modes, we obtain
∫
′ (1)
W1 = d2 τ (1) dβ (1) dγ (1) eL1 = MS e−SE2 (C (1) Ci )Hu Li
(2)
where MS is the string scale, e−SE2 depends on geometric moduli parametrizing 3-cycles,
wrapped by the E2-instanton on the CY3 . As a consequence, a R-parity violating super′ (1)
potential µ′i Hu Li is generated by E2-instanton in Fig.1-(a), with µ′i = MS e−SE2 (C (1) Ci ).
Note that e−SE2 can be in principle e−SE2 ∼ 1 as well as e−SE2 ∼ 10−20 : this depends
on the particular geometry of 3-cycles wrapped by E2-brane. The first case corresponds
to small radii of 3-cycles, the second case to very large ones. From an eﬀective theory
point of view, µ′ can be assumed as a free-parameter, attending for a realistic completion
of this model. Now, let us consider another case, shown in Fig.1-(b), with a diﬀerent
E2-instanton, that we call E2′ . In fact, intersections of E2′ -brane with stacks are very
diﬀerent with respect to the previous case. In this case, we consider U (3)−E2′ , U (1)−E2′ ,
U ′ (1) − E2′ intersections. In particular, we can consider E2 intersecting two times U (3),
one times U (1) and U (1)′ , with orientations shown in Fig.1-(b). Eﬀective interactions
between fermionic modulini and ordinary fields are
(2)

i

(2)

′ (2)

j

(2)

c
L2 ∼ Ci β (2) UAc τA + Cj γ (2) DB
τB
6

(3)

We mention that another intriguing application of Stuckelberg mechanism is considered in Massive
gravity. For a study of geodetic instabilities, for a class of these models, see [46].
7
Such an E2-instanton has to stay on a Ω+ -plane, while for ordinary D6-branes in Fig.1-(a)-(b) are
projected by an Ω− -plane. So, our Ω-plane in Fig.1-(a)-(b) ”switches” from Ω+ to Ω− , compatible with
our quiver.
8
Ω-planes are introduced for cancellations of stringy tadpoles. They are important for the construction
of realistic models of particle physics from open string theories [80, 81, 82, 83, 84, 85, 86, 87, 88, 89, 90,
91, 86, 87, 88, 92, 93].
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Fig. 1 a) Mixed Disk amplitude generating a bilinear term µ′ Hu L. b) Mixed Disk amplitude
generating a trilinear term λ′′ U c Dc Dc . Notation in Figures: U ≡ U c , D ≡ Dc , E ≡ E c ; 1, 2, 3
are stacks of one, two and three parallel D6-branes, with 3-cycles on the Calabi-Yau CY3 ; in red
the image of the D-branes system with respect to the Ω-plane.

and integrating out over modulini space we obtain
W2 = λ′′ U c Dc Dc

(4)

where λ′′ijk,ABC = (C (2) C ′(2) C ′(2) )ijk e−SE2′ ϵABC . Similarly, with other D-branes’ models,
we can produce other possibile trilinear operators from E2-branes with the appropriate intersections with ordinary D6-branes. In particular, in R-violating MSSM, we can
produce the following superpotentials
WRP V = W1 + W2 + W3 + W4

(5)

W1 = µ′i Li Hu

(6)

W2 = λ′′ijk Uic Djc Dkc

(7)

W3 = λijk Li Lj Ekc

(8)

W4 = λ′ijk Qi Lj Dkc

(9)

with

where i, j, k = 1, 2, 3 are generation indices. One can find that λ, λ′ ∼ e−SE2′′ ,E2′′′ , in
generic MSSM D-brane models.
Let me conclude this section remarking that exotic instantons can be ”not democratic”
with flavors. In other words, mixed disk amplitudes like the ones generating (1)-(3), can
have i.e matrices C, C ′ , parametrizing flavor hierarchies, easily reaching splitting of 101÷3
orders among diﬀerent generations. Such a situation is possible if: i) 3-cycles (of E2instantons or of D6-branes) have the same homologies but they are not identical ones; ii)
3-cycles have diﬀerent homologies 9 . These aspects will have intriguing consequences for
phenomenology as we will see in the next sections.
9

I would like to thank Massimo Bianchi for useful comments on these aspects.
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Phenomenology

With respect to explicit R-parity violations of MSSM, we would like to remark two
important aspects for phenomenology: i) λ, λ′ , λ′′ appear with factors e−SE2 , geometrically
understood as E2-brane wrapping 3-cycles on CY3 . e−SE2 can be << 1 (large 3-cycles),
or ∼ 1 (small 3-cycles). ii) E2-brane of Fig.1-(a) generates one and only one R-parity
violating superpotential term (6) among all the possible bilinear and trilinear terms. On
the other hand, E2′ -brane of Fig.1-(b) generates only (7). In explicitly R-violating MSSM
one has to consider in principle all superpotential terms, not avoided by R-parity. On
the contrary, a dynamical breaking generates only one or at least a subclass of all the
possible superpotential terms!
Because of a situation with more E2-instantons complicate D-brane constructions, in
our scenario, a model with one and only one superpotential term seems simpler than another one with all possible terms in (5). As a consequence, our point of view is ”inverted”
with respect a model without R-parity: a situation with all superpotential terms is more
complicated to be obtained, in our case.
Finally, we would like to comment the rule of supersymmetry in these mechanism. In
fact, non-renormalization theorem guarantees that also after R-parity breaking, other Rparity violating superpotential cannot be generated by quantum corrections. On the other
hand, possible non-holomorphic terms in the Kähler potential, generated at quantum
level, may be relevant in our analysis. In particular, extra R-parity violating terms can
lead to proton decay. Unfortunately, to calculate such corrections is a diﬃcult technical
problem in a realistic D-branes model. However, as commented in [35], one can reasonable
assume that such corrections will be absent or at least negligible, in a class of models as
the one considered here.

3.1 Neutrino Physics
Let us discuss phenomenological implications of the mixed disk amplitude in Fig.1-(a),
generating only one R-parity violating term µ′ Hu L. In this case, Lepton number is
violated, but proton is not destabilized by any other superpotential terms, as well as
no-baryon violating processes are generated. In this case, neutrini-neutralini mixings
are induced by Sneutrino VEVs. This leads to a see-saw mechanism, giving, at three
level, a mass to one neutrino; while the second neutrino mass scale is generated by loop
corrections [94, 95]. The same VEVs enter in the lightest neutralino decays χ̃01 → µjj
[96], and chargini decays χ̃01 → lll, τ ll, lb̄b, τ bb̄ [97, 98, 99]. In our model, this scenario
corresponds to large 3-cycles of the Exotic Instanton involved, i.e e−SE2 << 1, assuming
string scale as MS ≃ 1019 GeV. For a recent discussion of implications for LHC, see [100].
This case is particularly interesting also because there are not other insidious bounds
from low energy physics and cosmology. For instance, sphalerons and the bilinear term
not wash-out all the initial Baryon/Lepton asymmetry [101]. On the other hand, present
bounds on CP-violating phases from electric dipole moments are not in contradiction with
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cosmological ones [101]. We also note that in this case, neutralino cannot be a stable
WIMP. However, gravitino remains a good candidate for dark matter with good relic
abundance. In RPV-models, gravitino can decay into G̃ → γν, Zν, W l, hν (depending on
its mass), with possible implications in indirect detection of dark matter. See [103, 104,
105, 106, 107, 108, 109, 110, 111, 112] for several papers in gravitino dark matter without
R-parity.
Another possibility is to consider a model with two E2-instantons generating µ′ Hu L
and λ′ QLDc . This case is also more intriguing: Majorana masses for neutrini can be
generated by squarks-quark radiative corrections, with intriguing signatures for LHC and
0νββ-decay [113, 114, 115, 116, 117, 118, 119]. However, this case has more insidious
bounds to avoid: i) cosmological bounds for Baryon Asymmetry in our Universe (see
Appendix A); ii) contrains from mesons physics, and in particular from tree-level K − K̄,
Bd − B̄d and Bs − B̄s mixings [120]. As regards the cosmological bound, we will discuss
this one in Subsection 3.4. As regards tree-level Bd − B̄d oscillations, λ′i1(2)3 , λ′i31(2) are
restricted up to 8×10−8 (ml̃ /100 GeV)2 , approximately corresponding to 10−6 for 300 GeV
′∗
[120]. As regards K − K̄, one can get for |λ′i12 λi21 | ≃ 10−9 (ml̃ /100 GeV)2 . In principle, we
can avoid this bound considering ad hoc only λ′133 , λ′233 , λ′333 (only b-quark is involved).
This seems not justified by MSSM-like D-brane models: the three generations of Q are
attached to the same stacks, as well as for the three of L, the three of Dc and the three
U c . However, coeﬃcients coming from mixed disk correlators are in general matrices
with respect to flavors, as mentioned in Section 2. So, possible hierarchies originated by
mixed correlators could also provide an intriguing motivation for direct channels at LHC
avoiding ”B,K-bounds”! The most promising channel for LHC is associated to λ′111 . In
our model a hierarchy of this with respect to λi12 , ... can be considered. A resonant slepton
productions in pp → eejj, ejj + m.t.e [121, 122] (m.t.e. is missing transverse energy) can
be envisaged, not necessary related to other bounds for other flavors. This channel can be
also tested in 0νββ-decays. Finally, neutrino laboratories and astrophysics provide other
interesting tests [123], compatible with signals of opposite charged leptons ee, µµ, eµ at
LHC.

3.2 R-violations with Very Light Neutralini
As remarked in [124, 125], a light neutralino is excluded as a Dark Matter candidate in
R-parity preserving MSSM: such a stable neutralino gives an excessive quantity of dark
matter as a thermal relic. However, it is not ruled-out in R-parity violating scenari. In
this case a range of masses 0.7 eV < mχ01 < 24 GeV can be considered: the excessive part
of neutralini can decay to other particles through R-violating operators, with couplings
O(10−6 ÷ 10−9 ). On the other hand, non-thermal processes of dark matter production,
such as Q-balls’ decays in Aﬄeck-Dine scenari [126, 127, 128, 129], can strongly aﬀect
conventional calculations on DM production (thermal production). In particular, Qballs will not disrupted by R-violating operators for a suﬃcient time, if the involved
RPV couplings are O(10−6 ÷ 10−9 ). This is an interesting range for future researches
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in SHIP experiment [124, 125]. For these motivations, a scenario in which mχ10 < mB,D
is intriguing. In particular, a superpotential term as λ′i21 Li Q2 D1c , can lead to D± →
χ10 + li± . On the other hand, decays like χ10 → K̄S0 ν i , K̄L0 ν i , KS0 ν̄ i , KL0 ν̄ i can be generated
by the same operator. Analogous decays into charged Kaons can be considered, allowing
λ′i12 Li Q1 D2c . These channels would be tested by SHiP experiment in next future [124, 125].
In fact, as mentioned above, SHIP experiment could test new RPV couplings up to 10−9 .
We would like to stress again that the introduction of one and only one operator, among all
possible R-violating ones, it is generically unnatural, while in our scenario is particularly
simple to achieve as a dynamical R-parity breaking. This theoretical argument enforces
motivations in favor of these kinds of RPV researches.

3.3 EDMs
Generically, a promising way to detect indirect eﬀects of R-parity violating trilinear
terms is through Electric Dipole Moments (EDMs). In fact, CP violating phases of
µ′ , λ, λ′ , λ′′ have to contribute to EDMs of various baryons, nuclei, atoms and molecules.
As extensively discussed in [130], Electric Dipole Moments (EDMs) of proton, deuteron,
He, Rn, Ra, F r, atoms, muons, and the R-correlation of neutron beta decay can constrain
RPV superpotential operators (7)-(9). In fact, the imaginary parts of λ, λ′ can contribute
with CP violating phases to EDMs, through Barr-Zee type two-loop contributions, and
four-fermion interactions. Let us define, as done in [130], relevant combinations
x1 = Im (λ311 λ∗322 )

x2 = Im (λ211 λ∗233 )
)
(
(
)
′∗
x3 = Im λ(i=2,3)11 λ(i=2,3)11 x4 = Im λ(i=2,3)11 λ(i=2,3)22
)
(
)
(
′∗
∗′
x5 = Im λ(i=2,3)11 λ(i=2,3)33
x6 = Im λ(i=1,2,3)22 λ(i=1,2,3)11
)
)
(
(
′∗
′∗
′
x8 = Im λ(i=1,2,3)11 λ(i=1,2,3)22
x7 = Im λ(i=1,2)33 λ(i=1,2)11
)
(
)
(
′∗
′∗
x9 = Im λ′(i=1,2,3)11 λ(i=1,2,3)33
x10 = Im λ′(i=1,2,3)22 λ(i=1,2,3)33
These can be constrained by current available EDM-data. For T eV -scale susy, the upper
bounds, obtained among all data, are |x1 | < 2 × 10−4 |x2 | < 2 × 10−5 , |x3 | < 2 × 10−8 ,
|x4 | < 10−6 , |x5 | < 7 × 10−6 , |x6 | < 0.2, |x7 | < 2 × 10−2 , |x8 | < 7 × 10−4 , |x9 | < 3 × 10−5 ,
|x10 | < 2 × 10−4 . In particular, x1,2,3,4,5 are constrained by ThO molecule, while x6,7,8,9,10
by neutron dipole moment.
(
′∗ )
up to 10−10 for Hg atom,
As regards R-correlation, this can constrain Im λi11 λi11
if one assumes the dominance of only one ”x”.
Let us comment these results in the light of D-brane models discussed above. Simpler
cases are the ones in which only one E2-instanton generate only one bilinear or trilinear
operator. In this cases, mixed combinations as x4,5,6,7 are previewed to be zero. As
a consequence, D-brane models for λ-couplings seem to be disfavored with respect to
λ′ -models, by EDMs data.

46

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 39–56

3.4 B-violating Physics without Proton Decay
Now, let us discuss the class of models with only λ′′ -terms. In this case, proton is
not destabilized: lepton number is conserved, avoiding p → l+ π 0 , K + ν̄, .... However, the
strongest limits are placed by dinucleon decays N N → KK, n− n̄ transitions and n → Ξ.
In particular, assuming Msusy = 1 TeV, (or more precisely squarks masses around 1 TeV),
we can get approximately: |λ′′112 | ∼ |λ′′11k | ∼ 10−6 . Geometrically, this corresponds to an
E2-instanton with large 3-cycles. On the other hand, as discussed in the previous section,
mixed disk amplitudes are not necessary ”democratic” with generations: matrices with
(2) (2) ′(2)
flavor indices emerge, and they can create hierarchies between λ′′ijk ∼ Ci Cj Ck . For
each coeﬃcient of matrices C (2) and C ′(2) , hierarchies of 10 ÷ 103 could be considered.
As a consequence, researches of direct signatures at LHC as B-violating decays can be
interesting. In particular, processes like t̃ → d¯j d¯k can be searched and well constrained,
especially under the hypothesis of Long-Lived superparticles. For example, as shown in
[133], for λ′′312 ∼ 10−8 and cτ ∼ 10−1 ÷1, limits on mt̃ arrives to ≃ 900 GeV. Similar limits
are obtained for λ′′333 . Another possible decay channel in the case of a gluino LSP could
be g̃ → q̃q → jjj where U c Dc Dc operator split one squark into two quarks. In this case,
regions of the parameters are also more constrained than t̃ → d¯i d¯j [133]. Alternatively,
Higgsino three-body decays H̃ → jjj can be also considered. In this case, limits are
milder than the gluino-case [133].

3.5 Cosmological Bounds on Three Linear Superpotential Terms
In this section, we would like to briefly remind cosmological bounds on (7)-(8)-(9), from
Baryogenesis and Leptogenesis. We also would like to mention possible ways-out. This
can be important for direct researches at LHC.
Suppose to generate a Baryon or Lepton asymmetry in the primordial Universe before
the electroweak phase transition E & 100 GeV. Under this quite generic hypothesis,
we can put strong bounds on R-parity violating operators. In fact, they not conserve
B − L. As a consequence, R-parity violating processes wash-out B − L component, while
sphalerons wash out the B + L one; i.e any initial matter-antimatter asymmetry will be
washed out! This leads to the upper bounds [134, 135, 136]
√
MSU SY
(10)
λijk , λ′ijk , λ′′ijk < 5 × 10−7
1 TeV
Clearly, these bounds have a possible way-out relaxing the initial assumption: one can
assume a Post-Sphaleron mechanism for baryogenesis. However, here, we would like to
suggest another possible idea as a sting-inspired way-out, alternative to Post-Sphalerons
scenari: it is possible that λ′ , has grown during the cosmological time as a ”dynamical
degree of freedom”, from a small value λ′ < 10−7 up to a higher value reached in the
present epoch λ′ >> 10−7 . In fact, in string-theories, all coupling constants depend on
moduli, stabilized by non-perturbative eﬀects like fluxes and instantons. But it is possible
that λ′ can be stabilized not as a constant value but as a ”solitonic solution” λ′ (t) with
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respect to the cosmological time t. The solitonic solution can connect two asymptotic
branches λ′ (t < tearly ) < 10−7 and λ′ (t >> tearly ) >> 10−7 . This hypothesis can be
constrained by BBN bounds, strongly depending on the particular working hypothesis
for the R-violating MSSM space of the parameters: sparticles decays could ruin the right
ratio of nuclei. Conservatively, one can assume λ′ (t < tBBN ) ≃ λ′ (t < tearly ) < 10−7 , in
order to avoid any possible insidious constraints from BBN. However this issue deserves
deeper investigations beyond the purposes of this paper.

4

Phenomenology for MSU SY >> 1 TeV

In our class of eﬀective models, we cannot predict the susy breaking scale. It is undoubtable that MSSM is not in a good status after the first run of LHC. In TeV-scale
susy, this favors R-parity violating MSSM with respect to R-preserving MSSM (more
parameters). However, the next run of LHC will definitely test both MSSM scenarios.
On the other hand, we cannot ignore the possibility that susy could be not linked to
the hierarchy problem of the Higgs mass! In fact supersymmetry could be important
for other fundamental issues such as neutrino masses, baryon and lepton violations and
consistency of string theory 10 11 . We would like to note that for Msusy >> 1 TeV,
R-parity violating MSSM remains still alive in phenomenology. For instance, assuming
λ ∼ λ′′ ∼ 1 immediately we can put limits on Msusy around the Planck scale, from
proton decay limits. In D-brane models, in which one E2-instanton generate only one
R-parity violating bilinear or trilinear superpotential, a Msusy >> 1 TeV scenario can
remain interesting. In these cases, proton decays will be avoided if λ, λ′ , λ′′ are not contemporary generated by the D-brane models, i.e the correspondent three E2-instantons
are not contemporary introduced. In construction with one and only one among the possible bilinear and trilinear superpotentials, limits on sparticles masses are much smaller
than MP l ≃ 1019 GeV. As seen above, a situation in which λ, λ′ , λ′′ ∼ 1 is geometrically
understood as E2-instantons wrapping 3-cycles with small radii, on the CY3 . For example, let us consider the case shown in Fig.1-(b), corresponding to a λ′′ -model. Supposing
for example all λ′′ ∼ 1, we can put an indirect bound on susy breaking scale from dinucleon decays, neutron-antineutron transitions and n → Ξ, approximately corresponding
to Msusy ≃ 102 ÷ 103 TeV (supposing squarks masses approximately equal to the susy
breaking scale). The next generation of experiments in neutron-antineutron oscillations
10

Let us mention that in contest of non-local quantum field theories, supersymmetry seems an important
element in order to cancel an infinite number of acausal divergences coming from F-terms [137]. In order
to realize such a mechanism, susy can be broken at ΛN L (eﬀective Non-locality scale), supposed to be the
Planck scale. On the other, divergences of D-terms remain uncured: susy is not a complete solution of
the problem. In [138], we also would like to mention that, recently, we have shown how the formation of
a classical configuration in ultra-high energy scatterings could unitarize and causalize a non-local QFT.
11
In this case, an alternative dark matter candidate to neutralino could be provided from a parallel
intersecting D-branes’ world. If the vev scale of this world is diﬀerent form the vev scale of our ordinary
one, a non-collisional dark halo, composed of dark atoms, can be obtained. A discussion of theoretical
aspects and direct detection implications can be found in [139].
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promise to test the 103 TeV scale [148]. EDMs are other possible indirect test for this
scenario. For example, the neutron electric dipole moment would be a good way to test
PeV Scale Physics, in next future [132].

5

Higher Order Superpotential Terms and Further Implications
in n − n̄ Oscillations

In previous sections, we have discussed R-parity violating bilinear and trilinear superpotentials. However, Exotic instantons can generate higher order superpotential terms
without generating at all bilinear and trilinear superpotential terms! Examples are the
ones considered in Fig.1-(a)-(b). The first one, as suggested in [26], can directly generate a Weinberg operator for neutrini masses W4 = Hu LHu L/Λ4 . In fact, in the case
of fig.1-(a), we can consider the same mixed disk amplitudes, but with an E2-instanton
intersecting two times relevant D-brane stacks. Here, we suggest Fig.1-(b) can generate
W5 = (U c Dc Dc )2 /Λ35 , and consequently a Majorana mass for neutrons. However, there
+S
is an important diﬀerence with respect to previous cases: Λ4,5 ∼ e E2(IV ) ,E2(V ) MS ≥ MS .
As a consequence, superpotentials like W4,5 are too much suppressed for phenomenology if, as usual, MS is only slightly smaller than the Planck scale. However, they can
become interesting in low string scale scenari [140, 141, 142, 143, 144] 12 . For example we can envisage a Λ5 ≃ MS ≃ 103 TeV (small 3-cycles of E2(V ) -instanton). Also
in this case, exotic instantons generate a neutron-antineutron transition testable in the
next future [148, 149]. As an alternative, one can generate analogous superpotentials like
W6 = QQDc QQDc /Λ36 , also leading to a neutron-antineutron transition. In particular,
from W5,6 we obtain the relevant New Physics (NP) scale M55,6 = Λ35,6 m2g̃ , where mg̃
is the gaugino mass (gluino, zino or photino) for operators Onn̄ = (uR dR dR )2 /M55 and
Onn̄ = (qL qL dR )2 /M56 . As a consequence, neutron-antineutron bounds can be satisfied,
for example, for mg̃ ≃ MS ≃ 1000 TeV, for e+SE2 ∼ 1 (small 3-cycles of E2-instanton on
CY3 ). Alternatively, compatible with TeV-scale susy, mg̃ ≃ 1 TeV and Λ5,6 ≃ 105 TeV
can also satisfy neutron-antineutron bounds 13 .

6

Conclusions and Remarks

In this paper, we have shown how R-parity can be dynamically broken by Exotic Instantons in a simple, calculable and controllable way, in a class of D-brane models. We
have discussed explicit examples of intersecting D-branes, generating a RV bilinear or
trilinear terms in the superpotential. We have stressed how one E2-instanton generates
one and only one bilinear or trilinear term, without generating the other ones. In this
sense, a dynamical breaking of R-parity is radically diﬀerent with respect to an explicit
one. In fact, in explicitly R-violating models, in principle one has to consider all possible
See [145, 146, 147] for recent papers about the case of 1 ÷ 10 TeV quantum gravity.
Neutron-Antineutron oscillation could be also a probe for CPT symmetry [150] and new fifth force
interactions [151].
12
13
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R-violating operators in the superpotential, i.e. a strong fine-tuning is necessary in order
to avoid proton decay. This unnatural situation is avoided in an elegant way in D-brane
models. Another important feature of Exotic instantons is that they are not necessary
”democratic” with flavors, depending on the particular topology of the mixed disk amplitude. This can enforce reasons for direct tests at LHC, avoiding a lot of indirect bounds
from meson physics, FCNCs and so on. In addition, we have also commented the possible
generation of higher dimensional operators in the superpotential, dynamically breaking
R-parity, without generating bilinear or trilinear ones. In several diﬀerent scenarios,
we have discussed phenomenological implications in neutrino physics, neutron physics,
EDMs, Dark Matter and LHC. We conclude that string theory provides powerful tools
for phenomenology of Baryon and Lepton number violations: exotic instantons could be
key elements for the understanding of many aspects of fundamental physics.
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[74] B. Körs and P. Nath, JHEP 12 (2004) 005 [hep-ph/0406167] [INSPIRE].
[75] B. Körs and P. Nath, hep-ph/0411406 [INSPIRE].
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1

Introduction

The mathematical foundation of quantum mechanics is based on a few postulates, from
which all the relationships and subsequent equations of quantum mechanics are obtained.
A rigorous approach to this has been presented in famous textbooks by Sakurai [1] and
Schleich [2], where operator algebra in Hilbert space, consisting of operators acting on
kets and bras generates eigenket problems. The process of solving for Hermitian operator
eigenkets and eigenvalues would constitute the whole mathematical toolbox of whatever
needed to be known in quantum mechanics.
The idea of an algebraic operator of time is not new in the context of quantum
mechanics. While in the early years physicist were trying to explore the implications of
constructing a self-adjoint and Hermitian time operator, Wolfgang Pauli [3] was the first
to point out that it was impossible to have such an operator of time. He did not present a
∗
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well-founded proof, however, and his reason was that the time needed to be a continuous
variable while energy eigenstates must be bounded from below [4]. This viewpoint has
been followed in many of the later studies which have been discussed in several recent
reviews of this subject [5, 6, 7]. It has been mostly believed since then that the time
should be a real-valued parameter [8, 9, 10] and could not be expressed as a self-adjoint
operator of any form. However, as it has been pointed out [11] through presentation of a
counter-example, this viewpoint is mathematically incorrect.
Despite all these reluctances to the existence of a time operator, lots of eﬀorts have
been put into deconstruction of this concept [12, 13, 14, 15, 16]. Most recently, a mathematically consistent framework has been presented [17] which adopts a self-adjoint and
Hermitian operator of time. However, the ordinary Hamiltonian is not allowed to be
a conjugate of time, again based on the assumption that time had to be a continuous
variable while energy eigenstates should be bounded from the below.
Last but not least, is that a discontinuous time variable with a discrete nature has a
surprisingly interesting physical implication. As it has been shown by Golden [18], this
would result in a fully-determinable dynamical theory of strictly-irreversible evolution,
in which the conventional description of quantum-mechanical systems is maintained. Although a recent experiment [19, 20] has demonstrated time reversibility in precession
of nuclear spin, it may be quite well because of the chaotic nature of the evolution of
entangled systems which has been observed and reported [21, 22] elsewhere, in the sense
that the final ending state of a quantum system is ultrasensitive to the initial conditions.
Hence, the initial state may not be simply restored by preparation of initial conditions
because of this chaotic nature. In that case, the true essence of time reversibility would
be still preserved. These remain as open and unanswered questions which require further
investigations in future.

2

Definitions

2.1 Postulates
Definition 1: Postulates of Quantum Mechanics. All of the existing frameworks in which
the quantum mechanics is founded are currently based on a few common posulates. These
postulates may be enlisted as:
(1) Every physical state of a closed system may be uniquely represented by a normalized
ket such as |ψ⟩. Furthermore, system kets have one-to-one correspondence to their
Hermitian adjoints, namely state bras such as ⟨ψ|.
(2) To every physically measurable quantity, there corresponds exactly one Hermitian
operator, which constitutes a Hilbert space with the space spanned by kets or bras.
(3) Squared absolute values of the inner product of state kets such as |ψ⟩ with bras such
as ⟨ϕ|, denoted by the squared bracket |⟨ϕ|ψ⟩|2 gives a direct value of the probablity
density function of the system projection on the state |ϕ⟩.
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(4) The one-dimensional position and momentum operators along any direction do not
commute, resulting in the Poisson bracket given by the expression [X, P] = i~.
Out of these above mentioned postulates, with two more related to the measurement
and collapse of state kets, the mathematical theory of quantum mechanics is born. Although the collapse of state kets may be well avoided by incorporation of multi-world
theory [23], still an alternate postulate will be needed to justify the presence of parallel
worlds.
As it appears in the above, the present refinement of the foundations of quantum
mechanics requires the fourth postulate to suddenly come out of nowhere, with no physical
justification, except if one is set to feed the corresponding Poisson bracket in classical
mechanics from the behind scene into the quantum picture[17]. It has been argued [24]
that the commutation stated in the fourth postulate is a consequence of the operators
associated with the corresponding observables, and thus a consequence of experiments.
Although this relationship has been validated in practice on every experimental scale, and
serves as the main basis of quantum mechanics, one would hardly accept its usefulness
and correctness. It has been therefore an undeniable commonsense that there must be a
more fundamental pillar alternative to this fourth postulate.
Recently, Bars and Rychkov [25] have demonstrated that the Poisson bracket may be
indeed obtained if we start with the mathematical behind dissociation and reconnection
of strings in the much deeper universal picture of string theory. However, as it is being
discussed in this paper, this level of complication is totally unnecessary, and the noncommutative algebra of position and momentum may be conveniently drawn from system
evolution equation without need to worlds being in parallel or having tinier scales. To
this end, all we need to study the equivalence of wavefunctions will be the Fourier and the
Hilbert transform pairs, the latter being used in the form of Kramers-Kronig relationships.
It has to be further added that a connection between discrete Fourier transform and
uncertainty relations for use in signal processing applications has been noticed in the
past [26].

2.2 Evolution of Physical Systems
Definition 2: Evolution Equation & Universal Parameter. Upon projection unto a given
ζ space (Appendix A), and in all non-relativistic and relativistic descriptions of physical
systems, a governing diﬀerential equation appears in the general form
Gψ (ζ) =

∂
ψ (ζ)
∂ζ

(1)

where G is an operator, ψ (ζ) is the (scalar or vector) wavefunction, and ζ is a universal
parameter, to which all other parameters and operators ultimately depend. Hence, the
infinitesimal evolution of any system depending on the universal parameter s is equivalent
to operation of the operator G on its system wavefunction ψ (ζ). Here, we do not discuss
the nature of wavefunctions as these issues are still a matter of strong debate [23, 27].
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However, the universal parameter s may be regarded as a parameter such as time t, or
any other physically measurable quantity such as the scalar quantities energy e, phase
θ, or vector quantities such as position r and momentum p. With the exception of time
t, which is shown to provide a truly a ic behavior under interactions [28], the choice of
all other parameters would need a separate study. However, a single-particle system as
being discussed in this paper, should experience symmetric time directions.
Definition 3: Hermitian Quantum Evolution. The evolution equation (1) may be slightly
modified to reach the Hermitian Quantum Evolution equation as
G(ζ)ψ (ζ) = i~

∂
ψ (ζ)
∂ζ

(2)

Here, the operator G is furthermore allowed to be a function of the universal parameter.
Also, the unit imaginary number i is inserted to preserve the Hermitian property of the
derivative on the right-hand-side of (1); this conforms to the well known principle of time
invariance, too. Following the approach in [29, 25], we also have inserted a dimensional
constant which is denoted here by ~ with the units of Joule · Second to obtain the general
form of the evolution equation matching the one generally used in quantum mechanics.
The constant ~ will provide the necessary dimensional correction, in such a way that
the dimension of the operator G multiplied by the dimension of parameter ζ would result
in Joule · Second as well. The numerical value of the constant ~ in (2) may be, however,
later obtained by experiment, logically turning out to be the same as the measurable
Planck’s constant h divided by 2π. As it is known, the zero limit of this constant will
reproduce the classical physics in the end.
Since the universal parameter ζ is supposed to be a truly independent variable, all
other quantities may be assumed to vary as sole functions of ζ. Hence, the dynamics of
a physical system will be described by the variation of its quantities with respect to the
variations of ζ. At this point, we will have to take on the fourth postulate, replacing the
one in the above as follows.
Definition 4: Fourth Postulate. This definition below may replace the fourth postulate
based on the Possion bracket as in the above §2.1.
4. The system state functions always obey a form of the Evolution equation (2).
When taken as the universal parameter, time in the classical physics is only a fourth
dimension of the space-time, albeit shown to have a preferred direction [28]; this was
discussed in §1. Even in the general and special theories of relativity, time coordinate
remains to be a mere fourth dimension [30, 31]. Hence, the classical systems may be or
not be dependent on the time. Quantum mechanics, however, provides a diﬀerent iterpretation of time. It exceptionally is an independent parameter, to which no Hermitian
operator is assigned; time is only a scalar free parameter. This is while all other physical
quantities (c.f. third postulate) are expressible as functions of this free parameter, namely
time t.
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Definition 5: Schrödinger Equation. Upon taking ζ = t with the dimension of Second,
we may denote G by the Hermitian energy operator H, having the dimension of Joule,
thus arriving at the Schrödinger equation as
H(t)ψ (t) = +i~

∂
ψ (t)
∂t

(3)

Definition 6: Position and Momentum Operators. Had we taken a vector parameter such
as three-dimensional momentum p with the dimension of Kilogram · Meter · Second−1
instead of the universal parameter ζ, we had arrived at the vector equation
Rψ (p) = +i~

∂
ψ (p)
∂p

(4)

Similarly, one would obtain the following upon taking the three-dimensional position r
with the dimension of Meter instead of the universal parameter ζ
Pχ (r) = −i~

∂
χ (r)
∂r

(5)

In (4) and (5), R and P are respectively the Hermitian vector operators corresponding
to position and momentum in space.
Although, χ(p) in (4) and ψ(r) in (5) express identical systems, they are not necessarily equal, too. That would mean in general that χ(r) ̸= ψ(r) and χ(p) ̸= ψ(p). We
refer to χ(p) and ψ(r) respectively as the momentum and position representations of the
system. The reason for taking the negative sign on the right-hand-side of (5) will become
apparent later.
Definition 7: Fourier Transforms. Assuming satisfaction of suﬃcient condition for existence of Fourier transform (absolute integrability), we may define the three-dimensional
Fourier transform

Ψ (r) = F {ψ (p)} (r)
)
(
∫∫∫
1
i
=
ψ (p) exp + r · p d3 p
3
~
(2π~) 2

(6)

having the inverse transform given by

ψ (p) = F −1 {Ψ (r)} (p)
(
)
∫∫∫
i
1
Ψ (r) exp − p · r d3 r
=
3
~
(2π~) 2
Now, opon taking Fourier transform from both sides of (4) we arrive at

(7)
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F {Rψ (p)} (r)
]
(
)
∫∫∫ [
i~
∂
i
=
ψ (p) exp + r · p d3 p
3
∂p
~
(2π~) 2

(8)

which through part-by-part integration gives
(
) p=+∞
i
F {Rψ (p)} (r) =
3 ψ (p) exp + r · p
~
p=−∞
(2π~) 2
[
(
)]
∫∫∫
i~
∂
i
−
ψ (p)
exp + r · p d3 p
3
∂p
~
(2π~) 2
(
)
∫∫∫
r
i
ψ (p) exp + r · p d3 p
=
3
~
(2π~) 2
= rF {ψ (p)} (r)
i~

(9)

Now, to be discussed below, it is expected that (4) and (5) would describe identical
systems. What we therefore require to know is that
Ψ (r) = F {ψ (p)} (r) = χ (r)

(10)

Similarly, we would expect the inverse relationship to hold true

F

−1

(
) r=+∞
i
{Pχ (r)} (p) =
3 χ (r) exp − p · r
~
r=−∞
2
(2π~)
[
(
)]
∫∫∫
∂
i~
i
+
χ (r)
exp − p · r d3 p
3
∂r
~
(2π~) 2
(
)
∫∫∫
p
i
χ (r) exp − p · r d3 p
=
3
~
(2π~) 2
= pF −1 {χ (r)} (p)
−i~

(11)

and therefore
X (p) = F −1 {χ (r)} (p) = ψ (p)

(12)

Of principal importance, now, is to know whether Ψ(r) = χ(r) and X(p) = ψ(p)
hold necessarily true or not. Counter-intuitively, it is not obvious that these two equations actually are correct. Similarly, we may assign an operator to time such as T and
reconfigure the Schrödinger equation (3) in the alternate energy representation form as
T (e)χ (e) = −i~

∂
χ (e)
∂e

(13)
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Definition 8: Conjugate Variables. Following (4) and (5), the system vector parameters
p and r are here defined to be conjugate variables. Similarly, following (13) e and t now
obviously again form a pair of conjugate variables. Therefore, p and r as well as ψ(t) and
χ(e) should be connected through Fourier transforms.
We furthermore notice the negative sign on the right-hand-side of (13) in comparison
to (3).

2.3 Fourth Postulate
What allows us at this stage to proceed is, in fact, the assumption of a new amendment
to the fourth postulate as follows.
Definition 9: Amendment to the Fourth Postulate. The fourth postulate of quantum
mechanics links the evolution equation to the existence of conjugate pairs of physical
observables.
4. Physical systems may be described by either of the mathematically equivalent conjugate forms of the Evolution equation (2), related through Fourier transform pairs.
Conjugate forms should ultimately result in identical probablity density functions
Having that said in the above, we must have at least |Ψ(r)| = |χ(r)| and |X(p) =
ψ(p)|. Equivalence of phases, comes following the Kramers-Kronig relationships. To
verify this, it is suﬃcient that we assume that state functions are analytic in complex
domain. Then, their natural logarithms given by ln Ψ(r) = |Ψ(r)| + i∠Ψ(r) + i2πn and
ln χ(r) = |χ(r)| + i∠χ(r) + i2πm should also be analytic, where m, n ∈ Z are some
arbitrary integers. Kramers-Kronig relations [32] require that

1
ℑf (z) = − P.V.
π

∫+∞

−∞
∫+∞

1
ℜf (z) = + P.V.
π

−∞

ℜf (u)
du
u−z

(14)

ℑf (u)
du
u−z

where P.V. denotes Cauchy principal values. The first of the above pair is suﬃcient
to observe that ∠Ψ(r) − ∠χ(r) = 2πq with q ∈ Z being some integer. Regardless of
the choice of q, we would readily have (10) established. Similarly, (12) follows in the
momentum representation.

