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A Century Ago...EJTP “Year of Light” 2015
The “International Year of Light and Light-Based Technologies” (IYL 2015) is a global
initiative, adopted by the United Nations to raise awareness about how optical technologies promote sustainable development and provide solutions to worldwide challenges in
areas such as energy, education, communications, health, and sustainability. But for
theoretical Physics there is the double anniversary of Special Relativity (SR) and General Relativity (GR); moreover the double wave/particle nature of light crosses entirely
Physics from time of Newton and Huygens and arrives at the fundamental questions of
Quantum Mechanics (QM).
In EJTP we have therefore decided to organize our special issue on the Year of Light
(IYL), by calling the community of theoreticians for reflecting about the issues which
could be at today the subject of the Einstein-Bohr contention: black holes, the structure
of “empty space”, the nature of relativistic symmetries, and of course the entanglement
and the non-locality. After the no-return point of the Aspect experiment, it has become
clear that the non-local QM must be introduced “ab initio”, not as “unexpected guest”.
The recent work in quantum optics and quantum computing has also led to a full
awareness about the fact that they are related but not identical properties, showing the
rich structure of QM (see as example: “More nonlocality with less entanglement” by
Thomas Vidick and Stephanie Wehner, Phys. Rev. A 83, 052310, 2011). The placed
challenges beyond the Standard Model (SM) in the direction of Quantum Gravity (QG)
put on a new basis the question of foundations.
It is no longer a philosophical habit, but the need to understand how QM works
on enormously more “subtle” areas than molecular, atomic and nuclear ones, where
Quantum Field Theory (QFT) has “seen the light” and has established, with its ripest
fruit, the lighthouse which guided the exploration of these regions. An extraordinary new
possibility consists in Emerging Quantum Mechanics (EQM), which requires radically new
hypotheses about the nature of the physical world.
We are particularly grateful to Prof. G. ’t Hooft, for allowing us to re-submit in
the opening issue his work, which is already a milestone in theoretical physics, “The
Fate of Quantum”. It retraces, with the usual conceptual density and formal elegance,
the essential aspects of his proposal based on the non-locality as “equivalence class” of
local states deterministically describable through “blocks” of information. The quantum
level is therefore “compressed” between a local discrete determinism and a classic and
continuous one.
This proposal is perhaps the most radical on a path running from the Einstein realism
to the Turing theory of computation, receiving the notion of emergence from the physics
of complex systems and thus re-defining our certainties on the classic/quantum border.
Other proposals must also postulate, in addition to forms of fundamental discretization
(theories of pre-quantization), more complex assumptions on the nature of space, time
and dynamics, from the Euclidean non-temporal approaches to those of “superfluid”
spacetime.
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“Black Hole Wars” could not miss, a topic on which compare themselves today the
first embryonic theories of quantum gravity, ideal laboratory of conceptual experiments,
and the neutrino oscillations, particle which perhaps represents the ensign of awaiting
physics beyond the standard model and that brings us back to the tutelary authority of
this journal, Ettore Majorana, expecting us in 2016 for the anniversary of his birth and
of course for the new round.
Volume Editors–The Einstein-Bohr Debate in the Year of Light 2015:
Highlights in Quantum and Relativity
Christian Corda, Guest Editor
Maurizio Consoli, EJTP Journal
Ignazio Licata, EJTP Journal
Ammar Sakaji, EJTP Journal
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Abstract: Although the suspicion that quantum mechanics is emergent has been lingering for
a long time, only now we begin to understand how a bridge between classical and quantum
mechanics might be squared with Bell’s inequalities and other conceptual obstacles. Here, it is
shown how mappings can be formulated that relate quantum systems to classical systems. By
generalizing these ideas, one gets quite general models in which quantum mechanics and classical
mechanics can merge. It is helpful to have some good model examples such as string theory. It
is suggested that notions such as ‘super determinism’ and ‘conspiracy’ should be looked at much
more carefully than in the, by now, standard arguments.
c Electronic Journal of Theoretical Physics. All rights reserved.
⃝
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1

Introduction. The Cellular Automaton Interpretation of
Quantum Mechanics

What follows may seem to be a prototype of the most simplistic hidden variable ideas.[3]
Indeed, it is precisely the thing that is being categorically dismissed in the physics
∗

Submitted to the Proceedings of the Conference on Time and Matter, March 2013, Venice, Italy. We
reproduce this paper with written permission from the author.
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community because it seems to lack the conditions for entangled states to arise naturally,
and it seems to entail Bell inequalities. As for the first objection, we can bring forward
that it is easy to consider entangled states in this formalism, while the problem of Bell’s
inequalities is more mysterious in this context. Rather than attempting to play down the
Bell inequality arguments, we note that our models as yet will be too simple to allow a
complete discussion of the relevant gedanken experiments: we cannot do such gedanken
experiments because the interactions needed have not yet been introduced. We will observe that, at our level of the discussion, distinctions between ‘fundamentally’ classical
and ‘fundamentally’ quantum mechanical models cannot yet be made, and precisely this
will make the discussion interesting. The dividing line between classical and quantum
mechanical is much more delicate than usually implicated, and such observations may
well become helpful and important in the future. In short, we believe this is a way to go.
The reader, however, is asked to uphold his/her intuitive objections until the nature of
the discussion here is made more clear.
The ‘cellular Automaton (CA) Interpretation’ is then based on some simple axioms:
⃗ i , i = 1, 2, · · · , that evolve entirely clas(i) A cellular automaton describes states Q
sically. Classical data are divided over ‘cells’ that may form a D − 1 -dimensional
lattice (when excluding the time dimension). For clarity, we take time to be discrete,
t = t1 → t2 → · · · , allowing the classical states to evolve according to some evolu⃗1 → Q
⃗ 2 → · · · . Usually, we will require locality, which means that the
tion law: Q
evolution law for each cell only implies nearest neighbors.
⃗ 1 ⟩, |Q
⃗ 2 ⟩, · · · , and
(ii) We write these states as basis elements of a Hilbert space, |Q
⃗ 1 ⟩ + α2 |Q
⃗ 2⟩ +
we allow ourselves to consider ‘quantum superpositions’, |ψ⟩ = α1 |Q
2
· · · , where the coeﬃcients αi mean nothing more than that |αi | stand for the
probabilities, while the phases of αi are totally meaningless at this point. These
phases only serve to allow us to perform mathematical operations between these
states (which are important, as will become manifest shortly).
(iii) We now write the evolution operator U as a matrix in this Hilbert space:
⃗ + δt)⟩ = U (δt)|Q(t)⟩
⃗
⃗ i ⟩ such that the
|Q(t
. For example, we can order the states |Q
matrix U takes the form


0 0 ··· 1
1 0
0
.
(1)
U =
0 1
0
···
(iv) By inspecting the eigen states of this matrix, it is easy to construct an operator H
such that U = exp(−iH δt) .
(v) We allow ourselves to perform unitary transformations to any other basis. One finds
a “quantum mechanical” system, obeying Schrödinger’s equation
d
|ψ(t)⟩ = −iH|ψ(t)⟩ .
(2)
dt

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 1–16
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These sets of axioms would nearly reproduce standard quantum mechanics, except that
?
the expectation value of an operator O cannot in general be taken to be ⟨O⟩ = ⟨ψ|O|ψ⟩ ,
but rather
∑
∑
2 ⃗
⃗
⃗ = Tr (ρ O) ; ρ =
⃗ Q|
⃗ .
⟨O⟩ =
|⟨Q|ψ⟩|
⟨Q|O|Q⟩
ρQ⃗ |Q⟩⟨
(3)
⃗
Q

⃗
Q

This means that we will not consider ontological states to be in a quantum superposition,
but we do allow density matrices. Note, that Eq. (3) is not the most general density
⃗ are not
matrix used in quantum mchanics, but a subset. If, however, the states |Q⟩
known in a given quantum system, then it will also be diﬃcult to tell whether a given
density matrix can be cast in this form or not. The CA interpretation asserts that we can
limit ourselves to density matrices that can be cast in this form.
Thus, a subtle departure from standard quantum mechanics is that all ‘physical’,
⃗ states themselves. Then it is also natural to assume
ontological states will be the |Q⟩
that course grained observables, such as the positions of cars and planets, but also the
position of indicators on a detector, are representated by carefully chosen, statistical
⃗ i , and therefore the classical observables are
arrangements of the automaton states Q
⃗ i . This means that the ontological states |Q
⃗ i ⟩ will automatically collapse
diagonal in Q
into macroscopically observed states, so that, within this interpretation schame, there is
no measurement problem: collapse takes place totally automatically[4], while the states
continue to obey the Schrödinger equation (2). Thus, we arrive at the following axiom:
(vi) All “classical” states, such as planets, people, and indicators of detectors, are CA
states. Therefore, at the end of an experiment, all observed quantities are described
⃗ basis.
by operators that are diagonal in the ontological |Q⟩
Apart from the claim that we can say something about the ‘physical’, or ‘ontological’
states, this theory is equivalent to standard quantum mechanics. Our mathematics allows
us to consider superimposed states, but, as long as we stay in the ontological basis, these
superpositions seem to be meaningless. The reason why we use superimposed states all the
time in quantum mechanics is because we have not yet been able to identify its ontological
basis; it may well require detailed descriptions of what goes on at the Planck scale, which
are out of our reach today.
The above was motivated by our attempts to formulate the quantum rules for a theory
of gravity that would allow for compact, finite universes to evolve.[5][6] For such universes,
it appears to make little sense to put them into quantum superpositions of states. Since
the hamiltonian is conserved, finite systems that do not interact with the outside world
must always be in eigen states of the hamiltonian, but this can also be interpreted as
saying that the time coordinate is a gauge parameter; the universe is invariant for shifts
in the time parameter, and therefore, time as such is ill-defined and unobservable. Such
finite systems, however, can hop from one state into the next, a process that should be

4
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describable by distinct, unitary evolution operators, and the states that they act on could
be interpreted as classical states, if treated in the correct basis. As will be explained, the
most promising example of such a system can be transformed into superstrings, but we
will come to that. First, one will have to address the no-go theorems.

2

Bell’s Inequalities

J.S. Bell’s important and powerful observations[2] have been reviewed so many times that
another repetition of that is not necessary. Without going into details, we summarize his
findings:
A gedanken experiment can be performed, such as the Einstein-Podolsky-Rosen experiment[1] – and there are numerous other variations on the same theme, often replacing
continuous operators such as x and p by discrete and finite spin operators – with two
observers, who are looking at a set of entangled objects. Observer A (Alice) may make
an observation allowing a filter ⃗a and observer B (Bob) may use a filter ⃗b . A and B
are allowed to modify the orientation of their filters immediately before they do their
observation, at their free will, and thus decide at the very last moment between various,
mutually non-commuting operators for doing their observation. If, after the experiment,
A and B compare their tables of observations, they will be unable to explain how classical
signals can have travelled from the source of the particles towards A and B . These would
obey inequalities, called the Bell inequalities, which are clearly not obeyed by the lists of
data that they have in their hands.
An essential ingredient of this argument is that the actions of the source C of the
entangled particles, cannot possibly depend on the later decisions made by both A and
B to do their measurements. These decisions were made out of ‘free will’.
How exactly should we use this to invalidate the CA interpretation just formulated in
the previous section? This is not so easy. First of all, there is only one set of ontological
states nature is in, according to the CA interpretation, so one can never choose between
two states that are not elements of the same basis. ‘Counterfactual’ experiments are
forbidden. So, working with eigen states of two non-commuting operators ⃗a1 and ⃗a2 , as
Alice wanted to do, and also the two settings ⃗b1 and ⃗b2 that Bob wanted to choose from,
is not allowed in this formalism. In reality, we must assume that the states form a density
matrix. Moreover, this density matrix is not allowed to have non-diagonal elements in the
ontological basis. What makes this situation diﬃcult to control is that these ‘ontological’
states may have to be characterized at the Planck scale, or so, so that an actual description
of what is happening is hard.
One must stick to following the gedanken experiment as closely as possible and see
where it clashes with the cellular automaton idea. This happens right away when we
consider the notion of ‘free will’. There is no free will in a cellular automaton. Everything
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is pre-determined. This ‘superdeterminism’, the demand that ‘counterfactual’ gedanken
experiments would be illegal, since only one real set of events, the events that actually take
place, may be discussed, was already admitted to be an escape route by Bell himself.[7]
“But”, he adds, “nobody wants superdeterminism”. More precisely, even if, from a formal
point of view, neither Alice nor Bob can use their ‘free will’, whatever they do use to make
their decisions, should not aﬀect the source C of the particles that they observe. The idea
that atoms C would ‘know in advance’ what decisions two people such as Alice (A) and
Bob (B) would later make, is considered to be ridiculous. Signals would have to go from
A and B backwards in time to reach C before the entangled particles are emitted.
Can there exist a form of ‘conspiracy’ such that signals from the source and from
Alice could reach Bob before he makes his decision? If that were the case, Bob’s decision
is actually far from free; it depends on what Alice does, what the source has done, and
possibly, vice versa, Alice’s decision depends on what Bob has been thinking as well.
When phrazed this way, also this scenario sounds unlikely, but there is a better way of
formulating what appears to be happening.
Neither Alice nor Bob are acting out of free will, which means that their actions have
their roots in the past. Consider the data of the system to be distributed over a Cauchy
surface that evolves from past to future. At t = 0 , the surface passes through the source
C while it emits two entangled particles. At that same moment, other data on the Cauchy
surface are configured in such a way that Alice will later make a decision ⃗a and Bob will
later make a decision ⃗b . Only if we change the data on this Cauchy surface, the later
decisions ⃗a and ⃗b can at all be modified. Thus, even though they are entangled (possibly
in a totally classical sense), we can characterize the data on the Cauchy surface as ⃗a ,
⃗b and C . One can now derive that ⃗a , ⃗b and C must be correlated. the correlation
function can be computed, and, in the case of a standard Bell experiment, the 3-point
correlation function turns out to be non-trivial. In contrast, as soon as we average over
all possible ⃗a , or just over all ⃗b , or the source C , we get the 2 point correlators, and
these functions can disappear completely: there will be no 2 point correlations between
Alice’s decision ⃗a and Bob’s ⃗b .
This 3 point correlation function will have to be non-vanishing even if ⃗a , ⃗b and C
are all spacelike separated. Now, our point is that this is not alarming at all. Correlation
functions between observables, even if embedded in the vacuum state, and if they are
spacelike separated, can be non-vanishing. This has always been a central point in quantum
field theory. In fact, one can derive all scattering amplitudes by analytical continuation
of the spacelike correlators. For instance, even the 2 point correlators do not vanish: they
are the propagators of the theory, whose poles in the complex plane betray the eigen
values of the hamiltonian.
Thus, according to quantum field theories, the spacelike correlation functions not
only do not vanish, they allow us to predict the future, in principle, since they give us

6
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the entire spectrum of the hamiltonian. Note that there is nothing spooky about these
correlations; they certainly also occur in classical theories. Their existence simply means
that variables that depend on phenomena in the intersection of their past light cones,
may well be correlated for that reason.
This explanation is usually also dismissed. It is called a ‘conspiracy theory’, and
that is considered to be disgusting. But are ‘disgusting’, or ‘ridiculous’, valid arguments
in a mathematical proof? We have reasons to doubt that. Rather than saying that
there are ‘spooky signals’ going around, we could also say that the laws of nature cause
correlations, these correlations may even be controlled by various types of conservation
laws. The behavior of our ‘hidden variables’ may also be controlled by conservation laws.
Perhaps these laws are not ‘disgusting’.

3

The CA as a Universal Computer

Now the above is not at all the complete answer to Bell. In ordinary classical statistical
systems, regardless whether they have stochastic elements built in or are completely deterministic, we usually do not observe emergent quantum mechanical behavior. Where
and when could apparent quantum features of a cellular automaton arise? Can something
be classical and quantum at the same time?
What makes an automaton a cellular automaton[8][9][10][11] is the additional requirement that the data are distributed over ‘cells’. These cells could be arranged in a D − 1
dimensional lattice, if D is the dimension of space-time, usually identified as D = 4 . The
evolution law is assumed to dictate how these cells evolve in time, and that the laws for
each cell will only involve the data in its immediate neighbors and its own data. Signals
are then limited to a maximal velocity, usually taken to be that of light.
In all other respects, the evolution law may be as complex as one likes, and the number
of distinct data in each cell is not necessarily limited, although we usually do assume it
to be some finite number in each cell.
As soon as one has enough freedom to choose the evolution law, it is not diﬃcult
to convince onself that the automaton will belong to a class that is called ‘universal’.
[12] With this, we mean that it can, in principle, handle any calculational assignment,
including the calculation as to what will happen in any other cellular automaton. Thus,
with ‘universal’, we mean that the details of an automaton may become invisible: any
automaton is as good as any other. Now, the present author suspects that this definition
of ‘universality’ is too crude. We could subsequently ask which specific evolution law of
a cellular automaton would be the optimal one to describe our world? Quite likely there
will be many solutions to this problem, but only a very small set will be eﬃcient enough
to reproduce exactly the physical world and nothing else.
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Once such an evolution law has been identified, we can ask how it eﬀectively gives
rise to the physical phenomena that we observe. The presently observed or observable
phenomena all take place at a scale that is some 16 orders of magnitude away from the
Planck scale, which is quite possibly the scale of the CA. To cover these 16 orders of
magnitude we have to make a scale transformation linking one world to the other. This
is what in field theory is called the renormalization group[13][14]. In ordinary statistical
physics, often these group transformations are extremely crude and considerable amounts
of information is lost on the way. Only in the quantum field theoretical approach the
action of these group transformations can be made much more precise, so that we can
keep the notion of Hilbert space in the process. Indeed, as anticipated in our axioms,
the transformations do require unitary transformations of the basis of Fock space that
totally deform Hilbert space once we crossed the 16 orders of magnitude. So, in our view,
it should not be surprising that we have lost track completely of what the ‘ontological’
basis of our Hilbert space should have been.
However, the notion of a universal computation device can now also be brought forward to argue that such computers cannot be guaranteed to yield Bell like inequalities
when we avarage over correlated expressions. One cannot force the outcomes of universal
computations to be free from superficially weird looking correlations.
All these considerations taken together were a motivation to proceed with the CA
interpretation. It may be rewarding to study it more closely and worry about Bell’s
(important) inequalities later. A litmus test will be: Find a good example of a CA ↔
quantum mapping! [3],[17]

4

The Superstring

Superstring theory[18][19] is an extremely delicate mathematical construction that appears to serve well as a description of Planck length physics. It appears not only to unify
bosonic gauge interactions, fermionic matter particles and scalar fields that can generate
mass, it also generates quantum excitations that serve as gravitons, generating the gravitational field. This theory is often hauled as the most promising candidate for a realistic
description of all existing forces and particles. However, its fundamental internal logic is
diﬃcult to fathom. “This theory is even stranger than quantum mechanics”, according to
some of its proponents. Should we believe this? Gell-Mann had a more sensible remark:
“The world seems to become more and more complex, until you reach a new level of
understanding. Then things become simple again.”[15]
We will now bring forward our reasons to believe that superstring theory is not only
simpler than quantum mechanics, it is also simpler than classical mechanics. In classical
mechanics, the predictive power of theories is obstructed by a fundamental feature called
chaos.[20] This means that the physical data of a classical mechanical system require

8

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 1–16

real numbers with infinite precision. Most real numbers in the data describing planets
orbiting the Sun are known only up to a limited number of decimal places. But only if
the entire, infinite sequences of decimal places are given, classical mechanics can be used
as a deterministic theory.
We now report our finding[21] that the superstring is mathematically equivalent to
a deterministic cellular automaton that only processes integers, in discrete time steps.
Thus the data form completely finite sets, and such theories should, in principle, allow
for infinitely precise predictions. In practice, however, these data will be arranged in
Planckian dimensions, and for that reason they will never be available to us. Our point
is that such a theory will be on better foundations than even classical mechanics. The
mathematics of this duality relation is straightforward and will be explained here. Physical
aspects are still somewhat mysterious, not in the last place because we do not quite
understand its ‘disgusting’ conspiracy properties.

5

Mappings

To understand our claims about the superstring, let us first phraze an important result:
There is a unitary transformation between:
• Hilbert space spanned by the eigen states of a real number operator x ,
and
• Hilbert space spanned by the eigen states of a pair {Q, P } of integer-valued operators.
Indeed, in some of the more interesting cases, the integers may evolve classically while
the real number operator can only evolve quantum mechanically. The most promising
approach here is to try to extend Hamilton’s beautiful canonical variables ⃗q and p⃗ . In
the procedure that will be explained now[16], we replace them by two (sets of) integers,
Qi and Pi .
Consider first a single set of integers Q ∈ Z . We assign an element of a basis of Hilbert
space to each point in Z . Next, we transform to a diﬀerent basis. Consider a variable
η in the interval (− 12 , 21 ] . Define, for ease of notation, a new basis for exponentials and
logarithms:
ϵ = e2π ≈ 535.5 .

(4)

Then2 , we have the ‘ Q -raising operator’ ϵiη :
ϵiη |Q⟩ = |Q + 1⟩ ;
2

⟨η|Q⟩ = ϵiQη ,

⟨Q|η⟩ = ϵ−iQη

(5)

In diﬀerent publications, we sometimes use diﬀerent sign conventions here, but within a single paper
such as this one, we try to keep our conventions consistent.
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(The advantage of the base ϵ of Eq. (4) should be clear: these wave functions here are
easy to normalize). The operator η itself is found by using the discrete Fourier transform
on the unit interval:
∫ 1
∞
∑
2
i(−1)N
|η| < 12 , η =
αN ϵiN η , αN =
ηϵ−iN η dη =
if N ̸= 0 ,
(6)
1
2πN
−
N =−∞
2

while α0 = 0 . This gives us the matrix elements of the operator η in the Q -basis:
⟨Q1 |η|Q2 ⟩ =

i
(−1)Q1 −Q2
(1 − δQ1 Q2 )
2π
Q1 − Q2

(7)

(it vanishes if Q1 = Q2 ). From this, we find the commutator:
⟨Q1 |[ηQ , Q]|Q2 ⟩ = (Q2 − Q1 )⟨Q1 |ηQ |Q2 ⟩ =
)
)
i (
i (
δQ1 Q2 − (−1)Q1 −Q2 = ⟨Q1 |
I − |ψ⟩⟨ψ| |Q2 ⟩ ,
2π
2π

(8)

where the edge state |ψ⟩ is defined by ⟨Q|ψ⟩ = (−1)Q . Apart from this edge state, which
we shall often ignore, we see that η and Q behave as a coordinate and its associated
momentum operator. This means that Hilbert space spanned by the integers can be easily
mapped onto a Hilbert space spanned by the functions on a circle, or, if we ignore the
edge states, functions on the interval (− 12 , 12 ] ; the edge states can be seen to be located
on the seams: ⟨η|ψ⟩ = δ(η − 21 ) . Functions that ar continuous on the circle are orthogonal
to the edge state.
Consider two such integers, Q and P . Now, we can construct a single real-number
operator from this pair. For a start, consider a real number q ∈ (−∞, ∞) . Then, let
the integer Q be the closest integer to q , or, Q = round(q) , and ηP = q − Q . This
uniquely defines the Hilbert space spanned by the real numbers |q⟩ as a product space
of states |Q, ηP ⟩ = |Q⟩|ηP ⟩ . If ηP is taken to be the ‘position operator’ for the integer
‘momentum operator’ P , we find that the Fourier transform now defines the states |q⟩
as a unitary superposition of states |Q, P ⟩ . Thus, we have
q ≡ Q + ηP ;

⟨Q, ηP |ψ⟩ =

∞
∑

ϵiP ηP ⟨Q, P |ψ⟩ = ⟨q|ψ⟩ .

(9)

P =−∞

From this, we can also use the standard Fourier transformation to transform to the real
number variable p , which in our notation obeys
∫ ∞
ipq
⟨q|p⟩ = ϵ ; ⟨p|ψ⟩ =
ϵ−ipq dq⟨q|ψ⟩ .
(10)
−∞

If we write p = K + κ , where K ∈ Z and κ ∈ (− 12 , 21 ] , one finds
⟨p|ψ⟩ = ⟨K, κ|ψ⟩ =

∑ sin πκ (−1)K−P ϵ−iκQ
⟨Q, P |ψ⟩ .
π
K
−
P
+
κ
Q,P

(11)
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Now the kernel in this summation resembles the Kronecker delta somewhat, as it maximizes at P = K , but there is a disturbing asymmetry between Eqs (9) and (11).
Also, the convergence when |P −K| becomes large is slow, which causes complications
in later calculations. This is due to the edge states again. We found that we can improve
the situation by removing most of the edge states. Only an edge state of the form
⟨ηP , ηQ |ψ⟩ = δ(ηP − 12 )δ(ηQ − 12 ) cannot be avoided. We found that further transformations
lead to symmetric sets of matrix elements, which also converge faster. It was found that
the real-valued operators q and p can be written as
q = Q + aQ , p = P + aP ;
(−1)P +Q+1 iP
⟨Q1 , P1 |aQ |Q2 , P2 ⟩ =
;
2π(P 2 + Q2 )
(−1)P +Q iQ
⟨Q1 , P1 |aP |Q2 , P2 ⟩ =
,
2π(P 2 + Q2 )

(12)
(13)

where P = P2 − P1 and Q = Q2 − Q1 .
We derive:
[q, p] =

i
(I − |ψedge ⟩⟨ψedge |) ,
2π

⟨Q, P |ψedge ⟩ = (−1)P +Q .

(14)

This is as close to the canonical commutation rule as one can get. It means that, if we
want to obtain continuum physics, we have to limit ourselves to states that are orthogonal
to the single edge state |ψedge ⟩ . Since |ψedge ⟩ stretches over the entire ‘universe’ and over
all P values, we think that this constraint has no importance for physics limited to some
given region.

6

Quantum Field Theory in 1+1 Dimensions

The (Q, P ) ↔ (q̂, p̂) mapping is particularly significant for field theories in one space, one
time dimension. Take the free quantum field theory, having field variables ϕ(x, t) and a
canonical momentum field p(x, t) obeying commutation rules
[ϕ(x, t), p(x′ , t)] =

i
δ(x − x′ ) ,
2π

[ϕ(x, t), ϕ(x′ , t)] = [p(x, t), p(x′ , t)] = 0 .

(15)

The Klein-Gordon equation,
(∂x + ∂t )(∂x − ∂t )ϕ(x, t) = 0 ,

(16)

implies the existence of left-movers ϕL (x + t) and right-movers ϕR (x − t) :
ϕ(x, t) = ϕL (x + t) + ϕR (x − t) , p(x, t) = 21 aL (x + t) + 12 aR (x − t) ,
a (x + t) = p(x, t) + ∂x ϕ(x, t) , a (x − t) = p(x, t) − ∂x ϕ(x, t) .
L

R

(17)
(18)
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In fact, up to some coeﬃcients, these are Fourier transforms of the familiar particle
creation and annihilation operators. We have the hamilton density
2

2

H = 21 (p2 + (∂x ϕ)2 ) = 14 (aL + aR ) .

(19)

In terms of the left-and right movers, the commutation rules are
[aL , aR ] = 0 ,

[aL (x), aL (y)] =

i
∂x δ(x − y) ,
π

[aR (x), aR (y)] =

−i
∂x δ(x − y) . (20)
π

Replacing the spacetime continuum by a (dense) lattice, one sees that these commutation
rules can be replaced by
[ϕ(x, t), p(y, t)] =

i
δx,y ,
2π

[aL (x), aL (y) = −[aR (x), aR (y)] = ±

i
if y = x ± 1 . (21)
2π

Now, suppose we introduce integer valued operators AL,R (x) and their associated
momentum operators η L,R (x) , obeying
[η L (x), AL (y)] = [η R (x), AR (y)] =

i
δx,y ,
2π

[AL , AR ] = [AL , η R ] = 0 , etc.

(22)

(ignoring the usual edge states), one finds that we can write
aL (x) = AL (x) + η L (x + 1) ,

aR (x) = AR (x) + η R (x − 1) ,

(23)

so that the commutation rule (21) is automatically obeyed.
With some more advanced mathematics, one can reduce the eﬀects of the edge states
to a minimum (they cannot be ignored completely).
The importance of this procedure, and the reason why it only works in one space, one
time dimension, is that the time evolution of the aL,R fields involves nothing more than
shifts in x space, without further linear transformations such as additions or subtractions.
Linear transformations in the variables AL,R and η L,R do not lead to similar operators
where the A are integer and the η stay in the interval ( 12 , 12 ] .
We now observe that, in string theory, the ϕ fields are the left- and right moving
coordinates X µ in a D dimensional space-time. For convenience, we had chosen the
world sheet lattice to have lattice length a = 1 , but it is easy to verify that, if we had
chosen any other lattice length, the relation between the quantized variables A(x) and
the space-time coordinates X µ (x) would remain the same. In other words, just because
we wished to relate the commutation rules (15) and (20) to the commutation rules (22),
and have the relations (23) such that the real numbers are smoothly covered, we find that
the classical system has its spacetime coordinates X µ defined on a grid, and the grid
length is fixed. Re-inserting the usual string units, one finds a space-time lattice with
lattice length[21]
√
aspacetime = 2π α′ ,
(24)
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a remarkable result. Note, that the classical theory has its string equations simply formulated in terms of the integer valued operators AL,R (x, t) (where x and t are the world
sheet variables usually denoted as σ and τ . From the field equations (16) – (18), one
derives that the integer-valued string coordinates obey simple classical equations,
X µ (σ, τ + a) + X µ (σ, τ − a) = X µ (σ + a, τ ) + X µ (σ − a, τ ) .

(25)

These equations must be assumed to describe the transverse string coordinates only.
The longitudinal and timelike coordinates have to be derived from the usual string constraint equations. This part of the quantum theory remains unaﬀected. It means that,
only in 26 dimensions, or in 10 dimensions if we add the fermionic degrees of freedom (see
the next section), the quantum theory has an enhanced symmetry: Lorentz invariance.
The string equation (25) is not quite as simple as it looks, since the world sheet
coordinates σ and τ must still be taken to be on a world sheet lattice – although the
grid size of that can be taken to be arbitrarily small.

7

Fermions

Usually, one assumes supersymmetry on the string world sheet. This means that one
has a number of fermionic degrees of freedom there that matches the bosonic (coordinate)
degrees of freedom. These are chiral fermions in 1+1 dimensions, also massless and moving
with the speed of light. They obey Dirac equations,
(γ+ ∂− + γ− ∂+ )ψ = 0 ,

(26)

where the Dirac matrices γµ are 2 × 2 matrices and the spinor has 2 components. From
this, one finds
)
( µ
ψL (x + t)
µ
ψA (x, t) =
.
(27)
µ
ψR (x − t)
The corresponding classical theory has Boolean degrees of freedom s(x, t) = ±1 , obeying
the equations
sµ (x, t + 1) = sµ (x − 1, t) sµ (x + 1, t)sµ (x, t − 1) ,

(28)

which split into left- and right movers:
sµ (x, t) = sµL (x + t) sµR (x − t) .

(29)

To turn this system into a fermionic theory, all we have to do is perform a JordanWigner transformation.[22] Further details are exposed in Ref.[21].
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Thus, superstrings are distinguished from bosonic strings in that, the classical system
not only has discrete coordinates X µ (σ, t) , but also Boolean variables sµ (σ, τ ) = ±1 .
So-far, we only handled strings with infinite lengths. To obtain finite length closed
strings, one has to introduce periodic boundary conditions. This has not yet been done
in detail. Also, the fermionic system should include constraint equations that produce
ψA± , the longitudinal components of the fermionic fields. Here again, one should keep the
quantum formalism of the superstring unchanged.

8

String Interactions

The above would only have been useful to describe freely moving strings, whose basic
excitations would correspond to free particles. One might have been worried that inserting
interactions would be impossible in a classical theory if we wanted that to be mapped
on a quantum system. This, however, does not seem to be true. We can introduce
deterministic interactions at the classical level. The basic interaction we are thinking of
is the exchange interaction, see Fig. 1. If two strings hit the same spacetime point X µ ,
two arms are exchanged.

Fig. 1 Basic string interaction by exchanging arms. This is only unambiguous if the strings are
also oriented (arrow).

This interaction should also generate closed, interacting, oriented strings. If we want
this to be a deterministic theory, the exchange should occur with probability 0 if the
strings do not hit the same point in D space, and probability 1 if they do. Thus, we
must conclude that the string constant gs is fixed to gs = 1 , and the strings must be
oriented.
Ambiguity does arise if we compactify the surplus dimensions, which can be done in
mathematically distinct ways. This should be carefully investigated.

14
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Conclusions

A number of simple, totally classical physical models admit a dual mapping to models
that are quantum mechanical. Most of these appear to be physically fairly trivial, with the
exception of the cellular automaton; these however seem to be dual to quantum models
that do not resemble the real world very much. Also, a generic cellular automaton model
would not obviously have any Lorentz invariance, or even galilean invariance: a ‘particle’
at rest cannot easily be turned into a particle moving with any arbitrary velocity.
A very interesting exceptional case seems to be an automaton that is dual to strings or
even superstrings. Superstring theory is suspected to allow for realizations that resemble
the real world fairly closely; indeed it has been conjectured that the world we live in is
a superstring world. We showed explicitly how the bulk equations of this sytem are dual
to a classical model, where physical space-time is a lattice with a precisely defined lattice
√
constant (being proportional to α′ , where α′ is the string slope parameter, usually
assumed to be fairly close to the Planck length, but a bit larger).
As for the string’s periodic boundary conditions and the dynamics of its interactions,
we have as yet only made conjectures; it is not clear whether these details indeed accurately describe a desired theory or model.
We find the existence of these mappings surprising, since, usually, they are considered
to be impossible. The ensuing quantum models must violate Bell’s important inequalities,
or, more generally, must allow for the generation of quantum mechanically entangled
particle states. Although we claim that there seems to be no compelling reason for these
models to forbid quantum entanglement – as we can envision any quantum state we like –
this still raises the question how information is transported in any of the typical gedanken
experiments that have been proposed – and in fact carried out.[23]
We suspect that the answer to such questions will resemble what is called ‘conspiracy’
in the literature: the notion that classical correlation functions seem to ‘conspire’ to
generate entangled systems. If such conspiracy can be linked to conservation laws for the
hidden variables (which here are simply the physical orientations of the ‘ontological’ basis
elements, then ‘conspiracy’ may become easier to understand and accept as a natural
feature of nature after all.
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Introduction

Quantum Mechanics (QM) is one of the pillars of physics. Its modern formulation, based
on mere mathematical axioms, has been tested by some of the most accurate predictions
in physics. It is an undeniable scientic fact that the present mathematical formulation
of QM is absolutely correct: this point is absolutely not questioned in this paper.
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Nevertheless, the elusive physical origin of QM has left a consistent number of unsolved
riddles. Today specialists on the eld still do not agree on its physical interpretation [1].
It is not surprising that some of the founding fathers of modern physics (e.g. Einstein,
Feynman, de Broglie, or, more recently, 't Hooft [2], Wilczek [3], Weinberg [4], etc) have
expressed the necessity of a deeper understanding of its origin by means of simple rst
physical principles. The discovery of possible physics beyond QM potentially represents
the tipping point for the solution of long-standing problems of modern physics  including particle physics and cosmology  and, eventually, to formulate a possible theory of
everything [5].
The main result of this paper is the exact mathematical derivation, from a simple
fundamental classical-relativistic cyclic system associated to each elementary particle, of
QM in all its fundamental aspects, such as: all the axioms of QM; the Feynman Path
Integral; the commutation relations, and thus second quantisation and Dirac quantisation
rule; the quantum electrodynamics (QED); the QM of statistical systems (Matsubara
theory); the non-relativistic QM (Bohr-Sommerfeld quantisation, WKB method), atomic
physics, etc. We will refer to such fundamental elementary systems of nature as spacetime Elementary Cycles (ECs) [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22],
dened in sec.(2).
Each classical EC exactly describes the quantum behaviour of a corresponding elementary particle, sec.(3-5). The basic postulate of ECs theory from which the unied
description of physics is derived can be stated in the following way: A free elementary
quantum particle of (persistent) energy ω , observed from an inertial reference frame, is
an elementary relativistic cyclic system, classical in the essence, of persistent time period-

T = 2π/ω . That is, every elementary particle is an elementary relativistic reference
clock. The postulate of ECs theory, and its possible equivalent enunciations, is motivated
in detail in [10].
ECs can be regarded as one dimensional classical-relativistic strings vibrating in spacetime2 (or even vibrations of space-time itself) whose characteristic fundamental periods
determine their kinematical states. ECs theory indicates the existence of an enriched,
non-trivial structure of space-time never considered before which, on one hand, is fully
compatible with ordinary special and general relativistic physics and, on the other hand,
it allows for a derivation of QM directly from relativity dynamics, sec.(3-5). Remarkably
ECs physics also provide de facto a unied geometrodynamical description of gauge and
gravitational mechanics, sec.(4) [7, 6].
Undulatory mechanics is encoded directly into space-time geometrodynamics of the
theory. In simple words the theory tells us that the price to pay for a unied description of
icity

relativistic and quantum dynamics, as well as of gauge and gravitational interaction, is to
give up with the emphatically non-compact formulation of space-time typical of ordinary
2

Not to be confused with ordinary String Theory, ECs theory does not requires extra dimensions to be

self-consistent, it is the full relativistic generalisation of the theory of sound. Nevertheless ECs theory
fully conrms originals proposals of ordinary String Theory and it can be actually regarded as a String
Theory, see sec.(7).
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sec.(6,7). As discussed in detail [10, 7, 8, 9, 6], such a cyclic formulation of
space-time in elementary particles is actually reminiscent of Einstein's idea of derivation
of QM from constrained relativistic dynamics [23, 24].
An EC turns out to be a covariant eective description of an ultra-fast continuous
periodic Cellular Automata (CA) proposed by 't Hooft, a.k.a. cogwheels model. ECs
theory  as 't Hooft CA model  must not be confused with existing interpretations
of QM (de Broglie-Bohm, many-words, stochastic, etc). In particular our approach 
being based on covariant BCs imposed to relativistic dynamcis  does not involve hiddenvariables of any sort, so it evades Bell's or similar no-go theorems.

1.1 Basic ideas about temporal Elementary Cycles and Cellular Automata
It is instructive to introduce the central aims of ECs theory in analogy with 't Hooft
Cellular Automata model, which is a fascinating deterministic model of QM proposed by
G. 't Hooft and reviewed in [2], see also [25, 26, 27, 28, 29, 30, 31]. Indeed, as pointed
out by 't Hooft, CA classical dynamics have much in common with ordinary QM. For the
scope of this paper an EC, similar to a continuous periodic CA, can be regarded as a
particle moving on a circle of time period T [28, 30] 3 .
The continuous periodic variable t of period T parametrizing such a cyclic motion is
named ontic time in 't Hooft terminology. In ECs theory it can be simply addressed
as the relativistic time coordinate. It will playing the role of the relativistic time of
the theory. Assuming natural units ~ = c = 1, to such a cyclic system of period T a
fundamental energy ω = 2π/T is associated, according to the de Broglie phase harmony
condition in the ontic time: ωT = 2π .
As proven for the CA model and independently for the ECs theory, these periodic
temporal dynamics can be represented  at a statistical level  by a so-called physical
state Φ(t). The physical state is therefore characterised by Periodic Boundary Conditions
(PBCs) on the ontic time Φ(t) = Φ(t+T ) typical of ECs theory. Equivalently, such cyclic
dynamics can be characterised by the innitesimal evolution law |t⟩ → |t + dt + mod T ⟩
typical of the CA description, where dt is an innitesimal ontic time interval.
More in general, we dene an EC as an elementary cyclic system characterised by
intrinsic periodicity in time (and space); to each EC of period T is associated a fundamental energy ω = 2π/T according to the phase harmony relation [6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. We must bear in mind that the fundamental
topology of an EC is that of the circle: S1 . We shall discuss in details that, similarly to
CA, an EC can be actually regarded as the eective description of a classical particle
3

A periodic CA describes permutations among a generic number

The time step of the permutations

δtP

N

of neighbour ontic sites on a circle.

is of the order of the Planck time. It can be assumed innitesimal

for the scope of this paper. That is, in a continuous periodic CA (a.k.a. as continuous cogwheel model),
the ontic sites can be approximated to a continuum ontic time

t

of periodicity

T,

[2]. We only retain

the cyclic aspects (CA fractional variables) of CA and approximate to a continuum the discrete ones
(CA discrete variables). Our analysis clearly indicates that the correspondence to QM comes essentially
from the former aspects whereas the latter could be relevant for physics at the Planck scale.
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moving [very fast A/N ] on a circle. Such a particle on a circle can be assumed to be
massless (e.g. a photon on a circle) in ECs physics (the length of the circle is λ = T , in
natural units). The eective mass associated to an EC will result from the EC intrinsic
rest periodicity TC according to the Compton relation TC = 2π/m. In other words ECs
will encode the so called internal clocks of elementary particles [32, 33, 34].
It is straightforward to see that such an temporal EC has much in common with
the time evolution of a normally ordered Quantum Harmonic Oscillator (QHO)  as
also noticed by 't Hooft in the context of CA. To introduce this correspondence we may
notice that the intrinsic periodicity (PBCs) in the ontic time of an EC determines (e.g.
through discrete Fourier transform) a quantum number n and energy eigenstates ϕn (t) =
√
e−iωn t / 2π forming a complete, orthogonal set with harmonic energy spectrum ωn =
nω = n 2π
(n ∈ Z). Hence  in analogy with CA  every EC denes an Hilbert space
T
of basis |n⟩ such that ⟨t|n⟩ =
˙ ϕn (t) and induced inner product ⟨n|n′ ⟩ = δn,n′ . Similarly
to a vibrating string, an EC turns out to be represented by the superposition of its
∑
energy eigenstates Φ(t)=
˙ n∈Z αn ϕn (t), where αn are Fourier coecients whose physical
meaning will be described later. In short, it is possible to describe an EC, which is a
classical system, in a corresponding Hilbert space representation.
The EC is uniquely associated to a point in the corresponding Hilbert space |Φ⟩ =
∑
n αn |n⟩. In this formalism an EC also naturally denes a Hermitian operator H such
that H|n⟩ =
˙ ωn |n⟩, which is manifestly Hermitian due to the PBCs of the theory. Since the
temporal evolution of every EC eigenmode fulls i∂t ϕn (t) = ωn ϕn (t), in this Hilbert space
formalism the EC time evolution is given by the Schrödinger equation i∂t |Φ(t)⟩ = H|Φ(t)⟩.
Hence, the unitary Hilbert operator U(dt) =
˙ e−iHdt describes the EC evolutions.
Notice the analogy between the ECs classical dynamics in time mentioned above
and the time evolution of a normally ordered QHO of period T , i.e. of quanta energy
ω = 2π
. As we will see in more detail, the physical meaning of such ECs dynamics
T
can be summarised as follows:  there is a close relationship between a particle moving
[very fast] on a circle with period T and the Quantum Harmonic Oscillator (QHO) with
the same period " [28, 30]. This analogy is a cornerstone of the ECs theory: QHOs are
the building blocks of second quantised elds, and thus of the whole Quantum Field
Theory (QFT). We will use it as starting point to build our ECs theory. From the
covariant generalisation of this EC we will for instance derive all the axioms of QM and
the Feynman path integral.

Indeed ECs constitute the elementary oscillators from which
ordinary QFT can be derived.
It must be noticed however that H has negative eigenvalues (corresponding to n =
−1, −2, −3, . . .) for CA as well as for ECs. In agreement with 't Hooft's conjecture for
fermionic CA, we will prove that, in general, these negative modes describe anti-particles,
so that this is not an issue for relativistic (bosonic and fermionic) ECs, whereas H is
always positively dened in the non-relativistic limit of the theory.
ECs evolution  similarly to 't Hooft CA evolution  can be expressed as a sum
of Dirac deltas, i.e. as a sum of classical paths, by means of the Poisson summation
∑
∑
−inα
= 2π n∈Z F (α + 2πn′ ), where F is the Fourier transform of f . Let
n∈Z f (n)e
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us consider the evolution of an EC from an initial time ti to a nal time tf . For the
sake of simplicity we assume a unitary EC represented by the hat symbol Φ̂(∆t), with
∆t = tf − ti . By unitary EC we mean that all the Fourier coecients are unitary:
αn ≡ 1, ∀n. Hence,

Φ̂(∆t) =

∑
n∈Z

e−inω∆t = (2π)

∑
n′ ∈Z

δ (ω∆t + 2πn′ ) = T

∑

δ(∆t + n′ T ) .

n′ ∈Z

This describes all the possible classical paths, labelled by the winding number n′ ,
linking the initial and nal times on a circle of period T . That is, the EC evolution
is given by all the possible degenerate classical solutions allowed by the PBCs of the
ECs physical state Φ(t) = Φ(t + T ), or equivalently by the evolution law |ti ⟩ → |tf +
mod T ⟩. Remarkably, the relativistic generalisation of this result will naturally lead to
the equivalence between the ECs classical evolution and the Feynman path integral of
ordinary QM.
It is also important to bear in mind that an EC, essentially, describes a classical
(closed) string dened on the (ontic) time t and vibrating with period T , i.e. with
fundamental angular frequency ω = 2π/T . As we will argue in sec.(6), if the time period
is very small w.r.t. the observer timekeeper, a particle on a circle can be actually
formalised at an eective level as a particle in a time box of ordinary QM. Similarly to
a particle in a box or a vibrating string the quantisation is given by the BCs.
We will see that the PBCs are the quantisation condition in ECs theory. In the
analogy with a vibrating string, the EC eigenstates ϕn (t) denote the harmonics, the EC
energy spectrum ωn denotes the positive and negative vibrational eigenfrequencies, and
the Schrödinger equation is related to the square root of the string evolution law in time.
It is not a chance that the Hilbert space was historically conceived in classical physics
to describe harmonic systems. That is, contrarily to the common opinion, the Hilbert
space notation can be used to describe (statistically) basic classical physical systems such
vibrating strings. The eective description of an EC as classical strings vibrating in time
with period T (compact time coordinate with PBCs) is essentially the original approach
to ECs theory used in foundational papers [20, 21, 9].
Another analogy that will be extensively used in this paper, especially for the generalisation of the results obtained for free ECs to interacting ECs (i.e. interacting particles),
is that every free EC can be regarded as a relativistic reference clock: a relativistic clock
is a phenomenon passing periodically through identical phases A. Einstein [23, 24]. The
EC covariant formulation and the geometrodynamical description of particle interactions,
including gauge invariance, will be derived in terms of relativistic clock modulations, in
close analogy with Einstein's original derivation of General Relativity (GR). Remarkably,
with this formalism we will be able to derive gauge interactions and QED directly from
the geometrodynamics of the ECs coordinates, without postulating gauge invariance,
thanks to the intrinsically compact nature of the relativistic space-time coordinates of
the theory.
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Relativistic Elementary Cycles

In this section we give the rigorous denition of ECs. The model is obtained by generalising to a covariant form the time dynamics described in the introduction above. We
will obtain in a very natural way the undulatory mechanics at the base of modern relativistic QM. In other words we will consider relativistic modulations of elementary cyclic
dynamics, in analogy with relativistic clocks and the relativistic Doppler eect.

2.1 Rest Elementary Cycles and the denition of mass
We have anticipated that an EC is an elementary cyclic system. Let us imagine to observe
such an EC in a generic inertial reference frame denoted by the vector ⃗k  it will be
identied with the fundamental spatial momentum of the elementary particle described by
the EC. The EC time period T (⃗k) and fundamental energy ω(⃗k) must be frame dependent,
but in every reference frame they are related in such a way that ω(⃗k)T (⃗k) = 2π according
to EC phase harmony relation for the time coordinate in that reference frame.
On one hand, QM tells us, through the Planck constant h, that the energy is determined by the periodicity of a periodic phenomenon [32] (e.g. of a wave, of a phasor or,
more in general of an EC) according to the phase harmony relation ω(⃗k)T (⃗k) = 2π . On
the other hand, relativity tells us, through the speed of light c, that the mass is xed by
the rest energy ω(0) = m. Hence, by considering both relativistic and quantum physics,
we have that, in general, the mass of a particle must be identied to a rest periodicity
T (0), i.e. to the so-called Compton periodicity TC =
˙ T (0), according to the Compton
relation TC = 2π/m. It is understood that in this paper the Compton periodicity (as
well as the Compton wave-length) is intended in a general way, not necessarily limited
to electrons. Every particle has its characteristic Compton periodicity depending on its
mass.
The mass m of an EC is thus determined by the EC time period T (0) in its rest frame
according to m = T2π
, in agreement with relativistic and undulatory mechancis. This is
(0)
the EC analogous of the Compton time T (0) = TC of an elementary particle of mass m.
Essentially, an EC of rest period TC encodes the so-called Compton clock or de Broglie
internal clock [32, 35, 34, 36] of an elementary particle of mass m = T2πC . We will show
that the classical-relativistic periodic dynamics of an EC of rest period TC corresponds
to the quantum dynamics of an elementary bosonic particle of mass m. Such a denition
of mass allows ECs theory to encode undulatory mechanics directly into the space-time
geometrodynamics of the theory.
It is interesting to notice that such a description of rest mass oers a fascinating
way out to GR paradoxes, see for instance recent 't Hooft paper light is heavy [37]. A
massless particle, e.g. a photon, moving at the speed of light on a circle of Compton length
can be equivalently described at an eective level as an elementary system of rest mass
m = T2πC . This eective description of rest mass can be actually tested experimentally.
It is the mechanism of generation of the eective mass of the elementary charge carriers
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(the electrons) in carbon nanotubes, as described in detail in [11, 12]. This is one of the
possible applications of ECs theory.
In this paper we will mainly concern about bosonic particles. Nevertheless in sec.(4.3)
we will show how a particular case of the ECs internal cyclic dynamics (that we will
address as twisted ) can be imposed to reproduce the essential properties of fermionic
particles according to the Dirac equation. As aspected, the resulting description will have
much in common with the zitterbewegung in which the intrinsic periodicity associated to
the Dirac dynamics is actually determined by the mass in analogy with to the Compton
relation.