3

Poisson Bracket

Definition 10: Commutator. In order to study the commutative properties of any pair of
two physical quantities, we may define the commutator of two operators such A and B
as
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[A, B] ≡ AB − BA

(15)

A zero commutator implies insignificance in the order of measurements, or compatibility
of observations. On the contrary, the order of measurements of two quantities will become
important when the commutator is non-zero.
Definition 11. Piosson Bracket. For the particular choice of vector operators for position
R and momentum P, their commutator [R, P] will be referred to as the Poisson Bracket.
We may notice here that the Poisson bracket when evaluated on vector position R and
momentum P operators gives out actually a tensor product value.
We assume that the individual components of position and momentum do commute,
that is
[Rm , Rn ] = 0

(16)

[Pm , Pn ] = 0
where m, n = x, y, z. It should be emphasized that these assumptions (16) correspond
to the case of simple vacuum in the absence of magnetic field and any spatial lattice,
which admit vanishing commutators between the same space and momentum coordinates.
Otherwise, one may need to take [Rm , Rn ] = i~δmn η and [Pm , Pn ] = i~δmn β where η and
β are independent real-valued constants [33, 34, 35] proportional to the sqaure Planck
length and magnetic field, respectively; such discussion is beyond the scope of this paper.
Theorem
The Possion bracket in quantum mechanics equals to the unit imagniary number i times
the reduced Planck constant.
Proof
Now, to evaluate the value of Poisson bracket [R, P] we verify its eﬀect on an arbitrary
function of position such as f (r)
[R, P]f (r) = (RP − P, R)f (r) = RPf (r) − PRf (r)

(17)

Using (4) and (5) we obtain
(
)
(
)
∂
∂
[R, P] f (r) = R −i~
f (r) − −i~
rf (r)
∂r
∂r
∂f (r)
∂f (r)
+ i~If (r) + i~r
= −i~R
∂r
∂r
∂f (r)
∂f (r)
= −i~r
+ i~If (r) + i~r
∂r
∂r
= i~If (r)

(18)

Here, I = ∇r is the 3×3 identity matrix. In the derivation of the above, we have assumed
the following vector identities for the position R and momentum P operators as
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(19)

Pg(p) = pg(p)
with f (·) and g(·) being arbitrary functions. As a matter of fact, any function of position
such as f (r) must be an eigenfunction of R with the vector eigenvalue r. Similarly,
any function of momentm such as g(p) must be an eigenfunction of P with the vector
eigenvalue p. Now, reverting back to (18) since f (r) was assumed to be completely
arbitrary, we obtain the Poisson bracket as
[R, P] = i~I

(20)

This completes the proof.
Corollary 3.1. Had we assumed an arbitrary function of momentum in the form g(p),
we would again obtain the Poisson bracket (20) as [R, P] g (p) = i~Ig (p).
Proof 3.2. Proof is easily obtained by direct expansion of the operators as
(
)
(
)
∂
∂
[R, P] g (p) = +i~
pg (p) − P +i~
g (p)
∂p
∂p
∂g (p)
∂g (p)
= +i~p
+ i~Ig (p) − i~P
∂p
∂p
∂g (p)
∂g (p)
= +i~p
+ i~Ig (p) − i~p
∂p
∂p
= i~Ig (p)

(21)

This will result in the same relationship as (20).
It is customary to write the tensor Poisson bracket as
[Rm , Pn ] = i~δmn

(22)

with δmn being Kronecker delta.

3.1 Generalization
Treatment of the more general choice of f (r, p) is slightly more diﬃcult, but will again
result in the same conclusion of (20). For this purpose, we first define the Weyl symmetrization operator.
Definition 12. Weyl Symmetrization Operator. The Weyl symmetrization operator
[2, 33, 34] denoted by S is recursively defined, operating as
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1
S{AB} = (AB + BA)
2
1
S{ABC} = (AS{BC} + BS{CA} + CS{BA})
3

(23)

and so on.
Theorem
The expression for Poisson bracket (20) holds true for the case of general choice of f (r, p).
Proof
Generalization is obtained by expanding f (r, p) first as
f (r, p) =

∞
∑
rn pm ∂ n+m f (r, p)
·
|r,p=0
n ∂pm
n!m!
∂r
m,n=0

(24)

which allows us to appropriately define the operator
∞
∑
∂ n+m f (r, p)
S{Rn P m }
f (R, P) =
|r,p=0 ·
∂pn ∂pm
n!m!
m,n=0

(25)

It is now possible to use (18) and (21) to obtain the identities
[[R, P] , R] = 0

(26)

[[R, P] , P] = 0
from which we may obtain

[R, P] f (R, P) =

∞
∑

1 ∂ n+m f (r, p)
|r,p=0
n!m! ∂pn ∂pm
m,n=0

(27)

[R, P] S{Rn P m }
∞
∑
1 ∂ n+m f (r, p)
|r,p=0
=
n ∂pm
n!m!
∂p
m,n=0
S{Rn P m } [R, P]
Therefore, we can readily write down that
[[R, P] , f (R, P)] = [f (R, P), [R, P]]

(28)

which in turn results in [R, P] = const. Therefore, comparing to (20), we obtain the
same generalized form of Poisson bracket, that is [R, P] = i~I.
Similarly, applying the same calculations to the conjugate evolution equations (3) and
(13) we obtain a comparable commutator between energy H and time T operators as
[H, T ] = i~

(29)
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3.2 Uncertainty Relationships
Following the standard procedure, once the commutators between two operators such as
A and B is known, then it can be shown that [1, 2, 29]
1
∆a∆b ≥ |⟨[A, B]⟩|
2
where the standard deviations, or uncertainties ∆a and ∆b are given by
√
∆a = ⟨A2 ⟩ − ⟨A⟩2
√
∆b = ⟨B2 ⟩ − ⟨B⟩2

(30)

(31)

Here, expectation values are taken with respect to a given state function such as ψ(r) =
⟨r|ψ⟩ or χ(p) = ⟨p|χ⟩ as
∫∫∫
⟨A⟩ =

∫∫∫

=

ψ ∗ (r)Aψ(r)d3 r

(32)

χ∗ (p)Aχ(p)d3 p

Anyhow, we readily recover the famous uncertainty relationships
3
∆r · ∆p ≥ ~
2
1
∆E · ∆t ≥ ~
2

(33)

where we have taken note of the fact that
∆r · ∆p = ∆x∆px + ∆y∆py + ∆z∆pz

4

(34)

Conclusion

In this article, we have demonstrated that the non-commutative algebra of quantum
mechanics, and in particular, the Poisson bracket can be indeed derived, instead of being
postulated. However, this would rely on modifying the basic postulates of quantum
mechanics and shifting to more basic concepts starting from evolution equations and
conjugate variables.

A

Operators in Ket and Function Spaces

Any operator acting on any member of the ket space such as A|ψ⟩ = |ϕ⟩ relates to a dual
operator such as A acting on the functions ψ(a) or obeys a similar relationship such as
Aψ(a) = ϕ(a), where ψ(a) = ⟨a|ψ⟩ and ϕ(a) = ⟨a|ϕ⟩. This is called a projection of ket
space unto a space of functions. Although normally A and A refer to the same physical
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quantities they are not mathematically the same. While A operates in the ket sapce, A
operates in the function space. These two however are transformable using the second
quantization as [29]
∫∫∫
A=

ψ̂ † (r) Aψ̂ (r) d3 r

(A.1)

where field operators are given as

ψ̂ (r) =

∑

b̂(n) φ(n) (r)

(A.2)

(n)

†

ψ̂ (r) =

∑

b̂†(n) φ∗(n) (r)

(n)

Here, b̂(n) and b̂†(n) are respectively the annihilation and creation operators at the (n)th
state. Also φ(n) (r) = ⟨r|(n)⟩, where |(n)⟩ is an eigenket of the system. Obviously, this
is a projection unto the three-dimensional position r, while any other projection such as
unto the three-dimensional momentum p could have been also used.

B

Time Operator and Time Eigenstates

For a given physical system under consideration, we may assume a time operator in the
ket space here denoted by T. In general, T can be a function of Hamiltonian, coordinates
and momentum as T = T(H, R, P). Hence, we may recast the corresponding evolution
equation in the ket space as
∂
|χ(e)⟩
(B.1)
∂e
where |χ(e)⟩ is the state ket of the system. If the time operator is independent of the
total energy, or Hamiltonian, then
T(H, R, P)|χ(e)⟩ = −i~

T(R, P)|χt ⟩ = t|χt ⟩

(B.2)

in which t is the time eigenvalue, and |χt ⟩ is the time eigenstate. We may notice that
|χt ⟩ and |χ(e)⟩ are related as
i
|χ(e)⟩ = exp( te)|χt ⟩
~
To illustrate a basic example, consider the operator

(B.3)

1
Ω2 2
2
H
+
T
(B.4)
2~2 Ω2
2
Here, Ω is a real-valued non-zero constant. Then, we may define the non-Hermitian
ladder operators
K=
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√
1
1
b̂ = √ ( √ H + i ~ΩT)
2~ ~Ω
√
1
1
b̂† = √ ( √ H − i ~ΩT)
2~ ~Ω
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(B.5)
(B.6)

Then, it would be easy to verify the identity [b̂, b̂† ] = 1, and thus
K = b̂† b̂ +

1
2

(B.7)

Evidently, the operators K, b̂ and b̂† obey the algebra
1
K|m⟩ = (m + )|m⟩
2
√
b̂|m⟩ = m|m − 1⟩
√
b̂† |m⟩ = m + 1|m + 1⟩

(B.8)
(B.9)
(B.10)

Then, the time representation in the function space will be given by χm (e) = ⟨e|m⟩.
Similarly, the energy representation will be given by ϕm (t) = ⟨t|m⟩.
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Abstract: Theoretically, neutrino can be assigned as a Dirac or a Majorana particle. Even
though the experiments that have been performed so far, i.e. neutrinoless double beta decay to
proof the nature of neutrino as a Majorana particle, gave negative result, we still have no strong
argument to put neutrino as a Dirac particle . In this talk, we study and evaluate the Feynman
amplitude for both Dirac and Majorana neutrinos for neutrino-electron elastic scattering and
hoping that the scattering technique can be used as an alternative method to decide the neutrino
nature whether neutrino is a Dirac or a Majorana particle. The results show that it is possible
to distinguish neutrino nature whether neutrino is a Dirac or a Majorana particle from its own
Feynman amplitude for low energy process for both charged and neutral current interactions. It
is also apparent that the Feynman amplitude is diﬀerent for neutrino-electron elastic scattering
for charged and neutral current interactions.
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1

Introduction

One of the long standing unsolved problem in neutrino physics is the question about
the nature of neutrino whether it Dirac or Majorana particle. Theoretically, the nature
of neutrino can be Dirac or Majorana particle. If neutrino to be Majorana particle,
then the neutrinoless double beta decay should be detected in experiments that have
been performed so far. But, there is no neutrinoless double beta decay experiment with
positive result and for review of the neutrinoless double beta decay experiments can be
∗

Email: d.asan@lycos.com
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read in Ref.[1]. To conclude neutrino is a Dirac particle, we should show that neutrino
and its anti-neutrino have diﬀerent helicity. As we know so far from experiments that we
have only observed left-handed neutrino in nature. It is the motivation of this study to
look another technique or method for probing the neutrino properties especially the type
of neutrino particle whether it Dirac or Majorana. Zralek [2] suggested that the neutrino
chirality and helicity can be used to distinguish whether neutrino is Dirac or Majorana
particle by comparing Feynman amplitude (M ) for neutrino process: νi → νj +γ. Another
technique to distinguish the nature of neutrino whether neutrino is Dirac or Majorana
particle is the neutrinos with two-particle interferometry suggested by Gutierrez [3].
As we know, there are three kind of tools in physics that can provide us some information about the matter and its interactions in nature, i.e. scattering, decay, and bound
state. The concept of scattering is widely used to obtain and to test some parameters in
physics especially in nuclear and particle physics. From the scattering experiment we do
not only obtain the information of the incident and scattered beam but also about the
structure of target and interaction of the particle beam and target.
One of the important parameter in the scattering that can be used to study the
interaction of the incident particle (or scattered) beams and target is the diﬀerential
dσ
). In particle physics, the diﬀerential cross-section depend on the square
cross-section ( dΩ
of absolute value of Feynman amplitude which is called transition probability density.
It is well known that Majorana neutrinos have a pure axial neutral current interaction
while Dirac neutrinos have the standard vector-axial interaction. In spite of this crucial
diﬀerence, usually Dirac neutrino processes diﬀer from Majorana processes by a term
proportional to the neutrino mass, resulting in almost unmeasurable observations of this
diﬀerence [4].
In this talk, we study the Feynman amplitude for both Dirac and Majorana neutrinos
that undergo elastic scattering with electron in center of mass system. In section 2 we
derive Feynman amplitude in center of mass system for electron-neutrino (νe − e) elastic
scattering by considering charged and neutral current interaction for both Dirac and
Majorana neutrinos and discuss some phenomenological implications. The section 3 is
devoted for conclusions.

2

Feynman amplitude for neutrino-electron elastic scattering

The scattering process is very important subject both experimentally and theoretically
for investigating the properties of fundamental particles and its interactions. One of the
main parameter in particle scattering is the transition probability which is defined as
the absolute square of Feynman amplitude that used to determine the diﬀerential crosssection of particle scattering. For example, the diﬀerential cross-section (dσ/dΩ) for the
particle a + b → 1 + 2 that undergo scattering is given by:
dσ
1 p∗f
=
|Mf i |2 ,
(1)
∗
2
dΩ
64π s pi
where pa = −pb = p∗i , p1 = −p2 = p∗f , s = (Ea +Eb )2 , and Mf i is the Feynman amplitude.
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One of the scattering processes which is very important because it can give us an
understanding of the neutrino interactions with other fundamental particles is the neutrino scattering, i.e. νµ + e− → νe + µ− . Theoretical studies of QED corrections to the
scattering process: νe + e− → νe + e− were studied by Lee and Sirlin using the eﬀective
four fermion V − A Lagrangian [5], and shortly afterward Ram [6] extended their calculations by including hard photon emission. Passera [7] investigated the contributions
of the O(α) QED corrections to the spectrum energy of recoil electron for the process:
νl + e− → νe + l− + γ, where γ indicate the possible emission of photon and l− is charge
lepton: e− , µ− , τ − . The cross-section for elastic scattering: νl + e− → νe + l− in the Born
approximation and exactly fixed polarization states of the target and final states of the
electrons, discussing their sensitivity on the incident anti-neutrino or neutrino flavor were
investigated by Minkowski and Passera [8]. From the experimental side, the measurement
of elastic scattering cross-section for: νµ + e− → νe + µ− were performed by Heisterberg
et al. [9], Bergsma et al. [10], and Baker et al. [11].
To formulate the Feynman amplitude for neutrino-electron elastic scattering, first we
consider the Feynman diagram for the electron-neutrino (ν − e) elastic scattering for
charged and neutral current interactions as shown in Fig. 1. According to the Interme-

Fig. 1 Neutrino electron elastic scattering (a) charged current and (b) neutral current

diate Vector Boson (IVB) theory in the scheme of the Standard Model Particle Physics
for electro-weak interactions, one should use the following Feynman rules:
• To each approriate vertex, one should use the factor:
√
(−ig/2 2)γ α (1 − γ5 ),
(2)
for charged current interaction (l − W − ν vertex) and for neutral current:
−ig α
γ (1 − γ5 ),
4 cos θw

(3)

ig
γ α (1 − 4 sin2 θw − γ5 ,
4 cos θw

(4)

for ν − Z − ν vertex, and:

76

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 73–78

for l − Z − l vertex, where g is coupling constant, l is lepton, ν is neutrino, θw is the
Weinberg angle, and γ α is the Dirac matrices.
• To every propagator with mass M and spin-1, the factor to be used read:
−i(gαβ − qα qβ )/(q 2 − M 2 c2 ),

(5)

• An incident (incoming) particle is denoted by u(i) and the outgoing (scattered)
particle is denoted by ū(i).
Using the Feynman rules to the Feynman diagrams in Fig. 1, and remembering that
Dirac particle is diﬀerent to its own antiparticle (ν ̸= ν̄) whereas Majorana particle is the
same with its own antiparticle (ν = ν̄), then we have Feynman amplitude for the Dirac
neutrino :
[
]
[
]
[
]
−ig α
−i(gαβ − qα qβ /Mw2 )
−ig β
D
Mcc = ū(e) √ γ (1 − γ5 ) u(νe )
ū(νe ) √ γ (1 − γ5 ) u(e)),
q 2 − Mw2
2 2
2 2
(6)
for charged current interaction of neutrino-electron elastic scattering, and
]
[
]
[
−i(gαβ − qα qβ /Mz2 )
ig
α
2
D
γ (1 − 4 sin θw − γ5 ) u(e)
×
(7)
Mnc = ū(e)
4 cos θW
q 2 − Mz2
[
]
−ig
β
ū(νe )
γ (1 − γ5 ) u(νe )),
4 cos θW
for neutral interaction of electron-neutrino elastic scattering, where q is the momentum
transfer. If we assume that the q 2 << Mw2 , Mz2 and the qα qβ term arises from the mode of
W or Z -boson propagator longitudinal polarization which contribute only me mν which
is very small compare to Mw2 and Mz2 , then Eqs. (6) and (8) read:
(
)2
g
−i
D
[ū(e)γ α (1 − γ5 )u(νe )][ū(νe )γ β (1 − γ5 )u(e)],
(8)
Mcc =
8 Mw
for charged current interaction of neutrino-electron elastic scattering, and
(
)2
g
i
D
Mnc =
[ū(e)γ α (1 − 4 sin2 θw − γ5 )u(e)][ū(νe )γ β (1 − γ5 )u(νe )],
16 Mz cos θw

(9)

for neutral current interaction.
For the Majorana neutrino case, since the neutrino is its own antiparticle (antineutrino), the term: ū(νe )γ β (1−γ5 )u(e) in Eqs. (8) and (9) should be replaced by: ū(νe )γ β (1−
γ5 )u(e) − ū(νe )γ β (1 + γ5 )u(e) = 2ū(νe )γ β u(e), then the Feynman amplitudes for the Majorana neutrino will be:
)2
(
i
g
M
Mcc =
[ū(e)γ α (1 − γ5 )u(νe )][ū(νe )γ β γ5 )u(e)],
(10)
4 Mw
and
M
Mnc

i
=−
8

(

g
Mz cos θw

)2
[ū(e)γ α (1 − 4 sin2 θw − γ5 )u(e)][ū(νe )γ β γ5 )u(e)],

(11)
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for charged and neutral current interactions in neutrino-electron elastic scattering respectively.
From Eqs. (8)-(11), one can see the diﬀerences of the Feynman amplitude for neutrinoelectron elastic scattering when we put neutrino to be a Dirac and a Majorana particles.
It is also apparent that the Feynman amplitude is diﬀerent for neutrino-electron elastic
scattering for charged and neutral current interactions. As we stated in section 1 that
Feynman amplitude (square of absolute value of Feynman amplitude) is an important
parameter in diﬀerential cross-section, thus we can use the scattering process to determine
the nature of neutrino whether neutrino is a Dirac or a Majorana particle. In this talk we
only evaluate the Feynman amplitudes for low energy process by taking the approximation
q 2 << Mz2 , Mz2 . For very high energy process (very large momentum transfer), indeed,
the mass eﬀects of W or Z boson propagator contributions to the Feynman amplitudes
must can not be neglected.

3

Conclusion

We have studied and derived systematically the Feynman amplitudes for neutrino-electron
elastic scattering in the frame of Standard Model Particle Physics for both Dirac and
Majorana neutrinos for the cases charged current and neutral current interactions. We
can distinguish neutrino nature whether neutrino is a Dirac or a Majorana particle from
its own Feynman amplitude for low energy process for both charged and neutral current
interactions. It is also apparent that the Feynman amplitude is diﬀerent for neutrinoelectron elastic scattering for charged and neutral current interactions.
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the scale factor, it is shown that an eﬀective age of the universe is about 327 billion years.
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later. It is shown that characteristic distance between particles is much smaller than the
thermal de Brogle wavelength, so that quantum eﬀects, including formation of the Bose-Einstein
condensate, can dominate, even for high temperature. ”Ordinary” matter was synthesized from
dark matter (with estimated small electric dipole moment (EDM)) in galaxies. Supplementary
exact solutions are obtained for various ranges of parameters. From the theory we get an
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1

Introduction

The standard theory (ST) in conventional cosmology is based on three major assumptions:
Big Bang (BB), Cosmological Constant (CC) and Inflation (INF). Huge and useful work
have been done in frames of ST. But, doubts about the basic assumptions are remaining.
∗
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BB corresponds to a particular Friedmann solution [1] of the classical equations of
general relativity (GR). Yes, it is interesting solution, but, is it natural and physical?
I do not think so [2-4] and I am far from been alone. There is growing evidence that
age of many stars are inconsistent with assumed in the BB theory 13.8 billion years age
of the universe. Data for other cosmic objects are hardly compatible with ST( see, for
example, recent collection of such data in [5]). These observations are not at the level
to proof that BB did not took place, but, at least, they give some warning. Note, that
Friedmann solution created controversial critical density of the universe, which in turn
created controversial dark energy.
As concern to CC, it is known, that inventor of CC Einstein was unhappy about it,
especially after his friend Gödel gave him, as a birthday present, unphysical GR solution
with CC [6]. It was a long before it turns out, that in order to be consistent with global
scale observation, CC should be unphysically small. Numerical solutions of GR with such
CC [7] contradict observations on the scale of galaxies (see also evidence for dark matter
creation [8]).
INF is an interesting idea, which appeared as a rescue mission, when it was found
that BB+CC contradict observations. Recent hopes to support INF by observations [9]
turn sour [10]. Again, the data did not proof that there was no INF, but creates some
doubts. There are also theoretical diﬃculties in matching BB with INF (see recent review
of diﬃculties with INF [11]).
My primary motivation for this work was unphysically small CC with unclear physical
sense.
Below we consider a diﬀerent theory, supported by observations, which dismisses all
three major assumption of ST. In order to better explain such fundamental change, let
us briefly describe how this theory came about. I became interested in gravitation in
late 1960-th. Because of my experience in fluid dynamics, two things surprised me at
the time: the Lagrangian description of gravity (LDG) were not used and situations with
spatial dimension less than 3 were not considered (a taboo?). So, I decided to do both
and obtained Lagrangian invariant (relative acceleration of particles) and exact general
analytical solution for (1+1)-dimensional Newtonian gravitation [12]. This is an example
of trivialisation, which I always enjoy (see below). Before publication, this paper was discussed with Ya. B. Zel’dovich, who express great enthusiasm and a few months later told
me that he and his collaborators have a continuation of ideas presented in my paper. The
editor E. M. Lifshitz was surprised, but did not object publication, even did not object the
remark in the paper: <<We present here one fantastic conjecture. Perhaps the universe
was not always (3+1)-dimensional. The dimensionality might change during a transition
through the singular state with zero space-dimensionality. Only starting with spacedimensionality equal to three did the universe gain the possibility ”to survive”>>[12].
Than came Zel’dovich approximation [13], ”pancakes” and further development in this
direction [14].
I returned to fluid dynamics for a long time until acceleration of the universe was
observed [15, 16]. The acceleration was explained by using CC, which is hundred orders
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smaller than can be predicted in the frames of classical GR. That was to much for me
to accept. GR has to be modified. But how? Major player in GR is the spacetime
curvature, which is balanced by the energy. But global curvature is close to zero in our
universe. So, what else can play a role compatible to curvature? I had no desire to deal
with new unknown fields and , in accord with trivialisation (Occam’s razor), was looking
for something very simple. And here, again, came help from fluid dynamics: divergency
(stretching) of velocity field, which is related to creation/absorption of particles by the
vacuum. So, to begin with, I have invented a new type of fluid, namely, dynamics of
distributed sources/sinks (DODSS), in which divergency is Lagrangian invariant [17].
With constant initial distribution of divergency, it gives eﬀect similar to CC [17]. The
next step was relativistic DODSS [18] with the covariant divergency (2). Finally, came
quantum modification of general relativity (QMOGER) [2], which is described below. I
think, Einstein will be happy with such modification. This alternative to CC did not
occurred to him, probably, because he came to GR from electricity, so to speak.

2

Quantum Modification of General Relativity (QMOGER)

Now, from words we are coming to equations of QMOGER [2]:
1
Rik − δik R = 8πG∗ Tik + λN δik , Tik = wui uk − δik p, w = ε + p,
2
λN = λ0 + β

dσ
∂uk
1 dg d
k ∂
+ γσ 2 , σ =
+
,
=
u
ds
∂xk 2g ds ds
∂xk

(1)

(2)

Here Rik is the curvature tensor, p, ε and w are pressure, energy density and heat
function, respectively, G∗ = Gc−4 (G- gravitational constant, c- speed of light), uk components of velocity (summation over repeated indexes is assumed from 0 to 3, x0 =
τ = ct), λ0 is CC (which we will put zero), σ is the covariant divergency, β and γ are
nondimensional constants (which we will put β = 2γ = 2/3) and g is the determinant
of the metric tensor. With β = γ = 0 we recover the classical equation of GR. Let us
note that curvature terms in lhs of (1) and additional terms dσ/ds and σ 2 all contain
second order (or square of first order) derivatives of metric tensor, which make these terms
compatible. The importance of σ also follows from the fact that it is the only dynamic
characteristic of media, which enters into the balance of the proper number density of
particles n : dn/ds + σn = q, where q is the rate of particle production (or absorption) by
the vacuum. So, if n is constant (see the exact analytical solution (5) below) or changing
slowly, than the σ-eﬀect is, certainly, very important in quantum cosmology.
Some exact analytical solutions of equations (1,2) where obtained in Ref. 2. On
the basis of these solutions, it was concluded that the eﬀect of spacetime stretching
(σ) explains the accelerated expansion of the universe and for negative σ (collapse) the
same eﬀect can prevent formation of singularity. Equations (1,2) reproduce Newtonian
gravitation in the nonrelativistic asymptotic, but gravitational waves can propagate with
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speed, which is not necessary equal to speed of light [3]. This give us a hint that gravitons
may have finite mass (see below).
In the case β = 2γ equations (1,2) can be derived from the variational principle by
simply replacing the cosmological constant λ0 (in the Lagrangian) by λ = λ0 − γσ 2 [3].
The natural next step was quantitative comparison with cosmological data and choice
of nondimensional constants β and γ. Let us consider equations for the scale factor a(τ )
in homogeneous isotropic universe (Eq. (8,9) in Ref. 2):
..

.

a
a
k
(2 − 3β) + (1 + 3β − 9γ)( )2 + 2 − λ0 = −8πG∗ p,
a
a
a
..

(3)

.

a
a
k
λ0
8π
−β + (1 + β − 3γ)( )2 + 2 −
=
G∗ ε.
(4)
a
a
a
3
3
Here points indicate diﬀerentiation over τ , the discrete curvature parameter k = 0, +1, −1
corresponds to flat, closed and open universe, respectively.
With indicated in [2] unique choice β = 2γ = 2/3, these equations take simple form:
k
= λ0 − 8πG∗ p,
a2

(3*)
.

3k
λ0
a
−
−
4πG
ε,
H
≡
(4*)
∗
2a2
2
a
From (3*) with λ0 = 0, we see that sign of curvature is opposite to sign of pressure. From observations we know that global curvature is close to zero. So, the dust
approximation (p = 0 ) is natural for this theory with λ0 = 0 and β = 2γ = 2/3.
In the dust approximation with λ0 = 0, k = 0, two special cases for system (3-4) have
been indicated [2]: 1) for β = 2/3 and γ ̸= 1/3 stationary solution exist; 2) for β = 2γ
the global energy is conserved, except for β = 2γ = 2/3. The choice β = 2γ = 2/3 is
exceptional and in the dust approximation with λ0 = 0, k = 0, equation (3*) is identity
and from (4*) we have exact analytical Gaussian solution:
.

H=

a(τ ) = a0 exp[H0 τ − 2π(τ /L∗ )2 ], L∗ = (G∗ ε0 )−1/2

(5)

Here subscript 0 indicate present epoch (τ = 0) and H0 is the Hubble constant. In the
analogous solution, obtained in [3], instead of ε0 was w0 = ε0 + λ0 /8πG∗ , for generality.
In the Appendix we present other supplementary solutions of system (3)-(4) for various
ranges of parameters.
Solution (5) corresponds to continuous and metric-aﬀecting production of dark matter
(DM) particles out of vacuum, with its density ρ0 = ε0 c−2 being retain constant during
the expansion of spatially flat universe. In this solution there is no critical density of the
universe, which is a kind of relief.
The solution (5) is shown [3] to be stable in the regime of cosmological expansion until
tmax about 34 billion years from now. After that time, the solution becomes unstable and
characterizes the inverse process of dark matter particle absorption by the vacuum in the
regime of contraction of the universe. This can imply the need for considering the change
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of regime (5) at t > tmax to a diﬀerent evolutionary regime, possibly, with a diﬀerent
value of the parameter γ or with the more general model (2) from [2].
In this context, it is tempting to consider equations (1,2) without curvature terms in
the left side of (1). In the dust approximation (with λ0 = 0, k = 0), equations (3,4) give
not only stationary regime with ε = 0, but also dynamical solution:
a(τ ) = a0 (1 + θ1 H0 τ )1/θ1 , θ1 = 3γ/β

(6)

With H0 > 0, θ1 > 0, from (6) we get: a = 0 at τ = −1/H0 θ1 , a ≈ a0 (θ1 H0 τ )1/θ1
for τ ≫ 1/θ1 H0 - power-law expansion. With H0 > 0, θ1 < 0, (6) gives: a → 0 at
τ → −∞, a → ∞ at τ → 1/ |θ1 | H0 - blowup at finite time. With θ1 = 0: H = H0 ,
a(τ ) = a0 exp{H0 τ }.
In order to solve equations (3,4) in more general case, we choose the simplest equation
of state, which does not introduce a dimensional constant: p = κε, where κ is nondimensional constant. Particularly, with κ = 0 we return to the dust approximation, κ = 1/3
corresponds to ultrarelativistic matter. From (3,4) with λ0 = 0, we obtain invariant:
a0 2(1−θ)
k(1 + κ)
3(1 + κ)(1 − 3γ)
· 2
)
= (a0 +µ), µ =
, θ=
a
1 + 3κ + 3(1 + κ)(β − 3γ)
2 − 3β(1 + κ)
(7)
This is a generalization of invariants, introduced first in [2] and than used in [3] for
more special cases. Without stretching eﬀects (β = γ = 0), we have µ = k(1+κ)/(1+3κ),
θ = 3(1 + κ)/2.For k > 0 and κ > −1/3, we get µ > 0, θ > 1. With such parameters,
·
·
gravitational collapse (a0 < 0), according to (7), will lead to singularity (a → 0, a → −∞).
Stretching eﬀects can prevent singularity. With θ < 1, µ > 0, from (7) it follows that
gravitational collapse will lead to a finite core:
·2

I = (a +µ)(

[
a → a∗ = a0

1
] 2(1−θ)

µ
·
(a0 )2

(8)
+µ

From (7) we can get general solution in quadrature, which has special cases, detectable
from expressions for coeﬃcients in (7). One of these cases corresponds to system (3*-4*)
with k ̸= 0 and κ ̸= 0 and considered in Appendix. Expression for θ indicates another
special case with γ = 1/3 ( as before) and β(1 + κ) = 2/3. Assuming, as above, λ0 = 0,
from (3) -(4) we have ka−2 (1 + 3κ) = 0. For k = 0, from (4) we get solution similar to (5)
with substitution ε0 by ε0 (1 + κ). Solution for κ = −1/3 (Appendix) deserves detailed
consideration in future.
Mass m0 of dark matter particles, which we identify with graviton, have been estimated [4] by comparing characteristic scale L∗ from (5) with the relativistic uncertainty
of particle position [19] (or Compton wavelength) h/m0 c, where h is the Plank constant.
We have:
m0 ∼ h(G∗ ρ0 )1/2 ∼ 0.5 · 10−66 gram.

(9)
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Here, according to WMAP data, we use ρ0 ≈ 0.26 · 10−29 gcm−3 , which includes dark
and ordinary matter, but not dark energy. In this theory, flatness of the universe is
supported by the divergency (σ) terms in (1-2).
Estimate, similar to (9), we got before [3] from more complicated consideration, which
involves solution of a model equation for a quantum field, so, this is also an example
of trivialisation. According to (9), DM particles are ultralight and their uncertainty of
position L∗ ≈ 76 billion light years (bly) is of the same order as size of the visible universe
a0 ≈ 46, 5 bly. So, we can say, that mass of primary dark matter particles (PDMP) m0
predetermined the size of universe (see also next section). It also means that universe has
a halo of DM particles. This halo potentially can influence the visible part of universe,
producing eﬀects similar to influence of hypothetical multiverse. The same eﬀect (large
uncertainty of DM particle position) can explain halo of a galaxy, which is more easy
to observe (see, for example, paper [20] and references therein). Formula (5) does not
have any fitting parameters and shows good quantitative agreement with cosmological
observations (SnIa, SDSS-BAO and reduction of acceleration of the expanding Universe
[21]) [3,4].
In retrospect, some early theoretical papers are relevant to our work, particularly,
[23-25]. These and others relevant papers are discussed in [3]. The physical nature of
the ultralight dark matter particles is also discussed in [3] and arguments in favor of
scalar massive photon pairs are presented there. Now, taking into account indicated
above unusual gravitational waves, I am inclined to suggest that dark matter consists of
(or connected to) gravitons with tiny EDM (see below). Irrespective of this particular
interpretation, the quantity m0 defined in (9) can also serve as a basis for subsequent
reconsideration of the problem of divergence in quantum field theory [26, 27].

3

Age of the Universe

According to (5), our universe was born in infinite past from small fluctuation. But,
physically speaking, we can choose some initial scale for an eﬀective beginning of the
universe. From (5) we get:
T = h0 ±

(h20

1/2

+ s)

1
, T = τ /L∗ , h0 = H0 L∗ /4π, s =
ln
2π

(

a0
a(τ )

)
(10)

For τ < 0 we have s > 0 and in formula for T the sign is minus. It seems natural to
choose Planck length lP = (G∗ ch)1/2 as an initial scale, at which we can expect beginning
of a smooth metric. With a(τ ) = lP and h0 ≈ 0.45 (H0 c ≈ 2.4 · 10−18 s−1 ), from (10)
we get corresponding time t1 ≈ −327 billion years. So, at the eﬀective beginning of
the universe there was a spec of matter, which we will call Premote, with size lP and
mass M1 = ρ0 lP3 ≈ 10−128 gram. The uncertainty of position for Premote is L1 =h
/M1 c ≈ 1090 cm ≈ 1063 bly. So, the probability of finding Premote can be estimated by
(lP /L1 )3 ∼ 4 · 10−369 .
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The next step is when universe is ready to accommodate production of PDMP with
mass (9). Solution (5) corresponds to constant mass density ρ0 with concentration of
particles n and characteristic scale l :
n = ρ0 /m0 ∼ 0.5 · 1037 cm−3 , l = n−1/3 ∼ 0, 27 · 10−12 cm.

(11)

With that scale from (10) we get t2 ≈ −284 billion years. So, it took about 43 billion
years to accommodate universe for production of PDMP. The mass of the universe at time
t2 was M2 = ρ0 l3 ∼ m0 . As was said above, the uncertainty of position L∗ predetermined
the size of the visible universe and, from (5) we get amax /a0 ≈ 3.56.

4

Dark Matter

According to cosmic observations, DM interacts with ordinary matter (OM) only gravitationally. So far, in frames of our theory, we know the mass (9) of PDMP, which is
very small, and averaged concentration (11), which is not only enormous, but also constant. It means, that these particles somehow communicate with each other and polarize
vacuum in order to maintain averaged distance l (11). Remember, that we are dealing
with unusual fluid [17]. Note, that the thermal de Brogle wavelength for the temperature
of the universe T ≈ 2.73K is substantially bigger than l: hc(lkB T )−1 ≈ 3 · 1011 (kB Boltzmann constant). This estimate is for massless particle. For nonrelativistic PDMP
(graviton) with mass m0 (9), the scale factor is hl−1 (m0 kB T )−1/2 ≈ 7 · 1013 . So, the quantum eﬀects, such as Bose-Einstein condensate (compare with [11]), can dominate, even
for high temperature. In the areas of gravitational condensation (future galaxies) the
density was even much higher. With certain critical density, we can expect local bangs
of multiple collisions with formation of new particles in some sort of ”natural selection”.
During the steady and stable expansion of the universe, the OM was synthesized in this
way, probably, starting with light particles. Baryon asymmetry can be explained, for
example, by nonzero electric dipole moment of PDMP [28]. These processes were accompanied by radiation, which is reflected in Cosmic Microwave Background (CMB). The
eqilibrium character of CMB and the global condition R ≈ 0 are naturally explained by
the large amount of time available for the evolution. Some peculiarities of CMB can be
associated with synthesis of various particles in expanding universe. Particularly, the observed anisotropy of CMB can be connected with nonsynchronous processes in galaxies.
In context of the type of evolution, which is described by exact solution (5), what we call
ordinary matter is, in fact, an exotic matter, which was synthesized from PDMP and,
so far, constitute about 15% of the total mass of the universe (or 4%, if we include dark
energy). The theory of elementary particles should be modified by considering DM as
primary basis for all particles. Moreover, we can not be sure that DM obeys all the rules
of the conventional quantum theory. It is possible, that DM produces some quantum
eﬀects for ”ordinary” matter (see new interpretation of quantum theory [29]).
However, this is not work for one person. The short list of what we need to do is:
1) based on equations (1,2) without fitting parameters (λ0 = 0, β = 2γ = 2/3), or in
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more general case (λ0 = 0, β(1 + κ) = 2/3, γ = 1/3), calculate formation of galaxies
and compare results with Sloan Digital Sky Survey and Canada-France-Hawaii Telescope
Legacy Survey; 2) using the same equations (1, 2), for simplicity in spherically-symmetric
case, calculate gravitational collapse and look what modification of the classical singular
Black Holes we got in this theory; 3) develop detailed model for PDMP interaction and
synthesis of OM particles; 4) calculate temperature and polarization anisotropies of CMB
and compare with measurements ( WMAP and Plank missions); 5) investigate nonlinear
quantum-gravitional waves, based on equations (1, 2); 6) consider problem of baryon
asymmetry, using QMOGER, mass of graviton (9) and EDM [28].
I will be happy if cosmologists, with experience in corresponding work in frames of
ST, can contribute in this development. Below we indicate another important aspect of
the theory, which can help in the project 3) in the above list.

5

Interface Between Dark and Ordinary Matter (IDOM)

In the described theory we got that DM is omnipresent background in the universe.
As a result of gravitational condensation, from that background emerged OM. We can
expect existence of a particle or a group of particles - mediators between dark and ordinary matter (MeDOM), which may have a superluminal component, related to indicated
above communication between PDMP. These mediators can be produced spontaneously,
or, more likely, during collisions. The ”plasma” of PDMP and MeDOM produces ordinary matter, including photons. So, we got interface between dark and ordinary matter
(IDOM). Such interface very likely exists not only in cosmos, but everywhere, including
our body and our brain [30]. A model of IDOM is described in [32 ]. From that model it
follows that our subjective experiences are manifestations of IDOM and can be used as
a natural detector of dark-ordinary matter interaction, which may be not easy to detect
in cosmic data or in the supercollider.
This paper is an example of what two simple terms can do, when they added to the
powerful Einstein equations.