2.2 Free Elementary Cycles space-time dynamics
In close analogy with de Broglie derivation of undulatory relativistic mechanics [32], if an
EC of rest periodicity TC is observed in a generic inertial reference frame ⃗k , the Lorentz
transformation of the EC Compton time TC projects a spatial periodicity λ(⃗k) in addition
to the EC time periodicity T (⃗k).
⃗
In particular, the Lorentz
√ transformation of the EC Compton time is TC = γT (k) −
γ β⃗ · ⃗λ(⃗k), where γ = 1/ 1 − β⃗ 2 is the Lorentz factor. Indeed a consistent covariant
description of cyclic dynamics implies that a spatial periodicity ⃗λ(⃗k) must be associated
to the EC, in addition to the time periodicity T (⃗k). This wave-length denes the (ontic)
3D space ⃗
x of the EC. It is therefore possible to introduce the EC space-time period
λµ = {T, −⃗λ} (we omit the ⃗k dependency) in the (ontic) space-time xµ = {t, −⃗x}
dened by the EC.
The Lorentz transformation given above leads to the covariant phase harmony condition in the ontic space-time. That is, we have the relativistic invariant mTC =
⃗
γmT − γmβ⃗ · ⃗λ = ωT − ⃗k · ⃗λ = ωµ λµ = 2π , where actually ω µ = {γm, −γ βm}
= {ω, −⃗k}
is the fundamental EC four-momentum according to the relativistic laws. That is the
four-momentum associated to the EC fundamental mode (n = 1).
Similar to the denition of the EC fundamental energy ω(⃗k), we can now identify ⃗k
as the fundamental momentum of the EC in that particular reference frame: it is in fact
related to the spatial periodicity (wave-length) by the de Broglie relation ki = 2π/λi with
i = 1, 2, 3.
By denoting the Lorentz transformation with Λµν , in the new reference frame x′µ =
Λµν xν the resulting EC space-time period and fundamental four-momentum are λ′µ =
Λµν λν and ωµ′ = Λνµ ων , respectively. Thus the EC satises in every inertial reference frame
the covariant phase harmony condition ωµ λµ = ωµ′ λ′µ = 2π . That is, ωµ and λµ are dual
quantities. They are two faces of the same coin.
As discovered by de Broglie [32] the undulatory mechanics associated to a rest periodicity TC can be used to represent a relativistic classical particle of mass m and momentum
⃗k . Indeed we have found a correspondence to the undulatory mechanics at the base of
modern QM. For instance, in the reference frame ⃗k , the fundamental harmonic n = 1 of
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the EC, denoted by the bar symbol, has therefore the familiar form of a relativistic wave
⃗

⃗

ϕ̄⃗k (x) = e−i(ω(k)t−k·⃗x) = e−iωµ x .
µ

Every EC can be regarded as a de Broglie periodic phenomenon [32, 35]. In 't Hooft's
terminology, these transformations of reference frames dene a class of Lorentz changeable of the EC of rest period TC that we will represent in a Fock space, sec.(5.3.3).
Now it is easy to see that T (⃗k) transforms from inertial reference frame to inertial
∑
reference frame according to the relativistic constraint T12 = λ1µ λ1µ = T12 − 3i=1 λ1i λ1i .
C
By means of the phase harmony relation (i.e. through the Planck constant), it in fact
corresponds to the relativistic relation m2 = kµ k µ = k02 − |⃗k|2 .
For reasons that will be claried later, here we have introduced the notation k µ =
{k0 , −⃗k} where k0 = ±ω(⃗k) and ± denotes the positive and negative frequencies, respectively. This notation is that typically used in the formalism of ordinary QFT. Hence,
we nd that the EC fundamental energy satises the
√ relativistic dispersion relation of a
relativistic particle of mass m: ω(⃗k) = 2π/T (⃗k) = m2 + ⃗k 2 .
Our covariant EC model shows that the relativistic generalisation of the evolution law
of a free EC in the ontic space-time can be written as |xµi ⟩ → |xµf + mod λµ ⟩. That is the
covariant generalisation of 't Hooft's CA evolution law in the ontic time. In a generic
inertial reference frame the space-time period λµ of the EC evolution is determined by
the EC fundamental four-momentum kµ , according to undulatory mechanics: kµ λµ = 2π .
It represents the four-momentum of the elementary particle described by the EC.
We will denote the physical state of an EC of fundamental momentum ⃗k as Φ⃗k (x). Its
explicit form will be given in the next subsection. The EC evolution law is characterised
by the relativistic contravariant PBCs for the physical state Φ⃗k (x) = Φ⃗k (x + λ) where we
have suppressed the Lorentz index in the argument.

2.3 Elementary Cycle energy spectrum and free physical state
In the previous subsection we have derived the dispersion relation of the EC fundamental
energy ω(⃗k) and the corresponding relativistic modulation of EC period T (⃗k). However,
due to the intrinsic periodicity (PBCs), an EC  similarly to a CA  is characterised
by a whole energy spectrum which, for a free EC of fundamental momentum ⃗k , is the
harmonic energy spectrum ωn (⃗k) = nω(⃗k).
The combination of the EC harmonic energy spectrum√and the relativistic transformation of the EC time periodicity T (⃗k) = 2π/ω(⃗k) = 2π/ m2 + ⃗k 2 , see above,
√ leads to
⃗
⃗
⃗
the EC energy spectrum dispersion relation ωn (k) = nω(k) = 2πn/T (k) = n m2 + ⃗k 2
(with n ∈ Z). Notice that it corresponds to the energy spectrum of an ordinary normally
ordered, second quantised scalar
√ eld describing a particle of mass m  in QFT every
⃗
scalar mode of energy ω(k) = m2 + ⃗k 2 has normally ordered spectrum ωn (⃗k) :=: nω(⃗k),
similarly to a QHO. In analogy with QFT notations, we can now write n ∈ N and associate the negative frequencies to the harmonics of the negative solution of k0 = ±ω(⃗k).
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Similarly to the energy spectrum, in the free case the harmonic momentum spectrum
resulting from the EC spatial periodicity ⃗λ is ⃗kn = n⃗k = 2πn/⃗λ. As a consequence of
the PBCs, Φ⃗k (x) = Φ⃗k (x + λ), the four-momentum spectrum of a free EC is thus given
by the quantisation condition kµ n λµ = kn · λ = 2πn, similarly to the Bohr-Sommerfeld
quantisation. This is in perfect analogy with ordinary QFT. For instance photons have
massless dispersion relation ω = |⃗k| so that ωn (⃗k) = nωn (⃗k) implies ⃗kn = n⃗k .
It is important to bear in mind that the EC (ontic) space-time period is the contravariant Lorentz projection of the EC Compton period, λµ = Λµ0 TC . Notice that,
despite the fact we have periodicities in time and space, the fundamental topology of the
relativistic EC is still that of the circle, S1 . An EC can be actually represented by a
one-dimensional classical closed-string vibrating in a four-dimensional space-time. This
implies that both the EC energy and momentum spectra are denoted by the same quantum number n. In other words, as for ordinary QFT, the two spectra are not independent:
the momentum spectrum is the Lorentz projection of the energy spectrum. By means of
the relativistic equations of motion, once that the mass is xed, it is sucient to know
the periodicity (i.e. the energy) in a given reference frame to derive the corresponding
wave-length |⃗λ| (i.e. the spatial momentum) in the ontic space [9].
In this way we have proven that the free (scalar) EC of fundamental momentum ⃗k is
eectively described by the wave packet of all the harmonics allowed by its space-time
periodicity Φ⃗k (x) = Φ⃗k (x + λ):

Φ⃗k (x) =

∑
n∈Z

=

∑
n∈N

αn (⃗k)e−iωn ·x =



∑
n∈Z

an (⃗k)e−iωn ·x
√
√
3
(2π) 2ωn (⃗k)

−ikn ·x

ikn ·x

(1)



an (⃗k)e
a−n (−⃗k)e
,
√
√
+
√
√
3
3
⃗
⃗
(2π) 2ωn (k)
(2π) 2ω−n (−k)

where we have suppressed Lorentz indexes and we have normalised over an innite number
of EC spatial periods, i.e. innite volume, in analogy to QFT.
We will identify the classical-relativistic EC physical state eq.(1) with the normally
ordered second quantised mode of momentum ⃗k associated to an ordinary scalar eld of
mass m = ω(0). In oder words the physical state Φ⃗k (x) will turn out to describe a scalar
quantum particle of mass m = ω(0) in the inertial reference frame ⃗k .

2.4 The free Elementary Cycle scalar action
Here we prove that the free EC physical state Φ⃗k (x), reported in eq.(1), and describing a
quantum bosonic free particle of mass m and momentum ⃗k , is the classical solution of the
action of a one-dimensional string vibrating in space-time with periodicity λµ and rest
period TC = 2π/m. Indeed we have already pointed out the correspondence  which
will be formalised in the next section  between the EC free physical state Φ⃗k (x) and
the mode of momentum ⃗k of a quantised free Klein-Gordon eld of mass m.
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We must bear in mind that a free EC is characterised by a global space-time period
λ . Indeed  see discussion in [10]  we can paraphrase Newton's rst law: a free
EC, having by denition constant energy-momentum kµ , is characterised by persistent
(i.e. constant and global) space-time periodicity λµ , according to the phase harmony
condition. In the free case the space-time period must be necessarily global, in the sense
that it does not depend on the space-time point at which the EC evolution is evaluated.
It only depends on the reference frame according to the relativistic laws.
Vice versa, as we shall see in sec.(4), the case of interacting ECs is characterised
by local ontic space-time periods, i.e. the EC period must depend on the space-time
point on which the interacting EC is located in order to encode the local variation of
four-momentum associated to the interaction.
As pointed out at the end of sec.(2.2), the evolution law of a free EC, |xµi ⟩ → |xµf +
mod λµ ⟩, such that kµ λµ = 2π , is equivalently represented by the contravariant PBCs
Φ⃗k (x) = Φ⃗k (x + λ) for the free EC physical state Φ⃗k (x) (we have suppressed the Lorentz
index). In other words, the physical state of a free EC Φ⃗k (x) can be equivalently dened
as the solution of a scalar action dened in the at, cyclic space-time of period λµ in order
to encode cyclic dynamics of rest periodicity TC . The EC (ontic) space-time coordinates
are therefore represented as compact with compactication length λµ and contravariant
PBCs at the boundaries in a four-dimensional Minkowskian (at) metric.
The action dening a free scalar EC is therefore
µ

∫
SEC =
λµ

d4 xL(∂µ Φ⃗k , Φ⃗k ) ,

(2)

where global contravariant PBCs are assumed at the boundaries: Φ⃗k (x) = Φ⃗k (x + λ).
For the free case, these PBCs are global, in the sense that they do not depends on the
space-time point on which the EC is located. In every point x of the EC evolution, the
EC has (instantaneous) space-time periodicity λµ .
The PBCs are contravariant in the sense that they vary with the EC reference frame
according to the relativistic phase harmony. EC formulation eq.(2) is manifestly covariant.
Under the Lorentz transformation of coordinates x′µ = Λµν xν , the action eq.(2) turns out
∫
to be SEC = λ′µ d4 x′ L(∂µ Φ⃗k′ , Φ⃗k′ ). The resulting boundary transforms in fact in a
contravariant way, according to the global phase harmony condition kµ′ λ′µ = 2π . Indeed,
in the new inertial reference frame, the four-momentum is actually transformed to kµ′ =
Λνµ kν whereas the space-time period is transformed to λ′µ = Λµν λν .
Due to the transformed PBCs, the quantisation condition transforms as kµ′ n λ′µ = 2πn,
so that the (global)
√ energy spectrum dispersion relation can be actually rewritten as
′
′
⃗
k0n = k0n (k ) = n m2 + ⃗k ′2 (n ∈ N). The PBCs of the action eq.(2), Φ⃗k (x) = Φ⃗k (x + λ),
yield the quantised EC spectra described in the previous subsection.
It is well known from string and extra-dimensional theories that PBCs (as well as
Neumann and Dirichlet BCs) are admitted by relativistic bosonic actions, in the sense
that they full the variational principle at the boundary [9]. This compatibility has a
fundamental relevance in the consistency of the ECs theory.
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The free bosonic EC is eectively an homogeneous one dimensional vibrating string
vibrating in space-time with four-period λµ (i.e. Compton world-line periodicity TC ).
µ
The general EC solution is of the type ϕ̄⃗k (x) ∝ e−ikµ x , according to eq.(1), such that
kµ λµ = 2π . By scalar action we mean that the corresponding Euler-Lagrange equation
is the ordinary Klein-Gordon equation (∂µ ∂ µ − m2 )ϕ̄⃗k (x) = 0  its explicit form is given
in [7, 8, 9]. Notice that these equations of motion actually encode a rest periodicity
TC = 2π/m. Thus, due to the PBCs, the solution of eq.(2) is the scalar EC eq.(1), q.e.d.
As we shall see, this functional formalism will be particularly convenient, for instance,
when we will describe interactions. Notice also that in ECs the problematics edge states
of 't Hooft's CA models [2] vanishes due to the explicit use of contravariant PBCs. So,
such a problematic aspect of CA is solved in ECs physics.
3

Equivalence to canonical Quantum Mechanics: the free case

We are now able to prove the exact correspondence between the classical dynamics of a
free EC and the canonical QM of an elementary free bosonic particle. This means that
we will exactly derive, for the free case (and then for the interacting case), all fundamental axioms of QM, the commutations rations, the Heisenberg uncertainty relation, the
Feynman path integral, the Dirac quantisation rule, the Bohr-Sommerfeld quantisation,
the WKB approximation, and so on. The exact correspondence will be then exactly
extended to the case of interacting systems, composite systems and thermal systems,
by developing the formalism of ECs space-time geometrodynamics, Euclidean time periodicity and tensor products of Hilbert spaces, respectively. Notice that the quantum
behaviours will be directly derived from the EC relativistic classical dynamics, without
any further quantisation condition except intrinsic periodicity (PBCs).

3.1 Axioms of Quantum Mechanics from Elementary Cycles
Let us derive the axioms of QM from ECs classical dynamics in the free case. Additional
details are given in [10].
i) Axiom of the states

In the covariant formulation of ECs theory introduced above, see eq.(1), the EC
⃗
momentum eigenstates ϕ⃗kn (⃗x) =
˙ eikn ·⃗x constituting the EC physical state Φ⃗k , according
to the space-time evolution law (PBCs), form a complete, orthogonal set. A free EC
indeed denes a corresponding Hilbert space of basis |n⃗k ⟩, such that ⟨⃗x|n⃗k ⟩ =
˙ ϕ⃗kn (⃗x),
∫ 3 −i⃗k ·⃗x i⃗k ′ ·⃗x
3
′
n
n
/(2π) = δn⃗k ,n⃗′ . The
with induced inner product dened as ⟨n⃗k |n⃗k ⟩ =
˙ d xe
e
k
completeness relation is
∑
n |n⟩⟨n| = 1 and the overlap between the position operator and the eigenstate of the
⃗
momentum operator is ⟨⃗x|⃗k⟩ = eik·⃗x .
Hence the free EC is described by a point in the corresponding Hilbert space |Φ⃗k ⟩ =
∑
∑
⃗
⃗
⃗
n⃗ ∈Z αn (k)|n⃗k ⟩ =
n∈N αn (k)|n⃗k ⟩ + α−n (−k)| − n−⃗k ⟩ such that ⟨x|Φ⃗k ⟩ = Φ⃗k (x); q.e.d.
k

ii) Axiom of the observables
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In this Hilbert space notation, we nd that the EC dynamics dene, through its
quantised energy and momentum spectra, corresponding Hamiltonian and momentum
⃗
⃗ such that H(⃗k)|n⃗ ⟩ =
operators H and P
k ˙ ωn (k)|n⃗k ⟩ and
⃗ ⃗
⃗ ⃗⟩ =
P|n
k ˙ kn (k)|n⃗k ⟩, respectively. These operators, implicit in the EC formulation eq.(1),
are manifestly Hermitian due to the PBCs.
The observables of an EC can be therefore always written as functions of Hermitian
operators. The eigenvalues of these operators in turn describe the only possible values
of the related physical quantities admitted for the EC eigenvalues (e.g. a free relativistic
EC has quantised energy ωn (⃗k), eigenvalues of the Hamiltonian operator H, in analogy
with the discrete frequencies of a classical vibrating string); q.e.d.
iii) Axiom of the motion

From the free EC solution eq.(1) it follows easily that every EC eigenmode (harmonic)
satises the equation i∂µ ϕ⃗kn (x) = kµ n ϕ⃗kn (x). In the related Hilbert space formalism this
means that the time evolution of the EC eq.(1) turns out to be described by the ordinary
Schrödinger equation i∂t |Φ⃗k (x)⟩ = H(⃗k)|Φ⃗k (x)⟩ (the Hamiltonian in this case is not time
dependent because, actually, we are in the free case). Similarly, the spatial evolution is
⃗ ⃗k)|Φ⃗ (x)⟩. In particular the unitary time evolution operator
given by i∂⃗⃗x |Φ⃗k (x)⟩ = −P(
k
⃗
is U(dt) = e−iHdt and the spatial evolution operator is U(d⃗x) = eiP·d⃗x ; q.e.d.
iv) Axiom of the measurement

In QM the axiom of the measurement has a particularly important interpretational
and conceptual meaning, besides the mathematical relevance of the Born rule. Here we
will derive its mathematical formulation and we will interpret its conceptual meaning in
terms of ECs physics.
To derive the Born rule we must again consider that  similarly to a covariant
generalisation of 't Hooft's CA  an EC describes statistically and in a covariant way
the dynamics of a single particle moving [very fast A/N ] on a circle. If the EC time
period T is very small w.r.t. the time resolution of the observer's timekeeper, the only
possible description of the ECs dynamics is statistical.
Actually, the time scale of the ECs periodicities are determined by the mass of the
corresponding particles. Since ω(⃗k) ≥ m, the upper bound of the EC time period T (⃗k) is
given by the Compton period TC . This means that, even considering light particles4 such
as electrons (or even electrodynamics), the cyclic EC dynamics are always faster than
any modern timekeeper resolution. The electron Compton time is about 10−21 s whereas
the modern timekeepers resolution is only 10−17 s (it is however increasing very fast
towards the electron Compton time, see [12] for possibles indirect observations of the
Compton clock).
Let us consider the example of a die, further discussed in sec.(6). A rolling die can be
actually regarded as an EC whose time dynamics are on a periodic temporal lattice of 6
sites with very small time interval with respect the observer temporal resolution denoted
by δt (it can also be regarded as a CA with 6 states on a circle and permutations among
4

In the case of neutrinos the internal periodicity is very slow and, actually, the neutrinos periodicities

(oscillations) have been observed experimentally as manifestation of neutrinos masses.
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neighbour). Let us suppose that the period T is unknown. If the die rolls slowly or
it is observed with sucient resolution in time, the observer can resolve the die motion.
However, if the die rolls very fast w.r.t. the observer resolution in time (or if it is observed
under a stroboscopic light, see Elze's stroboscopic quantisation [38]), only a statistical
description is possible.
For instance, let us suppose that when the timekeeper time is t1 the die shows a given
face, and at time t1 + T it shows again the same face. The observer can only say that
the frequency is ω1 = ω , or ω2 = 2ω , or ωn = nω with n ∈ Z. Thus its evolution is
that of a periodic phenomenon described by the superposition of the eigenstates e−iωn t ,
forming a complete, orthogonal set with eigenvalues ωn = nω . Furthermore the fast
rolling die can be represented, as long as we do not observe it, as the superposition of
the states of its six faces (similarly a very fast ipping coin is the superposition of the
state |head⟩ and the state |tail⟩). Due to the nite resolution of the timekeeper the
die time period T = 2π/ω can only be determined with an experimental uncertainty
δt. The observer uncertainty in time implies an simultaneous uncertainty in the angular
frequency ω (i.e. in the energy). This simultaneous uncertainty is actually described by
the Heisenberg uncertainty relation, as we will show in sec.(3.1).
In addition to the analysis given for the previous axioms and in sec.(2), this example
wants to illustrate in a naive way that, in analogy with 't Hooft's analysis of CA, the
evolution of a die rolling very fast can be described in a corresponding Hilbert space
with associated Hamiltonian operator and Schrödinger equation, in close analogy with
QM. According to ECs theory, this correspondence can be interpreted in the following
way. Similarly to the example of the die, if the system is characterised by very fast cyclic
dynamics, as for ECs, w.r.t. the observer resolution in time, only a statistical description
of the outcomes can be given. This statistical description yields a Hilbert space notation
and the other corresponding to QM (frequency eigenstates, Schrödinger equation, unitary
evolution, etc).
Finally, in order to derive the axiom of the measurement and the Born rule it is
convenient to consider the example of an electric current. As well-known the motion of
electrons in an electric circuit is typically described statistically due to the large number
of electrons constituting the electric current (even though they move very slowly). Such
a statistical description is given by means of a wave function (i.e. by a phasor), which is
the analogous of the EC physical state, describing the density of electrons ρ(x), i.e. the
density of charges, and satisfying a continuity equation.
Obviously, such a statistical description can be extended to a current of neutral particles. In this case ρ(x) simply describes the density of particles. Furthermore, such a
statistical description can be generalised to ECs  or CA , i.e. to a single particle
moving [very fast A/N ] on a circle. In the case of an EC, even though we have a single
particle on a circle, i.e. in our circuit, the statistical description is necessary due to the
fact that the particle moves very fast. If the period is very small w.r.t. the experimental
resolution in time, it will be not possible to determine the exact position of the particle
at a given time, so we can only describe the particle motion statistically. That is de-
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scribed by a wave-function dening the probability and current densities, and satisfying
the continuity equation.
The EC physical state Φ⃗k (x) is actually a wave-packet of solutions of the KleinGordon equation. It therefore satises the continuity equation ∂t ρ(x) = −∂⃗⃗x · ⃗j(x) where
ρ(x) = |Φ⃗k (x)2 | describes the probability density to nd in x the single particle on a
circle associated to the EC, in analogy with the phasor of an electric current. Similarly,
⃗j(x) describes the current of probability associated to the EC (for the sake of simplicity,
since the particle must be necessarily stopped in the detector when observed we can
assume here a non-relativistic continuity equation [39]).
We conclude that for an EC the current of probability is constituted by a single
particle on a circle, so that the integral of the probability density ρ(x) over the whole
∫
space (i.e. over an innite number of periods along the circle) is unitary: |Φ⃗k (x)|2 d3 x ≡
1. We conclude that the statistical description of an EC, i.e. a particle moving [very fast
A/N ] on a circle leads exactly to the ordinary Born rule of QM; q.e.d.
3.1.1 Comments about axiomatic of Quantum Mechanics
We have demonstrated mathematically the complete, exact equivalence between the free
ECs classical dynamics and the axiomatic formulation of QM for the free (bosonic) case.

This result will be generalised to interactions in sec.(5). Obviously the exact correspondence to the axioms of QM is very important. The axioms of QM constitute the base from
which all the known results of quantum physics can be derived. Here we have derived
them from the classical ECs dynamics. Hence, we are allowed to state that  at least
 EC is consistent with all known results of QM.
Besides the generalisation to the interacting case, we will also derive from ECs classical
dynamics all the other (secondary) aspects such as the Feynman path integral (obtained
independently from the axioms above), the commutation relations (relevant for the Dirac
quantisation, the Fock space and the Heisenberg relation), the product of Hilbert spaces
(necessary to describe composite systems and Bell's experiment), the spin-statistics, the
quantisation of statistical systems, etc.
Since in an EC the periodic motion along the circle (i.e. the circuit) is constrained
to satisfy the PBCs Φ⃗k (t) = Φ⃗k (t + T ) (and thus discrete eigenmodes), we have found
an additional justication of the fact that an EC, i.e. a particle moving [very fast A/N ]
on a circle, can be eectively represented as a classical one dimensional (scalar) string
vibrating with period T , and related harmonics.

3.2 Commutation relations from Elementary Cycles
In order to derive the commutation relations of QM directly from ECs cyclic dynamics
let us evaluate the expectation value of the partial derivative of an Hermitian observable
∂⃗x F(⃗x) among arbitrary initial and nal ECs physical states  obviously the expectation
value describes the average value associated to an EC physical observable, e.g. the
energy, in perfect correspondence with ordinary QM.
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Through integration by parts and keeping in mind our denition of the momentum
⃗ , it is easy to prove that [9, 10]
operator P
⃗

⃗ (⃗x) − F(⃗x)P|Φ
⃗ in ⟩ − [Φf in (⃗x)F(⃗x)Φin (⃗x)]λ .
⟨Φf in |∂⃗⃗x F(⃗x)|Φin ⟩ = i⟨Φf in |PF
0
It is important to notice the fundamental role of the PBCs in this demonstration: the
boundary term of this expectation value vanishes as direct consequence of the periodicity
⃗λ of the EC ontic spatial coordinate ⃗x. Hence we exactly obtain, for arbitrary initial
and nal EC physical states Φin and Φout (in this form the demonstration can be easily
generalised to the interacting case), the same commutation relations of canonical QM:

⃗ = i∂⃗⃗x F(⃗x) .
[F(⃗x), P]

(3)

Indeed, by assuming F(⃗x) = xi we nd

[xi , Pj ] = iδi,j ,

(4)

where i, j = 1, 2, 3. In a similar way it is possible to derive the commutation relation
between time and Hamiltonian operator: [t, H] = i.
From these fundamental commutation relations of the canonical quantities, the commutation relation for all the derived observables can be inferred. For more details see
for instance [9]. We conclude that the commutation relations of QM are implicit in ECs
periodic dynamics, and in turn the so-called Dirac quantisation rule or the second quantisation are implicit as well, see below.
Paraphrasing Dirac quantisation rule we have that, if the commutation relation of
the physical observables A and B of a (free) classical particle is described by the Poisson
bracket {A, B}P , the related EC is described by the commutation relation [A, B] =
i{A, B}P where A and B are the Hilbert operators associated to the EC observables, in
perfect agreement with ordinary QM.
Notice that this demonstration is the straightforward generalisation to ECs physics
of Feynman's derivation of the commutation relations [40, 41] proving the equivalence
between the path integral formulation of QM and the axiomatic one. Thus, if  as it
is  mathematics is not an opinion (if, according to Feynman the same equations have
the same solutions), our demonstration proves that ECs theory is equivalent to both
axiomatic and Feynman formulations of QM. Indeed we will also be able to derive in
an independent way the Feynman path integral directly from ECs classical dynamics, in
either the free and interacting cases.

3.3 Heisenberg uncertainty relation from Elementary Cycles
The Heisenberg uncertainty relation is, in general, a direct consequence of the commutation relations eqs.(3-4). The latter has been derived from ECs dynamics, hence the
Heisenberg uncertainty relation is implicit in ECs theory, in perfect analogy with ordinary QM.
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Alternatively  as further crosscheck  the Heisenberg uncertainty relation can be
intuitively inferred in terms of ECs periodic dynamics. We consider, for instance, that
only the modulo square |Φ⃗k (xi )|2 has a physical meaning (Born rule). Due to the periodic
dynamics, the phase of an EC physical state is dened modulo factors nπ . This is a direct
consequence of the PBCs or equivalently of the evolution law (thus it can be generalised
to 't hooft CA). Here we only consider n = 1 because higher (or decimal) values of n give
weaker uncertainty relations.
For the sake of simplicity let us consider the i-th ontic spatial coordinate of period
λi . As already said, due to the fast periodic dynamics, an observer can only describe the
EC statistically. In particular the observer can only interpret the invariance of the EC
phase by factors π 's as a simultaneous indetermination in the momentum and position:
i
i
i
i
i
|eiki x | = |ei(ki x +π) | = |ei[(ki +δki )x ] | = |ei[ki (x +δx )] | where δki xi = π and ki δxi = π (kµ , or
equivalently λµ , and xµ are unknown to the observer).
Now, by considering that the ontic spatial coordinate is periodic, i.e. 0 < xi +
mod(n′ λi ) ≤ λi , with n′ ∈ N (for the sake of simplicity we can assume xi ∈ (0, λi ]
similarly to angular variables), and that the phase harmony condition is ki λi = 2π , we
nd that the simultaneous indeterminacy between momentum and space is described by
the ordinary Heisenberg relation:

δki δxi =

π2
π
π2
≥
= .
ki xi
ki λi
2

Generalising this demonstrations we have the other Heisenberg uncertainty relations
δkj δxi ≥ δi,j π/2 and, for the temporal component, δωδt ≥ π/2 [6, 9, 22, 42], q.e.d.

3.4 Second quantisation from Elementary Cycles
It is well known that the commutation relations of the QHO ladder operators are a
direct consequence of the commutation relations of QM eqs.(3-4). Since the latter are
implicit in ECs physics, the commutation relation of the ladders operators are implicit
in ECs cyclic dynamics as well. The full derivation of the QHO in ECs theory is given in
[15, 16, 19, 9, 22] and summarised in sec.(5.3.2).
In terms of the correspondence between EC and QHO  also pointed out by 't Hooft
for CA  this means that from the denition of the position and momentum operators,
the Fourier coecients an√
(⃗k) and a−n (−⃗k) of eq.(1) it is possible
√ to dene corresponding
⃗
ω(k)
⃗ and â† (⃗k) = ω(⃗k) x − √ i |P|
⃗ , respecx + √ i |P|
ladder operators â(⃗k) =
2

2ω(⃗k)

2

2ω(⃗k)

tively. Due to the commutation relations of QM derived above directly from the eective
description of the ECs ultra-fast cyclic dynamics in the Hilbert notation, these ladder
operators play the role of the creation and annihilation operators of ordinary QM and
satisfy the commutation relation [a(⃗k), a† (⃗k ′ )] = δ(⃗k − ⃗k ′ ). Indeed they describe the creation and annihilation of the EC n-th harmonic mode. Then, it also possible to dene
the ECs vacuum state |0⟩ from which all the possible ECs harmonics are created, as
† n (⃗
k)
|n⃗k ⟩ = a √n!
|0⟩. Similarly the normally ordered Hamiltonian of the EC can be rewritten

34

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 1774

as H(⃗k) = ω(⃗k)a† (⃗k)a(⃗k).
The free solution of an EC of momentum ⃗k , denoted by the physical state Φ⃗k (x), is
therefore equivalent to the (normally ordered) second quantised mode of momentum ⃗k
of an ordinary Klein-Gordon eld ΦKG (x) of mass m. A second quantised scalar eld
ΦKG (x) of mass m = 2π/TC is in fact EC physical state Φ⃗k (x) integral over all the
∫
possible fundamental momenta ⃗k : ΦKG (x) = d3 kΦ⃗k (x). That is, in analogy with
⃗ −ik·x +
QFT we have
√the physical state operator associated to eq.(1) is Φ⃗k (x) = (a(k)e

a† (⃗k)e+ik·x )/ (2π)3 2ω(⃗k). As we will see, the mathematical tool which actually describes
such an integration of physical states of an ECs is the Fock space.
By using 't Hooft terminology we say that a second quantised eld is the ensemble of
all the Lorentz changeables obtained by transforming the EC to all the possible inertial
reference frames. This shows the correspondence between the scalar EC dynamics and
second quantised free Klein-Gordon elds.
In the case of neutral scalars we see that the positive EC modes are indistinguishable
from the negative ones. Actually, neutral bosonic particles and antiparticles are identical
in ordinary QM. Therefore, the EC Hamiltonian can be regarded as positively dened.
The demonstration goes like that showing that in the Kaluza-Klein theory there are not
tychionic modes despite the fact that Kaluza-Klein modes can have positive and negative
frequencies [7, 9, 8]. This shows that  at least in the neutral case  the non-positively
dened Hamiltonian operator in ECs theory is not an issue, solving such problematic
aspects of CA models. We will see that in general, as conjectured by 't Hooft, the
negative solutions correspond to antiparticles.

3.5 Equivalence between Elementary Cycles classical evolution and Feynman path integral
In addition to the exact correspondence to the axioms of QM, we now rigorously prove
that the classical evolution of an EC is equivalent to the quantum evolution prescribed
by the ordinary Feynman Path Integral [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18,
19, 20, 21, 22]. Again, the covariant PBCs of the ECs theory play a central role in the
demonstration. The demonstration will be given for the free case and then generalised
to interactions in sec.(5).
As we have already seen in sec.(3.1), in the Hilbert space formalism the evolution of
a free EC in its (ontic) time is given by the operator U(dt) = e−iHdt which is an unitary
operator. So the evolution from an initial time ti to a nal time tf can be written as the
product of the elementary time evolutions of innitesimal duration ϵ:

U(tf ; ti ) =

N
−1
∏

U(tf + tj+1 ; ti − tj − ϵ)

j=0

with N ϵ = tf − ti , N → ∞ and ϵ → 0.
By plugging the orthogonality relation associated to the EC inner product in between
these elementary time evolutions we obtain that the EC evolution between two generic
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space-time points Z = U(⃗xf , tf ; ⃗xi , ti ) is the product of elementary space-time evolutions:
)
∫ (N∏
−1
3
(5)
Z=
d xm U(⃗xf , tf ; ⃗xN −1 , tN −1 ) . . . U(⃗x1 , t1 ; ⃗xi , ti ) ,
m=0

where the EC elementary space-time evolutions are:
⃗

U(⃗xm+1 , tm+1 ; ⃗xm , tm ) = ⟨Φ̂⃗k |e−i[H(k)∆tm −P·∆⃗xm ] |Φ̂⃗k ⟩ ,
(6)
∑
and ∆tm = tm+1 − tm , ∆⃗xm = ⃗xm+1 − ⃗xm , and |Φ̂⃗k ⟩ = n∈Z |n⃗k ⟩ (unitary EC physical
state, α ≡ 1, ∀n).
By construction, the phase of these elementary evolutions (i.e. the phase of the EC
physical state) denes an action which turns out to be formally the classical action S Classic
of the corresponding free classical-relativistic particle of mass m and momentum ⃗k :
∫ tf
Classic
⃗ · ⃗x˙ − H) .
S
[tf ; ti ] =
dt(P
⃗

ti

In fact, from the phase of the EC physical state, i.e. from the phase of the elementary
⃗ · ∆⃗
⃗ xm − H∆tm = (P
⃗ · ⃗ẋm − H)∆tm = LClassic ∆tm =
evolutions eq.(6), we obtain P
Classic
⃗ · ⃗ẋm − H with ⃗ẋm = ∆⃗x . Notice
∆Sm
, where the classical Lagrangian is LClassic = P
∆tm
that, contrarily to the EC action eq.(2), this new classical action associated to the EC is
dened on a non-compact space-time (it is not subject to PBCs), that is dened on the
ordinary relativistic space-time. The PBCs are encoded on the quantised spectra of the
Hilbert operator.
Finally, by putting all these elements together we obtain the remarkable result that
the EC classical evolution is exactly described by the ordinary Feynman Path Integral of

m:
∫
Classic [t ;t ]
f i
Z = D3 xeiS
.

a relativistic scalar particle of mass

(7)

Thus we have proven that, in the free case, the classical evolution of an EC is equivalent
to the quantum evolution prescribed by the Feynman path integral. The interpretation
of this exact correspondence will be discussed in sec.(3.5.2).
By following the same steps of ordinary QFT, that is, by redening the Hamiltonian
operators and coordinates in terms of elds, it is now possible to generalise the Feynman
path integral functional to QFT (e.g. to scalar elds). This substitution has a particular
physical interpretation in ECs theory: an EC can be regarded as a string vibrating in
space-time with corresponding fundamental periodicities, or equivalently as vibrations
of space-time itself so that the space-time coordinates can be substituted with elds
(physical states) encoding the harmonics modes of the space-time vibrations: x → Φ⃗k (x).
3.5.1 Further proofs of the exact correspondence between Feynman path integral and
Elementary Cycles evolution
We have just proven that the classical evolution of an EC is exactly described by the
Feynman path integral. Notice that we have already provided, with an independent
demonstration, the correspondence to axiomatic QM.
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As a further conrmation, among the others, we now independently prove that, vice
versa, the ordinary Feynman path integral of a relativistic free particle yields the characteristic cyclic evolution in space-time of an EC. We will derive the covariant evolution
law of a free relativistic EC, characterised by cyclic dynamics, directly from the ordinary
Feynman path integral of a free relativistic particle. In addition to the demonstrations
reported below we mention that this correspondence can be also derived graphically with
interesting analogies to Feynman chessboard as reported in, e.g., [16, 9], as well as to the
Feynman educational description of QED, [43].
The ordinary Feynman path integral can be always expressed as an integral (sum)
of Dirac delta functions. These describe all the degenerate classical paths with dierent
winding numbers associated to the ECs cyclic dynamics. The proof is very simple and it
is based on the Poisson summation already introduced in this paper. It was rst reported
on sec.(4.1) of the rst versions (arXiv versions 1 to 4) of the foundational paper [9]. The
form reported here, though it is given for the free case, can be generalised to interacting
particles, as we will see.
The Feynman path integral describing the ordinary quantum evolution of a free relativistic particle from an initial space-time point xi to a nal space-time point xf is
formally given by eq.(7). It is well known that the ordinary Feynman path integral can
also be written as eq.(5), where the elementary Feynman space-time evolutions are for∑
mally given by eq.(6), with ∆tm = tm+1 − tm , ∆⃗xm = ⃗xm+1 − ⃗xm , and |Φ̂⃗k ⟩ = n∈Z |n⃗k ⟩,
in perfect analogy with the EC evolution described above  the symbols here are referred
to ordinary QM.
In ordinary QM as well as in EC theory, a free relativistic bosonic particle has normally
ordered harmonic energy spectrum H(⃗k)|n⃗k ⟩ = ωn (⃗k)|n⃗k ⟩ = nω(⃗k)|n⃗k ⟩ with n ∈ Z (i.e.
we consider both particle and anti-particles). The general dispersion relation is ω 2 (⃗k) =
⃗k 2 + m2 . This implies a corresponding harmonic momentum spectrum P|n
⃗ ⃗ ⟩ = ⃗kn |n⃗ ⟩ =
k
k
n⃗k|n⃗k ⟩ as well known for instance for photons whose massless dispersion relation is ω(⃗k) =
|⃗k|, so that the normally ordered energy spectrum ωn = nω actually implies the harmonic
momentum spectrum ⃗kn = n⃗k .
∑
∑
By applying the Poisson summation n∈Z e−iny = 2π n′ ∈Z δ(y + 2πn′ ) we now nd
that the ordinary QM associates a sum of Dirac deltas to the elementary space-time
quantum evolutions of a relativistic particle

U(⃗xm+1 , tm+1 ; ⃗xm , tm ) =

∑
nm ∈Z

= (2π)

⃗

⃗

e−inm [ω(k)∆tm −k·∆⃗xm ]
∑

)
′
⃗
⃗
δ ω(k)∆tm − k · ∆⃗xm + 2πnm .
(

(8)

n′m ∈Z

These Dirac deltas actually describe classical cyclic paths characterising an EC, as we
shall discuss below in more detail.
By plugging eq.(8) in the Feynman path integral written as in eq.(5) and by using
∫
the Dirac delta property d3 xm δ(⃗xm+1 − ⃗xm )δ(⃗xm − ⃗xm−1 ) = δ(⃗xm+1 − ⃗xm−1 ) we nally
demonstrate that the ordinary Feynman path integral of a free relativistic particle is
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expressed by the sum (integral) of Dirac deltas associated to classical cyclic space-time
paths

Z =

∫ (N∏
−1

)
d3 xj

(2π)N

∑

(
)
δ ω(⃗k)∆tN −1 − ⃗k · ∆⃗xN −1 + 2πn′N −1 ×

n′0 ,n′1 ,,̇n′N −1 ∈Z

j=0

)
)
(
× δ ω(⃗k)∆tN −2 − ⃗k · ∆⃗xN −2 + 2πn′N −2 . . . δ ω(⃗k)∆t0 − ⃗k · ∆⃗x0 + 2πn′0
)
∑ (
′
N
′
′
⃗
⃗
= (2π)
δ ω(k)(tf − ti ) − k · (⃗xf − ⃗xi ) + 2π(n0 + n1 + . . . + nN −1 )
(

n′0 ,n′1 ,,̇n′N −1 ∈Z

)
∑ (
′
⃗
⃗
= (2π)
δ ω(k)(tf − ti ) − k · (⃗xf − ⃗xi ) + 2πn .

(9)

n′ ∈Z

The Feynman path integral tells us that the quantum evolution of a free relativistic
particle of four-momentum kµ is given by the sum (integral) of all the possible cyclic
classical paths of space-time period λµ between the initial and nal space-time points.
These elementary space-time loops are exactly those prescribed by ECs physics, as can
be explicitly read out from both EC evolution law and PBCs  see next subsection for
more details. The EC describing a particle of four-momentum kµ has global space-time
periodicity λµ = {T, ⃗λ}, such that T (⃗k) = 2π/ω(⃗k) and λi = 2π/ki . That is, the ordinary
Feynman path integral eq.(9) describes all the possible space-time loops of period λµ
between the initial and nal points, according to the covariant EC evolution law

|xµi ⟩ → |xµf + mod λµ ⟩ .

(10)

In fact, in the free case, by using the Poisson summation, the EC physical state can be
explicitly written as a sum over Dirac delta functions
∑
⃗
⃗
Φ⃗k (xf , xi ) =
an einω(k)(tf −ti )−ink·(⃗xf −⃗xi )
n∈Z

= 2π

∑

a′ n′ δ[⃗k · (⃗xf − ⃗xi ) − ω(⃗k)(tf − ti ) + 2πn′ ] ,

(11)

n′ ∈Z

where a′ n′ are the transformed Fourier coecients according to the Poisson summation,
[9, 19]. We conclude that a unitary EC physical state Φ̂⃗k (such that αn ≡ 1 ⇒ α′ n′ ≡
1, ∀n, n′ ) reproduces the same result obtained independently from the Feynman path
integral eq.(12).
The demonstration of this correspondence, in the form given above, is general. It
can be generalised to the interacting case. However, in the free case, it is particularly
easy to cross-check, once more, the consistency of this result. As the Hamiltonian and
momentum operators are global in the free case, the total evolution of a free relativistic
bosonic particle, in ordinary QM [44] as well as in EC theory, is
⃗

Z = U(⃗xf , tf ; ⃗xN −1 , tN −1 ) = ⟨Φ̂⃗k |e−i[H(k)(tf −ti )−P·(⃗xf −⃗xi )] |Φ̂⃗k ⟩
∑
⃗
⃗
=
e−i[ωn (k)(tf −ti )−kn ·(⃗xf −⃗xi )]
n

= 2π

⃗

)
∑ (
δ ω(⃗k)(tf − ti ) − ⃗k · (⃗xf − ⃗xi ) + 2πn′
n′

(12)
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This proves that the ordinary Feynman path integral describes the classical evolution of
a corresponding EC, and vice versa. We will generalise this result to interactions. Now
we shall interpret its physical meaning.
Thanks to this fascinating exact correspondence it is in fact possible to give an elegant
interpretation, classical in the essence, of the ordinary Feynman path integral in terms
of the degenerate classical solutions associated to the contravariant PBCs of the free
relativistic EC.
3.5.2 Interpretation of the correspondence to the Feynman formulation of Quantum
Mechanics
As anticipated above, the exact correspondence between EC classical evolution end the
Feynman path integral has a very intuitive explanation in terms of classical EC dynamics.
Due to the PBCs, the classical least action principle (variational principle) applied
to the EC action eq.(2) yields an innite number of degenerate solutions corresponding
to the periodic paths described by the Dirac deltas in eq.(12). These are implicit in the
covariant EC evolution law eq.(10).
The evolution of an EC in its ontic space-time can be in fact regarded as the evolution
on a cyclic geometry. There are an innite set of paths linking two arbitrary points on
a cylindric geometry. Notice that the initial and nal points of the EC evolution are
not necessarily separated by integer numbers of space-time periods; they can assume
any possible values. This innite set of classical cyclic paths are labeled by the winding
number n′ ∈ Z. That is, the evolution from Φ⃗k (xi ) to Φ⃗k (xf + λ) is degenerate w.r.t. the
evolution from Φ⃗k (xi ) to Φ⃗k (xf + n′ λ) (where we have suppressed the Lorentz index).
Indeed, we have seen that the sum of all the degenerate classical solutions (expressed
as Dirac delta functions) associated to the EC action eq.(2) is equivalent to the Feynman
path integral and vice versa. That is the meaning of eq.(5) and eq.(9). Hence, the
interference of the classical EC degenerate solutions reproduces the Feynman variations
around the path of the corresponding classical particle, i.e. of the classical path associated
∫t
⃗ · ⃗x˙ −H) appearing in the phase of the path integral.
to the action S Classic [tf ; ti ] = tif dt(P
This classical action is determined by the phase of the covariant EC physical state.
It is easy to infer in particular from the free case that if the nal point, w.r.t. the initial one, is on the path of the corresponding classical particle, the interference among the
EC degenerate cyclic paths is constructive, whereas the interference becomes less and less
constructive as the nal point moves away from the classical particle path [9, 22, 10, 6]. It
reveals that the classical particle path corresponds to the maximal probability (constructive interference) associated to the EC evolution. Finally, notice that this degeneracy of
classical paths implicitly contains the Heisenberg uncertainty principle.
Our description of the Feynman path integral as interference of periodic classical paths
is an example  and there are many  of the interesting physical aspects implicit in
ordinary QM that become manifest in ECs (or CA) formulation.
It is worth noting a novel aspect w.r.t. the ordinary interpretation of the Feynman
path integral. According to the ordinary Feynman interpretation of QM [40], the classical
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variational principle must be relaxed in ordinary QM and the evolution of a quantum
particle is give by the sum over all the (classical and non-classical) paths linking the
initial and nal space-time points xi and xf . On the contrary, the demonstration of the
Feynman path integral given above, sec.(3.5.1), shows that only classical the periodic
paths are relevant (in both cases the time interval of the evolution is divided in slices
of innitesimal duration, then integrated over the spatial coordinate xm of each slice).
The demonstration given in sec.(3.5.1) is absolutely general, and shows that the paths
relevant to the Feynman path integral are exactly the classical periodic paths prescribed
by the ECs theory. Due to the PBCs, these periodic paths are the classical degenerated
paths resulting from the classical variational principle applied to the EC action eq.(2),
so that one of the great advantages of ECs formulation of QM is that it retains the full
validity of the classical variational principle in QM. It proves an exact correspondence
between cyclic evolution, classical in the essence, and quantum evolution.
Finally, we conjecture that such a over-counting of paths in the ordinary interpretation
of the Feynman path integral w.r.t. the interpretation emerging from ECs theory could be
responsible for the innite terms (divergences) that must be renormalized in the ordinary
approach. In other words, we conjecture that, by evaluating the Feynman path integral
according to the prescriptions of the EC theory, one could obtain the nite expression for
measurable quantum quantities avoiding the renormalization process.
4

Interacting relativistic Elementary Cycles

So far we have exclusively considered free ECs, characterised by global space-time periodicities, which turn out to describe the quantum behaviour of corresponding free particles,
i.e. particles with constant four-momenta. In this section we must bear in mind that
interactions, i.e. local variations of four-momenta, imply local modulations of the ECs
space-time periodicities.
To achieve the correct description of interactions we must also remember that (similarly to the Compton clock or de Broglie internal clock) an EC can be regarded as a
moving relativistic reference clock and ruler. The duration of the clock period and the
length of the ruler is determined locally by the amount of energy and momentum associated to the interacting EC in that point. During interactions these conjugated quantities
vary from point to point (i.e. locally) depending on the interaction scheme considered,
in such a way that the local phase harmony is satised locally. This provides a fundamental link to the geometrodynamical description of interactions typical of gravitational
interaction in GR, resembling original Einstein's derivation (roughly speaking relativity
is about clocks and rulers). In analogy with GR, the local modulations of periodicities associated to interactions will be encoded in local geometrodynamics of the ontic
space-time coordinates.
In this section we will exclusively describe interactions at a classical-relativistic level.
This means that we will neglect quantum corrections by consider only the fundamental
eigenmode (n = 1) of the ECs physical states. We have already seen in the free case,
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for instance see eq. (1), that the fundamental mode corresponds to the non-quantised
scalar eld mode of momentum ⃗k . Here we denote by a prime the quantities associated
to interactions: for instance the physical state of the interacting EC is Φ⃗′k′ .
In sec.(5), to derive the quantum behaviour of interacting ECs we will consider all the
ECs harmonics. The quantum corrections are encoded in the higher modes of the ECs
vibrations. The resulting ECs dynamics will be equivalent to the quantum dynamics of
the corresponding interaction scheme. In this way, in sec.(5) the correspondence to QM
will be fully generalised to the interacting case.
Let us consider a free EC of constant momentum kµ , i.e. global space-time periodicity
µ
λ such that kµ λµ = 2π , and compare it with the case in which a generic interaction
is switched on. The resulting locally varying four-momentum in the space-time point
x′ of the interacting EC evolution is denoted by kµ′ (x′ ). The local variation of fourmomentum w.r.t. the free case can be described by a tetrad eµ µ′ (x′ ), which therefore
encodes the interaction scheme under consideration. That is, if we consider interactions
we must replace the local four-momentum kµ of the free EC with a local one according to
kµ′ ′ (x′ ) = eµ µ′ (x′ )kµ . This is the local momentum of the interacting elementary classicalrelativistic particle associated to the EC.
We show that this generic interaction scheme is described by replacing locally the
Minkowskian ontic space-time ds2 = dxµ dxν η µν of the the free EC with the local metric
′ ′
ds2 = dx′µ′ dx′ν ′ g µ ν encoding the interaction itself. In other words, we prove that interactions (including gauge interactions!) are encoded in the corresponding local metric
tensor gµ′ ν ′ = eµ µ′ eν ′ ν ηµν , in analogy with GR. The physical quantities labelled by the
prime symbol denotes the manifold associated to interacting EC. The locally transformed
metric can be either at or curved, these will correspond to describe gauge interactions
and gravitational interaction, respectively.
To retrieve such a geometrodynamical description of interactions let us consider the
′
local transformation of the free EC ontic space-time coordinates xµ → x′µ (X) =
′

′

′
′µ

xµ Γµ µ (x)x=X , such that the tetrad introduced above is eµ µ = ∂x
(for the sake of
∂xµ
simplicity we neglect Christoel symbols, relevant for gravitational self-interaction and
non-abelian gauge theories [7, 45]). Under this local redenition of coordintates the free
EC action eq.(2) is transformed to
∫
√
′
(13)
SEC =
d4 x′ −gL(eµ µ ∂µ′ Φ⃗′k′ , Φ⃗′k′ ) .
λ′µ′ (X)

This action describes the interacting EC in the point x′ = X . It will describe the
corresponding quantum elementary particle subject to the same interaction scheme.
Notice the local contravariant transformation of the boundary in the EC action
′
′
eq.(13). As usual, PBCs are assumed at the local boundary λ′µ (X) = λµ Γµ µ (x)|x=X .
This means that the EC located in X has locally modulated space-time period Φ⃗′k′ (X) =
Φ⃗′k′ (X + λ′ (X)). We also notice that the metric tensor gµ′ ν ′ of the new manyfold is the
one introduced above in terms of the tetrad eµ µ′ .
When interaction is switched on, the phase harmony relation for the free EC kµ λµ =
′
2π turns out to be replaced by the local phase harmony relation kµ′ ′ τ ′µ = 2π where
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′

′

τ µ (x′ ) is the instantaneous space-time period of the EC, such that τ ′µ (x′ ) = λµ eµ µ (x′ ).
′
′
′
′
It transforms as dx′µ whereas λ′µ (x) transforms as x′µ . Indeed τ ′µ is a space-like tangent
four-vector which in general does not coincide with λ′µ (e.g. in the free case the period
coincides with the instantaneous periodicity: T µ = τ µ ).
To show that this actually describes interaction we notice that the EC solution of
eq.(13) turns out to have in general locally modulated space-time period. The fundamental solution n = 1 (as well as the generic solution) of the Euler-Lagrange equation
Φ̄⃗′k′ (x′ )

−i

∫ x′ µ′

′

dy µ k′ (y)

µ′
∝ e
.
of eq.(13) has in fact the form of a locally modulated wave
µ′
′
′
′
′
′ ′
Indeed it satises the equation i∂µ Φ̄⃗k′ = kµ′ (x )Φ̄⃗k′ of instantaneous periodicity τ (x ),
′µ′
′
i.e. of local periodicity λ (x ). It is easy to foresee that it will yield the Schrödinger
equation for interacting ECs.
Hence we have shown that the transformation of coordinates actually yields the local
variation of EC four-momentum kµ′ ′ (x′ ) = eµ µ′ (x′ )kµ originally assumed for our interacting
EC. It transforms as ∂µ′ and coincides with the local four-momentum of the corresponding
classical-relativistic bosonic particle of mass m interacting under our interaction scheme;

q.e.d.

In ECs theory interactions are equivalently encoded by both the local deformations
′
of the EC ontic space-time gµ′ ν ′ and the local deformations of boundary λ′µ (x′ ) of
the EC action eq.(13). Thus in ECs theory the local boundary provides an holographic
description of the particle dynamics, in analogy with the holographic principle [46] and the
holographic description of extra-dimensional theories [47, 48]. In 't Hooft terminology we
can say that the interacting EC is the geometrodynamical changeable obtained through
local deformations of the ontic at space-time of a free EC.

4.1 Gravitational interaction and Elementary Cycles geometrodynamics
To illustrate the meaning of the ECs geometrodynamical description of interactions we
rst consider an EC in a weak gravitational (Newtonian) potential V (⃗x) = −GM⊙ /|⃗x|.
This is a particular case in which the metric of the interacting EC is not at. Assuming
a Newtonian potential, the fundamental energy of the EC located at distance |⃗x| from
the gravitational centre of mass M⊙ varies, w.r.t. the free case, as ω → ω ′ = (1 +
GM⊙ /|⃗x|)ω . By considering the EC local phase harmony relation in the ontic time,
′
′
ω ′ = 2π/T ′ (in this weak case we can approximate τ ′µ ≃ λ′µ ), the EC time period
varies as T → T ′ = (1 − GM⊙ /|⃗x|)T . Therefore an EC, similarly to a clock, runs slower
inside a gravitational well. This correctly describes two fundamental aspects of GR: time
dilatation and gravitational red-shift.
Furthermore, by considering the transformation of EC momentum due to gravitational
interaction |⃗k| → |⃗k ′ | = (1 − GM⊙ /|⃗x|)|⃗k|, the corresponding modulation of EC spatial
period is |⃗λ| → |⃗λ′ | = (1 − GM⊙ /|⃗x|)−1 |⃗λ|. We nd that the deformation of EC ontic
metric encoding the weak Newtonian interaction is actually the Schwarzschild metric
ds2 = (1 − GM⊙ /|⃗x|)dt2 − (1 − GM⊙ /|⃗x|)−1 d|⃗x|2 − |⃗x|2 dΩ2 .
We have thus obtained linearised gravity by simply combining the Newtonian gravi-
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tational potential and undulatory mechanics [49]. It is know in literature that, by considering self-interactions, this approach actually leads to a consistent derivation of the
whole GR. Actually original Einstein's derivation of GR was based on relativistic clocks
local modulations and the corresponding geometrodynamical description.
By considering self-interaction (i.e. we have to consider the Christoel symbols in
′
′
the expansion of eµa (x) and τ ′µ ̸= λ′µ ) it is possible to obtain the Einstein equation
′ ′
′ ′
′ ′
′ ′
Rµ ν = −8πGT µ ν where Rµ ν is the Ricci tensor and T µ ν is the ordinary stress-energytensor. By giving dynamics to the metric tensor we can thus write the Hilbert-Einstein
action (modulo boundary terms) for EC
]
[ µ′ν ′
∫
√
g Rµ′ ν ′
′
µ′
′
4 ′
+ L(eµ ∂µ′ Φ⃗k′ , Φ⃗k′ ) .
(14)
SEC =
d x −g −
16πG
λ′µ (X)
In other words the Ricci tensor describes how the EC ontic space-time instantaneous
′
period τ ′µ varies locally due to gravitational interaction. Actually, the curvature of
the EC ontic space-time depends on the amount of EC energy-momentum, i.e. on
the EC space-time instantaneous period, in the point X in analogy with the ordinary
interpretation of GR.
The geometrodynamical description of gravitational interaction has been directly derived from the EC phase harmony relation, as for undulatory mechanics in which the local
energy-momentum is xed by the local space-time instantaneous period of the periodic
phenomenon (wave-particle duality).
Furthermore our analysis clearly proves that the ECs ontic space-time coordinates,
intrinsically periodic, represent perfectly consistent sets of relativistic space-time coordinates. Indeed ECs mimic the behaviours of relativistic clocks and rulers. This is due to
the fact that relativity only concerns with the dierential structure of space-time, i.e. the
metric, without giving particular prescriptions about the BCs of space-time. On the
other hand BCs has characterised QM since its earliest days, see discussion in sec.(7) and
[19, 20, 21, 9].

4.2 Derivation of gauge interaction from Elementary Cycles geometrodynamics
In ordinary QFT gauge interactions (electroweak and strong interactions) are postulated,
despite early attempts to derive them directly from relativistic space-time geometrodynamics (e.g. Weyl, Nordström, Kaluza, Einstein, etc). A surprising, unprecedented
property of ECs physics is that gauge interactions are derived directly from the spacetime geometrodynamics of the theory. That is, gauge interactions are inferred in perfect
correspondence with gravitational interaction in GR. This property of ECs theory reveals
a deep relationship between gauge interactions and GR [7].
We now choose a particular class of local transformations of the EC ontic spacetime coordinates, such that the metric remains at, contrarily to the gravitational case
′
described above, whereas the boundary λ′µ is locally rotated (transformed). For the sake
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of simplicity we only consider the case of electromagnetism, which corresponds to unitary
rotations U (1) of the boundary of the free EC action. As a consequence, in spite of the
fact that the metric remains at, the local rotation of the EC boundary implies, through
the PBCs, local instantaneous modulations of EC space-time instantaneous periodicity
′
τ ′µ (X) and thus the corresponding local variations of four-momentum characterising the
electromagnetic interaction.
The local rotation of the EC boundary reproducing electromagnetism is induced by
′
′
the local transformations of space-time coordinates xµ → x′µ (X) = xµ Λµ µ (x′ )x′ =X where
˙ δµµ′ − eΞµ µ′ (x′ ). The parameter e will be identied with the electric charge.
Λµ µ′ (x′ ) =
′a
′
The tetrad of the transformation is such that eµ µ (x′ ) = ∂x
= δµµ′ − eξ µ µ′ (x′ ) where
∂xµ
ξ µ µ′ (x′ ) ∈ U (1) is a peculiar unitary subclass of Killing vectors on the space-time dened
by the interacting EC. For reasons that will be claried below, they will addressed as
polarised rotations.
Under this transformation the EC ontic space-time in fact transforms from a at
metric to another at metric. That is, the assumption of the Killing vectors guarantee
√
that −g ′ = 1. Notice that this transformation of coordinates has no eect in ordinary
QFT where, actually, the BCs play no roles in the derivation of the eld solutions and
propagators: in QFT the eld solution is the most general solution of the equations of
motion. This is why in ordinary QFT gauge interaction must be postulated and it cannot
be derived from space-time geometrodynamics.
Let us prove that the interaction corresponding to these ECs geometrodynamics is
equivalent to the ordinary electromagnetic interaction [7]. The eect of this transformation on an EC located in x′ = X is a local modulation of the space-time periodicity.
Indeed, though the space-time remains at, the local EC action turns out to have a local
′
′
′
rotation of the boundary λµ (X) = δµµ λµ − eλµ Ξµ µ (x′ )|x′ =X .
In fact, as a consequence of this transformation of coordinates, the action eq.(13)
describing our interaction scheme in this case is on a at metric with locally rotated
boundary
∫
′
SEC =
d4 x′ L(eµ µ ∂µ′ Φ⃗′k′ , Φ⃗′k′ ) .
(15)
λ′µ (X)

′

′

The resulting local modulation of EC instantaneous period is thus τ ′µ (x) = δµµ λµ −
′
˙ ξ µ µ′ (x)kµ .
eλµ ξµ µ (x). It is now convenient to introduce the vectorial eld dened as Aµ′ (x) =
′
As it can be checked from the local phase harmony relation kµ′ (x)τ µ (x) = 2π , in
this case the resulting local variation of EC four-momentum takes the familiar form
kµ′ ′ (x) = kµ′ − eAµ′ (x) typically associated to gauge interaction. Our interaction scheme
is formally described by the ordinary minimal substitution of electromagnetism.
The fundamental EC solution (n = 1 denoted by the bar symbol or the generic EC
solution) resulting from the local PBCs of eq.(15) has local instantaneous periodicity
′
τ ′µ (x), that is, as we have seen, it has the form of a locally modulated wave Φ̄⃗′k′ (x′ ) ∝

eie
eie

∫ x′µ′
∫ x′µ′

Aµ′ (y)dy µ
Aµ′ (y)dy µ

′

′

′µ′

e−ikµ′ x
.

which can be written as Φ̄⃗′k′ (x′ ) = U (x′ )Φ̄⃗k (x′ ) where U (x′ ) =
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Notice that the local modulation of EC period U (x′ ) w.r.t. the free case describes
the gauge connection, i.e. the Wilson line, of ordinary electromagnetism. Thus the gauge
connection U (x′ ), which must postulated in ordinary QFT in order to derive gauge invariance, in the EC theory has been directly derived from the relativistic geometrodynamics
of the ECs space-time dimensions as modulating term of the EC space-time period.
Hence, the so-called internal transformation of gauge interaction is directly obtained as
transformation of the EC solution associated to local ontic space-time geometrodynam′
ics: δΦ⃗k = Φ⃗′k′ − Φ⃗k = ieAν ′ Φ⃗k δx′ν . This proves that actually electromagnetism (or in
general gauge interactions) can be derived from space-time geometrodynamics in perfect
correspondence with gravitational interaction.

It is possible to see even more explicitly that these geometrodynamics actually describes ordinary gauge interactions. It is in fact non conventional to work with an action
′
whose boundary λ′µ (x′ ) varies from point to point, as in eq.(15). It is convenient to
rewrite the EC action eq.(15) in an equivalent form, such that it has as solution the same
′
interacting EC physical state Φ⃗′k′ of local instantaneous periodicity τ ′µ (x′ ) described
above, but whose boundary is kept global (constant), for instance, to λµ as for the free
action eq.(2).
Such an action formulation with global boundary and locally modulated solution can
be easily written by considering that, as well-known, covariant derivatives allow for a
background independent description of physics and thus for a description independent
from the BCs  the background in our case is locally rotated. Actually, as shown in
[7], covariant derivatives can be used to tune the local periodicity of a eld solution to
a global periodicity determined by a xed boundary of the action. It is straightforward
(for a rapid check substitute Φ⃗k = U −1 Φ⃗′k′ in the free EC action) to prove that the action
eq.(15) can be equivalently written as
[
]
∫
1 µ′ ν ′
′
4 ′
′
(16)
SCA =
d x − F Fµ′ ν ′ + L(Dµ′ Φ⃗k′ , Φ⃗k′ ) ,
′
4
λµ
where the Dµ′ = ∂µ′ − ieAµ′ (x) is the covariant derivative of the gauge interaction. Please
refer to [7] for a detailed description.
In the Lagrangian density L(Dµ′ Φ⃗′k′ , Φ⃗′k′ ) = L(U −1 Dµ′ Φ⃗′k′ , U −1 Φ⃗′k′ ) both terms have
xed periodicity λµ , as U −1 Dµ′ Φ⃗′k′ = ∂µ Φ⃗k and U −1 Φ⃗′k′ = Φ⃗k . The global PBCs of (16) are
therefore satised despite the fact that the solution Φ⃗′k′ has locally modulated periodicity.
Notice that in general the only terms determining the periodicity of the EC physical
state Φ⃗′k′ are the derivative terms of the Lagrangian density. Only the derivative terms are
relevant for the BCs (these are the only terms generating, through integration by parts,
boundary terms when we vary the action). In the non derivative terms the modulation
of local periodicity U −1 is not relevant. Obviously this is clear manifestation of gauge
invariance. The introduction of the covariant derivative in (16) is directly related to the
necessity to satisfy the PBCs of the theory. Hence the two actions eq.(15) and eq.(16)
have the same solution Φ⃗′k′ so that they describe the same physics. In particular they
′
describe the same local modulation of periodicity λ′µ (x′ ) that, as we have seen, describes
electromagnetic interaction.
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In eq.(16) we have also included the eld strength Fµ′ ν ′ = ∂µ′ Aν ′ − ∂ν ′ Aµ′ in order to
give dynamics to the vectorial eld Aµ′ , in analogy with the dynamical term of the metric
′ ′
′ ′
g µ ν in Hilbert-Einstein action eq.(14). The form of the kinetic term F µ ν Fµ′ ν ′ is obliged
by the fact that only in this form the local period of Aν ′ , in general dierent from λµ (x),
can be always tuned to the global PBCs of the action eq.(16). That is a gauge invariant
term, see more details in [7]. It implies that Aµ′ satises the Maxwell equations. Since the
equations of motion of Aµ′ (the Maxwell equations) restrict the general form of ξ µ µ′ we
say that the unitary Killing vector describing the geometrodynamcis of electromagnetism
is polarised.
There are many others fascinating details worth to mention fully conrming the equivalence between at ECs geometrodynamics and gauge theories [7]. Among them we could
mention for example that gauge invariance is a consequence of the holonomy of the ECs
theory, i.e. of the general fact that the boundary of the boundary is zero. Thus, if
′
we add a boundary to the local boundary λµ (x′ ) of the EC action we must obtain an
invariance of the theory.
Such boundary of the boundary can be obtained by adding a total derivative term
to the local boundary; that is, by adding a local term proportional to ∂µ′ θ(x′ ) to ξ µ µ′ (x′ ).
As a consequence of the local phase harmony and the denition of Aµ , the resulting local
transformation of kµ′ ′ implies the (gauge) transformation A′µ′ (x′ ) = Aµ′ (x′ ) − e∂µ′ θ(x′ ).
Due to the denition of Aµ , it actually appears in an integral on the phase of the locally
modulating term U (x′ ). The resulting boundary of the boundary term corresponds to
′
the local phase invariance Φ⃗′′k (x′ ) = e−iθ(x ) Φ⃗′k (x′ ). Such holonomy of the EC geometrodynamics actually describes gauge invariance. The ECs theory is therefore dened modulo
gauge orbits. Thus we have explicitly proven that such interacting EC described by action
eq.(16), or equivalently by action eq.(15), has gauge invariance U (1).
Remarkably, a similar geometrodynamical analysis of the correspondence between
gauge interactions and gravitational interactions has been successfully applied to mathematically prove  for the rst time in literature, as far as known by the author  the
central correspondence of Maldacena conjecture, also known as AdS/CFT correspondence
[8, 17].

4.3 Toward a formulation of fermionic Elementary Cycles
Here we discuss an attempt of generalisation of the ECs free bosonic dynamics to free
fermionic ones. Obviously, considering that the periodic dynamics characterising ECs
are determined by the Compton periodicity, we expect to nd deep correspondences to
the zitterbewegung description of Dirac solution. As discovered by Schrödinger, the Dirac
equation implies that fermions are characterised by intrinsic cyclic dynamics, related
to the Compton period, which in turn lead to intuitive semiclassical interpretations of
peculiar aspects such as spin and intrinsic magnetic momentum.
Here we adopt an approach suggested by Hestenes' formalism of space-time algebra
for the zitterbewegung [50] (combined with some ideas of Penrose's twistor theory). Let us
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considerer the following global redenition of the free EC ontic space-time coordinates:
xµ → xαβ̇ = xµ γµαβ̇ ≡ x/ where α, β are spinorial indexes and γ µ is the Dirac matrix. The
aim is to twist the cyclic space-time geometry of a scalar EC in order to encode the Dirac
equation into the resulting geometrodynamics. We have assumed a global transformation
because we want rst describe free fermions, i.e. global twisted periodicity.
Under this local twist of cyclic space-time coordinates, the Minkowski metric of the
free scalar EC ontic space-time ds2 = dxµ dxν η µν is therefore replaced by ds2 = Tr(dx
/
µ ν
µ ν
dx/)/4 ≡ Tr(γ γ )dxµ dxν /4 where we have used the Cliord algebra property Tr(γ γ ) =
4η µν . The EC four-momentum kµ and the operator ∂µ are transformed to kµ → kβ̇α =
µ
µ
γβ̇α
kµ ≡ k/ and ∂µ → ∂β̇α = γβ̇α
∂µ ≡ ∂/ , respectively. According to this twist of the EC
coordinates, the fundamental mode (or a generic mode) of a bosonic EC physical state
µ
Φ̄⃗k (x) ∝ e−ikµ x , satisfying i∂µ Φ̄⃗k (x) = kµ Φ̄⃗k (x) and (∂ 2 − m2 )Φ̄⃗k (x), must be replaced
by the generic mode of the EC fermionic physical state which (we have suppressed prime
i
indexes and symmetrised the phase) has the form Ψ̄k/ (x) ∝ χe− 4 Tr(k/·x/) where χ is a
spinorial basis.
The resulting fermionic EC physical state turns out to satisfy iγ µ ∂µ Ψ̄k/ (x) = k/ Ψ̄k/ (x)
and thus the Dirac equation (iγ µ ∂µ − m)Ψ̄k/ (x) = 0. Actually, the Dirac equation is
the square root of the Klein-Gordon equation. In analogy with the discussion in the
derivation of the axiom of the motion: (∂ 2 + m2 )Ψ̄k/ (x) = (−i∂/ − m)(i∂/ − m)Ψ̄k/ (x) = 0.
The EC space-time periodicity (which in the global case is equivalent to the instantaneous
periodicity) is twisted according to λµ → λαβ̇ = λµ γµαβ̇ ≡ λ
/.
According to this analysis the free Dirac dynamics are related to a twist of the
EC cyclic dynamics in order to pass from bosonic to fermionic dynamics. Such twisted
geometrodynamics can be associated to the zitterbewegung, according to Hestenes's spacetime algebra approach (with some analogies to twistor theory).
The zitterbewegung is directly inferred from the complex phase factor of the fermionic
wave-function [50]. It characteristic period is half the Compton period of the bosonic
EC. Such geometrodynamics associated to the fermionic EC physical state can also be
regarded as induced by anti-periodicity5 , which in turn leads to the Pauli exclusion principle, i.e. to the spin-statistics, similarly to eld theory at nite temperature where the
fermions are characterised by anti-PBCs in the Euclidean time, as we will discuss in
sec.(5.2.).
Similarly to the bosonic case, one can introduce creation and annihilation operators.
As also pointed out by 't Hooft [2] (which actually proposes an alternative way to derive
fermionic dynamics in CA models, which can be generalizated to ECs theory and explicitly tested in graphene physics [13]) the negative modes associated to fermionic ECs are
consistently interpretable as holes in the Dirac sea. This solves the problem of the negativity of the Hamiltonian operator in the relativistic fermionic case as well. In general,
the negative modes in the EC theory describe antimatter whereas, as we will see, ECs
Hamiltonian operators are always positively dened in the non-relativistic limit.
5

The BCs allowed by the variational principle to a fermionic action are non trivial. For the scope of

this paper they can be regard as anti-PBCs
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The ECs description of antimatter has been directly veried in carbon nanotubes
whose cylindric geometry implies that the elementary charge carriers (electrons) actually
behave as ECs on a lattice (or covariant periodic CA): they acquire an eective mass xed
by their rest periodicity (the carbon nanotube diameter), the negatives modes associated
to these cyclic dynamics correspond to holes in the Dirac sea (the Fermi sea of graphene
physics), and the Dirac dynamics (pseudo-spin) emerges from the graphene sublattice in
agreement with 't Hooft derivation of fermionic dynamics in CA models [13, 6, 11, 12].
The generalisation of the free ECs fermionic dynamics to interactions can be achieved
by following the same steps of the bosonic case. Interacting fermionic ECs are described
by local modulations of the zitterbewegung. In particular we can describe classical electrodynamics by assuming the following local modulation of the free zitterbewegung, i.e. of
the twisted periodicity described above: γµ → γµ′ (x′ ) = γµ eµ µ′ (x′ ) = γµ (δµµ′ − eξ µ µ′ (x′ ))
where the polarised Killing vector ξ µ µ′ (x′ ) ∈ U (1) denes the electromagnetic eld
Aµ′ (x′ ) = ξ µ µ′ (x′ )kµ as described for the bosonic case. In this way the equations of
motion of the fermionic EC interacting electromagnetically turns out to be (i∂/ − eA
/
′
′
′
′
′
− m)Ψ/k′ (x ) = 0 where kµ′ (x ) = kµ′ − eAµ′ (x ), in agreement with ordinary QED.
5

Interactions: generalised equivalence to QM

So far we have described interactions at a classical level, neglecting quantum corrections.
We have successfully described interactions as local modulations of space-time periodicity,
but we have only considered the fundamental vibrational mode, labeled by n = 1, for the
interacting case. In order to describe the quantum behaviours of interacting particles we
must bear in mind that the constraint of intrinsic periodicity is the quantisation condition
of the ECs theory.
As we have seen for the free case, all the possible vibrational eigenmodes associated to
the EC periodicity (PBCs) must be consider in order to describe the quantum dynamics
of a particle. Indeed an interacting EC can be regarded as particle in a locally deformed
′
periodic space-time box of locally modulated period λ′µ (x). Thus, along the evolution
of an interacting EC, say in x′ , the quantisation is locally given by the local PBCs
Φ⃗′k (x′ ) = Φ⃗′k (x′ + λ′ (x′ )). Contrarily to the free case, in the interacting case the resulting
′ ′
spectra are in general non-harmonic due to the deformed ontic space-time g µ ν (similarly
to an non-homogeneous classical vibrating string).
The equivalence between interacting ECs physics and ordinary quantum description
of interacting elementary particles (axioms of QM, commutation relations, Feynman path
integral, etc) is obtained by generalising the demonstrations given for the free case from
global periodicity to local periodicity.
In the free case, the generic EC physical state, solution of the free action eq.(2) has
the form eq.(1). From the free EC physical state Φ⃗k , the global PBCs at λµ , i.e. Φ⃗k (x) =
Φ⃗k (x + λ), implies the harmonic quantisation condition kµ n λµ = 2πn in every point
x of its free evolution, i.e. globally. It represents the generalisation to relativistic free
particles of the Bohr-Sommerfeld quantisation condition. From this we have obtained the
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energy spectrum
dispersion relation of the normally ordered second quantised free eld:
√
ωn (⃗k) = n m2 + ⃗k 2 .
In the interacting case the eigenmodes of the EC physical state, solution of the
equations of motion of the action eq.(13), has the generic form of a modulated wave
−i

∫ x′

′

dy µ k′ (y)

µ′
. As proven in sec.(4), kµ′ ′ is the four-momentum of the interactϕ⃗′k′ (x′ ) ∝ e
ing elementary particle described by our locally modulated EC. The local period λµ (x)
imposed as constraint to the EC physical state by means of the local PBCs of (13), imH
′
plies the local quantisation condition x′ dy µ kµ′ ′ n (y) = 2πn in the point x′ of its evolution
characterised by interaction. In simple words, the only possible vibrational modes of an
interacting EC are those with integer numbers of cycles along a local period, i.e. closed
orbits, similarly to a non-homegenous vibrating string. This determines the EC local
∫ x′
⃗′
quantised spectrum and the local momentum eigenstates ϕ⃗′k′ (x′ ) = ei d⃗y·kn (y) . We will
n
see that this description correctly reproduces the quantum interactions form QED to
non-relativistic Schrödinger problems.
As for the free case, despite the local character of the periodicity, it is easy to see
that the local momentum eigenstates form locally a complete, orthogonal set, so that
they dene a local Hilbert space of basis |n⟩, such that locally ⟨⃗x|n⟩ =
˙ ϕ⃗′k′ n (⃗x). The
related local inner-product is ⟨n′ |n⟩ = δn,n′ . Thus the evolution of an interacting EC is
∑
represented by a point in the corresponding local Hilbert space |Φ⃗′k′ ⟩ = n∈Z αn |n⟩. We
have generalised the axiom of the states.
We are nally able to show that the classical-relativistic cyclic dynamics of interacting
ECs are equivalent to the ordinary QM of the corresponding interacting particles. The
equations of motion of the interacting ECs are equal to those prescribed by QM for interacting particles. It is convenient to introduce a four-momentum Hilbert operator. For
⃗ . According to
the free case, we dene the four-momentum operator as Pµ = {H, −P}
our geometrodynamical description of interaction, see sec.(4), the local four-momentum
operator of the interacting EC is given by the transformation Pµ′ ′ (x) = eµ µ′ (x)Pµ , where
⃗ ′ } denes the local Hamiltonian and momentum operators for the interactPµ′ ′ = {H′ , −P
ing case. They are Hermitian operators due to the PBCs of the theory, and describe the
spectra of the interacting EC in its local Hilbert space. Indeed the EC four-momentum
spectrum is P ′ µ′ (x)|n⟩ = kµ′ ′ n (x)|n⟩. We have generalised the axiom of the observables.
The EC local periodicity implies that the EC evolution is given locally by i∂µ′ |Φ⃗′k′ (x)⟩ =
Pµ′ ′ |Φ⃗′k′ (x)⟩. Its time component describes the ordinary time dependent Schrödinger equation of interacting quantum systems i∂t |Φ⃗′k′ ⟩ = H′ (t)|Φ⃗′k′ ⟩. It is written in terms of the
same time dependent Hamiltonian operator prescribed by ordinary QM for the corresponding interaction scheme as we are going to show below. We have generalised the
axiom of the motion.
With these results at hands, by following the same steps described in sec.(3.1) and by
paying particular attention to the role of the local PBCs, it is now straightforward to check
the correspondence of the interacting ECs dynamics to the axiom of the measurement
and, in particular to the Bohr rule. Similarly it is straightforward to generalise the
demonstration given in sec.(3.2) and check the validity of the commutation relations for
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interacting ECs [xi , Pj′ ] = iδi,j . We conclude that
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there is an exact equivalence between

ECs dynamics, classical in the essence, and the axiomatic QM and Dirac quantisation
prescription in both the free and interacting cases.

The generalisation to interactions of the exact equivalence to the Feynman path integral follows easily by considering that, similarly to the free case, see (6), the local innites′
⃗′
imal space-time evolution operator of our modulated EC is U(dxm ) = e−i(H dtm −P ·d⃗xm ) .
According to our description of interactions, its phase locally denes the action S ′ Class
of the classical-relativistic particle associated to the EC and interacting under the same
⃗ ′ · d⃗xm = (P
⃗ ′ · ⃗x˙ m − H′ )dtm = L′ dtm = dS ′ Class , where
interaction scheme: −H′ dtm + P
m
′ Class
′
′
′ Class
˙
⃗
L
= P · ⃗xm − H (written in terms of Hilbert operators), so that S
[tf , ti ] =
∫ tf ′ Class
′
L
dt . As anticipated, H is therefore the ordinary time dependent Hamiltonian
ti
associated to the interaction scheme under consideration.
The elementary space-time evolutions of interacting ECs, being written in terms of
innitesimal space-time intervals, have the same form as for the free case, see eq.(6), but
the constant Hamiltonian and momentum operators of the free case must be replaced
∫
⃗ ′ . The product of integrals Dx
by the local ones of the interacting case, i.e. H′ and P
resulting from eq.(5) is not trivial in the interacting case (as in the ordinary Feynman
formulation) due to the fact that the Hilbert space dened by the interacting EC is
local. It takes into account that in every point of the interacting EC evolution (as for an
ordinary interacting quantum particle) a local complete, orthogonal set of eigenfunctions
is dened.
In this way we have generalised the equivalence to the Feynman path integral eq.(7) to
the interacting case.

In short we have the remarkable result that the

classical evolution of

an interacting EC is equivalent to the ordinary Feynman Path Integral for that interacting
scheme

∫
Z=

D3 xeiS

′ Class [t

f ,ti ]

,

(17)

where S ′ Class is, by construction, the action of the corresponding interacting classicalrelativistic particle of mass m.

5.1 Equivalence to Quantum ElectroDynamics
As we have seen in sec.(4.2), classical electromagnetism is directly inferred from the
geometrodynamics of the EC ontic space-time, without postulating gauge invariance.
These geometrodynamics are unitary (polarised) rotations of the EC ontic space-time
boundary with at metric. We recall that the local modulation of the EC instantaneous
′
′
periodicity associated to electromagnetism is τ µ (x) = δµµ λµ − eξµ µ (x)λµ . Through the
local phase harmony this corresponds to the minimal substitution of classical electromagnetism kµ′ (x) = kµ − eAµ (x), as soon as we consider our denition of the vectorial eld
Aµ′ =
˙ ξ µ µ ′ kµ .
In particular we have seen that the resulting dynamics of the EC fundamental state
(i.e. the EC mode n = 1) are formally described by the ordinary classical (non-quantised)
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Yang-Mills action of classical electromagnetism eq.(16). To derive QED, i.e. to extend
our description of electromagnetism to QM, we must as usual consider all the possible
harmonics allowed to the EC by its local periodicity imposed as constraint by means of
the local PBCs: the quantisation condition in ECs theory is the constraint of intrinsic
periodicity.
In ECs theory, the quantised dynamics of electromagnetism (QED) can be easily
inferred by using the formalism of the Hilbert space. According to the equivalence
of interacting EC dynamics to QM, the local four-momentum operator resulting form
the geometrodynamics that, as we have proven, are associated to electromagnetism is
Pµ′ ′ (x) = eµµ′ (x)Pµ = Pµ′ − eAµ′ (x), where Aµ′ must now be interpreted as a Hilbert
operator.
From the phase of the interacting EC we nd that the resulting Lagrangian describing
this particular case of EC interaction takes the familiar form LEM = Lf ree + eAµ J µ
where J µ = dxµ /dt. In other words it turns out to be formally the Lagrangian of an
ordinary relativistic particle interacting electromagnetically. Such bosonic description
can be extended to ordinary QED by using the formalism of fermionic EC described in
sec.(4.3).
By substituting LEM in the action eq.(18) we nally have that the full classicalrelativistic evolution of such an EC with U (1) local rotation of the boundary is exactly
described by the ordinary (bosonic) QED [7]:
∫
∫ tf
f ree
µ
(18)
Z = D3 xei ti dt(L +eAµ J ) .
Notice that in EC theory QED has been derived from constrained classical-relativistic geometrodynamics, without postulating gauge invariance, and without relaxing the classical
variational principle.
ECs description of QED is particularly convenient as it allows us to easily stress out
fundamental quantum aspects of electromagnetism. For instance, in the Hilbert space
formalism, the local modulations associated to these geometrodynamics∫ w.r.t.
the free
µ
ie x dxµ Aµ
case are given by the ordinary scattering matrix of QED S(x) = e
, which
′
is actually the operator associated to the gauge connection U (x ) describing the local
modulations w.r.t. the free case. It is in fact easy to see that the electromagnetic
interacting EC in the Hilbert space formalism is given by |Φ⃗′k′ (x)⟩ = S(x)|Φ⃗k (x)⟩.
From the gauge connection U (x′ ), the PBCs of the interacting EC solution Φ⃗′k′ (x),
together with those of the free EC Φ⃗k (x), directly implies the Dirac quantisation condition
H
for magnetic monopoles: e x′ dy µ Aµ (y) = egn = 2πn. It has been proven in a number of
papers [11, 12, 13] that with similar arguments it is also possible to derive, for example,
all the fundamental aspects of superconductivity directly from rst principles of QM
(i.e. intrinsic periodicity) rather than from microscopic, empirical aspects of materials
typical of the ordinary BCS description, as describe in [11, 12, 13, 51]. We will give some
more detail in the next subsection.
Similarly ECs allow for a straightforward derivation of the peculiar quantum behaviour of electrons in graphene systems [12]. In particular, electrons in a carbon nan-
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otubes with N carbon atom along the diameter behaves as a ECs whose ontic compact
word-line (of Compton length) is on a lattice of N sites (i.e. relativistic CA of N sites).
In this way it is possible to test explicitly that the negative EC modes correspond to
holes in the Dirac sea [13], in full conrmation of 't Hooft's conjecture.

5.2 Elementary Cycles at nite temperature
To fully appreciate the exact correspondence of ECs dynamics and ordinary QM, and
the power of ECs theory in describing non-trivial quantum phenomena, it is not possible
not to mention the straightforward description of statistical quantum systems  eld
theory at nite temperature  allowed by the theory. For the sake of simplicity we will
only consider Minkowskian and Euclidean temporal persistent periodicities corresponding
respectively to pure quantum systems and to thermal systems at the equilibrium, i.e. isolated ECs and ECs at nite temperature, respectively. The Minkowskian and Euclidean
periodicities that here can also be addressed as quantum and thermal periodicities. Summarising we will see that they have opposite physical meaning: Minkowskian periodicity
describes the purely recursive phenomena characterising QM (perfect coherence), the
Euclidean periodicity describes the purely dissipative phenomena characterising systems
at nite temperature. Every quantum system at nite temperature is described by the
competition of these two aspects.
It is well known that the quantisation of classical thermal systems (statistical systems)
at temperature T is achieved by imposing the constraint of Euclidean time periodicity of
duration β = 1/kB T , where kB is the Boltzmann constant and kB T is the thermal energy.
This quantisation prescription  Matsubara theory  as well as Wick's rotations and
analytical continuation  is often believed to be a mere mathematical trick, without
physical motivations.
On the contrary, such a mathematical trick has a deep physical motivation which
becomes manifest in ECs theory. Actually, in the ECs theory the quantisation of classical elementary system of energy ω is obtained by imposing the intrinsic Minkowskian
time periodicity T = 2π/ω as constraint. Furthermore ECs physics provides a simple
explanation, in a unied view, of the correspondence between the partition function of
statistical mechanics and the path integral (already derived from ECs dynamics) of QM.
The partition function of a quantum statistical system is a direct consequence of cyclic
dynamics in the Euclidean time as the Feynman path integral is the direct consequence
of cyclic dynamics in Minkowskian time. Indeed, the Matsubara theory (eld theory
at nite temperature) represents an (further) indirect conrmation of the equivalence
between ordinary QM (in allt its fundamental aspects) and cyclic dynamics.
We have seen that an EC is characterised by a persistent periodicity in time T = 2π/ω
such that the physical state is constrained to satisfy PBCs Φβ (t) = Φβ (t + T ), where we
have omitted the label ⃗k denoting the dependency on the spatial momentum and we have
introduced a label β indicating that the ECs is at temperature T . By using a terminology
close to condensed matter textbooks we can address the Minkowskian periodicity of a
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free ECs described so far as the condition of perfect quantum coherence. Clearly the
free isolated ECs described so far refer to quantum particles at zero temperature: they
form perfectly coherent states.
In simple words, the perfect quantum periodicity (Minkowskian periodicity) characterising ECs is referred to the ideal case of zero temperature (isolated systems: pure
quantum systems characterised by perfect coherence), exactly as the uniform rectilinear
motion is an ideal case of isolated systems in classical mechanics (isolated systems, no
interactions and no friction according to Newton's rst principle). We typically do not see
the perfect coherence of QM due to the eect of the thermal noise in ordinary systems,
as we typically do not see objects in pure uniform rectilinear motion due to the eect of
friction. Nevertheless QM, and in particular quantum phenomena in condensed mater,
see next subsection, can be inferred from the ideal case of perfect intrinsic periodicity as
classical physics can be inferred from the ideal case of perfect isolated systems.
Let us prove that, for an EC is at nite temperature, the Boltzmann probability
implies the Euclidean periodicity of nite temperature eld theory. We recall that, due to
the Minkowskian time periodicity (discrete Fourier transformation), the√
time component
∑
of the ECs physical state at temperature T is Φβ (t) = n∈Z aβ n ϕn (t)/ (2π)3 2ωn . The
√
energy spectrum is ωn = nω and the eigenmodes are ϕn (t) = e−iωn t / 2π , see sec.(1.1). In
the thermal case the Fourier coecients aβ n are determined by the Boltzmann probability
and by the Born rule inferred from ECs dynamics in sec.(3.1). That is, in the thermal
case, the probability to populate a level (EC harmonic) of energy ωn is aβ n = e−ωn /kB T =
e−nωβ = e−2πnβ/T .
In analogy with our geometrodynamics description of interactions such physical state
at nite temperature Φβ can be directly obtained by assuming the following substitution
of the time variable t → t′ = (t − iτ )τ =β in the unitary physical state Φ̂(t − iβ) = Φβ (t)
 neglecting normalisation factors.
From the denition of Hamiltonian operator for a free EC we can associate to aβ n
the operator e−βH such that e−βH |n⟩ = aβ n |n⟩. From the trace of this operator we can
now dene the partition function Z of a free EC at temperature T : Z = Tr(e−βH ) =
∑
−βH
|n⟩ = 1/(1 − eβω ) = 1/(1 − e2πβ/T ). For instance, the mean energy of an EC
n ⟨n|e
at temperature T is E = ωN where N = 1/(e2πβ/T − 1).
In all these relations we notice that the Euclidean and the Minkowskian periods β
and T appear in competitions each other, i.e. in the ration β/T . On one hand the phasor
of a free EC has the generic form e−inωt . It describes an perfect periodic phenomenon
of persistent periodicity, which is the peculiar character of pure isolated quantum systems (perfect coherence) and, in particular, of quantum systems at zero temperature. On
the other hand the thermal coecient has the generic form e−2πnβ/T . It describes the
dumping, i.e. a dissipation, of the Minkowskian periodicity of pure quantum phenomena
resulting from the thermal diusion (gaussian law). The Minkowskian periodicity T encodes a perfect quantum coherence whereas β encodes the thermal dissipation associated
to the chaotic collisions responsible for the thermal noise.
This competition between pure time periodicity (Minkowskian periodicity) and ther-
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mal noise (Euclidean periodicity) can be easily understood if we consider the nature of
temperature in statistical systems. Temperature is the manifestation of the so called
thermal noise, i.e. of the chaotic collisions among particles, i.e. among ECs. Clearly, as
the ECs time periods are determined by their energies, the continuous collisions (sudden
variations of energies) resulting from the thermal noise leads to a dumping (dissipation)
of the ECs Minkowskian periodicities. Such thermal dumping is therefore represented by
an exponential decay of the ECs periodicities. It can be actually obtained by replacing
the (Minkowskian) time in the phasor e−inωt = e−i2πnt/T with an imaginary (Euclidean)
time in order to get the Boltzmann factors e−2πnβ/T .
These considerations are interesting to clarify the physical meaning of the mathematical trick of the Wick's rotation and analytical continuation. Indeed, by applying a Wick
rotation to a eld theory, or other theories based on undulatory mechanics such as ECs
theory, we pass from pure coherent phenomena (no dissipation of periodicity) characterising QM and encodes in the imaginary exponential (phasor) e−inωt = e−i2πnt/T to the
dissipative phenomena characterising systems at nite temperature (thermal noise) and
encoded by the dumping factor (real exponential) e−2πnβ/T . Hence we can say that QM
mechanics, upon Wick's rotation, describes dissipation [52, 53].
In order to encode the eect of the dumping of the periodic behaviour associated to
the thermal noise, the temperature T can be therefore parametrized in ECs physics as
an Euclidean time of value β . Obviously such Euclidean time coordinate τ doesn't ow
contrarily to the Minkowskian time coordinate so that τ = β . Furthermore, the partition
function introduced above tells us that such Euclidean time has an intrinsic periodicity
β [54, 55].
Vice versa, by following the demonstration of the Feynman path integral from the
cyclic dynamics of duration ti − tf associated to an intrinsic Minkowskian periodicity
Φ(⃗x, t) = Φ(⃗x, t + T ), see sec.(3.5), it is possible to nd that cyclic Euclidean dynamics
of duration β and periodicity Φ(⃗x, 0) = Φ(⃗x, iβ) yields the partition function of ordinary
quantum statistical mechanics.
Formally, by following the demonstration in sec.(3.5), it is possible to prove that the
cyclic classical evolution of an Euclidean EC is described by the partition function of
ordinary quantum statistical mechanics
∫
Class [β,0]
(19)
Z = D⃗xe−S
where, in perfect correspondence to our derivation of the Feynman path integral in
sec.(3.5), ⃗x has spatial periodicity ⃗λβ resulting from the Euclidean periodicity β exactly
as the same term in the ordinary path integral eq.(7) has spatial periodicity ⃗λ resulting
from the Minkowskian periodicity T ; S Class [β] is the classical action corresponding to a
∫β
time interval of duration β : S Class [β] = 0 LClass dt.
ECs theory reveals a perfect correspondence between Euclidean and Minkowskian
periodicity. We have proven that the Feynman path integral eq.(7) describes the evolution
of duration tf and ti characterised by Minkowskian cyclic dynamics of period T = 2π/ω .
Similarly the partition function eq.(19) describes the evolution of duration β characterised

54

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 1774

by Euclidean cyclic dynamics of period β .
Once again we have found an explicit conrmation of the fact that quantum dynamics,
in this case of statistical systems, are obtained by constraining the classical dynamics, in
this case in the Euclidean time. In turns these arguments reveal the physical origin of the
correspondence between Feynman path integral and partition function. More in general
they reveals the deep relationship, upon Wick's rotation, of QM and thermodynamics:
both are statistical theories emerging from Minkowskian and Euclidean cyclic dynamics,
respectively.
The analogous of the energy eigenvalues ωn = nω = 2πn/T of an isolated quantum
system directly derived from the Minkowskian periodicity, are the Matsubara frequencies
2nπ/β directly derivable from the Euclidean periodicity. Thanks to ECs physics, we
have actually obtained in a natural way the ordinary description on quantum statistical
systems in quantum eld theory at nite temperature, see [55, 56]. Notice that, in the
case of fermions the PBCs of the bosonic particles must be replaced by anti-PBCs as
already discussed, in order to encode the Dirac-Fermi statistics.
Thus ECs theory yields a unied description between the partition function of Boltzmann formulation of statistical mechanics and the path integral of Feynman formulation
of QM. The quantisation of statistical systems, which is obtained by imposing intrinsic
periodicity in the Euclidean time, is nothing but a direct consequence of the fact ordinary
QM is the manifestation of a intrinsic periodicity in the Minkowskian time, as prescribed
by ECs theory.
5.2.1 Quantum coherence, collective phenomena and superconductivity
Summarising the description above we have, on one hand, that the Minkowskian time periodicity describes the perfect coherence of pure quantum systems. On the other hand, the
Euclidean time periodicity describes the dissipative phenomena associated to the thermal
noise. The classical Minkowskian cyclic dynamics yields the Feynman path integral of
QM, sec.(3.5) as the classical Euclidean cyclic dynamics yields the partition function describing the quantum behaviour of statistical systems. From these consideration it is now
easy to infer, in a very straightforward and novel way, fundamental aspects of condensed
matter such as superconductivity directly from rst principles of QM (i.e. intrinsic periodicity) rather than from phenomenological aspects like in BCS theory, which is actually
an empirical theory. All these aspects are described at length in the companion paper of
this paper [13] and similar papers [11, 12].
We must keep in mind that the natural state of elementary isolated systems is characterised by perfect Minkowskian intrinsic recurrence. That is, according to ECs physics,
the natural state of elementary free systems is (free) QM. The thermal (non-quantum)
limit mechanics emerges from this ideal (quantum) case as a consequence of the thermal
noise (Euclidean periodicity) as, in classical mechanics, the natural state of bodies is in
uniform rectilinear motion and their tendency to stay at rest is due to the friction.
To introduce some central concepts let us consider the Black-Body radiation. According to ECs theory, every component of the electromagnetic radiation with fundamental
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angular frequency ω(⃗k), i.e. of periodicity T (⃗k) = 2π/ω(⃗k), is an EC of periodicity T (⃗k)
and innite Compton periodicity TC = T (0). Thus, through discrete Fourier transform,
we have the Planck spectrum ωn (⃗k) = 2πn/T (⃗k).
For those components of the electromagnetic radiation whose quantum (Minkowskian)
periodicity T (⃗k) is small w.r.t. the thermal period β , i.e. in the limit T (⃗k) ≪ β , we have
purely quantum behaviour in the sense that the thermal noise is not suciently fast (i.e. β
is not suciently short) to break the perfect coherence of pure quantum systems, i.e. the
Minkowskian periodicity of ECs. The periodic behaviour characterising QM, according to
ECs theory is preserved. In this case only the lower harmonics of the EC are excited and
if the periodicity is suciently low they can condensate on the fundamental mode (n = 1)
generating collective phenomena such as the Bose-Einstein condensation. The quantum
character is preserved for the ultra-violet component of the electromagnetic radiation, as
for a string vibrating with very short period the harmonics are well separated, see the
analogy between the Black-Body radiation and the sound spectrum of grand-piano given
in [10].
In the infra-red region of the electromagnetic radiation the thermal (Euclidean) period
β is too short w.r.t. the quantum (Minkowskian) periodicity characterising quantum
system.s This means that the thermal noise is so intense that the pure periodic (quantum)
behaviour is broken. In turn the phenomena associated with it (which are equivalent to
the quantum phenomena according to ECs physics) cannot take place. The quantum
periodicity in this case cannot autocorrelate to give rise to the perfect coherence and
collective phenomena. Also, the vibrational modes, i.e. the energy spectrum, can be
approximated as a continuum as for a string vibrating with very long or innite periodicity
which can vibrate with a continuum harmonics since the BCs can be neglected in this
case. Summarising we have the ordinary Planck description of the Black-Body radiation,
avoiding the ultra-violet catastrophe.
From simple considerations about the periodic behaviour of ECs it is straightforward
to derive, for instance, superconductivity in all its fundamental phenomenology such as
the Meissner eect, the Josephson eect, the Little-Park eect, the gap opening and so on
[11, 12, 13]. If the temperature is suciently law the electrons in a conductor behave as
(non-relativistic) ECs. They are constrained by a condition of (anti-)periodicity (we are
considering fermions), i.e. closed orbits along the circuit Σ, similarly to the electron in
the atomic orbitals which actually can be regarded in a superconducting state (see next
section). Furthermore the electrons interact electromagnetically so that, as we have seen,
under the condition of (anti-)periodicity, we have the Dirac quantisation condition for
H
the electromagnetic eld e Σ dxµ Aµ (x) = egn /2 = nπ , where Σ denotes the path along
the closed circuit. The factor 2 in this equation is due to the fact that anti-periodicity
can be described in an orbifold S2 /Z2 in analogy to extra-dimensional theories.
In short, [6, 13, 11, 12], the spatial components of the Dirac quantisation condition
∫
H
⃗ ⃗x) · dSΣ = d⃗x · A(t,
⃗ ⃗x) = nφ0 /2 where SΣ
directly leads to the Meissner eect: SΣ B(t,
Σ
is the area delimited by the circuit Σ and φ0 = 2π/e is the quantum unit of magnetic
ux. Hence we have found that the magnetic ux through the circuit is quantised in
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units φ0 , so that the current cannot smoothly decay and there is not electric resistance.
The Minkowskian periodicity of ECs theory also means that the local phase θ(x) of the
electromagnetic gauge invariance in the conductor can only vary by nite steps nφ0 /2.
The local phase plays the role of the Goldstone which actually transform as a fermionic
condensate of charge −2e which corresponds to the Cooper pair.
This also correctly describes describes the eective breaking of the electromagnetic
gauge invariance in superconductors [51, 11]. Interesting enough, such a novel description
of superconductivity, based purely geometrical arguments, could lead to a novel and more
fundamental interpretation of the corresponding phenomenon of particle physics, i.e. of
the Higgs mechanism [11, 12, 13].
From the temporal component of the Dirac quantisation condition follows the Josephson eect. If we assume that the circuit contains a junction with a voltage dierence ∆V
at its ends, the BCs now must be applied to the ends of the junction so that we get
∫
A dt = TJunct ∆V = φ0 /2 corresponding to the fundamental Josephson frequency
junct 0
fJunct = 1/TJunct . With similar simple arguments the whole phenomenology of superconductivity can be derived as proven in [6, 13, 11, 12].