Appendix
From equation (7) with β = 2γ = 2/3, k ̸= 0, κ ̸= 0, we get:
·2

a = H02 [(1 + ν)a2 − νa20 ], ν =

k(1 + κ)
.
2κa20 H02

(12)

The right side of equation (12) initially is H02 a20 > 0 and for continuous a(τ ) remains
positive, at least, for finite time. Assuming that ν > 0, from (12) we have condition:
a ≥ amin = a0 /χ, χ = ( 1+ν
)1/2 > 1. Solution of (12) is:
ν
a(τ ) = amin cosh[(1 + ν)1/2 H0 τ + η), η = ln[χ + (χ2 − 1)1/2 ] > 0,

(13)
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where constant η is determined by the initial condition. According to (13), a(τ ) →
(amin /2) exp[(1 + ν)1/2 | H0 τ |] for | H0 τ |→ ∞. So, with H0 > 0, we get unlimited
expansion of the universe.
|ν| 1/2
In the case ν < −1, from (12) follows condition: a ≤ amax = a0 S, S = ( |ν|−1
) > 1.
Solution of (12) with a ≥ 0 can be written in the form:
a(τ ) = amax | cos[(| ν | −1)1/2 H0 τ + φ] |, φ = Arc cos(S −1 ).

(14)

In this case we got periodic pulsation of the universe.
Now, we consider indicated above special case: γ = 1/3, β = 1 and κ = −1/3.
Equations (3) and (4) with λ0 = 0 become identical in this case and give:
·

k
8π
−
G∗ ε.
(15)
2
a
3
If k = 0, than solution of (15) with ε = ε0 , by analogy with (4*) with λ0 = 0, we get
from solution (5) by change ε0 → 32 ε0 . For k ̸= 0, we consider H as function of a and,
after integration over a, we have equation
H=

·2

2 2
a = f (a) = H02 a2 + [2ka − (16π/3)G∗ ε0 a0 a2 ](aa−1
0 − 1), f (a0 ) = H0 a0 > 0,

(16)

condition f (a) ≥ 0 and formal solution:
∫a

db
= ±τ.
[f (b)]1/2

(17)

a0

From system (3-4) with p = κε, we get equation:
·

[2 − 3β(1 + κ)]H + 3(1 + κ)(1 − 3γ)H 2 + k(1 + 3κ)a−2 = 0.

(18)

By considering range of parameters:
3β(1 + κ) = 2, (1 + κ)(1 − 3γ) ̸= 0, u2 ≡

k(1 + 3κ)
≥ 0,
3(1 + κ)(3γ − 1)

(19)

we get solution of (18) with constant velocity:
a(τ ) = a0 ± uτ.

(20)

From (4) and (20), we see that ε ∼ a−2 and εa3 ∼ a, so, in this case the global energy
depends linearly on the scale instead of cubic dependence for solution (5).
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[6] K. Gödel, Rev. Mod. Phys. 21, 447 (1949).
[7] Harvard Self-Interacting Dark Matter Workshop (2013), users.physics.harvard.edu.
[8] C.Pigozzo, S. Carniero, J. C. Alcaniz, H. A. Borges and J. C. Fabris, arXiv:1510.01794
[astro-ph.CO].
[9] P. A. Ade et al., Phys. Rev. Let. 112, 241101 (2014).
[10] R. Flauger, J. C. Hill, and D. N. Spergel, arXiv:1405.7351v2 [astro-ph.CO].
[11] S. Das, arXiv:1509.02658
[12] E. A. Novikov, Zh. Exper. Teor. Fiz. 57, 938 (1969) [Sov. Phys. JETP. 30 (3), 512
(1970)]; arXiv:1001,3709 [physics.gen-ph].
[13] Ya. B. Zeldovich, Astron. & Astrophys. 5,84 (1970).
[14] T. Buchert, Astron. & Astropys. 223, 9 (1989).
[15] A. G. Riess et al., Astron. J. 116, 1009 (1998).
[16] S. Perlmutter et al., Astrophys. J. 517, 565 (1999).
[17] E. A. Novikov, Physics of Fluids 15, L65 (2003).
[18] E. A. Novikov, arXiv:nlin.PS/0511040.
[19] V. B. Berestetskii, E. M. Lifshitz & L. P. Pitaevskii, Quantum Electrodynamics,
Pergamon press (1982).
[20] M. Mouhcine, R. Ibata & M. Rejkuba, arXiv:1101.2325.
[21] A. Shfieloo, V. Sahni, & A. Starobinsky, arXiv:0903.5141 [astro-ph.CO].
[22] E’. B. Gliner, Zh. Eksp. Teor. Fiz. 49, 542 (1965) [Sov. Phys. JETP 22, 378 (1965)]
[23] A. D . Sakharov, Dokl. Akad. Nauk SSSR 177, 70 (1967) [Sov. Phys. Dokl. 12,
1040(1967)]
[24] E’. B. Gliner, Dokl. Akad. Nauk SSSR 192, 771 (1970) [Sov. Phys. Dokl. 15, 559
(1970)]
[25] A. A. Starobinskii, Pis’ma Astron. Zh. 4(2), 155 (1978) [ Sov. Astron. Lett. 4(2), 82
(1978)]
[26] L. D. Landau and I. Pomeranchuk, Dokl. Akad. Nauk SSSR 102, 489 (1955)
[27] E. A. Novikov, arXiv:nlin.PS/0509029v1

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 79–90

89

[28] E. A. Novikov (submitted for publication). From mass m0 (9), Planck scale lP = (h
1/2 3/2
G/c3 )1/2 and c we have unique expression for EDM: d ∼ m0 lP c ∼ 2 ×
10−72 gram1/2 cm5/2 sec−1 .
[29] E. A. Novikov, arXiv:0707.3299.
[30] It did not escape my attention, that this approach has important philosophical
consequences. Particularly, nonmaterial entities can be considered as interfaces (or
collections of interfaces) between diﬀerent types of matter. Also, the approach can
be imbedded in a mathematical structure, similar to the category theory [31], with
morphisms and formalized interfaces, but that is another story.
[31] See an excellent review: J. C. Baez and M. Stay, arXiv:0903.0340
[32] E. A Novikov, Gravity of subjectivity (submitted for publication).

EJTP 13, No. 35 (2016) 91–94

Electronic Journal of Theoretical Physics

Black Holes - Any body out there?
Johan Hansson∗
Division of Physics
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Abstract: Using analytical results from both general relativity and quantum mechanics we
show that physical black holes probably do not exist. This would actually be a boon to
theoretical physics, for example as:
i) General relativity would then be globally valid in the (classical) physical universe, due to its
non-singular nature.
ii) The black hole information paradox would vanish.
iii) No event horizon would mean no Hawking radiation, resolving the causal paradox that for
an outside observer it takes an infinite time for the black hole to form whereas it evaporates in
finite time.
Astrophysical applications that seem to require black holes (quasars/AGNs, some binary
systems, stellar motions near the center of our galaxy, etc) can still be fulfilled by compact
but non-singular masses, M ..
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1

Newtonian intuition

We start with the strictly physical requirement that if M is to grow larger by gravitationally “eating” m, we must have
mc2 + mϕ > 0,
where
ϕ=−
∗

Email: c.johan.hansson@ltu.se

GM
,
r

(1)

(2)
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is the Newtonian potential. This just means that the gravitational binding energy cannot
exceed mc2 , and results in
Rs
r>
,
(3)
2
where
2GM
Rs =
,
(4)
c2
is the Schwarzschild radius. If m approached closer to M than r > Rs /2, the total energy
of the whole system would decrease, i.e. M itself would shrink. Especially, m can never
enter into the Newtonian singularity at r = 0. However, the Newtonian treatment is
valid only when |ϕ| ≪ c2 , so we now turn to the general relativistic description2 .

2

General Relativity

It turns out that we will need only the simpler exterior, stationary solution outside mass
M . Here the general relativistic equivalent of criterion (1), equally valid for radial or
non-radial motion [1], is
√
Rs
mc2 1 −
> 0,
(5)
r
(1) being the weak-field limit of (5). See also [2]. Only for free-falling, geodesic motion
is the energy a constant of the motion [3]. For an object M with physical extent larger
than its Schwarzschild radius, the kinetic energy of m will in the non-adiabatic, nonequilibrium inelastic collision/interaction (which is non-gravitational resulting in nongeodesic motion) increase the temperature of M and be radiated away to the surrounding
space.
This gives
r > Rs ,
(6)
i.e. m can never reach the Schwarzschild radius. As we start out with a mass M below
the threshold, it can never “eat” (accrete) particles to form an event horizon outside its
physical extent. (Just like the Sun has a “mathematical”, but nonphysical Schwarzschild
radius of approximately 3 km in its interior.) As no limits have been placed on M all
masses can thus be prevented from forming black holes. The same conclusion results if m
is a thin concentric shell, or several. However, as (classical) particles are corpuscles there
really never is perfect spherical symmetry and continuous models can be misleading.

3

Quantum Physics

In the weak-field limit we can actually go beyond the classical picture and consider
what happens in quantized gravity. For both gravity and electromagnetism static eﬀects
2

However, as is well-known the Newtonian treatment gives the “right”, i.e. the same results as general
relativity for Rs (“escape velocity” c) and for the surface gravity κ = c2 Rs /2r2 , even at r = Rs , making
Newtonian intuition remarkably accurate.
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should give excellent first approximations, as the dynamical eﬀects are negligible. This is
known to be so for the electromagnetic case as the (electrostatic) Schrödinger equation
for hydrogen gets just marginal corrections from dynamical eﬀects. For gravity deviations
from the static case should be even smaller. The mathematically identical form of the
Newtonian and Coulomb potential means that we directly can obtain results for quantum
gravity by the replacement
e2 /4πϵ0 → GmM.
(7)
All analytical results for the Hydrogen atom can then be directly lifted over to quantum
gravity [4].
Semi-classical quantum gravity then predicts that m never can approach closer to
M than the “gravitational Bohr-radius”, b0 , which is non-zero making the (classical)
singularity at r = 0 unattainable.
For the full non-classical theory, if we again impose that the binding energy
Eg =

G2 m3 M 2
GmM
=
2~2
2b0

(8)

cannot exceed mc2 , we obtain [4]
b0 (physical) >

Rs
.
4

(9)

Furthermore, as the exact analytical form of the wavefunctions are known, we see that
they are all identically zero at r = 0, meaning that the probability for entering the
classical central singularity is strictly zero. So quantum physics does seem to avert the
gravitational singularity. Only the ground state wavefunction (n=1, l=0) may peak
inside the Schwarzschild radius, actually at b0 , all the others have a negligible part of
their probability density inside Rs . Also, as the wavefunctions all have a long fat tail
stretching all the way out to r → ∞ we see that m has vanishing probability to be inside
the (classical) horizon, rendering it meaningless. If neither horizon nor central singularity
survives quantization the notion black hole has no place in a fundamental description of
nature. See also [5].
Admittedly, the reasoning in this section is only valid for weak-field quantum gravity,
but given the very similar results of weak-field and strong-field classical gravity, sections 1.
and 2., something of the same flavor can be expected to occur also for general (presently
unknown) quantum gravity.

4

Conclusion and Discussion

Even though general relativity mathematically includes the possibility for black holes, it
may well be that physical black holes never can form, just like Einstein tried to prove
long ago [6]. His physical intuition was usually spot on. Black holes would then just be
mathematical artifacts of general relativity with no physical counterpart.
We know from Penrose’s (classical) singularity theorem [7] in general relativity that
if a horizon (“trapped surface”) forms, a singularity then is inevitable. But if a horizon
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is physically forever prohibited, classical general relativity can be singularity, and black
hole, free.
We also see that in the limit r → Rs all of the infalling mass/energy can be radiated
out, an eﬃciency approaching matter-antimatter annihilation, meaning that M can still
power, for instance, quasars and active galactic nuclei without a singular mass in the
center. This would also in principle be testable as the normal rotating black hole scenario
usually believed to power quasars has a maximum eﬃciency of around 1/3.
This would also solve the black hole “information loss” problem as all information is
re-radiated back into our world before a black hole can form. Even in purely classical
general relativity there is an information loss paradox if a black hole forms, as a black
hole is described fully by only three parameters - its mass (M ), angular momentum (J)
and charge (Q) - whereas the progenitor object requires an almost innumerable number
of parameters to be described in full. In the semi-classical Hawking radiation picture
radiation eventually escapes the black hole, but then as thermalized black-body radiation
carrying negligible information back into our universe compared to what went in.
Hawking radiation also introduces a paradox of its own. A black hole takes an infinite
time to form for an outside observer. At the same time Hawking radiation predicts a
finite time for the black hole to completely evaporate. Thus a black hole has to evaporate
before it forms, violating causality.
However, if a black hole physically never can form, all these problems and paradoxes
and many more, are removed. As even supermassive black holes would be very small,
Rs ≃ 3km M/Msun , there is, in fact, presently no conclusive observational evidence that
black holes actually do exist. The Event Horizon Telescope [8], and its descendants, could
possibly directly settle this question.

References
[1] See, e.g., E.F. Taylor, J.A. Wheeler , Exploring Black Holes, (Addison Wesley, 2000),
p. 3-29.
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field and the gravity with the Dirac field. The covariant analytic mechanics treats space and
time on an equal footing regarding the diﬀerential forms as the basis variables. A significant
feature of the covariant analytic mechanics is that the canonical equations, in addition to the
Euler-Lagrange equation, are not only manifestly general coordinate covariant but also gauge
covariant. Combining our study and the previous works (the scalar field, the abelian and nonabelian gauge fields and the gravity without the Dirac field), the applicability of the covariant
analytic mechanics is checked for all fundamental fields. We study both the first and second
order formalism of the gravitational field coupled with matters including the Dirac field. It is
suggested that gravitation theories including higher order curvatures can not be treated by the
second order formalism in the covariant analytic mechanics.
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1

Introduction

In the traditional analytic mechanics, the Hamilton formalism gives especial weight to
time. Then, the Lorentz covariance is not trivial. Moreover, for the constrained system,
for instance the gauge field, the gauge fixing or the Dirac’s theory is needed. The De
Donder-Weyl theory solves the former problem [1, 2, 3]. In this theory, the conjugate
momentums of a field ψ are introduced as π µ = ∂L/∂(∂µ ψ) (µ = 0, 1, 2, 3), where L is
the Lagrangian density. π 0 is the traditional conjugate momentum. The generalization
of the Hamiltonian density is given by H(ψ, π µ ) = ∂µ ψπ µ − L. The common property
∗
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of the traditional analytic mechanics and the De Donder-Weyl theory is that its basic
variables of the variation are components of the tensor.
By the way, the Lagrange formalism is sometimes formulated by the diﬀerential forms
[4, 5, 6, 7, 8], in which the basic variables are the diﬀerential forms. Because the diﬀerential form is independent of the coordinate system, the general coordinate covariance
is guaranteed manifestly. And this formulation often largely reduces the cost of the calculation. Nakamura [9] generalized this formulation to the Hamilton formalism. In this
method, the conjugate momentum is also a diﬀerential form, which treats space and time
on an equal footing. Nakamura applied this method to the Proca field, the electromagnetic field with manifest covariance and, in the latter, with the gauge covariance. The
conjugate momentum form becomes independent degree of freedoms. Kaminaga [10] formulated strictly mathematically Nakamura’s idea and constructed the general theory in
arbitrary dimension. We called this theory as the covariant analytic mechanics. Kaminaga studied that the Newtonian mechanics of a harmonic oscillator ((0 + 1) dimension)
and the scalar field, the abelian and non-abelian gauge fields and 4 dimension gravity
without the Dirac field. The gravitational field was formulated by the second order formalism, in which the basic variable is only the frame (vielbein). And the absence of the
torsion was assumed. On the other hand, Nester [11] also investigated independently
the covariant analytic mechanics and constructed the general theory in 4 dimension and
applied it to the Proca field, the electromagnetic field and the non-abelian gauge field.
As we will explain in 5.1, the treatment of the gravitational field of Nester was not complete Hamilton formalism although the conjugate momentum forms of the frame and the
connection were introduced. The original idea was mentioned in Ref.[12].
We investigate the Kaminaga’s study. We apply the covariant analytic mechanics to
the Dirac field and the gravity with the Dirac field for the first time. Combining our study
and the previous works, the applicability of the covariant analytic mechanics is checked
for all fundamental fields. It is suggested that gravitation theories including higher order
curvatures can not be treated by the second order formalism in the covariant analytic
mechanics.
In 2, we review the covariant analytic mechanics with the application to the electromagnetic field and introduce the Poisson bracket for first time. In 3, we explain the
several notations and in 4 we study the Dirac field. In 5, we study the gravitational field
coupled with matters including the Dirac field. First, we discuss the first order formalism,
in which both the frame and the connection are basic variables (5.1). Next, we move to
the second order formalism. In 5.2, the Lagrange formalism is studied and we show that
the Lagrange form of the pure gravity is given by subtracting the total diﬀerential term
from the Einstein-Hilbert form. We discuss that if we do not drop the total diﬀerential term, it is probably impossible to derive the correct equations. In 5.3, we move to
the Hamilton formalism and give a broad overview of the remainder discussion. In 5.4,
we take the derivatives of the Hamilton form of the pure gravity using specialties of 4
dimension system and in 5.5, we discuss the canonical equations.
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Covariant Analytic Mechanics

2.1 General Theory
Let us consider D dimension space (pseudo-Riemannian or Riemannian space). Suppose
a diﬀerential p-form β (p = 0, 1, · · · , D) is described by diﬀerential forms {αi }i=1,··· ,k . If
there exists the diﬀerential form ωi such that β behaves under variations δαi as
∑
δαi ∧ ωi ,
(1)
δβ =
i

we call ωi the derivative of β by αi and denote
∂β def
= ωi ,
∂αi

(2)

∑
∂β
i
i
namely, δβ ≡ i δαi ∧ ∂α
i . If α is qi (≤ p)-form, ∂β/∂α is (p − qi )-form.
As the traditional analytic mechanics starts from the Lagrangian density, the covariant
analytic mechanics starts from Lagrange D-form L. L is a function of ψ and dψ, L =
L(ψ, dψ), where ψ is a set the diﬀerential forms. For simplicity, we treat ψ as single
p-form. The variation of L is given by
δL = δψ ∧

∂L
∂L
+ δdψ ∧
.
∂ψ
∂dψ

Since the second term of RHS can be rewritten as
(
∂L
∂L )
∂L
− (−1)p δψ ∧ d
= d δψ ∧
,
δdψ ∧
∂dψ
∂dψ
∂dψ

(3)

(4)

we obtain
δL = δψ ∧

( ∂L
∂ψ

− (−1)p d

(
∂L )
∂L )
+ d δψ ∧
.
∂dψ
∂dψ

(5)

Hence, the Euler-Lagrange equation is
∂L
∂L
− (−1)p d
= 0.
∂ψ
∂dψ

(6)

We define the conjugate momentum form π as
def

π =

∂L
.
∂dψ

(7)

π is D − p − 1 = q-form. The Hamilton D-form (not (D − 1)-form) is defined by
def

H = H(ψ, π) = dψ ∧ π − L,

(8)

as a function of ψ and π. The variation of H is given by
δH = (−1)(p+1)q δπ ∧ dψ − δψ ∧

∂L
.
∂ψ

(9)
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Then, we obtain
∂H
∂L
=−
,
∂ψ
∂ψ

∂H
= εp,D dψ,
∂π

(10)

def

where εp,D = (−1)(p+1)q = 1 if p is an odd number and εp,D = −(−1)D if p is an
even number. By substituting the Euler-Lagrange equation (6), we obtain the canonical
equations [10]
dψ = εp,D

∂H
,
∂π

dπ = −(−1)p

∂H
.
∂ψ

(11)

Now we introduce the Poisson bracket by
def

{A, B} = εp,D

∂A ∂B
∂A ∂B
∧
− (−1)p
∧
.
∂ψ ∂π
∂π ∂ψ

(12)

Then, the canonical equations can be written as
dψ = {ψ, H} ,

dπ = {π, H}.

(13)

{π, ψ} = −(−1)p .

(14)

And we have
{ψ, π} = εp,D ,

The applicability of the Poisson bracket to the quantization is unclear. And the generalization of the canonical transform theory have not been studied.
Let consider D dimension space-time, which has the metric gµν . The Hodge operator ∗
maps an arbitrary p-form ω = ωµ1 ···µp dxµ1 ∧ · · · ∧ dxµp (p = 0, 1, · · · , D) to D − p = r-form
as
∗ω =

1
µ1 ···µp
E
ωµ1 ···µp dxν1 ∧ · · · ∧ dxνr .
r! ν1 ···νr

(15)

√
Here, Eµ1 ···µD is the complete anti-symmetric tensor such that E01···D−1 = −g (g =
detgµν ). And ∗ ∗ ω = −(−1)p(D−p) ω holds. In particular, Ω = ∗1 is the volume form.
The Lagrange form L relates to the Lagrangian density L as L = LΩ. In the following
of this section, we set D = 4. Then, ∗ ∗ ω = −(−1)p ω holds. The Lagrangian density
√
√
LD corresponding to a Lagrange form dD is given by LD −g = ∂µ ( −gdµ ), where D is
a 3-form D = dαβγ dxα ∧ dxβ ∧ dxγ and dµ = dαβγ E αβγµ . If D dose not include dψ, dD
dose not contribute to the Euler-Lagrange equation. We will discuss an instance of D
including dψ in 5.2. The Lagrange form corresponding to a Lagrangian density aµ bµ is
given by ∗a ∧ b with a = aµ dxµ and b = bµ dxµ . And the Lagrange form corresponding
to a Lagrangian density 12 cµν dµν is given by ∗c ∧ d = c ∧ ∗d with c = 12 cµν dxµ ∧ dxν and
d = 12 dµν dxµ ∧ dxν .
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2.2 Electromagnetic Field
The Lagrange form of the electromagnetic field is given by
1
L = L(A, dA) = − F ∧ ∗F + J ∧ A = LΩ,
2

(16)

1
L = L(Aµ , ∂µ Aν ) = − Fµν F µν + Aµ J µ ,
4

(17)

where

A = Aµ dxµ , J = ∗(Jµ dxµ ) and F = dA = 12 Fµν dxµ ∧ dxν with Fµν = ∂µ Aν − ∂ν Aµ . Aµ is
the vector potential and J µ is the current density, which is independent of Aµ . We obtain
∂L/∂A = −J and ∂L/∂dA = − ∗ F using δ ∗ F = ∗δF . The Euler-Lagrange equation
∂L/∂A + d(∂L/∂dA) = 0 is
d ∗ F = −J.

(18)

This equation and an identity dF = 0 are the Maxwell equations.
In contrast to that the basis variables of the variation of the traditional analytic mechanics are components of the tensor, Aµ , the basis variable (reality) is the diﬀerential
form A = Aµ dxµ in the covariant analytic mechanics. In general, the Lagrange formalism is equivalent to the traditional one. However, as we show just after, the Hamilton
formalism is not equivalent to the traditional one.
In the traditional analytic mechanics, the definition of the conjugate momentum,
µ
Π = ∂L/∂(∂0 Aµ ) = −F 0µ , gives especial weight to time. Then, the Lorentz covariance is
not trivial. Moreover, because Π0 = 0, this system is a constrained system, which needs
to the gauge fixing or the Dirac’s theory (Dirac bracket). In contrast, the Hamilton
formalism of the covariant analytic mechanics is manifestly Lorentz covariant since the
diﬀerential forms are independent of the coordinate system. Moreover, the conjugate
momentum form, π = ∂L/∂dA = − ∗ F , can represent dA as dA = F = ∗π. So, the
gauge fixing or the Dirac’s theory are not needed. This formulation is gauge free. The
position variable is a 1-form, which has 4 components, and the conjugate momentum
variable is a 2-from, which has 6 components (electric and magnetic fields).
The Hamilton form is given by
1
H(A, π) = π ∧ ∗π − J ∧ A.
2

(19)

We have ∂H/∂π = ∗π and ∂H/∂A = J. The canonical equations dA = ∂H/∂π and
dπ = ∂H/∂A are
dA = ∗π ,

dπ = J.

(20)

The former is equivalent to the definition of the conjugate momentum form and the latter
coincides with the Euler-Lagrange equation (18).
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Notation

@ Let g be the metric of which signature is (−+· · · +), and let (θa ) denote an orthonormal
frame. θa can be expanded as θa = θaµ dxµ with the vielbein θaµ . We have g = ηab θa ⊗ θb
with ηab = (− + · · · +). We put ea = ∗θa , eab = ∗(θa ∧ θb ) and eabc = ∗(θa ∧ θb ∧ θc ). Let
ω ab and wab respectively be the connection and the Levi-Cività connection 1-form. All
indices are lowered and raised with ηab or its inverse η ab . Then, ωba = −ωab and the first
structure equation
dθa + ω ab ∧ θb = Θa ,

(21)

hold. Here, Θa = 12 C abc θb ∧ θc is the torsion 2-form. From (21), we obtain
ωabc=wabc + ω̃abc ,
1
wabc= (∆cba + ∆abc + ∆bca ) ,
2

1
ω̃abc = − (Ccba + Cabc + Cbca ).
2

1 a
∆ bc θb
2
def
def
ω̃ab = ω̃abc θc , ωa = ω bab and

Here, we expanded dθa and ωab as dθa =

(22)

∧ θc and ωab = ωabc θc . We have
def

wab = wabc θc and define
Ca = C bab . In Appendix A, several
identities about θa ∧ ea1 ···ar , dea1 ···ar (r = 1, 2, 3) and δea1 ···ar (r = 0, 1, 2) are listed. The
curvature 2-form Ωab is given by Ωab = dω ab + ω ac ∧ ω cb . Expanding the curvature form
def
def
as Ωab = 21 Rabcd θc ∧ θd , we define Rab = Rcacb and R = Raa .
In the following, we set D = 4. However, up to 5.3, the dimension dependence appears
only in the sign factor of exchanging diﬀerential forms. After 5.4, we use specialties of
D = 4.

4

Dirac Field

4.1 Lagrange Formalism
The Lagrange form of the Dirac field ψ is given by
1
1
1
1
(23)
LD (ψ, ψ̄, dψ, dψ̄) = − ψ̄γc ec ∧ (dψ + γab ω ab ψ) + ec ∧ (dψ̄ − ψ̄γab ω ab )γc ψ − mψ̄ψΩ,
2
4
2
4
def

with ψ̄ = iψ † γ 0 and γab = γ[a γb] . Here, γ a is the gamma matrix, which satisfies γ (a γ b) =
η ab . ( ) and [ ] are respectively the symmetrization and anti-symmetrization symbols.
It is important that the frame (vielbein) is necessary to write down the Lagrange form
even in the flat space-time. This is because that the Dirac field is a representation of
the Lorentz transformation (not of the coordinate transformation) and a spinor field is
defined in the tangent Minkowski space. The connection ω ab is the gauge field for the
local Lorentz transformations. Subtracting the total diﬀerential term − 21 d(ea ψ̄γa ψ) from
(23), and using
1
1
1
γc ec ∧ γab ω ab= ec ∧ γab ω ab γc + ec ∧ [γc , γab ]ω ab
4
4
4
1 c
= e ∧ γab ω ab γc + γ a ωa Ω,
4

(24)
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and (A.11), we obtain
1
1
L′D (ψ, ψ̄, dψ, dψ̄) = −ψ̄γc ec ∧ (d + γab ω ab )ψ − mψ̄ψΩ − Ca ψ̄γ a ψΩ.
4
2

(25)

In the second line of (24), we used 14 [γc , γab ] = 12 (−ηbc γa + ηac γb ) and eb ∧ ωab = ωa Ω. Ca
is regarded as independent of ψ and ψ̄. As we will show in (60), Ca = 0 is required. For
simplicity, we treat the Dirac field as a usual number (not the Grassmann number).
From the variation by ψ̄, we obtain
∂L′D
1
1
= −γc ec ∧ (d + γab ω ab )ψ − mψΩ − Ca γ a ψΩ ,
4
2
∂ ψ̄

∂L′D
= 0.
∂dψ̄

(26)

The Euler-Lagrange equation ∂L′D /∂ ψ̄ − d(∂L′D /∂dψ̄) = 0 is given by
1
1
γc ec ∧ (d + γab ω ab )ψ + mψΩ + Ca γ a ψΩ = 0.
4
2

(27)

This is equivalent to the Dirac equation. From the variation by ψ, we obtain
∂L′D
1
1
= −ψ̄γc ec ∧ γab ω ab − mψ̄Ω − Ca ψ̄γ a Ω ,
∂ψ
4
2

∂L′D
= ψ̄γa ea .
∂dψ

(28)

1
1
ψ̄γc ec ∧ γab ω ab + mψ̄Ω + Ca ψ̄γ a Ω + dψ̄ ∧ γa ea + ψ̄γa dea = 0.
4
2

(29)

The Euler-Lagrange equation ∂L′D /∂ψ − d(∂L′D /∂dψ) = 0 is

Using (24) and (A.11), (29) becomes
1
1
(dψ̄ − ψ̄γab ω ab ) ∧ γc ec + mψ̄Ω − Ca ψ̄γ a Ω = 0.
4
2

(30)

This is the Hermitian conjugate of (27).

4.2 Hamilton Formalism
The conjugate momentum forms of ψ and ψ̄ are respectively Π = ψ̄γa ea and Π̄ = 0.
Then, the Hamilton form HD = dψ ∧ Π + dψ̄ ∧ Π̄ − L′D is given by
1
1
HD = Π ∧ γab ω ab ψ + mψ̄ψΩ + Ca ψ̄γ a ψΩ.
4
2
Although the traditional Hamiltonian density includes ∂i ψ (i = 1, · · · , D − 1), the Hamilton form does not include the exterior derivative of the Dirac field. Rewriting the second
and third terms using Π, we obtain
1
1
HD (ψ, Π) = Π ∧ γab ω ab ψ + mΠ ∧ φψ + Ca Π ∧ θa ψ,
4
2
def

(31)

with φ = (1/D)γa θa . We have γa ea ∧ φ = Ω since (A.3). The Hamilton form is regarded
as function only ψ and Π. In the traditional analytic mechanics, the corresponding
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treatment is equivalent to the formulation using the Dirac bracket. However, in the
covariant analytic mechanics, the generalization of the Dirac bracket is not known. In
the covariant analytic mechanics, the similar problem does happen for the formulations
of the abelian and non-abelian gauge fields and of the gravitational field in the second
order formalism.
The derivatives of the Hamilton form are given by
∂HD 1
1
= γab ω ab ψ + mφψ + Ca θa ψ,
∂Π 4
2
1
1
∂HD
ab
=Π ∧ γab ω + mΠ ∧ φ + Ca Π ∧ θa .
∂ψ
4
2

(32)
(33)

Then, the canonical equation dψ = −∂HD /∂Π is
1
1
dψ + γab ω ab ψ + mφψ + Ca θa ψ = 0.
4
2

(34)

Applying γa ea to the above equation from the left and using γa ea ∧ φ = Ω, we obtain
(27). The canonical equation dΠ = −∂HD /∂ψ is
1
1
dΠ + Π ∧ γab ω ab + mΠ ∧ φ + Ca Π ∧ θa = 0.
4
2

(35)

Substituting Π = ψ̄γa ea and using Π ∧ φ = ψ̄Ω, (24) and (A.11), the above equation
becomes (30).

5

Gravity with Dirac field

We consider the gravitational field coupled with matters including the Dirac field. We
first study the first order formalism and review briefly Nester’s approach [11, 12] in
5.1. Because the first order formalism is a constrained system, we need to introduce
the Lagrange multiplier forms. Next we study the second order formalism, which is
not constrained system. In 5.2, we investigate the Lagrange formalism, and next, we
investigate the Hamilton formalism from 5.3 to 5.5. The formulations up to 5.3 can be
easily generalized to D(≥ 3) dimension. However, after 5.4 we use specialties of D = 4.

5.1 First Order Formalism
In this subsection, we consider the first order formalism, in which θa and ω ab are independent each other. The Lagrange form of the gravitational field coupled with the matters
is given by
(1)

L(1) (θ, ω, dθ, dω) = LG (θ, ω, dθ, dω) + Lmat (θ, ω),

(36)

(1)

where LG and Lmat are respectively the Lagrange forms of the pure gravity and the
matters. The former is given by
(1)

LG =

1
1
∗R=
eab ∧ (dω ab + ω ac ∧ ω cb ),
2κ
2κ

(37)
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with the Einstein constant κ = 8πG/c3 . In Ref.[10], Lmat was Lm (θ) which does not
include the connection. For instance, Lm (θ) is the Lagrange form for the scaler field and
(1)
the abelian and non-abelian gauge fields. The variation of LG is given by
(1)

δLG =

]
1[
− δθc ∧ eabc ∧ Ωab − δω ab ∧ (ω ca ∧ ecb + ω cb ∧ eac ) + δdω ab ∧ eab .
2κ

(38)

Here, we used (A.6). We expand the variation of Lmat by δθa and δω ab as
δLmat (θ, ω) = −δθa ∧ ∗Ta + δω ab ∧

∂Lmat
.
∂ω ab

(39)

If we expand Ta as Ta = Tab θb , the coeﬃcient Tab is called energy-momentum tensor. If
Lmat = LD , we obtain
←
−
1
1
∗Tc = − edc ∧ γ d Dψ̄ψ + edc ∧ ψ̄ D γ d ψ − ec mψ̄ψ,
2
2

(40)

←
− def
def
with Dψ = (dψ + 14 γab ω ab ψ) and ψ̄ D = (dψ̄ − 14 ψ̄γab ω ab ). Applying ∗ to the above
equation, we obtain
←
−
←
−
1
1
Ta=− [−θb γ b ψ̄Da ψ + θa γ b ψ̄Db ψ] + [−θb ψ̄ D a γ b ψ + θa ψ̄ D b γ b ψ] − θa mψ̄ψ
2
2
←
− b
1
1 b
(41)
= θb γ ψ̄Da ψ − θb ψ̄ D a γ ψ.
2
2
←
−
←
−
Here, we used expansions Dψ = Da ψθa , ψ̄ D = ψ̄ D a θa and (A.2). We have Da ψ =
θaµ (∂µ + 14 γbc ω bcµ )ψ if we expand the connection as ω ab = ω abµ dxµ . In the second line of
the above equation, we used the Dirac equations (27) and (30). We have Tab = 21 γb ψ̄Da ψ−
−
1 ←
ψ̄ D a γb ψ, which coincides the energy-momentum tensor derived by the traditional way
2
[13]. (38) and (39) lead
∂L(1)
1
∂L(1)
ab
=−
e
∧
Ω
−
∗T
,
= 0,
abc
c
∂θc
2κ
∂dθc
] ∂Lmat
∂L(1)
1[ c
c
=−
ω
∧
e
+
ω
∧
e
+
,
cb
ac
a
b
∂ω ab
2κ
∂ω ab

(42)
∂L(1)
1
=
eab .
∂dω ab
2κ

(43)

Then, the Euler-Lagrange equation ∂L(1) /∂ω ab + d(∂L(1) /∂dω ab ) = 0 is
deab − ω ca ∧ ecb − ω cb ∧ eac + 2κ

∂Lmat
= 0.
∂ω ab

(44)

And the Euler-Lagrange equation ∂L(1) /∂θc + d(∂L(1) /∂dθc ) = 0 is
−

1
eabc ∧ Ωab = ∗Tc ,
2κ

which leads the Einstein equation
1
Rab − Rδba = κTb a .
2

(45)
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We will discuss about (44) in 5.2.
(1)
The conjugate momentum forms of θa and ω ab are respectively πa = 0 and pab =
eab /2κ. The Hamilton form is
(1)

H (1) (θ, ω, π (1) , p) = dθa ∧ πa(1) + dω ab ∧ pab − L(1) = HG − Lmat ,

(46)

with
(1)

HG =

N
,
2κ

def

N = eba ∧ ω ac ∧ ω cb .

(47)

We have ∗R = eab ∧ dω ab − N . Because this treatment is a constrained system, we need
to introduce the Lagrange multiplier forms as
(1)

HG,tot (θ, ω, π (1) , p; U, V ) =

(
N
eab )
+ U a ∧ πa(1) + V ab ∧ pab −
,
2κ
2κ

(48)

where, U a and V ab are the Lagrange multiplier forms. Using this Hamilton form, we can
derive (44) and (45). In Ref.[3], corresponding treatment of the De Donder-Weyl theory
was studied.
The start point of Nester is diﬀerent from us [11, 12]. For wide class of the gravitation
theories, Nester started from
(1)

LG = (dθa + ω ab ∧ θb ) ∧ πa(1) + (dω ab + ω ac ∧ ω cb ) ∧ pab − Λ(θ, ω, π (1) , p).

(49)

Here, Λ corresponds to the Hamilton form which is given by a hand depending on the
theory. So, Nester’s approach was not complete Hamilton formalism. In present theory,
Λ is given by [11]
(
eab )
,
(50)
Λ = U a ∧ πa(1) + V ab ∧ pab −
2κ
which corresponds to the Lagrange multiplier terms of (48).

5.2 Lagrange Formalism
In the second order formalism, the Lagrange form is diﬀerent from L(1) :
L(θ, dθ) = LG (θ, dθ) + Lmat (θ, dθ).