5.3 Non-relativistic limit of the Elementary Cycles dynamics
We have demonstrated the equivalence of ECs classical-relativistic dynamics and ordinary
relativistic QM in both the free and interacting cases, in particular to QED, as well as
in statistical systems. However there are two relevant aspects to clarify explicitly. The
rst one is to check that, actually, the non-relativistic limit of our theory reproduces
non-relativistic QM. This correspondence is essentially a check: non-relativistic QM is
implicit in the results obtained above, as it is a limit of relativistic QM. The second
aspect is the necessity of a more rigorous formal description in ECs theory of composite
systems. We will show that, by simple arguments inferred from ECs physics, this implies
the introduction of the tensor product of Hilbert spaces which plays a crucial role, for
instance, in the derivation of Bell's theorem and of the Fock space, and has an intuitive
physical meaning in ECs theory.
5.3.1 Non-relativistic free particle and the classical particle limit
The non-relativistic limit for a free particle is characterised by small spatial momentum
w.r.t. the rest energy (the mass m), |⃗
k| ≪ m. The mass forms an innite energy
gap. It √
can therefore omitted yielding the non-relativistic energy dispersion relation:
⃗k2
⃗k2
⃗
ω(k) = ⃗k 2 + m2 = m + 2m
+ O(⃗k 2 ), so that ω class (⃗k) = 2m
is the classical dispersion
relation for a non-relativistic EC.
This limit can be obtained, on one hand, by assuming that the EC rest period (Compton period) is so small that it can be approximated to zero TC → 0. On the other hand, it
can be obtained by assuming that the momentum is so small that the EC spatial period
tends to innity: |⃗k| → 0 ⇒ |⃗λ| → ∞.
Notice that the rest (Compton) periodicity represents the upper limit of the EC time
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period T (⃗k) ≤ TC . The internal temporal cyclic dynamics associated to the Compton
clock can be therefore neglected for a free non-relativistic EC. In this limit, the EC can be
eectively described by a non-compact 3D ontic space R3 as the compactication lengths
(i.e. the period) of the ontic time and space tend to zero and innity, respectively. That
is, we obtain the ordinary non-compact space and universal (external) time coordinate
of ordinary non-relativistic classical mechanics (Galileian relativism).
The vanishing EC time period implies that the gap between the EC energy levels
tends to innity, ω(⃗k) = 2π/T (⃗k) → ∞. Only the fundamental EC harmonic (n = 1) can
be populated in this limit  see for instance the Boltzmann distribution in the previous
section. Indeed the fundamental mode (n = 1), as we have seen, describes non-quantised
physics. In other words the quantisation associated to the constraint of EC Compton
periodicity is lost. All the energies ω class (⃗k) are possible within this approximation. The
µ
⃗2
⃗
EC physical state in this approximation becomes Φ⃗k ∝ e−iωµ x ≃ e−i(mt+k t/2m−k·⃗x) →
⃗2
⃗
Φ⃗Class
(x) ∝ e−i(k t/2m−k·⃗x) . Actually, we have obtained, starting from EC dynamics, the
k
ordinary description of the non-relativistic free particles of standard QM.
In general, by plotting the modulo square of the EC physical state |Φ⃗k (x)|2 (it is
convenient to subtract the Compton oscillating term e−imt and to assume, for instance,
the Fourier coecients an of a thermal state or a coherent state), it is possible to check
that the EC physical state is localised predominantly inside a region of Compton width
(∼ 2π/m) along the path of the corresponding classical particle [9, 22]. The Compton
width tends to zero in the non-relativistic limit. In the massive case, the EC physical
state, which relativistically behaves as a localised wave, becomes a Dirac delta distribution centred on the classical path of the corresponding classical particle in the free
non-relativistic limit. We conclude that in the non-relativistic limit a free EC behaves as
a free classical particle.
From these considerations it is possible to give, for instance, an interpretation of the
double-slit experiment [9]. A quantum particle gives self-interference only if the slits
are closer than its Compton length. With such a spatial resolution better than the
Compton length the EC can no longer be approximated to a Dirac delta, it reveals its
wave (harmonic) nature. Similar arguments apply by increasing the resolution in time in
order to pass from the non-relativistic to the relativistic description. By increasing the
resolution in time or space it is possible to resolve more and more harmonics (i.e. the
timbre) of the ECs physical state. This corresponds to particles creation and to the
fact that the number of particles is not an observable in relativistic QM according to the
Heisenberg uncertainty principle.
In general it can be shown that the single particle description emerges from EC
dynamics as soon as the EC time period can be approximated to zero. This also implies,
for instance, that the electromagnetic waves with very high frequencies (UV region) has a
massless corpuscular behaviour, i.e. the electromagnetic radiation is composed by photons
 see Black Body radiation in previous section.
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5.3.2 Non-relativistic Schrödinger problems and semi-classical quantum mechanics
Relativistic ECs dynamics are characterised by intrinsic periodic behaviours (of fundamental topology S1 ). In the non-relativistic limit, even though the Compton periodicity
can be approximated to zero, the peculiar cyclic nature of an EC becomes again manifest as soon as the EC is bounded by a potential V (⃗x), for instance in an innite well
or in a harmonic potential. The intrinsic cyclic behaviour (PBCs) implies, as we have
seen for relativistic ECs, that the EC physical state is a superposition of all the possible
eigenstates (harmonics) corresponding to the possible closed orbits, i.e. of all the orbits
characterised by an integer number of recurrences, according to the local phase harmony
(in analogy to a vibrating string in which the closed orbits are the possible harmonics).
The non-relativistic EC bounded in a potential is a generic superposition of eigenvec′ class ⃗ ′
⃗′
tors e−i[ω n (k )t−kn ·⃗x] . The quantised spectra are determined by imposing the PBCs resulting from the bounding potential V (⃗x). As already noticed for interacting ECs, sec.(4),
H
in the relativistic case these PBCs leads to the relativistic condition kµ′ n dxµ = 2πn
which actually means closed space-time orbits. From the spatial and temporal components of this condition we nd that, in the non-relativistic limit, the EC intrinsic periodH
icity yields the Bohr-Sommerfeld quantisation condition ⃗kn′ · d⃗x = 2π(n + ν), and the
H Int
⃗′ 2
Class ⃗ ′
energy quantisation condition ω
⃗ n,Class (⃗k ′ )dt = 2π(n + ν) where ωn,Int
(k ) = k2mn + V (⃗x).
The EC instantaneous time period τ 0 = T Class (⃗k ′ ) = 2π/ω Class (⃗k ′ ) and the EC instanInt

taneous wave-length (spatial period) τ i = λi,Class = 2π/k ′ Class
i,Int are therefore determined
locally by the potential V (⃗x), in analogy with the geometrodynamical description of EC
relativistic interactions. We have included a Morse factor ν which is determined by the
BCs at the spatial innite. It can also be regarded as a (unphysical [28, 29, 30] ) twist
factor 2πν in the PBCs along the orbits (which otherwise is arbitrary due to the phase
invariance of the EC).
It is interesting to mention here that, actually, the Casimir eect, which is commonly
associated to the zero point energy, was originally calculated in terms of BCs in analogy
to Van der Walls forces [57]. It is not a case that the modern method to calculate the
Casimir forces in complicated geometries is based on the imposition of the corresponding
BCs to the electromagnetic radiation, in full conrmation of EC approach to QM.
In analogy with the WKB method of ordinary QM it is now possible to exactly
solve, in complete agreement with ordinary QM, non-relativistic quantum problems [15].
According to our description of interactions the EC Hamiltonian operator is identical to
that prescribed by ordinary QM for a potential V (⃗x). The non-relativistic EC classical
evolution is therefore described by the ordinary Schrödinger equation for that interaction
⃗′2
scheme i∂t |Φ⃗′k′ ⟩ = [ P2m + V (⃗x)]|Φ⃗′k′ ⟩.
The illustrative simplest cases are those which can be explicitly reduced to an harmonic behaviour in time or space. For the sake of simplicity we consider only one spatial
dimension. In an innite potential well of size L the resulting EC global spatial periodicity (wavelength) 2L yields the harmonic quantisation of the momentum |⃗kn | = n/2L.
This harmonic spectrum leads, through the equations of motion, to the corresponding
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energy spectrum ωn = n2 /8mL2 (the EC ontic time is deformed). This quantised solution describes the classical EC closed orbits in time and space allowed by the innite
potential well. In this simple case we have PBCs in at ECs ontic spatial dimensions
of length 2L, just like a vibrating string.
For an harmonic potential the pendulum isochronism of global period T for all the
orbits (PBCs in the at EC time of period T = τ 0 ) directly implies the harmonic energy
spectrum ωn = (n + 21 )2π/T . The zero point energy ω/2 can be associated to a twist
factor π in the PBCs or, as already said about the Morse factor, to the BCs at the spatial
innity of the EC physical state. From the harmonic energy spectrum the momentum
spectrum of the QHO follows as in ordinary QM. Notice that such a description of QHO
represents a further conrmation of the full correspondence between ECs physics and
second quantisation. Obviously the QHO can be equivalently described by means of
ladder operators introduced in sec.(3.4).
In a generic potential V (⃗x) we must work in the analogy with non-homogeneous
strings whose spectra are, in general, not harmonic. It is also possible to show that the
EC quantisation prescription (the requirement of close orbits in space and time) leads, in
a very straightforward way w.r.t. the ordinary methods of QM, to the correct solution of
all the possible Schrödinger problems, also those characterised by non-trivial potentials
such as the anharmonic quantum oscillator (we obtain√
ωn = 34 ϵ(2n2 + 2n), where ϵ is the
quartic correction ϵx4 /l to the harmonic potential and 2π/mf ), the linear potential (we
obtain ωn = [3π(+1/4)2/3 )]mg 2 /2 where the linear potential is mgx), and so on, [15, 58].
Ordinary problems such the Dirac delta potentials and the tunnel eect can be explicitly
solved by means of BCs, as for ordinary QM, so that they fully conrm the EC approach
to QM.
Below we will explicitly discuss the atomic orbitals. Notice that ECs theory brings
new elements for an advanced application of the Bohr-Sommerfeld quantisation and WKB
method (e.g. in the description of problems with more particles, or in relativistic QM).
5.3.3 Atomic orbitals, tensor product of Hilbert spaces and Fock space
Similarly to Bohr's description of hydrogen atom, by means of the recipe given above to
solve Schrödinger problems it is easy to prove that the locally modulated closed spacetime orbits of an EC bounded in an atomic Coulomb potential imply the atomic energy
spectrum ωn = −13.6 eV/n2 . Notice that contrarily to Bohr's derivation, in ECs theory
it is not necessary to restrict our choice to circular spatial orbits as the EC closed orbits
are in space-time. As we are going to see they are actually described by the spherical
harmonics.
So far we have only considered the intrinsic periodicity characterising the ECs spacetime closed obits, but this is not the only possible periodicity for an EC. Recall that
an EC is a one-dimensional periodic phenomenon (closed string) vibrating in the fourdimensional space-time. Its fundamental topology is that of the circle S1 . This periodicity
implies a single quantum number n labelling the possible space-time closed orbits. As we
have seen this is the ordinary principal quantum number of QM. It correctly describes
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the related quantisation of the energy and momentum in all the possible cases. The
energy and momentum spectra are both described by the same quantum number n.
They correspond to the temporal and spatial periodicities projected by the intrinsic EC
periodicity (e.g. by the Compton periodicity in the relativistic case). Indeed the energy
and momentum spectra are related by the equations of motion.
Peculiar congurations of the ECs may have additional fundamental periodicities
1
w.r.t. the intrinsic ones of fundamental topology S . In close analogy with the quantisation of the energy-momentum described so far, these possible additional fundamental
periodicities imply other quantised quantities (i.e. the conjugated quantities) labelled by
additional quantum numbers, one for each fundamental periodic (angular) parameter.
We may consider, for instance, isotropic potentials, i.e. potentials characterised by a
spherical symmetry S2 . In addition to the quantisation of the energy-momentum spectrum described by the principal quantum number n and directly associated to the EC
intrinsic periodicity S1 , this additional spherical symmetry S2 implies the further periodic
conditions of the two spherical angles for the EC ontic physical state, φ ∈ (0, 2π] and
ϑ ∈ (0, π]. Obviously this spherical symmetry yields the ordinary quantisation of the angular momentum and the further decomposition of the EC physical state Φ⃗k in spherical
harmonics, in perfect analogy with ordinary QM. The two angular variables associated
to the spheric geometry imply the two additional quantum numbers typically denoted by
m and l.
It is interesting to notice that the energy-momentum quantisation in ECs theory can
be also regarded as the space-time analogous of the quantisation of the angular momentum in ordinary QM, which is a perfectly valid and universally accepted quantisation
method, even in QFT. In ECs physics it is space-time itself which plays the role of an
angular variable, and the quantisation of the energy-momentum is the analogous of the
quantisation of the angular momentum.

In general to every fundamental angular variable parametrizing a physical system
is associated a quantum number and the quantisation of the corresponding conjugated
quantity. For instance, the principal quantum number n describing the quantisation of
the energy-momentum is associated the to EC intrinsic periodicity; m, l are associated to
a spherical periodicity describing the quantisation of the angular momentum and so on.
Every fundamental periodicity implies an independent set of orthogonal and complete
eigenfunctions (harmonics) constituting the bases |n1 ⟩, |n2 ⟩, |n3 ⟩, . . . of independent
Hilbert spaces H1 , H2 , H3 , . . . labeled by the indexes n1 , n2 , n3 , . . ., respectively. In
short, a system characterised by more fundamental periodicities is described by the tensor
product of the Hilbert spaces dened by each fundamental periodicity H = H1 ⊗ H2 ⊗
H3 . . ..
Such composition of fundamental periodicities is clearly illustrated by the example of
the atomic orbitals. In order to determine the atomic orbitals, beside the closed spacetime orbits yielding the atomic energy levels labelled by n, we now have to consider that
the Coulomb potential has a spherical symmetry. This means that the EC physical state is
constrained to have spherical symmetry. Such an additional periodicity S2 , parametrized
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by the two spheric angles, implies that the EC physical state is a point in the tensor
product of the two fundamental Hilbert spaces |n, m, l⟩ = |n⟩⊗|m, l⟩, where |m, l⟩ denotes
the spherical harmonics in the Hilbert space formalism. These are associated to the closed
EC orbits in space-time, of fundamental topology S1 , and to the closed spherical orbits
associate to the spherical topology S2 , respectively. The fundamental topology of the
atomic orbitals is therefore S1 ⊗ S2 (neglecting the spin).
We have thus obtained the ordinary quantum description of the atomics orbitals. Contrarily to the common opinion, it has been shown that a similar semi-classical description,
if correctly applied as prescribed by the ECs theory, can also describe consistently the
Zeeman eect and the other fundamental phenomenology of atomic physics [58, 6, 19].
The product of Hilbert spaces is also relevant as it is at the base of the Fock space.
Two distinct relativistic ECs (beables in 't Hooft's terminology), having two independent space-time intrinsic periodicities, are represented by the tensor product of the two
corresponding Hilbert spaces |n1 ⟩ ⊗ |n2 ⟩, with quantum numbers n1 and n2 . The fundamental topology of this composite system is thus S1 ⊗ S1 (now we do not consider the
spherical periodicity).
Similar arguments can be generalised to the description of the same EC in two different kinematical states, i.e. observed from two dierent inertial reference frames ⃗k1
and ⃗k2 . These are described by two Hilbert spaces, H⃗k1 and H⃗k1 of bases |n⃗k1 ⟩ and
|n⃗k2 ⟩, respectively. The same EC observed from two dierent inertial reference frames
indeed is characterised by two dierent complete and orthogonal sets of eigenfunctions,
labelled by n⃗k1 and n⃗k2 , respectively. The resulting Hilbert space H⃗k1 ⊗ H⃗k2 has basis
|n⃗k1 , n⃗k2 ⟩ = |n⃗k1 ⟩ ⊗ |n⃗k2 ⟩.
Clearly, by iterating this composition of Hilbert spaces associated to the same EC,
one obtains the Fock space. The description of an arbitrary large number N of the
possible kinematical states of the same EC is in fact represented by a Hilbert space
H⊗N = H⃗k1 ⊗ . . . ⊗ H⃗kN of basis |n⃗k1 , . . . , n⃗kN ⟩. This leads to the denition of Fock space
in ECs theory. From this also follows that a quantum eld of ordinary QFT describes
an EC in all its possible kinematical states. We have actually seen in sec.(3.4) that the
physical state Φ⃗k (x) can be identied with the component of momentum ⃗k of an ordinary
quantum eld. We have also seen that the Klein-Gordon eld ΦKG (x) is the integral of
∫
the the physical state Φ⃗k (x) over all its possible momenta: ΦKG (x) = d⃗kΦ⃗k (x). Besides
the denitions of Fock space, the product of Hilbert spaces is also important, for instance,
in the Bell's theorem that we will shortly discuss in the next section.
Notice that, in addition to the exact equivalence to axiomatic QM, to the Feynman
path integral, to second quantisation and so on, the tensor product of Hilbert spaces was
the very last ingredient to complete the exact mathematical equivalence between ECs cyclic
dynamics, classical in the essence, and ordinary QM.

We conclude that our results falsify the common opinion that quantum phenomena
cannot be fully described by means of classical arguments. In general, it is believed that
the semi-classical formulation of QM is a limit of ordinary relativistic QM (QFT), and it
can only provide an approximative description of non-trivial quantum phenomena. On
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the contrary, our results clearly show that ordinary QM can be fully derived from classical
arguments (including the classical variational principle), i.e. from the approach known as
old formulation, originally proposed by the fathers of QM (de Broglie, Einstein, Bohr,
Sommerfeld, etc...), if correctly applied as prescribed by ECs theory. The semi-classical
approach based on ECs  a modern version of de Broglie's periodic phenomena  is
more fundamental  or at least equivalent  to ordinary relativistic QM (QFT). In a
few words ECs theory shows that the fathers of QM were on the right track more than
typically believed by we modern physicists.
6

Does God play dice?

The key to interpret the exact matching between EC classical-relativistic cyclic dynamics
and ordinary QM in all its fundamental aspects and phenomenology  inspired by 't
Hooft's interpretation of CA correspondence to QM  can be found in the statistical
description of a particle moving [very fast, A/N ] on a circle. It is crucial to consider that,
even considering simple quantum systems, for instance, based on QED, the characteristic
time scales involved in quantum dynamics are always faster than the Compton clock of
the electron6 , i.e. they are faster than 10−21 s (zettasecond), sec.(3.1).
These time scales are in fact far beyond any modern timekeeper resolution. The
present experimental techniques are not able to directly observe such extremely small
time scales. Thus, as for a die observed without a slow-motion camera, we can only
describe statistically the outcomes of these ultra-fast ECs dynamics  see Axiom of the
measurement in sec.(3.1).
We can now interpret the results obtained so far by saying that the extremely fast
dynamics characterising ECs, if observed with our current experimental resolution in
time (not to mention that at the times of the old QM), are equivalent to ordinary QM.
That is, they are described by the Hilbert space formalism and they full the Born rule,
the Heisenberg relation, all the axioms of QM, the Feynman path integral, the Dirac
quantisation prescription, the Bohr-Sommerfeld quantisation, the thermal QM and all
the exact correspondences described so far.
In general, the results reported in this paper show that, as long as we observe ECs with
non suciently accurate timekeepers, the eective statistical description associated with
their ultra-fast periodic dynamics is not distinguishable from ordinary QM. Vice versa, as
for a dice player with a slow motion-camera, an observer with innite or extremely good
resolution in time  say, God  would be able to reveal the underlying, potentially
deterministic, ECs dynamics and, in principle, to predict the quantum dice outcomes (a
die rolling very fast can be regarded as a CA or as the temporal dynamics of an EC on
a lattice).
So, we can actually say: having innite time resolution, God has no fun playing dice ;
6

Even though photons have innite Compton time, they necessarily need to be emitted or absorbed by

electrons in sources or detectors, respectively. So the time scale of quantum electrodynamics are faster
or of the order of the electron Compton clock.
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in the sense that there is no fun playing dice if the player can predict the dice outcomes
by means of a slow-motion camera, or an ultra-fast timekeeper, or  ideally  an innite
resolution in time [29, 19]. The resolution of modern timekeepers however is improving
very fast towards the electron Compton time scale ∼ 10−21 s (zettasecond), [59]. This
means that in a next future timekeepers could be able to directly test, by means of
experiments, the underling ECs dynamics, and thus the possible new physics beyond QM
predicted by ECs theory.
ECs theory  as well as CA theory  must not be confused with the de Broglie Bohm or similar interpretations of QM whose philosophy is to try to approximate the
quantum behaviours through ne-tuneable parameters. EC theory is a new formulation
of QM formally equivalent to the axiomatic, the Feynman and the Dirac formulations of
QM, as proved in many previous papers and reported here.
The aim of this paper is to give a general overview of the exact matching between
ECs physics and QM. At this stage we do not discuss about predictions of new physics
 though they can be more or less directly inferred from our description of ECs. According to our arguments we can conjecture, for instance, that QED outcomes observed
at ultra-fast time resolution should manifest sub-Compton recurrence patterns, such that
the average values over the EC space-time period would coincide with ordinary QED
outcomes.
ECs theory strongly points out the viability of a deterministic interpretation of QM.
It must be noticed that the ECs dynamics do not involve hidden variables of any sort
(nor ne-tunable parameters): QM is obtained by imposing, as quantisation condition,
contravariant BCs to relativistic dynamics without introducing any additional parameter
or variable7 . On the contrary Bell's theorem is based on the primary hypothesis of
the existence of local hidden variables. In Bell's demonstration the correlation C between
observables A and B is in fact given by an integration over a hypothetical hidden variable
∫
υ : C = A(υ)B(υ)ρ(υ)dυ , where ρ(υ) is a probability density. Hence Bell's theorem, or
similar no-go theorems based on the hypothesis of hidden variables, cannot be applied to
ECs theory. The restriction to determinism given by these theorems does not apply to
ECs physics.
Even though a thorough description of the EPR paradox in terms of EC dynamics is
beyond the scope of this paper, a simple fact can be safely stated. If, as Feynman used
to say, the same equations have the same solutions, the equivalence of ECs relativistic
dynamics and QM (including the description of the tensor product of Hilbert space described above) automatically implies that ECs physics violates Bell's inequalities exactly
as mush as ordinary QM.
ECs theory has no hidden variables of any sort. However ECs physics theory has a
7

Contrarily to ECs dynamics based on continuous space-time coordinates, CA dynamics as conceived

by 't Hooft are determined by fast permutations which may however involve invisible hidden variables,
[2]. These however are only relevant to time scales of the order of the Planck time, they are absolutely
not relevant to QM but they could be relevant to quantum gravity. So our considerations about Bell's
theorem can be extended to CA.
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non-local nature due to the cyclic character of the space-time coordinates of the theory.
Actually, in quantum optics textbooks the PBCs Φ⃗k (x) = Φ⃗k (x + λ) are typically named
complete coherence. By knowing the free EC physical state in a given space-time point
its values at space-time points separated by integer numbers of periods is automatically
determined (without conspiracy arguments [2]). Similarly to relativistic clocks, the
whole information of an EC is contained in a single space-time period.
Despite these non-local aspects ECs theory is a local theory for what which concerns
relativity: the EC space-time period λµ transforms in a local relativistic geometrodynamical way, similar to relativistic clocks and rulers. According to our geometrodynamical
description of interactions, the local modulations of the ECs periods in a given space-time
region, e.g. obtained by switching on a generic interaction, propagates to other space-time
regions according to relativistic causality.
The local modulations of space-time period is in fact related to the local variations
of four-momentum by the phase harmony relation, and the local variations of fourmomentum propagates in space-time according to relativistic causality. The propagation
of the EC modulations of periodicity is therefore described by the retarded and advanced
potentials of the ordinary relativistic wave theory as shown in [9].
The full compatibility of ECs theory with relativistic causality and locality can also
be seen by noticing that an EC is essentially a classical-relativistic string vibrating in
space-time, i.e. it is constituted by harmonics which are ordinary relativistic waves with
related advanced and retarded solutions.
Actually, as pointed out in other papers [9, 22, 6, 7], one of the beauties of ECs
theory is that it turns out to be the full relativistic generalization of the theory of sound.
It considers relativistic vibrations not only in space but also in time. An EC is the
relativistic analogous of a sound source that can vibrate also in time and not only in
space. We can actually say that ECs theory provides a harmonic description of our
quantum universe.
7

Where is the boundary of space-time?: From ontic spacetime to relativistic space-time

In this paragraph we discuss the most original aspect of ECs theory, that is the absolutely novel description of the relativistic space-time predicted by the theory. In other
words, the most fascinating prediction of this study is the following: QM tells us that
space-time has an intrinsically cyclic nature, contrarily to the emphatically non-compact
nature typically considered in the ordinary interpretation of relativity. A compact nature
of space-time is the price to pay for a unied description of relativistic and quantum me-

Yet, such an alternative formulation of space-time is completely compatible with
the whole relativistic physics and, at the same time, it allows us to derive QM directly
from relativistic geometrodynamics, in a unied view.
An EC can be regarded essentially as classical-relativistic vibrations of relativistic
space-time. We start by noticing that the ECs cyclic space-time coordinates enter into
chanics.
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the equations exactly as the relativistic space-time coordinates of ordinary QFT and
relativity, as can be noticed for instance from eq.(1) or eq.(14). Hence the (ontic) spacetime coordinates of ECs theory and ordinary relativistic space-time can be in principle
identied.
The ECs ontic coordinates are perfectly consistent sets of relativistic coordinates,
though they are angular (cyclic) coordinates (with cyclic or angular coordinates we mean
coordinates dened on a compact at manyfold and PBCs, in analogy to, e.g. , the
Kaluza-Klein cyclic extra dimension). The dierential space-time structure of an EC is
the same as for ordinary relativity. Special and General Relativity only concern about
the dierential structure of relativistic space-time. Actually, relativity doesn't give any
particular prescription about the boundary of space-time. In other words, relativity is
not able to answer to the question: where is the boundary of space-time? 8 [60].
ECs can be regarded as relativistic clocks (and rulers). Local contravariant PBCs
are assumed in every relativistic space-time point, depending on the content of energymomentum in that point. In other words space-time is compactied in a cyclic geometry,
similarly to extra-dimensional theory or string theory. The fundamental dierence is that
in those theories the inevitable extra-dimensions are compactied because they are problematics. On the contrary, in ECs theory there are not extra-dimensions, it is the ordinary
four-dimensional space-time which is compactied in a contravariant local way in order
to derive QM directly from the resulting constrained (compact) relativistic mechanics.
Our analysis of the ECs geometrodynamics (reported in more detail in previous papers)
demonstrates that ECs physics do not break relativistic symmetries. Indeed PBCs on
compact space-time manifolds full the variational principle of relativistic (bosonic) eld
and string theories.
We want to point out that, actually, ECs theory must be regarded a novel class of
String Theory, [6, 7, 8]. Ordinary String Theory is characterised by a compact worldsheet (2D) with PBCs or other kinds of BCs (consistently to the variational principle)
along the compact world-sheet direction, corresponding respectively to closed or open
strings. As well-known, the assumption of bidimensional (2D) world-sheet implies, for
reasons of self-consistency of String Theory, the (problematic) extra-dimensions on the
target space-time of ordinary String Theory.
Similarly ECs theory is characterised by a compact (one dimensional) world-line encoding the Compton clock  the Compton clock is a periodicity on the world-line of
a particle, i.e. on the proper time  with PBCs or other types (consistently to the
variational principle) of BCs depending on the particle dynamics (bosonic or fermionic)
that we want to describe [6]. In this way the target space-time of the theory is consis8

The analysis of the BCs of relativistic theories is the foundational point of ECs theory as described in

[9]. The variational principle applied to relativistic actions prescribes particular restrictions to the BCs.
For instance, as well-known from instance in string theory and extra dimensional theory, for a bosonic
action without additional boundary terms  the possible choices are Neumann BCs, Dirichlet BCs,
PBCs and so on. In general the BCs prescribed by ECs theory, such as PBCs in the bosonic theory, are
those compatible with the relativistic actions.
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tently purely 4D as for ordinary relativity (without necessarily involve extra-dimensions),
though it is intrinsically compact (cyclic).
The possibility of a consistent description of quantum particle physics by means of
compact world-lines is provided by the fact that QM (in particular the wave-particle
duality) implies that a massive particle has a word-line recurrence of Compton length λC ,
i.e. a recurrence in the proper-time of duration λC = TC = 2π/m, sec.(2.1). This simple
fact (probably neglected in the initial development rush of String Theory in favour of an
excess of formalism and abstractness) shows that actually it is possible to dene a String
Theory in a (1D) compact world-line, instead of a compact (2D) world-sheet, avoiding
the non-compact world-sheet parameter of ordinary String Theory. The resulting theory,
i.e. ECs theory, is able to reproduce quantum and relativistic mechanics in a unied
way, and inherits fundamental aspects of String Theory. Indeed ECs theory conrms
important historical motivations of String Theory and justies some of its mathematical
beauty [8, 7, 6, 9].
On one hand the emphatically compact description of space-time in ECs theory (resulting from the assumption of PBCs on a compact world-line encoding the Compton
clock) preserves relativistic dynamics and invariances. On the other hand they imply some
kind of new relativistic phenomena in addition to the purely relativistic ones. According
to our results, the eective statistical description of the resulting cyclic (undulatory) relativistic dynamics are equivalent to relativistic QM in all its fundamental aspects. The
relativistic cyclic dynamics of an EC are identical, at a statistical level, to the quantum
dynamics of a corresponding relativistic particle.
The PBCs are the quantisation conditions of the ECs theory (similarly to a particle
in a time box). The space-time periodicities are related to the content of energymomentum in a given space-time point, according to de Broglie undulatory mechanics.
We know from Einstein that relativity is the manifestation of the dierential structure
of space-time. Similarly, we can state that QM, in all its phenomenology, is the manifestation of the compact (cyclic) nature of relativistic space-time  i.e. of the compact
(cyclic) nature of the particles world-lines.
All in all the assumption of intrinsic periodicity is a Coulomb egg. Paraphrasing
Einstein, ECs theory is simple but not simpler, in the sense that it exactly yields de
facto a unied description of relativistic and quantum theories in an unexpected simple
way (it is not the rst example of this kind in the history of science) and, at the same
time, it is groundbreaking as it assumption may seem unphysical if ordinary physics is
interpreted in an orthodox way. The fact is that the ECs theory really yields de facto a
unied description of quantum and relativistic physics.
Similarly to CA 't Hooft description, physics of composite systems (e.g. systems of interacting elementary particles) can be consistently described as composition (beable) of
ECs dynamics. For instance the universe is composed by elementary particles and every
elementary particle can be represented as an EC. Hence the universe can be regarded as
the ensemble (beable) of the ECs associated to all the elementary particles contained in
it. Notice that, even though ECs are characterised by cyclic dynamics, the evolution of a
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system of many ECs interacting each other is in general chaotic  see the considerations
about the thermal noise in sec.(5.2). Interactions modulate locally and contravariantly
the ECs space-time periodicities. Thus our description does not necessarily imply a cyclic
universe. ECs theory is able to reproduce the extreme complexity of ordinary physical
system despite its basic constituents, if isolated, are intrinsically cyclic, exactly as Newton mechanics is able to describe the complexity of classical systems (thermodynamics)
despite its basic constituents, if isolated, have uniform rectilinear motion.
Roughly speaking, in such a description every elementary particle composing our
universe can be regarded as an independent ultra-fast cyclic universe itself. The combination of the cyclic dynamics associated to each elementary particle reproduces the
chaotic behaviour of our universe. Notice that, even though many phenomena on every day life appears to be non-periodic or even irreversible due to the statistical laws,
the elementary constituents of our universe (elementary particles) are perfectly cyclic
if isolated (free ECs). Indeed our results clearly show that the quantum dynamics
of elementary particles are the manifestation of fundamental relativistic cyclic dynamics, i.e. elementary space-time cycles [6, 8], see also [36]. Recall that, in ECs theory
[6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22], particles can be equivalently
described as vibrations of intrinsically compact cyclic space-time dimensions. Such a
description is a fascinating novel, unprecedented interpretation of relativistic space-time.
In ECs theory, the local nature of space-time is enforced w.r.t. the ordinary description
of relativistic space-time. Indeed undulatory mechanics (wave-particle duality) is encoded
directly into relativistic geometrodynamics [6]. In this view the time ow of the universe
has a relational interpretation, with some analogies to Rovelli's [61] and Penrose ideas
[36], as pointed out in previous publications, e.g. [14, 9, 8, 18]. The irreversibility of
the time ow is a statistical consequence of the fact that ordinary physical systems are
the combinations of many interacting elementary cycles, similarly to the irreversibility
in classical thermodynamics which follows from the fact that systems are composed by
many classical particles interacting chaotically (thermal noise).
The ordinary, emphatically non-compact, relativistic space-time is inferred as an
emerging collective phenomenon from ECs cyclic dynamics. This aspect of ECs theory
has been described in several papers, with particular emphasis on the emerging relativistic
time ow in [14, 15, 16, 9, 18]. We can imagine that each particle of our universe denes
an independent relativistic time coordinate. Indeed in ECs theory every particle can be
regarded as a relativistic clock with its own time. For instance we may assume that the
particle j -th of our universe denes a time tj of period Tj . Now it is sucient to chose
one of these clocks  or another periodicity phenomenon such as that associated to the
Cesium atomic transition  as reference clock to have a relation, emergent description
of ordinary relativistic time. Each relativistic time now can be expressed in terms of the
time of the reference clock.
In this description it is important to bear in mind that these clocks can interact, for
instance, by exchanging photons, and that photons have frozen internal clocks, i.e. innite Compton periodicity. As also noticed by R. Penrose any stable massive particle
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behaves as a very precise quantum clock, which ticks away with [Compton periodicity]
and a photon would take until eternity [innite Compton periodicity] before its internal clock gets the rst tick! To put this another way, it would appear that rest-mass is
necessary ingredient for the building of a clock [36].
The Feynman interpretation of antiparticles as particles travelling backward in time
is absolutely consistent with EC physics due to the fact that the relativistic time has
an enforced local character whereas it is not admissible in ordinary interpretation of
ordinary space-time. In ECs theory, since every particle is a clock dening its own time,
it is possible to invert the arrow of time in a single particle without aecting the arrow of
time of the other particles (we can imagine to invert the rotation of a clock from clockwise
to anti-clockwise, but this doesn't mean that as a result all the other clocks turn out to
be inverted, nor that the ow of time of the whole universe result to be inverted). The
result of this inversion is to transform the particle to the corresponding antiparticle. This
is in agreement with our interpretation of the Hamiltonian operator of the theory (whose
negative eigenstates describe antiparticles). Indeed ECs oers an elegant solution of
the problem of the arrow of time by enforcing the local nature of time: the fundamental
postulate of ECs theory, from which all the results of the theory can be derived, can be
stated in the following way: every particle is a clock!
This paper is exclusively focused on the equivalence between ECs dynamics and QM.
However, many further important applications of ECs to modern physics has been developed in [6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22]. Applications in
condensed matter, such as a novel description of superconductivity and graphene physics
has been reported in [11, 12, 13], and summarised in sec.5.2.
Last but not least, ECs dynamics also share fundamental mathematical and phenomenological properties with extra-dimensional theories [8]. Remarkably, this advanced
aspect of ECs  see the concept of virtual extra dimension in ECs theory  provides an unprecedented, intuitive, yet rigorous demonstration of the central relation of
the AdS/CFT (Anti de Sitter / Conformal Field Theory) correspondence. That is, in
Witten's words, in the AdS/CFT correspondence quantum phenomena [...] are encoded
in classical [extra dimensional] geometries. The detailed demonstration of the AdS/CFT
correspondence from ECs physics is given in [6, 8, 17, 9]. Actually we have seen that
in ECs physics quantum phenomena are encoded in classical (compact space-time) geometrodynamics. Another remarkable aspect is that, in the duality of ECs theory to
extra-dimensional theory, the geometrodynamical description of gauge interactions, already reported in this paper and analogous to gravitational one, turns out to be nothing
but Kaluza's miracle of unication of gravitational and electromagnetic interactions
[6, 8, 7].
All these results are abundant, clear, rigorous, mathematical proofs of the absolute
validity and consistency of the ECs theory, as well as of its potentiality to face open problems of theoretical physics. In addition to this, ECs theory also inherits some fascinating
aspects of 't Hooft CA [2, 25, 26, 27, 28, 29, 30, 31]. In particular CA brings interesting
new insights on foundations of quantum gravity.
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The description, on one hand, of QED from space-time geometrodynamics and, on
the other hand, the correspondence to gravitational geometrodynamics, actually seems to
open an unexplored way to approach the problem of the quantisation of gravity (does it
make sense to quantise the boundary which quantises, through BCs, elementary particles
dynamics?), Black-Hole physics (a Black-Hole can be regarded as the macroscopic T dual of an elementary particle due to the intrinsic Minkowskian time periodicity 8πGM⊙
coming from its metric?) or cosmology (has the rate of the elementary clocks of the
universe been always the same or it is accelerating/decellarating?).
8

Conclusions

In this paper we have discussed the unied description of quantum and relativistic mechanics allowed by the Elementary Cycles (ECs) theory [6, 7, 8, 9, 10, 11, 12, 13, 14,
15, 16, 17, 18, 19, 20, 21, 22] in which every elementary quantum particle is described
as the manifestation of corresponding ultra-fast cyclic space-time dynamics, classical in
the essence. That is, the eective description of ECs dynamics is indistinguishable from
ordinary relativistic QM.
ECs approach to physics shares some fundamental aspects with Cellular Automata
models investigated by 't Hooft [2, 25, 26, 27, 28, 29, 30, 31], even though it is a completely
independent theory. Indeed ECs theory fully conrms 't Hooft's original proposal of a
derivation of QM from pure relativistic dynamics. The idea to derive QM by constraining
relativistic equations of motion was also suggested by Einstein, and many other fathers
of modern physics [10, 24, 62]. Actually ECs physics do not involves hidden variables of
any sort and can violate Bell's inequalities as much as ordinary QM. ECs theory really
represents a viable solution to the riddles of quantum physics.
ECs are characterised by classical-relativistic dynamics and the constraint of intrinsic
periodicities whose time scales are determined by the Compton times of the elementary particles. In simple words, the basic postulate of EC theory is that every elementary particle is an elementary clock. That is, every free elementary quantum particle of
(persistent) energy ω , observed from an inertial reference frame, is an elementary relativistic cyclic system, classical in the essence, of persistent time periodicity T = 2π/ω .
The resulting ECs theory has been investigate in detail in several peer-reviewed papers
[6, 11, 14, 15, 16, 17, 7, 8, 18, 19, 20, 21, 9]. Indeed the statistical description of ECs classical dynamics leads to a manifest, exact mathematical equivalence to ordinary relativistic
QM. The correspondence has been rigorously proven in all the fundamental aspects of
QM.
From ECs dynamics we have, for instance, exactly derived, for example: all the axioms
of QM; the Dirac quantisation rule based on commutation relations (Dirac quantisation
rule and second quantisation); the Heisenberg uncertainty relation; the semi-classical
methods; the quantisation of thermal systems and so on. Furthermore, we have exactly
proven that the ECs classical-relativistic evolutions are exactly described by the ordinary
Feynman path integrals of elementary relativistic particles. We have described how to
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build the second quantised eld at the base of ordinary QFT from ECs. All these equivalences (and the other not reported here because objectively too much to be reported in
a single paper) have been proven in either the free case and the general interacting case.
Remarkably, we have also proven that gauge interactions can be derived, without
postulating gauge invariance, directly from a particular subclass of ECs space-time geometrodynamics, in perfect correspondence with gravitational interaction. In this way
we have derived QED directly from the resulting ECs classical-relativistic geometrodynamics. Indeed, ECs theory not only yields de facto a unied description of quantum and
relativistic mechanics, it also yields a unied description of gauge and gravitational interactions [7] (including a mathematical demonstration from rst principles of the central
relation of the AdS/CFT correspondence, also known as gauge/gravity duality [8]).
Such a long list of remarkable, rigorously proven equivalencies resulting from ECs
physics cannot be the fruit of mere mathematical coincidences  coincidences don't
exist in mathematical demonstrations. ECs theory can be therefore regarded as a new
formulation of QM, equivalent to the axiomatic formulation of QM, to the Feynman
formulation of QM, to the Dirac quantisation rule, and so on. Furthermore, the details of
such exact equivalences to QM are extremely fascinating and clearly indicate a possible
way out to long standing problems of physics, as well as possible new physics beyond
QM.
ECs theory clearly indicates that QM emerges from ultra-fast cyclic space-time dynamics associated to elementary particles and the ordinary interpretation of relativistic
space-time itself, based on emphatically non-compact dimensions, must be reconsidered.
The price to pay for a unied description of quantum and relativistic mechanics is to give
up with the ordinary emphatically non-compact description of relativistic space-time.

QM

is the manifestation of intrinsic boundaries of relativistic space-time.
In his recent review paper, t' Hooft has raised the  venerable  question: is a [classical] view on the quantum nature of our universe, compulsory or impossible? [2]. The
clear answer resulting from our analysis, obtained through rigour mathematical proofs, all
certied by peer-reviews and published on scientic journals, is that a view of QM based
on simple relativistic physical systems, classical in the essence, is denitively compulsory,
rather than impossible. The real question now is: are we physicists ready to consider a
new description of relativistic reality beyond QM?
I wish, my dear Kepler, that we could have a good laugh
together at the extraordinary stupidity of the mob.
What do you think of the foremost philosophers of
this University, to whom I have oered a thousand
times of my own accord to show my studies,
but who with the lazy obstinacy of a serpent
who has eaten his ll have never consented
to look at planets, nor moon, nor through my glass?
Verily, just as serpents close their ears, so do these
men close their eyes to the light of truth. These are
great matters; yet they do not occasion any surprise.
In questions of science, the authority of a thousand
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is not worth the humble reasoning of a single individual.

From the second (1610) of the two letters written by Galileo to Kepler.
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Abstract: Propagation of monochromatic extraordinary light in a hyperbolic metamaterial
is identical to propagation of massive particles in a three dimensional eﬀective Minkowski
spacetime, in which the role of a timelike variable is played by one of the spatial coordinates.
We demonstrate that this analogy may be used to build a metamaterial model of a time crystal,
which has been recently suggested by Wilczek and Shapere. It is interesting to note that the
eﬀective single-particle energy spectrum in such a model does not contain a static ground state,
thus providing a loophole in the proof of time crystal non-existence by P. Bruno.
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In a series of recent papers Wilczek and Shapere considered the possibility that either
classical [1] or quantum [2] system may display periodic motion in their lowest-energy
state, thus forming a time analogue of crystalline spatial order. This theoretical concept
was followed by an experimental proposal by Zhang et al. to create a space-time crystal of
trapped ions by confining ions in a ring-shaped trapping potential with a static magnetic
field [3]. However, soon thereafter Bruno pointed out that Wilczeks rotating soliton is not
the correct ground state of the model, and that a static solution with a lower energy can
be found [4]. Moreover, Bruno also formulated a more general no-go theorem claiming
the impossibility of quantum time crystals [5]. This theorem seems to indicate that unlike
ordinary crystals in space, spontaneous symmetry breaking leading to formation of crystal
order in time is impossible.
In a parallel development, while this very interesting scientific controversy was playing
out, it was realized that it is possible to design an electromagnetic hyperbolic metamaterial in such a way that one of its spatial coordinates becomes “timelike” [6]. As a result,
this spatial coordinate may play the role of time in an eﬀective metamaterial spacetime:
∗
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propagation of monochromatic extraordinary light in such a metamaterial is identical to
propagation of massive particles in a three-dimensional (3D) Minkowski spacetime [7].
Moreover, nonlinear optics of such metamaterials appears to be similar to a 3D version
of general relativity [8]. It is natural to ask if a metamaterial model of a time crystal
may be realized in such a system.
On the one hand, the answer to this question is expected to be trivial “yes”: in
reality such a crystal would look just like a usual crystal in space. On the other hand,
careful analysis of the metamaterial system reveals an interesting loophole in the proof
of time crystal non-existence by P. Bruno, which makes existence of such a metamaterial
version of the time crystal possible. It appears that the eﬀective single-particle energy
spectrum in such a model does not contain a static ground state. While this model diﬀers
considerably from the system of trapped ions in an external magnetic field considered in
[2-4], the detailed analysis of the hyperbolic metamaterial version of the time crystal
is interesting because our own 4D Minkowski spacetime may behave as a hyperbolic
metamaterial in a very strong magnetic field [9].
Let us start with a brief overview of optical properties of hyperbolic metamaterials.
We will consider a non-magnetic uniaxial anisotropic material with (generally frequencydependent) dielectric permittivities εx = εy = ε1 and εz = ε2 in some frequency range
around ω = ω0 . Any electromagnetic field propagating in this material may be expressed
as a sum of the ordinary and the extraordinary contributions, each of these being a super⃗ perpendicuposition of an arbitrary number of plane waves polarized in the ordinary (E)
⃗ parallel to the plane defined by the kvector
lar to the optical axis) and extraordinary (E)
of the wave and the optical axis) directions. This distinction will be extremely important
for the discussion below since it turns out that ordinary and extraordinary photons do
not experience the same eﬀective metric. Note that in the absence of nonlinearity and
scattering caused by the metamaterial defects and interfaces, there is no cross-coupling
between the individual ordinary and the extraordinary plane waves. Therefore, in the
absence of nonlinearity, scatterers and interfaces there is no polarization cross-coupling
in this system. Let us define the extraordinary wave function as φ = Ez so that the
ordinary portion of the electromagnetic field does not contribute to φ. Since electromagnetic metamaterials typically exhibit considerable temporal dispersion, we will work in
the frequency domain, so that the macroscopic Maxwell equations result in the following
wave equation for the spatial distribution of φω [6,7]:
∂ 2 ϕω
1
ω2
+
− 2 ϕω =
2
c
ε1 ∂z
ε2

(

∂ 2 ϕω ∂ 2 ϕω
+
∂x2
∂y 2

)
(1)

(here we assume that ε1 and ε2 are kept constant inside the metamaterial). While in
ordinary anisotropic media both ε1 and ε2 are positive, in the hyperbolic metamaterials
ε1 and ε2 have opposite signs [10]. Let us consider the case of ε1 > 0 and ε2 > 0.
Such a metamaterial may be composed of a metal wire array structure, as shown in
Fig.1(a). Under these assumptions equation (1) may be re-written in the form of a 3D
Klein-Gordon equation describing a massive scalar field φω in a flat 2+1 dimensional
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Minkowski spacetime:
∂ 2 ϕω
1
−
+
2
ε1 ∂z
(−ε2 )

(

∂ 2 ϕω ∂ 2 ϕω
+
∂x2
∂y 2

)
=

ω0 2
m∗2 c2
ϕ
=
ϕω
ω
c2
h̄2

(2)

in which the spatial coordinate z = τ behaves as a “timelike” variable, and m∗ = h̄ω0 /c2
behaves as an eﬀective mass (a somewhat similar behaviour of photons as massive particles
in waveguides was also noted in [11]). In order to keep this analogy valid, we will assume
that the hyperbolic metamaterial is perfect (there is no scattering leading to polarization
cross-talk), and that it is excited by the monochromatic extraordinary field, which is
composed of a superposition of an arbitrary number of extraordinary plane waves.
Components of the metamaterial dielectric tensor define the eﬀective metric gik of
this spacetime: g00 = −ε1 and g11 = g22 = −ε2 . It is easy to check that eq.(2) remains
invariant under the “eﬀective Lorentz transformations”
z′ = √

1
1−

ε1
β
(−ε2 )

(z − βx)

(3)

(
)
ε1
x =√
x−β
z
ε1
(−ε2 )
1 − (−ε
β
2)
′

1

, where β is the eﬀective Lorentz boost. The opposite signs of ε2 and ε1 ensure that
the spatial coordinate z plays the role of time in the Lorentz-like symmetry described
1/2
1/2
1/2
by eqs.(3). Moreover, a coordinate transformation ε1 z = τ ′ , ε2 x = x′ and ε2 y = y ′
would make these eﬀective Lorentz transformations look exactly similar to the Lorentz
transformations in the usual Minkowski spacetime with the (+1,-1,-1) metric coeﬃcients.
The extraordinary photon dispersion law
ω0 2
m∗2 c2
kz2 kx2 + ky2
+
= 2 =
ε1
ε2
c
h̄2

(4)

shown in Fig.1(b) also exhibits Lorenz-like symmetry, with the good quantum numbers
being kz playing the role of eﬀective energy, and the kxy = (kx , ky ) vector playing the
role of momentum. This makes the extraordinary photon dispersion law equivalent to
the Klein-Gordons particle relativistic energy momentum relation (note that depending
on the material parameters, a wire medium may also have ε1 < 0 and ε2 > 0, which
would lead to a tachyon-like one-fold hyperboloid dispersion relation of the extraordinary
photons). For our future discussion it is important to note that if the eﬀects of spatial
dispersion are neglected, kxy = 0 points marked by the green dots in Fig.1(b) are missing
in the single-particle spectrum. Indeed, the decomposition of extraordinary field φ =
Ez into the extraordinary plane waves does not contain the static kxy = 0 plane wave
component, since in the absence of spatial dispersion photons propagating in z direction
may not have nonzero φ = Ez . The eﬀects of spatial dispersion lead to appearance
of an additional TEM wave, which may propagate in z direction (see for example ref.
[12]). In general, this wave is called the additional wave in the scientific literature, and
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it is not referred to as an extraordinary wave because its momentum is typically much
larger than the extraordinary photon momenta. Thus, similar to photons and electron
neutrinos in vacuum, extraordinary photons cannot be “stopped”. In the absence of
spatial dispersion extraordinary photons having kxy = 0 do not exist. Absence of such
extraordinary photon states provides a loophole in Brunos proof of time crystal nonexistence for the metamaterial Minkowski spacetime.
Let us demonstrate how this loophole may indeed be used to create a metamaterial
version of a time crystal. Once again, we must emphasize that this task is almost trivial:
in reality such a crystal would look just like a usual crystal in space, and it is definitely
allowed by the laws of nature. In fact, such a metamaterial time crystal may be considered
as a particular case of recently observed photonic hypercrystals, which result due to
spatial modulation of hyperbolic metamaterials induced by various stimuli [13]. However,
a metamaterial version of a time crystal may potentially be mapped onto time crystal
geometries which may exist in our own 4D Minkowski spacetime. For example, if electron
neutrinos have mass, their dispersion law may look similar to Fig.1(b) since k=0 points
may be prohibited by lepton charge conservation.
An obvious way to create a simple metamaterial time crystal is to use the eﬀective gravitational force, which exists between the extraordinary photons in nonlinear
hyperbolic metamaterials [8]. Such an eﬀective gravity results from bending of the 2+1
dimensional Minkowski spacetime (2) by the nonlinear optical Kerr eﬀect. Indeed, in
the presence of nonlinear optical eﬀects the dielectric tensor of the metamaterial (which
according to eq.(2) defines its eﬀective metric) may be written as
(1)

(2)

(3)

εij = χij + χijl El + χijlm El Em + ...

(5)

Similar to the Einstein equation in the conventional general relativity, eq.(5) provides
coupling between the matter content (extraordinary photons) and the eﬀective metric
of the “metamaterial spacetime”. In a centrosymmetric material all the second order
nonlinear susceptibilities χ( 2)ijl must be equal to zero. On the other hand, as demonstrated in [8] the third order nonlinear terms may provide gravity-like coupling between
the eﬀective metric and the energy-momentum tensor. Indeed, in the weak gravitational
field limit the Einstein equation
)
(
1 k
8πγ
k
k
(6)
Ri = 4 Ti − δi T
c
2
is reduced to

1
8πγ
1
∆φ
=
∆g
=
T00 ,
(7)
00
c2
2
c4
where φ is the gravitational potential [14]. Since in the metamaterial spacetime g00 is
identified with −ε1 , comparison of eqs. (5) and (7) indicates that the third order terms,
which are typically associated with the optical Kerr eﬀect do indeed act like gravity (see
ref.[8] for the detailed derivation). The eﬀective gravitational constant γ ∗ and the third
order nonlinear susceptibility χ3 of the hyperbolic metamaterial appear to be connected
R00 =
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as [8]
4γ∗
c2 ω02 ε2

= χ(3)

(8)

As noted in [7], extraordinary light rays in a hyperbolic metamaterial behave as particle world lines in a 2+1 dimensional Minkowski spacetime. Moreover, due to eﬀective
gravitational self-interaction they form spatial solitons [8]. Therefore, two extraordinary
rays (solitons) launched into the metamaterial at diﬀerent angles/locations (as shown in
Fig.2) will behave as world lines of two particles, which experience mutual weak gravitational attraction. Helical rays formed by two mutually rotating spatial solitons have been
observed in [15] and many other similar experiments. Using eq.(8), we may calculate the
parameters of such helical rays in a typical hyperbolic metamaterial from the balance of
eﬀective gravity and the eﬀective centripetal force. For example, the eﬀective ray velocity
in this system
d⃗rxy
⃗vxy =
(9)
dz
may be determined as
2
⃗vxy
= γ ∗ m∗
(10)
The helical solitons form a periodic structure in z direction, which plays the role of time
in our model. Thus, they form a metamaterial analogue of a time crystal. Note that
such a time crystal is allowed as a direct consequence of the above mentioned loophole
in the Bruno’s proof of time crystal non-existence. Since kxy = 0 points in the dispersion
law are missing, there is no static non-rotating ground state in the metamaterial system.
We should also point out that eq.(8) demonstrates that ordinary rays propagating in
z direction (thus having kxy=0) may not form a spatial soliton via the same eﬀective
gravity mechanism, and thus be considered as a true static ground state. Indeed, the
eﬀective gravitational constant in eq.(8) depends on ε2 = εz , which cannot be felt by
ordinary photons.
An additional important point, which needs to be addressed here, and which affects the validity of the metamaterial time crystal model is the issue of polarization
cross-coupling. Since the metamaterial model of a time crystal needs nonlinear optical
interactions, an experimental geometry should be selected carefully, so that polarization
cross-coupling due to nonlinear optical eﬀects would be avoided. The simplest example of
such geometry is a 1+1 dimensional case in which the extraordinary rays are limited to a
single plane, which is parallel to the optical axis (the timelike z axis) of the metamaterial.
In such a case the nonlinear optical interaction of the extraordinary rays would cause their
deflection in the plane without the polarization cross-coupling. We should also point out
that as demonstrated above and in ref. [8], the trajectories of the extraordinary rays
inside the hyperbolic metamaterial are similar to world lines of massive particles, which
propagate inside an eﬀective 2+1 dimensional Minkowski spacetime. Moreover, this analogy also holds if the nonlinear optical Kerr eﬀect is taken into account. Therefore, as
long as the nonlinear optical interaction of the extraordinary rays may be limited to this
lowest order nonlinear eﬀect, the ray trajectories are analogous to the world lines of grav-
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itationally interacting massive particles. Thus, if the illumination/boundary conditions
are chosen carefully as to match the initial coordinates and speeds of such gravitationally interacting massive particles, extraordinary ray trajectories will re-trace the particle
world lines, and there will be no polarization cross-coupling.
Finally, let us address the issue of losses in hyperbolic metamaterials, which may limit
the validity of our model. Metamaterial losses may indeed attenuate extraordinary soliton
intensity, and make our model aperiodic in z direction. However, our consideration was
limited to monochromatic extraordinary rays. As demonstrated in ref. [16], a lossless
hyperbolic metamaterial design is possible in a narrow frequency range.
In conclusion, we have presented a model of time crystal, which is based on unusual
optics of hyperbolic metamaterials. Propagation of monochromatic extraordinary light
in a hyperbolic metamaterial is identical to propagation of massive particles in a three
dimensional eﬀective Minkowski spacetime, in which the role of a timelike variable is
played by one of the spatial coordinates. We have demonstrated that this analogy may
be used to build a metamaterial model of a time crystal, which has been recently suggested
by Wilczek and Shapere. It is interesting to note that the eﬀective single-particle energy
spectrum in such a model does not contain a static ground state, thus providing a loophole
in the proof of time crystal non-existence by P. Bruno. Moreover, such a non-existence
proof (if remains valid in the metamaterial case considered here) would actually prohibit
formation of a crystal in space, which does not seem to be possible. The same argument
would apply to other potential proofs of time crystal non-existence (see for example ref.
[17]). The proposed metamaterial version of a time crystal may potentially be mapped
onto time crystal geometries which may exist in our own 4D Minkowski spacetime.
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Fig. 1

Fig. 2

Figure Captions
Figure 1. (a) Schematic views of a wire array hyperbolic metamaterial. The metal wires
have negative dielectric constant εm , while εd is positive for the dielectric background.
Such a geometry may lead to opposite signs of εz = ε2 < 0 and εxy = ε1 > 0 of the
metamaterial. (b) Hyperbolic dispersion relation of extraordinary photons for the case of
εz = ε2 < 0 and εxy = ε1 > 0 is illustrated as a surface of constant frequency in k-space.
Since z coordinate is timelike, kz behaves as an eﬀective energy. Note that if spatial
dispersion is disregarded, kxy = 0 points marked by the green dots are missing in the
single-particle spectrum. If electron neutrinos have nonzero mass, their dispersion law
may look similar, since k = 0 points may be prohibited by lepton charge conservation.
Figure 2. Simple metamaterial model of a time crystal composed of helical extraordinary rays formed by two mutually rotating spatial solitons in the case of εz =
ε2 < 0, εxy = ε1 > 0 and χ( 3) < 0 which according to eq.(8) gives rise to mutuallyattractive eﬀective gravitational force acting on solitons. Z coordinate plays the role of
eﬀective time. Since kxy = 0 points in the dispersion law are missing, there is no static
non-rotating ground state in such a system.
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Abstract: The following paper makes an endeavor to derive from scratch, the Einstein
gravity from purely novel and subtle set of statistical ansatz. The theory developed is that of
statistical geometrodynamics in close conjunction with the standard statistical thermodynamics,
thereby extending the Einstein theory to three laws involving the Holographic Principle
in a totally diﬀerent way. A Boltzmann-like formula is derived right after the second law
of geometrodynamics. The author hopes that the following work will shed some light on
the fundamental understanding of the underpinnings of gravity and information in a nonconventional way. The rest of the latter part of the paper consists of discussions and possible
conclusions that could be drawn by the author at the time of writing the paper.
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The Holographic Principle worked out by tHooft and independently by Susskind [1]
has played out a vital role in the understanding of gravity. The works of Bousso (see
for example for a good survey [2] and also references therein for an exhaustive study of
the Holographic Principle) has given a definitive direction to the study of the entropy
bounds. Starting from the Bekenstein bound arising from the Geroch process to the
work of Susskind through his own process of transforming any thermodynamic system
into a blackhole and the application of this transformation to the Bekensteins Generalized
Second Law (GSL) yielding the more rigorous and general spherical entropy bound, one
finds a rather subtle and elegant formulation through the light-sheet formalism to the
Bousso covariant entropy conjecture (also look up in [2] in the reference section under B
for Bousso), now a theorem due to the proof provided by Flanagan et. al. [3]. Recently,
∗
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Verlinde has made a revelation in gravitational physics [4] by demonstrating the emergence of Newtonian and Einsteinean gravity in steps of approximations from the laws of
thermodynamics by the application of the Holographic Principle and bit dynamics. The
work of Caticha [5](check also references in [5]) has taken definitive steps in the direction
of construction of a statistical theory of geometrodynamics. The present work takes a
completely diﬀerent route to derive the Einstein gravity and further extends the theory.
The geometrodynamic theory is considered from statistical postulates applied to hypothetical fundamental constituents of curved spacetime. The theory of geometrodynamics
thus derived is considered independent of thermodynamics and yet a similar theory in
its own right with a set of quantities analogous to entropy, thermodynamic probability,
temperature, etc. There is thus no such entropy bound here. Everything is in terms of
curvature and statistical geometrodynamics. The paper is a bold attempt to pave way
in the positive direction of a fundamental understanding of the origins of space and time
[6].
One always arrives at the Einstein field equations and his law of gravitation through
the Principle of equivalence which asserts the equivalence of acceleration and gravitation.
Then, there is the Einstein-Hilbert variational principle from which also one gets the
Einstein field equations of gravitation which read
1
R µν − g µν R = T µν ,
2

(1)

where, R µν is the Ricci curvature tensor, R the corresponding scalar, g µν is the fundamental or metric tensor and T µν is the energy momentum tensor. The above equation
embodies the fact that spacetime is curved by the presence of matter and mass is made
to move by the curved spacetime according to the warp of the spacetime.
This involves tensor analytic manipulation of the Christoﬀel symbols of the second
kind thereby defining the Ricci tensor. Yet another approach is that of the Bianchi
identity of the second type which exhibit the principle of geometrodynamics that the
boundary of a boundary of a boundary is zero. All these approaches involve deterministic
and generically predictive propositions and interpretations. On the other hand, energymomentum tensor represents matter and energy and these obey quantum statistical laws.
There are quantum transitions involved in the matter represented by T µν . This quantum
behavior should correspondingly be accounted for by the spacetime geometry as well. If
matter fluctuates statistically then so should geometry. If matter obeys statistical laws
then so should geometry at the quantum scales. The laws of physical statistics obeyed
by T µν lead to statistical thermodynamics. The laws of physical statistics obeyed by
the geometric part of the Einstein law viz., the l.h.s. of eq (1) should lead to statistical
geometrodynamics. Still, it is the aim of this paper to not argue this way by starting
with the Einstein law and the eq (1). The aim is to rather start with a subtle and simple
set of statistical postulates and ansatz and arrive at various results.
We begin by proposing the existence of geomets hypothetical quantum or fundamental
objects of spacetime geometry which occupy diﬀerent available geometrodynamic states in
the statistical manner of speaking. The various geometrodynamic distributions are then
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arrived at by the gas of geomets. The resulting spacetime geometry is a direct consequence
of the ensemble of the gas of geomets occupying the geometrodynamic states of diﬀerent
curvature probabilities. This is our first ansatz. So, now there are two hypothetical
objects (i) geomets the fundamental constituents of curved spacetime and (ii) the
geometrodynamic states. Since entropy for gravity as a thermodynamic system is nonconcave, there are many possible geometrodynamic states and end-states. As such, the
geometrodynamic probability and the geometrodynamic distribution function for a given
ensemble of a gas of geomets determining the curvature in the bulk of spacetime become
N 2 = 42 = 16 functions and are tensors of rank two. We denote them respectively by
Γ µν and f µν . Even though the number, n s , of the bits available for the description of
the individual species of geomets is the same (is equivalent to the number of matter or
radiation particles) the non-concave nature of entropy for gravity makes these tensors.
Now from our simple hypothesis, we derive: (i) the Einstein law of geometrodynamics and
follow it up with two additional laws based on the holographic principle in analogy with
the laws of thermodynamics and (ii) we derive a formula connecting the Gauss-Bonnet
mean curvature of the holographic surface bounding the bulk of the spacetime and the
geometrodynamic probability Γ µν in the bulk.
The quantity β appearing in statistics is inversely proportional to the absolute temperature T in statistical thermodynamics. In statistical geometrodynamics, we define the
geometrodynamic probability Γ µν by
lnΓµν =

∑

ns )
f µν (n

(2)

s

Now, we fix the following ansatz,
∑
s

n s = N and

∑

n sγ µν(s) = T µν

(3)

s

Here, γ µν(s) is the kinetic geometry of the species of the geomets. The kinetic geometry is
defined as the geometry possessed by the geomet on account of its motion. This is a simple
definition: moving bodies possess kinetic energy and moving elements of curved spacetime
geometry the geomets possess kinetic geometry. This fixes up an exact yet abstruse
analogy between thermodynamics and geometrodynamics and further strengthens ansatz
(3) above. Pure statistical geometrodynamics should be geometrical in character. Any
energy should be translated into geometry and vice-versa. In fact, the first condition
of the ansatz eq (3) is simply the number conservation but the second condition of the
ansatz (3) is the Principle of Equivalence of Gravitation and Inertia in disguise if one
thinks carefully.
So, we fix up tensor multipliers as,
α µν + β γ µν(s) =

∂ff µν
.
∂ns

(4)
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Then,
δlnΓµν =

∑ ∂fµν

δns =

∑(

)
αµν + βγµν(s) δns

∂ns
s
∑
∑
= αµν
δns + β
γµν(s) δns
s

s

Since ns is fixed by ansatz (3),

(5)

s

∑

δns = 0.

(6)

s

And from the second part of (3),
∑
∑
ns δγµν(s) +
γµν(s) δns = δTµν .
s

(7)

s

The first term in (7) represents the stretch in the spacetime; that is, the geometric work
or in other words, the stressing curvature mathematically equal to ′′ − 21 Rgµν ′′ ; that is
∑

ns δγµν(s) =

s

∑
s

so that

ns

∂γµν(s)
1
δR = − gµν δR,
∂R
2

∑ ∂γµν(s)
gµν = −2
ns
.(
∂R
s

(8)

(9)

Also taking local derivatives w.r.t. time we have by Hamiltons Ricci flow
∑ ∂ 2 γµν(s)
∂gµν
= −2
ns
= −2Rµν (g) (
∂t
∂R∂t
s
so

∑

Now, the second term

′′

∑

s

∂ 2 γµν(s)
ns
= Rµν (g) .
∂R∂t

(10)

(11)

γµν(s) δns ′′ is the Ricci curvature which is the geometrody-

s

namic warp accrued by the bulk of the spacetime, i.e., the curvature inside the holographic
screen. Thus,
∑
δRµν =
γµν(s) δns .
(12)
s

From (7), (8) and (12), we have for the first law of geometrodynamics, the Einstein
field equations (1) which we rewrite here as (1) The first law of geometrodynamics:
Tµν = Rµν − 12 gµν R. Also,
∑

ns

∂ 2 γµν(s) ∑
=
γµν(s) δns
∂R∂t
s

ns

∂ 2 γµν(s)
= γµν(s) δns .
∂R∂t

s

or

(13)
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On the other hand,
δlnΓµν = β

∑

γµν(s) δns = βδRµν .
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(14)

s

Therefore, βδRµν is a total diﬀerential and β, the intergrating factor of the Ricci curvature. The statistical theory leads naturally to the second law of geometrodynamics which
we enunciate as follows: (2) δRµν has an integrating factor namely,
δKµν = (1/Nsat )δRµν ,

(15)

where, Kµν is the Gauss-Bonnet mean curvature of the horizon or the holographic
screen/surface. Nsat is the bit saturation. Bit saturation is the ratio of the number of
bits required to describe the system, in the bulk of the spacetime including the bulk
spacetime itself, to the number of bits available on the holographic screen. Hence, for
quantum gravitational nature of the theory and for dimensional consistency, we insert
the Planck length, λP l , as
1
β=
.
(16)
λP l Nsat
So,
1
δlnΓµν =
δRµν ,
(17)
λP l Nsat
or
Kµν = λP l lnΓµν .
(18)
According to Verlinde [4], Nsat = − 2cϕ2 where ϕ represents the Newtonian gravitational
potential. This Nsat is a positive number that vanishes at large distances. So, this
coincides with the fact that the temperature also decreases with the expanding universe.
Therefore, we extend the analogy with the third law of thermodynamics and propose that
(3) The Gauss-Bonnet mean curvature Kµν of the evolving holographic surface tends
to zero for pure gravity as the bit saturation Nsat tends to zero and becomes zero at zero
bit saturation for the pure gravity situation.
Thus, we now have three laws of statistical geometrodynamics. The first law is the
Einstein law of gravitation as given by the Einstein field equations. The second law connects the Ricci curvature (tensor) in the Einstein theory to the holographic screen/surface
encompassing the Einstein bulk spacetime. And the third law is (more or less) purely
about the holographic surface enclosing the Einstein bulk. Another statement for the
third law of thermodynamics is that,
“in every irreversible thermodynamic process, the total entropy of the universe always
increases”. Similarly,
(3’) In every irreversible geometrodynamic process, the Gauss-Bonnet mean curvature
of the holographic screen bounding the bulk spacetime always increases.
Now, for empty spacetime, the number of bits available in the bulk will be constant
and that on the holographic screen will also stay the same. So, we have the zeroeth law
of geometrodynamics, viz.,
(0) The bit saturation for a system of empty spacetime bulk bounded by a holographic
screen, is a constant.
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Just as temperature is a concept that holds macroscopically and breaks down at the
individual molecular/atomic level, the bit saturation is a concept that plays out a similar
role. Now, temperature is defined as the average kinetic energy of all the particles in a
thermodynamic system. At the particle level, there is the individual kinetic energy of the
moving particles. For the whole bulk of spacetime and its enclosing Holographic screen,
the bit saturation reduces to individual bits and thereby plays out an equivalent role. The
definite physical boundaries of the object (matter) are blurred in the fine graining limit
and vanish completely in the completely fine grained structure. Similarly, the spacetime
manifold defined by the l.h.s. of (1) will also disappear at the quantum scales where the
structure is suﬃciently finely grained. Actually the ansatz (3) somehow seems to show a
fundamental equivalence between quantum geometry and quantum matter and radiation
by establishing an exact relationship between quanta of geometry and quanta of matter.
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1

Introduction

The information paradox of semiclassical black holes 2 could suggest us that ”Nature
abhors real horizons” 3 4 . However, naked singularities seem to be unstable solutions
with respect to external electromagnetic, gravitiational and matter perturbations [8]. So
that, Nature seems also to abhor naked singularities! On the other hand, numerical
simulations of stellar collapses seem to inevitably lead to naked singularities [9].
Recently, we have suggested that information is chaotized inside realistic black holes,
∗

Email: andrea.addazi@alice.it
See [1, 2, 3, 4, 5, 6] for classical references on these subjects.
3
This is a citation from the title of paper [7].
4
Some extensions of general relativity are plagued by inconsistencies at classical level. For example in
[22], we have discovered geodetic instabilities in a branch of black holes’ solutions previously suggested
in massive gravity.
2
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thought as a system of horizonless geometries [10, 11]. This approach could be a step
toward the solution of the puzzle mentioned above. In this paper, inspired by these our
previous ones, we suggest that the BH quantum state as a superposition of the wave
functions of a large number of conic naked singularities. We will argument how a semiclassical BH solutions are asymptotic limits of a N → ∞ of conic singularities (randomly
oriented). We will show how the geometry of a BH is eﬀectively recovered by this horizonless system of conic singularities! 5 In other words, the thermodynamical proprieties
of semiclassical black holes are recovered by an ensamble of conic singularities except for
small correction to Bekenstein-Hawking entropy. This conclusion is formally motivated
by a generalized Wheeler-De Witt equation for quantum black holes [12, 13, 14] based
on the concept of Wald entropy [15]. An alternative argument based on euclidean path
integral was given in [10, 11] and it can also be extended to our new ansatz considering
conic singularities (see appendix B).
Let us suppose a thought scattering of a plane wave function on a system of N conic
singularities 6 . Such a plane wave will be scattered among the conic geometries. The
non-relativistic quantum mechanical scattering problem of an incident wave function on a
conic space-time can be analytically solved. In particular, we will see how the scattering
amplitude can be expressed as a simple combination of Bessel and Henkel functions.
However, sequential scatterings of a wave function on a large number of randomly oriented
conic singularities will lead to a chaotization of information. In fact the resultant wave
function is a superposition of the incident wave function with ones diﬀracted by each
”scatterators”. This can be thought as a wave function scattering on a quantum Sinai
billiard ! 7 8
Infalling information is highly chaotized inside the space-temporal billiard. What one
will expect is that the initial probability will be fractioned into two contributions. In
fact, a part of the initial probability density will ”escape” by the system while a part will
remain ”trapped” forever in the system because of back and fourth scatterings, i.e for
all the system life-time. The formation of trapped chaotic saddles inside billiards seems
inevitable. In classical chaotic systems, these correspond to surfaces of unstable orbits,
while in quantum system they correspond to a chaotic superposition of unstable wave
functions. This problem is treated with a quantum semiclassical approach in our previous
contributions [10, 11], reviewed in Appendix C. In this paper we will show formalities of
the same problem in Born approximation.
5

This could also have implications in astrophysics. As discussed in [37, 38, 39], naked singularities could
be detected by virtue of their very peculiar signatures in gravitational lensing measures. On the other
hand, our systems of conic naked singularities could be diﬀerentiated by semiclassical black holes if their
”frizzyness is large” enough to be measured in gravitational lensings.
6
Because of this paper is a part of a special dedicated to Einstein and Bohr, we retain appropriate to
celebrate these genial theoretical physicists with a ”gedanken experiment” -that we hope it can provide
a ”breakthrough” conclusion about information fate inside a black hole, or at least it can stimulate
interesting counter-arguments against our one.
7
See [17, 18, 19, 20, 21] for useful references in quantum chaos theory.
8
Diﬀerent applications of chaos theory in black holes’ physics were suggested in [16].
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So, infalling quantum pure states are fractioned into a ”forever” trapped state |T RAP P ED⟩
and an emitted one |B.H.⟩ (in form of Bekestein-Hawking radiation):
|IN ⟩ = c1 |B.H.⟩ + c2 |T RAP P ED⟩
where c1,2 are complex coeﬃcients depending on the particular configuration of conic
singularities, with
|c1 |2 = |⟨B.H.|IN ⟩|2
|c2 |2 = |⟨T RAP P ED|IN ⟩|2
|c1 |2 + |c2 |2 = 1
Principles of quantum mechanics not allow a transition with |c1 |2 = 1, because of
|B.H.⟩ is in a mixed entangled state, while |IN ⟩ is supposed in a pure one. However, a
combined state of |B.H.⟩ and |T RAP P ED⟩ can be a pure one. In this case, a transition
from a |IN ⟩ state to a pure combination of two mixed states |B.H.⟩ and |T RAP P ED⟩
is allowed by unitary evolutions. During the black hole life-time, |T RAP P ED⟩ is not
accessible to an ideal external observer, so that to reconstruct the initial pure state from
this one is practically impossible. So that, a quantum mechanical approach describing
the unitary evolution of wave functions in time has not sense, in this system. A wave
functions’ approach can be substitute by a quantum statistical mechanics’ approach in
terms of density matrices.
However, let us remark that quantum field theory corrections to the non-relativistic
approach will ulteriorly favor the chaotization of infalling information. Quantum fields’
interactions are crucially important in our system. In fact they will ”mediate” a new form
of quantum dechoerence induced by the non-trivial configuration of the space-time. Let
us consider the (famous) thought experiment of a Bekenstein-Hawking pair created near
the horizon, one infalling and one tunnelling out. Of course, they are entangled and this
will lead to the (famous) firewall paradox in a semiclassical black hole. What happen in
our space-temporal Sinai billiard? The infalling particle will be chaotized back and forth
among asperities and it will start a complicated cascade inside. In fact, in non-trivial
background (thought as a superposition of gravitons) ⟨G....G⟩ , infalling particles can
inelastically scatter on it: for example an inelastic scattering of an electron can create
electromagnetic or hadronic cascade as
e− + ⟨G.....G⟩ → e− e+ e− + ⟨G.....G⟩;
e− + ⟨G.....G⟩ → e− γ + ⟨G.....G⟩;

e− + ⟨G.....G⟩ → e− q q̄ + ⟨G.....G⟩

e− + ⟨G.....G⟩ → e− g + ⟨G.....G⟩; ....

and so on, depending on the particular background structure and local CM energy of
collision 9 . Iterating chaotic back and forth scattering and fields’ interactions, the initial
9

For the moment, we only consider standard model interactions. However, in presence of nonperturbative interactions induced by exotic instantons, particles’ cascades could also violate B/L numbers
[25, 26, 27, 28, 29, 30, 31, 32, 33, 34] On the other hand, new non-local interactions can emerge in the
cascade near the eﬀective non-local scale. See [23, 24] for discussions on these aspects.
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external particle will be no more entangled with one one partner but with a very large
and chaotic system of particles. However, this practically means that such a particle
is disentangled. One can also estimate the entanglement entropy in this system. In
particular, considering a system of P Bekenstein-Hawking couples cascading inside the
system, they will generate N >> P particles, exponential increasing with the number
of collisions inside the system. Let us suppose for simplicity that a fixed number N of
particles are produced after n processes, in turn producing a rate of ⟨ν̄⟩P particles for
each process. In this case one can estimate the entanglement entropy inside the system
as
Se.e = −TrρINSIDE log SINSIDE ∼ n log P
Another further question regards the fate of such a system, considering its (semi)
Bekenstein-Hawking evaporation. The emission of trapped probability density ρ(T ) is
approximately described by
dρ(T )
1
∼ − 2 e−Γ(T )T
dT
T
where ρ(T ) is the trapped probability density, dependent by the number of asperities
Ns as ρ ∼ Ns e−Γ(T )T , where Γ parametrizes the eﬀective average deepness of asperities
(trapping ρ); and the number of asperities Ns is in turn dependent by the Black hole
mass evolution dM/dT = −1/8πT 2 . As a consequence, the trapped information will be
exponentially re-emitted in the environment for Γ(T ) → 0. As a consequence, an S-matrix
describing the entire black holes’ life ⟨collapse|S|complete evaporation⟩ is unitary.
We conclude that these new interpretation of quantum black holes as a large ensamble of conic naked singularities seem a viable way-out from information paradoxes,
leading to intriguing chaotic billiard-like dynamical eﬀects in its interior. However, this
approach remains incomplete. For example, we cannot compute Bekenstein-Hawking
entropy from this approach and the physical interpretation of conic naked singularities
remain unknown. In other words, an UV completion of our model is still unexplored 10 .

2

Quantum Black Holes and Wave Functions

A possible reinterpretation of Quantum Black Holes is based on the following quantum
mechanical postulate: the quantum state of a black hole is described by a quantum
wave function |Ψ⟩. This implies that the BH entropy is described by a wave function
⟨SW |Ψ⟩ = Ψ(SW ). In Appendix A, we discuss mathematical formalities of this approach,
with its references 11 .
BH wave functions on entropy representation is described by
1 ∂Ψ(Sw )
= ΘΨ(Sw )
i ∂Sw
10

(1)

It is possible that these conic geometries are sustained by topological defects or exotic non-perturbative
configurations. For example, supercritical cosmic strings generate conic naked singularities [40, 41].
11
The formalism that we will use was suggested in several papers (see Appendix A). Here, we consider
a diﬀerent interpretation of generalized Wheeler-De Witt equations.
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Now, we can perform a semiclassical approximation. We demand that our wave function
will be centered into the average value ⟨Sw ⟩ = 14 AH The equation will take the typical
semiclassical form
1 ∂Ψ(Sw )
= ΘW KB Ψ(Sw )
(2)
i ∂Sw
where

[

ΘW KB

1
= 2π −
(Sw − ⟨Sw ⟩) + ...
iC1

]
(3)

Clearly, such an approximation can be accepted if the BH has a large entropy. Semiclassical equation has, as usual, a gaussian solution
1
− 2C
(Sw −⟨Sw ⟩)2

Ψ(Sw ) = N1 e−2πiSw e

1

(4)

where N1 is an opportune normalization. Sol.(4) has a clear interpretation: in the semiclassical limit, fluctuations around the ”saddle point” are Gaussian distributions. So that
C1 is just
C1 = 2∆Sw2 = 2⟨(Sw − ⟨Sw ⟩)2 ⟩
(5)
so that Sol.(6) can be rewritten as
−

Ψ(Sw ) = N1 e−2πiSw e

1
2
4∆Sw

(Sw −⟨Sw ⟩)2

(6)

In the dual Fourier space, one can find out a gaussian distribution also for Θ:
Ψ̃(Θ) = N2 ei⟨Sw ⟩Θ e

1
− 2C
(Θ−⟨Θ⟩)2
2

(7)

where ⟨Θ⟩ = 2π. Θ and Sw are conjugated variables satisfying the indetermination
principle ∆Θ∆S = ~/2. (4) is interpreted as wave function for a semiclassical black hole.
However, the same result can be re-obtained as a superposition of a large number
number of quantum wave functions ψΘ with fixed values of Θ. Among the infinite samples
reproducing (6), a lot of possible wave functions ψΘ will have Θ ̸= 2π. But from the
geometric point of view, a ψΘ̸=2π describes an horizonless conic singularity. Such a conic
singularity along the z-axis has a metric
(
)2
Ψ
r2 dψ 2 + dz 2
ds = −dt + dr + 1 −
2π
2

2

2

(8)

where Ψ is the deficit angle, related to the opening angle as Θ = 2π − Ψ.
Let us suppose a sample of N conic singularities described by the N entropy variables
(1)
(2)
(N )
(1)
(2)
Sw , Sw , ...SwN , with corresponding wave functions ψΘ1 (Sw ), ψΘ2 (Sw ),...,ψΘN (Sw ).
For N >> 1, the central limit theorem will guarantee that a Random Variable
Sw =

N
∑
i=1

Swi
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will be distributed as gaussians. In order to recover a wave function (6), we have to
impose only one condition:
N
1 ∑ i
⟨SW ⟩ =
S
(9)
N i=1 W
corresponding to
⟨Θ⟩ =

N
1 ∑
Θi
N i=1

in the dual space 12 .
Clearly, relation (9) are expected to be only an approximated one. So that, in principle
one could distinguish a semiclassical black hole to a ”fictious” one by small deviations by
Bekenstein-Hawking entropy, i.e by deviations from the central value of (6):
N
1 ∑ i
|∆S| = |
S − ⟨SW ⟩⟩| << ⟨SW ⟩
N i=1 W

(10)

As a consequence, a system with a large number of horizonless conic singularities
can have the same entropy of a Quantum Black Hole, in semiclassical limit, with small
corrections from thermality. Their wave functions are not entangled, i.e their associated
metrics have to be non-interacting. This approximation is reasonable in semiclassical
regime, in which gravitational interactions among metrics are strongly suppressed as well
as exchanges of matter entropy among metrics.
In the following sections, we will study what happen to a pure state falling toward a
system of N conic singularities.

3

Non-Relativistic Quantum Scattering

3.1 Scattering on a Single Cone
Let us consider the Schroedinger equation for a particle, in a cone geometry
i

∂
∆c
δ(r − r̄)
ψ(x) = −
+A
∂t
2m
r

13

.
(11)

where ∆c is the Laplacian in the conical geometry. For simplicity, we have considered a
cone with its axis coincident with the z-axis. In fact, the radius of the cone boundary is
12

Of course, examples of distributions ψΘi avoiding central limit theorem, like Chauchy-Lorentz one
cannot be considered, or at least they can only be a small fraction of distributions in the large ensamble
of naked singularities. In particular, we remind that for C.L. distributions, moments are undefined. So
that, all examples of distributions with these kind of pathologies cannot contribute to the formation of
a black hole.
13
Perhaps this problem could be found in standard test of advanced quantum mechanics and nonrelativistic quantum scattering theory. I have not found any useful references about this particular
problem of quantum scattering, so that I have just decided to repeat the exercise in all the details.
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r = r̄, and it can be encoded in the equation as a δ-potential, while A is the dimensional
”coupling” of the potential.
As usually done for this type of problem, we can separate the variables as
ψ(t, x) ∼ e−iωt ϕn (r) (sin nνθ, cos nνθ)T ,

n = 0, 1, 2, ...

(12)

and defining the adimensional parameter a = 2mA and substituting (12) to (11) we
obtain
[
]
d2 ϕn (r) 1 dϕn (r)
n2 ν 2 a
2
+
+ kz − 2 − δ(r − r̄) ϕn (r) = 0
(13)
dr2
r dr
r
r
We demand as contour conditions
ϕn (a + o+ ) − ϕn (a + o− ) = 0

(14)

so that we can map such a problem to another free-like equation
(
)
d2 ϕn (r) 1 dϕn (r)
n2 ν 2
2
+
+ kz − 2
fn (r) = 0
dr2
r dr
r
This equation can be also rewritten as
(
)
n2 ν 2
d2 un (r)
2
+ kz − 2
un (r) = 0
dr2
r

(15)

(16)

where un = rϕn and kz2 .
The solution (regular) corresponding to the continuous part of the spectrum is
ϕn (r) = c0n Jnν (kz r),

r < r̄

−
+
+
ϕn (r) = c−
n (kz )Hnν (kz r) − c (kz )Hnν (kz r),

(17)
r > r̄

(18)

These solutions are valid for all values of a in the δ-potential. Our problem has two
matching conditions
−
+
+
c0n (kz )Jnν (kz r̄) = c−
n (kz )Hnν (kz r̄) − cn (kz )Hnν (kz r̄)
[
]
a
0
′
′−
+
′+
cn (kz )
Jnν (kz r̄) + Jnν (kz r̄) = c−
n (kz )Hnν (kz r̄) − cn (kz )Hnν (kz r̄)
kz r̄

(19)
(20)

(prime is the diﬀerentiation with respect to the adimensional variable kz r).
This problem can be viewed as a scattering one. The corresponding solution for the
S-matrix is
−
(kz r̄) + 2i/π
aJnν (kz r̄)Hnν
(21)
Sn (kz ) =
+
aJnν (kz r̄)Hnν (kz r̄) − 2i/π
related to fn as usual:
Sn = 1 + 2ikz fn
so that
|Sn | = 1 → Sn = e2iδn
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We also remind as fn is related to this phase δn :
fn =

e2iδl − 1
eiδn sin δn
=
2ikz
kz

Let us remind that, as usual, the asymptotic expansion of the radial part of the wave
function can be written as the sum of the incident plane-wave on the conic geometry and
the spherical one as
[
]
1
eikr
ikz z
e
+ f (θ, ϕ)
(2π)3/2
r

3.2 Non-Relativistic Quantum Scattering on a Space-time Sinai Biliard
Let us consider a series of scatterings on a large number of N cones, disposed with a
uniform random distribution of axis. Let us suppose a box of n × m × p cones, n in
the x-axis, m in y-axis, p in z-axis (not necessary disposed as a regular lattice). Let us
call N1 , N2 the sides sited in the xy-planes, M1,2 in xz-planes, P1,2 in zy-planes, edges of
the box of cones. Suppose an incident plane wave ψ0 on the 2D surface N1 , with n × m
cones: n × m conic singularities will diﬀract the incident wave in n × m-components.
We want to evaluate the S-matrix from the in-state 0 to the out-the box one. One will
expect that a fraction of initial probability density will escape from the box by the sides
N1,2 M1,2 , P1,2 , another fraction will be trapped ”forever” (for a time-life equal to the
one of the system) inside the box. As a consequence, we have to consider all possible
diﬀraction stories/paths. We also have to consider more complicated diﬀraction paths:
the initial wave can scatter back and forth in the system before going-out.
We can consider the problem as a superposition of the initial wave function, assumed
as a wave plane, and the diﬀracted wave functions for each conic singularities. In this
system, we can label the position of all the conic singularities as (i, j, k), where i = 1, ..n,
j = 1, .., m, k = 1, ..., p. The total wave function can be written as
ϕ0 + f (n0 , n111 )

eikr121
eikr1N 1
eikr111
+ f (n0 , n121 )
+ ... + f (n0 , n1N 1 )
r111
r121
r1N 1

+f (n111 , n121 )
+f (n111 , n211 )

(22)

eikr11N
eikr121
+ ... + f (n111 , n1N 1 )
r121
r11N

eikr211
eikr221
eikr2M 1
eikr212
+f (n111 , n221 )
+...+f (n111 , n2M 1 )
+f (n111 , n212 )
r211
r221
r2M 1
r212

+... + f (n111 , n21P )

eikr21P
eikr2M P
+ .. + f (n111 , n2M P )
+ .....
r21P
r2M P

where n0 is the wave versor of the incident plane wave, nijk are wave versors of the
scattered waves from the conic singularities in positions ijk, rijk are radii from positions
ijk.
Under this approximation, we can use the transition amplitudes of the one scattering
problem considered in the previous section.
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The resultant wave function will be a superposition of an infinite series of waves. As
a consequence, the total wave function will be highly chaotized by the superposition of
all the scattered waves.
An S-matrix for one possible diﬀraction path is
⟨in|S 1th−short |out⟩ = S0−111 S111−222 S222−333 ...S(n−1)(m−1)(p−1)−(nmp)

(23)

where S111−222 represents the S-matrix for a process from in-state (after a scattering on)
111 and with an out-state (after a scattering on) 222. This formulation can be consider if
and only if the interdistances among singularities are much higher than the cones’ sizes.
We can write a generic S-matrix for one diﬀraction path as
⟨in|S Kth |out⟩ = S0−1jk Sijk Si′ j ′ k′ .....S(in−1 j m−1 kp−1 )−(in j m kp )

(24)

(24) with conditions
i ≤ i′ ≤ i + 1

(25)

j ≤ j′ ≤ j + 1

(26)

k ≤ k′ ≤ k + 1

(27)

...
in−1 ≤ in ≤ in−1 + 1

(28)

j m−1 ≤ j m ≤ j m−1 + 1

(29)

k p−1 ≤ k p ≤ k p−1 + 1

(30)

represent a class of paths similar to (23).
These class of paths are ”minimal” ones: there are not back-transitions. ”Minimal
paths” are n × m × p × (n − 1); while the number of non-minimal paths will diverge.
The total S-matrix is the (infinite) sum on all diﬀraction paths
∑
⟨in|SnK−th |out⟩
(31)
⟨in|SnOU T |out⟩ =
paths

The S-matrix for one diﬀraction path cn be written as
(

S Kth

)
n

=

last
−
∏
(kj r̄j ) +
aj Jnν (kj r̄j )Hnν
+ (k r̄ ) −
a J (k r̄ )Hnν
j j
j=f irst j nν j j

2i
π
2i
π

(32)

where the product is performed from the first scattering to the last one, and aj , r̄j , kj
depend by the particular j-th conic singularity (kj depends on the direction of the conic
axis).
However let us remark that S OU T ̸= S T OT : a part of the total S-matrix is associated
to the trapped part of the wave function. Let us call this S-matrix S hidden .
On the other hand, (32) takes only in consideration the continuos part of the S matrix,
without resonant poles.
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Bound states correspond to poles along negative real energies on the first Riemann
sheet, of the resolvent operator R(z) = (z − H)−1 .√In fact, the Hamiltonian is quadratic
in momentum so that the inversed function p = 2mE has a cut on the [0, +∞] axis,
attaching two Riemann sheets. However, there will be also other poles at complex energies
on the second Riemann sheet. The two poles correspond to Ea = Ea − iΓa /2 and Ea∗ =
Ea + iΓa /2, . i.e at the so called scattering resonances and anti-scattering resonances.
In particular, Ea > 0 is the real part of the energy while Γa > 0 corresponds to the
resonances’ widths. The dependence of the scattering amplitude on energy is strictly
relates to these poles as
f (n; E) ≃ fc (n; E) +

∑
r

ar (n)
E − Er + iΓr /2

(33)

where fc is a smoothed amplitude corresponding to the continuous part of the spectrum
while ar (n̄) are the residues of the resonances’ poles. fc corresponds to the S-matrix (31)
in our case.
As a consequence, the resonants’ parts of the amplitude will interfere among each
other and with the non-resonant parts.
We can also generalize the notion of time delay also to the non-realtivistic quantum
chaotic mechanics
d
1
ln S(E)
(34)
T (E) = tr
i dE
Let us remind that in a theory with H = H0 + V ,
S(E) = 1 − 2πδ(E − H0 )T (E + i0+ )

(35)

where T is the transition operator
T (z) = V + V

1
V
z−H

so that (37) can also be re-expressed in terms of the Hamiltonian as
)
(
1
1
−
= 2π∆D(E)
T (E) = −2Im tr
E − H + V + i0+ E − H0 + i0+

(36)

(37)

where ∆D(E) is the diﬀerence between the level densities of the total Hamiltonian and the
asymptotic free one. This relation shows how the time delay is related by the resonance
spectrum. Again, T (E) will diverge for bounds’ states, so that this is an alternative
way to define the bounds’ spectrum In appendix C, a discussion of chaotic spectrum of
resonances in semiclassical limit are reviewed.