(51)

Here, LG is the Lagrange form for the pure gravity given by
LG (θ, dθ) =

1 ′
N ,
2κ

N ′ = ∗R − d(eab ∧ ω ab ),
def

(52)

and Lmat (θ, dθ) = Lmat (θ, ω(θ, dθ)). ωab = ωab (θ, dθ) is the connection as a function of θa
and dθa . The variation is given by
)
(1
1
[eabc ∧ Ωab + d(eabc ∧ ω ab )] + ∗Tc + δdθc ∧ eabc ∧ ω ab
δL(θ, dθ)=−δθc ∧
2κ
2κ
(1
)
∂L
mat
+δω ab (θ, dθ) ∧
[deab − ω ca ∧ ecb − ω cb ∧ eac ] +
.
(53)
2κ
∂ω ab

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 95–114

105

We suppose that the last term vanishes:
1
∂Lmat
[deab − ω ca ∧ ecb − ω cb ∧ eac ] +
= 0.
2κ
∂ω ab

(54)

It is remarkable that this condition is the same with the Euler-Lagrange equation of
the connection (44) of the first order formalism. In Ref.[10], because the Levi-Cività
connection (ω ab = wab ) was supposed and ∂Lmat /∂ω ab = 0 held since Lmat was assumed
to be independent of the connection, the above requirement (54) was the identity (A.10).
(54) is important when Lmat includes the Dirac field. Under this supposition, (53) leads
∂L
1
= − [eabc ∧ Ωab + d(eabc ∧ ω ab )] − ∗Tc ,
c
∂θ
2κ

∂L
1
=
eabc ∧ ω ab .
c
∂dθ
2κ

(55)

The Euler-Lagrange equation ∂L/∂θc + d(∂L/∂dθc ) = 0 becomes the Einstein equation
(45).
def
The Lagrange form LG is given by subtracting the total diﬀerential term L′G =
1
d(eab ∧ ω ab ) from the Einstein-Hilbert form (37). The Lagrangian density which cor2κ
1 −1
θ ∂µ (θdµ ) with dµ = 2θaµ θb λ ω abλ . ω abλ and dµ include dθa as (22).
respond to L′G is 2κ
In the action, the total diﬀerential term becomes the surface integration of θdµ . In the
traditional derivation of the Einstein equation, the variation δdµ is assumed to vanish
on the surface even dµ contains derivatives of the basic variables θaµ . If we start from
LG , this extra assumption is not needed. Moreover, we emphasize that it is probably
impossible to derive the correct equations from the Einstein-Hilbert form including the
total diﬀerential term L′G by the covariant analytic mechanics. Probably, it is impossible
to expand the variation of L′G as
δL′G = δθa ∧ Xa + δdθa ∧ Ya .
If it is possible, Xa and Ya modify the Euler-Lagrange equation and the conjugate momentum form. This is very interesting because it suggests that gravitation theories including
higher order curvatures (R2 , Rab Rab , etc.) can not be treated by the second order formalism in the covariant analytic mechanics.
We represent the torsion Cabc by the Dirac field. Using (54) and (A.10), we obtain
∂Lmat
1 c
[ω̃ a ∧ ecb + ω̃ cb ∧ eac ] =
≡ Sc,ab ec .
2κ
∂ω ab

(56)

Sc,ab = 0 if Lmat = Lm and
1 1
1
Sc,ab = ψ̄ (γc γab + γab γc )ψ = ψ̄γabc ψ,
4 2
4
if Lmat = LD [13]. Here, γabc = γ[a γb γc] . If Lmat = L′D , Sc,ab = 41 ψ̄γc γab ψ holds. The
first term in [ ] of (56) becomes ω̃ ca ∧ ecb = −Ca eb − ω̃ cab ec using (A.2) and ω̃ cac =
1
−Ca . Similarly, LHS of (56) becomes − 2κ
[Ca ηcb − Ccab − Cb ηca ]ec using 2ω̃c[ab] = −Ccab .
Substituting this to (56), we obtain
1
[−Ca ηcb + Ccab + Cb ηca ] = Sc,ab .
2κ

(57)
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Therefore, Ccab is represented by the Dirac field. Contracting c and b in the above
equation, we get
1
Sa
Ca = −
,
2κ
D−2

(58)

def

where D is the dimension and Sa = S bab . Substituting this to (57), we obtain
1
1
Ccab = Sc,ab −
[Sa ηcb − Sb ηca ].
2κ
D−2

(59)

If Lmat = LD , Sa = 0 holds because of the complete anti-symmetric property of γabc , and
we obtain
Ca = 0,

(60)

from (58). Then, terms including Ca of 4 vanish. Sa and Ca remain if Lmat = L′D . If the
Dirac field does not exist (Lmat = Lm ), the torsion vanishes.
N ′ can be rewritten as
N ′=eab ∧ ω ac ∧ ω cb − deab ∧ ω ab
=N + Θa ∧ eabc ∧ ω bc .

(61)

mat
Substituting (54) to the first line, we obtain N ′ = N − 2κω ab ∧ ∂L
. Comparing this to
∂ω ab
the second line, we obtain

ω ab ∧

∂Lmat
1
= − Θa ∧ eabc ∧ ω bc .
ab
∂ω
2κ

(62)

1
Kaminaga [10] used LG = 2κ
N . Because of absence of the Dirac field, this coincides
1
our Lagrange form. If the Dirac field exists, 2κ
N is not proper. By the way, N can be
rewritten as

1
1
N = dθa ∧ eabc ∧ ω bc − Θa ∧ eabc ∧ ω bc .
2
2

(63)

Here, we used dθa − Θa = −ω ab ∧ θb and θb ∧ eabc = −2eca derived from (A.1) and the
definition of N , (47).

5.3 Hamilton Formalism
The conjugate momentum form of θa is given by
πa =

1
eabc ∧ ω bc ,
2κ

(64)

and the Hamilton form is given by
H(θ, π) = dθa ∧ πa − L = HG (θ, π) − Lmat (θ, π),

(65)
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with
HG (θ, π) =

N
.
2κ

(1)

(66)
(1)

Here, we used (61) and (63). Although LG ̸= LG , HG = HG holds. In Ref.[10], HG = LG
was satisfied since Θa = 0. Although the Lagrange form of the pure gravity is diﬀerent
from Ref.[10], the Hamilton form is the same except for that ω ab was the Levi-Cività
connection in Ref.[10]. In 5.4, we represent N by θa and πa and takes derivatives by
these. Since the torsion Cabc is represented by the Dirac field, it is independent of θa and
πa . Then, Θa = 12 C abc θb ∧ θc is independent of πa , however, is a function of θa .
1 ∂N
mat
− ∂L
. In RHS, the second term can
The canonical equation for θa is dθa = 2κ
∂πa
∂πa
be rewritten as
∂Lmat
∂ [ ab ∂Lmat ]
∂
−
=−
ω ∧
=
[Θa ∧ πa ] = Θa .
(67)
ab
∂πa
∂πa
∂ω
∂πa
Here, we used (62). Then, the canonical equation becomes
1 ∂N
+ Θa .
2κ ∂πa

(68)

∂H
1 ∂N
∂Lmat
=
−
.
a
a
∂θ
2κ ∂θ
∂θa

(69)

dθa =
The canonical equation for πa is
dπa =
We will show

∂N
= eabc ∧ ω ad ∧ ωdb + (ω da ∧ edbc + ω db ∧ eadc + ω dc ∧ eabd ) ∧ ω ab ,
∂θc

(70)

in 5.5 using the methods of Ref.[10]. The above equation is equivalent to
∂N
= eabc ∧ Ωab + d(eabc ∧ ω ab ) + 2κAc,ab ∧ ω ab ,
c
∂θ
def 1
[ω̃ da
2κ

because of (A.9). Here, Ac,ab =
def

tc =

∧ edbc + ω̃ db ∧ eadc + ω̃ dc ∧ eabd ]. Introducing

∂Lmat (θ, π) ∂Lmat (θ, ω)
∂Lmat (θ, π)
+ ∗Tc =
−
,
c
∂θ
∂θc
∂θc

(71)

we obtain
∂H
1
=
+
[eabc ∧ Ωab + d(eabc ∧ ω ab )] + ∗Tc + Ac,ab ∧ ω ab − tc .
c
∂θ
2κ
As we show in the remainder of this subsection,
Ac,ab ∧ ω ab = tc ,

(72)

1
∂H
= + [eabc ∧ Ωab + d(eabc ∧ ω ab )] + ∗Tc .
c
∂θ
2κ

(73)

holds. Then, we obtain
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Substituting this to (69), we get the Einstein equation (45). The RHS of (70), which can
be rewritten as
ω db ∧ eadc ∧ ω ab + ω dc ∧ eabd ∧ ω ab ≡ Ac + Bc ,

(74)

is the same with Sparling’s form except for a coeﬃcient and relates to the gravitational
energy-momentum pseudo-tensor [11, 14, 15].
We show (72). Using (A.1), ω̃ cac = −Ca and 2ω̃c[ab] = −Ccab , we obtain
Ac,ab =

1
[2C[a eb]c − C dab edc + 2C d[a|c ed|b] + Cc eab ],
2κ

(75)

with 2C d[a|c ed|b] = C dac edb − C dbc eda . By the way, using (62), (A.7) and (A.8), we obtain
∂LD
1
1
= ψ̄γa eac ∧ dψ − eac ∧ dψ̄γa ψ + ec mψ̄ψ − C acb θb ∧ πa .
c
∂θ
2
2

(76)

Then, for Lmat = LD , we get
tc = −edc S dab ∧ ω ab − C acb θb ∧ πa ,

(77)

using (76) and (40). This relation also holds for Lmat = L′D . We have tc = 0 if Lmat = Lm .
(77) can be rewritten as tc = Bc,ab ∧ ω ab with
Bc,ab = −edc S dab +

1
[Cc eab − C dc[a| ed|b] ].
2κ

(78)

Here, we used (64) and (A.1). We can show Ac,ab = Bc,ab using (75), (78) and (59). Then,
(72) holds.

5.4 Variation of the Hamilton Form
We represent ω ab and N by πa . In D dimension space-time, eabc is given by
eabc =

1
Ed ···d abc θd1 ∧ · · · ∧ θdD−3 ,
(D − 3)! 1 D−3

where Ed1 ···dD is the complete anti-symmetric tensor such that E01···D−1 = 1. In the
following, we use specialties of D = 4. Substituting eabc = Edabc θd and ω ab = ω abc θc to
(64), we obtain
1
πc = πc,ab θa ∧ θb ,
2

πc,ab =

1
(Eadec ω deb − Ebdec ω dea ).
2κ

(79)

Using the technique used to get (22) from (21) (this technique can not be used for D ̸= 4),
1
we obtain 2κ
Ebdea ω dec = 12 (πb,ca + πc,ba + πa,bc ). It leads
ω abc =

κ abnm
E
τmcn ,
4

def

τabc = πb,ac + πa,bc + πc,ab .

(80)
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We have τabc = −τcba . τabc is represented by πc as τabc = − ∗ pabc with
def

pabc = πb ∧ eac + πa ∧ ebc + πc ∧ eab .

(81)

Here, we used (A.4). Substituting this equation to (80), we obtain
κ
ω ab = − E abnm ∗ pmcn θc .
4

(82)

This equation and (21) lead
dθa − Θa =

κ abnm
E
∗ pmcn θc ∧ θb .
4

(83)

Substituting πc,ab = − ∗ p[ab]c to the first equation of (79), we obtain
1
πc = − ∗ pcab θa ∧ θb .
2

(84)

We calculate the derivatives of N by θa and πa . Substituting (82) to (47), we obtain
[10]
N = na1 a2 a3 a4 a5 a6 ∗ pa1 a2 a3 ∗ pa4 a5 a6 Ω,

(85)

by using (A.4). Here,
κ2
na1 a2 a3 a4 a5 a6= [η a2 a6 η a3 a5 η a1 a4 + η a2 a4 η a3 a6 η a1 a5 + η a5 a6 η a3 a4 η a1 a2 + η a5 a4 η a3 a2 η a1 a6
16
−η a2 a6 η a3 a4 η a1 a5 − η a2 a4 η a3 a5 η a1 a6 − η a5 a6 η a3 a2 η a1 a4 − η a5 a4 η a3 a6 η a1 a2 ],(86)
of which symmetries are
na1 a2 a3 a4 a5 a6 = −na3 a2 a1 a4 a5 a6 = −na1 a2 a3 a6 a5 a4 = na4 a5 a6 a1 a2 a3 .

(87)

Using the formula
δ ∗ pabc ξ = (δpabc + δΩ ∗ pabc ) ∗ ξ,
for the arbitrary 4-form ξ and (87), (A.6) and (A.8), we obtain [10]
∂N
=−2ndbcnml (2δda ebc + δba edc ) ∗ pnml ,
∂πa
∂N dbcnml
=n
[4πd ∧ ebca + 2πb ∧ edca + ∗pdbc ea ] ∗ pnml .
∂θa

(88)
(89)

5.5 Canonical Equations
We calculate RHS of (68). Substituting (86) to ndbcnml (2δda ebc + δba edc ) of RHS of (88),
and using (A.1), we obtain
ndbcnml (2δda ebc + δba edc ) =

κ2 m
θ ∧ elna .
4
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Substituting this equation to (88) and using elna = E blna θb , we obtain
1 ∂N
κ
= E abln ∗ pnml θm ∧ θb .
2κ ∂πa
4

(90)

Then, the canonical equation for θa (68) becomes
κ
dθa = E abln ∗ pnml θm ∧ θb + Θa ,
(91)
4
which coincides with (83). The above equation and (21) lead (82), which is equivalent to
the definition of the conjugate momentum form πc .
We show (70). Substituting (84) to RHS of (89), and using the symmetry pabc = −pcba
and (A.5), we can obtain [10]
[
]
∂N
abdnml
=
−n
2(∗p
+
∗p
)e
+
2(∗p
−
∗p
)e
+
∗p
e
∗ pnml .
dbc
bdc
a
adc
acd
b
abd
c
∂θc
Substituting (86) to this equation, we obtain
∂N κ2
= en (∗p[ab]n ∗ pacb + ∗pacn ∗ pa )
∂θc 2
κ2
+ en (− ∗ pabc ∗ pnab + ∗pnac ∗ pa − ∗pc ∗ pn )
2
κ2
+ ec (− ∗ pabd ∗ pb[ad] + ∗pa ∗ pa ),
4

(92)

with pa = pbba . In Ref.[10], the anti-symmetrization symbols were missed.
Next, we show that RHS of the above equation becomes RHS of (70), namely (74).
(2)
(1)
Substituting (82) to Ac = ω ab ∧ ω db ∧ eadc , we obtain Ac + Ac with
κ2 abnm d kl s t
A(1)
=
E
E b [(δd δc − δcs δdt )ea + (δcs δat − δas δct )ed ] ∗ pmsn ∗ pltk
c
16
κ2
= ea E abnm E db kl (δds δct − δcs δdt ) ∗ pmsn ∗ pltk ,
8
2
κ
A(2)
=
ec E abnm E db kl (δas δdt − δds δat ) ∗ pmsn ∗ pltk .
c
16
Here, we used (A.5). We can show that
κ2
=
en (− ∗ p[ab]n ∗ pacb − ∗pacn ∗ pa ),
A(1)
c
2
κ2
=
A(2)
ec (∗pabd ∗ pb[ad] − ∗pa ∗ pa ).
c
4
(1)

(2)

Similarly, we can write Bc = ω ab ∧ ω dc ∧ eabd as Bc + Bc

(93)
(94)

(95)
(96)

with

κ2
Bc(1)= E abnm E dc kl [(δbs δdt − δds δbt )ea + (δds δat − δas δdt )eb ] ∗ pmsn ∗ pltk
16
κ2
= ea E abnm E dc kl (δbs δdt − δds δbt ) ∗ pmsn ∗ pltk ,
8
2
(2) κ
Bc = E abnm E dc kl ∗ pmsn ∗ pltk (δas δbt − δbs δat )ed
16
κ2
= ed E abnm E dc kl ∗ pman ∗ plbk .
8

(97)

(98)

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 95–114

111

And these equations lead,
κ2
Bc(1)= en (∗p[ab]n ∗ pacb + ∗pacn ∗ pa )
2
κ2
+ en (∗p[ab]c ∗ panb − ∗pabc ∗ pnab + ∗panc ∗ pa − ∗pc ∗ pn )
2
κ2
+ ec (− ∗ pabd ∗ pb[ad] + ∗pa ∗ pa ),
2
2
κ
Bc(2)= en (∗p[ab]n ∗ pacb + ∗pacn ∗ pa )
2
κ2
+ en (− ∗ p[ab]c ∗ panb − ∗panc ∗ pa + ∗pnac ∗ pa ).
2

(99)

(100)

Using (95), (96), (99) and (100) (the anti-symmetrization symbols were missed in Ref.[10]),
RHS of (92) becomes RHS of (70), namely (74). Therefore, we obtain (73), and the canonical equation for θa (69) becomes the Einstein equation (45).

6

Summary

We applied the covariant analytic mechanics with the diﬀerential forms to the Dirac field
and the gravity with the Dirac field. In 2, we reviewed the covariant analytic mechanics
which treats space and time on an equal footing regarding the diﬀerential forms as the
basis variables and has significant advantages that the canonical equations are gauge
covariant as well as manifestly diﬀeomorphism covariant. Combining our study and the
previous works [9, 10, 11] (the scalar field, the Proca field, the electromagnetic field, the
non-abelian gauge field and the gravity without the Dirac field), the applicability of the
covariant analytic mechanics was checked for all fundamental fields.
In 4, we studied the Dirac field. The frame (vielbein) is necessary to write down
the Lagrange form even in the flat space-time. This fact represents a nature of the
Dirac field. We regarded the basis variable of the Hamilton form of the Dirac field as
only ψ and its conjugate momentum form Π. In the traditional analytic mechanics, the
corresponding treatment is equivalent to the formulation using the Dirac bracket. In the
covariant analytic mechanics, the similar problem does happen for the formulation of
other fundamental fields. Although we introduced the Poisson bracket of the covariant
analytic mechanics for the first time, the possibilities of applications to the Dirac bracket,
the canonical transform theory and the quantization are unclear.
In 5, we studied gravitational field coupled with matters including the Dirac field
and claimed that Nester’s approach [11, 12] was not complete Hamilton formalism. Although the second order formalism is not constrained system, the first order formalism
is a constrained system, which needs the Lagrange multiplier forms. In the second order formalism, the Lagrange form of the pure gravity is given by subtracting the total
1
diﬀerential term L′G = 2κ
d(eab ∧ ω ab ) from the Einstein-Hilbert form. If we do not drop
the L′G , it is probably impossible to derive the correct equations. This is very interesting
because it suggests that gravitation theories including higher order curvatures can not be
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treated by the second order formalism in the covariant analytic mechanics. The torsion
was determined by the condition that the last term of RHS of (53) vanishes. Although
the Lagrange form of the pure gravity was diﬀerent from Ref.[10], the Hamilton form was
the same except for that the connection was the Levi-Cività connection in Ref.[10]. We
took the derivatives of the Hamilton form of the pure gravity using the specialties of 4
dimension system and corrected the errors of Ref.[10]. In other part, which can be easily
generalized to arbitrary dimension, we treated the contributions due to the Dirac field.
e acknowledge helpful discussions with Y. Tokura and Y. Kaminaga.

A

Formulas

Several useful Formulas are listed. For θa ∧ ea1 ···ar (r = 1, 2, 3),
(−1)D θa ∧ ebcd=−δba ecd + δca ebd − δda ebc ,
(−1)D θa ∧ ebc=δba ec − δca eb ,
(−1) θ ∧
D a

eb=−δba Ω,

(A.1)
(A.2)
(A.3)

hold [15]. Using (A.2) and (A.3), we obtain
θa ∧ θb ∧ ecd = (δca δdb − δda δcb )Ω.

(A.4)

Using (A.1) and (A.2), we have
θa ∧ θb ∧ ecde = (δda δeb − δea δdb )ec + (δea δcb − δca δeb )ed + (δca δdb − δda δcb )ee .

(A.5)

For δea1 ···ar (r = 0, 1, 2),
δeab=−(−1)D δθc ∧ eabc ,

(A.6)

δea=−(−1) δθ ∧ eab ,

(A.7)

δΩ=−(−1)D δθa ∧ ea ,

(A.8)

D

b

hold. For dea1 ···ar (r = 1, 2, 3), we have [15]
deabc=wda ∧ edbc + wdb ∧ eadc + wdc ∧ eabd ,
deab=wca
dea=wba

∧ ecb +

wcb

∧ eac ,

∧ eb = −(ωa + Ca )Ω.

(A.9)
(A.10)
(A.11)
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Abstract: The existence of mirror partners (katoptrons) of Standard-Model (SM) fermions
oﬀers a viable alternative to a fundamental BEH mechanism, with the coupling corresponding
to the gauged mirror generation symmetry becoming naturally strong at energies around 1 TeV.
The resulting non-perturbative processes produce dynamical katoptron masses which might
range from 0.1 to 1.15 TeV in a way circumventing usual problems with the S parameter.
Moreover, they create mirror mesons belonging in two main groups, with masses diﬀering from
each other approximately by a factor of six and which might range approximately from 0.1 to
2.8 TeV. Since the corresponding phenomenology expected at hadron colliders is particularly
rich, some interesting mirror-meson cross-sections are presented, something that might also lead
to a deeper understanding of the underlying mirror fermion structure. Among other findings,
results in principle compatible with indications from LHC concerning decays of new particles
to two photons are analyzed.
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1

Motivation

Higher luminosities and collision energies of proton beams at CERN have recently raised
hopes that a new structure behind the BEH mechanism will be revealed shortly. In
the present work, eﬀorts are focused on studying the phenomenological implications of
the existence of strongly-interacting mirror fermions at energies accessible at the LHC.
Several models describing a strongly-interacting electroweak sector have been developed
over the last decades [1]. However, speculation on the existence of mirror fermions first
appeared in [2] and having them constitute an eﬀective, dynamical electroweak BEH
mechanism [3] appeared in [4]. The gauged katoptron-generation symmetry is expected
∗

Email: gtriantaphyllou@aya.yale.edu
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to confine these mesons so that they are not expected to propagate freely, evading thus
phenomenological limits from new heavy-fermion searches. On the contrary, they are
expected to be bound in mirror mesons which can in principle be studied at the LHC.
Motivation for the present study stems not only from the natural unification of all gauge
couplings it provides near the Planck scale, extending the spirit of [5] by including the
coupling corresponding to the mirror generation symmetry, but also from the solution of
several theoretical problems usually plaguing strongly-interacting BEH sectors.
First, flavour-changing neutral currents are suppressed, since the fermion-mass generation mechanism is based on a mixing between SM and mirror fermions, instead of new
fermions belonging to a representation of a larger symmetry group containing SM fermions
like in extended-technicolor models. This mixing mechanism, apart from generating the
CKM matrix and neutrino mixing terms, allows for the introduction of weak-CP violating
phases possibly connected to the baryon asymmetry of the Universe and in parallel oﬀers
a natural solution to the strong CP problem. Second, the model does not create problems
either with the ∆ρ parameter since the mixing operators are isospin singlets or with the
S-parameter, as will become clear in Section 3. Third, it oﬀers a natural see-saw mechanism explaining the smallness of neutrino masses. Forth, the pseudo-Nambu-Goldstone
bosons it predicts are not too light, since the mirror generation group self-breaks around
1 TeV and mirror-fermion chiral symmetry is broken explicitly. Last, katoptrons might
provide the correct framework in order to interpret recent experimental results possibly pointing towards a strongly-interacting sector [6]. In the following, some theoretical
and phenomenological aspects of katoptron theory are studied in view of current and
forthcoming data from high-energy experiments.

2

The Katoptron Lagrangian

At energies above electroweak-symmetry breaking (around 1 TeV) and assuming a flat
space-time, the Lagrangian L = LY M + Lint proposed is expressed as the sum on one
hand of gauge kinetic and self-interaction terms LY M and on the other hand of interaction
terms Lint given by:
1 a a µν 1 e e µν 1 K e K e µν
1
W
− Gµν G
− Gµν G
LY M = − Bµν B µν − Wµν
4
4
4
4



]
[
j|k
j|k
∑
ψ̂
ψ
u
u



¯j|k ¯j|k
j|k
µ
Lint = i
(ψ̄uj|k , ψ̄d )γµ Dkµ 

 + (ψ̂u , ψ̂d )γµ D̂k 
j|k
j|k
ψ̂d
ψd
j,k

(1)

where where γµ are Dirac matrices,
Bµν = ∂µ Bν − ∂ν Bµ
a
Wµν
= ∂µ Wνa − ∂ν Wµa − g2 f2abc Wµb Wνc

Geµν = ∂µ Geν − ∂ν Geµ − g3 f3ef g Gfµ Ggν
e
f K
K e
e
− g3K f3ef g GK
Gν
− ∂ν GK
GK
µ
µ
µν = ∂µ Gν

g

(2)
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are the gauge-field strengths of the symmetries U (1)Y , SU (2)L , SU (3)C and SU (3)K
with coupling strengths g1,2,3,3K respectively, µ, ν = 0, ...3 are space-time indices, f2abc
the SU (2) structure functions with a, b, c = 1, 2, 3, f3ef g the SU (3), SU (3)K structure
functions with e, f, g = 1, ...8, and the SM-fermion generations are denoted by j = 1, 2, 3.
Moreover, introducing an index k = 1, ..., 4 (k = 1, 2 for SM fermions and k = 3, 4
for katoptrons), one defines fermion fields each consisting of two sets of Weyl fermions of
opposite chirality:
ψuj|k = (NLj , ULj , NRK δ 3j , URK δ 3j )
j|k

K 3j
δ )
ψd = (ELj , DLj , ERK δ 3j , DR

ψ̂uj|k = (NRj , URj , NLK δ 3j , ULK δ 3j )
j|k

j
ψ̂d = (ERj , DR
, ELK δ 3j , DLK δ 3j )

(3)

where SM neutrinos, charged leptons, up-type quarks and down-type quarks are denoted
by N j , E j , U j and Dj respectively, the superscript “K” denotes their mirror partners, the
subscripts “L” and “R” denote their chirality, Kronecker’s δ 3j prevents multiple counting
of katoptron generations under summation, while the Weyl-spinor, color and katoptrongeneration indices carried by fermions are omitted for simplicity.
In the above, taking into account the fermion quantum numbers, the covariant derivatives are given by
ig1 Ŷ1 µ
B
2
ig1 Ŷ2 µ ig3 λe µ
∂µ +
B +
Ge
2
2
ig3K λe K µ
D̂1µ +
Ge
2
ig3K λe K µ
D̂2µ +
Ge
2
ig1 Yk µ ig2 τa µ
D̂kµ +
B +
Wa
2
2



D̂1µ = ∂ µ +
D̂2µ =
D̂3µ =
D̂4µ =
Dkµ =







 −1/2 0 
 2/3 0 
0 0 
with Ŷ1 = 
,
 , Yk = 
 , Ŷ2 = 
0 1/2
0 −1/3
0 −1

(4)

where the 2 × 2 unit matrix multiplying ∂ µ and the SU (3), SU (3)K gauge fields is
omitted, while τa and λe are the SU (2) and SU (3), SU (3)K generators respectively,
omitting for simplicity an extra U (1)′ interaction possibly felt only by katoptrons [7].
Moreover, neutrino Majorana mass terms responsible for a neutrino see-saw mechanism [8]
are omitted, as well as possible additional sterile-neutrino terms implied by the embedding
of this model within larger gauge symmetries [7].
The Lagrangian L enjoys chiral invariance since the fermion mass-matrix mf defined
later is initially zero. At energies ΛK ∼ 1 TeV where SU (3)K becomes strongly-coupled
the katoptron dynamical-mass submatrix M becomes non-zero since katoptrons acquire
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momentum-dependent dynamical constituent masses Mi (p2 ) similarly to QCD, which
for an SU (Ni ) theory are associated to vacuum-expectation values (vevs) which may be
expressed in the form
∫
Ni
3|3,4 3|3,4
< ψ̄u,d ψ̂u,d > ≈ − 2 dp2 Mi (p2 )
(5)
4π
in the one-loop approximation in Landau gauge and in Euclidean space. The Mi (p2 )
are non-trivial and break chiral symmetry dynamically only when the SU (Ni ) running
gauge coupling exceeds a critical value below a certain energy due to asymptotic freedom
[9]. Apart from breaking chiral symmetry, these vevs break also the electroweak gauge
symmetry, providing thus the basis for a dynamical BEH mechanism. After SU (3)K
self-breaks, the katoptron-SM fermion mixing submatrix m becomes also non-zero due
to gauge-invariant terms which are forbidden at higher energies due to the unbroken
katoptron generation symmetry. Diagonalization of mf gives rise to non-zero SM-fermion
masses, to the entries of the Cabbibo-Kobayashi-Maskawa matrix and to a neutrinomixing matrix [8],[10]. Estimates of mirror-meson masses and of the entries of these
matrices are given below, ignoring their momentum dependence.

3

The Mirror-Meson Mass Spectrum

The masses of the mirror mesons are not easy to estimate, large-N arguments used in
[11] being questionable due to the fact that the katoptron family group SU (3)K becomes
strongly coupled and breaks at energies ΛK ≈ 0.5 - 1 TeV down to SU (2)K . Interactions
corresponding to SU (2)K also become in their turn strong at lower energies and break
SU (2)K . Therefore, at energies lower than ΛK where katoptrons are confined, new degrees
of freedom emerge corresponding to two meson groups, denoted by “A” for the lighter
and ”B” for the heavier case, i.e. one expects a doubling of the meson mass spectrum due
to the hierarchy, denoted by r, of the corresponding energy scales of mirror-fermion chiral
symmetry breaking, or even its tripling according to the extent by which the breaking of
the remaining SU (2)K family symmetry aﬀects the corresponding mirror-meson masses.
Estimating this hierarchy yields a factor r of around
( (
))
r = exp 3 C2 (SU (3)K ) − C2 (SU (2)K ) ≈ 5.75,
(6)
with C2 (g) the quadratic Casimir invariant of a Lie algebra g. At this point, it is important
to note the natural emergence of the r-hierarchy [12] without need for any fine-tuning of
parameters in the eﬀective potential.

3.1 The Eﬀective Lagrangian
K
The new degrees of freedom arising after dynamical symmetry breaking include πA,B
=
K l l
πA,B t /2 which are the pseudoscalar mirror meson fields corresponding to collective operators
¯3|3,4
3|3,4
3|3,4
3|3,4
(7)
ψ̂u,d γ5 tl ψu,d + ψ̄u,d γ5 tl ψ̂u,d
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with tl , l = 1, ...64 the generators of the broken SU (8) axial chiral symmetry discussed
later plus an index corresponding to the U (1)A axial symmetry and the η ′ meson in
j|k=1,2
K
QCD, with MπA,B
being their mass matrix and gA,B|u,d their eﬀective couplings to SM
K
K
fermions. In addition, one has Higgs-type scalar fields σA,B
of mass MσA,B
corresponding
to collective operators
¯3|3,4 3|3,4
3|3,4 3|3,4
ψ̂u,d ψu,d + ψ̄u,d ψ̂u,d
(8)
analogous to fields sometimes referred to as “techni-dilatons” in the technicolor literature
[13], although in our case the lightness of σAK has a diﬀerent origin.
K l
l
Moreover, one has vector fields ρK
µ A,B = ρµ A,B t /2 corresponding to collective operators
¯3|3,4
3|3,4
3|3,4
3|3,4
(9)
ψ̄u,d γµ tl ψu,d + ψ̂u,d γµ tl ψ̂u,d
K l
l
and axial-vector fields aK
µ A,B = aµ A,B t /2 corresponding to collective operators

¯3|3,4
3|3,4
3|3,4
3|3,4
ψ̄u,d γµ γ5 tl ψu,d + ψ̂u,d γµ γ5 tl ψ̂u,d .

(10)

K
K
K
One may also define subgroups ρK
µ k=1,2 , aµ k=1,2 of these operators, i.e. ρµ 1 , aµ 1 including
K
singlets and color-singlet isospin triplets, and ρK
µ 2 including, in addition to ρµ 1 , neutral
isospin-singlet vector color-octets. All possible combinations of meson quantum numbers
will be listed later.
Some of the interactions of the new degrees of freedom can be studied in principle by
a lowest-order eﬀective chiral Lagrangian Lef f , after integrating out the katoptrons and
the katoptron-generation gauge fields, which, omitting amongst others the masses and
field strengths of the various vector and axial-vector fields, is given by
[ (
{
})
2
∑
1
F
Lef f =
Σ2n
(Dµ σnK )2 + n tr (Dµ Πn )† Dµ Πn + Mπ2nK Π†n
+
2
4
n


{
}]
j|k
2
2
∑
Fn MσnK (
ψ
)
u 
F

¯
¯
n
j|k
j|k
j|k
+
+
1 − (Σ2n − 1)2 +
tr (gn|u ψ̂uj|k , gn|d ψ̂d ) (Σn + Πn ) 

j|k
8
2 j,k
ψd
{
(
)}
1 µ K 2 FA2 µ
+tr FB gBA (ΣB + ϵΠB ) (D σA ) +
(D ΠA )† Dµ ΠA
2
4




]
[
j|k
j|k
∑
µ
ψ̂
ψ
u 
u 


¯
¯
˜
j|k
j|k
µ
j|k
(11)
+i
(ψ̄uj|k , ψ̄d )γµ D̃k 

 + (ψ̂u , ψ̂d )γµ D̂k 
j|k
j|k
ψ̂d
ψd
j,k

where the summation runs over the two mirror-meson groups n = A, B, the SM-fermion
generation index j = 1, 2, 3 and the SM lepton and quark index k = 1, 2, ϵ is a CPviolation parameter matrix related to the mass-generation mechanism and FA,B are
mirror-meson decay constants. The characteristic scales FA,B introduced here are analogous to the pion decay constants fπ in QCD, they are each assumed to be shared by all
the members of the respective mirror-meson groups for simplicity, and they are studied
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later. Moreover, a simple ansatz for the symmetry-breaking potentials has been employed. Furthermore, it is assumed in the following that the strength of the interaction
of group-“B” with group“A” mesons is measured by
gBA ∼ FA /FB ∼ 1/r.

(12)

The following definitions have been made in the expression for the eﬀective Lagrangian
above:
K
ΣA,B ≡ exp (σA,B
/FA,B ),

Dµ ΠA,B = (∂ µ − iR̃µ )ΠA,B + iΠA,B L̃µ
˜µ
D̂k = ∂ µ + R̃kµ ,

Q1,2 =
Xkµ =



µ

A 

=
Zµ

D̃kµ = ∂ µ + L̃µk

µ
L̃µk = Lµk + ρK
− aK
1
k
ie
ig
λ
3 e µ
ieQ1 rµ ,
R2µ = ieQ2 rµ +
Ge , Lµk = Rkµ − Xkµ
2
2
µ
µ
µ
Ŷ1,2 ,
r = A − tan θw Z ,
e ≡ g2 sin θw


µ
+ µ
1  −Z / cos θw W Mk 


sin θw
W − µ M†k Z µ / cos θw



µ
 sin θw cos θw   W3 
W ± µ = W1µ ∓ iW2µ


,
µ
cos θw − sin θw
B

R̃kµ = Rkµ + ρK
k
R1µ =

K
ΠA,B ≡ exp (2iπA,B
/FA,B )

µ

µ
+ aK
,
1

µ

(13)

where θw is the Weinberg angle, Aµ , e and Q1,2 are the usual electromagnetic field,
coupling and charges, Z µ and W ± µ the usual massive fields corresponding to the broken
electroweak gauge symmetry, R̃µ and L̃µ are natural embeddings of R̃kµ and L̃µk within
SU (8), while M1 and M2 are the neutrino and CKM mixing matrices respectively.
The eﬀective Lagrangian above should contain all the necessary information needed to
describe the mirror mesonic spectrum and its interactions at lowest order, taking care to
work with each of the sectors A, B at their particular range of valid energies characterized
by FA,B , since it is non-renormalizable. For this reason, the expression arising from an
interchange of the A, B subscripts of the term multiplied by gBA is omitted, assuming that
group-“B” mirror mesons decouple at lower energies on the order of group-“A” meson
masses where the field σAK may be studied. This point will be further discussed in Section
4. In any case, the self-breaking of SU (3)K violates chiral symmetry to an extent that
might invalidate the chiral expansion and restrain the applicability of this method.
Next comes the definition of the mass matrix mf pertaining to both SM fermions and
j|k
katoptrons, giving rise to the couplings gn|d in the eﬀective Lagrangian and describing
roughly the basis for the fermion mass-generation mechanism explained in detail elsewhere
[8], [10]. Before chiral symmetry breaking, mf is obviously trivial. When MA,B ̸= 0
however, we define:






 mAA mAB 
 MA 0 
 mSM m 
(14)
mf = 

 and m ≡ 
 , with M ≡ 
mAB mBB
0 MB
m M
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being the katoptron dynamical-mass matrix M and the SM-fermion & katoptron mixing
matrix m respectively, where it is assumed that
mAB ∼ mBB /r.

(15)

Before diagonalization, one has mSM = 0 and mAA = 0. Diagonalization of mf , apart
from giving rise to the mixing matrices M1,2 defined previously, yields approximately


 
D 2
0

 mfA 0   (mAA ) /MA
(16)
mD
=
≈




SM
2
0
mBB /MB
0 mf B
2
where mD
AA ≈ mBB /r ,

(17)

resulting finally in the SM-fermion intra-generation mass hierarchy
mfB = m2BB /MB
mfA = mfB /r3 .

(18)

Taking MB = 1 TeV and mBB = 0.418 TeV gives mfB ≈ 0.175 TeV ≈ mt , and mfA ≈ 0.92
GeV ≈ mc , which are correct orders of magnitude for the SM-fermion masses of the two
heavier generations. A similar mechanism is at works regarding the lightest fermion
generation. One may introduce CP-violating phases in this matrix which are linked to
the ϵ matrix introduced in the eﬀective Lagrangian above and might provide the necessary
mechanism explaining the baryon asymmetry of the Universe.