3.3 Comments on the Range of Validity of the Previous Calculations
The limitations of our approximated calculations shown in the previous section are understood and we resume the main relevant ones:
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i) these calculations were done under the first order Born approximation. This approximation can be accepted if the interdistances among the conic geometries are much
higher than the size of the cones. For interdistances comparable to cones’ sizes, higher
orders’ corrections have to be considered.
ii) These calculations are based on simple non-relativistic quantum mechanics. In
relativistic regime, obviously relativistic quantum field theory is the right framework to
use.
Let us note that:
a) the disposition of conic singularities was assumed completely random. Otherwise,
a chaotization of the quantum wave function is not generically expected: for a regular
disposition of equally oriented conic singularities, one will expect a coherent superposition
as in regular lattice, having in mind the Bragg’s diﬀraction for example.
b) the problem becomes a trivial one if the wave lenght of the in-coming wave-function
is comparable to the size of the system. In (32), this limit corresponds to kj r̄j ≃ 0. So,
we are assuming that λ is comparable to the size of conic geometries, and that conic
geometries have sizes comparable each others.
3.3.1 Quantum Field Theories
In this section we will formally discuss the problem of the ”box of cones” from a QFT
point of view.
Let us return to our ”box of cones” gedanken experiment. In this case, a formulation
of the problem is again simpler than a realistic case: supposing interdistances much
higher than cones’ dimensions, In this case, we can define a transition amplitude for each
cone. Let us suppose to be interested to calculate the transition amplitude for a field
configuration ϕ0 to a field configuration ϕN . ϕ0 is the initial field configuration defined
on a t0 , before entering in the system, while ϕN is a field configuration of a time tN ,
corresponding to a an out-going state from the system.
One example of propagation Path 0 − 111 − 222 − 333 − ... − nmp − N
⟨ϕ0 , t0 |ϕ111,in , t111,in ⟩⟨ϕ111,in , t111,in |ϕ111,out , t111,out ⟩⟨ϕ111,out , t111,out |ϕ222,in , t222,in ⟩

(38)

×⟨ϕ222,in , t222,in |ϕ222,out , t222,out ⟩...⟨ϕ(n−1,m−1,p−1) , t(n−1),(m−1),(p−1) |ϕnmp , tnmp ⟩⟨ϕn,m,p , tn,m,p |ϕN , tN ⟩
where |ϕijk,in , tijk,in ⟩ and |ϕijk,out , tijk,out ⟩ are states before and after entering in the conic
geometry ijk. In order to evaluate ⟨ϕ0 , t0 |ϕnmp , tnmp ⟩ one has to consider all the possible
propagation paths from the initial position to the nmp-th conic singularity. Orders and
summations are the analogous discussed for S-matrices in section 3.2. We define these
amplitudes as
∫
⟨ϕijk , tijk |ϕi′ j ′ k′ ,in , ti′ j ′ k′ ,in ⟩ =

M0

DϕeiI[ϕ]

(39)

∫

while
⟨ϕijk,in , tijk,in |ϕijk,out , tijk,out ⟩ =

Mijk

DϕeiI[ϕ]

(40)
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where M0 is the Minkowski space-time, while Mijk is the ijk-cone space-time. Again one
can easily get that for a large system of naked conic singularities, it will exist a class of
propagators’ paths, reaching the out state |ϕN , tN ⟩ only for a time tN → ∞. A simple
example can be the propagator paths
(1)

(1)

(∞)

(∞)

|⟨ϕijk , tijk |ϕi′ j ′ k′ , ti′ j ′ k′ ⟩|2 |⟨ϕijk , tijk |ϕi′ j ′ k′ , ti′ j ′ k′ ⟩|2 ....|⟨ϕijk , tijk |ϕi′ j ′ k′ , ti′ j ′ k′ ⟩|2

(41)

∞
where t∞
ijk > .... > tijk > tijk and ti′ j ′ k′ > .... > ti′ j ′ k′ > ti′ j ′ k′ . This amplitude is nonvanishing in such a system as an infinite sample of other ones. We can formally group
these propagators in a ⟨BOX|BOX⟩ propagator, evaluating the probability that a field
will remain in the box of cones after a time larger than the system life-time. On the other
hand, let call ⟨BOX|OU T ⟩ and ⟨OU T |OU T ⟩ the other processes.
However, considering Standard Model fields (or its extensions), interactions among
fields have to be considered inside the system. We can define an expectation value of a
generic operator as
∑
∏
⟨ijk|OKth |i′ j ′ k ′ ⟩
(42)
⟨O⟩ =
(1)

(1)

{all K−paths} {ijk,path}

where for example in a 0 − 111 − 222 − 333 − .... − N path
∏
⟨ijk|OKth |i′ j ′ k ′ ⟩ = ⟨ϕ0 , t0 |OKth |ϕ111,in , t111,in ⟩⟨ϕ111,in , t111,in |OKth |ϕ111,out , t111,out ⟩.....
{ijk,path}

(43)
and expectation values are evaluated on path integral on conic fixed backgrounds and non
trivial geometries connecting cones. The formal way to introduce interactions’ terms is
O = Lint . For example, one can evaluate the expectation value of a 14 λϕ4 interaction term
following the procedure (42). However, new interaction terms that usually have a zero
expectation value in SM on a Minkowski space-time can be non-null in our system. For
example, a photon scattering on a non-trivial background (especially in asperities among
cones’ connections) can decay into massive particles like for example inelastic processes
as
γ + ⟨G...G⟩ → q q̄ + ⟨G...G⟩ → hadrons + ⟨G...G⟩
related to
⟨Aµ q̄γ µ q⟩Background ̸= 0

(44)

usually avoided by energy-momentum conservation in Minkowski space-time.
In non-relativistic limit, one can consider a non-relativistic path integral formulation.
In bracket-notation, the propagator from (x0 , t0 ) to (x1 , t1 ) is
K(x0 , t0 ; x, t1 ) = ⟨x0 , t0 |x1 , t1 ⟩
This will be equivalent to wave functions’ formulation considered in section 3.1. In
this case, ⟨OU T |OU T ⟩ will include all possible paths leading to the in-coming ”ket”
|x0 , t0 ⟩ to another ”ket” out of the box. This a problem is chaotized: one has to consider
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the quantum interference of all paths for all conic geometries. An example among these
paths is 0 − 111 − 222 − 333 − ... − nmp − N
⟨x0 , t0 |x111,in , t111,in ⟩⟨x111,in , t111,in |x111,out , t111,out ⟩⟨x111,out , t111,out |x222,in , t222,in ⟩

(45)

×⟨x222,in , t222,in |x222,out , t222,out ⟩...⟨x(n−1,m−1,p−1) , t(n−1),(m−1),(p−1) |xnmp , tnmp ⟩
where |xijk,in , tijk,in ⟩ and |xijk,out , tijk,out ⟩ are states incoming and outcoming ”kets” in the
conic geometry ijk.
An example of trapped propagators is
(1)

(1)

(∞)

(∞)

|⟨xijk , tijk |xi′ j ′ k′ , ti′ j ′ k′ ⟩|2 |⟨xijk , tijk |xi′ j ′ k′ , ti′ j ′ k′ ⟩|2 ....|⟨xijk , tijk |xi′ j ′ k′ , ti′ j ′ k′ ⟩|2

(46)

∞
where t∞
ijk > .... > tijk > tijk and ti′ j ′ k′ > .... > ti′ j ′ k′ > ti′ j ′ k′ . An ensamble of diﬀraction
paths from OUT to BOX states will be chaotically attracted into trapped chaotic zones.
(1)

(1)
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Appendix A: Generalized Wheeler-De Witt Equation
In this section, we report formal details and definitions of Carlip-Teitelboim approach
for BH [13], based on an extension of the Wheeler-DeWitt equation [12]. This approach
starts from first axioms of quantum mechanics applied to Wald formalism [15]. The idea
was also well developed in [14].
This approach starts from a BH spacetime foliation with constant hypersurfaces Σ,
with a space-like normal versor na . Conveniently, one can define a metric on the hypersurface Σ as
gab = hγδ eγa eδb
where eγa are the basis vector of the tangent bundle; γ, δ-indices are the so-called induced
coordinates. Let us consider a section of the hypersurface Σ with surface
∫
1
A=−
dS
2 Σ
with
dA = aϵϵ
and a the area element and ϵ = ∇n (we omit indices of ϵ, n, ∇).
We can conveniently use re-definitions of A and its Lie derivative Ln A (on the direction
n), in term of hypersurface metric and normal verson:
∫
1
A=−
hγδ na nb ϵγa ϵδb
2 Σ
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∫
Ln A =

(Ln hγδ )na nb aϵγa ϵδb
Σ

From these one could derive the following final equation [14]:
{
}
1 Ln A
1
1
−
(t0 ), Sw (t1 ) = √
δ(t0 − t1 )
2 A
2π
−g00
where Sw is the Wald Noether charge entropy, formally defined as
∫
∂L
aϵγa ϵδb
Sw = −2π
H ∂Rγaδb
integrated on the Horizon surface. (L has not to be confused with Lie derivative, because
it is just the lagrangian density).
For a stationary space-time metric, the (D-1)-dimensional hypersurface is the product of the proper time τ and the (D-2)-dimensional hypersurface AD−1 = τ AD−2 . But
Ln AD−1 = 0, implying
AD−2 Ln τ + τ Ln AD−2 = 0
This allows us to express the Lie derivative of the Area Ln AD−2 in term of the one of the
proper time Ln τ . However, the so-called opening angle at the horizon is
1
Θ = Ln τ
2
so that we can relate Θ to the Lie derivative of the area as
Θ=−

τ Ln AD−2
2 AD−2

From these relations, we can arrive to a very suggestive one [14]
{Θ,

1
Sw } = 1
2π

where {...} is the Poisson bracket. As usually done from classical mechanics to quantum
mechanics, one could quantize a Black hole as {...} → ~i [...]. This leads to a Schrodinger
equation for the wave function Ψ as
~
δΨ(X) + δXΨ(X) = 0
i
where X = (Θ, T, ...), and
δX = [δT M + δΘ

1
Sw + dC]
2π

where dC = pδq represents all the possible variation of conjugate variables associated to
conserved Noether charges; T is the time separation at infinity, M is the ADM mass.
The equation (2) describes Ψ only with respect to Sw and not other variables. This is a
particular case of the one discussed here.
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Appendix B: Euclidean Path Integral Reformulation
In this section, we will reformulate definition in section 2 in path integral language [10, 11].
Let us consider a system of N conic naked horizonless singularities, inside a box M,
with a surface ∂M. This system satisfied the following hypothesis:
I) Partition functions ZI for each metric tensor g I=1,...,N can be formally defined, with
N metrics are considered in thermal equilibrium with the box.
II) The leading order of the total partition function ZT OT is the product of each single
partition functions, as
N
∏
ZT OT =
ZI
(47)
I=1

This approximation can be reasonably trusted if intergeometries’ interactions are negligible (with respect to the temperature scale of the box).
III) The total average partition function will be
σ2

2

β
β
− 16π
− 16π

⟨ZT OT ⟩ = e

2
−σβ

= ZE e 16π

(48)

where ZE is the semiclassical euclidean partition function of a semiclassical black hole,
σβ the variance of β-variable. This leads to an entropy
⟨S⟩ =

σβ2
β2
+
16π 16π

(49)

Appendix C: Semiclassical Chaotic Scattering
In this section, we review some aspects of semiclassical chaotic scattering considered in
our previous papers [10, 11].
The semiclassical propagator can be written as
∑
i
KW KB (r, r 0 , t) ≃
An (r, r 0 , t)e ~ In
(50)
n

summed on all over the classical n-orbits inside our billiard; amplitudes An are defined
as
√
iπhn
1
(51)
An (r, r 0 , t) =
|det[∂r 0 ∂r 0 In [r, r 0 , t]]|e− 2
ν/2
(2πi~)
(hn counts for the the number of conjugate points along the n-th orbit). The amplitude
is related to Lyapunov exponents as
|An | ∼ |t|−ν/2
on stable orbits

(

1∑
|An | ∼ exp −
λk t
2 λ >0
k

on unstable ones.

(52)
)
(53)
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In our chaotic system, we expect many resonances. A spectrum of resonances called
Pollicott-Ruelle ones characterizes the chaotic dynamics of our billiard. As a consequence,
transitions or survival probabilities are averaged over the large number resonances.
So that, a wavepacket ψ0 in a region R (ν-dimensional space) has a quantum survival
probability
iHt
iHt
P(t) = trIV (r)e− ~ ρ0 e+ ~
(54)
where the initial density matrix ρ0 = |ψ0 ⟩⟨ψ0 |, IV is zero for resonances r out of the region
V , and1 for resonances into V . In semiclassical approximation, the (survival) probability
is
∫
dΓph
P(t) ≃
ID eLcl t ρ̃0 + O(~−ν+1 )
(55)
f
(2π~)
(
)
∫
∑ ∑ cos r Se − r π me ∫
1
2
√ ~
+
dE
ID ρ̃0 Exp{Lcl t}dt + O(~0 )
r − 1)|
π~
|det(m
e
e
e
r
where dΓph = dpdr is the phase space infinitesimal volume and the sum is on all the
periodic orbits as mentioned above (primary elementary periodic orbits are labelled in
∫
e while the number of their repetitions r); me is the Maslov index, Se (E) = p · dr,
∫
τe = E Se (E), M is the Poincaré map in the neighborhood of the r-orbit (it is a (2ν −
2) × (2ν − 2) matrix); Lcl is the Liouvillian operator defined as Lcl = {Hcl , ...}P oisson ;
ρ̃0 is the Wigner transform of the (initial) density state. In particular, Lcl defines the
Pollicott-Ruelle peaks mentioned above:
Lcl ϕm = {Hcl , ϕm }P oisson = λm ϕm

(56)

where eigenvalues λm are complex ones and they correspond to P.R. spectrum, where
eigenstates ϕm are an ortonormal basis composed of Gelfald-Schwartz distributions. Re(λm ) ≤
0, correspond to an ensamble bounded periodic orbits; while Im(λn ) correspond to decays
and instabilities in the system. Despite of the complicated form of (55) the survival probability has a leading order P(t) ∼ e−γ(E)t , where γ(E) is the classical escape probability
(from the system). This leading order can be obtained by the 0th order of the expansion
∫ ∑
P(t) ≃
⟨IV |ϕm (E)⟩⟨ϕ̃m (E)|eλm (E)t |ϕm (E)⟩⟨ϕ̃m (E)|ρ̃0 ⟩
(57)
m
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A recent work of Ali, Khali and Vagenas has shown that the existence of a minimal
length and the subsequent existence of a Generalized Uncertainty Principle (GUP) modies the
Hawking temperature of black holes (BHs). A previous work of one of us (C. Corda) introduced
a BH eective state which takes into account the BH's back reaction for the emission of
Hawking radiation obtaining a non-strictly black body spectrum from the tunnelling mechanism
corresponding to the famous probability of emission of an outgoing particle found by Parikh
and Wilczek. In the present work, we modify the eective temperature by taking into account
the new result by Ali, Khali and Vagenas and, by using Hawking's periodicity arguments, we
write down the corresponding modied (by the GUP) eective metric. Thus, we obtain further
corrections to the non-strictly thermal BH radiation spectrum as the nal distributions take into
account both the BH dynamical geometry during the emission of the particle and the correction
to the Hawking temperature due to the GUP.
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The existence of a minimal lenght at the Planck scale seems to be a model-independent
feature of various theories of quantum gravity [1].
∗
†
‡

Email:cordac.galilei@gmail.com
Email:schakraborty.math@gmail.com
Email:subhajit1729@gmail.com

That existence leads, in turn, to a
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modication of the standard uncertainty principle of quantum mechanics to a GUP, see
[2] and references within. Such a modication includes an additional quadratic term in
1
momentum [1, 2] (we use Planck units G = c = kB = ~ =
= 1 in this paper)
4πϵ0

△x△p ≥
where

β

1 + β△p2
,
2

(1)

is a dimensionless constant. Another interesting form of the GUP, which seems

consisten with doubly special relativity, string theory, and black hole physics, has been
recently proposed in [3, 4, 5].

This new approach to the GUP shows a linear term in

momentum and leads to a maximum observable momentum in addition to a minimal
length [2, 3, 4, 5]

[

(
)
]
( 2
)
pi pj
2
[xi pj ] = i δij − α pδij +
+ α pδij + 3pi pj ,
p
where

α

(2)

is a dimensionless constant which upper bounds have been calculated in [3].

What is important for the goals of the present work is that the GUP of eq. (2) generates

GUP modied Hawking temperature ) from

a modication of the Hawking temperature (
its standard value [6]

TH =

1
,
8πM

(3)

to its GUP corrected value [2]

(GU P )
TH
We can introduce

[
( α )2 ]
1
α
=
1−
+5
.
8πM
8πM
8πM

a GUP modied BH mass and a GUP modied horizon radius
M (GU P ) ≡

[

M
]
2 ,
α
α
+5( 8πM
1− 8πM
)

r(GU P ) ≡ 2M (GU P )

(4)

as

(5)

Thus, eq. (4) reads

(GU P )

TH

=

1
.
8πM (GU P )

(6)

Let us consider Hawking radiation [6] in the tunnelling approach [7] - [18]. The particle creation mechanism caused by the vacuum uctuations near the BH horizon can be
descripted as follows. A virtual particle pair is created just inside the horizon and the
virtual particle with positive energy can tunnel out the BH horizon as a real particle.
Otherwise, the virtual particle pair is created just outside the horizon and the negative
energy particle can tunnel inwards.

Thus, for both the possibilities, the particle with

negative energy is absorbed by the BH and as a result the mass of the BH decreases.
The ow of positive energy particles towards innity is considered as Hawking radiation.
Earlier, this approach was limited to obtain only the Hawking temperature through a
comparison of the probability of emission of an outgoing particle with the Boltzmann
factor rather than the actual radiation spectrum with the correspondent distributions.
This problem was formally addressed by Banerjee and Majhi [7]. By a slightly dierent
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formulation of the tunnelling formalism, they were able to directly reproduce the black
body spectrum for either bosons or fermions from a BH with standard Hawking temperature. However, considering contributions beyond semiclassical approximation in the
tunnelling process, Parikh and Wilczek [9, 10] found a probability of emission compatible
with a non-thermal spectrum of the radiation from BH. This non precisely thermal character of the spectrum is important to resolve the BH information loss puzzle [19] because
arguments that information is lost during Hawking's BH quantum evaporation partially
rely on the assumption of strict thermal behavior of the radiation spectrum [10, 19]. Two
interesting approaches to resolve the BH information puzzle have been recently proposed
in [20, 21]
The important dierence between the works [9, 10] and the work [7] is consideration
or non-consideration of the energy conservation. As a result, there will be a dynamical
[9, 10] or static [7] BH geometry. In fact, due to conservation of energy, in [9, 10] the
BH horizon contracts during the radiation process which deviates from the perfect black
body spectrum. In the language of the tunnelling mechanism, a trajectory in imaginary or
complex time joins two separated classical turning points [10]. The key point is that the
forbidden region traversed by the emitting particle has a
to

r = rf inal (rinitial

nite

size[10] from

is the radius of the horizon of the BH initially and

r = rinitial

rf inal

is the

radius of the horizon of the BH after particle emission). This nite size implies a discrete
nature of the tunnelling mechanism, which is characterized by the physical state before
the emission of the particle and that after the emission of the particle.

As a result,

the radiation spectrum is also discrete [16, 21]. Consequently, particle emission can be
interpreted like a quantum transition of frequency
[16, 21].

ω

between the two discrete states

It is the particle itself which generates a tunnel through the horizon [16, 21]

having nite size. In thermal spectrum, the tunnelling points have zero separation, so
there is no clear trajectory because there is no barrier [10, 16, 21].
The tunnelling probability in strictly thermal approximatipon is given by [6, 9, 10]

(
)
ω
Γ ∼ exp −
,
TH
where

TH

is the Hawking temperature of eq. (3) and

(7)

ω

is the energy-frequency of the

emitted radiation. However, considering contributions beyond semiclassical approximation and taking into account the conservation of energy, the tunnelling probability can
be reformulated as [9, 10]

Γ ∼ exp[−
α∼1

ω
ω
(1 −
)]
TH
2M

=⇒

Γ = α exp[−

ω
ω
(1 −
)],
TH
2M

(8)

ω
is present. This non-thermal spectrum enables
2M
the introduction of an intriguing way to consider the BH dynamical geometry through
where

the

and the additional term

BH eective state.

In fact, one introduces the

TE (ω) ≡

eective temperature

2M
1
TH =
,
2M − ω
4π(2M − ω)

as [16, 21]

(9)
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which permits to rewrite the probability of emission (2) in Boltzmann-Hawking form as
[16, 21]

Γ ∼ exp[−βE (ω)ω] = exp(−

ω
),
TE (ω)

(10)

where the eective Boltzmann factor takes the form [16, 21]

βE (ω) ≡

1
.
TE (ω)

(11)

One interpretes the eective temperature as the temperature of a black body emiting the
same total amount of radiation [16, 21]. Hence, one replaces the Hawking temperature
with the eective temperature in the equation of the probability of emission. The ratio
TE (ω)
2M
= 2M
stands for the deviation of the radiation spectrum of a BH from the
TH
−ω
strictly thermal feature [16, 21]. It is better to further clarify the denition of eective
temperature that has been introduced in BH physics in [22, 23] for the Schwarzschild
BH, in [24] for the Kerr BH and in [25] for the Reissner-Nordstrm BH. The probability
of emission of Hawking quanta found by Parikh and Wilczek, i.e. eq. (8), shows that the
BH does NOT emit like a perfect black body, i.e. it has not a strictly thermal behavior.
On the other hand, the temperature in Bose-Einstein and Fermi-Dirac distributions is
a perfect black body temperature.

Thus, when we have deviations from the strictly

thermal behavior, i.e. from the perfect black body, one expects also deviations from BoseEinstein and Fermi-Dirac distributions. One attacks this problem by analogy with other
various elds of Science, also beyond BHs, for example the case of planets and stars. One
denes the eective temperature of a body such as a star or planet as the temperature
of a black body that would emit the same total amount of electromagnetic radiation
[21, 26]. The importance of the eective temperature in a star is stressed by the issue
that the eective temperature and the bolometric luminosity are the two fundamental
physical parameters needed to place a star on the HertzsprungRussell diagram [21, 26].
Both eective temperature and bolometric luminosity actually depend on the chemical
composition of a star, see again [21, 26].
Further, in analogy with the eective temperature, one can dene the
and the

eective horizon radius
ME = M −

eective mass

as [16], [21] - [25]

ω
2

and

rE = 2ME = 2M − ω.

(12)

Note that these eective quantities are nothing but the average value of the corresponding
quantities before (initial) and after (nal) the particle emission (i.e.,

M − ω ; ri = 2Mi

and

rf = 2Mf )

[16], [21] - [25]. Accordingly,

TE

Mi = M , Mf =

is the inverse of the

average value of the inverses of the initial and nal Hawking temperatures [16], [21] [25]. Hence, there is a discrete character (in time) of the Hawking temperature. Thus,
the eective temperature may be interpreted as the Hawking temperature

during

the

emission of the particle [16], [21] - [25].
Hawking's periodicity argument [27, 28], which enables to derive a corresponding line
element from a corrected temperature, has been used in [16, 17] to obtain the

eective
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Schwarzschild line element
ds2E = −(1 −

2ME 2
dr2
)dt +
+ r2 (sin2 θdφ2 + dθ2 ),
2ME
r
1− r

which takes into account the BH

dynamical

(13)

geometry during the emission of the particle.

The BH eective state has been recently used one of us (C. Corda), in an important
series of papers [21], [29] - [33] which improved the pioneering works [21, 22], to discuss a
connection between Hawking radiation and the BH quasi-normal modes (QNMs) which
is important in the route to quantize gravity because one can naturally interpret the BH
QNMs in terms of quantum levels. Such a model of quantum BH is somewhat similar
to the historical semi-classical model of the structure of a hydrogen atom introduced by
Bohr in 1913 [34, 35]. In a certain sense, the BH QNMs "triggered" by Hawking quanta
represent the "electron" which jumps from a level to another one and the absolute values
of the QNMs frequencies represent the energy "shells" [21], [29] - [33]. In Bohr model
electrons can only gain and lose energy by jumping from one allowed energy shell to
another, absorbing or emitting radiation with an energy dierence of the levels according
to the Planck relation
frequency.

E = hf,

where h is the Planck constant and f the transition

In the Bohr-like BH model of [21], [29] - [33], the the BH QNMs can only

gain and lose energy by jumping from one allowed energy shell to another, absorbing
or emitting radiation (emitted radiation is given by Hawking quanta) with an energy
dierence of the levels according to eq. (12) of [29]. The similarity is completed if one
notes that the interpretation of a QNM is of a particle, the "electron ", quantized on a
circle of length inversely proportional to the introduced eective temperature [21], [29] [33]. Another important result on this issue [21], proposes a new, independent solution
to the BH information paradox. In fact, the time evolution of the model is governed by
a time dependent Schrodinger equation for the system composed by Hawking radiation
and BH QNMs. The physical state and the correspondent wave function are written in
terms of an unitary evolution matrix instead of a density matrix [21].

Thus, the nal

state results to be a pure quantum state instead of a mixed one while emitted energies
result entangled with BH QNMs [21].
Through the introduction of the above discussed BH eective state, a non-strictly
black body spectrum from the tunnelling mechanism corresponding to the probability
of emission of an outgoing particle found by Parikh and Wilczek can be obtained [16].
The nal non-strictly thermal distributions which take into account the BH dynamical
geometry are [16, 21, 29]

< n >boson =

1
exp[4π(2M −ω)ω]−1
(14)

< n >f ermion =

1
.
exp[4π(2M −ω)ω]+1

Another intriguing result of the Bohr-like BH model in [21], [29] - [33] is that, although in
general it is well approximated by 1, the pre-factor of the Parikh and Wilczek probability
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if one assumes the unitarity

of the BH quantum evaporation [29]. In that case, it has been rigorously shown in [29]
that the correct value of the pre-factor in eq. (8) is

α ≡ αn =

1 − exp [−2π]
,
1 − exp [−2π (nmax − n + 1)]

(15)

nmax = 2(M 2 − 1)

(16)

where [29]

is the maximum value of the principal quantum number

n,

see [29] for details. Thus, eq.

(8) is replaced by

{
Γ=

1 − exp [−2π]
1 − exp [−2π (nmax − n + 1)]

}
exp[−

ω
ω
(1 −
)],
TH
2M

(17)

which, together with eqs. (14) nalizes the analysis of [9, 10].
Now, we further modify the eective temperature by incorporating the GUP correction
to the Hawking temperature of eq. (4). As a result, the quantum physics of BHs will
be further modied. In fact, following [16, 17], one can again use Hawking's periodicity
argument [27, 28] to modify the metric as follows. The euclidean form of the line element
will be given by

[ (GU P ) ]2
ds
= x2
which is regular at

β

(GU P )

(ω)

[

dτ
(
4M 1 −

x=0

and

]2
ω
2M

)

(
+

)2

r
r(GU P )

dx2 + r2 (sin2 θdφ2 + dθ2 ),

(18)

r = r(GU P ) . τ

is treated as an angular variable with period
∑ βi
ω
[16, 17, 28]. Replacing the quantity
i M 2i in [28] with the quantity − 2M , if

one follows step by step the detailed analysis in [28] at the end one easily gets the

modied Schwarzschild line element, which takes the form

[ (GU P ) ]2
2M (GU P ) 2
dr2
ds
= −(1 −
)dt +
+ r2 (sin2 θdφ2 + dθ2 ).
(GU P )
r
1 − 2M r
By recalling that

surface gravity

κ≡

1
is the BH surface gravity, one can introduce the
4M

κ(GU P ) ≡

1
4M (GU P )

,

GUP

(19)

GUP modied
(20)

that, using eq. (5) becomes

κ(GU P ) =
Eq. (19) enables one to dene the

(GU P )

TE

(ω) ≡

[
1−

α
8πM

+5
4M

(

)2
α
8πM

]
.

(21)

GUP corrected eective temperature

1
2M (GU P )
(GU P )
TH
=
,
(GU
P
)
(GU
2M
−ω
4π(2M P ) − ω)

(22)
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GUP corrected eective Boltzmann factor
(GU P )

βE
and the

GUP corrected eective mass
(GU P )

ME

ω
= M (GU P ) −
2

1

(ω) ≡

(23)

(GU P )
TE
(ω)

eective horizon

and

(GU P )

and

rE

radius

(GU P )

= 2ME

= 2M (GU P ) − ω.

(24)

We will use again Hawking's periodicity argument [27, 28] following [16, 17]. Now, the
euclidean form of the metric will be given by

[
]2
(GU P )
dsE
= x2

[

dτ
(
(GU
P
)
4M
1−

]2 (
)

ω

+

2M (GU P )

)2

r
(GU P )
rE

dx2 +r2 (sin2 θdφ2 +dθ2 ),

(25)

(GU P )
which is regular at x = 0 and r = rE
. Again, τ is treated as an angular variable with
∑
(GU P )
period βE
(ω) [16, 17, 28]. Replacing the quantity i Mβi2i in [28] with the quantity
ω
− 2M (GU
P ) , if one again follows step by step the detailed analysis in [28], at the end the
is easily obtained

GUP corrected eective Schwarzschild line element

(GU P )
[
]2
2ME
dr2
(GU P )
dsE
= −(1 −
+ r2 (sin2 θdφ2 + dθ2 ).
)dt2 +
(GU P )
2ME
r
1−
r
One also easily shows that

(GU P )

rE

in eq.

(25) is the same as in eq.

(24).

(26)

Thus, the

line element of eq. (26) takes into account both the BH dynamical geometry during the
emission of the particle and the GUP correction to the Hawking temperature.
Starting from the standard Schwarzschild line element [7, 16, 17]

ds2 = −(1 −

dr2
2M 2
)dt +
+ r2 (sin2 θdφ2 + dθ2 ),
r
1 − 2M
r

(27)

the analysis in [7] permitted to write down the (normalized) physical states of the system
for bosons and fermions as [7]
1

|Ψ >boson = (1 − exp (−8πM ω)) 2

∑

(L)

n

(R)

exp (−4πnM ω) |nout > ⊗|nout >
(28)

|Ψ >f ermion = (1 + exp (−8πM ω))− 2

1

∑

(L)

n

(R)

exp (−4πnM ω) |nout > ⊗|nout > .

Hereafter we focus the analysis only on bosons. In fact, for fermions the analysis is
identical [7]. The density matrix operator of the system is [7]

ρ̂boson ≡ Ψ >boson < Ψ|boson

= (1 − exp (−8πM ω))

∑
n,m

(L)

(R)

(R)

(L)

exp [−4π(n + m)M ω] |nout > ⊗|nout >< mout |⊗ < mout |.
(29)
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If one traces out the ingoing modes, the density matrix for the outgoing (right) modes
reads [7]

(R)

ρ̂boson = (1 − exp (−8πM ω))

∑

(R)

(R)

exp (−8πnM ω) |nout >< nout |.

(30)

n
This implies that the average number of particles detected at innity is [7]

[
]
(R)
< n >boson = tr n̂ρ̂boson =

1
,
exp (8πM ω) − 1

(31)

where the trace has been taken over all the eigenstates and the nal result has been
obtained through a bit of algebra, see [7] for details. The result of eq. (31) is the well
known Bose-Einstein distribution. A similar analysis works also for fermions [7], and one
easily gets the well known Fermi-Dirac distribution

< n >f ermion =

1
.
exp (8πM ω) + 1

(32)

Both the distributions correspond to a black body spectrum with the Hawking temper1
ature TH =
. On the other hand, if one follows step by step the analysis in [7],
8πM
but starting from the GUP corrected eective Schwarzschild line element (26) at the end
obtains the correct physical states for boson and fermions as

(

|Ψ >boson = 1 − exp

(

(GU P )
−8πME
ω

)) 12 ∑

(
)
(GU P )
(L)
(R)
exp
−4πnM
ω
|nout > ⊗|nout >
E
n

(
)
(
(
))− 21 ∑
(GU P )
(L)
(R)
(GU P )
exp
−4πnM
ω
|nout > ⊗|nout >
|Ψ >f ermion = 1 + exp −8πME
ω
E
n
(33)
and the correct distributions as

< n >boson =

1
(
)
((GU P )
exp 8πME
ω −1

1
exp[4π (2M (GU P ) −ω )ω ]−1

=

(34)

< n >f ermion =

1
(
)
(GU P )
exp 8πME
ω +1

1
.
exp[4π (2M (GU P ) −ω )ω ]+1

=

Using eq. (5) eqs. (34) read

< n >boson =



1



exp4π 2 [

 

M

1−

(

α +5
α
8πM
8πM

)

2

] −ω ω −1

(35)

< n >f ermion =



1



exp4π 2 [
1−

 

M

(

α +5
α
8πM
8πM

2

)

] −ω ω +1

,
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which take into account both the BH dynamical geometry during the emission of the
particle and the GUP correction to the Hawking temperature.

α=0

We note that setting

in eqs. (35) we nd the results in [16], i.e. eqs. (14). In fact, in [16] only the BH

dynamical geometry was taken into account. Here, we further improved the analysis by
taking into account also the GUP correction to the Hawking temperature.

Concluding remarks
Considering the results in the recent work [2], which have shown that the existence of a
minimal length and the subsequent existence of a GUP modies the Hawking temperature
of BHs, in the present paper we modied the BH eective state. By using Hawking's periodicity arguments [16, 17, 27, 28], we derived the corresponding GUP corrected eective
metric. The important result is that we obtained further corrections to the non-strictly
thermal BH radiation spectrum as the nal distributions take into account both the BH
dynamical geometry during the emission of the particle and the GUP correction to the
Hawking temperature.
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1

Introduction

On the occasion of de Broglies ninetieth birthday, John Bell wrote in 1982: “But in 1952
I saw the impossible done. It was in papers by David Bohm. Bohm showed explicitly how
parameters could indeed be introduced, into non-relativistic wave mechanics, with the
help of which the indeterministic description could be transformed into a deterministic
one. More importantly, in my opinion, the subjectivity of the orthodox version, the
necessary reference to the “observer”, could be eliminated” [1].
With these words, Bell gave start to that “experimental metaphysics” [2] based on the
systematic exploration of entanglement processes as well as the new territories of quantum
information. All that also implied a greater and greater theoretical and experimental
consideration of Bohms version [3, 4, 5], in particular of the central role of the quantum
∗
†
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Email: spacelife.institute@gmail.com
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potential, which allows an elegant understanding of non-locality.
Since their first consideration, Bell inequalities have become a complex matter (and a
PACS number!) because entanglement processes crucially depend on the characteristics of
the correlated systems and on the influence of the environment [6]. According to current
research, there exist diﬀerent versions of the quantum entropy and consequently diﬀerent
entropies associated with the quantum potential (see, for a review [3]). In particular,
Bohms potential as shown in [7, 8] can be considered, following Hiley, a source of active
information whose geometric counterpart indicates a departure from the classical case.
Although a more robust formulation of non-locality in terms of quantum field theory has
to be developed yet, this entropic reading of the quantum potential allows us to compare
the geometries of the Bohm trajectories and the Feynman paths and to connect them
to the microstates of the quantum entropy [9]. In this work we take into consideration
the entanglement between two quantum rotors (for example, two qbits). Our analysis is
based on the role of entropy linked to the quantum potential modifications. We propose
a new quantity, the Bell Length, as an indicator of the strength of a non local quantum
correlation. In chapter 2 we adopt a definition of quantum entropy and we analyze the
underlying informational geometry. In chapter 3 we define a new quantum correlation
entropic length ( Bell Length) measuring the degree of the non-local correlations in a
quantum system. After analyzing in chapter 4 the well-positive nature of Bell Length
and its dependence on coordinates in the case of quantum harmonic oscillator, in chapter 5
we apply the Bell Length to the problem of quantum rotors. In chapter 6 we propose some
perspectives introduced by the Bell length in the analysis of spin-spin correlations in an
entangled qubit pair. Finally, in chapter 7 we study an appropriate entropic generalization
of Bell-CHSH inequalities.

2

A Quantum Counterpart of a Boltzmann-type Entropy

In a series of recent works [10, 11, 3] it has been highlighted the utility of a quantum
counterpart of a Boltzmann-type entropy:
1
SQ = − ln ρ,
2

(1)

where ρ = |ψ (⃗x, t)|2 is the probability density associated with the wave function ψ (⃗x, t)
of the physical system. The quantum entropy (1) can be interpreted as the physical
entity that describes the correlation degree of the Bohmian trajectories in the density
distribution ρ. Starting from the quantum entropy (1), the quantum potential can be
expressed as
h̄2
h̄2 ( 2 )
Q=−
(∇SQ )2 +
∇ SQ ,
(2)
2m
2m
i.e. it emerges as an information channel given by the sum of two quantum correctors
linked to the quantum entropy. In fact, the two Bohmian equations of motion deriving
from the decomposition of the Schrdinger equation describing the motion of the corpuscle
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associated with the wave function and the continuity equation, respectively become
|∇S|2
h̄2
h̄2 ( 2 )
∂S
2
−
(∇SQ ) + V +
∇ SQ = −
2m
2m
2m
∂t

(3)

and

∂SQ
1
= − (⃗v · ∇SQ ) + ∇ · ⃗v
(4)
∂t
2
h̄2
Equation (3) provides an energy conservation law in which the term − 2m
(∇SQ )2 can
2

of the particle while
be interpreted as the quantum corrector of the kinetic energy |∇S|
2m
h̄2
2
the term 2m (∇ SQ ) can be interpreted as the quantum corrector of the potential energy
V. On the basis of equations (2), (3) and (4), the quantum entropy emerges just as
the informational line of the quantum potential, so describing the deformation of the
geometry in the presence of quantum eﬀects. We note that the logarithmic form of (1)
“exalts” the correlations between “trajectories” or informational lines, which is exactly
what it is expected from an entropy.

3

The Entropic Bell Length

The geometrical properties of the configuration space associated with the quantum entropy can be also characterized by introducing a quantum-entropic length given by the
relation:
1
(5)
Lquantum = √
2
2
(∇SQ ) − ∇ SQ
Let us now consider the origin and the physical meaning of this quantity. In the papers
[12, 7] it has been suggested that it is possible to reinterpret quantum mechanics as a
manifestation of a noneuclidean breaking with respect to classical physics, and a variational principle has been used in order to obtain a geometrical interpretation of quantum
phenomena. In the picture of the Weyl geometry, Novello, Salim and Falciano pointed
out that the Bohmian quantum potential can be identified with the curvature scalar of
the Weyl integrable space. The fundamental equation of Novellos, Salims and Falcianos
approach is
1
h̄2 ∇2 Ω
∂S
+
∇S · ∇S + V −
=0
(6)
∂t
2m
2m Ω
2
where the scalar function Ω is linked to the curvature through the relation R = 8 ∇ΩΩ .
If one identifies the scalar function Ω with the amplitude of the wave function, equation
(6) is analogous to the quantum Hamilton-Jacobi equation of de Broglie-Bohm. The
quantum potential is identified with the curvature scalar in Weyl geometry, namely
h̄2 ∇2 Ω
(7)
Q=−
2m Ω
In this model, the inverse square root of the curvature scalar defines a typical length
(Weyl length) which can be used to provide a measure of the strength of quantum eﬀects
1
LW = √ ,
R

(8)
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in other words the quantity
LW = √

1

(9)

∇2 Ω
Ω

is the quantum length.
Taking into account the equivalence between the fundamental equation (6), based on
Weyl integrable space, and the fundamental quantum Hamilton-Jacobi equation (3), one
obtains:
[
] ∇2 Ω
(∇SQ )2 − ∇2 SQ =
.
(10)
Ω
Therefore, the quantum length (8) (or (9), that is the same) may be written as
Lquantum = √

1
(∇SQ ) −
2

(11)
∇2 S

Q

and it depends on the quantum entropy (1). According to equation (5), the quantum
entropy may be considered as the ultimate visiting card of the quantum length (9).
Relation (8) defines a quantum length that can be used to evaluate the strength of
quantum eﬀects by Weyl Geometry. In this picture, Heisenberg’s uncertainty principle
derives from the fact that we are unable to perform a classical measurement to distances
smaller than the quantum length (8). By expressing the quantum length (8) in the form
(5), in function of the entropy, this relation tells us something about the quantum system
dynamics. In fact, the presence of the two quantum correctors of the energy seems to
suggest that (5) is an indicator of non-local correlation. The maximum value of (5)
is obtained for Lmax
quantum = 1, which corresponds to the maximum de-localization of a
quantum system, that’s why the quantity (5) can be called Bell length, in honour of John
S. Bell (1928-1990).

4

About the Dependence of the Bell Length on the Coordinates
and its Physical Meaning

At first glance, the (5) could evoke an idea of “ultraviolet catastrophe”. At second
glance, indeed, the more general (2) let us see that when the quantum potential is “oﬀ”
( classical case), the problem doesnt exist. In particular, by using the Novello, Salim
and Falciano model of the quantum potential in terms of the Weyl curvature scalar, the
entropic Bell length (5) is equivalent to the geometric length (9), so the denominator can
become zero only in the classical case. The denominator of the quantum length (9) may
2
be equal to zero only if ∇ΩΩ = 0 namely ∇2 Ω = 0 and this corresponds, even here, to
the classical case! This confirms that in EPR-like situations, the stronger the non-local
correlation between two particles will be, the bigger the departure of distribution of the
results from the classical one will be. This means that the quantum-entropic length (5)
and the quantum length (9) can be considered as consistent and valid measures of the
geometrical properties of a quantum system.
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However, because the wave function depends on coordinates, also the Bell length
depends on them. So we expect some supplementary conditions in order to guarantee its
positive definite nature.
This property of the Bell length (5) can be clearly realized by considering, for example, the one-dimensional harmonic oscillator, with the potential V = 12 mω 2 x2 . In
this particular case, the quantum Hamilton-Jacobi equation of de Broglie-Bohm theory
assumes the form
(
)
∂S
1
h̄2 ∇2 R1
1
2
+
(∇S1 ) −
+ mω 2 x2 = 0,
(12)
∂t
2m
2m
R1
2
the stationary states are given by C (t) = un (x) e−iEn t/h̄ (where un (x) are real functions
(
)
proportional to Hermite polynomials and En = n + 12 h̄ω, n=0,1,2, is the quantum
number associated with each stationary state and the corresponding quantum potential
is
(
)
1
1
Q= n+
h̄ω − mω 2 x2
(13)
2
2
namely

[
)
]
(
1 2 2 2
h̄2
1 m
Q=−
ω
m ω x − n+
2m 2h̄2
2 h̄

(14)

By comparing equations (13) and (2) one obtains
1 2 2 2
mω x
2h̄2

(15)

(
)
1 m
∇ SQ = n +
ω.
2 h̄

(16)

(∇SQ )2 =
and

2

The geometrical properties of the configuration space can be characterized by introducing
the quantum-entropic length given by the relation
Lquantum = √

1
1
m2 ω 2 x2
2h̄2

.
(
)
− n + 21 mω
h̄

(17)

(
)
2h̄
The quantum-entropic length (17) turns out to be positive definite for x ≥ mω
n + 12
(which can be considered as its existence condition).
However, one can show here that the interval where the quantum-entropic length of
the one-dimensional harmonic oscillator is positive definite actually covers all the physically relevant values of the coordinate x, in other words the Bell length of the onedimensional harmonic oscillator is always positive definite in all the significant intervals
for the coordinate x. In order to show this result, to be more explicit, let us consider a
non-dispersive Gaussian-shaped packet given by the following superposition of the stationary wave-functions [13]:
ψ (x, t) =

∞
∑
n=0

An un (x) e−iEn t/h̄

(18)
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where
An = (mω/h̄)n/2 an (2n n!)−1/2 e−mωa
In this case the quantum state is

2 /4h̄

.

(19)

{

ψ (x, t) = (mω/πh̄)1/4 exp

− (mω/2h̄) (x − a cos ωt)2

[
(
)] }
i
1 2
−
ωt + (mω/h̄) 2ax sin ωt − a sin 2ωt
2
2

(20)

which represents a Gaussian packet centred around x = a at t = 0 with half-width
( h̄ )1/2
σ0 = 2mω
.
The amplitude function of the state (20) is
{
}
R (x, t) = (mω/πh̄)1/4 exp − (mω/2h̄) (x − a cos ωt)2
(21)
and thus the density is
{
}
ρ (x, t) = (mω/πh̄)1/2 exp −2 (mω/2h̄) (x − a cos ωt)2 .

(22)

The density of the ensemble of particles (22) describing the harmonic oscillator determines
a deformation of the configuration space geometry described by a quantum entropy given
by the relation
]
{
1 [
1/2
2}
(23)
SQ = − ln (mω/πh̄) exp −2 (mω/2h̄) (x − a cos ωt)
2
namely

] mω
1 [
SQ = − ln (mω/πh̄)1/2 +
(x − a cos ωt)2 .
4
2h̄
In this situation, the quantum potential (13) becomes
[
)2 mω ]
h̄2 ( mω
Q=−
(x − a cos ωt) −
2m
h̄
h̄

(24)

(25)

and thus the Bell length (17) may be written as
Lquantum = √(
mω
h̄

1
(x − a cos ωt)

)2

.
−

(26)

mω
h̄

Equation (26) shows clearly that the Bell length of the harmonic oscillator explicitly
depends on the coordinate x. The quantum-entropic length (26) turns out to be positive
definite if the coordinate x satisfies the conditions
√
√
h̄
h̄
x ≤ a cos ωt −
or x ≥ a cos ωt +
,
(27)
mω
mω
which can be considered as its existence conditions. Here, one can easily see that the
intervals (27) cover all the physically relevant values of the coordinate x for the wave
function (20).
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The intervals (27) practically indicate that the coordinate x√cannot approach value
h̄
a cos ω t (the classical value) for a distance less than the quantity mω
, which can be seen
as a quantum corrector to the classical value. In the attempt to find an interpretation of
this quantum corrector, it is convenient to express it in the form:
√

h̄
1√
=
λλc
mω
2π

(28)

h̄
is the Compton wave-length associated with the particle of mass m . If
where λc = mc
we consider this length as the physically minimum significant distance in the quantum
domain, we can assume that λ has to satisfy the inequality λ ≥ λc . In particular, if we
take into consideration the minimal case in which λ = λc we obtain immediately that the
λc
quantum corrector (28) reduces to 2π
.
The quantity (28) represents a sort of measure of the average amplitude of the quantum fluctuations around the classical solution a cos ω t. As a consequence, one can say
that it is not possible to approach the classical solution a cos ω t more than it is expected
by the average amplitude (28) because of the uncertainty relations. In other words the
quantity (28) measuring the average amplitude of the quantum fluctuations around the
classical solution is directly related to the uncertainty in the measure of the position.
√ In

this regard, on the basis of Heisenbergs uncertainty principle by expressing ∆p as
and introducing equation (28), one easily obtains
1
2π

√

h̄ω
m

h̄ω √
λλc ≥ h̄
m

(29)

4π 2 h̄m
ωλc

(30)

which yields
λ≥
namely
4π 2 h̄m
.
λω ≥
λc

(31)

Equation (31) can be considered as a new version of the uncertainty relation, in terms
of frequency and wavelength, applied to the one-dimensional harmonic oscillator in the
approach based on the Bell length (26). In particular, in the minimal case in which λ = λc
the inequality (31) implies
ω≥

4π 2 h̄m
.
λc 2

(32)

Roughly speaking, such further condition on the semi-classical value means that the
Heisenberg Uncertainty Principle is not just a vagueness on classical values, but indicates
a specific and irreducible role of non-locality. Finally, it is that the authentic meaning of
Bell Length.
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The Quantum Rotator

As shown in the papers [14-16], quantum entanglement of a qubit pair of spin particles
can be described by building an analogy between the quantum treatment of a rigid rotator
and a typical system with spin and by studying the behaviour of the quantum potential,
which is a formidable instrument of visualization as well as a very simple way to express
globally the non-local aspects of the system. As usual, the wave function of such system is
ψ = ReiS , where R (ξ) and S (ξ) are real functions of Euler angles ξ = (α, β, γ) specifying
the orientation of a rigid body.
⃗ is given by a real three-dimensional vector:
The angular momentum M
⃗ = iM
⃗ˆ S.
M

(33)

The dynamics of the spherically symmetric rigid rotor is determined by the HamiltonJacobi-type equations with an additional quantum potential Q, namely
2
⃗ˆ
M
Ĥ =
+ Q,
2I

(34)

where

2
⃗ˆ R
M
Q=
(35)
2IR
is the quantum potential, I is the moment of inertia. The quantum potential (35) generates a quantum torque
⃗ˆ Q
T⃗ = −iM
(36)

which rotates the angular momentum vector via the equation of motion
⃗
dM
= T⃗
dt
along the trajectory ξ (t).
The quantum potential (35) may be written as
( 2 )]
[
1 ( ⃗ˆ )2
⃗ˆ SQ
Q=
M SQ − M
2I

(37)

(38)

With respect to equation (2) the interplay of the trajectories density distribution in the
element d3 ζ along the trajectory ξ (t) is here complicated by the presence of the angular
momentum. The deformation of the configuration space is given by a quantum torque
which has the following expression in terms of the entropy (1):
[(
)2 ( 2 )]
i
ˆ
⃗ SQ − M
⃗ˆ SQ M
⃗.
T⃗ = −
M
(39)
2I
From equation (39) one obtains the following equation of motion for the angular momentum:
[
( 2 )]
⃗
dM
i ( ⃗ˆ )2
⃗ˆ SQ M
⃗
=−
M SQ − M
(40)
dt
2I
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along the trajectory ξ (t).
In this case the Bell de-localization length is given by:
Lquantum = √
1
2I

1
.
(( 2 ) (
)2 )
⃗ˆ SQ
⃗ˆ SQ − M
M

(41)

Once the Bell length (41) becomes non-negligible the rigid rotator goes into a quantum
regime.

6

Two Q-bit System Correlations

In order to analyse a two qubit system, let us start by considering the usual wave function:
|ψ⟩ = cos

ϑ
ϑ
|↑↓⟩ + eiϕ sin |↓↑⟩
2
2

(42)

where |↑↓⟩ corresponds to the state of the system when the first qubit is in the up state,
namely in the direction of the z-axis, and the second qubit is in the down state, while
|↓↑⟩ corresponds to the state of the system when the first qubit is in the down state and
the second qubit is in the up state.
In a Bohmian framework [17] the guiding wave function
ϑ
ϑ
ψ (ξ) = cos u↑ (ξ1 ) u↓ (ξ2 ) + eiϕ sin u↓ (ξ1 ) u↑ (ξ2 )
2
2

(43)

is given in a six-dimensional space ξ = {ξ1 , ξ2 }, where ξ1 , ξ2 are the coordinates of the
two rotators . The Hamiltonian for this system is:
H=

⃗ 12 + M
⃗ 22
M
+Q
2I
(

where

(44)

)
M̂12 + M̂22 R

(45)
2IR
is the quantum potential. By using the entropy (1), the quantum potential (45) may be
expressed as
[
)2 (
)2 ( 2 ) ( 2 )]
1 ( ⃗ˆ
ˆ
⃗ˆ 2 SQ .
⃗ 2 SQ − M
⃗ˆ 1 SQ − M
Q=
(46)
M1 SQ + M
2I
Q=

Moreover, the deformation of the geometry associated with the entangled qubit pair can
be described by the following Bell length:
Lquantum = √
1
2I

1
(( 2 ) (
)2 )
)2 ( 2 ) (
ˆ
ˆ
ˆ
ˆ
⃗ 2 SQ
⃗ 1 SQ + M
⃗ 2 SQ − M
⃗ 1 SQ − M
M

(47)
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and can be seen as a consequence of the fact that the quantum entropy generates the
quantum torques
[
)2 (
)2 ( 2 ) ( 2 )]
i ( ⃗ˆ
ˆ
⃗
⃗
⃗ˆ 1 SQ − M
⃗ˆ 2 SQ M
⃗1
T1 = −
M 1 SQ + M 2 SQ − M
(48)
2I
and

[(
)2 (
)2 ( 2 ) ( 2 )]
i
ˆ
ˆ
⃗ 1 SQ + M
⃗ 2 SQ − M
⃗ˆ 1 SQ − M
⃗ˆ 2 SQ M
⃗ 2.
T⃗2 = −
M
2I

(49)

The total angular momentum projection M1z + M2z of the entangled qubit pair is zero
while the angular momenta due to the action of the non-local quantum potential (45) and
the corresponding quantum torques (48) and (49) exhibit a complex precessional motion.
In the paper [17] Ramsak shows that two relevant quantities which characterize in
numerical terms the entanglement are the probability distribution
∫
dP (φ)
= δ [φ − φ (ξ)] R2 (ξ) dξ
(50)
dφ
of the ensemble average diﬀerence of azhimutal angles φ [ξ (t)] = φ2 − φ1 and the proba⟨cos(φ−ϕ)⟩
. The probability distribution (50) is
bility distribution of the average cosine dP
d⟨cos(φ−ϕ)⟩
constant for unentangled qubits while grows with increasing entanglement. The probabil⟨cos(φ−ϕ)⟩
ity distribution of the average cosine dP
ranges from zero for unentangled quibits
d⟨cos(φ−ϕ)⟩
to unity for maximal entanglement. In particular, in the entropic approach here proposed,
the peaking of the probability distribution (50) is linked with the precessional motion of
the quantum torques (48) and (49) and corresponds itself to the maximum value of the
Bell length (47). In the light of the probability distribution of the average cosine, one can
also introduce here another relevant parameter characterizing the entanglement defined
by relation
CB = 2 ⟨ψ| T⃗1 · T⃗2 |ψ⟩ = |sin ϑ| .
(51)
In fact, for CB → 1 there is the maximum correlation between the two qubits, whilst for
CB → 0 the entanglement tends to disappear.

7

The Bell length as Non-Local Correlation

Let us analyse in detail in what sense the Bell length (47) of an entangled two qubits
system provides a measure of the correlation between the two qubits. We will follow and
deepen our analysis delineated in [18;19].
In this regard, Hall [20] recently suggested a qubit quantum correlation distance which
also provides a direct entanglement criterion given by the relation
√
C (ρAB ) > 2 (1 − T r [ρ2A ]) (1 − T r [ρ2B ])
(52)
(where ρAB is the joint density operator, ρA is the density operator of the first qubit, ρB
is the density operator of the second qubit) which leads to the following lower bound for
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the quantum mutual information shared by the two qubits A and B


)
(


1+C(ρAB ) 1−C(ρAB )


log
2
−
H
,
, C (ρAB ) ≤ 0, 72654

2
2


I (ρAB ) ≥

(
)


C(ρAB ) 1
C(ρAB ) 1
C(ρAB ) 1
C(ρAB )

1

log
4
−
H
+
,
−
,
−
,
−
, C (ρAB ) > 0, 72654

4
2
4
6
4
6
4
6


(53)
(where H is the Shannon entropy of the probability distribution of the system of the two
qubits under consideration) and showed that the lower bound of the quantum correlation
distance (52) simulates a Bell inequality violation. Here, the correlation between the
two qubits is the Bell length (47), which indeed plays the role of Halls quantum correlation distance (52). By using equation (52) and taking into account that, in terms of
quantum entropy,ρA = exp (−2SQA ) and ρB = exp (−2SQB ), the strong condition for the
entanglement between the two qubits here becomes
√
1
2I

√(
>2

1
(( 2 ) (
)2 ( 2 ) (
)2 )
ˆ
ˆ
ˆ
ˆ
⃗ 1 SQ − M
⃗ 1 SQ + M
⃗ 2 SQ − M
⃗ 2 SQ
M
1 − Tr

[(

(

exp −2SQA

))2 ]) (

[
])
1 − T r (exp (−2SQB ))2

(54)

which may be expressed also as
√
1
2I

1
((
)
(
)
)(
[
2
2
ˆ 2
ˆ
ˆ 2
ˆ
⃗
⃗
⃗
⃗
M 1 SQ − M 1 SQ
+ M 2 SQ − M 2 SQ
1−T r exp −2SQ
A

(

)

(

)

( (

2

))

])(
[
1−T r exp −2SQ
B

( (

2

))

]) >2.

(55)

The Bell length (47) leads us to define a tight lower bound for the quantum mutual
information shared by two qubits, which is given by the following relation:
















I(Lquantum )≥










log 4






log 2 − SQ

− SQ

(

1
4

+

(

Lquantum 1
,4
2

1+Lquantum 1−Lquantum
,
2
2

−

Lquantum 1
,4
6

−

)

, Lquantum ≤ 0, 72654

Lquantum 1
,4
6

−

Lquantum
6

)
, Lquantum > 0, 72654

(56)
here I (Lquantum ) = SQA + SQB − SQAB . For Lquantum ≤ 0, 72654 only entangled states
can reach this lower bound, while for Lquantum > 0, 72654, one obtains that only one of
the reduced states is maximally mixed. In the light of equations (54)-(56) one can say
that the Bell length (47) can be considered as the ultimate visiting card determining the
quantum correlations, in analogy with Hall’s quantum correlation distance (52).
In the entropic approach, on the basis of the usual assumptions characterizing quantum correlations (namely no signalling faster than light speed, free choice of measurement
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settings and independence of local outcomes), the standard Bell-CHSH inequalities
CHSH ≡ ⟨AB⟩ + ⟨AB ′ ⟩ + ⟨A′ B⟩ − ⟨A′ B ′ ⟩ ≤ 2

(57)

where A and B are of course two random-valued variables with values ±1 ,can be generalized as
4
⟨AB⟩ + ⟨AB ′ ⟩ + ⟨A′ B⟩ − ⟨A′ B ′ ⟩ ≤
(58)
max
2 − Lquantum
where Lmax
quantum is the maximum value of the Bell length for all A and B. The relation
(58) leads to introduce an entropic length Bell inequality of the form
CHSHentropic ≤ 0

(59)

where
CHSHentropic ≡ ⟨AB⟩ + ⟨AB ′ ⟩ + ⟨A′ B⟩ − ⟨A′ B ′ ⟩ −

4
2−

Lmax
quantum

.

(60)

In correspondence to this entropic length Bell inequality (59), the observers share a
minimum mutual information of
(
)
)
(
max
1 + Lmax
2 + 3V 2 − V
quantum 1 − Lquantum
Imin = log 2 − SQ
,
≥ log 2 − SQ
,
. (61)
2
2
4 + 2V 4 + 2V
for some V > 0, where
Lmax
quantum ≥

2V
.
2+V

(62)

The mutual information (61) reduces to zero in the limit of no violation of Bell inequality,
i.e. when V=0, and reaches a maximum of 1 bit of information in the limit of the
maximum possible violation, V=2, namely for Lmax
quantum = 1, which is the limit value of
the Bell length, beyond which the de-correlation between the two qubits begins.
The violation of the entropic length Bell inequality (59) essentially coincides with the
one of the standard CHSH inequality. When V=0, there is no violation of the Bell inequality, and the mutual information becomes equal to 0. When V=2, namely Lmax
quantum = 1,
one obtains the maximal violation of the entropic length Bell inequality (59), which corresponds to the maximum value of 1 bit of the mutual information (61). As regards the
entangled state (42), this maximal violation of (59) is obtained for ϑ = π2 , on which one
gets CHSHentropic ≈ +0, 237. For other values of ϑ, the maximal violation of (59) when
optimized over the measurements, is characterized by the exact same features as for the
standard Bell-CHSH inequality (57). However, it must be emphasized that, in general,
for the standard Bell-CHSH scenario, the violation of the standard inequality (57) is a
necessary but not suﬃcient condition for the violation of (66). An important merit of
the entropic length Bell inequality (59) is to derive directly its degrees of violations from
the diﬀerent values of the Bell length: in this approach, diﬀerent types of non-local correlations exist as a consequence of diﬀerent values of the Bell length, in agreement with
the recent proposal that all entangled quantum states are non-local [21].
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Conclusions

In 1964 John Stewart Bell, by following David Bohms footsteps, showed that nonlocality
is not an unexpected host, but is rather the keystone of the quantum world [1]. Today,
half a century since from then, that theoretical debate is the fundamental guide for the
exploration of quantum information [6].
In this work we have taken into consideration the quantum correlation between two
qubits in a Bohmian framework, in particular we have focused our attention towards the
entropic aspects of the quantum potential expressed by equation (2). Bohms quantum
potential oﬀers a vivid image of the informational configuration of a quantum system
through the trajectories. From the analysis of the quantum correctors in equation (2),
it is possible to derive a characteristic length of entanglement phenomena expressed by
the general equation (5) for non-relativistic quantum mechanics and by equation (41) in
the case of the quantum torques which measures the range of a quantum informational
gradient, or the maximum degree of de-localization of a system. We have entitled this
measure of non-local eﬀects to J. S. Bell.
The maximum correlation in the two qubits system described by the general state
(42), is determined by the limit value 1 of the Bell length. On the other hand, the
maximum degree of entanglement corresponds also to the limit value 1 of the probability
distribution of the average cosine (53) (or (54), that is the same). This implies that
there is a fundamental link between the Bell length and the probability distribution of
the average cosine (53). In particular, on the basis of equation (54), one can say that
the peaking of the entanglement corresponding to the maximum value of the Bell length
Lmax
quantum = 1 is associated with the precessional motion of the quantum torques (48)
and (49). In other words, one can say that the geometrical properties associated with
the quantum potential (46), expressed by the Bell length (47), generate the quantum
torques (48) and (49) whose precessional motions lead to a peaking of the probability
distribution (59) of the ensemble average diﬀerence of azimuthal angles in correspondence
of the maximum value of the Bell length Lmax
quantum = 1. Finally, through the Bell length it
is possible to introduce a generalization of Bell inequalities, which takes explicitly account
of the physical complexity of the interplay between information and entropy in a quantum
system.
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1

Introduction

The notion of particle mass, especially for neutrino, is an actual problem of particle
physics where neutrinos have been a field of wide studies [1, 2, 3]. In the standard model
of the particle physics (SM), the neutrinos were considered as massless fermions. However experimental and theoretical research, mostly in the second half of the 20th century,
brought arguments in favor of the possibility that the neutrino has a non-zero (though
tiny) mass. First, the neutrinos were found to be of several types – flavors – electron flavor e, (first detected by Cowan and Reines, 1956) [4], muon flavor µ (Lederman, Schwartz
and Steinberger, 1962) [5], and tauon flavor τ (1975). (There is an ongoing research and
a dispute on whether a fourth type, so-called sterile neutrino exists, first indications of
it reported in 2007 [6].) The probability of detecting a particular neutrino flavor varies
periodically during its flight, phenomenon called flavor oscillation. After being predicted
first by B. Pontecorvo in 1957 [7], this oscillation has been observed in many experiments
with diﬀerent neutrino sources. Indeed, evidences of neutrino oscillations have been recently confirmed implying the non-zero neutrino masses [8, 9, 10, 11, 12, 13]. These
oscillations seem to find a good explanation in that one and the same flavor state is a
∗
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quantum superposition of diﬀerent energy states. Those diﬀerent energy states, actually,
hint about non-zero (though tiny) diﬀerent neutrino masses [8, 9, 10]. That makes the
behavior of the neutrinos during their propagation, an important tool for investigating
various issues beyond the SM [11, 12, 13].
It is well known that the special relativity implies that the lifetime of an unstable system
according to a coordinate frame in which the system moves, is longer than that the lifetime of the same system according to a coordinate frame in which the system is at rest,
by the relativistic factor 2 [14, 15, 16, 17]. However, the internal dynamics of a system
doesn’t depend on the velocity of its centre of mass with respect to the observer. These
principles are going in the text below.
In what follows, motivated by the very recently confirmed tiny neutrino masses, we start
with a brief review of the quantum mechanical treatment of a neutrino in the presumed
rest frame, then we extend that treatment to the relativistic motion, and finally we show
that a usual relativistic eﬀects emerges. It is worth mentioning that neutrinos generated
in a weak interaction processes are intially in a flavour eigenstate [18], and in this text
we consider neutrinos which intially have a well-defined flavour.

2

The flavor state as a superposition of rest-mass states

f
Let’s therefore denote by υ−
→
v

⟩

the state of a neutrino υ of a neutrino with defined,
⟩
f
−
f = e, µ, τ, and in movement with a velocity →
v , and by υ−
the state of a neutrino
→
0
⟩
f
with the same flavour in the frame of coordinates in which it is a rest. A state υ−
can
→
v
⟩
→
be expanded in a quantum superposition of the eigenstate υ−
v ,m of the Hamiltonian,
⟩
⟩
b υ−
→
→
H
(1)
v ,m = E υ−
v ,m ,
→
With the energy E and linear momentum −
p of a neutrino are determined by the rest
−
→
mass m0 and the velocity v ,
→
−
→
−
p = mβ,
√
→
E= −
p + m2 .
0

(2)

Considering
√ that the relativistic mass of a particle of rest-mass m0 is m = γm0 , one has
E = m0 γ 2 β 2 + 1 =γm, s.t. the expressions 2 may have the additional form,
−
→
−
→
→
−
p = γm0 β = m β ,
E = γm0 = m.

(3)

We work here with units defined by the convention c = ~ = 1. Thus, the ratio β = v/c is numerically
equal v. The relativistic factor γ = (1 − β 2 )−1/2 .
2

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 131–138

133

⟩
→
The eigenstates υ−
v ,m are normalized to δ Dirac,
→
→
→
→
⟨υ−
v ,m | υ−
v ′ ,m′ ⟩ = δ−
v ,−
v ′ ,m,m′ .

(4)

Therefore we can write,

f
υ−
→
v

⟩
=

∑

⟩
−
→
→
Uf,∗ −
v ,m υ v ,m ,

⟩
⟩ ∑
f
→
−
→
υ−
=
U
υ
.
−
→
v ,m
f, v ,m
v

(5)

m

(6)

f

The amplitudes Uf,∗ −
are the elements of the Pontecorvo–Maki–Nakagawa–Sakata ma→
v ,m
3
trix .
−
→
→
Analogously, in the rest frame −
v = 0 , s.t. the state of a neutrino initially produced
with a determined flavor f , as said above, can be represented as,
⟩ ∑
⟩
f
∗
−
→
−
→
υ−
U
,
υ
→ =
0 ,m0
f, 0 ,m
0
0

⟩
→
=
υ−
0 ,m

m0

∑

⟩
f
→
Uf,−
υ
−
→ .
0 ,m0
0

(7)
(8)

f

The significance of the amplitude Uf,∗ −
, is that its absolute square gives the probability
→
0 ,m0
to find the mass, at a measurement in the rest frame of a neutrino of initial flavor f .

3

The flavor persistence probability of a moving neutrino

→
Now we consider a reference frame in which the neutrino moves with a fixed velocity −
v.
b
The Lorentz transformation
L applied to a neutrino of mass m0 changes the mass, and
⟩
→
since the state υ−
is an energy eigenstate, in the moving frame it becomes a plane
0 ,m0
wave.
⟩
⟩
⟩
→
→
f
i(−
p−
x −Et)
b υ−
−
→
→
υ
,
=
e
υ−
=
L
→
0 ,m0
0 ,m0
v ,m

(9)

→
with −
p and E given by either 2 or 3. Applying the Lorentz transformation on both sides
of the upper line in 6, then using the rightmost equality in 7,
⟩
⟩ ∑
→
→
f
i(−
p−
x −Et)
∗
b
−
→
→ e
υ 0 ,m0 .
Uf,−
L υ−
→ =
0 ,m
0

(10)

m0
3

Usually, it isconsidered as 3×3 matrix, however, its unitarity is not yet sure as long as it is not sure
wether the sterile neutrino -the 4th flavor flavor exist [18].
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⟩
→
Finally, for obtaining the flavor oscillations we substitute here the states υ−
0 ,m0
their expressions in the second line of 6,

⟩
⟩ ∑
→
→
f′
f
p−
x −Et)
i(−
∗
∗
b υ−
−
→
−
→
.
L
U
U
e
υ
−
→
→ =
f, 0 ,m
f ′ , 0 ,m
0
0
m0

(11)

0

,f ′

with

The amplitude of still finding the initial flavor f after a time interval t from the generation
of the neutrino, and at a distance x from the source, is
⟩
⟨
f′
f
f
υ
A
Af (t, x) = υ→
−
→ .
−
0
0

(12)

From 10 and 9 one easily gets,
Af (t, x) =

∑

2

→
Uf,∗ −
0 ,m

0

−
→−
→
x −Et

ei( p

).

(13)

m0

Thus, the probability of persistence of the flavor f is

P f (t, x) =

∑

→
Uf,∗ −
0 ,m

4
0

+4

∑
m0 ,m′0
m′0 ≻m0

m0

→
Uf,∗ −
0 ,m

2

→ ′
Uf,∗ −
0 ,m

0

0

2

−
→
→
p −−
p )−
x − (E − E ′ ) t] .
cos [(→

(14)
At this point it’s worthy to mention that according to experimental results it is unlikely
that the neutrinos with diﬀerent masses in the superposition 10 possess the same velocity
[19]. A more acceptable proposal turned to be that the particles have the same linear
momentum [19, 20]. In this case, the x-dependent term in 14 disappears.
→
It is useful in continuation to replace −
p and E with their expressions in 3,
P f (t) =

∑

→
Uf,∗ −
0 ,m

4
0

+2

m0

∑
m0 ,m′0
m′0 ≻m0

→
Uf,∗ −
0 ,m

2

0

→ ′
Uf,∗ −
0 ,m

2

0

cos [(m − m′ ) t] .

(15)

Thus, if the intensity of the neutrino of a given flavor f can be monitored in time, the
change in phases depends on the diﬀerences between the relativistic masses.
is unitary, see footnote 2, one can easily derive from the
Finally, if the matrix Uf,∗ −
→
0 ,m0
equality,
∑

→
Uf,∗ −
0 ,m

0

2

= 1,

(16)

m0

the simpler form for 15,
P (t) = 1 − 4
f

∑
m0 ,m′0
m′0 ≻m0

→
Uf,∗ −
0 ,m0

2

→ ′
Uf,∗ −
0 ,m0

[(

2

sin

2

m − m′
2

) ]
t .

(17)

−
→
→
It is interesting to compare this result with its counterpart in the rest frame −
v = 0.
There, β = 0 and γ = 1, and denoting the proper time by τ ,
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f
P−
→
0

(τ ) = 1 − 4

∑
m0 ,m′0
m′0 ≻m0

→
Uf,∗ −
0 ,m0

2

→ ′
Uf,∗ −
0 ,m0

2

[(
2

sin

m − m′
2

135

) ]
τ .

(18)

Obviously the diﬀerence between the formulas 17 and 18 is the Lorentz transformations
of the time when passing from the rest frame to a frame in which the neutrino moves.

4

Conclusion

The results 15 and 18 don’t contain terms of the form m20 /2E , which appear frequently
in the literature in the phases of the oscillations [21]. Given that the rest-masses are
extremely small, our expressions with diﬀerences between relativistic masses may be
preferable, in experiments in which the time elapsed between the generation and the
measurement of the neutrinos is short, over expressions which involve diﬀerences between
squares of rest-masses [21]. The way on which the expressions with m20 /2E are obtained
contain a couple of approximations, p ≫ m , the velocities of the neutrinos with diﬀerent
rest-masses are considered all equal and equal further with the light velocity, etc. At
least the assumption of equality of the velocities is not correct.
Also, we place a question mark over the statement in [21]: “In practice, our neutrino will
be extremely relativistic, so we will be interested in evaluating the phase factor . . . with
t ≈ L”, where t is the time in the lab frame, and x = L is the lab-frame position where
the particle is found. If the linear momentum is well-defined, the particle’s position is
undefined. It is well-known that the point where the particle is detected is just the result
of the wave-packet collapse, and doesn’t imply that the particle followed a trajectory
−
→
−
→
x = β t with β ≈ 1. Moreover, if one wishes to admit a classical trajectory, the formula
→
−
→
−
is −
x =→
x initial + β t. One has x = L the position found in the measurement, β ≈ 1, but
→
initial −
x initial is not known, s.t. t is not known.
The phenomenon of neutrino oscillations, as has been recently confirmed, still deserves
deeper investigations. It is not an easy task, because the interaction of the neutrino with
matter is so weak, that whole tanks of liquid are needed for capturing it [22]. Next, it is
not yet decided whether the sterile neutrino exists, s.t. it is not sure that the U ∗ matrix
is 3×3 and not 4×4, fact which introduces additional diﬃculty in interpreting results.
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Abstract: In this paper we endeavour to determine the energy levels of an atom by virtue of
the modified Dirac equation.(This arises from the non commutative nature of spacetime which
again arises from non-Abelian gauge theory, as argued by Iorio and Sykora in 2001)It has been
found that the energy levels contain an extra term in the expression which accounts for the
zitterbewegung eﬀects in the Compton scale. Applying our perspective to the hydrogen atom
we have been able to find the Lamb shift for the 2S 1 and 2P 1 states. This result substantiates
2
2
that a slight modification of the Dirac equation suﬃces to explain the phenomenon, where
the modification of the Dirac equation arises due to the non-commutative nature of spacetime. Besides, several other unexplained phenomena can emerge as a natural consequence of
this modification.It must be mentioned that in this Quantum Gravity like approach, the usual
Quantum Theory and QFT are low energy approximations where the squares of the Compton
wave length are neglected, as shown over the past fifteen years.
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1

Introduction

The spin- 12 nature of the electron can be naturally accommodated by the Dirac equation
([1]). This is for the point electron and a diﬀerentiable spacetime. Over the past fifteen
years, Sidharth had investigated this scenario from the point of view of fuzzy spacetime
as in Quantum Gravity approaches. In contradistinction to other authors, Sidharth had
deduced fundamentally rather than phenomenologically a modified energy-momentum
relation as
∗
†
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E 2 = p 2 + m2 − λ 2 l 2 p 4
The last term on the right hand side arises owing to the non-commutative nature of
space-time. As discussed elsewhere ([2], [3]), this leads to the following modification in
the Dirac equation for the electron:
(γ µ ∂µ + m − λlp2 )ψ = 0

(1)

where λ is a small constant ([3]-[6]) arising due to the eﬀects of non-commutative space~
time and l (= mc
) is the reduced Compton wavelength. It may be mentioned that as
α
shown previously ([7]), λ ≈ − 2π
≈ −10−3 , where α is the fine structure constant. We
now use this modification to obtain the Lamb Shift. As is well known, the Lamb shift was
observed by Lamb and Retherford ([8]) while carrying out an experiment using microwave
techniques to stimulate radio-frequency transitions between 2S1/2 and 2P1/2 levels of the
hydrogen atom. Hans Bethe ([9]) was the first person to give a precise explanation of this
phenomenon relying on Dirac’s theory and radiative corrections, thus laying the foundations of quantum electrodynamics. The contribution of Bethe, Kroll & Lamb and French
& Weisskopf ([10]) yielded the value of 2S1/2 - 2P1/2 splitting as
E(2S1/2 ) − E(2P1/2 ) ≈ 1052.1M Hz
More precise theoretical values of the Lamb shift were given by Erickson ([11]) as
1057.916 ± 0.010 M Hz
and by Mohr ([12]) as
1057.864 ± 0.014 M Hz
Again, T.A. Welton ([13]) had given a somewhat qualitative description of the Lamb shift
giving the formula for energy diﬀerence ([14]) as
∆En =

1 m
8 Z 4 α5
(ln
) δl,0
3
3π n
Zα 2

which in case of hydrogen atom (Z = 1) for n = 2 and l = 0 gives
∆En ≈ 1000M Hz
Besides, from diﬀerent perspectives, Peterman ([15]) and Karshenboim ([16]) obtained
diﬀerent values of the Lamb shift as 1057.911 ± 0.011M Hz and 1057.8576(21)M Hz respectively.
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Now, it is well known that the phenomenon of Lamb shift is caused by fluctuations of
the Zero Point Field, as indeed is (1). Let us see if we can deduce it precisely using
(1). Our approach encompasses this modified Dirac equation (1) and the Hamiltonian
concerned with it. At the same time the present approach is more general as it deduces
not only the Lamb shift, but other eﬀects also, as for example the neutrino, anti-neutrino
observed symmetry ([17]). Now, we follow Whitehead ([18]), Dirac ([19]) and other authors ([20]) to first derive a set of transformations which turn the Hamiltonian for the
system into a form that depends only on the radial variables r and pr . Then we solve the
radial equations by conventional methods and obtain the energy levels corresponding to
an atom. In the process it has been argued that the Lamb shift is connected explicitly
with the modification term of the Snyder-Sidharth Hamiltonian ([4],[5],[6]) and from our
approach the value of Lamb shift has also been obtained without relying on the features
of quantum electrodynamics.

2

The Modified Dirac Equation

The Hamiltonian of the modified Dirac equation ([2]) for electromagnetic coupling can
be written as
H = −eΦ − cα1⃗σ .(⃗p −

⃗
λlc
eA
) + α3 mc2 − α3
(⃗σ .⃗p)2
c
~

(2)

where

0


0

α1 = 

1

0


0 1 0

 

0 0 1
 0
=

0 0 0
I

1 0 0


I

0

and

1


0

α3 = 

0

0


0 0

0

 



1 0 0  I 0 
=


0 −I
0 −1 0 

0 0 −1

and α3 λlc
(⃗σ .⃗p)2 is a modification term due to the Snyder-Sidharth Hamiltonian. Also, the
~
⃗σ ’s are the extended Pauli matrices. Considering cgs units we can write for the Coulomb
potential
−eΦ = −

ze2
r
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and also
⃗=0
A
Therefore (2) can be written as
ze2
λlc
− cα1⃗σ .⃗p + α3 mc2 − α3
(⃗σ .⃗p)2
(3)
r
~
It is our objective to express (3) only in terms of the radial variables r and pr . We do
this by looking for quantities that commute with the terms of the Hamiltonian, as it has
been conventionally done ([18]-[20]). Now, using the following identities
H=−

⃗ σ .⃗p) = (L.⃗
⃗ p) + i⃗σ (L
⃗ × p⃗) = i⃗σ .(L
⃗ × p⃗)
(⃗σ .L)(⃗

⃗ = (⃗p.L)
⃗ + i⃗σ (⃗p × L)
⃗ = i⃗σ .(⃗p × L)
⃗
(⃗σ .⃗p)(⃗σ .L)

we would obtain
⃗ + ~)(⃗σ .⃗p) + (⃗σ .⃗p)(⃗σ .L
⃗ + ~) = 0
(⃗σ .L

(4)

which is an anti-commutation relation. Nonetheless, it is easy to show by virtue of equa⃗ + ~) will commute with cα1 (⃗σ .⃗p).
tion (8) that α3 α1 (⃗σ .L
Again, let us investigate the following identities
⃗ σ .⃗p)2 = [(L.⃗
⃗ p) + i⃗σ (L
⃗ × p⃗)](⃗σ .⃗p)
(⃗σ .L)(⃗

⃗ = (⃗σ .⃗p)[(⃗p.L)
⃗ + i⃗σ (⃗p × L)]
⃗
(⃗σ .⃗p)2 (⃗σ .L)
From these two equation we would obtain
⃗ σ .⃗p)2 + (⃗σ .⃗p)2 (⃗σ .L)
⃗ =0
(⃗σ .L)(⃗

(5)

which is also an anti-commutation relation. Further investigation shows that in this case
⃗ commutes with α3 (⃗σ .⃗p)2 . Also, α3 α1 (⃗σ .L
⃗ + ~) commutes with α3 (⃗σ .⃗p)2 and
α3 α1 (⃗σ .L)
⃗ commutes with cα1 (⃗σ .⃗p).
α3 α1 (⃗σ .L)
Again, using the following linear operator as done by various other authors ([18], [19])
rϵ1 = α1 (⃗σ .⃗x)

(6)
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and the relation
(⃗σ .⃗x)(⃗σ .⃗p) = rpr + i~(α3 j ′ − 1)
we have
α1 (⃗σ .⃗p) = ϵ1 pr −

ϵ1 i~ ϵ1 i~α3 j ′
+
r
r

Here, it is known that ϵ1 has the property
ϵ21 = 1,

1
J = L + ~σ
2
and
1
(j ′ ~)2 = J 2 + ~2
4
Similarly, we can define another linear operator
rϵ2 = α3 σ(⃗σ .⃗x) = σ(⃗σ .⃗x)

(7)

from whence, it can be shown that ϵ2 has the property
ϵ22 = 1
Now, considering the modification term in the Hamiltonian (3) we will obtain the relation
(⃗σ .⃗x)(⃗σ .⃗p)2 = σrp2r − ~σpr
from whence, we can deduce
σ(⃗σ .⃗x)(⃗σ .⃗p)2 = rp2r − ~pr
With the use of (7) we get
α3 (⃗σ .⃗p)2 = ϵ2 p2r −

ϵ2 ~pr
r
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Therefore, the Hamiltonian of the modified Dirac equation finally can be written as
H=−

~
ciϵ1 ~α3 j ′
λlc
ϵ2 ~pr
ze2
− cϵ1 (pr − i ) +
+ α3 mc2 −
[ϵ2 p2r −
]
r
r
r
~
r

(8)

Now, in ([18]) it has been considered that




1 0 
α3 = 

0 −1
and




0 −i
ϵ1 = 

i 0
In our case, we consider the matrix




0
ϵ2 = 
−i

i

0

conforming with the property ϵ22 = 1 where the matrix ϵ2 has been put by hand in
contradistinction to ([18]). Therefore, the modified Dirac equation for stationary states
would be
Hψ = Eψ
i.e.



−icpr −

3

2
− zer

c~
r

′

+ mc

− c jr~ +

2

iλclp2r
~

icpr +
− iλcl prr

c~
r

−

′
c jr~
2



ψ1 (r)

  = Λ
ψ2 (r)
ψ2


−

iλclp2r
~

− zer − mc2

+



iλcl prr  ψ1 

Energy levels from the Modified Dirac Equation

Now, this representation is diﬀerent from that of Whitehead ([18]) and others ([19], [20])
since there are two extra terms which originate from the modification term in Dirac
equation (2). Now, reducing the system to 2 coupled diﬀerential equations, we would
solve them by substituting an unknown function in the form of a infinite series, i.e. by
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the method of power series. Rewriting (H − ΛI) = 0 as a system of coupled equations
we obtain
ze2
d
1 j′
d2
1 d
2
(−Λ −
+ mc )ψ1 − c~(− − + − iλl 2 − λl
)ψ2 = 0
r
dr r
r
dr
r dr

(9)

and

ze2
d
1 j′
d2
1 d
− mc2 )ψ2 + c~(− − + − iλl 2 − λl
)ψ1 = 0
(10)
r
dr r
r
dr
r dr
Now, for the sake of simplicity we neglect the terms involving second order derivative and
obtain
ze2
d
1 j′
1 d
(−Λ −
+ mc2 )ψ1 − c~(− − + − λl
)ψ2 = 0
(11)
r
dr r
r
r dr
and
ze2
d
1 j′
1 d
(−Λ −
− mc2 )ψ2 + c~(− − + − λl
)ψ1 = 0
(12)
r
dr r
r
r dr
2
~
~
Substituting α = e~c (fine-structure constant), a1 = mc−
we get
Λ and a2 =
mc+ Λ
(−Λ −

c

(

1
zα
d
j′ − 1
1 d
−
)ψ1 + ( −
+ λl
)ψ2 = 0
a1
r
dr
r
r dr

c

(13)

and

1
zα
d
j′ + 1
1 d
+
)ψ2 + ( +
+ λl
)ψ1 = 0
a2
r
dr
r
r dr
Now, as it is conventional, we assume solutions of the type
(

(14)

1 −r
ψ1 (r) = e a x(r)
r
and

where, a =

1 −r
ψ2 (r) = e a y(r)
r
√
a1 a2 =

and (14)
(

√

~
2
m2 c2 − Λ2
c

. Using the aforementioned solutions we obtain from (13)

1
zα
d
1 j ′ λl d
1 1
−
)x(r) + [ − − + ( − − )]y(r)
a1
r
dr a
r
r dr a r

and

(15)

1
zα
d
1 j ′ λl d
1 1
+
)y(r) + [ − + + ( − − )]x(r)
(16)
a2
r
dr a
r
r dr a r
Now, we expand the unknown functions x(r) and y(r) as series which will then be substituted into the given system of equations. We have
∑
x(r) =
xt rt
(

t

and
y(r) =

∑
t

yt r t
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By virtue of the power series method we know that in order for the equation to be zero
as required, each term in the resulting series must separately be zero. Therefore, after
arranging we have the coeﬃcients of the rs terms as
x t yt
λl
− − zαxt+1 + (t + 1 − j ′ − )yt+1 − λl(t − 1)yt = 0
a1
a
a

(17)

and

xt
λl
yt
− + zαyt+1 + (t + 1 + j ′ − )xt+1 − λl(t − 1)yt = 0
(18)
a2
a
a
Now, multiplying equation (17) by a and equation (18) by a2 and adding them we get
a a2
λl
λl
− )−zαaxt+1 +zαa2 yt+1 +(t−j ′ − )ayt +(t+j ′ − )xt a2 +λl(t−1)xt +λl(t−1)yt = 0
a1 a
a
a
(19)
This can be written as
λl
λl
xt [−zαa + (t + j ′ − )a2 + λl(t − 1)] + yt [zαa2 + (t − j ′ − )a + λl(t − 1)] = 0 (20)
a
a
xt (

The functions x(r) and y(r) must go to zero at r = 0, because the ψ(r) functions would
otherwise diverge there due to the r−1 term which entails that there is some smallest t
below which the series does not continue. Let this be ts which and will have the following
property according to ([18]):
xts −1 = yts −1 = 0
Applying this to equations (17) and (18) we have
λl
)yt = 0
a s
λl
zαyts + (ts + j ′ − )xts = 0
a
From these two equations we get the value of ts as
λl √ ′2
ts =
+ ȷ − z 2 α2
a
zαxts − (ts − j ′ −

(21)
(22)

(23)

In equations (17), (18), (20) and henceforth we choose to neglect the term λl(t − 1), since
~
the reduced Compton length l (= mc
) is extremely small and λ ∼ −10−3 . Again, it can
be shown that the series must terminate if the energy eigenvalue Λ is to be less than mc2
([19]). This implies that if the series terminates at t1 such that
xt1 +1 = yt1 +1 = 0
then using equations (17), (18) and (20) we would obtain
1
λl
1 1
1
(t1 − ) = [ − ]zα
a
a
2 a2 a2

(24)
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Now, equations (23) and (24) represent the lower and upper bounds of the series
respectively. We shall find later that λla (∼ 10−5 ) is considerably small. But, we have not
neglected it in equation (23) remembering that it is the lower bound. Here, it is obvious
that t1 ≫ λla since t1 is the upper bound of the series and hence we write
t1
1 1
1
= [ − ]zα
a
2 a2 a2

(25)

Using the values of a, a1 and a2 we would get
Λ = mc2 [1 +

z 2 α2 − 1
] 2
t21

(26)

considering only the positive values. Now, the two terminal points of the series indices
ts and t1 are separated by an integer number of steps. If we call this integer N , then we
can write
t1 = N + ts
from which we get the modified energy levels as
EN,j ′ = √
[1 +

mc2
√

= mc2 [1 −

z 2 α2
N + λl
+
a

ȷ′2 −z 2 α2

2

]

z 2 α2
z 4 α4
−
+ · · · ] (27)
2(n + λla )2 (n + λla )3 (2j + 1)

where, from ([18], [19]) we write j ′ = j + 21 and N = n − j ′ = n − j − 12 , n being the
principal quantum number and j ′ being the total angular momentum quantum number.

4

The Lamb Shift

Now, let us assume that for the 2S 1 state the energy is given by the normal relation
2
(without modification) as
E(2S 1 ) = √
2
[1 +

mc2
N+

√z

= mc2 [1 −

2 α2

ȷ′2 −z 2 α2

2

]

z 2 α2
z 4 α4
−
+ ···]
2n2
n3 (2j + 1)

and that of the 2P 1 state is given by equation (27). The rationale for this assumption is
2
that it is only feasible to assume that the 2P 1 state will have a greater energy than the
2
2S 1 state. Also, we presume that the modification comes into play for the 2P 1 and higher
2
2
states. Now, according to our intuition there will be a certain energy diﬀerence between
these two states. We infer that the energy diﬀerence is given by the relation(z = 1 for
hydrogen atom)
mc2 α2
α2
[E(2S ) − E(2P )] + [E(2S ) − E(2P )] ≈ 0 +
]
[− 2 +
2
n
(n + λla )2
1
2

1
2

1
2

1
2

where the first term on the left hand side gives the contribution 0 considering the normal
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energy levels for both 2S 1 and 2P 1 states and the second term gives the contribution
2

2

2

2

2

{ mc2 [− αn2 + (n+αλl )2 ]} considering the 2P 1 state to have acquired the modified energy
2
a
levels. Thus, the average energy diﬀerence is given by
E(2S 1 ) − E(2P 1 ) ≈
2

2

mc2 α2
α2
[− 2 +
]
4
n
(n + λla )2

(28)

Now, a is given by
a= √

~
m2 c 2 −

Λ2
c2

Again, taking the electron mass m = 511004.2 eV
the normal energy (without modificac2
tion) of the 2P 1 state would be approximately given by
2

511002.4eV

Therefore,

λl
a

≈

λl
~c2
c×1318eV

which gives
λl
10−3 × 2.42 × 10−10
= 2π×3×1010 ×6.58×10−16
a
1318

where
c ≈ 3 × 1010 cm/s

l=

h
2.42 × 10−10
=
cm
2πmc
2π

λ ≈ −10−3
and
1

~
= 6.58 × 10−16 s
eV

Therefore λla is of the order 10−6 . Now, let us look at equation (28) and find the approximate value. It can be written as
E(2S 1 ) − E(2P 1 ) ≈
2

2

mc2
1
1
[−α2 { 2 −
}]
4
n
(n + λla )2
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which would give us
2 2

2n λl + λa2l
mc2
E(2S 1 ) − E(2P 1 ) ≈
[−α2 { 2 a
}]
2
2
4
n (n + λla )2
Neglecting
finally

λl
a

with respect to n (= 2) and neglecting

λ2 l 2
a2

with respect to 2n λla we obtain

mc2 α2 λl
2
2n3 a
which gives

E(2S 1 ) − E(2P 1 ) ≈ −
2

Now, l =

~
,
mc

λ ≈ −10−3 and

λl
a

≈

λl
~c2
c×1318eV

λα2
E(2S 1 ) − E(2P 1 ) ≈ − 3 × 1318eV ≈ 4.38 × 10−6 eV
2
2
2n

(29)

(30)

Alternatively, from (30) we can deduce the energy shift as
E(2S 1 ) − E(2P 1 ) ≈ 1056M Hz
2

2

(31)

which is very nearly equal to the Lamb shift. Now, this justifies our assumption that the
2P 1 state has the energy level given by equation (27) whereas for the 2S 1 state it is given
2
2
by the normal energy levels from the Dirac equation, for although we considered the 2P 1
2
state to have higher energy the Compton-scale eﬀects come into play and the 2S 1 acquires
2
higher energy. Therefore we can argue that the eﬀects of the modification term in the
Snyder-Sidharth Hamiltonian is the reason of the Lamb shift. More intuitively, we can
infer that this shift arises due to the interaction of the electrons with the zitterbewegung
fluctuations of the quantized radiation field, a phenomenon that can be attributed to the
Compton scale and the non-commutative nature of space-time.
Also, we may derive the energy diﬀerence (although negligible) between the 3P 3 and 3D 3
2
2
states. Following the same methodology as above we would obtain
E(3P 3 ) − E(3D 3 ) ≈ −
2

2

3mc2 α4 λl
8n4 a

(32)

which will yield
E(3P 3 ) − E(3D 3 ) ≈ 0.000357M Hz
2

2

(33)

which is a very small diﬀerence of energy. Thus, the 3P 3 and 3D 3 states have nearly
2
2
equal energy and this diﬀerence is negligible. Thus, we can see that our approach is
consistent with the spectrum of hydrogen atom.

5

Conclusions

It is very interesting that we obtain the observed Lamb shift merely by resorting to the
modified Dirac equation in lieu of the conventional Dirac equation. All of this accounts
for the lucid fact that in the Compton scale there exists some extra eﬀects due to the
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non-commutative nature of space-time and due to the fluctuations of the field. In such
cases, the modified Dirac equation and the energy levels derived from it would be necessary to explain atomic and sub-atomic phenomena. Of course, it is known that quantum
electrodynamics can explain such phenomena, but our approach is simple and more general in the sense that it applies to other phenomena as well.
It may be mentioned that the above considerations lead to the conclusion that there is
a mysterious cosmic radio wave background, that has been recently observed ([21]) by
NASA’s ARCADE experiments, a mystery that was hitherto inexplicable by conventional
theories.

6

Discussions

We would like to stress an important similarity with our approach and that of C. Corda
et al. ([22]-[25]) where it has been shown that the subsequent emissions of Hawking
quanta near the horizon of a black hole can be interpreted as the quantum jumps among
the quantum levels of a black hole. The fundamental consequence is that the black holes
seem really to be the ”gravitational atoms” of quantum gravity.
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1

Introduction

Cosmologies with varying G have been considered, e.g. in Brans-Dicke theory, Dirac
cosmology and Hoyle-Narlikar theory and Sidharth’s own 1997 model of fluctuational
cosmology which correctly predicted an accelerating universe with dark energy and a
small cosmological constant when the ruling Standard Big Bang model asserted the exact
opposite. As is well known, this last was observed to be the case, the very next year by
Perlmutter and others [1, 2, 3, 4]. Further, Sidharth has in a series of papers, shown that
G can reproduce all results of General Relativity, from the bending of light, precession of
the perihelion of Mercury right up to the shortening of the time periods of binary pulsars
and so on [5, 6, 7]. In the above work, we have
(
)
t
Ġ/G ≈ 1 −
(1)
T
(Throughout we consider CGS units). The result of observations from diﬀerent fields like
Paleontology, Geology and Astronomy, give [8]:
|Ġ|G| ≤ 10−11
∗
†
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Eﬀect on the Schwarzchild Radius

2.1 First approach
We know that the Schwarzchild radius of a black hole is given by
Rs =

2GMb
c2

(2)

Now, as a first approximation we diﬀerentiate equation (2) with respect to time keeping
Mb constant we obtain
2ĠMb
Ṙs =
(3)
c2
From these two relations we have
Ṙs
Ġ
=
Rs
G
Again, it has been found that [8]
Ġ
< or ≈ −10−11
G
Let us denote, α = 10−11 and therefore, we have
Ṙs
Ġ
=
= −α
(4)
Rs
G
which shows that Rs is exponentially decreasing with time. The physical interpretation
for this decrement can be attributed to the Hawking radiation. Now, as a second approximation we take the mass Mb of the black hole as a variable such that
2ĠMb 2GṀb
+
c2
c2
Again, from Beckenstein’s relation for a black hole we have
Ṙs =

dMb = Ta d(

(5)

kB c
A)
4~G

where, A = 4πRs2 is the area of the black hole. Therefore, we obtain
dMb
2Rs Ṙs Rs2 Ġ
= β[
− 2 ]
(6)
dt
G
G
where, β = ~1 Ta kB cπ, and we have taken Ta the temperature of the black hole to
be slowly varying with time (≈ constant). Now, using the result obtained in the first
˙s
approximation, namely R
= Ġ
= −α we would get
Rs
G
Ṁ = −β

αRs2
G

(7)
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Now, using relations (2), (3) and (6) we obtain from equation (4)
Ṙs = −αRs − 2βαRS2
Here, if we put

dRs
dt

(8)

= 0 then we find the stationary point to be

Rs = −

1
2β

Now, integrating this we have
∫

t

0

1
dt = −
α

∫

R
R0

dRs
RS (2βRs + 1)

(9)

where, the moment when black hole is born with Schwarzchild radius R0 is measured as
t = 0 and after t = 0 this radius starts to decrease; t > 0 is the time when the initial
Schwarzchild radius has decreased to R such that R0 ≫ R. Therefore, we obtain
t=

2βR + 1
2βR0 + 1
1
[ln |
| − ln |
|]
α
R
R0

(10)

This can also be written as
t=

1
1
1
[ln(1 +
) − ln(1 +
)]
α
2βR
2βR0

1
| ≪ 1 and thus we can write this as
Since, β ≫ 1 we will have | 2βR
∞
∞
1 ∑1 1 n ∑1
1 n
t= [
(
) −
(
) ]
α n=1 n 2βR
n 2βR0
n=1

Neglecting terms for n ≥ 2 we obtain
t=

1 1
1
[
−
]
α 2βR 2βR0

(11)

1 1
α 2βR

(12)

Now, since R0 ≫ R we obtain

t≈

If we consider a black hole with R0 > 1010 cms or, R0 ≈ 1010 cms and R ≈ 10−5 cms just
for the sake of fixing a number, then we find that
t≈

10−6
s
Ta
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where, β ≈ 1022 Ta , Ta being the temperature of the black hole. This result shows that
even if a large black hole exists it will become microscopic in a few micro seconds from
the moment of it’s birth. Owing to this reason, a black hole is almost undetectable.

2.2 Second Approach
Now, in equation (2) if we consider Mb varying with time then we have

Ṙs =
Dividing both sides by

2GMb
c2

2ĠMb 2GṀb
+
c2
c2

(13)

we get

Ṙs
Ġ Ṁ
= +
Rs
G M

Ṙs = −αRs +

Ṁ
Rs
M

(14)

Using equation (6) we have

Ṙs = −αRs +

βRs2
(2Ṙs + αRs )
GM

Ṙs = −αRs +

2βRs
(2Ṙs + αRs )
c2

from whence we obtain
(15)

This can also be written as
Ṙs = −αRs

1−
1−

2βRs
c2
4βRs
c2

Integrating this we have
∫

1−
Rs (1

4βRs
c2
dRs
s
− 2βR
)
2
c

⇒ ln[

∫
= −α

2βR2
− R] = −αt
c2

dt

(16)
(17)
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where we have written R instead of Rs . Now, this relation is diﬀerent from (12) since
the approach taken is slightly diﬀerent. The significance of equation (12) and (17) will
be manifest in the next section where we show that black holes or the so-called point of
singularity cannot be attained, as shown recently by Mersini-Houghton [10].
Now, let us consider equation (12)
t≈

1 1
α 2βR

Here, if we consider that R = 0 then we have
t=∞

(18)

This implies that the life time (t) is infinite, which means that the point R = 0 or more
explicitly the point of singularity is not reached by the collapsing star within a finite
period of time.
Again, from equation (17) we can derive the quadratic equation
2βR2
− R = exp(−αt)
c2

(19)

Solving this equation we have

R=

1±

√
1+

8β
c2
4β
c2

exp(−αt)
(20)

Now, from this equation we find that when R = 0
exp(−αt) = 0
which gives t = ∞, the same as equation (18) and thus the life time becomes infinite.
Evidently, we find that whatever approach we take the point of singularity is never reached
within a finite time. This is consistent with the result obtained by Mersini-Houghton [10].

3

Conclusions

We have shown that given a time varying G, black holes cannot exist with a realistic
lifetime. This conclusion has received support. The author (Sidharth) had shown over
a decade ago that black holes with mass < 105 times the sun’s mass would not have
any realistic lifetime [4, 9]. More recently Hawking himself suggested that black holes
would not have any event horizon while Mersini-Houghton [10] has shown that black
holes cannot form in the first place, as the Hawking radiation would prevent any collapse
[11, 12]. Finally, it may be mentioned that Greiner and Hess have concluded, using
pseudo-complex space, that Black Holes do not exist [13]. We on the other hand have
deduced that a time varying G is incompatible with Black Holes.
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1

Introduction

The relativistic chessboard picture [1, 2, 3] was devised by R.P. Feynman in 1950’s in order to
generalize his space-time view of quantum mechanics to include special relativity. In its essence
the Feynman chessboard picture (FCP) represents a relativistic quantum random walk in 1+1
dimensions. The underlying (Euclidean-space) stochastic process describes a specific form of
a Poisson process in which the helicity and direction of motion are simultaneously changed at
random Poisson-distributed times. Within this setting Feynman hoped that he could explain
particle’s spin as a result of the space-time structure alone. He abandoned this program in
the 60’s partially because he felt dissatisfaction with not being able to extend the picture to
higher dimensions and partially because Grassmann integral (invented in the 60’s by Berezin)
became just the right tool to describe fermions in line with his path-integral viewpoint. In
spite of (or perhaps because of) Feynman’s abandonment of the chessboard paradigm, there has
been over the years a growing number of works indicating that the chessboard picture is not
merely an interesting mathematical curiosity but it may have more substance than originally
thought [4, 5, 6, 7]. Here we adopt the FCP paradigm as a conceptual playground that will
allow us to treat two-fermion oscillations from a rather unusual, but instructive, point of view.
∗
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Our paper is organized in the following way: In Section 2, we provide some fundamentals of
the FCP in the Euclidean regime. In doing so, we derive the master equation for a sample path
and compute the ensuing probability kernel. Wick rotated version of the probability kernel will
coincide with the the propagator of a Dirac fermion in 1+1 dimensions. In Sec. 3 the “chessboard
prescription” for the sum over histories will be applied to two-fermion mixing. From this,
the phenomenologically observed neutrino oscillations will emerge as an important byproduct.
The Euclidean formulation of the FCP will prove instrumental in guiding our intuition about
the underlying inner workings of neutrino mixing. In particular, we will see that the mixing
can be envisaged as a Poisson process with two types of events (interacting channels) with
mutually complementary probabilities. Various remarks and generalizations will be discussed
in the concluding Section. For the reader’s convenience the paper is supplemented with one
appendix which provides some technical essentials from theory of Poisson processes.

2

Feynman’s Chessboard Picture

The original formulation of the FCP was formulated by Feynman only in 1 + 1 dimensions [1].
Though the higher-dimension generalizations are also available [6, 7], they loose the intuitive
appeal of the original formulation. To stay comparatively close to the original Feynman’s intuitive view, we will confine ourselves to 1+1 dimensions. To this end we provide in the following
subsection a short introduction to the 1+1 dimensional Dirac’s equations.

2.1 Dirac’s Equation in 1+1 Dimensions
In ordinary 3+1 dimensions the Dirac equation can be written in a Schrödinger-like form:
∂ψ
∂ψ
∂ψ
= mc2 γ 0 ψ − i~cγ 0 γ i i = mc2 βψ − i~cαi i ,
(1)
∂t
∂x
∂x
with the γ-matrices fulfilling the Cliﬀord algebra {γ µ , γ ν } = 2η µν . In passing to 1+1 dimensions
the Cliﬀord algebra keeps its structure, but µ and ν can be only 0 or 1. The representation of
the two γ-matrices is well known. In particular, one can chose γ 0 = γ0 = σ1 and γ1 = −γ 1 = iσ2 .
With this the Dirac equation in 1+1 dimensions can be cast in the form
i~

∂ψ
∂ψ
∂ψ
= mc2 σ1 ψ − i~cσ1 (−iσ2 )
= mc2 σ1 ψ − i~cσ3
,
(2)
∂t
∂x
∂x
we have used the identity σi σj = δij + iεijk σk .
The propagator, say G(x, tx ; y, ty ), for ψ is a 2 × 2 matrix function of space and time and it
fulfills the defining equation
∫
ψ(x, tx ) =
(3)
dy G(x, tx ; y, ty ) ψ0 (y, ty ) .
i~

R

Euclidean version of (2) is easily obtained when we analytically continue the time t to imaginary
times and assume the Cliﬀord algebra in the form {γEµ , γEν } = 2δ µν . By setting t = −iτ (τ ∈ R)
and using γE0 = σ1 and γE1 = −σ2 we obtain
mc2
∂ψE
∂ψE
=
σ1 ψE − cσ3
.
∂τ
~
∂x

(4)
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Here ψE (x, τ ) = ψ(x, t = −iτ ). Among others, the equation (4) implies the correct Euclidean
Klein–Gordon equation in 1+1 dimensions. The Euclidean Green function G(x, −iτx , y, −iτy ) ≡
P (x, τx |y, τy ) satisfies the Fokker–Planck-like equation:
(∂τ + cσ3 ∂x − σ1 mc2 /~)P(x, τ |x′ , τ ′ ) = δ(x − x′ )δ(τ − τ ′ ) .

(5)

Note also that mc2 /~ = 1/τC where τC is the Compton time, i.e., time in which light crosses a
distance equal to particle’s Compton wave length λC .