3.2 Meson Mass Estimates
A more detailed discussion of mirror mesons follows next. Similarly to SM fermions,
each generation of katoptrons consists of N = 8 fermions or ND = N/2 = 4 isospin
(SU(2)) doublets, i.e. one lepton (color-singlet) doublet and one quark (color-triplet)
doublet. This gives rise to a chiral symmetry of the initial Lagrangian described by
SU(N)L ⊗SU(N)R with N = 8. In terms of its fundamental representation, the adjoint
representation can be decomposed under SU(2)×SU(3) in the following way:
[8L ] ⊗ [8R ] = [2 × (3 + 1)] ⊗ [2 × (3̄ + 1)]
= (32 + 1) × (3 ⊗ 3̄ + 3 + 3̄ + 1) =(32 + 1) × (8 + 1 + 3 + 3̄ + 1) (19)
with 2 ⊗ 2 = 32 + 1 for weak SU(2) (32 denoting an isospin triplet) and 3 ⊗ 3̄ = 8 + 1
for color SU(3).
Strong dynamics of the katoptron generation group around 1 TeV lead to the breaking
of the chiral symmetry down to its diagonal vector subgroup, followed by the formation
of N 2 − 1 Nambu-Goldstone (NG) bosons corresponding to the broken axial-vector symmetry. Apart from these pseudoscalar particles which are analogous to the lightest QCD
mesons, one also expects spin-1 resonances analogous to the ρ meson. The formula above
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provides a simple counting device of these mesons according to their quantum numbers.
The following analysis bears resemblance to technicolor models [14], and one can list the
expected mirror mesons following the decomposition above, with the superscript “K” a
reminder of their mirror-fermion content.
First, one has three mirror pions, π K b 0 and π K b ± “eaten” by the electro-weak gauge
bosons, becoming thus the longitudinal components of W ± and Z 0 . Then, one has five
more (for a total of eight) color-singlets, including η ′K corresponding to a broken U (1)A
symmetry:
a ±

, π K 0′ , η ′K (spin − 0) and ρK

a,b ±

(spin − 1),
(20)
four color-triplets (usually called “leptoquarks”) together with their anti-particles,
πK

a 0

, πK

π3K

1,2,2′,5

, π̄3K

1,2,2′,5

a,b 0

(spin − 0) and ρK
3

, ρK

1,2,2′,5

, ρK

, ρ̄K
3

1
all of them fractionally charged (either − 31 for π3K 1 , ρK
, or
3
K 5
K 5
for π3 , ρ3 ), and four are color-octets, denoted by

π8K 0 , π8K ± , π8K

0′

0
±
(spin − 0) and ρK
, ρK
, ρK
8
8
8

0′

1,2,2′,5
2
3

0′

and ω K

(spin − 1),

for π3K

2,2′

, ρK
3

(spin − 1).

(21)
2,2′

, or

5
3

(22)

Note that isospin-singlet mesons apart from ω K are denoted by primed symbols above,
the rest being members of isospin triplets. Another obvious fact to bear in mind is
that mirror mesons with equal charge and color may mix with each other, like π K a 0
with π K 0′ , π3K 2 with π3K 2′ and π8K 0 with π8K 0′ , and similarly for their vector-meson
counterparts. These are the most obvious lightest mirror mesons one expects, without
excluding the existence of their parity partners (scalars and axial vectors) and heavier
excited states of all these combinations.
In particular, one should not forget the mirror analogue of the σ scalar QCD resonance, i.e. σ K , the lowest-lying resonance heavier than the three pseudo-scalar pions, the
analogues of which are here “eaten” by W ± and Z 0 . Having the same quantum numbers,
σ K corresponds to the “Higgs-type” particle recently discovered at the LHC. The fact
that the mass of the scalar particle detected is lower than double the masses not only
of the electro-weak gauge bosons but of the top-quark as well might partially explain its
relatively small width compared to the one of the sigma meson in QCD, which mainly
decays into two pions. Lest π K a 0 , π K a ± are finally not observed, one might consider
the possibility of their mixing with π K b 0 , π K b ± , which would mean that they are also
”eaten” by the Z 0 , W ± gauge bosons. In principle, composite states consisting of more
than two katoptrons (like mirror protons and mirror neutrons) are also possible, even
though they should be harder to produce at particle colliders.
However, as has been noted already, this spectrum is doubled or even tripled due to
the breaking of the katoptron-generation symmetry. In the following, the lighter mirror
mesons, denoted by πAK and ρK
A , omitting numerical superscripts and color subscripts,
correspond to katoptrons of the two lighter mirror generations expected to have dynamical
masses of around
ΛK /r ≈ MA ≈ 0.1 − 0.2 TeV,
(23)
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bearing in mind that they might be further split into two distinct subgroups according
to the masses of their mirror-fermion content. Similarly, the heavier mirror mesons are
denoted by πBK and ρK
B , corresponding to katoptrons with constituent masses
MB = rMA ∼ 0.57 − 1.15 TeV.

(24)

The range of these masses is constrained via the Pagels-Stokar formula [15] which should
reproduce the correct order of magnitude for the weak scale v ≈ 246 GeV with three
generations of ND = 4 doublets having masses Mi , i = A, B, for a strongly-coupled
SU (Ni ) theory with a ΛK i momentum cut-oﬀ:
√
1 ∑
v≈
Ni Mi2 ln (Λ2K i /Mi2 ),
(25)
π i=A,B
where NA = 2 · 2 = 4 and NB = 3. The fact that MB is much larger than MA implies
that the value of the weak scale is mainly determined by third-generation katoptrons.
Since the katoptron generation group is broken, one has to introduce diﬀerent decay
constants for the mirror pions according to their mass, which are denoted by FA and
FB . Due to the fact that the decay constants are roughly proportional to the katoptron
masses they correspond to (up to logarithmic corrections), and that MB is quite larger
than MA , one expects that
v
≈ 120 GeV
MB /π ≈ FB ≈ √
2 1 + 2/r2
MA /π ≈ FA ≈ FB /r ≈ 21 GeV.

(26)

As will soon become clear however, the katoptron eﬀective couplings are chosen here in
a way that final expressions for the various cross-sections depend on v instead of FA,B .
Furthermore, order-of-magnitude estimates based on QCD for spin-1 mirror mesons
give masses of around
mρ
≈
MρK
MA,B ,
(27)
A,B
mu
with mρ ≈ 770 MeV the mass of the ρ meson and mu ≈ 313 MeV the constituent mass
of the up quark. Therefore, one may estimate
MρK
≈ 0.25 − 0.5 TeV
A
MρK
≈ 1.4 − 2.8 TeV,
B

(28)

′K
K
and it is assumed that ηA,B
and ωA,B
fall within the same respective ranges. Relevant
Tevatron exclusion limits for vector-resonance masses below about 500 GeV might be circumvented by non-QCD-like dynamics [16], increasing the relevant masses or decreasing
the relevant eﬀective couplings, which is not unreasonable taking into account that the
katoptron generation group breaks after it becomes strongly coupled.
A short note regarding the S parameter [17] is in order, in view of the large number of
new chiral fermions introduced in the theory. Two major contributions to this parameter
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are generally expected due to group-“A” and group-“B” spin-1 resonances, i.e.
(
)
(
)
Fa2K
Fa2K
∑ Fρ2K
∑ Fρ2K
A
B
S = SA + SB = 4π
− 2A + 4π
− 2B .
2
2
M
M
M
M aK
K
K
K
ρ
a
ρ
A
B
A

A

B

(29)

B

Assuming that the first Weinberg sum rule (WSR) is dominated by group-“B” mesons,
which is reasonable since FB ∼ 6FA , one finds
∑
Fρ2K − Fa2K ≈ v 2 .
(30)
B

B

B

Moreover, assuming that vector and axial-vector meson masses are approximately equal,
i.e. MρK
≈ M aK
, one has very roughly
B
B
SB ≈ 4π(v/MρK
)2
B

<
∼

0.122

(31)

for MρK
> 2.5 TeV. On the other hand, since the decay constants Fρ2K ,aK of group-“A”
B
A A
spin-1 resonances is not severely constrained by WSR, SA can be very close to zero or
even negative. This scheme has therefore the potential to oﬀer an elegant solution to
the S-parameter problem providing non-QCD-like dynamics without an unnatural finetuning of various parameters and obviating usual stringent limits on the number of new
chiral fermions.
The masses of spin-0 mirror mesons are studied next. Pseudoscalar mesons should
be relatively light if considered as Nambu-Goldstone bosons of the broken mirror chiral
symmetry. However, since the gauged mirror family symmetry is consecutively broken,
these are massive pseudo-NG bosons. It is assumed in the following that mirror-pion and
σ K masses are grouped either around
100 − 200 GeV for (σAK , πAK )

(32)

0.57 − 1.15 TeV for (σBK , πBK ).

(33)

or around
The assumed proximity of the mirror-pion and mirror-sigma masses implies that the
explicit breaking of the chiral symmetry here is relatively more significant than the corresponding one in QCD. Note that colored mirror pions receive additional contributions
to their masses due to QCD, which are on the order of
√
(34)
αs MρK
for π8K A,B
A,B
and

2√
αs MρK
for π3K A,B ,
A,B
3
where αs is the value of the QCD coupling near the mirror-pion mass [18].
The considerations above lead to the following estimates:
√
4
Mπ3K A,B ≈ Mπ2K + αs Mρ2K
A,B
A,B
9
√
Mπ8K A,B ≈ Mπ2K + αs Mρ2K
A,B

A,B

(35)

(36)
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Therefore, one expects colored mirror meson masses to be approximately given by
Mπ3K A ∼ 0.11 − 0.23 TeV
Mπ3K B ∼ 0.64 − 1.3 TeV
Mπ8K A ∼ 0.13 − 0.26 TeV
Mπ8K B ∼ 0.72 − 1.45 TeV

(37)

These rough order-of-magnitude estimates can be visualized in Fig.1 which is mainly
indicative, keeping in mind that experiments might reveal non-negligible deviations from
K ′
mesons might have masses
these values should these mesons exist. For instance, the ηA,B
closer to the ones of color-singlet mirror pions, around half of what is indicated in Figure
1. Having described the results of the dynamical mass-generation mechanism, we study
below decays of the new degrees of freedom arising at energies testable at the LHC which
have particularly interesting phenomenological implications.

4

Mirror-Meson Processes

4.1 Decay Widths
The breaking of the strong mirror-generation group renders all mirror mesons, together
with the katoptrons they consist of, unstable. Therefore, apart from inferring the existence of katoptrons from quantum corrections to various processes, direct detection of
mirror mesons via their decays is crucial for the falsifiability of the theory. It is well
known that the cross-section σ of a proton-antiproton collision p̄p with center-of-mass
√
energy s resulting in a final state X via a resonance R for a specific invariant-mass bin
defined by (τmin , τmax ) is given by
∫ τmax ∑
dLαβ
σ̂(αβ −→ R −→ X)
(38)
σ(p̄p −→ R −→ X) =
dτ
dτ
τmin
α,β
where τ ≡ ŝ/s is the product of the two proton-energy fractions carried by partons α and
√
β, s = 13 TeV is the LHC RUN II center-of-mass energy which is studied in this work
and
∫ 1
dx
dLαβ
≡
Pα (x)Pβ (τ /x)
dτ
x
τ
4πc
Γαβ ΓX
σ̂(αβ −→ R −→ X) ≡
(39)
cα cβ (ŝ − M 2 )2 + M 2 Γ2tot
where Pα,β are the parton distribution functions, M and Γtot are the mass and the total
width of the resonance R, and Γαβ , ΓX are the production and decay widths of R. Moreover, σ̂ is given by the relativistic Breit-Wigner formula, with c, cα,β appropriate color
factors.
The large collision energy at the LHC, in conjunction with the fact that the production cross-section of mirror mesons from up quarks σ̂ūu for instance is several orders of
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magnitude smaller than their production cross-section from gluons σ̂gg ceteris paribus,
i.e.
)2
(
σ̂ūu <
πmu
9
≈ 2 × 10−5
(40)
σ̂gg ∼
αs Mπ K
renders the use of just the gluon distribution functions a fairly good approximation.
√
Approximating the CTEQ6L1 gluon-luminosity data for s = 13 TeV [19] by a fitting
function for dLdτgg and using the narrow-width approximation for σ̂(gg −→ X) yields an
order-of-magnitude estimate of the total cross-section:
cΓgg ΓX
M Γtot
with L(M ) ≈ 4(M/TeV)−(6+1.6 log10 (M/TeV)) nb,

σ(p̄p −→ R −→ X) = L(M )

(41)

where L is slightly underestimated to account for various experimental ineﬃciencies.
An eﬀort is made next to identify the most important mirror-meson decay widths, before
reporting the relevant cross-section estimates. Since the analysis that follows concentrates
on the gluon-fusion production mechanism, interesting processes depending on quark
distribution functions are left for future investigations, like the production of color-singlet
spin-1 mirror-mesons decaying to electroweak gauge bosons:
b
q̄i qj −→ ρK
A,B

±

−→ W ± + Z 0 ,

(42)

which might potentially explain relevant excesses detected recently [20].
It is assumed that the decay widths of generic mirror mesons to SM fermions are given
by the following Higgs-like expressions:
cf m2fA MσAK ,πAK
cf m̃4AA
¯
−→ fA fA ) ≈
M K K≈
8π 3 FA2 v 2 σA ,πA
8πv 2
cf m2fB MσBK ,πBK
cf m4BB
K
K
Γ(σBK , πBK −→ f¯B fB ) ≈
M
≈
8π 3 FB2 v 2 σB ,πB
8πv 2
cf m2fB MσAK ,πAK
cf m4AB MB2
K
K
¯
Γ(σA , πA −→ fB fB ) ≈
M K K≈
8π 3 FA2 v 2 MA2 σA ,πA
8πv 2
cf m2fA MσBK ,πBK
cf m4AB MA2
K
K
M
≈
Γ(σBK , πBK −→ f¯A fA ) ≈
8π 3 FB2 v 2 MB2 σB ,πB
8πv 2
Γ(σAK , πAK

(43)

where cf = 3 when the meson is a color singlet and the final fermions are quarks, with
cf = 1 otherwise.
To list specific examples, one might start with neutral spin-0 mirror mesons decaying into pairs of third-generation SM fermions which are more interesting due to their
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heaviness:
Γ(σAK , πAK

0′

−→ b̄b) ≈

Γ(π8K A0′ −→ b̄b) ≈

3m2b MσAK ,πAK
8πv 2
2
mb Mπ8K A0′

0′

= 3.5 − 7 MeV ≡ Γtot

K ,π K
(σA
A

0′ )

/2

= 2.3 − 4.6 MeV ≡ Γtot (π8K A0′ ) /2
8πv 2
K ,π K 0′
m2τ MσA,B
A,B
K
K 0′
Γ(σA,B , πA,B −→ τ̄ τ ) ≈
= (0.2 − 0.4 (A), 1.2 − 2.4 (B)) MeV
8πv 2
3m2t MσBK ,πBK 0′
K 0′
K
Γ(σB , πB −→ t̄t) ≈
= 34 − 68 GeV ≡ Γtot (σBK ,πBK 0′ ) /2
8πv 2
m2t Mπ8K B0′
K 0′
Γ(π8 B −→ t̄t) ≈
= 20 − 40 GeV ≡ Γtot (π8K B0′ ) /2
(44)
8πv 2
where the running of quark masses with energy is neglected, as well as phase-space
factors diﬀerentiating scalar from pseudoscalar meson decays which are only important
near the SM-fermion pair-production thresholds, assuming that mirror meson masses are
not in that regime. Moreover, the total width of a meson has been defined above as
approximately double its dominant decay width, in an eﬀort to report later conservative
order-of-magnitude cross-section estimates incorporating roughly not only theoretical but
also experimental ineﬃciencies, uncertainties and cuts.
Another process of potential interest is the decay of σBK to a pair of group-“A” pseudoscalar mesons. Assuming that the relevant meson decay amplitude is proportional to
gBA (MA /MB ) ∼ r−2 where gBA is the eﬀective σBK π̄AK πAK meson coupling, an order-ofmagnitude estimate for the decay width to a generic pair belonging to group-“A” mesons
gives
g2 M 2
(45)
Γ(σBK −→ π̄AK πAK ) ≈ BA 2 A MσBK .
MB
There are two subgroups of group-“A” mesons, and each of these includes eight charged
and eight neutral color-octet pairs, twelve color-triplet pairs, as well as one charged and
one neutral color-singlet pair. Assuming that each of these gives roughly the same decay
amplitude, an estimate of the total decay width of σBK to group-“A” mirror pseudoscalar
mesons gives
Γtot (σBK −→ π̄AK πAK ) ≈

2
MσBK
60gBA
MA2
K
M
≈
= 32 − 64 GeV,
σB
MB2
18

(46)

which should be added to the top-antitop quark decay width for a correct order-ofmagnitude estimate of the total σBK decay width. Other large interesting classes of decays
consist of group-“B” mirror-pion decays to three group-“A” mirror pions or CP-violating
decays to a pair of group-“A” mirror pions, but their study exceeds the purposes of the
present work. Extending techniques used to study QCD mesons in the present case in
order to produce more reliable results could go along the lines of [21].
Next come mirror-meson decay widths to two bosons mediated by loop diagrams [22].
Although factors depending on the size of the new gauge group lead to an enhancement of
the relative production mechanism in usual technicolor models, in katoptron models their
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eﬀect is questionable due to the breaking of the SU(3) mirror-family group [23]. Moreover,
due to a cancellation between mirror leptons and mirror quarks, mirror pions do not
decay to W + W − and their decays to Z 0 γ and Z 0 Z 0 are suppressed. QCD corrections to
diagrams involving gluons are neglected here since we are mainly interested in the general
qualitative features of the model. Some of the most interesting processes are listed below:
K
Γ(σA,B

−→ gg) ∼

K 0′
Γ(πA,B
−→ gg) ∼
0′
Γ(π8K A,B
−→ gg) ∼

Γ(σ KA,B

−→ γγ) ∼

0′
Γ(π KA,B
−→ γγ) ∼

cσg

2
3
K )M K
A,B αs A,B (MσA,B
σ

cπg

216π 3 v 2
2
3
K 0′ )M K
A,B αs A,B (MπA,B
π

A,B

0′
A,B

96π 3 v 2
2
3
0′ )M K
5cπg A,B αs A,B (Mπ8K A,B
π

0′
8 A,B

cσγ

384π 3 v 2
3
K )M K
A,B α (MσA,B
σ
2

A,B

972π 3 v 2
3
K 0′ )M K
cπγ A,B α2 (MπA,B
π

1 0′
A,B

(47)

432π 3 v 2

where the first and second terms of each subscript correspond to group-A and group-B
mesons respectively, katoptrons are assumed to be much heavier than mirror mesons, α
and αs are the usual electromagnetic and QCD structure constants and the prefactors
cσg A,B , cπg A,B , cσγ A,B , cπγ A,B codify the interference from diﬀerent sources discussed below. Setting these prefactors equal to unity corresponds to triangle diagrams involving a
single heavy katoptron generation.
Note that, in the limit of very large top-quark mass with respect to group-“A” mirrormeson masses, the expression for the two-boson meson decay width Γtop involving a topquark triangle diagram yields
cσg A Γtop (σAK −→ gg)
cπg
=
K
Γ(σA −→ gg)
cσγ A Γtop (σAK −→ γγ)
cπγ
=
K
Γ(σA −→ γγ)

top
K
A Γ (πA −→ gg)
Γ(πAK −→ gg)
top
K
A Γ (πA −→ γγ)
Γ(πAK −→ γγ)

=3
= 12,

(48)

relations which are partially due to the normalization of the generator of the SU (8)
chiral symmetry corresponding to the mirror mesons and to the large splitting of top and
bottom quark masses. Moreover, assuming that scalar and pseudoscalar mesons have a
common mass MA,B , one has the following relations:
K
K
cσγ A,B Γ(σA,B
−→ gg)
cπγ A,B Γ(πA,B
−→ gg)
2αs2 A,B (MA,B )
=
=
2
K
K
9αA,B
(MA,B )
cσg A,B Γ(σA,B
−→ γγ)
cπg A,B Γ(πA,B
−→ γγ)

(49)

while, again in the limit of large fermion masses, one has
cσg
cπg

K
A,B Γ(πA,B
K
A,B Γ(σA,B

−→ gg)
cσγ
=
−→ gg)
cπγ

K
A,B Γ(πA,B
K
A,B Γ(σA,B

−→ γγ)
= 9/4.
−→ γγ)

(50)
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Regarding the interference of various sources participating in the loop diagrams involved in the mirror-meson couplings with two gauge bosons, the following remarks are
in order:
cσg A, πg A : First, each of the two kinds of group-“A” mirror mesons are produced
by gluon-fusion triangle diagrams of a top quark interfering with δ = 1 or 2 mirror
fermion generations, neglecting contributions from lighter SM fermions. In case δ = 1,
these two kinds of mirror mesons are distinct and should have comparable but diﬀerent
masses. However, in case δ = 2, one expects to detect only one kind of group-“A”
mesons, followed by a larger enhancement of the relevant production and decay crosssections. This might explain the slight excess in total Higgs production cross-section
[24]. However, it is important to stress at this point that the eventual self-breaking of
SU (2)K might be the cause of a - partially at least- destructive interference between the
contributions coming from the two lighter katoptron generations, damping thus the final
enhancement eﬀect. Moreover, note the assumption that group-“A” mirror mesons are
taken to have zero tree-level couplings to the heaviest katoptron generation.
cσg B : On the other hand, group-“B” mirror scalar mesons are produced by gluonfusion loop diagrams involving group-“A” mirror mesons interfering with only the heaviest
mirror fermion generation, neglecting all lighter katoptron and SM-fermion contributions.
The reason why the relative lightness of group-“A” mirror mesons does not lead to their
decoupling, contrary to what happens with light fermions, is analyzed in detail in [25].
cπg B : The same is true for pseudoscalar group-“B” mirror mesons if there is CPviolation, while, if CP symmetry is conserved, only the heaviest katoptron generation
contributes to group-“B” mirror-meson production. Contributions of pseudoscalars which
are heavier than the decaying mirror mesons of either group are assumed to decouple,
their influence being restrained to the decay constants of group-“A” mirror mesons for
instance, and are neglected [26].
cσγ A : Furthermore, each of the two kinds of scalar group-“A” mirror-meson decay to
two photons proceed via interfering loop diagrams of δ = 1, 2 katoptron generations with
a top quark and a W gauge boson, neglecting all lighter SM fermions and noting that
the contribution of the katoptron generations is relatively small and is not expected to
lead to large deviations from the corresponding standard Higgs decay.
cσγ B : On the other hand, group-“B” mirror scalar mesons decay to two photons
via loops involving the heaviest katoptron generation interfering with a W boson and
group-“A” mirror mesons, neglecting all lighter SM and mirror fermion generations.
cπγ A : Last, each of the two kinds of group-“A” pseudoscalar mirror mesons decay to
two photons via interfering loops of the top quark with δ katoptron generations, again
neglecting lighter SM fermions, while
cπγ B : group-“B” pseudoscalar diphoton mirror-meson decays proceed via loop diagrams involving the heaviest katoptron generation, possibly interfering with loops of
group-“A” mirror mesons if CP symmetry is violated, neglecting all lighter SM and mirror fermion generations.
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The above remarks lead to the following definitions:
√
= |δ + eiθg A 3|2
√
|δ + eiθγ A 2 3(1 + IAW )|2
√
|δ + eiθγ A 2 3|2
√
|1 + eiθg B 3I g |2
√
|1 + ϵg eiθg B 3I g |2
√
|1 + 2 3(eiθσγ I γ + eiθγ B IBW )|2
√
|1 + ϵγ eiθπγ 2 3I γ |2

cσg

A

= cπg

cσγ

A

=

cπγ

A

=

cσg

B

=

cπg

B

=

cσγ

B

=

cπγ

B

=

A

(51)

with θg A,B , θγ A,B , θσγ,πγ interference phases between various sources, ϵg,γ CP-violation
parameters and I g,γ loop contributions of group-“A” mirror pseudoscalar mesons to gluongluon fusion and diphoton decay amplitudes respectively, and I W the W-boson contribution to mirror scalar meson decay amplitudes. Following the expressions given in [25]
for the W-boson contribution to the two-photon decay, one finds IAW ≈ −4.7, which is
quite larger than fermionic contributions, while IBW ≈ −1.12. (The quantity IBW might
be further suppressed by a factor of gBA ∼ 1/r since the W gets its mass by “eating”
group-“A” mirror mesons, but as will become clear shortly this does not aﬀect the final
result significantly since I γ is quite larger anyway.)
Note that the eﬀect of these parameters might obviously alter the production rates
and branching ratios of various processes in a way that they may be distinguished from
the ones expected by their SM-type values. Furthermore, even though one could have
used the gauged Wess-Zumino-Witten formalism [27] to parametrize the mirror-meson
diboson decay widths (see [28] for instance), a detailed estimation approach is chosen
instead in order to have a closer control on the final results. Last, the possibility is noted
that CP violation leads either to the mixing of scalar and pseudoscalar resonances if their
are mass-degenerate, or to non-zero couplings of pseudoscalar mirror mesons to the W
bosons [29] altering thus cπγ A,B further.
In more detail, contributions of color-singlet I0γ , leptoquark I3g,γ and color-octet mirror mesons I8g,γ to loop diagrams involving either two gluons or two photons, assuming
that group-“B” mirror mesons are much heavier than group-“A” mirror mesons, and
recalling that the quadratic Casimir invariants of the fundamental and adjoint complex
representation of SU(3) are equal to 1 and 6 respectively, lead to the following estimates:
I g = I3g + I8g ∼ gBA (2 · 1 · 8 + 2 · 6 · 4) = 64/r
{
} 122
(
)
I γ = I0γ + I3γ + I8γ ∼ gBA 2 · 1 + 2 · 3 (1/3)2 + 2(2/3)2 + (5/3)2 + 2 · 8 · 1 = (52)
3r
where the expressions above imply common σBK −πAK πAK and πBK −πAK πAK eﬀective couplings
gBA ∼ r−1 , implying in parallel that the two group-“A” mirror-meson contributions
dominate group “B” mirror-meson couplings to two gauge bosons.
Furthermore, the running of the gauge couplings entering the decay formulas is given
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by approximating α(p) ≈ α(MZ ) and



αs (p) =


 αs

B

[
]−1
21
αs A ≡ αs−1 (MZ ) + 6π
ln (p/MZ )
for group “A” mesons
[
]−1
13
21
≡ αs−1 (MZ ) + 6π
ln (p/(rMZ )) + 6π
ln (r)
for group “B” mesons

(53)
where α(MZ ) ≈ 1/129 and αs (MZ ) ≈ 1/8.5, neglecting the renormalization of α at
energies higher than the mass MZ of the Z boson due to its relatively small eﬀect and
the eﬀect of colored mirror mesons on the running of the strong coupling, while taking into
account the decoupling of group-“B” katoptrons at energies on the order of group-“A”
mirror-meson masses.

4.2 Computing the Cross-Sections
Analytic expressions for several interesting cross-sections are listed below, since all the
needed ingredients are now at hand. Cuts to reduce the relevant QCD background, when
applicable, would roughly decrease them by half. The role of the Higgs is played by σAK ,
where one only expects a slight production enhancement from katoptrons participating
in the gluon-fusion triangle diagram. One should expect the detection of neutral pseuK 0′
K a 0
doscalars as mixtures of πA,B
with πA,B
at masses close to the corresponding charged
pseudoscalars. However, lack of observed decays of the top quark to these charged pseudoscalars indicates that, in case they are distinct particles, they should be all heavier
than about 170 GeV.
The relevant expressions are given by:
σ(p̄p −→ σAK −→ τ̄ τ ) = L(MσAK )
σ(p̄p −→ σAK
σ(p̄p −→ σAK

σ(p̄p −→

πAK 0′

σ(p̄p −→ πAK
σ(p̄p −→ πAK

0′

0′

cσg A
π

3cσg
−→ b̄b) = L(MσAK )
π

(

αs A (MσAK )MσAK mτ

(

A

36πvmb
αs A (MσAK )MσAK

3cσg A cσγ
−→ γγ) = L(MσAK )
2π

−→ τ̄ τ ) = L(MπAK
−→ b̄b) = L(MπAK
−→ γγ) = L(MπAK

cπg A
0′ )
π
3cπg
0′ )
π

(

A

(
A

)2

)2

36πv
αs A (MσAK )α(MσAK )Mσ2K
A

486π 2 vmb

αs A (MπAK 0′ )MπAK 0′ mτ

(

24πvmb
αs A (MπAK 0′ )MπAK

3cπg A cπγ
0′ )
2π

(
A

)2

)2

)2
0′

24πv
αs A (MπAK 0′ )α(MπAK 0′ )Mπ2K
A

216π 2 vmb

)2
0′
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σ(p̄p −→ σBK

cσg B
−→ τ̄ τ ) = L(MσBK )
π

3cσg
σ(p̄p −→ σBK −→ t̄t) = L(MσBK )
π

(

αs B (MσBK )MσBK mτ

(

B

36πvmt
αs B (MσBK )MσBK

3cσg B cσγ
σ(p̄p −→ σBK −→ γγ) = L(MσBK )
2π

σ(p̄p −→ πBK

0′

σ(p̄p −→ πBK
σ(p̄p −→ πBK

−→ τ̄ τ ) = L(MπBK 0′ )

0′

0′

−→ t̄t) = L(MπBK

−→ γγ) = L(MπBK

cπg B
π

3cπg
0′ )
π

(

B

(
B

)2

)2

36πv
αs B (MσBK )α(MσBK )Mσ2K
B

486π 2 vmt

αs B (MπBK 0′ )MπBK 0′ mτ

(

24πvmt
αs B (MπBK 0′ )MπB0′

3cπg B cπγ
0′ )
2π

(
B

)2

)2

)2

24πv
αs B (MπBK 0′ )α(MπBK 0′ )Mπ2K
B

216π 2 vmt

)2
0′
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The corresponding results are visualized in Figs. 2 and 3, assuming all interference phases
and CP-violation parameters are zero and δ = 1. Scalar and pseudoscalar mirror-meson
decays to gluon pairs might also be of interest if they can be distinguished from QCD
background, but they are left for future work since their study is better suited for a lepton
collider.
Scalar-meson σAK processes in Fig. 2 should agree with the Higgs-like particle already
observed at the LHC. Spin-0 mirror-meson decays to fermions are Higgs-like so they
are not expected to create problems when compared to SM expectations. Furthermore,
loop contributions stemming from top-quarks and W-bosons to spin-0 meson decays into
dibosons of the electroweak sector and diphotons in particular are quite larger than
katoptron ones, rendering thus deviations from SM expectations manageable, especially
if non-zero interference phases are introduced. Moreover, it is obvious that one should
seek pseudoscalar group-“A” mirror meson decays to bottom quark and τ pairs which
dwarf the corresponding relatively very small diphoton cross-sections due to the absence
of the W -boson contribution. Stringent rapidity or high transverse momentum cuts are
needed to minimize the relevant QCD background.
The case where group-“A” mirror-meson decays to top-antitop quark pairs are kinematically allowed is not studied in this work although it is conceivable, but is is obvious
that it would lead to much larger cross-sections than the ones presented here. On the
contrary, pseudoscalar group-“B” mirror meson decays to top quark pairs are not as important as the corresponding scalar meson decays due to the absence of enhancement of
their production via gluon fusion, unless the CP violating parameters ϵg,γ turn out to be
non-negligible.
Cross-sections of group-“B” mirror scalar mesons are more important than the corresponding pseudoscalar ones due to group-“A” mirror-meson loop contributions, unless
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there exist large CP-violating couplings. In particular, it should be noted that the enhancement of group-“B” scalar-meson production and diphoton decay via loops involving
group-“A” mirror mesons renders the process p̄p −→ σBK −→ γγ particularly interesting
because it is easily distinguished from background, and might be linked to the diphoton
excesses at invariant masses close to 750 GeV in the ATLAS and CMS CERN experiments [30] being on the order of 10 fb and corresponding to a mirror meson exhibiting a
similar decay width.
Given the mass (125 GeV) of the Higgs-like particle already discovered corresponding
to σAK in our case, confirmation of these excesses and identification of their source with σBK
would imply a intra-generational katoptron hierarchy close to r ∼ 6. This is remarkably
close to the rough estimate r ≈ 5.75 of the previous section, taking into account the nonperturbative dynamics involved and the roughness of the calculation. The strength of the
signal can be traced to the large number of group-“A” mirror pions which are coupled
to σBK . However, non-perturbative dynamics do not allow a precise determination of the
magnitude of the coupling between the various groups of mirror mesons. This implies
that it is possible that the actual signals relevant to these mirror-meson decays turn out
to be finally considerably weaker without creating serious problems to the viability of the
model.
Near-degeneracy of scalar and pseudoscalar mirror-meson masses might also lead to
a signal which is a combination of several resonances. Moreover, larger eﬀective and/or
CP-violating couplings than the ones considered here might be able in principle to explain
these excesses, alternatively though less likely, in terms of πBK 0′ or ηBK ′ . Furthermore,
consistency of the theory implies obviously that one should also expect a quite strong
signal corresponding to p̄p −→ σBK −→ t̄t, which should become clearer from QCD
background by the cuts mentioned above.
Other processes of interest which are not followed by corresponding diphoton decays
are pseudoscalar color-octet mirror-meson decays:
(
)2
K 0′ )Mπ K 0′
α
(M
s
A
15c
π
πg
A
8 A
8 A
σ(p̄p −→ π8K A0′ −→ b̄b) = L(Mπ8K A0′ )
π
24πv
(
)2
K 0′ )Mπ K 0′
α
(M
s
B
15c
π
πg B
8 B
8 B
σ(p̄p −→ π8K B0′ −→ t̄t) = L(Mπ8K B0′ )
(55)
π
24πv
Color factors increase the relevant cross-sections compared to the ones involving colorsinglet mirror mesons. As before, we report results in Figs. 4 and 5 assuming zero
0′
interference phases and CP violation, while taking δ = 1. Moreover, decays of π8K A,B
to two gluons might in principle be of interest if they can be distinguished from QCD
background by appropriate cuts but they are left for future work relevant to lepton
colliders. Note moreover that the case where the decay π8K A0′ −→ t̄t is kinematically
allowed cannot be totally excluded, something that would lead to a much larger relevant
cross-section.
Production of pairs of mirror pseudoscalar mesons is studied next. The ones studied
here are either color-octets or leptoquarks. These are mainly produced by gluon fusion,
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but the relevant cross-sections can be enhanced by intermediate color-octet vector mirror
0′
mesons ρ8K A,B
. Nevertheless, the mirror meson mass estimates in the previous section
K +
K −
0′
imply that the decays ρK
8 A,B −→ π8 A,B π8 A,B are likely not allowed kinematically. Even
when they are, due to vector-meson-dominance arguments their contribution to the total
cross-section is expected to be of the same order of magnitude as the QCD one [31]. In the
following, it is assumed that the production cross-section of two pseudoscalar color-octets
is dominated by QCD via gluon fusion ignoring the mirror vector-meson contribution,
and it is given by [11],[32]

(
+
−
σ(p̄p −→ π8K A,B
π8K A,B
−→ b̄t + t̄b) ≈ L(2MπK

±
8 A,B

)27cw π

αs (2MπK

±
8 A,B

32

)

)2
.

(56)

The production cross-section above is integrated over a narrow invariant-mass bin 2MπK ± (1+
8 A,B
w) over the mirror-meson pair-production mass threshold. To account for this, a parameter cw is introduced, given by

cw ≈

2(2w)3/2
,
3

(57)

neglecting the running of the gluon distribution functions over that bin. For the results
presented, the choice w = 5.6% has been made so that cw = 2.5%. Moreover, branching
ratios of the dominant decay studied here are taken to be equal to 1/2 for both color-octet
mesons, reducing the final cross-section further by a factor of 4.
The final quarks produced are generally not collinear with their anti-particles, leading
to signals above a certain mass threshold involving top and bottom quarks which may
in principle be distinguished from QCD background via appropriate acollinearity and
rapidity cuts. This property is not shared by the production and decays of pairs of
neutral color-octet mirror pseudoscalars, which is expected to lead to an enhancement of
top-antitop quark and gluon-pair production at energies above their production threshold.
However, the significant QCD background to these processes necessitates a more detailed
study which is left for work relevant to future lepton colliders.
A similar analysis is followed for the production cross-section of pairs of pseudoscalar
K 1,2,2′,5 K 1,2,2′,5
0′
leptoquarks for the sake of simplicity, even though the decays ρK
π3 A,B
8 A,B −→ π̄3 A,B
might be marginally allowed kinematically. The ones of most interest due to the heaviness
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2
2′
of the final fermions are given below, assuming that π3K A,B
and π3K A,B
are mass-degenerate:
5
5
σ(p̄p −→ π3K A,B
π̄3K A,B
−→ τ̄ t + t̄τ ) =

7cw π
5 )
= L(2Mπ3K A,B
12
2
2
2′
2′
σ(p̄p −→ π3K A,B
π̄3K A,B
+ π3K A,B
π̄3K A,B
−→ ν̄τ t + t̄ντ ) =

7cw π
2 )
= L(2Mπ3K A,B
6
2
2
2′
2′
σ(p̄p −→ π3K A,B
π̄3K A,B
+ π3K A,B
π̄3K A,B
−→ τ̄ b + b̄τ ) =

7cw π
2 )
= L(2Mπ3K A,B
6

(

5 )
αs (2Mπ3K A,B

)2

32
(

2 )
αs (2Mπ3K A,B

)2

32
(

2 )mb
αs (2Mπ3K A,B

)2

32mt
(58)

where the dominant decay widths of each leptoquark are taken again to have branching
ratios of 1/2. Acollinearity and rapidity cuts applied to the particle-antiparticle decay
products are expected in this case also to reduce the QCD background to these processes
significantly, oﬀering interesting signals pointing to the existence of mirror leptoquarks
above their production threshold. Current experimental mass limits on leptoquarks decaying to a bottom quark and a τ can easily be circumvented since they do not take into
account that the relevant decay cross-section in the mirror-meson case is suppressed by a
factor of (mb /mt )2 < 10−3 . The corresponding results can be visualized in Figs. 4 and 5.
0′
Detection of vector color-octet mesons ρK
8 A,B , apart from a possible enhancement of
color-octet pseudoscalar mirror-meson and mirror-leptoquark pair production, might alternatively come from their decays to two gluons, even though such signals might be hard
to distinguish from QCD background unless one employs a leptonic collider. Furthermore,
of interest might be much rarer processes involving ρK
3 vector mesons and heavier mirror
hadrons possibly existing which are singlets under the mirror-family group and involve
three katoptrons (like mirror protons pK and mirror neutrons nK ), or even four and five
katoptrons (analogous to QCD tetra- and penta-quarks). In any case, having introduced
the actors and shown a small act of the play inspired by the katoptron model, it is time
to pose the important question regarding the way the stage is set for them.

5

Implications

It is clear that observation of mirror meson decays similar to the ones described above at
the RUNII in LHC would open new horizons in elementary particle Physics. Apart from
explaining the BEH mechanism, it might also oﬀer useful insights related to the hierarchy
problem, the paradigm of unification of gauge interactions, and possibly quantum gravity.
In particular, the existence of mirror fermions appears naturally in a discretized version of
spacetime in a spirit similar to [33]. Such a spacetime has been recently argued to emerge
naturally [7]. Namely, application of the optimal connectivity principle on a fuzzy version
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of node multisets can lead to a natural emergence of spacetime in a quantum-mechanical
setting, where particles correspond to vacancies. It can be argued that nature prefers
to form node configurations with a finite number of nearest neighbors for each node,
something which leads us away from the continuum as was recently shown [34], which
might be argued to approach explicitly old ideas on discreteness, some of which are also
contained in [35].
This picture might also resolve quantum-mechanical non-locality issues, since missing
connections between defects with a common origin spatially receding from each other,
which in a dual picture gives rise to quantum entanglement, explains the long-range
correlations needed to interpret EPR-type phenomena. It might thus assist in providing
a precise implementation framework for techniques used when studying complexity [36]
and quantum information [37]. Furthermore, it would be interesting to study possible
connections of this setting with the string or the d-brane paradigm along the lines of
[38] or with the philosophy of causal sets [39] which is generally compatible with the one
presented here.
In order to study this system, the q=1 Potts Hamiltonian is introduced:
HP = −λ

∑

δ(si , sj )

(59)

<i,j>

which is usually employed in order to analyze disorder-order phenomena like percolation,
spin-glass transitions, and even cognition modeling, the sum over the nodes i, j being
over nearest neighbors, si,j = 0 or 1, λ > 0 the coupling strength and δ(si , sj )=1 when
si =sj =1, being zero otherwise. Using the results in [40], it can be argued that this leads
to the emergence of a lattice LG based on the roots of
G ≡ E8 × E8′

(60)

at the beginning of our Universe [7], as a “liquid-to-solid” (freezing) , “glass-to-crystal”
transition, higher dimensions leading to configurations bearing no relation to Lie-group
symmetries.
Starting from an action Slat describing phenomena like the emergence of LG(C) , assumed to belong to the same universality class as HP does, which is given by
Slat =

∑

Eij Ψ̄i Ψj ,

(61)

<i,j>

we embed LG in Euclidean Cd space suitable for longer wavelengths, which leads to an
action Sf over a compact toric Kähler manifold expressed as
d
≡ Cd /LG(C)
TG(C)

(62)
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possessing a complex Lie-group structure [34], extending thus the techniques used in [41]:
(
)
∫
∫
i
d
m
Sf (Ψ) =
d x det
Ψ̄γ ∂µ Ψ + h.c. ≡
dd x det (Ẽµm )
d
d
2
TG(C)
TG(C)
(
)]
[ ∞
∑ tr (δνn −(E −1 Ẽ)nν )M N
−
∫
∞
M
∑
M =1
d
m
=
d x det (Eµ )
(63)
d
N
!
TG(C)
N =0
with d=16 complex dimensions, γ m appropriate Dirac matrices,
i
Eµm ≡< Ẽµm >≡< Ψ̄γ m ∂µ Ψ + h.c. >,
2

(64)

lower-case Greek and Latin indices corresponding to space-time and to the “internal”
Lorentz symmetry respectively,
Ñ ≡ M N ≤ d
(65)
d
due to the Cayley-Hamilton theorem, and integration over the torus TG(C)
implying a
−1
UV cut-oﬀ MPl ∼LPlanck due to a minimal distance between nodes. The variables Ψ̄,
Ψ correspond in a dual sense to lattice vacancies and consist of two Weyl spinors of
opposite chirality following the Poincaré-Hopf index theorem, transforming like (248,1)
(SM fermions) and (1,248) (katoptrons) under E8 ×E8′ .
Symmetry breaking of

G → H ≡ E7 × SL(2, C) × E7′ × SL(2, C)′

(66)

via non-zero vevs of antisymmetric bi-fermion operators transforming like 248×248→248a
under each of the 2 E8 s yields a 4 real-d action Sef f (Eµm , ψ, Aµ , ϕinfl ) containing EinsteinHilbert and Yang-Mills terms in the approximation
Ẽµm − Eµm ≡ iψ̄γ m ∂µ ψ ≪ Eµm ,

(67)

with Aµ and ϕinfl Kaluza-Klein composite E7 × E7′ -gauge and inflaton fields respectively,
leading to the usual least-action-principle Euler-Lagrange equations in Minkowski’s spacetime. This happens after the SL(2, C) subgroups of the two E8 s break to their diagonal
subgroup SO(1,3)D due to MP l -scale vevs of 2Ñ -fermion operators (of order O(p/MPl )Ñ
after Fourier transformation) for Ñ =2 in Eq.(63) coupling the left- and right-handed
sectors and transforming like (1,3,1,3) under H.
At slightly lower energies, after the self-breaking of the SM-fermion SU (3) family
group due to a parity-violating LG asymmetry which leaves the katoptron-generation
symmetry intact and to which the parity asymmetry of the SM can be traced originally,
similar operators transforming like (24,24) under
H̃ ≡ SU (5) × SU (5)′ ⊂ E7 × E7′ ⊂ H

(68)

lead to the breaking of H̃ to its diagonal subgroup H̃→SU (5)D , obviating the need for
both outer automorphisms in [7], in order to couple the SM-fermion and katoptron sectors
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of the theory with the same gauge groups apart from the katoptron generation group.
Further symmetry breaking takes place starting from a unified critical coupling at MPl ,
estimated via Schwinger-Dyson equations [9] as
α(MPl ) ∼ 1/C2 (E8 ) ∼ 0.03

(69)

down to the SM having the known fermion-family structure with a non-perturbative BEH
mechanism based on katoptrons close to the electroweak symmetry-breaking scale
(
)
ΛK ∼ MPl exp −1.23C2 (E8 ) ∼ 1 TeV
(70)
[7] in a way similar to QCD asymptotic freedom, due to the strongly-coupled katoptrongeneration symmetry SU (3)K . The katoptron Lagrangian of Section 2 is thus recovered.
It might be reminded at this point that the strongly-coupled source of electroweak
symmetry breaking is expected to influence among others the order of the relevant phase
transition which is crucial for electroweak baryogenesis [42]. Moreover, katoptrons are
expected to decay so fast due to the breaking of their gauged generation symmetry that
no problems related to Big-Bang nucleosynthesis are expected to arise. Indeed, regarding
a related issue, it has been noted elsewhere that, due to the absence of stable particles
in the katoptron sector, the origins of Dark Matter in the present scenario have to be
traced to other solutions not based on particles but possibly on an alternative spacetime
topology instead [7].
To conclude, an eﬀort is made in this work to study qualitatively the mirror-meson
spectrum and decays resulting from katoptron theory, in order to lay the ground for more
detailed and precise future relevant theoretical studies and computer simulations. On the
phenomenological front, it has been argued previously that the katoptron model, apart
from the prediction of proton decay implied by gauge-coupling unification considerations,
is expected to lead amongst others to deviations of the CKM-matrix element |Vtb |, of thirdgeneration SM-fermion weak couplings from their SM values due to the large mixing of
heavier fermions with their mirror partners [23] and of the muon magnetic moment from
its expected value similarly to [43]. Furthermore, it might lead to deviations connected
to the decays of B mesons [23].
However, in case hadronic colliders lack the necessary resolution to detect such deviations of higher-order quantum mechanical origin, the results presented here indicate that
LHC attention should be focused on the enhancement of top-antitop pair production and
acollinear top-antitop and bottom-antibottom jets within specific invariant-mass bins as
some of the most promising ways to find signals of the various mirror mesons predicted in
this framework. Discovering two distinct groups of spin-0 and spin-1 resonances not only
with masses separated roughly by a factor of six but also having the quantum-number assignments listed in the present work would be very encouraging for the katoptron model.
In parallel, confirmation of this picture would underline the need for a new high-energy (34 TeV) leptonic (possibly muonic) collider able to measure amongst others the left-right
asymmetries predicted by the special chiral character of mirror fermions [23].
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Fig. 1 Rough order-of-magnitude estimates of mirror-meson mass expected ranges, where
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Fig. 2 Cross-section estimates of group-“A” spin-0 neutral color-singlet mirror-meson processes.
Green lines correspond to scalar and red lines to pseudoscalar processes.

Fig. 3 Cross-section estimates of group-“B” spin-0 neutral color-singlet mirror-meson processes.
Green lines correspond to scalar and red lines to pseudoscalar processes.
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Fig. 4 Cross-section estimates of group-“A” mirror-meson processes. Green lines correspond to
production of two colored mirror mesons while the red line to one pseudoscalar octet.
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Fig. 5 Cross-section estimates of group-“B” mirror-meson processes. Green lines correspond to
production of two colored mirror mesons while the red line to one pseudoscalar octet.
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1

Introduction

The presence of strong fields introduces quantum phenomena, such as supercriticallity
and spontaneous pair production which is one of the most interesting non-perturbative
phenomena associated with the charged quantum vacuum.
During the last decades, a great eﬀort has been made in understanding quantum
processes in strong fields. The discussion of overcritical behavior of bosons requires a full
understanding of the single particle spectrum, and consequently of the exact solutions to
the Klein-Gordon (KG) equation. Recently, transmission resonances for the KG [1] and
∗
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Duﬃn-Kemmer-Pétiau (DKP ) equation [2, 3, 4] in the presence of a Woods-Saxon (W S)
potential barrier have been computed. The transmission coeﬃcient as a function of the
energy and the potential amplitude shows a behavior that resembles the one obtained for
the Dirac equation in [5].
The KG equation in the W S potential well [6] was solved and it was shown that
analogous to the square well potential, there is a critical point Vcr where the bound
antiparticle mode appears to coalesce with the bound particle.
In the present article, we solve the DKP equation in the W S potential well and
we make a graphical study for the resonance transmissions. Among the advantages of
working with the W S potential we have to mention that, in the one-dimensional case,
the DKP equation as well as the KG and Dirac equations are solvable in terms of special
functions and therefore the study of bound states and scattering processes becomes more
tractable. We show that the antiparticle bound states arise for the W S potential well,
which is a smoothed out form of the square well. The interest in computing bound
states and spontaneous pair creation processes in such potentials lies in the fact that
they possess properties that could permit us to determine how the shape of the potential
aﬀects the pair creation mechanism.
The article is structured as follows: Section 2 is devoted to solving the DKP equation
in the presence of the one dimensional W S potential well. In Section 3 We derive the
equation governing the eigenvalues corresponding to the bound states and compute the
bound states. Finally, in Section4, we briefly summarize our results.

2

The DKP Equation in the W S Ptential Well

The DKP equation [7, 8, 9] is a natural manner to extend the covariant Dirac formalism
to the case of scalar (spin 0) and vectorial (spin 1) particles when interacting with an
electromagnetic field. It will be written as (~ = c = 1):
[iβ µ (∂µ + ieAµ ) − m] ψ (r, t) = 0

(1)

where the matrices β µ verify the DKP algebra:
β µ β ν β λ + β λ β ν β µ = g µν β λ + g νλ β µ

(2)

where the convention for the metric tensor is here g µν = diag (1, −1, −1, −1) . The algebra
(2) has three irreductible representations whose degrees are 1, 5, and 10. The first one is
trivial, having no physical content, the second and the third ones correspond respectively
to the scalar and vectorial representations. For the spin 0, the β µ are given by:







i

θ 0 i  0 ρ 
β0 = 
 ; i = 1, 2, 3
; β = 
i
−ρT 0
00

(3)
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with
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 −1 0 0  2  0 −1
ρ1 = 
, ρ = 
0 00
0 0




 0 0 −1 
0 1
ρ3 = 
, θ = 

00 0
10

0

0
(4)

the ρT denoting the transposed matrix of ρ, and 0 the zero matrix. For the spin 1, the
β µ are given by:







0

0 0 0 0

0

ei

0





 T
 T


 0
0 0 1 0

0
0
−is
i



i
0
β =
; β = 
 ; i = 1, 2, 3
 T
 T


0
1
0
0
−e
0
0
0
 i







T
T
0 000
0 −isi 0 0

(5)

e1 = (1, 0, 0) ; e2 = (0, 1, 0) ; e3 = (0, 0, 1) ; 0 = (0, 0, 0)

(6)

with

0 and 1 denoting respectively the zero matrix and the unity matrix, and the si being the
standard nonrelativistic (3 × 3) spin 1 matrices:












0 0 0 
0 0 i 
 0 −i 0 






 , s2 =  0 0 0  , s3 =  i 0 0 
s1 = 
0
0
−i












0i 0
−i 0 0
00 0

(7)

The DKP particles we consider are in interaction with the W S potential defined by:
Vr (z) =

−V0
(
)
1 + exp |z|−a
r

(8)

where V0 is real and positive, a > 0 and r > 0 are real, positive and adjustable.
The form of the W S potential is shown in the Fig.1, from which one readily notices
that for a given value of the width parameter a, as the shape parameter r decreases
(r −→ 0+ ), the W S potential reduces to a square well with smooth walls:
V (z) = −V0 θ (a − |z|)


 −V0 for |z| 6 a
=

 0 for |z| > a

(9)
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Fig. 1 The W S potential for a = 2, with r =

1
3

(solide line) and r =

1
100

(dotted

line)
The interaction being scalar and independent of time, one can choose for ψ(z, t) the
form e−iEt κ (z) , so one gets the following eigenvalue equation:
[
]
0
3 d
β (E − eV ) + iβ
− m κ (z) = 0
(10)
dz
with κ (z)T = (φ, A, B, C) , A, B and C being respectively vectors of components Ai , Bi
and Ci ; i = 1, 2, 3. According to the equations they satisfy, one gathers the components
of κ (z) this way
ΨT = (A1 , A2 , B3 ) , ΦT = (B1 , B2 , A3 ) , ΘT = (C2 , −C1 , φ) ; and C3 = 0

(11)

with




OKG Ψ = 0



Φ 
 =
Θ

E−eV
m
i d
m dz


⊗Ψ

(12)
(13)

then one will designate by ϕ (z)T = (Ψ, Φ, Θ) the solution of (10) [2] ,
[
]
2
d2
2
OKG = dz
being the Klein-Gordon ”KG” operator.
2 + (E − eV ) − m
By the following, one will follow the same steps as for the barrier potential [2], where
one will replace V0 by −V0 , then one gets the asymptotic behavior of the wave function
at |z| −→ ∞ :




 
 1 
 1 
Ψ




 
 Ω  −→ Ae−ik(z+a)  E  ⊗ V + Beik(z+a)  E  ⊗ V
(14)
 m 
 m 
  z−→−∞
 iµ 
 iµ 
 
Θ
−
rm
rm


 


 1 
 1 
Ψ


 


 Ω  −→ Ceik(z−a)  E  ⊗ V + De−ik(z−a)  E  ⊗ V
(15)
 m 
 m 
  z−→+∞
 iµ 
 iµ 
 
Θ
−
rm
rm
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with the following definitions of the coeﬃcients:
B and D are respectively the coeﬃcients of the incoming waves from −∞ −→ 0 and
from +∞ −→ 0.
A and C are respectively the coeﬃcients of the reflected and transmitted wave.
V is a constant vector of dimension (3 × 1) :


 N1 



(16)
V=
N
2




N3
The coeﬃcients of reflection R and transmission T will be given by [2] :
1
R = λ2µ
4

F6 F2
+
F5 F1

2

2

1 2µ
λ
4

F6 F2
−
F5 F1

2

2

and
T=

(17)

(18)

with
λ=

1
1+exp(− ar )

F1 =

2 F1

(α1 , β1 , γ1 , λ)

F2 =

2 F1

(α2 , β2 , γ2 , λ)

F3 =

2 F1

(α1 + 1, β1 + 1, γ1 + 1, λ)

F4 =

2 F1

(α2 + 1, β2 + 1, γ2 + 1, λ)

(19)

F5 = [−µ + λ (µ − ν)] F1 + λ (1 − λ) αγ11β1 F3
F6 = [µ − λ (µ + ν)] F2 + λ (1 − λ) αγ22β2 F4
and


) ν0
(


α = µ + ν + 12 −


2


(
) ν0

1


β = µ+ν+ 2 +


2



 γ = 1 + 2µ


µ2 = r2 (m2 − E 2 ) , µ = irk




[ 2


2]
2
2

m
−
(E
+
eV
)
, ν = irp with p real
ν
=
r

0



√

 ν = (1 − 2reV ) (1 + 2reV )
0

0

(20)

0

Remark that one will distinguish two cases: |E| > m, i.e. k is real, which solutions
are called scattering states [2, 3, 4], and |E| < m, i.e. k is imaginary and which solutions
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are bound states.

3



(
) ν 
(
)

1
0

α2 = µ + ν + 12 − ν20
 α1 = −µ + ν + 2 − 2 




) ν 
) ν
(
(
1
1
0
0
β
β
1 = −µ + ν + 2 + 2 ,
2 = µ+ν + 2 + 2








 γ1 = 1 − 2µ
 γ2 = 1 + 2µ

(21)

Bound States

To get the transmission coeﬃcient for bound states in terms of E and of (−eV0 ) , we
proceed to solve numerically the equation (18). When varying the depth (−eV0 ) of the
square well, we get:

Fig. 2 The T coeﬃcient in terms of
the depth (−eV0 ) of the potential, for
a = 2, E = −2m and m = 1

Fig. 3 The T coeﬃcient in terms of

the depth (−eV0 ) of the potential,
for a = 4, E = −2m and m = 1

and when varying the energy E of the particle, we get:

Fig. 4 The T coeﬃcient in terms of
the energy E for m = 1, eV0 = 4, a =
2. The energies of the bound states
are depicted by dashed lines.

Fig. 5 The T coeﬃcient in terms

of the energy E for m = 1, eV0 =
4, a = 4. The energies of the bound
states are depicted by dashed lines.

Fig. 2 and Fig. 3 show that as in the Dirac [10] and the KG cases [6], the transmission
coeﬃcient vanishes for values of the potential strength E − m < −eV0 < E + m, and
transmission resonances appear for −eV0 > E + m. They also show that the width of the
transmission resonances decreases as the parameter a decreases.
Fig. 4 and Fig. 5, show that the occurrence of the transmission resonances increases
with the width a of the square well. As in the case of the Dirac particle [10] , we have
significant structures of resonance in the particle continuum for E > m, and in the
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antiparticle continuum for E < −eV0 − m. Antiparticles with lower energy (−eV0 −
m < E < −eV0 + m) only penetrate the well with a probability which decreases with
the width a of the well. Hence T is about zero in our case. However, in the domain
−eV0 + m < E < −m (=⇒ eV0 > 2m), there is the possibility that the incoming wave
meets a bound state, and thus penetrates the potential domain more or less unhindered.
At the point where by extrapolation of the spectrum of the bound states (see Fig. 6),
one would expect the quasi bound state, T is equal to 1. The dived bound state in this
way becomes perceptible as a resonance in the scattering spectrum below E = −m.

Fig. 6 Eigenvalue spectrum for m = 1, a = 4.

In Fig. 6, the energies of the dived states corresponding to resonances are depicted
by dashed lines. They are extracted from the maxima of the transmission coeﬃcients of
Fig. 5
By the following, one wants to get the dependence of the spectrum of bound states
(i.e. |E| < m) on the potential strength V0 . One uses for this aim, the unitary condition
that coeﬃcients R and T verify, i.e. R + T =1,
which leads to:
[
]
2
2
1 2µ 2 F6
F2
1= λ
+
(22)
2
F5
F1
So

2
|λ2µ |2

=

[µ − λ (µ + ν)]2 F1 (α2 , β2 , γ2 , λ) + λ (1 − λ) αγ22β2 F1 (α2 + 1, β2 + 1, γ2 + 1, λ)

2

2

[−µ + λ (µ − ν)]2 F1 (α1 , β1 , γ1 , λ) + λ (1 − λ) αγ11β1 F1 (α1 + 1, β1 + 1, γ1 + 1, λ)
2

+

2 F1

(α2 , β2 , γ2 , λ)
2 F1 (α1 , β1 , γ1 , λ)

2

(23)

One proceeds to solve numerically the equation (23) and thus one determines the energy
spectrum of the bound solutions for several sets of parameters r and a, using the Gauss
hypergeometric function:
F (α, β, γ, z) =

Γ (γ) Γ (β − α)
Γ (α − β + 1) Γ (γ − α − β)
(−z)−α ×
Γ (β) Γ (γ − α)
Γ (1 − β) Γ (γ − β)
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Γ (γ) Γ (α − β)
Γ (β − α + 1) Γ (γ − β − α)
(−z)−β ×
Γ (α) Γ (γ − β)
Γ (1 − α) Γ (γ − α)
For that, one puts λϵ = λ − iε, then:
+

|arg(−z)| < π

(24)

F (α, β, γ, λ) = limF (α, β, γ, λϵ )
ϵ→0

so one obtains:

Fig. 7 Bound state spectrum for m =

Fig. 8 Bound state spectrum for

1, a = 1, r = 0.00015

m = 1, a = 4, r = 0.0003

In Fig. 7 (resp. Fig. 8), the bound state for the antiparticle appears for the domain
2.0004 < eV0 < 2.0006 (resp. 2.002 < eV0 < 2.003 ). For eV0 ≃ 2.00055m (resp. eV0 ≃ 2.0022m),
the well becomes supercritical. The lowest bound state enters the lower continuum and
can there be realized as a resonance in the transmission coeﬃcient. This critical value is
depicted by (eV0 )cr , and its corresponding energy by Ecr . The appearance of these bound
antiparticle states is corresponding with the short range of the potential.

Fig. 9 Critical potential eV0c r versus

the shape parameter r for m = 1, a =
4

Fig. 10 Critical energy Ec r versus

the shape parameter r for m =
1, a = 4

Fig. 9 shows that when the shape parameter r increases, the critical potential value
eV0cr where the bound antiparticle mode appears to coalesce with the bound particle
increases.
Fig. 10 shows that as in the KG case [6] , when the shape parameter r increases, the
critical energy value Ecr for which antiparticle state appears increases.
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Fig. 11 Critical energy Ecr versus critical potential eV0cr for m = 1, a = 4

For a = 4, we have moved the shape parameter r from 0.000015 to 0.0003. Fig. 11
shows the behavior of the critical energy value Ecr versus the critical potential eV0cr . We
notice that as the value of eV0cr increases, the energy value for which the antiparticle
state appears increases.

4

Conclusion

We have showed a similarity in behavior between DKP , KG and Dirac particles, when
interacting with a one-dimensional potential well. The resonances being interpreted as
the signature for spontaneous pair creation, we have demonstrated that the W S potential
well is able to bind particles. These resonances do not exist for subcritical potentials.
Transmission resonances for the one dimensional DKP equation possesses the same
rich structure that we observe for the Dirac and the KG equations. For the DKP and KG
particles, this can be interpreted as a demonstration of the equivalence between DKP
and KG theories. For DKP and Dirac particles in a one-dimensional potential well,
the bound state always exists, independent of the depth and the width of the potential.
This being opposite with the corresponding three-dimensional problem where not every
potential well has a bound state.
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1

Introduction

The astronomical observations of luminosity-distance and redshift relation of type Ia
supernovae (Perlmutter et al. [1-2], Riess et al.[3]), Cosmic Microwave Background Radiation (Spergel et al. [4]) the galaxy power spectrum (Tegmark et al. [5]) etc. have
confirmed that the expansion of the universe is accelerating. The appears to be in strong
disagreement with the standard picture of a matter dominated universe. These observations can be accommodated theoretically by postulating that a certain exotic matter
with negative pressure dominates the present epoch of our universe. Such exotic matter,
called quintessence, behaves like vacuum field energy with repulsive character arising from
the negative pressure. Initially some researchers attribute the observed acceleration to a
positive breakdown of our understanding of the laws of gravitation, thus they attempted
to modify the Friedmann equations (Freese and Lewies [6]; Freese [7]; Wang et al. [8],
Zhu and Fujimoto [9], Dvali et al. [10-12]; Sahni et al. [13-14]). However, many more
∗

Email: kyadav910@gmail.com
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believe that the cosmic acceleration is driven by an exotic energy component, called dark
energy(DE).
The simplest of the anisotropic models are Bianchi Type-I homogeneous models whose
spatial sections are flat but the expansion or contraction rate is direction- dependent. For
studying the possible eﬀects of anisotropy in the early Universe on present day observations, a number of researchers, Misner[15]; Bertolami[16]; Bali and Upadhaya [17]; Bali
and Anjali[18]; Bali et al.[19] have investigated Bianchi Type-I models in diﬀerent physical
contexts.
In view of the late time acceleration of the universe and the existence of the dark
energy and dark matter, several modified theories of gravitation have been developed
and extensively studied. Noteworthy amongst them is f(R) theory of gravity, formulated
by Nojiri and Odintsov [20], which passes the Newton’s law. This theory provides the
very natural gravitational alternative for dark energy. Nojiri and Odintsov [21] has shown
that the cosmic acceleration can be directly explained by taking any negative power of
the curvature. This theory helps in modification of the model to achieve the consistency
with the experimental tests of solar system. The f(R) theory of gravity is constructed
by replacing the gravitational Lagrangian with a general function of Ricci scalar R. The
f(R) gravity theory provides a very natural unification of the early time inflation and
late-time acceleration. It describes the transition from deceleration to acceleration in the
evolution of the universe (Nojiri and Odintsov [22-23]). This gravity theory has explained
several features( Sotriou[23]; Santosh et al.[25]; Dev et al.[26]) including solar system test(
Lecian and Montani[27]), Newtonian limit (Sotiriou[28]), gravitaional stability (Sotriou
[29]) and singularity problem (Frolov [30]). Multamaki and Vilja [31, 32] investigated
static spherically symmetric vacuum solution of field equations and non-vacuum solutions in presence of perfect fluid in f(R) gravity. Caramers and Bezerra [33] obtained
spherically symmetric vacuum solutions in higher dimensions space. Sharif and Shamir
[34] discussed exact vacuum solutions of field equations in f(R) gravity for anisotropic
Bianchi type- I and V space times. Non-vacuum solutions in Bianchi type-I and type-V
using perfect fluid in f(R) gravity have also been obtained by Sharif and Shamir [35].
Shamir [36] discussed the plane symmetric vacuum solutions of field equations in f(R)
gravity for Bianchi type-III metric. Sharif and Kausar [37] presented non-vacuum solutions of Bianchi type- VI0 type with isotropic and anisotropic fluid in f(R) gravity. Sharif
and Kausar [38] discussed a Bianchi type-III universe with anisotropic fluid. Further,
Sharif and Kausar [39] presented dust filled static spherically symmetric solutions in f(R)
gravity theory. Adhav [40] obtained exact solutions of field equations for a Bianchi typeI model filled with cosmic strings in the framework of f(R) gravity. Recently, Singh and
Singh [41] investigated an anisotropic Bianchi type I cosmological model in f(R) gravity
theory with perfect fluid and studied the stability condition of the functional form of f(R),
and found that it is completely stable for describing the decelerating phase of the universe.
The paper is organized as follows: The metric and the field equations are presented
in Sect.2. Section 3 deals with the exact solutions of the field equations and consequently
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two accelerated expanding cosmological models are derived with special forms of the
average scale factor. The geometric and physical significance of the cosmological models
are discussed. Concluding remarks are given in Sect. 4. The present models are consistent
with the observations on the present-day universe.

2

Field Equations in f(R) Gravity Theory

The f(R) gravity theory is a subsequent generalization of general relativity. The gravitational action for f(R) gravity theory coupled with matter (in the units 16πG= c= 1) is
given by (Singh and Singh [41]; Capozziello and Francaviglia[42]):
∫
S=

√
d4 x (−g) [f (R) + Lm ] .

(1)

Here f(R) is a general function of Ricci scalar and Lm is the matter Lagrangian. The
corresponding field equations are obtained by varying the action with respect to gµν .
This action is just obtained by replacing R by f(R) in the standard Einstein- Hilbert
action. The corresponding field equations are found by varying the action with respect
to the metric as
1
F (R)Rµν − f (R)gµν − ∇µ ∇ν F (R) + gµν 2F (R) = Tµν
2

(2)

where
F (R) ≡

df (R)
, 2 ≡ ∇µ ∇ν .
dR

(3)

Here ∇µ denotes covariant diﬀerentiation and Tµν is the standard matter energy -momentum
tensor derived from the Lagrangian Lm . The other symbols have their usual meanings.
The energy -momentum tensor for a perfect fluid is given as
Tµν = (ρ + p)uµ uν − pgµν

(4)

where ρ is the energy density, p is the thermodynamical pressure of the fluid and uµ is
the four velocity vector satisfying uµ uν =1 .
The spatially homogeneous and anisotropic Bianchi type -I space -time is given by
the metric
ds2 = dt2 − A2 dx2 − B 2 dy 2 − C 2 dz 2

(5)

where A, B and C are the scale factors in an anisotropic background and are functions
of time t only. The scalar curvature R for the metric (5) is given by
[

Ä B̈ C̈ ȦḂ ȦĊ Ḃ Ċ
R = −2
+ + +
+
+
A B C AB AC BC

]
(6)
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where a dot denotes derivative with respect to t. Using comoving coordinates, the field
equations (2) for the metric (5) and energy -momentum tensor (4) yield the following
system of equations:
(
)
(
)
Ḃ Ċ
Ä ȦḂ ȦĊ
1
Ḟ −
F̈ +
+
+
+
F − f = −p,
(7)
B C
A AB AC
2
(
F̈ +

Ȧ Ċ
+
A C

)

(
Ḟ −

)

1
F − f = −p,
2

)
1
C̈ ȦĊ Ḃ Ċ
Ḟ −
+
+
F − f = −p,
F̈ +
C AC BC
2
)
)
(
(
1
Ȧ Ḃ Ċ
Ä B̈ C̈
+ +
Ḟ −
+ +
F − f = ρ.
A B C
A B C
2
(

Ȧ Ḃ
+
A B

)

B̈ ȦḂ Ḃ Ċ
+
+
B AB BC

(8)

(

(9)

(10)

Thus, we get four nonlinear diﬀerential equations with six unknown, namely A, B, C, F,
ρ and p. Here we obtain solutions of these equations using the approach of Saha [43] The
average scale factor a(t) and the spatial volume V are defined by
V = a3 = ABC.

(11)

For the metric (5), the average Hubble parameter H, which is the generalization of the
Hubble parameter in isotropic case, is given by as
H=

ȧ
1
= (H1 + H2 + H3 )
a
3

(12)

, H2 = Ḃ
, H3 = Ċ
are directional Hubble parameters along x-,y- and z- axes .
where H1 = Ȧ
A
B
C
The expansion scalar θ, shear scalar σ 2 and anisotropy parameter Am are given as
(
)
Ȧ Ḃ Ċ
θ = 3H =
+ +
,
(13)
A B C

σ2

( )
( )2 ( )2 
2
1  Ȧ
Ḃ
Ċ  θ2
=
+
+
− ,
2
A
B
C
6
1∑
Am =
3 i=1
3

where ∆Hi =Hi -H,

(

∆Hi
H

(14)

)2
(15)

i=1, 2, 3.

An important observational quantity in cosmology is the deceleration parameter defined as
aä
q = − 2.
(16)
ȧ
The sign of q indicates whether the model inflates or not. The positive sign corresponds
to standard decelerating model whereas the negative sign indicates inflation.
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3 Exact Solutions of Field Equations

Subtracting equation (8)-(7) , (8)-(9) and (10 -(9) and integrating the results, we obtain
[ ∫
]
B
dt
= d1 exp c1
,
(17)
A
a3 F
[ ∫
]
dt
C
= d2 exp c2
,
(18)
B
a3 F
]
[ ∫
A
dt
(19)
= d3 exp c3
C
a3 F
where c1 , c2 , c3 and d1 , d2 , d3 are constants of integration which satisfy
c1 + c2 + c3 = 0, d1 d2 d3 = 1.

(20)

From (17), (18) and (19), we readily obtain the quadrature solutions for scale factors A,
B and C of the forms
]
[ ∫
dt
,
(21)
A = ap1 exp q1
a3 F
[ ∫
]
dt
B = ap2 exp q2
,
(22)
a3 F
[ ∫
]
dt
C = ap3 exp q3
(23)
a3 F
where

( −1 ) 31
( 2 ) 13
(
)1
−1 3
,
p
=
d
d
,
p
=
d1 d2
p1 = d−2
d
2
1
3
2
1
2

(24)

and

(2c1 + c2 )
(c1 − c2 )
(c1 + 2c2 )
, q2 =
, q3 =
.
3
3
3
Note that p1 , p2 , p3 and q1 , q2 , q3 satisfy the relations
q1 = −

p1 p2 p3 = 1, q1 + q2 + q3 = 0.

(25)

(26)

In order to solve the integral (21)-(23), we assume the power law relation between the
average scale factor ‘a’ and the scalar function F(R) as used by Johri and Desikan [44] in
the context of FRW models in Brans-Dicke theory. In the context of f(R) gravity, Kutub
Uddin et al. [45] has established the result F ∝ am , where m is an arbitrary integer
.Therefore, we can take a power law relation between F and a(t) as
F = ka−2

(27)

where k is constant. Here we take m=-2. Then, equations (21), (22) and (23) reduce to
[ ∫
]
q1
dt
A = ap1 exp
,
(28)
k
a
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[

∫
q2
B = ap2 exp
k
[ ∫
q3
C = ap3 exp
k

]
dt
,
a
]
dt
.
a

(29)
(30)

We can find the solution of these equations if a(t) is a known function of t. In the next
sections, we use an appropriate forms of a(t), derived and used by Pradhan et al. [46],to
obtain the scale functions A, B and C.

2.1

Model I

In this section, we follow Pradhan et al. [46] to present a special form of the average
scale factor. We assume that the deceleration parameter q is time-dependent of the form
q=−

aä
= b(t)
ȧ2

(31)

when b(t) is a function of t. The motivation to choose such time-dependent q is due to
the fact that the universe is in the state of accelerated expansion at present. Assuming
b=b(a), the general solution of (31) is given by
∫ [ ∫
]
b
e a da = t + k
(32)
where k is an integration constant. In order to solve equation (32), we set
∫
b
da = ln L(a)
a
without loss of any generality. From equation (32) and (33), we obtain
∫
L(a)d(a) = t + k.

(33)

(34)

Of course L(a) in equation (34) is quite arbitrary. To obtain a physically viable model of
the universe consistent with observations, we assume
L(a) =

1
√
α (1 + a2 )

(35)

where α is an arbitrary constant. With this choice of L(a), the exact solution of (34) is
a(t) = sinh(αT )

(36)

where T=t+k. We note that T=0 and T=∞ respectively correspond to the proper
time t=-k and t=∞ . Recently Pradhan et al. [47] studied anisotropic fluid in Bianchi
type-VI0 space-time with the scale factor given by (36). This form of a(t) is also used
by Amirhashchi et al.[48] to study the evolution of dark energy models in a spatially
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homogeneous and isotropic FRW space-time with barotropic fluid and dark energy.
By using (36)into (28)-(30),we get the following expressions for scale factors:
[
(
)]
q1
αT
A = p1 sinh(αT ) exp
log tanh
,
kα
2
[
(
)]
αT
q2
log tanh
,
B = p2 sinh(αT ) exp
kα
2
[
)]
(
q3
αT
C = p3 sinh(αT ) exp
.
log tanh
kα
2
Therefore, the metric of our solution can be written in the form
[
)]
(
q1
αT
2
2
2
ds = dT − sinh (αT ) exp 2
log tanh
dx2
kα
2
[
(
)]
q2
αT
2
− sinh (αT ) exp 2
log tanh
dy 2
kα
2
[
(
)]
αT
q3
2
− sinh (αT ) exp 2
log tanh
dz 2
kα
2

3

(37)

(38)
(39)

(40)

Some Physical and Kinematical Properties

The mean generalized Hubble parameter has the value given by
H = α coth(αT )

(41)

while the spatial volume turns out to be
V = sinh3 (αT ).

(42)

Scalar expansion θ has the value given by
θ = 3H = 3α coth(αT ).

(43)

Deceleration parameter q is given as
q = − tanh2 (αT ).

(44)

The deceleration parameter q is negative for all time T, which corresponds to model of
an accelerating universe.
However, shear scalar σ is given below
σ2 =

)
1 ( 2
q1 + q22 + q32 csch2 (αT ) .
2
2k

(45)

Anisotropic parameter Am has the value
Am =

)
1 ( 2
2
2
2
q
+
q
+
q
2
3 sech (αT ) − 1.
3k 2 α2 1

(46)
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From (6) and (37)- (39), the Ricci scalar R is given by
[
]
1
2
2
R = −2 3α − 2 (q1 q2 + q2 q3 + q3 q1 ) csch (αT ) .
k

(47)

Using the above background solution into (3) and (27),we get (with the help of mathematica)
4
1.16
0.083
arctan(0.25αT ) +
coth(0.25αT ) −
coth(0.25αT )csch(0.25αT )2 +
α
α(
α
)2
0.125
11
1
0.0625
αT
+
csch(αT )2 −
csch
csch(0.5αT )2 −
csch(0.5αT )4 +
64α
128αT
4
α
α
)
)4
)
(
(
(
11
2
35
3
αT
αT
αT
4
csch(αT ) +
log tanh
+
sech
+
sech
+
α
16α
4
128α
2
2α
T
(
)
1
αT
3
1.167
0.083
− sech(αT )2 −
sech
tanh(0.25αT ) −
sech(0.25αT )2 ∗
6α
2
α
α
α
tanh(0.25αT ).
(48)

f (R) =

From (7) and (10), we obtain the pressure and energy density as
p = 2(q2 + q3 )6sech2 (αT )coth(αT ) − α2 kcsch2 (αT ) − 2q1 αcsch3 (αT ) + 4kαcoth2 (αT )−
f (R)
,
kα2 csch2 (αT ) +
2
(49)
[

]
1 2
f (R)
2
2
2
ρ = 3αcoth(αT ) − 3α + 2 (q1 + q2 + q3 )2csch (αT ) −
.
k
2
2

(50)

where f(R) is given in (48).
The analysis of the above result shows that the model (40) has an initial singularity
at T=0. The spatial volume is zero at T=0 and expansion scalar is infinite, which shows
that the universe starts evolving with zero volume at T=0. The average scale factor
is zero at this epoch and hence the model has a point-type singularity at T=0. Hubble’s parameter is constant for large time and consequently steady -state occurs in this
model. The shear scalar becomes infinite at T=0 while it tends to zero when T→ ∞.
As T increases, the average scale factor and spatial volume increase but the expansion
scalar decreases. However, pressure and energy density tend to constant values as T→ ∞
accordingly our universe is dominated by dark energy for large time T. It is observed
that anisotropic parameter Am is constant which means that the universe expands with
anisotropic expansion . We also find that σθ tends to zero as T → ∞, which implies
that the fluid behaves like as isotropic dark energy since q = -1 this model represents
continuously expanding, shearing universe from the starts of the big-bang.
In this model behaviors of the Hubble parameter H, deceleration parameter q, Ricci
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scalar R, f(R), pressure p and energy density ρ to cosmic time T are plotted in Figures
(1)- (6).

3.1 Model 2
We consider the power-law form of the average scale factor as
a = a0 tm

(51)

where m is a constant. The form was used by Singh and Chaubey [49], Singh and Kale [
50] and Adhav [51].
Using equation (51) into (28)-(30), we obtain the following expression for scale factors:
[
]
q1 t1−m
m
A = p1 a0 t exp
,
(52)
ka0 (1 − m)
[
]
q2 t1−m
m
B = p2 a0 t exp
,
(53)
ka0 (1 − m)
]
[
q3 t1−m
m
.
(54)
A = p3 a0 t exp
ka0 (1 − m)
Therefore, the metric of these solutions is
(
)
(
)
2q1 t1−m
2q2 t1−m
2
2
2 2m
2
ds = dt − a0 t [exp
dx + exp
dy 2
ka0 (1 − m)
ka0 (1 − m)
(
)
2q1 t1−m
+ exp
dz 2 ].
ka0 (1 − m)

(55)

The physical parameters such as spatial volume V directional Hubble parameters Hi ,
Hubble parameter H, expansion scalar θ, deceleration parameter q shear scalar σ and
anisotropic parameter Am for the model (54) are given by
V = a30 t3m ,
Hi =

m
qi 1
+
, i = 1, 2, 3,
t
ka0 tm
m
H= ,
t
θ = 3H =

3m
,
t

(56)
(57)
(58)
(59)

1
− 1.
(60)
m
For m< 1, q> 0, therefore the metric (55) represents a decelerated expanding model with
constant decelerating parameter. If m>1, q<0, and so the metric (55) indicates model of
q=
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an accelerating expanding universe. Thus, the model is consistent with the present-day
observations
)
(
1
(61)
σ 2 = 2 2 2m q12 + q22 + q32 ,
k a0 t
(
)
1
Am = 2 2 2 2(m−1) q12 + q22 + q32 .
(62)
3k a0 m t
From equations (6),(52),(53) and (54), the expression for the Ricci scalar R becomes
[
]
3m
1
1
R = −2 2 (2m − 1) −
(q1 q2 + q2 q3 + q3 q1 ) .
(63)
t
(ka0 )2 t2m
From equation (3), the expression for f(R)is therefore
f (R) =

12k.a20 (1 − 2m) 1 1
+ 4m (q1 q2 + q2 q3 + q3 q1 ) .
(2m + 1)t2m+1
kt

Pressure and energy density are obtained following sane fashion as model 1
[ 2
]
(2q1 + 3q1 q2 + 3q1 q3 + q2 q3 )
M2
M3
q1 m 1
M1
p=
+ (2m+1) + (3m+1) − 2 3m − 2(m+1) ,
4 4m
a0 kt
t
t
ka0 t
t

(64)

(65)

[

]
6ka20 (2m + 1)
N1
3m(m − 1)
ρ=
− 4m − 3 2(m+1) .
2m+1
(2m + 1)t
t
a0 t

(66)

where M1 , M2 , M3 and N1 are constants
We observe that the model has initial singularity at t=0 and shows the late time
accelerated expansion of the universe . The kinematical and physical parameter H θ, σ 2 ,
R, f(R), p and ρ become infinite at t→ 0 and they vanish as t→ ∞ while the volume
scale factor increases with time showing the late time accelerating universe. For finite
2
time the model is anisotropic for all finite limit. We also find that σθ2 tends to zero if m>
1. Therefore, the model isotropizes for large time if m> 1, otherwise anisotropic for other
finite values of m. The behaviors of physical and kinematical parameters are depicted in
Figures (7)-(11).

4

Concluding Remarks

In this paper, we study a Bianchi type- I modified f(R) gravity theory in the presence of
perfect fluid. The exact solutions to the corresponding field equations are obtained by
using two appropriate forms of the average scale factor of the model that correspond to
the negative deceleration parameter. These solutions correspond to accelerated expanding cosmological models having finite time singularity. All the physical and kinematical
parameters are well behaved and decreasing functions of time and ultimately tend to
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zero. Anisotropy in the models are maintained throughout the passage of time . Thus,
we hope that the models presented in this paper put amble light on the understanding
of the evolution of the early universe. The cosmological models obtained in this paper
within the framework of f(R) gravity theory are of considerable interest and will be useful
in the study of present -day universe.
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Spectral problem for Schr
odinger operator of half-crystal with surface impurities is
considered. We use zero-range potentials model based on the theory of self-adjoint extensions
of symmetric operators. The impurities are one-periodic chains of point-like potentials. The
impurity leads to appearance of additional bands. The corresponding states are concentrated
near the chain, i.e. it looks like a waveguide state. Hence, the electron density near the
nanoparticle surface increases. This results in increasing of the catalytic activity of the
nanoparticle.
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1 Introduction
Nano catalysts are the most widely used catalysts in modern chemistry (see, e.g., [1]).
The main advantage is good surface/volume ratio for nanoparticles. The most important
problem is to ensure high catalytic eciency and to suggest a computational method for
determination of characteristics of the corresponding structures. The problem can be
considered with using of dierent (rather complicated) approaches (see, e.g.. [2]), but
simple model which allows one to predict the corresponding properties of the system is
preferable. Nanoparticle can be treated as a crystal of nite (nano) size. One can mention
an interesting phenomenon: the catalytic activity of nanocatalyst increases considerably
if there are irregular inclusions at the nanoparticle surface. It was demonstrated in
several cases: the electrocatalytic activity of oxygen-modied tungsten carbide [3]; the
reaction of ethanol on metallic and oxidized cobalt surfaces [4]; the formation of carbonate
∗

Email: popov1955@gmail.com
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species on alumina [5]; reaction intermediates of methanol synthesis and the water-gasshift reaction on the ZnO(0001) surface [6]. The presence of substitutional atoms can
lead to modied chemical centers on the surface. Particularly, one obtains enhancing
the catalytic activity of a nanocluster by designed incorporation (doping)of an impurity
on the surface. Doping by a single impurity atom changes signicantly the bonding and
activation of O2 compared to the pure gold tetramer [1]. It is interesting to note that even
water molecule absorbed on the surface can drastically change the activity - for certain
supports moisture is able to increase the activity of gold catalysts by about two order
of magnitude. Chen and Goodman [17] have created well-ordered gold mono-layers and
bilayers that completely wet (cover) the oxide support, thus eliminating particle shape
and direct support eects. High-resolution electron energy loss spectroscopy and carbon
monoxide adsorption conrm that the gold atoms are bonded to titanium atoms. Kinetic
measurements for the catalytic oxidation of carbon monoxide show that the gold bilayer
structure is signicantly more active (by more than an order of magnitude) than the
monolayer. As for computational approaches, a Monte Carlo simulation technique has
been used, e.g., for investigation of the eect of sulphur impurity and ceria support on
the surface composition and catalytic activity of Pt-Rh/ceria nanocatalysts [7]
The rise of the surface area is not sucient to explain this increase. But it is possible
to declare additional reasons. Particularly, it is known that other things being equal
the catalytic activity increases when the electron density increases at the nanoparticle
surface. In [8] we put forward an idea that this eect can be related with the surface
irregular inclusion. In the present paper we give one an eective mathematical model for
detailed description of surface states related with surface impurities.
We suggest a simple model to explain the growth of surface electron density. Namely,
a nanoparticle is considered as a three-dimensional semi-innite crystal with zero-range
potentials [9, 10]. Additional chains of centers on the surface of the half-crystal play a role
of impurities. Due to this perturbation of the initial Schr
oodinger operator for an electron
in the half-crystal, additional bands appear in the spectrum. The corresponding band
states are concentrated near the chains, i.e. near the nanoparticle surface. It means that
one can observe an additional electron density near the surface. As a result, the catalytic
activity increases. We investigate the band state characteristics. The situation of such
type is observed, for example, when one deals with low-energy electron-induced reactions
in thin lms of glucose and N-acetyl-glucosamine [11], the inuence of the surface state
onto the distance distribution of single molecules and small molecular clusters [12], the
role of sub-surface oxygen in Cu(100) oxidation [13] and the role of nanocavities at nearly
ideal (2?1)Si(100) inner surfaces as nanoreactor [14], etc. We deal with heterogeneous
redox catalysis which is related with the electron transfer. That is why the surface
electron state is important for this type of catalysis. The catalytic eciency depends
also on the electron interaction between reactants and the surface of the nanocatalysts
and other factors. In the present paper we consider only electron density inuence. The
obtained result is one of important reasons explaining extremely high catalytic activity of
the system Zr O2 - Al2O3 in the reaction of hydrogen oxidation. This phenomenon was
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observed in [15]. The analogous eect is described in [16] where the inuence of nanoscale
layers of V and V2O5 on the surface of InP and GaAs on the process of thermal oxidation
of these semiconductors is demonstrated.

2 Model of Surface Impurities
2.1 Waveguide Band of Innite Ideal Surface Chain. Single-band Approximation for Crystal
Consider innite periodic chain of impurity atoms posed along some line (let it be the axis
OX ) at the surface of ideal crystal (matrix). In chosen coordinates system, the position
of n−th atom of the chain (n = 0, ±1, ±2, . . .) is given by a vector na = (na, 0, 0) , where
a is the chain period. To compute the energy spectrum of the chain, we use zero-range
potentials model. The initial electron system of the crystal-matrix is considered in a
single-band eective mass approximation. It is appropriate if atoms of the chain have
no deep levels (i.e. the levels are close to edges of the crystal bands: donor - to the
bottom of the conduction band, acceptor - to the top of the valence band). As for zerorange potentials, the background for the model is formed by the theory of self-adjoint
extensions of symmetric operators (see, e.g., [9]). Namely, one may start from the selfadjoint Schrodinger operator A in L2 (R3 ) - a sum −∆ + W (r) of the Laplacian −∆ with
the domain H 2 (R3 ) and a bounded potential W (r). Here H 2 is the Sobolev space W22 .
Let us restrict this operator on the set of smooth functions from H 2 (R3 ) vanishing at
points r = na; n = 0, ±1, . . . The closure B of the restricted operator is a symmetric
operator with the domain D(B) = {f : f ∈ H 2 (R3 ), f (na) = 0, n = 0, ±1, ...} having
innite deciency indices. Indeed, the resolvent (A − λI)−1 for regular λ is the integral
operator in L2 (R3 ). The kernel of this operator (the Green function) Gλ (r, r′ ) has the
following property:
∫

|Gλ (r, r′ )| dr < ∞.
2

R3

Since Gλ (·, na) ∈ L2 (R3 ) at least for non-real λ, the dierence
√

′

1 ei λ|r−r |
Gλ (r, r′ ) −
4π |r − r′ |
has no singularity at r = r′ , Gλ (·, na) is orthogonal to the domain of B − λ̄I and


′
|r − na| i√λ|r−n′ a|
1  1, n = n ,
′
lim |r − na|Gλ (r, n a) = lim
e
=
r→na
r→na 4π|r − n′ a|
4π 
 0, n ̸= n′ .

(1)

Hence, B is a symmetric operator with innite deciency indices.
To construct a self-adjoint extension of B , it is more convenient to deal with the
initial selfadjoint Schrodinger operator A instead of the adjoint operator B ∗ . There
are several ways of extensions descriptions, e.g., boundary triplets method ([18], von
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Neumann formulas ([19]), Krein resolvent formula ([20]). We will use here a variant of
the last approach. Having in mind that for regular λ the product |r − r′ |Gλ (r, r′ ) is
non-singular at r = r′ , put

d
ρn Gλ (r, na),
ρn →0 ρn

ξn (λ) = lim

ρn = |r − na|.

(2)

and

d
ρn Gλ (r, n′ a) = Gλ (na, n′ a), n ̸= n′ .
ρn →0 ρn
It is worth noting that for Imλ ̸= 0
∫
ξn (λ) − ξn (λ̄)
|Gλ (r, na)|2 dr =
,
λ − λ̄
R3
∫
qn,n′ (λ) − qn,n′ (λ̄)
Gλ (r, n′ a)Gλ (r, na)dr =
.
λ − λ̄
R3
qn,n′ (λ) := lim

Taking into account that the independent vectors
∫
Gλ (., na) =
Gλ (., nr′ )δ(r′ − na)dr′ = (A − λ̄)−1 δ(· − na),

(3)

(4)
(5)

Imλ ̸= 0,

E3

form a basis of deciency subspace

[(

]⊥
)
B − λ̄I H̊ 2 (R3 ) , one can write down a formal

′
expression of the Krein resolvent formula directly for the set of Green functions GM
λ (r, r )
of selfadjoint extensions AM of B [21], [22]:
′
′
GM
λ (r, r ) = Gλ (r, r ) −

∑
n,n′

(
)
Gλ (r, na) [Q(λ) + M ]−1 n,n′ Gλ (n′ a, r′ ),

where Q(λ) is a Nevanlinna innite matrix function with inputs



ξn (λ), n = n′ ;
Qn,n′ (λ) =

 Gλ (na, n′ a)(λ), n ̸= n′ ,

(6)

(7)

and M runs through the set of innite Hermitian matrices generating selfadjoint operators
in the space of bilateral sequences l2 . 2
By (6),(1)(2) and (3) for r′ ̸= na, n = 0, ±1, ... one has
′
lim ρn GM
λ (r, nr ) = −

ρn →0

)
1 ∑(
[Q(λ) + M ]−1 n,n′ Gλ (n′ a, r′ ), ,
4π n′

ρn = |r − na|,

∑(
)
d
′
M · [Q(λ) + M ]−1 n,n′ Gλ (n′ a, r′ ).
ρn GM
(r,
r
)
=
λ
ρn →0 ρn
n′
lim

To avoid the overburdening of the paper by minor questions, we omit here a discussion of technical
details arising from the case of innite deciency spaces as irrelevant for the simple versions of the Krein
formula used below.
2
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Hence, each function f (r) from the domain of self-adjoint extension AM of B satises the
set of boundary conditions

∑
d
(ρn f )(r) + 4π
Mn,n′ lim (ρn′ f )(r) = 0.
ρn →0 ρn
ρn′ →0
n′
lim

(8)

Within the scope of this paper we will consider only the simplest class of extensions
corresponding to matrices M being multiple of the unit matrix, M = b · I , that is we
will consider the self-adjoint extensions Ab of B , which are associated with the boundary
conditions
{
}
d
lim
(ρn f )(r) + 4πbρn f (r) = 0,
(9)
ρn →0
ρn
with any real b.
We will assume further that the potential W (r) of the initial Schrodinger operator
A doesn't depend on variable x. By virtue of this assumption, Gλ (x, y, z; x′ , y ′ , z ′ ) =
Gλ (x − x′ , y, z; 0, y ′ , z ′ ) = Gλ (|x − x′ |, y, z; 0, y ′ , z ′ ) and, hence, Q(λ) + bI is a Toplitz
matrix,



ξ0 (λ) + b, n = n′ ;
− ∞ < n, n′ < ∞,
[Q(λ) + bI]n,n′ = [Q(λ) + bI]n−n′ ,0 =

 Gλ ((n − n′ )a, 0), n ̸= n′ ,
(10)
with the symbol

D(k, λ) = ξ0 (λ) + b +
= ξ0 (λ) + b + 2

∑

Gλ (na, 0)einka

n̸=0

∞
∑

Gλ (na, 0, 0; 0, 0, 0) cos nka,

n=1

− πa ≤ k < πa .

(11)

Therefore, the inverse matrix [Q(λ) + bI]−1 is also Toplitz with inputs
π

rn,n′ = rn−n′ =

a
2π

∫a

1
′
ei(n−n )ka dk,
D(k, λ)

−∞ < n, n′ < ∞,

(12)

−π
a

and the symbol D(k, λ)−1 . Put

fλ (k, r) =

∞
∑

Gλ (x, y, z; na, 0, 0)eikna .

(13)

−∞

We see that in the case of x-independent potential W (r) for the class of self-adjoint
extensions Ab under study, the Krein formula (6) for the corresponding Green functions
Gbλ (r, r′ ) takes the form
π

Gbλ (r, r′ ) = Gλ (r, r′ ) −

a
2π

∫a
−π
a

1
fλ (k, r)fλ̄ (k, r′ )dk.
D(k, λ)

(14)
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Remind that irrelatively to a specic problem under study, the matrix function Q(λ) in
the Krein resolvent formula is holomorphic in the upper and the lower half-planes, and
it has the following property

1
[Q(λ) − Q(λ)∗ ] ≥ 0,
2i

Iλ > 0.

Matrix function Q(ξ) is also holomorphic at real regular points ξ of A and hereat Q(ξ)∗ =
Q(ξ). The same is true for Q(λ)+b·I with real b and, consequently, for the symbol D(k, λ).
From this, we conclude that D(k, λ), − πa ≤ k < πa , is real at real regular points ξ of A
and, moreover, at those points, the following inequality takes place

d
D(k, λ)|λ=ξ > 0.
dλ
Let ϱR (A) be the set of real regular points of the initial operator A. By (14), the part
of the spectrum σ(Ab ) of an extension Ab on ϱR (A) can consist only of real λ, λ ∈ ϱR (A),
[
]
for which there is k , k ∈ − πa , πa , such that

D(k, λ) = 0.

(15)

[
]
Let us assume that (15) has only one root E(k) for each k ∈ − πa , πa , and that E(k)
[
]
is a continuous function on − πa , πa . Note that by (11), D(k, λ) = D(−k, λ). As follows,
E(−k) = E(k). Evidently, that for any root E(k) of (15), function fE(k) (k, r) dened by
(13) satises the Schrodinger equation on R3 \ ∪n {na}:
−∆f (r) + W (r)f (r) = E(k)f (r),

(16)

and the boundary conditions (8).
Let [Emin , Emax ] be the maximal interval, which is covered by the values of E(k) in
ϱR (A) and let Eb (s), −∞ < s < ∞, be the spectral function of the self-adjoint extension
Ab . Taking any segment [E1 , E2 ] ⊂ [Emin , Emax ] and applying to any smooth function
u ∈ L2 (R3 ) the general relation

(Eb ([E1 , E2 ])u, u)L2

1
= lim
ε↓0 π

∫E2
Im (RE+iε (Ab ) u, u) dE,

(17)

E1

one can deduce from (14)that Eb ([E1 , E2 ]) is the integral operator in L2 (R3 ) with kernel
π

a
Eb ([E1 , E2 ])(r, r′ ) =
2π

∫a

χ[E1 ,E2 ] (k)ψ(k, r)ψ(k, r′ )dk,
−π
a

where

χ[E1 ,E2 ] (k) =



 1,

E(k) ∈ [E1 , E2 ],


 0,

E(k) ∈
/ [E1 , E2 ],

(18)
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[

∂D(λ, k)
ψ(k, r) =
∂λ |λ=E(k)

]− 12
fE(k) (k, r).
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(19)

In particular, if the spectrum of Ab has not empty intersection with ϱR (A), then the
orthogonal projector PW onto the spectral subspace W associated with the spectrum of
Ab on ϱR (A) can be written as the integral operator with kernel
π

PW (r, r′ ) =

a
2π

∫a

ψ(k, r)ψ(k, r′ )dk.

(20)

−π
a

The wave functions from W conform the states of a particle in which it being in the
unrestricted motion along the chain of impurities cannot move far away from the latter,
that is the states from W form the so called waveguide band. According to the denitions
(19) and (13) ψ(k, r) is a generalized eigenvector of Ab corresponding to the point of
spectrum E(k) ∈ ϱR (A), which is normalized so that the following relation holds:
∫
π
π
(21)
ψ(k, r)ψ(k ′ , r)dr = δ(k − k ′ ), − ≤ k, k ′ < .
a
a
R3
In addition, it has the property

ψ(k, r + a) = eika ψ(k, r),

(22)

owing to which, it is so called Bloch function.
The obtained results can be used for modelling of impurity waveguide bands, which
can appear due to regular chains of dopant atoms on the surface of semiconducting crystal.
As an example, let us consider the case of crystal occupying the half-space z < 0 in R
while the half-plane z > 0 is empty. For simplicity, we will assume also that the eective
mass m of electron in the crystal is the same as that in vacuum. Without signicant
loss of generality, in this case, we can take, as unperturbed self-adjoint operator A, the
Schrodinger operator

−∆ + W (r)
with the domain H 2 (R3 ) and the potential


 −W0 , z < 0,
W (r) =

 0, z > 0,

(23)

where W0 > 0 is related with the work function Ew for electrons at the bottom of the
conductivity band in the crystal by the relation

W0 =

2m
Ew .
~2
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The Green function Gλ (rq , z; r′q , z ′ ) , rq = (x, y), of A for regular λ can be written in
the form
∫
1
′
′
′
eip·(rq −rq ) gλ (z, z ′ ; p)dp, p = |p|,
(24)
Gλ (rq , z; rq , z ) =
2
(2π) R2
where gλ (z, z ′ ; p) for z < 0 and z ≤ z ′ has the form

√
i √
−i λ+W0 −p2 z
gλ (z, z ′ ; p) = √
e
λ+W0 −p2 + λ−p2
}
{
√
√
√
λ−p2
′
′
2
2
× cos λ + W0 − p z + i √
sin λ + W0 − p z ,
2

(25)

λ+W0 −p

and gλ (z, z ′ ; p) for z ′ ≤ z < 0 can be obtained from (25) by permutation of z and z ′ . The
′
corresponding expressions for
√ z > 0 can be found
√ is one replaces z, z in those for z < 0
by −z, −z ′ and transposes λ + W0 − p2 and λ − p2 .
In particular, for z = z ′ = 0 we get from (24, 25):
∫
1
i
′
′
√
Gλ (rq , 0; rq , 0) =
dp.
(26)
eip·(rq −rq ) √
2
(2π) R2
λ + W0 − p2 + λ − p2
Since

)
√
1
1 (√
√
√
=
λ + W0 − p2 − λ − p2
W0
λ + W0 − p2 + λ − p2
∫ W0
1
1
√
ds
=
W0 0 2 λ + s − p2

and

i

1
√
=
2π
2 λ + s − p2

∫∞
−∞

q2

dq
,
+ −λ−s
p2

it follows from (26) that

1
Gλ (rq , 0; r′q , 0) = Gλ (rq − r′q , 0; 0, 0) =
W0

∫

W0

0

√

′

ei λ+s|rq −rq |
ds.
4π|rq − r′q |

(27)

In the case under consideration, one has

]
3
3
d
i [
rGλ (r, 0) =
(λ + W0 ) 2 − λ 2 .
r→0 dr
6πW0

ξ0 (λ) = lim
and

1
d
rGλ (r, n′ a) =
Qn,n′ (λ) = lim
ρn →0 dρn
4πW0

∫
0

W0

√

(28)

′

ei λ+s|n−n |a
ds
|n − n′ |a

(29)

The self-adjoint operator Ab was dened above by the set of boundary conditions (9) at
the points of impurities location. For this operator, the corresponding function D(k, λ)
in the Krein formula (14) has the form

1
D (k, λ) =
4πW0 a

∫
0

W0

ds · ln

Θ
√
,
cos λ + s a − cos ka

1
Θ = e4πba .
2

(30)

Electronic Journal of Theoretical Physics

13,

No. 35 (2016) 173190

181

To explain how to choose the parameter b of extension Ab for given semiconducting
crystal and impurity atoms, let us consider the simplest case of single donor dopant at
r = 0 on the interface z = 0. The eect of the latter on electrons near the bottom of the
conductivity band of given semiconductor can be modelled by using ( instead of A) of
the self-adjoint extension A1b with the Green function
1
′
′
G1,b
λ (r, r ) = Gλ (r, r ) − D1,b (λ) Gλ (r, 0)Gλ (0, r),
]
[
3
3
i
1,b
2
2
D (λ) = 6πW0 (λ + W0 ) − λ + b,

(31)

that is the extension, which plays the role of the "perturbation" of A by the single zerorange potential at r = 0. It is equivalent to the restriction imposed on the involved wave
functions ψ(r) in the form of the following boundary condition
{
}
d
lim
rψ(r) + 4πb · rψ(r) = 0,
(32)
r→0
dr
For b > 0 the zero-range potential results in the isolated eigenvalue λ0 < −W0 below the
bottom of the conductivity band. It is a donor level with minimal energy

Eion = −

~2 (λ0 + W0 )
2m

required to remove an electron from this level to the conductivity band. If for certain
semiconductor and donor dopant Eion is known , then, according to (31), the natural way
to model the eect of donor impurities by the zero-range potential (32) is to take

b=

3 ]
3
1 [
2
,
(ϵion + W0 ) 2 − ϵion
6πW0

ϵion =

2m
Eion .
~2

(33)

Let us denote, as above, by E(k) the wave guide band energy dened from the equation
D(k, λ) = 0, k ∈ [−π/a, π/a), λ < 0, with D(k, λ) dened by (30). The generalized
Bloch eigenfunction ψ(k, r) corresponding to the quasi-momentum k and the energy E(k)
is given according to (13, 19) by the expression
∞
∫∞
∑
2π
1
ψ(k, r) = N (k)eikx
ei a sx 2π
dqeiqy
s=−∞
−∞
[
( √
)
( √
)]
2
2
−
+
2
2
× θ(−z)gE(k) z; (k + 2πs/a) + q + θ(z)gE(k) z; (k + 2πs/a) + q
,
(34)
√
2z
−
i
−i
λ+W
−p
0
√
e
, z < 0;
gλ (z; p) = √
λ+W0 −p2 + λ−p2
√
2
gλ− (z; p) = √ 2 i √ 2 ei λ−p z , z < 0,
λ−p +

where

[

λ−p

∂D(λ, k)
N (k) =
∂λ |λ=E(k)
and θ(z) is the Heaviside function.

]− 12
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In the simplest case W)0 the waveguide band can be described in more details due to
the elementary expression for D (k, s):

D (k, s) =

1
d
ln
,
a cos (as) − cos (ak)

(35)

where d = exp (−ba) /2. For d ≤ 2, the waveguide band is overlapped with the conductivity band (for E > 0) and for d ≪ 2 it disappears. Formation of the band corresponds to
existence of roots of (35) of the form s = iχ, χ > 0. The dispersion law for the waveguide
band is given by the expression
h2 χ2
E=−
,
(36)
2µ
where χ is related with k by the following manner

ch (χa) = d + cos (ka) .

(37)

As a result,

h2
E (k) = −
2µa2

]}2
{ [
√
2
(1.17)
ln d + cos (ak) + (d + cos (ak)) − 1

(38)

The sign of the square root in (38) is determined by the condition χ ≥ 0. The band edges
are determined by the relation |cos (ka)| = 1

Emin

h2
=−
2µa2

Emax

h2
=−
2µa2

]}2
{ [
√
2
,
ln d + 1 + (d + 1) − 1

(39)

{ [
]}2
√
2
ln d − 1 + (d − 1) − 1
,

(40)

Let us determine the eective masses of electron near the bottom and near the top of
the waveguide band. Consider the dierence

h2
2µa2

E (k) − Emin =
{ [
]}
[
√
]
√
2
2
2
2
ln d + 1 + d + 2d − ln d + cos (ak) + (d + cos (ak)) − 1

√
[
]
h2 k 2 ln d + 1 + d2 + 2d
≃k→0
.
2µ
d2 + 2d
One can see that near the bottom of the waveguide band, one has
√
d2 + 2d
√
].
mef f = µ [
ln d + 1 + d2 + 2d
Analogously, near the top of the waveguide band, one has
√
d2 − 2d
√
].
mef f = [
ln d − 1 + d2 − 2d

(41)

(42)
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If the waveguide band is inside the gap for the crystal and the number of free electrons
corresponding to a single atom, equals one then the band is half-lled (up to the Fermi
energy EF which corresponds to ka = ±π/2:

[
]
√
h2
2
2
EF = −
ln d + d − 1 ).
2µa2

(43)

One can obtain the electron wave function for the waveguide band:

√√

Ψk (r) =

√
χd

(d + cos (ka)) − 1

4π

2

+∞
∑
exp [−χ |r − na| − ikna]
.
|r − na|
n=−∞

(44)

√
Here the quasimomentum k and the energy parameter χ = 2µ |E| are related by (37).
When obtaining expression (44), one use the expansion of D (k, s) near its roots (poles
of the Green function).
1/2
Consider the asymptotic behavior of the wave function 44) for p = (x2 + y 2 ) → ∞,
i.e. far from the chain axis. Let us deal with the general case without limitation d > 2
as in (44) and correspondingly, not only for E < 0). We will show that there is a
localization near the chain axis. Moreover, this property preserves if the energy belongs
to the conductivity band of the crystal. We start from the general expression for the
wave function:
+∞
Ck ∑ exp [is |r − na| − ikna]
.
(45)
Ψk (r) =
4π n=−∞
|r − na|
Here Ck is the normalizing factor (for E > 0, the parameter s is real, for E < 0, one
has the expansion (44)). Using the Poisson summation formula, after integration in the
cylindrical coordinates system (related to the chain) one represents (45) in the form
 √

[
]
(
)2
+∞
∑
2πilx
Ck exp (kx)
2πl
exp
K0  p
k+
− s2  ,
(46)
Ψk (r) =
2πa
a
a
l=−∞

where K0 (z) is the McDonald function. The decreasing of Ψk (r) is predetermined by the
asymptotics of the main term (for l = 0)
√
[ √
]
Ck
π
exp −p k 2 − s2 exp (ikx) .
(47)
Ψk (r) ≃p→∞
2πa 2p
One can check it by consideration of the average density for the state (46):

⟨
⟩ 1
|Ψk (r)|2 =
a

∫a
0

∫+∞
dx
dydz |Ψk (r)|2 =
−∞

 √

+∞
(
)2
+∞ ∫
∑
|Ck |
2πl
dydzK0 p
k+
− s2  ,
2
2
4π a l=−∞
a
2

−∞
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with using of the known asymptotics of the McDonald function for great argument values.
Parameters k and s are related by (compare with (37)
(48)

cos (as) = d + cos (ak) .

Here |ak| ≤ π , s is found for d + cos (ak) < 1 , s = iχ, χ > 0 for d + cos (ak) > 1. The
values of the power of the exponentially decaying factor from (47) are equal (due to (48)
to

f (ka, d) = {.

1/2

, d + cos (ka) ≤ 1,

1/2

, d + cos (ka) > 1,

[k 2 a2 − arccos2 (d + cos (ka))]
[k 2 a2 + Arcch2 (d + cos (ka))]

(49)

for the Fermi level (k = kF = π/2a).

2.2 Waveguide Band of Innite Ideal Surface Chain. Double-band Approximation for Crystal
Consider the case of deep energy level of the impurity chain. We will conne our attention
by two energy domains: near the bottom of the conductivity band and near the top of
the valence band. In this section we will deal with the simplest case of constant crystal
potential W as at the end of the previous section.
Following [23], one considers (in the framework of the eective mass approximation)
the unperturbed Hamiltonian H0 in the form:
  
 
1
h2
0
 Ψ1   − 2µ1 ∆ + 2 Eg
  Ψ1 
H0   = 
(50)
 .
h2
1
Ψ2
0
∆ − 2 Eg
Ψ2
2µ2
Here µ1 , Ψ1 and µ2 , Ψ2 are eective masses and electron wavefunction near the bottom
of the conductivity band and near the top of the valence band, correspondingly, Eg is
the width of gap. Electrons from dierent bands looks like dierent one-electron excitations with positive and negative energies (the origin for energies is chosen at the center
[
)
of the gap). The Hamiltonian spectrum consists from two disjoint parts: 21 Eg , +∞ ,
]
(
−∞, − 21 Eg .
The construction of the model is the same as in the previous section. For the case of
single impurity atom at point r = 0, the solution of the matrix Schrodinger equation.

H0 Ψ = EΨ
has the form





Ψ=

µ1
C (1)
4π~2

exp (−χ1 r) /r 
,
µ2
(2)
C exp (−χ2 r) /r
4π~2

[
( )]1/2
,
χ1 = −2µ1 (E − Eg /2) / ~2

(51)
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[
( )]1/2
χ2 = 2µ2 (E + Eg /2) / ~2
To take into account an inuence of two crystal bands, we choose a specic form
of self-adjoint operator extension, namely, that corresponds to the following "boundary
condition" at zero:
[
]
∂
lim
− B rΨ = 0,
r→0 ∂r

r = |r| .
Here B is a Hermitian matrix,





α γ 
B=
,
γ β

ℑα = ℑβ = 0.

(52)

In the case of periodic chain, the presentation analogous to (51) has the form


(1)
exp[−χ
|r−an|]
µ
∞
1
1
∑

 4π~2 Cn
|r−an|
Ψ=
,

(2)
exp[−χ
|r−an|]
µ2
2
n=−∞
C
4π~2 n
|r−an|
The boundary condition at n−th point in this case takes the form
[
]
∂
lim
− B pn Ψ = 0,
pn →0 ∂pn

pn = |r − na| ;

(53)

(54)

n = 0, ±1, . . .
(1)

(2)

Substitution of (53) into (54) gives one the following system for Cn , Cn :
(1)

(χ1 + α) Cn −
(1)
µ1
γCn
µ2

∑

+ (χ2 +

n′ ̸=n

(1) exp[−χ1 a|n−n′ |]
a|n−n′ |

C n′

(2)
β) Cn

−

∑

(2)
µ2
γCn
µ1

= 0,

(2) exp[−χ2 a|n−n′ |]
n′ ̸=n Cn′
a|n−n′ |

= 0.

Let us introduce matrix notations in (55):


+


−γ µµ21

 Dα

∆ (k, E) = 
,
−γ µµ21 Dβ
where

Dα (k, χ1 ) = (χ1 + α) −

∑

exp [−χ1 a |n| + ikna] / (a |n|) ,

n̸=0

Dβ (k, χ2 ) = (χ2 + β) −

∑
n̸=0

exp [−χ2 a |n| + ikna] / (a |n|) .

(55)

186

Electronic Journal of Theoretical Physics

13,

No. 35 (2016) 173190

System (55) can be rewritten in the form

  
∑ (1)
Cn exp (ikna) 
0

n

=
∆ (k, E)  ∑



(2)
Cm exp (ikma)
0

(56)

m

Impurity waveguide bands appear when there are additional branches of roots E = E (k)
of equation
det ∆ (k, E) = 0
(57)
belonging to the gap. Our model allows one to describe the waveguide bands explicitly
due to a possibility to summarize series for matrix inputs Dα (k, χ1 ) and Dβ (k, χ2 ) . One
has


ch(aχ
)−cos(ak)
1
1
− µµ21 γ
 a ln

d1
∆ (k, E) = 
(58)
,
ch(aχ
)−cos(ak)
µ1
1
2
ln
− µ2 γ
a
d2
where d1 = exp (−αa) /2, d2 = exp (−βa) /2, and the dispersion law for the waveguide
bands is determined by the equation

ln

ch (aχ1 ) − cos (ak) ch (aχ2 ) − cos (ak)
ln
− a2 |γ|2 = 0.
d1
d2

(59)

For di ≤ 2 exp (− |γ| a), waveguide bands are overlapped with the bands of the continuous
spectrum for the crystal. For di ≪ 2 exp (− |γ| a) they disappear. For γ = 0 one has
(0)

E1 = Eg /2 − h2 χ10 (k) / (2µ1 ) ,
(0)

.

E2 = h2 χ20 (k) / (2µ2 ) − Eg /2

(60)

Parameters χi0 (k) are determined by the equation

ch (aχi0 (k)) = di + cos (ak) ,

(61)

(i = 1, 2) .
For small |γ|2 , one can simply nd corrections to solutions (60) of equation (59) by the
Newton method

χi (k) = χi0 (k) + a |γ|2 /Ri (k) ,
] .
[
2
2 1/2
Ri (k) = 1 + 2 cos (ak) /di − sin (ak) /di

(62)

Correspondingly, the impurity bands are described more precisely:
(0)

Ei (k) = Ei (k) ∓

h2 a2
|γ|2 χi0 (k) .
µi Ri (k)

(63)

One can see, that for nonzero γ overlapping of the impurity bands is possible. Generally
speaking, such overlapping can occur for γ = 0 also. One can nd band edges and eective
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masses analogously to the previous section. To determine the explicit expression for the
wave function (53) including the determination of the normalizing constants, one should
consider the matrix Green function (50):

2

− h2

G (r, r′ , E) = G (r − r′ , E)


−1
∑
 µ1 0 
−1
(k, E) 
 × G0 (n′ a − r′ , E) exp [ika (n − n′ )] .
n,n′ G0 (r − na, E) ∆
−1
0 µ2
(64)
−1

Here ∆

(k, E) is the inverse matrix for ∆ (k, E), and


0
1  µ1 exp (−χ1 r) /r

G0 (r, E) =


2
4πh
0
µ2 exp (−χ2 r) /r

(65)

Inversion of matrix ∆ (k, E) can be performed by the following procedure (see [24]). For
any root Ej (k) of equation (59), there exists a non-zero vector-function


 tj1 (k) 
tj (k) = 

tj2 (k)
such that

[∆ (k, E) tj (k)]E=Ej (k) = 0.

(66)

Consequently, E = Ej (k) is also a root of function

Qj (E) =

2
∑

tij (k)∆ii′ (k, E) ti′ j (k)

i,i′

(
)
where t1j (k), t2j (k) = t+
j (k) is the vector adjoint to tj . Denition of function Qj (E)
leads to ℑEℑQ ≥ 0, ℑE ̸= 0, hence, Qj (E) is R-function having only simple roots which
belong to real axis. Roots strictly interspersed as poles lying on positive half-axis. Matrix
function ∆−1 (k, E) has simple poles at E = Ej (k). The following presentation is valid
−1
∆−1
ii′ (k, E) = [E − Ej (k)] tij (k) ti′ j (k)/Γj (k) + O (1) .

Here

(67)

[

]
d
Γj (k) =
Qj (E)
̸ 0.
=
dE
E=Ej (k)

Comparison of (64) (with substitution (67)) and matrix analog of expansion (44) gives
one
√
∞
∑
µ1
exp [−χij |r − na| − ikna] tij (k)
√
,
(68)
Ψij (r, k) =
|r − na|
4πh Γj (k) n=−∞
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where χij = χi (E = Ej ) and χij is determined by (62) or, in general case, by (59). As
for wave functions (68), it is simple to repeat (with the corresponding modications) the
proof of exponential decay far from the chain axis (see the previous section). Thus, if
one takes into account two bands of the crystal-matrix, the qualitative result is the same:
there is a possibility of appearance of waveguide bands localized in a neighborhood of the
chain. It should be noted that appearance of the waveguide band does not related with
the eective mass approximation. One can perform the analysis by taking a periodic
potential Hamiltonian for the crystal. The impurity inuence can be modeled by zerorange potentials as earlier. One chooses the parameters of these potentials in such a way
that the impurity level in a band coincides with the experimentally observed ones. As
a result, the wave functions for the states corresponding to the waveguide band can be
sought in the form
∑
e (r, na, E) exp (−inka)
G
n

e (r, r , E) . The dispersion equation for the waveguide band is obtained from
where G
the boundary condition. Taking into account that the behavior of the Green function
e (r, r′ , E) r → r′ is analogous to the behavior of [−4π |r − r′ |]−1 . The dispersion equation
G
will be as follows:
∑
−b +
Γ (n) eikna = 0,
′

n

[

)]
∂ ( e
Γ (n) = lim
r, G (r, na, E)
r→0 ∂r

3 Conclusion
Eective mathematical model for description and calculation of waveguide bands is suggested. It is based on the theory of self-adjoint extensions of symmetric operators. It
is a version of zero-range potential model. Periodic chain of point-like potentials at the
surface of nanoparticle, crystal-matrix (in the model - a half-space lled with the crystal). We take into account an inuence of one and two bands of the main crystal. For
the second case, one use an eective mass approximation. An additional waveguide band
appears. The corresponding state is localized near the chain of impurities. It decays
exponentially when the distance from the chain axis increases. Correspondingly, the
electron density near the nanoparticle surface increases. It leads to the growth of the
catalytic activity of the nanocatalyst (in a model, the half-crystal is the nanocatalyst).
Thus, we describe a mechanism of increasing of catalytic activity of nanocatalyst. The
model allows one to make calculations directly and, correspondingly, to choose proper
impurities for nanocatalyst improvement.
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1

Introduction

The cosmological and astronomical data obtained from the Supernovae Ia (SNeIa), the
cosmic microwave background (CMB), the Large Scale Structures (LSS) and X-ray experiments support the discovery of accelerated expansion of the present day universe [1–12].
Accelerated expansion of universe may be described by dark energy which has positive
energy density and negative pressure [13,14]. The Brans-Dicke (B-D) theory [15] of gravitation introduces a scalar field ϕ which has the dimensions inverse of the gravitational
constant and interacts equally with all forms of matter.The Brans-Dicke (B-D) theory
has attained significant attention in recent years due to its vast applications in modern
cosmology. There has been a lots of important works in diﬀerent types of expanding cosmological models of the universe [16–23] with Brans-Dicke theory. The presence of dark
energy is believed to be the reason behind the expansion of universe. Diﬀerent authors
like Al-Rawaft and Taha [24], Al-Rawaft [25], Overduin and Cooperstock [26] studied
∗
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about cosmological models with variable cosmological constant of the form Λ = ζ R̈
,
R
where ζ is a constant. Following the same decay law, Arbab [27, 28] investigated cosmic
acceleration with positive cosmological constant. Also, Khadekar et al. [29] investigated
well known astrophysical phenomenona of a cosmological model with cosmological term
of the form Λ ∝ R̈
. Thirukkanesh and Ragel [30] discussed about anisotropic spheres with
R
Van der Waals-type equation of state. In this paper, we discussed about isotropic cosmological model with Van der Waals equation of state in Brans-Dicke theory of gravitation
considering Robertson-Walker metric.

2

Metric and Solutions of Field Equations

Here, we consider the spherically symmetric Robertson-Walker metric
[
]
dr2
2
2
2
2
2
2
2
ds = dt − R (t)
+ r (dθ + sin θdΦ )
1 − kr2
where k is the curvature index which can take values −1, 0, 1.
The Brans-Dicke (B-D) theory of gravity is described by the action
[
(
)
]
∫
√
1
ω sl
4
S = d x |g|
ϕR − g ϕ,l ϕ,s + Lm
16π
ϕ

(1)

(2)

where R represents the curvature scalar associated with the 4D metric gij ; g is the
determinant of gij ; ϕ is a scalar field; ω is a dimensionless coupling constant; Lm is the
Lagrangian of the ordinary matter component.
The Einstein field equations in the most general form are given by
κ
ω
1
1
1
Rij − Rgij + Λgij = − Tij − 2 [ϕ,i ϕ,j − gij ϕ,s ϕ,s ] − (ϕ,ij − gij 2ϕ)
2
ϕ
ϕ
2
ϕ

(3)

(3 + 2ω)2ϕ = κT

(4)

where κ = 8π, T is the trace of Tij , Λ is the cosmological constant, Rij is Ricci-tensor,
gij is metric tensor, 2ϕ = ϕ,s
;s , 2 is the Laplace-Beltrami operator and ϕ,i is the partial
diﬀerentiation with respect to xi coordinate.
The energy-momentum tensor for the perfect fluid distribution is
Tij = (p + ρ)ui uj − pgij

(5)

with ui is four velocity vector satisfying g ij ui uj = 1, p is the pressure and ρ is the
energy density. A comma (, ) or semicolon (; ) followed by a subscript denotes partial
diﬀerentiation or a covariant diﬀerentiation respectively. The velocity of light is taken to
be unity.
Now for the metric (1), (3) and (4) gives
k
Ṙ2 2R̈
κp ω ϕ̇2
Ṙ ϕ̇ ϕ̈
+
+
−
Λ
=
−
−
−
2
−
R2 R2
R
ϕ
2 ϕ2
Rϕ ϕ

(6)
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(
3

k
Ṙ2
+
R2 R2

)
−Λ=
[
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κρ ω ϕ̇2
Ṙ ϕ̇
+
−3
2
ϕ
2ϕ
Rϕ
]

Ṙ
(3 + 2ω) ϕ̈ + 3 ϕ̇ = κ(ρ − 3p)
R

(7)

(8)

The energy momentum equation T;jij = 0 leads to the form
ρ̇ + 3H(ρ + p) = 0

(9)

We assume a modified Van der Waals [30] equation of state
βρ
−A
1 + γρ

p = αρ2 +

(10)

where α, β, γ and A are real constants.
Also, we assume [26] cosmological constant in the form
Λ=ζ

R̈
R

(11)

From equations (9) and (10), we get
(

ρ=

XR6 + R

−3

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1

)

(12)

R6

and,

 XR6 + R
p = α
[
β

XR6 +R


 +

R6

(
)
3X 2 αγ+2Xα+β−1−Aγ
−3
Xγ+1

]

(13)

R6

[
1+γ

(
) 2
2
−3 3X αγ+2Xα+β−1−Aγ
Xγ+1

XR6 +R

)
(
3X 2 αγ+2Xα+β−1−Aγ
−3
Xγ+1

] −A

R6

where X is the root of αγZ 3 + (α + γ)Z 2 + (1 + β − Aγ)Z − A = 0.
From equations (6), (7), (8) and (11), we get
[
]
k
Ṙ2
R̈
Ṙ ϕ̇ ϕ̈ 1 ϕ̇ 2
3 2 + 3 2 + (3 − 2ζ) = ω 3
+ − ( )
R
R
R
Rϕ ϕ 2 ϕ
where a dot (.) denotes diﬀerentiation with respect to time t.
The gravitational variable [31] is given by
(
)
4 + 2ω 1
G=
3 + 2ω ϕ

(14)

(15)

194

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 191–198

2.1 Case I:k = 0 and ζ > 3.
From (14) we get
(2ζ−3)

R = R0 [c1 t + c2 ] 2(ζ−3)

(16)

and
4ζ−3

ϕ = ϕ0 [c1 t + c2 ]−( ζ−3 )
{
} (2ζ−3)
[
]2
(2ζ−3)
2(ζ−3)
(ζ−3)
(ζ−3)
2(ζ−3)
where R0 = 2
, ϕ0 = R3 c1 (4ζ−3) .
(2ζ−3)
0
The gravitational variable is given by
(
)
4 + 2ω
1
G=
)
3 + 2ω ϕ0 [c1 t + c2 ]−( 4ζ−3
ζ−3

(17)

(18)

Using (16), equations (13) and (14) becomes

ρ=

XR06 (c1 t + c2 )

3(2ζ−3)
(ζ−3)

{
}−3
(2ζ−3)
+ R0 (c1 t + c2 ) 2(ζ−3)

(

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1

)

(19)

3(2ζ−3)
(ζ−3)

R06 (c1 t + c2 )
and,


(

 XR06 (c1 t + c2 )

p = α


3(2ζ−3)
(ζ−3)

R06 (c1 t + c2 )




β


XR06 (c1 t + c2 )
(1 +

γX)R06

{
}−3
(2ζ−3)
2(ζ−3)
+ R0 (c1 t + c2 )

3(2ζ−3)
(ζ−3)

(c1 t + c2 )

) 2



 +


3(2ζ−3)
(ζ−3)

{
}−3
(2ζ−3)
+ R0 (c1 t + c2 ) 2(ζ−3)

3(2ζ−3)
(ζ−3)

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1

(

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1

)





(
)
}−3 3X 2 αγ+2Xα+β−1−Aγ

(2ζ−3)
Xγ+1

{
+ R0 (c1 t + c2 ) 2(ζ−3)

(20)
−A

Spatial volume is given by
3(2ζ−3)

V = V0 [c1 t + c2 ] 2(ζ−3)

(21)

where V0 = R03 .
Hubble’s parameter is given by
H=

(2ζ − 3)
c1
2(ζ − 3) (c1 t + c2 )

(22)

Θ=

(2ζ − 3)
3c1
2(ζ − 3) (c1 t + c2 )

(23)

Scalar expansion is given by

Deceleration parameter is given by
(
q=−

3
2ζ − 3

)
(24)
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The anisotropy parameter is given by
∆=0

(25)

σ=0

(26)

[
]2
3(2ζ − 3)
c1
Λ=ζ
{2(ζ − 3)}2 (c1 t + c2 )

(27)

Shear scalar is given by
Cosmological constant is given by

2.2 Case II:k = 0 and ζ = 3.
From (14), we get
R=e
and
ϕ = ϕ0 e

µ tt

(28)

0

−6µ tt

(29)

0

t20

where ϕ0 = 36µ2 , µ is a constant, t0 is the age of the universe at present epoch.
The gravitational variable is given by
(
)
4 + 2ω
1
G=
3 + 2ω ϕ0 e−6µ tt0

(30)

Using (28), equations (13) and (14) becomes
(

ρ=

Xe

6µ tt
0

−3µ tt

+e

0

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1

)

(31)

6µ tt

e

0

and,


(

 Xe
p = α

−3µ tt

6µ tt
0

+e

e


 +

0

(

Xe

) 2

6µ tt



β

0

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1

6µ tt

+e

0

6µ tt
0

(1 + γX)e

−3µ tt

0

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1

−3µ tt
0

+e

(

)

3X 2 αγ+2Xα+β−1−Aγ
Xγ+1




)

(32)
−A

Spatial volume is given by
V =e
Hubble’s parameter is given by

3µ tt

0

(33)

H=

µ
t0

(34)

Θ=

3µ
t0

(35)

Scalar expansion is given by
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Deceleration parameter is given by
q = −1

(36)

∆=0

(37)

σ=0

(38)

( )2
µ
Λ=3
t0

(39)

The anisotropy parameter is given by

Shear scalar is given by
Cosmological constant is given by

3

Conclusion

Here, we get the following results:
Case I: In this case, scale factor, spacial volume, gravitational variable increases as time
increases. On the other hand, scalar field, hubble’s parameter, scalar expansion and
cosmological constant decreases as time increases and becomes zero as time tends to
infinity. The deceleration parameter is less than zero which gives us an accelerating
universe. Also anisotropy parameter as well as shear scalar are zero giving us an isotropic
and shear free model. Again for α > 0, β > 0, γ > 0, A > 0, both energy density and
pressure are positive , also pressure is greater than energy density. But for α < 0, β <
0, γ > 0, A > 0, energy density is positive and pressure is negative giving us a dark energy
model universe with accelerated expansion of the universe.
Case II: In this case, scale factor, spacial volume, gravitational variable increases as time
increases. On the other hand scalar field decreases as time increases and becomes zero as
time tends to infinity. Hubble’s parameter, scalar expansion and cosmological constant
are small and positive constant. Here also, the deceleration parameter is less than zero
which gives us an accelerating universe. The anisotropy parameter as well as shear scalar
are zero giving us an isotropic and shear free model. Again for α > 0, β > 0, γ > 0, A > 0,
both energy density and pressure are positive , also pressure is greater than energy density.
but for α < 0, β < 0, γ > 0, A > 0, energy density is positive and pressure is negative
giving us a dark energy model universe with accelerated expansion of the universe.
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1

Neutrino

Introduction

The Democratic Neutrino Theory (DNT), which was introduced in Refs. [1, 2, 3], is based
on a simple S3 symmetric leading order democratic mass matrix, which allows to make
certain predictions on the neutrino masses and mixing. In particular, a generic neutrino
mass spectrum in DNT with small perturbations can be approximately written as (small
deviation of m3 from 2m is irrelevant)
{m, m + δm, 2m},

(1)

where m ≈ 0.03 eV is the absolute neutrino mass scale, which is determined from the
atmospheric neutrino oscillation data, and δm ≪ m is a perturbation in the democratic neutrino mass spectrum. In this model the mixing angles can be approximately
determined as θ12 ≈ 30◦ , θ23 ≈ 45◦ and θ13 ≈ 35.3◦ (in the standard parametrization).
These predictions agree with the present solar, atmospheric and accelerator neutrino data.
∗
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However the alternative explanations with respect to the Conventional Neutrino Theory
(CNT) [4] of many neutrino results are required [3]. In particular, the suppression of the
atmospheric νe → νµ,τ oscillations, which was observed by the Super-Kamiokande [5, 6],
is explained in CNT by small |Ue3 |2 . It was proposed in Ref. [3] that in DNT this suppression may take place due to the Earth’s matter eﬀect. In this paper we investigate
this possibility in more detail.
Another essential diﬀerence between DNT and CNT is in explanation of the large amplitude of the atmospheric νµ oscillations, which was observed by the Super-Kamiokande
and MINOS [7, 8]. In CNT this close to unity amplitude is explained by the large νµ → ντ
√
oscillations due to the large values of |Uµ3 | and |Uτ 3 |, where each of them is about 1/ 2.
However in DNT this result is explained by the sum of νµ → ντ and νµ → νe oscillations,
where they both are significant.
Finally, in DNT the fluxes of incoherent massive neutrino eigenstates at the Earth
correspond to the mass composition of the electron neutrino at production in the core
of the Sun. However CNT assumes either that these fluxes correspond to the mass
composition of neutrino at the last scattering surface or neutrino coherence at the Earth.
First possibility does not work since the interactions of neutrinos with the matter of
the Sun do not change the lepton number. Second possibility is not realistic due to the
separation of the neutrino wave packets. Hence the explanation of solar neutrinos in CNT
is in question.
We should stress that due to these diﬀerences in explanation of the particular neutrino
phenomena in DNT and CNT the results of conventional global analysis of the neutrino
data can not be applied to DNT directly. This paper is one of the steps in the direction
to an adequate global analysis, which is required for accurate verification of DNT.
We notice a strong hierarchy ∆m221 ≪ ∆m231 between the two neutrino mass splittings
∆m231 ≡ ∆m2 = 3m3 and ∆m221 ≡ ∆µ2 ≈ 2mδm in DNT with tiny perturbations, which
significantly simplifies the investigation of the neutrino propagation through the Earth.
Moreover the given value of the 1-3 mixing angle removes the major uncertainty in the
neutrino oscillogram, which is investigated in the next section.

2

Neutrino Oscillograms of the Earth: DNT vs. CNT

The evolution of the neutrino state over a finite distance from x0 to x can be described
using the evolution matrix S(x, x0 ) [9, 10, 11]. The matrix S(x) = S(x, 0) satisfies the
same evolution equation as the state vector νf = (νe , νµ , ντ )T , namely,
i

dS(x)
= Ĥ(x)S(x).
x

(2)

In this equation the Hamiltonian can be written as2
In sections 2.1 and 2.2 a symmetric Hamiltonian (with H11 = −H22 = − cos 2θ13 ∆m2 /4E + V /2) for
2ν system is used, which diﬀers from Eq. (3) by a term proportional to the unit matrix, see Ref. [9].

2
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Ĥ(x) =

201

U M 2U †
+ V̂ (x),
2Eν

(3)

where Eν is the neutrino energy, M 2 = diag(0, ∆m221 , ∆m231 ) is the neutrino splitting
matrix;
U = R23 Iδ R13 I−δ R12

(4)

is the neutrino mixing matrix, where Rij = Rij (θij ) is the Euler rotation matrix, and
Iδ = diag(1, 1, eiδ ) with CP -violating Dirac phase δ; and V̂ (x) = diag(V(x), 0, 0) is the
matrix of matter-induced neutrino potentials with
V (x) =

√
2GF Ne (x),

(5)

where GF is the Fermi constant, and Ne (x) is the electron number density.
In the propagation basis ν̃ = (νe , ν̃2 , ν̃3 )T , which can be defined through the transformation νf = Ũ ν̃ with Ũ = R23 Iδ , the evolution matrix can be written as
S̃(x) = Ũ † S(x)Ũ ,

(6)

and parametrized as




 Aee Ae2̄ Ae3̄ 



S̃ ≡ S̃(L) = 
 A2̄e A2̄2̄ A2̄3̄  ,


A3̄e A3̄2̄ A3̄3̄

(7)

where L is the total length of the neutrino trajectory.
In the DNT with small perturbations the 1-2 mass splitting can be neglected to a
good precision (not only for high energies Eν & 1 GeV as in CNT). In this approximation
Ae2̄ = A2̄e = A2̄3̄ = A3̄2̄ = 0, A2̄2̄ = 1 and the evolution matrix in the flavor basis can be
rewritten as [9]




s23 Ae3̄
c23 Ae3̄
 Aee




2
2
S̃ =  s23 A3̄e c23 A2̄2̄ + s23 A3̄3̄ −s23 c23 (A2̄2̄ − A3̄3̄ ) 
,


2
2
c23 A3̄e −s23 c23 (A2̄2̄ − A3̄3̄ ) s23 A2̄2̄ + c23 A3̄3̄

(8)

where cij = cos θij and sij = sin θij . Using the value θ23 ≈ π/4 of DNT with tiny
perturbations, the neutrino oscillation probabilities [9, 11], which are relevant to the
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atmospheric neutrino fluxes, can be written as
P (νe → νe ) = 1 − PA ,

(9)

1
P (νe → νµ ) = P (νµ → νe ) ≈ PA ,
2
1√
1 1
P (νµ → νµ ) ≈ − PA +
1 − PA cos ϕX ,
2 4
2
1
P (νe → ντ ) = P (ντ → νe ) ≈ PA ,
2
1√
1 1
P (νµ → ντ ) = P (ντ → νµ ) ≈ − PA −
1 − PA cos ϕX ,
2 4
2

(10)
(11)
(12)
(13)

where
PA = |Ae3̄ |2

(14)

[
]
is the two-neutrino transition νe ↔ νµ,τ probability, and ϕX = arg A2̄2̄ A∗3̄3̄ .
In our calculations we use the electron density profile N (r) = Ne (r)/NA (where r is
the distance from the center of the Earth, and NA is the Avogadro constant), which was
derived in Ref. [12] using the PREM model [13] for the matter density distribution in the
Earth. The correspondent neutrino potential is symmetric with respect to the midpoint
of the trajectory
V (x) = V (L − x),

(15)

where L = 2R cos Θν is the length of the neutrino trajectory, which corresponds to a
nadir angle Θν . For the mantle-only crossing trajectories ( 33.1◦ < Θν < 90◦ ) V (x) can
be considered as one matter layer with relatively weakly varying density, while for the
core-crossing trajectories ( 0◦ < Θν < 33.1◦ ) V (x) can be considered as three matter
layers of this type. For each of these layers the neutrino potential V (x) along a given
trajectory can be written as
V (x) = V̄ + ∆V (x),

(16)

where V̄ is a constant term, and ∆V (x) is a small perturbation.

2.1 Mantle-only Crossing Trajectories
Consider the neutrino trajectories, which cross only the Earth mantle ( 33.1◦ < Θν < 90◦ ).
Using a perturbation theory in ∆V the two-neutrino transition probability in Eq. (14)
can be rewritten as [9]
(
)2
PA = cos ε sin 2θ̄ sin ϕ + sin ε cos 2θ̄ ,
(17)
mV̄
m
(L), and ε = sin 2θ̄∆I with
(V̄ ) is the mixing angle in matter, ϕ = ϕ13
where θ̄ = θ13
(
)
∫
1 L/2
L
mV̄
∆I =
∆V z +
(z)]dz.
(18)
cos[ϕ13
2 −L/2
2
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We have used the expressions [11]
m
cos 2θ13
=√

V̄
ϕm
13 (x)

cos 2θ13 ∆ − V

,

(19)

√
= x (cos 2θ13 ∆ − V̄ )2 + ∆2 sin2 2θ13 ,

(20)

(cos 2θ13 ∆ − V )2 + ∆2 sin2 2θ13

where ∆ ≡ ∆m231 /(2Eν ), and averaged the neutrino potential along the trajectory as
1
V̄ (Θν ) =
L(Θν )

∫

L(Θν )

V [r(x, Θν )] dx,

(21)

0

where
√(
r(x, Θν ) =

L(Θν )
tan Θν
2

)2

(
+

L(Θν )
−x
2

)2
(22)

is the distance from the Earth’s center to the point x of the neutrino trajectory.

2.2 Core-crossing Trajectories
In case of the core-crossing neutrino trajectories ( 0◦ < Θν < 33.1◦ ) the two-neutrino
transition probability can be found as [9]
PA = |S12 |2 ,

(23)

using the factorized evolution matrix S = S1T S2 S1 , where the matrix S1 (S2 ) corresponds
to the neutrino evolution in the appropriate region of the Earth’s mantle (core). In
particular,


 sin 2θ̄2 cos 2θ̄2 
S2 = cos ε2 S̄2 − i sin ε2 
(24)
,
cos 2θ̄2 − sin 2θ̄2
where ε2 = sin 2θ̄2 ∆I2 and


−i sin 2θ̄2 sin ϕ2

 cos ϕ2 + i cos 2θ̄2 sin ϕ2
S̄2 = 

−i sin 2θ̄2 sin ϕ2
cos ϕ2 − i cos 2θ̄2 sin ϕ2

(25)

V̄2
with ϕ2 = ϕm
13 (L − 2L1 ) and ∆I2 = ∆I(V̄ → V̄2 , L → L − 2L1 ).
Following Ref. [9] we approximate the density profile within each mantle layer by a
linear function

V1 (z) = V̄1 + ∆V1 (z),

∆V1 (z) ≈ V1′

z
,
L1

(26)
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Fig. 1 Neutrino oscillograms calculated within: CNT with sin2 2θ13 = 0.1 (left) and DNT
(right). Shown are the values of PA in the plane of the nadir angle Θν and the neutrino
energy Eν .
where L1 is the length of the trajectory within one mantle layer, V̄1 = V̄ (L → L1 ) and
z = x − L1 /2. At first-order in ε1 = sin 2θ̄1 ∆J1 :


 cos ϕ1 + i cos 2θ̄1 sin ϕ1 sin 2θ̄1 (−i sin ϕ1 − ∆J1 ) 
S1 ≈ 
(27)
,
sin 2θ̄1 (−i sin ϕ1 + ∆J1 ) cos ϕ1 − i cos 2θ̄1 sin ϕ1
V̄1
where θ̄1 = θm (V̄1 ), ϕ1 = ϕm
13 (L1 ) and

∆J1 = V1′ L1

sin ϕ1 − ϕ1 cos ϕ1
.
4ϕ21

(28)

2.3 Neutrino Oscillograms
The neutrino oscillograms calculated in the considered approximation of a matter layer
with weakly varying density are shown in Fig. 1 for the range of neutrino energies from
1 GeV to 15 GeV. (For lower neutrino energies the matter eﬀect on atmospheric neutrinos
is mainly determined by the electron number density within one oscillation length under
the detector [14].) The oscillogram in the left is calculated within CNT with sin2 2θ13 =
0.1. Its part for the mantle-only crossing trajectories (Θν & 33◦ ) accurately reproduces
the corresponding result of Ref. [9]. Some diﬀerences with the result of Ref. [9] for the
core-crossing trajectories require additional consideration. The oscillogram in the right is
calculated within DNT, in which the value of θ13 is significantly larger (sin2 2θ13 = 8/9).
Fig. 1 shows that the suppression of νe → νµ,τ oscillations is really significant in DNT
with respect to CNT for the multi-GeV events with Eν > 5 GeV at the core-crossing
trajectories.
The main diﬀerences of the shown DNT result from the CNT one for the mantle-only
crossing trajectories are:
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(1) larger values of PA in the lower part of shown (Θν , Eν ) area;
(2) existence of the two bands (instead of one) with large values of PA , which are separated
by the band with small values of PA , in the energy range 5 GeV < Eν < 15 GeV.
For the core-crossing trajectories the diﬀerences between DNT and CNT results are
even more dramatic: the picture derived in DNT has partly mirror dependence on the
nadir angle with respect to the picture derived in CNT. Also the values of PA are essentially smaller in DNT with respect to CNT for Eν > 5 GeV.
The discussed diﬀerences should significantly eﬀect fitting of the experimental data,
using the simulated fluxes of atmospheric neutrinos [15, 16]. This is a subject of future
researches, which may include a detailed investigation of the oscillation channels Pµµ and
Pµτ . Implementation of new methods [17] would be also useful in further investigations.
In conclusion, we have found the neutrino oscillogram driven by the 1-3 mixing in
the matter of the Earth in the framework of the Democratic Neutrino Theory. This
oscillorgam shows the significant suppression of νe → νµ,τ oscillations for the core-crossing
trajectories of neutrinos with the energies Eν > 5 GeV. This is an important step on the
way of accurate verification of this theory.
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1

Introduction

Over the past few years, solving of non relativistic wave equation i.e Schrödinger equation
via Laplace transform has become one of the important research area specially for atomic
and molecular physics. These type of studies have a long history which began from the
first years of quantum mechanics by Schrödinger when discussing the radial eigenfunction of the hydrogen atom [1]. More than forty years later Englefield approached the
Schrödinger equation with the Coulomb, oscillator, exponential and Yamaguchi potentials [2]. Since then several research work has been carried out for other solvable potentials
like pseudoharmonic [3-4], Morse like [5-6], Mie-type [7] and others [8-10]. The focus of
these type of studies was to promote the method of Laplace transform over other parallel
methods such that, series solution method [11], Fourier transfrom method [12], NikiforovUvarov method [13], asymptotic iteration method [14], super-symmetric approach [15],
shifted N1 expansion method [16] and others[17-19].
Despite of the strong focus, we must say still there is a lack of study on Schrödinger
∗
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equation for anharmonic type potentials via Laplace transform. May be the main reason of this lack is due to the mathematical diﬃculties to obtain Laplace transformable
diﬀerential equation from original wave equation. The term “Laplace transformable” is
meaningful here in the sense that inserting the chosen potential into Schrödinger equation
and imposing parametric restriction or by variable alteration we must get a “modified
diﬀerential equation” with coeﬃcient say rj (j = 0, 1) before triggering the Laplace transformation rule. Actually whenever j > 1, eventually happens for anharmonic potentials,
after Laplace transform of the modified diﬀerential equation we can not get first order differential equation in transformed space and hence privilege of mathematical easiness goes
in vain. That is the reason why Laplace transform for any anharmonic potential is being
avoided for a long time. Feeling the fact, in this paper first time a special anharmonic
type potential
V (r) = ar2 + br −

c
,a > 0
r

(1)

is examined on N - dimensional Schrödinger equation via Laplace transform. This potential is supposed to be responsible for the interaction between quark and antiquark
and alternatively it is called Killinbeck or Cornell plus harmonic potential [20].The main
motivation of this present work is to show that, Laplace transform may also provide
mathematical comforts to tackle those modified diﬀerential equations which has variable
coeﬃcient for j > 1. Here in this work we have encountered the situation for j = 2
and also a fact of second order diﬀerential equation in transformed space instead of first
order. Solution of such equation is easy in transformed space if the behavior of Laplace
transform at the singular point is taken into account.

2

Overview of Laplace Transform

The Laplace transform ϕ(s) or L of a function f (t) is defined by [21]
∫ ∞
ϕ(s) = L {f (t)} =
e−st f (t)dt .

(2)

0

If there is some constant σ ∈ R such that |e−σt f (t)| ≤ M for suﬃciently large t, the
integral in Eq.(2) will exist for Re s > σ . The Laplace transform may fail to exist
because of a suﬃciently strong singularity in the function f (t) as t → 0 . In particular
[
]
tα
1
L
= α+1 , α > −1 .
(3)
Γ(α + 1)
s
The Laplace transform has the derivative properties
n−1
∑
{ (n) }
n
L f (t) = s L {f (t)} −
sn−1−k f (k) (0) ,

(4)

k=0

L {tn f (t)} = (−1)n ϕ(n) (s) ,

(5)
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where the superscript (n) denotes the n-th derivative with respect to t for f (n) (t), and
with respect to s for ϕ(n) (s). If s0 is the singular point, the Laplace transformation
behaves as for s → s0
1
,
(s − s0 )v

(6)

1 v−1 s0 t
t e ,
Γ(v)

(7)

ϕ(s) =
then for t → ∞
f (t) =

where Γ(v) is the gamma function. On the other hand , if near origin f (t) behaves like
tα , with α > −1, then ϕ(s) behaves near s → ∞ as
ϕ(s) =

3

Γ(α + 1)
.
sα+1

(8)

Bound State Spectrum

In natural unit c = ~ = 1,the N -dimensional time-independent Schrödinger equation for
a particle of mass µ with arbitrary angular quantum number ℓ is given by [22]
[
]
(
)
∇2N + 2µ E − V (r) ψnℓm (r, ΩN ) = 0 ,
(9)
where E and V (r) denote the energy eigenvalues and potential. ΩN within the argument
of n-th state eigenfunctions ψnℓm denotes angular variables θ1 , θ2 , θ3 , ....., θN −2 , φ. The
Laplacian operator in hyperspherical coordinates is written as
(
)
Λ2N −1
1 ∂
2
N −1 ∂
∇N = N −1
r
− 2 ,
(10)
r
∂r
∂r
r
where
Λ2N −1

=−

[ N −2
∑
k=1

1
×
2
2
sin θk+1 sin θk+2 .....sin2 θN −2 sin2 φ

(

1

∂
∂
sink−1 θk
k−1
sin θk ∂θk
∂θk

)

]
∂
∂
+ N −2
sinN −2 φ
.(11)
sin
φ ∂φ
∂φ
1

Λ2N −1 is known as the hyperangular momentum operator.
We chose the bound state eigenfunctions ψnℓm (r, ΩN ) that are vanishing for r → 0 and
r → ∞. Applying the separation variable method by means of the solution ψnℓm (r, ΩN ) =
Rnℓ (r)Yℓm (ΩN ), Eq.(9) provides two separated equations
Λ2N −1 Yℓm (ΩN ) = ℓ(ℓ + N − 2)Yℓm (ΩN ) ,

(12)
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where Yℓm (ΩN ) is known as the hyperspherical harmonics and the hyperradial or in short
the “radial” equation
[ 2
]
d
ℓ(ℓ + N − 2)
N −1 d
+
−
+ 2µ[E − V (r)] Rnℓ (r) = 0 ,
(13)
dr2
r dr
r2
where ℓ(ℓ + N − 2)|N >1 is the separation constant [23] with ℓ = 0, 1, 2, . . .
Inserting the anharmonic potential into the Eq.(13) yields
[ 2
]
d
N −1 d
ℓ(ℓ + N − 2)
c
2
+
−
+ 2µ[E − (ar + br − )] R(r) = 0 .
dr2
r dr
r2
r

(14)

In order to guess the eigenfunction at the asymptotic limit r → ∞ we have
d2 R
− 4α2 r2 R = 0 ,
dr2

(15)

where the fact ar2 >> br for large r has been assumed. The term 4α2 is for mathematical
convenience with
√
µa
α=
.
(16)
2
The solution of the Eq.(15) is easy. Remembering the fact r2 >> 1, we can take the
solution as
R(r) ∝ e−αr .
2

(17)

Now we are in a position to guess a complete solution of Eq.(14). The solution should be
bounded in the origin. Let us try a solution of type
R(r) = rk e−αr f (r) , k > 0 .
2

(18)

The term rk assures that, the solution at r = 0 is bounded. The function f (r) yet to be
determined. Inserting Eq.(18) into Eq.(14) we have
}
{
Q(k, ℓ, N )
′′
′
2
2
− 2µbr + 2µc + rϵkN f (r) = 0 , (19)
rf (r) + (ηkN − 4αr )f (r) +
r
were the prime over f (r)denotes the derivative with respect to r. Also
Q(k, ℓ, N ) = k(k − 1) + k(N − 1) − ℓ(ℓ + N − 2) ,
ϵkN = 2µE − 2αN − 4αk ,
ηkN = 2k + N − 1 .
To ease out the scenario of Laplace transform of the above diﬀerential equation we impose
a parametric restriction
Q(k, ℓ, N ) = 0 .

(20)
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This gives k+ = ℓ and k− = −(ℓ + N − 2) . The acceptable physical value of k is k+ = ℓ.
Finally we have
′′

′

rf (r) + (ηℓN − 4αr2 )f (r) + (2µc − 2µbr2 + rϵℓN )f (r) = 0 .

(21)

It is worth to mention here that Eq.(20) is not a mandatory condition of applying Laplace
transformation on Eq.(21). It only helps to achieve the second order diﬀerential equation
in transform space. If it was not imposed then the diﬀerential equation in transformed
space would be of third order, and obviously we do not want that situation . Now we
are in a position to get the Laplace transform of the above diﬀerential equation given
by Eq.(21).Introducing the Laplace transform ϕ(s) = L {f (r)} and taking the boundary
condition f (0) = 0 , the derivative properties of Laplace transform Eq.(4)and Eq.(5) give
(
)
d2 ϕ(s)
µc )
1 2
dϕ(s) (
(s + β)
+
s
+
λ
+
γs
−
ϕ(s) = 0 ,
(22)
ds2
4α
ds
2α
where the following abbreviations are used
β=

µb
µE
N
3 − 2ℓ − N
;λ =
− (ℓ +
− 2) ; γ =
.
2α
2α
2
4α

(23)

The singular point of transformed diﬀerential equation is s = −β
Using the fact of Eq.(6) the solution of Eq.(22)can be taken
ϕ(s) =

CnℓN
, n = 0, 1, 2, 3, . . .
(s + β)n+1

(24)

Inserting the Eq.(24) in Eq.(22) we get the following three identity relations,
γ=

n+1
,
4α

(25)

µc
,
2α

(26)

γβ =

(n + 1)(n + 2) − (n + 1)λ −

µc
β = 0.
2α

Using the set of Eq.(25-27) and Eq.(23), the energy eigenvalues becomes
√
b2
a
EnℓN =
(2n + 2ℓ + N ) −
.
2µ
4a

(27)

(28)

This result is exactly the same that obtained in [24-27] before. The undetermined function
f (r) can be found from the inverse Laplace transform such that f (r) = L−1 {ϕ(s)}.
Using the Eq.(7), we get
f (r) =

CnℓN n −βr
r e
.
n!

(29)

212

Electronic Journal of Theoretical Physics 13, No. 35 (2016) 207–214

Finally using Eq.(16), Eq.(18) and Eq.(23) it is easy to determine the corresponding
eigenfunctions of the system as
√
√
CnℓN ℓ+n
µa 2
µ
RnℓN (r) =
r
exp (−
r −b
r) .
(30)
n!
2
2a
The normalization constant CnℓN can be obtained from the condition
∫ ∞
[RnℓN (r)]2 rN −1 dr = 1 .

(31)

0
β
A fare approximation r + 2α
≈ r will make the integration much more easy to evaluate.
The use of integral formula

∫

∞

p+1

p −Axq

xe
0

1 Γ( q )
dx =
, p, q > 0 ,
q A p+1
q

gives
{
CnℓN = n!

ℓ+n+ N
2

2(2α)
Γ(ℓ + n +

N
)
2

β2

e− 2α

} 12
.

(32)

In case of three dimensional isotropic harmonic oscillator V (r) = 21 µωr2 = ar2 and
b = c = 0. Within the frame work of natural unit, Eq.(28) gives the energy eigenvalue
′
E = ω(n + 23 ), which is a very common result with the definition of quantum number
′
n = n + ℓ.

4

Conclusion

In this paper N -dimensional Schrödinger equation for anharmonic potential has been
solved via Laplace transformation. The diﬀerential equation in transformed space is second order instead of the first order. It has been shown that this is not the problem at
all for deriving energy eigenvalues as well as eigenfunctions. Moreover we can say after
achieving the second order diﬀerential equation the method of deriving energy eigenvalues
and eigenfunctions are easier than the usual guide line of conventional method of Laplace
transformation i.e trying a first order diﬀerential equation in transformed space and then
imposing a quantization condition on the solution of that.
The potential V (r) = ar2 + br − rc , (a > 0) has been solved by other methods as cited
earlier. Mass spectra of quarkonium system (Υ(bb), ψ(cc)) are well studied using equation
Eq.(28). The only important thing in this paper is to show an example that Laplace transformation is equally a powerful method to tackle anharmonic potential. Furthermore,
β
from present calculation using the approximation r + 2α
≈ r,the approximate rms radius
√
√
ℓ+n+ 32
2
of the bound state of quarkonium comes out as rrms = < r > =
× 0.1973f m,
2α
∫∞ 2
2
2 2
where < r >= 0 r [Rnℓ3 (r)] r dr. Careful calculation shows that the rms radius of bb
for the state 1S(Υ) is 0.2672f m and the same for cc for the state 1S(J/ψ) is 0.4839f m.
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These results are quite a good matched with reported values. All other rms radii for
higher states are somehow diﬀer from the actual value of the present day experimental
results. Despite of non relativistic model, this achievement is also remarkable thing to
note down.
There are several anharmonic potentials like Singular integer power potential V (r) =
∑p a i
6
4
2
i=0 ri , Sextic potential V (r) = ar + br + cr , Non-polynomial potential V (r) =
λr2
r2 + 1+gr
2 and others. These potentials are still untouched by the use of Laplace transformation. Though there are other mathematical questions about the applicability of
Laplace transformation for every potential but the present paper will help little bit to
overcome the barrier and strict guide line of obtaining the first order diﬀerential equation
in transformed space.
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