2.2 Euclidean Chessboard Picture
Here we start by introducing the so-called Euclidean chessboard picture. To this end we consider
a particle with a fixed speed v moving on a line. We suppose, further, that from time to time the
particle suﬀers a complete reversal of the direction (and hence also v ↔ −v). Let these reversals
be random with a fixed rate, say a, of the reversal and with the probability for the reversal
in a time interval dτ being adτ . Such a process represents the Poisson stochastic process (see
Appendix).
Let p+ (x, τ ) and p− (x, τ ) be probability density functions (PDF’s) for the particle being at
the positions x at time τ and moving to the right and left, respectively. From Fig. 1 we can
P (x, τ + ∆τ)

τ + ∆τ
τ

x −∆ x

x + ∆x

x

=

+
1− a ∆τ

a ∆τ

Fig. 1 Graphical representation of the master equation (6).

easily deduce that the following diﬀerence master equations hold
p± (x, τ + ∆τ ) = p± (x ∓ ∆x, τ )(1 − a∆τ ) + p∓ (x ± ∆x, τ )a∆τ .

(6)

In the long-wave limit, we receive two coupled diﬀerential equations
∂p± (x, τ )
∂p± (x, τ )
= −a [p± (x, τ ) − p∓ (x, τ )] ∓ v
,
(7)
∂τ
∂x
where we have identified v with dx/dτ . At this point we may introduce the probability doublet


 p+ (x, τ ) 
P (x, τ ) = 
(8)
.
p− (x, τ )
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In terms of P we can recast Eq. (7) to the form
∂P (x, τ )
∂P (x, τ )
= −aP (x, τ ) + aσ1 P (x, τ ) − vσ3
.
∂τ
∂x

(9)

As explained in Appendix the latter implies that the underlying stochastic process is the Poisson
process. Equation (9) can be brought into a simpler form by performing the substitution
P (x, τ ) = e−aτ P(x, τ ) .

(10)

For P we then obtain the master equation for a ballistic diﬀusion
∂P(x, τ )
∂P(x, τ )
= aσ1 P(x, τ ) − vσ3
.
∂τ
∂x

(11)

Before we proceed further, two comments are in order. First, the substitution (10) represents more than just a simple mathematical trick. In fact, back in the Minkowski picture the
substitution (10) represents a multiplication of a wave function by phase factor exp [(imc2 /~)t].
The latter is the usual relativistic phase factor [6] which is responsible for a shift of the groundstate energy by mc2 . Second, by comparing Eq. (4) with Eq. (11) we see that the equations are
identical provided we identify P(x, τ ) = ψE (x, τ ), a = mc2 /~ = 1/τC and v = c.
The Euclidean propagator (or Green’s function) for Eq. (11) can be calculated by a number
of standard methods. In particular, the Feynman–Kac formula allows to phrase the propagator
via path integral. There one should perform a weighted sum over all continuous trajectories
running from the initial position (x′ , τ ′ ) to the finite position (x, τ ) (see, e.g., Ref. [10] for a
detailed exposition). It is thus interesting, that in our case not all trajectories are needed.
Indeed, we have seen that (11) arises only by considering a special sub-class of zig-zag paths.
From (10) follows that the propagator can be then written as
Pij (x, τ |x′ , τ ′ ) = eaT Pij (x, τ |x′ , τ ′ ) ,

(12)

where T = τ − τ ′ and P (x, τ |x′ , τ ′ ) is the matrix-valued conditional (or transitional) PDF
connects together the initial (prior) probabilities P (x′ , τ ′ ) and the final (marginal) probability
P (x, τ ), i.e.
∫
Pi (x, τ ) =
dx′ Pij (x, τ |x′ , τ ′ ) Pj (x′ , τ ′ ) .
(13)
R

Both in (12) and (13) the indices i, j run through the set {+, −}. Let us define Xij as a set of
all Poisson processes (with the rate a) that start at the state described by values {x′ , τ ′ , j} and
end in the state {x, τ, i}, and let us denote n(T ) as the number of events that happen in our
Poisson process in time T . With these we can write the transitional probability for our Poisson
process by summing (marginalizing) in the the joint probability distribution P [(n(T ) = k) ∩ Xij ]
over all possible events k. In particular
∑
∑
Pij (x, τ |x′ , τ ′ ) =
P [(n(T ) = k) ∩ Xij ] =
P[n(T ) = k]P (Xij |n(T ) = k) .
(14)
k

k

The second equality in (14) represents the standard Bayes rule with P[n(T ) = k] describing the
probability that in time T one observes k events (see Appendix). The analysis can be carried
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further when we discretize the time interval into N equidistant pieces. Such a regularization
allows to evaluate the above conditional probability explicitly for any N . As with any regulating
scheme, the limit N → ∞ should be performed after the all calculations with the fixed value of
N are done. So, we can write
Pij (x, τ |x′ , τ ′ ) =

lim

∑

N →∞

P[n(T ) = k]

k
−aT

=

lim e

∑ ( aT )k

N →∞

N

k

ϕ(N ) ((n(T ) = k) ∩ Xij )
ϕ(N ) (n(T ) = k)
ϕ(N ) ((n(T ) = k) ∩ Xij ) .

(15)

In the first equality we have utilized the definition of the conditional probability. The function
ϕ(N ) (. . .) denotes the number of distinct realizations of the random process in its argument. In
the second equality we have used the fact that in the large N limit Stirling’s formula gives
ϕ(N ) (n(T ) = k) =

N!
Nk
∼
.
=
k!(N − k)!
k!

(16)

This in turn allows to write the Euclidean propagator (12) in the form
′

′

Pij (x, τ |x , τ ) = lim

N →∞

∑ ( mc2 T )k
N~

k

(N )

ϕij (k) .

(17)

(N )

Here we have employed the simplifying notation ϕij (k) ≡ ϕ(N ) ((n(T ) = k) ∩ Xij ). Eq. (17) is
(in spirit of Feynman’s PI) a sum over alternatives, each summand being a (weighted) number
of the Poisson processes (with the rate a = mc2 /~) with exactly k reversals (events) running
from the initial state {x′ , τ ′ , j} to the final state {x, τ, i}.
(N )
Since ϕij (k) represents the number of paths it does not change when we pass from Euclidean
to Minkowski picture. The only change is in the path weighting factor (mc2 T /N ~)k where the
Euclidean T should change to the Minkowski iT . Consequently we can write the associated
Minkowski Green function in the form
∑ ( mc2 T )k (N )
′ ′
ϕij (k) ,
Gij (x, t|x , t ) = lim
i
(18)
N →∞
N~
k
where now T = t − t′ . This is precisely Feynman’s original result [1]. By its very construction
should (18) coincide with the standard text-book Bessel-functions based formula for the Dirac
(N )
propagator. Taking into account the explicit form of ϕij (k) this can be, indeed, explicitly
(N )
checked. Following Refs. [2, 3], we can calculate, for instance, ϕ++ (k) as follows: first we realize
that for any “++” (and also “−−”) configuration k is an even number and there are precisely
k/2 turns to the left and k/2 turns to the right2 . By splitting the time axis into N equidistant
pieces, we define the elementary time step ∆τ ≡ T /N . We further denote the total time (in the
units of ∆τ ) that corresponds to the left turns as L and the time for right turns as R. With this
we can write
x − x′ = c(R − L)∆τ ≡ c∆τ M

and

R+L = N,

(19)
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τ

τ

(x, τ)
L

+

R
∆τ {

+

x

(x’,τ ’)
x−x’ = (R−L)c∆τ
(N )

Fig. 2 Conventions used in the ϕ++ (k) calculation.

where R = (N + M )/2 and L = (N − M )/2.
In Fig. 2 we see that the total number of “++” paths starting at (x′ , τ ′ ) and ending at (x, τ )
with k turns can be written as the product of the number of diﬀerent ways in which one can
distribute k/2 right turns among R − 2 potential time occasions for the right turn (−2 enters
because the initial and final time steps are fixed by the “++” boundary conditions), times the
number in which one can distribute k/2 − 1 left turns (−1 enters because one turn to the left is
compulsory for m ̸= 0) among L − 1 potential time occasions for the left turn (−1 enters because
ne turn to the left is compulsory for m ̸= 0) , i.e.



√
(LR)(k−1)/2
R
 R − 2   L − 1  ∼ Lk/2−1 Rk/2
(N )
ϕ++ (k) = 
=
.
(20)

 =
(k/2 − 1)! (k/2)!
(k/2 − 1)!(k/2)! L
k/2
k/2 − 1
Using further the fact that
)
(
)
1( 2
1
LR =
N − M 2 = N 2 1 − v 2 /c2 =
4
4
R/L =

(

N
2γ

)2
,

(1 + M/N )
(1 + v/c)
γ2
=
=
(T + (x − x′ )/c)2 .
(1 − M/N )
(1 − v/c)
(∆τ 2 N )2

(21)
(22)

Here v = (x − x′ )/T and γ is the Lorentz factor, and plugging (21) and (22) to (20) we receive
)2k ( )2k−1
∞ (
2
∑
mc
T
γ
N
1
′
[T + (x − x )/c]
P++ (x, t|x , t ) ∼
=
T
N~
2γ
(k − 1)!k!
k=1
′

(23)

′

= ∆τ

mc2 (T + (x − x′ )/c)
I1 (mc2 s/~) ,
s~

(24)

For “−+” and “+−” configurations k is odd. For “−+” configuration there (k − 1)/2 + 1 turns to the left and
(k − 1)/2 turns to the right. For “+−” configuration the role of left and right is reversed.

2
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where we have used the series representation for the Modified Bessel function [11]
z ∑ ( z )2n
1
,
2 n=0 2
n!(n + 1)!
∞

I1 (z) =

(25)

and abbreviation s = T /γ = [T 2 − (x − x′ )2 /c2 ]1/2 . Similarly we would arrive at the result
mc2
P−+ (x, t|x′ , t′ ) ∼
I0 (mc2 s/~) .
(26)
= ∆τ
~
The correct normalization in the continuum limit can be obtained from the probability normalization. Going back to the Poisson process described by Pij (x, τ |x′ , τ ′ ) (cf. Eq. (12)) we should
require the normalization
∫ ct
−at
e
dx [P−+ (x, t|0, 0) + P++ (x, t|0, 0)] = ℘(T1 ≤ t) = 1 − e−at ,
(27)
−ct

(similar normalization should hold if we have started from the “−” initial configuration). Here
∑
we have used the normalization condition for conditional distributions, i.e., i P (Ai |B) = 1
(summation is over all possible states of the observable A). The fact that we do not normalize
the probability to “1” is dictated by the condition that for massive particle the future position of
the particle should stay within the future light cone of the initial particle position. In the integral
in (27) we have, however, accounted also for the boundary of the light cone. In particular, when
the particle starts at x = 0, t = 0 the future position in the time t should be somewhere in
the interval (−ct, ct) (at least for times that are substantially larger than the Compton time
τC ) but not at the boundary points x = ±tc. So in our case we should subtract from the unit
probability the probability that the particle will end up at the light-cone boundary, i.e., “1”
minus probability that no reversal happens (which is nothing but the probability that during t
will happen at least one reversal). Explicit calculation gives that
∫ ct
−at
e
(28)
dx [P−+ (x, t|0, 0) + P++ (x, t|0, 0)] = 2c∆τ (1 − e−at ) .
−ct

This implies that both (24) and (26) should be divided by 2c∆τ in order to fulfill the normalization condition (27).
The passage from the Euclidean transition probability (24) to the Minkowski Green function
is established by changing T to iT in the path-weighting factor. Thus we have
mc(T + (x − x′ )/c)
G++ (x, t|x′ , t′ ) ∼
J1 (mc2 s/~) ,
(29)
= −
2s~
where we have employed the series representation for the Bessel function of the first kind [11]
( )2n
z∑
1
n z
J1 (z) =
.
(−1)
2 n=0
2
n!(n + 1)!
∞

(30)

Analogous reasonings can be done also for other components. Finally we can write for the full
matrix propagator
Gij (x, t|x′ , t′ ) =

′
2
s J0 (mc2 s/~)
mc −(T + (x − x )/c)J1 (mc s/~)
.
2s~
2
′
2
s J0 (mc s/~)
(−T + (x − x )/c)J1 (mc s/~)

(31)
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This indeed coincides with the known result for the 1+1 dimensional Dirac’s fermion propagator
(see, e.g. Ref. [2]).
Eq. (17) oﬀers a conceptually interesting interpretation of a sample trajectory for an Euclideanized Dirac particle in two dimensions. In particular, a massless(!) particle propagates
over an average distances λC with velocity c before it reverts its direction. It is only on much
larger spatial scales (after many directional reversals take place) where the Brownian motion
with a sub-luminal average velocity emerges. So in quantum mechanics one must sum over all
such zig-zag trajectories subject given Dirichlet boundary condition in order to obtain correct
Feynman causal propagator for Dirac fermion.
It is quite feasible that the Minkowski metric might be just a way of interpreting our experience, while the actual underlying structure of space-time is Euclidean. This line of thoughts
has been advocated, for instance, by Polyakov [12] and Hawking [13]. The original Feynman’s
hope was that a similar type of reasoning that we have used in this Section could provide a novel
explanation of the geometrical origin of spin, and potentially it could also shape a new intuition
about quantum dynamics.

3

Two-fermion Oscillations

Let us now show that it is not diﬃcult to accommodate Dirac’s fermion oscillations in the FC
picture. To this end we will now briefly summarize basic aspects of the traditional approach
to fermion oscillations. For explicitness we will use in our exposition the phenomenologically
most relevant fermion oscillations, namely neutrino oscillations. First, states in which neutrinos
propagate are called “mass eigenstates”, while the states that take part in interaction (and
detection) are called “flavor eigenstates”. Second, mass eigenstates propagate at diﬀerent speeds
and so the components get out of phase with each other. In particular, neutrino born as one flavor
will soon start looking like another one. Third, for neutrinos there are 3 flavors (νe , νµ , ντ ) but
mixing with ντ is typically very weak and in the first approximation is neglected. In consequence,
mass eigenstates (ν1 , ν2 ) associated with (νe , νµ ) have diﬀerent speeds and hence diﬀerent on-shell
masses. Finally, because the flavor states are superpositions of mass states they must oscillate
in time because the quantum mechanical phases of the involved mass states advance at slightly
diﬀerent rates. This is an analogue of the well known phenomenon from wave physics; when two
waves with similar frequency add, they interfere and produce beats.
The above quantum-mechanical description is not satisfactory for various reasons and it is
believed that only full quantum field theoretical approach is free from conceptual diﬃculties [8, 9].
We shall now demonstrate that the two-fermion oscillations can be accommodated in the FCP
rather simply. In fact, it is a fortunate feature of the 1 + 1-dimensional nature of the FCP that
we do not need to invoke the field theory concepts (see also comment in Conclusions).
Introduce a flavor doublet νf = (νe , νµ )T and mass doublet νm = (ν1 , ν2 )T . Then the corresponding Dirac equations read
i∂0 νe = (−iα ·∇ + βme )νe + βmeµ νµ ,
i∂0 νµ = (−iα ·∇ + βmµ )νµ + βmeµ νe ,

(32)
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which can be succinctly written as
i∂0 νf = (−iα ·∇ + βMf )νf .

(33)

Similarly for the mass doublet we have i∂0 νm = (−iα·∇ + βMd )νm . Here Md = diag(m1 , m2 ) is
a diagonal mass matrix. Mixing relations for two Dirac fermions are parametrized via the mixing
angle θ which is conventionally defined via the implicit relation meµ = mµe = (mµ − me ) tan(2θ).
With this
νe = cos θν1 + sin θν2 , νµ = − sin θν1 + cos θν2 ,

(34)

which directly gives
me = m1 cos2 θ + m2 sin2 θ,

mµ = m1 sin2 θ + m2 cos2 θ,

meµ = (m2 − m1 ) sin θ cos θ .

(35)

To accommodate Dirac’s fermion oscillations in the FCP we notice that by analogy with (6) the
diﬀerence master equations for flavor states (probabilities) read (see Fig. 3)
P (x, τ + ∆τ)
(e)

τ + ∆τ

=

+

+

νe

x

νe

νe

νe

νµ

νe

1− a ∆τ

(1−p )a ∆τ

pa ∆τ
(e)

Fig. 3 Graphical representation of the master equation for p− (x, τ + ∆τ ). Similar representations can
(e)
(µ)
be drawn also for p+ and p∓ .

(e)

(e)

(e)

p± (x, τ + ∆τ ) = p± (x ∓ ∆x, τ )(1 − a∆τ ) + p∓ (x ± ∆x, τ )pa∆τ
(µ)

+ p∓ (x ± ∆x, τ )(1 − p)a∆τ ,
p± (x, τ + ∆τ ) = p± (x ∓ ∆x, τ )(1 − a′ ∆τ ) + p∓ (x ± ∆x, τ )p′ a′ ∆τ
(µ)

(µ)

+ p∓ (x ± ∆x, τ )(1 − p′ )a′ ∆τ .
(e)

(µ)

(36)

What this all means. Let a Poisson process representing Dirac neutrino (say νe ) has rate a,
and suppose then each time an even occurs, it can be classified into two types. First type
corresponding to change of direction without change of particle’s identity has probability p and
a second type corresponding to change of direction with the change of identity has probability
(1 − p). In close analogy with (6) we now define the probability doublet


(e),(µ)
(x, τ ) 
 p+
P (e),(µ) (x, τ ) = 
(37)
,
(e),(µ)
p−
(x, τ )
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and set pa = me c2 /~, p′ a′ = mµ c2 /~ and (1 − p)a = (1 − p′ )a′ = mµe c2 /~. In addition, we define
′
P (e) (x, τ ) = e−aτ P (e) (x, τ ) and P (µ) (x, τ ) = e−a τ P (µ) (x, τ ), the master equations (36) will then
boil down to
∂P (e) (x, τ )
∂P (e) (x, τ )
= −cσ3
+ me c2 /~σ1 P (e) (x, τ ) + mµe c2 /~σ1 P (µ) (x, τ ) ,
∂τ
∂x
∂P (µ) (x, τ )
∂P (µ) (x, τ )
= −cσ3
+ mµ c2 /~σ1 P (µ) (x, τ ) + meµ c2 /~σ1 P (e) (x, τ ) .
∂τ
∂x

(38)

Our requirement that mµe = meµ is a consequence of a micro-reversibility, namely that the
probability for event νµ → νe should be in the interval ∆τ the same as νe → νµ . In our
derivation we have also set
e±τ (me −mµ )c

2 /~

≈ 1,

(39)

in front of the meµ term. The latter fact implies in particular that the outlined Poisson process
represents a correct description of the neutrino oscillations provided τ (me − mµ )c2 /~ ≪ 1 for
typical observational times τ — which indeed is the phenomenological case. Equations (38) is
the Euclidean version of the Cabibbo two-flavor mixing where for the Cabibbo angle one has
θ = arctan[(1 − p)(1 − p′ )/pp′ ] .

(40)

In the FCP there is no need for the mass-states since freely evolving νµ and νe propagate
with speed of light, i.e., they represent particles with a sharp zero rest-mass value. As before the
actual (phenomenological) inertial mass emerges due to a zig-zag nature of sample trajectories
in the FCP. This is akin to massless neutrinos experiencing a friction (via random collisions)
within the vacuum medium. The eﬀect of this mass-giving environment is phenomenologically
described via random Poisson-distributed interactions with massless neutrinos. In a sense this
is a quantum-mechanical analogue of the Higgs mechanism. In quantum field theory the Higgs
field is thought to pervade all of space and imbue particles that pass through it with a non-trivial
inertial mass. Hence, in our picture the oscillations are not due to diﬀerent propagation speeds of
mass eigenstates but they result from two diﬀerent interaction channels (events) through which
massless neutrinos can interact with the mass-giving environment.

4

Conclusions

Here we have presented a novel heuristic picture for neutrino oscillations. Our treatment was
based on the idea that the stochastic picture of two-fermion oscillations in Euclidean space-time
is ontologically more fundamental than the conventional quantum-mechanical description in
Minkowski space-time. This standpoint is tailor-made for Feynman’s chessboard paradigm. The
latter represents a Poisson-process-based random walk allowing to address the correct ballistic
diﬀusion of a Dirac particle in 1+1 dimensions. In turn, our picture gives a very diﬀerent
perspective on several seemingly “evident” aspects of two-fermion oscillations. A particularly
important lesson to be drawn from the FCP is that two-fermion oscillations (e.g., νµ ↔ νe )
can be accommodated in the FCP by assuming that there are two diﬀerent interaction channels
through which massless neutrinos can interact with the vacuum. At the level of a sample path
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these events (interactions) are classified either as a type one (directional change without identity
change) or a type two (directional change with identity change).
Two comments warrant mention. First, the logical consistency of the presented picture might
make one wonder how we could dispense with quantum field theory. This is a direct consequence
of the dimensionality of the considered space-time. Actually, because of the Mermin–Wagner–
Coleman theorem the flavor-state vacuum and mass-state vacuum are unitary equivalent in 1 + 1
dimensions [8] and hence the field-theoretical treatment does not produce any extra corrections
as is the case in higher dimensions [8]. Extension of our approach to higher dimensions would
be worth pursuing particularly in view of a naturalness with which the FCP handles fermionic
particle systems. Second, FCPs are as a rule formulated only for fermions. It is, however, possible
to formulate the checkerboard-like picture also for a Klein–Gordon (i.e., spinless relativistic)
particle in 1 + 1 dimensions. To this end one should use the first-order version of the Klein–
Gordon equation known as the Feshbach–Villars representation of a scalar particle [6, 14]. In
this case the ballistic diﬀusion of Dirac’s fermions will be replaced by ordinary Brownian random
walk. Work along these lines will be presented elsewhere.

Acknowledgments
I would like acknowledge stimulating discussions with L.S. Schulman. This work was supported
by GAC̆R Grant No. GA14-07983S

Appendix: Feynman’s Chessboard Model as a Poisson Process
In this Appendix we recall some basic facts from the theory of Poisson processes. By its very
definition the Poisson process represents a stochastic process in which an event (such as change
of state, jump or decay) happens on some characteristic time scale t or, equivalently, with a fixed
rate a = 1/t. In particular, if n(T ) represents the total number of events that have occurred
during time T , then one defines the Poisson process probability as
P[n(T + ∆τ ) − n(T ) = 1] = P[n(∆τ ) = 1] = a∆τ + O(∆τ 2 ) .

(41)

By assuming that n(T ) has stationary and independent increments then from (41) directly follows [15] that the probability that during time T one observes precisely k events is
P[n(T ) = k] =

e−aT (aT )k
.
k!

(42)

This is nothing but the Poisson distribution.
The related question is how to obtain the average time for a single event (a directional reversal
in our case) to happen. To this end we need to find an event-time distribution associated with
the Poisson process. Let ℘(Tk ≤ τ ) be the probability that the time Tk in which exactly k events
happen is smaller or equal to τ and let f (Tk = τ ) is the associated PDF. The following obvious
identity then holds:
∫ τ
∞
∑
e−aτ (aτ )n
′
′
℘(Tk ≤ τ ) =
f (Tk = τ )dτ = P[n(τ ) ≥ k] =
.
(43)
n!
0
n=k
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So, in particular, the probability that in the time interval τ will happen at least one event is
℘(T1 ≤ τ ) = P[n(τ ) ≥ 1] = 1 − e−aτ ,

(44)

which for infinitesimal time intervals ∆τ gives the probability
P[n(∆τ ) ≥ 1] = P[n(∆τ ) = 1] = a∆τ + O(∆τ 2 ) .

(45)

By taking derivative with respect to τ we obtain the probability density
∞
d℘(Tk ≤ τ )
d ∑ e−aτ (aτ )n
e−aτ (aτ )k
f (Tk = τ ) =
=
=
.
dτ
dτ n=k
n!
τ Γ(k)

(46)

Specifically for a one event we have f (T1 = τ ) = e−aτ a. So, in particular, the average time for
a single event to happen is
∫ ∞
1
⟨T1 ⟩ =
e−aτ aτ dτ = .
(47)
a
0
In our particular case the latter implies that a typical time between two changes of the direction
is t = 1/a = ~/mc2 = τC , i.e., the Compton time.
The same result could be also obtained in a less rigorous manner, by realizing that
⟨k⟩τ =

∞
∑
(aτ )k k
k=0

k!

= aτ .

(48)

When ⟨k⟩τ = 1, i.e., when there is on average one turn in the time interval τ , we see from (48)
that this can happen only when the time interval in question is 1/a = τC .
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Abstract: There are many strong theoretical motivations on why there can be a Lorentz
invariance violation due to quantum gravity eﬀects at length scales of the order of Planck length.
In this present study, we consider some theoretical arguments which either favors the idea of
Lorentz invariance violation or modifies the action of the Lorentz group acting on momentum
space. All these ideas predicts a modification in the dispersion relation that depends on some
functions known as Rainbow functions. With simple calculations and arguments we show that
there are some unique choices of the Rainbow functions which predict an infinitely existing
universe near the Plank scale and hence resolve the big bang singularity.
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Einstein’s general theory of relativity is by far the most successful theory in describing
the universe on a macroscopic scale. The classical theory is well tested in the weak field
regime but essentially breaks down in the regime where it predicts singularities, beyond
which the classical notion of spacetime cannot be extended [1]. For example, the big
bang singularity appears in almost all the cosmological models which are exact solutions
of Einstein’s equations subject to some symmetries. At the singularity the classical theory
breaks down as curvatures diverge and we believe that some profound quantum theory of
gravity should replace the classical theory at these scales. There are several approaches
or proposals for a complete quantum theory of gravity and the common feature among
them is the existence of a minimum measurable length scale which is the Planck length.
This minimal length is expected to play the role of a natural cut-oﬀ and resolve the
curvature singularities that exists in the classical theory. Any quantum theory of gravity
is expected to induce Lorentz invariance violation at Planck scale. This is due to the fact
∗
†

Email: ahmed.ali@fsc.bu.edu.eg
Email: barunbasanta@iitgn.ac.in

174

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 173–182

that the dynamical degrees of freedom for gravity are geometric which upon quantization
give rise to the granularity of space at the Planck scale and this is consistent with the
idea of minimum spatial length. This violation is expected to occur despite the fact
that the classical theories are locally Lorentz invariant. As studied by several authors,
Lorentz invariance violation at Planck scale can be an artifact of spacetime discreteness
[2], spontaneous breaking of Lorentz symmetry in string field theory [3], spin network
of LQG [4] or consideration of non-commutative approaches to geometry [5]. In a very
optimistic sense, consideration of Lorentz invariance violation may help us understand
diﬀerent approaches of QG in a better way, at least theoretically. At low energies the eﬀect
of Lorentz invariance violation is expected to get suppressed by (m/mP ) or powers of this.
The most common way to study this is by considering the modified dispersion relations
(MDRs) and it has been argued that these MDRs can satisfactorily explain threshold
anomalies of ultra high energetic cosmic rays and TeV photons [6–8]. A detailed review
can be found in [9].
Camelia separately and Magueijo and Smolin developed a theoretical framework
known as the doubly special relativity (or DSR) that can naturally accommodate MDRs
[10, 11]. DSR can be treated as an extension of special relativity with an extra principle
that all observers agree that there is an invariant energy scale (EP ). DSR is one among
other possibilities of constructing a non-linear Lorentz transformation in momentum space
which implies a deformed Lorentz symmetry which in turn modifies the dispersion relation of special relativity with corrections of high energy scales. Some recent developments
include [12]. We motivate ourselves in considering Lorentz invariance deformation scenarios through DSR and Rainbow Gravity but it must be noted that Lorentz invariance
violation and Lorentz invariance deformation are conceptually diﬀerent scenarios.
In DSR the non-linear transformations in momentum space increase the diﬃculty in
defining the dual position space. Magueijo and Smolin [13] proposed a solution known as
the doubly general relativity (DGR) which assumes that a test particle can also feel the
spacetime background and this depends on the parametrization E/EP . Here E can be
considered as the energy scale at which spacetime geometry is probed. However in this
deformed Einstein’s gravity we have only one particle and that is the graviton. Therefore
the particle probing the spacetime will be the graviton produced by the fluctuations of
the spacetime itself. So we will not have a single metric for the spacetime, but a one
parameter family of metrics which depends on the energy (momentum) of these test
particles, forming a Rainbow geometry. This approach is called the Rainbow Gravity and
if taken into consideration, spacetime is endowed with two arbitrary functions f (E/EP )
and g(E/EP ), commonly known as Rainbow functions, having the following properties
limE→0 f, g (E/EP ) = 1. f (E/EP ) and g(E/EP ) appear in the solutions of the modified
Einsteins field equations
Gµν (E/EP ) = 8πG(E/EP ) Tµν (E/EP ) + gµν Λ(E/EP ) ,

(1)

where G(E/EP ) is an energy dependent Newton’s constant, defined such that G(0) is
the low-energy Newton’s constant and Λ(E/EP ) is an energy dependent cosmological
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constant. Some recent studies on Rainbow formalism can be found in [14, 15].
In general any departure from Lorentz invariance will lead to the modification of the
dispersion relation in the form
E 2 f 2 (E/EP ) − p2 g 2 (E/EP ) = m2 .

(2)

As as eﬀective model let us study the FRW cosmology in the framework of Rainbow
gravity [16]. The line element for the Rainbow modified spatially flat FRW universe can
be written as
ds2 = −

( 2
)
1
a2
2
dt
+
dr + r2 dθ2 + r2 sin2 θdϕ2 .
2
2
f (E/EP )
g (E/EP )

(3)

The corresponding modified Friedmann equations and the conservation equation become
[
]2
ġ(E/EP )
8πG
H−
= 2
ρ ,
(4)
g(E/EP )
3f (E/EP )
(
Ḣ +
and

ġ(E/EP )
g(E/EP )

)2

(
)
g̈(E/EP )
(ρ + P )
ġ(E/EP ) f˙(E/EP )
−
= −4πG 2
− H−
(5)
g(E/EP )
f (E/EP )
g(E/EP ) f (E/EP )
(
)
ġ(E/EP )
ρ̇ = −3 H −
(ρ + P ) .
g(E/EP )

(6)

Let us now consider an ensemble of ultra high energetic relativistic particles, which is
relevant for very early universe, in thermal equilibrium having average energy ⟨E⟩ ∼ T .
Under general thermodynamical considerations, along with the equation of state P =
(γ − 1)ρ and the conservation equation we can write the average energy in the form [17]
⟨E⟩ = c γ ρ

γ−1
γ

,

(7)

where c is a constant and not much relevant for our purpose. The relation depends only
on the equation of state parameter and not on the form of MDR chosen. Note that
γ = 4/3 represents radiation.
We now discuss briefly the general conditions on the Rainbow functions that leads to
non-singular Rainbow cosmology. If we use the first modified Friedmann equation in the
conservation equation we get
√
γ ρ3/2
ρ̇ = − 24πG
= κ(ρ) ,
f (ρ)

(8)

where f (E/EP ) can be written as f (ρ) with the help of equation (7) and lets denote the
r.h.s as κ(ρ). This first order dynamical system is well studied in cosmological contexts
in [18] ( [19] is useful for more general applications). Knowing the fixed points of the
function κ(ρ), i.e., its zeros (denoted as ρi ’s) and its asymptotic behavior enables one
to qualitatively describe the behavior of the general solution without actually solving
the system. For resolving finite-time singularities we would like to show the existence
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of an upper bound for the density ρ, having a fixed point ρ1 , which is reached at an
infinite time, or to show the existence of a point at which the density is unbounded (a
potential singularity) but reached in an infinite time, i.e., not a physical singularity. One
can show that finite-time singularities (including big bang singularity) are absent if one
of the following is true [18]:
√
• If f grows asymptotically as ρ, or faster. For example, if f ∼ ρs , where s ≥ 1/2,
one can calculate the time to reach a potential singularity by integrating equation (8)
starting from some initial finite density ρ∗ to an infinite one. The integral diverges
and this means that the time to reach this potential singularity is infinite, therefore,
it is not a finite-time singularity and hence, not physical.
• If f −1 is diﬀerentiable and has a zero at ρ = ρ1 other than ρ = 0, then the cosmological solution is nonsingular and interpolates monotonically between ρ1 and
0.
With a particular choice of f (E/EP ) and g(E/EP ) a possible resolution of the big bang
singularity was proposed in [20] in the context of quantum cosmology with a perfect
fluid. Here we would like to study how the choice of the Rainbow functions f (E/EP ) and
g(E/EP ) as predicted by MDR and DSR plays an important role in possible resolution
of the big bang singularity in these modified cosmological models. One of the most
interesting forms of MDR, has been suggested by Amelino-Camelia, et el. in [6, 7] for
massless particles which has the following form
(
E

2

eE/EP − 1
E/EP

)2
− p2 = 0

(9)

where EP is the Planck energy scale near which the dispersion relation is modified. This
modified dispersion relation has been introduced by Amelino-Camelia, et al. to explain
the astrophysical observations of the hard spectra coming from gamma-ray bursts at
cosmological distances. With (7) we can evaluate the form of f (ρ) and the corresponding
equation of (8) in this case can be written as
√
γ 2 ρ3/2 ρ γ
) = κ1 (ρ) .
ρ̇ = − 24π (
γ−1
γ
Exp[γρ ] − 1
γ−1

(10)

From now we will work in units where c = EP = G = 1. In Fig. (1) we have plotted
ρ̇ versus ρ for radiation and we can see that the density is not bounded which might be
a sign of singularity. We can calculate the time taken by the solution to evolve from a
finite density ρ∗ (lets say) to an infinite one which is a potential singularity by integrating
equation (10). So for radiation
∫ ∞
dρ
t=
→∞ .
(11)
ρ∗ κ1 (ρ)
We remember that this integral is finite and non-zero in the standard case. Here we see
that the time required for the solution to reach infinite density from a finite one is infinite
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.

and hence there is no finite time singularity in this cosmological model. In addition to
this we can also find that the solution takes infinite time to reach the fixed point ρ = 0
from a finite ρ which we believe to be a sensible result.
Now we study another choice of Rainbow functions
f (E/EP ) = g(E/EP ) =

1
,
1 − E/EP l

(12)

which was suggested by Magueijo and Smolin in [11,13]. This particular choice is capable
of giving a theory with constant velocity of light and also solves the horizon problem.
With this form of f and g we can write the modified conservation equation as
(
)
√
γ−1
3/2
γ
ρ̇ = − 24π γ ρ
1−γ ρ
= κ2 (ρ) .
(13)
γ

Here one can observe that the above solution has two fixed points, ρ = 0 and ρ = γ 1−γ ,
which is showing that the solution is nonsingular and interpolate between ρ = 0 and ρ ∼
ρP . In Fig. (2) we have plotted ρ̇ vs ρ for radiation (γ = 4/3). One can show the absence
of finite-time singularities by calculating the time necessary to reach any of the two fixed
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.
points ρf = 0 or ρf = 81/256 ρP starting from a finite density 0 < ρ∗ < 81/256ρP . The
time is
∫ ρf
dρ
t=
→∞ ,
(14)
ρ∗ κ2 (ρ)
which means that the time necessary to reach a fixed point is infinite. This introduce a
possible resolution for the big bang singularity in this model. This gives a solution which
is non-singular and has two fixed points.
Another interesting MDR was considered in [21] and which can be expressed as
(
)n
E
2
2
2
2
2
E −p −m ≃±
E
,
(15)
n+1
EP
where the constant n may get determined experimentally. For this we get the modified
conservation equation as
[
]−1/2
√
n(γ−1)
2
3/2
n
γ
= κ3 (ρ) .
(16)
ρ̇ = − 24π γ ρ
1−
γ ρ
n+1
In Fig. (3) we have plotted ρ̇ versus ρ for γ = 4/3 and we see there is only one fixed
point in this case, which is at ρ = 0. But for our analysis a fixed point at a non-zero
value of ρ is very crucial. So we cannot claim that there is a resolution of the big-bang
singularity with this choice of the Rainbow functions.
Another interesting choice of the Rainbow functions was used by the authors in [15]
(
)
E
2
2
f (E/EP ) = 1 + β
e−αE /EP
and
f (E/EP ) = 1 .
(17)
EP
√
Here α = 1/4 and β = −(4/3) α/π. This choice is motivated from Noncommutative
Geometry models and here we can write the modified conservation equation as
2(γ−1)

2
γ
√
γ ρ3/2 eαγ ρ
) = κ4 (ρ) .
ρ̇ = − 24π (
γ−1
1+β γ ρ γ

(18)
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.
In Fig. (4) we have plotted ρ̇ versus ρ for γ = 4/3. Here we can see that there is a fixed
point at ρ = 0 but the solution is not continuous at some finite value of ρ and hence our
analysis will not hold.
So in the present work we have studied the eﬀect of Rainbow gravity in the cosmological scenario of the very early universe. We have briefly stated the general conditions
of the fixed point analysis for having a nonsingular universe in the Rainbow framework.
We have restricted our study to four Rainbow functions that are well motivated and
available in recent literature. A substantial part of this study is already reported in [22].
In the first two cases the general cosmological solutions reveal the absences of big bang
singularities and both solutions are nonsingular. These nonsingular solutions can also be
expressed in exact forms. In general the Friedmann equations gets modified in the Rainbow gravity formalism by the so called Rainbow functions. The modified conservation
equation allow us to evaluate a relation between the test particle energy and the energy
density whose solutions played a major role in studying the singularity. In the first case,
we notice that the universe takes infinite amount of time to reach ρ → ∞ and ρ = 0 from
a finite value of ρ. In the second case, we find the system exhibits two fixed points and
the solution takes infinite time to reach the fixed points which represents a non-singular
solution. This hints towards an existence of a Rainbow universe which existed forever. In
the third choice there is only one fixed point at ρ = 0 and the solution is not bounded, so
we cannot comment anything on the potential singularity. Similar situation arises with
the fourth choice also, where the solution is not continuous and hence our analysis cannot
be done. So it is not the case where with any arbitrary choice of the Rainbow functions
we can get an ageless universe. The first two choices are in some sense unique for the
infinite age of the universe with no big bang. They may be considered with extra care
for the study of Greisen-Zatsepin-Kuzmin (GZK) limit of ultra high energy cosmic rays.
There are many strong motivations, at least theoretically, for Lorentz invariance violation at Planck scale. This includes the protection of Higgs mass upto the Planck
scale against large radiative corrections in Grand Unified theories. Even if we assume
that there is a order one Lorentz invariance violation at the Planck scale and study its
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consequences with modified dispersion relations or doubly special relativity then we can
see that there are unique choices of the Rainbow functions which predicts an infinitely
existed universe with no singularities.
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Abstract: The traditional presentation of special relativity is made from a rupture with
previous ideas, such as the notion of absolute motion, emphasizing the antagonism of the
Lorentz-Poincaré’s views and Einstein’s ideas. However, a weaker formulation of the postulates
allows to recover all the mathematical results from Einstein’s special relativity and reveals that
both viewpoints are merely diﬀerent perspectives of one and the same theory. The apparent
contradiction simply stems from diﬀerent procedures for clock “synchronization,” associated
with diﬀerent choices of the coordinates used to describe the physical world. Even very
fundamental claims, such as the constancy of the speed of light, relativity of simultaneity and
relativity of time dilation, are seen to be no more than a consequence of a misleading language
adopted in the description of the physical reality, which confuses clock rhythms with clock time
readings. Indeed, the latter depend on the “synchronization” adopted, whereas the former do
not. As such, these supposedly fundamental claims are not essential aspects of the theory, as
reality is not altered by a mere change of coordinates. The relation between the rhythms of clocks
in relative motion is derived with generality. This relation, which is not the standard textbook
expression, markedly exposes the indeterminacy of special relativity, connected with the lack of
knowledge of the value of the one-way speed of light. Moreover, the theory does not collapse and
remains valid if some day the one-way speed of light is truly measured and the indeterminacy
is removed. It is further shown that the slow transport method of “synchronization” cannot be
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Introduction

In previous works we undertook a reflection on the foundations of special relativity
[13, 14, 23–25]. An inspiring source in this journey was John Bell’s book “Speakable
and unspeakable in quantum mechanics” [1]. More precisely, the book includes a chapter entitled “How to teach special relativity,” in which Bell recommends the use of a
Lorentzian pedagogy, i.e., that special relativity should be taught starting from the idea
of a preferred frame:
“I have for long thought that if I had the opportunity to teach this subject, I would
emphasize the continuity with earlier ideas. Usually it is the discontinuity which is
stressed, the radical break with more primitive notions of space and time. Often the
result is to destroy completely the confidence of the student in perfectly sound and
useful concepts already acquired.”
John Bell’s idea goes much deeper than the questions of “continuity” and “confidence.”
Indeed, he continues by adding and stressing an ingredient of special relativity still somewhat unnoticed, namely that all the results from special relativity can be derived either
by following the ideas of Lorentz and Poincaré of the existence of a “preferred reference
frame” or Einstein’s “equivalence of all inertial frames.” He acknowledges a diﬀerence of
philosophy – and a diﬀerence of style – on two approaches describing the same physics:
The diﬀerence of philosophy is this. Since it is experimentally impossible to say which
uniformly moving system is really at rest, Einstein declares the notions ‘really resting’
and ‘really moving’ as meaningless. For him only the relative motion of two or more
uniformly moving objects is real. Lorentz, on the other hand, preferred the view that
there is indeed a state of real rest, defined by the ‘aether’, even though the laws of
physics conspire to prevent us identifying it experimentally. The facts of physics do
not oblige us to accept one philosophy than the other.
The last quoted assertion, although well-known by specialists, still startles most physicists. Nevertheless, it is simply the quite obvious aﬃrmation that the study of relative
motion can be made without any reference to absolute motion, but is not incompatible
with it. A fact well-known by Galileo, Newton, Lorentz and Poincaré and deeply connected with the principle of relativity, as carefully debated in [13], that most textbooks
tend to forget.
In his outstanding 1905 relativity paper [20], Einstein considers the reference to absolute motion as “superfluous.” Modern physics lead to a widespread acceptance of a
strict operational view of physics, making it easy to identify the word “superfluous” with
“meaningless.” This constitutes the essence of the “diﬀerence in phylosophy.” However,
the bases of Einstein’s special relativity are much less solid than it is generally accepted.
In short, both postulates from special relativity are too strong and can be formulated
in weaker forms [13], while keeping fully compatible with all available observations and
experimental results [13, 14, 23–25]. This more general formulation of special relativity,
briefly reviewed in sections 2 and 4, strikingly evinces that there is an indeterminacy in
the theory [13], since there are quantities which eventually cannot be measured, such as
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the one-way speed of light, as noted early by Reichenbach [39,40] and discussed by many
authors [2,3,19,24,30–34,41,49]. As a consequence, a deadlock arises in practical terms –
although not in fundamental ones – and some additional assumptions have to be required
to cut this Gordian knot. Einstein’s theory solves the problem in an extremely simple
and elegant way, with his methodology for “synchronization” of distant clocks, providing a straightforward and eﬀective operational procedure to study physics [13]. Still,
other approaches to the problem are possible, fully compatible with Einsteins relativity in practice, but leading to very diﬀerent assertions in fundamental and philosophical
terms.
It seems reasonable to concede that when additional restrictions are included on top
of those implied by the physical reality, then it is likely we are describing only part of
it. The diﬃculty in transposing this somewhat evident statement into the context of
Bell’s two philosophies lays in a misleading interpretation of the “symbols” employed in
the mathematical formalism, with t and v on the first line. In fact, a negligent use of
language, associated with the unclear separation of scientific results and “philosophical”
or “ideological” statements (defined here as statements that are dependent on an arbitrary
convention or on an interpretation relying on additional assumptions not imposed by
experiment), has led to a terminological confusion and apparent contradictions.
The diﬃculty in accepting Bell’s point is more on the speech or discourse surrounding
special relativity, not so much on the calculations actually performed. As a simple example, “relativity of simultaneity,” one of the trademarks of special relativity, presented
almost always in the very beginning of any text or media content about relativity, is one
debatable “philosophical” statement. As a matter of fact, it depends on the choice of
coordinates (cf. section 3) and, therefore, by no means is an intrinsic feature of the theory [30]. The same is true regarding “relativity of time dilation” (cf. section 5). Despite
the correctness of the underlying calculations, these aﬃrmations are repeatedly given an
abusive semantics they do not possess, as detailed in the body of this paper, as they
mix the notions of clock rhythms (or clock tick rates) and time readings (or time coordinates) displayed by clocks. Indeed, the former are independent of any “synchronization”
procedure, whereas the latter are not.
Following [30], we note that emphasis should be given to the properties that do not
depend on the choice of coordinates, or, equivalently, on the “synchronization” procedure
adopted. To avoid the problem of coordinate-dependent quantities, Oziewicz [35, 37] and
Ivezic [28] have developed “coordinate-free” approaches to special relativity.
The existence of alternative formalisms and broader views of special relativity following the general lines presented above is rather consensual. As illustrations, we can name
the works of Edwards [19], Mansouri and Sexl [32], Leubner et al. [30] or Selleri [41].
However, the speech surrounding special relativity has gained a strong ideological charge,
nearly dogmatic. Thus, if these unconventional theories and the corresponding calculations are widely accepted, their implications remain “unspeakable.” As a consequence,
the establishment of a broader and more general view of special relativity was hindered
up to now and a minimal interpretation prevails.
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The aim of this work is to accentuate the need for a general formulation of special
relativity, by reconciling two apparently contradictory discourses. Hence, one should not
speak about two philosophies, as they are diﬀerent aspects of one and the same theory. In
particular, one should not say that the results from special relativity can be derived either
by following the ideas of Lorentz and Poincaré of the existence of a “preferred reference
frame” or Einstein’s “equivalence of all inertial frames,” but rather use the word both.
For instance, Lorentz’s view is usually associated with the sentence “the speed of light
in vacuum is c only in one reference frame,” whereas Einstein’s view with the seemingly
contradictory sentence “the speed of light in vacuum is c in all inertial frames.” These
statements induce to think of a severe incongruity, that could be depicted schematically as
in figure 1a). The conflict can be easily elucidated with the simultaneous use of diﬀerent
procedures for clock “synchronization,” to which are associated diﬀerent choices of the
time coordinates used to describe physical events [13, 24]. A key concept is the notion
of “Einstein-speed” previously introduced in [24] and reviewed in section 6. Within the
proposed formulation of special relativity, the former sentences have to be rephrased to
“the one-way speed of light in vacuum is c in one reference frame; the two-way speed
of light in vacuum is c in all inertial frames” and “the one-way Einstein-speed of light
in vacuum is c in all inertial frames,” which could be represented as in figure 1b). One
explicit case to exemplify this assertion can be found in section 5 from [24]. It shows that
special relativity was developed under the shadow of a false dichotomy and that with a
precise language all conflicts disappear at the onset.
It is worth noting that the present formulation remains valid whether or not a
Lorentzian preferred frame is detected and the indeterminacy of the theory is removed.
For instance, a modern Lorentzian approach has been advocated by several authors, based
on purely theoretical arguments [41,44] and reinterpretation of experimental observations
[5–7, 9, 10, 25], together with proposals for additional experiments [25, 45]. The latter assume a “gas mode” behaviour of the refractive index for light propagation in rarefied
gases, carefully developed by Maurizio Consoli and co-workers [5, 7, 9, 10].
The structure of this paper is the following. In the next section we present the
weak formulation of the postulates. Synchronization procedures and the definition of
simultaneity are discussed in section 3. The mathematical formalism is introduced in
section 4, with the presentation of the IST transformation and its relation with the
Lorentz transformation. Section 5 contains a debate on the diﬀerence between clock
rhythms and clock time readings, in a short and simple subsection, which nevertheless is
a cornerstone of this article. The concept of Einstein speed is reviewed in section 6, where
the full compatibility of Bell’s two philosophies and the picture of figure 1b) is definitely
established. The bridge between the two philosophies is completed in section 7, where the
role of the Lorentz transformation is further discussed. In section 8 we obtain the relation
of rhythms between two clocks in relative motion and its correlation with the usual time
dilation expressions, in another central section of this work. The slow transport method
of “synchronization” is presented in section 9 and shown to be equivalent to Einstein’s
procedure. Finally, section 10 summarizes our main findings.
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Fig. 1 a) Usual view: Lorentz-Poincaré’s and Einstein’s philosophies seen as irreconciliable; b)
Current formulation: Lorentz-Poincaré’s and Einstein’s views focus diﬀerent aspects of the same
theory.

2

The Weak Statement of Special Relativity Postulates

We stand for a “weak” form of the postulates, in which the number of assumptions is
kept to a minimum and no additional restrictions to those required by experiment are
imposed. In this view, we start, exactly as it has been done by Einstein in his 1905
paper [20], with the definition of the “rest system.” Einstein defined it as “a system
of co-ordinates in which the equations of Newtonian mechanics hold good (i.e. to first
approximation).” We define it as a system in which the one-way speed of light in empty
space is c in any direction, independently of the velocity of the source emitting the light.
As the name indicates, the one-way speed of light is the speed of light in a path in just
one direction.
One may argue that it may be impossible to know which is the rest system. The
answer to this remark is somewhat disconcerting, as the issue is of no relevance for the
point we are trying to make. If we accept that when a photon travels between two points
in space, it does so with a certain speed, regardless of our knowledge of its value, then
there is no conceptual diﬃculty at this stage, although there may exist a practical one.
How to deal with this impossibility has been already discussed [13, 24] and the question
is readdressed in section 7.
The postulate of the constancy of the speed of light is then stated as follows [13]:
• the two-way speed of light in empty space is c in any inertial frame, independently
of the velocity of the source emitting the light.
Here, an inertial frame is any frame moving at constant velocity in relation to the rest
system, and the two-way speed of light is its average speed on a round-trip. It is worth to
emphasize that what one learns from the Michelson-Morley experiment is the constancy
of the two-way speed of light in vacuum and no information can be obtained regarding
its one-way value. The definition of the rest system is important to give a starting
reference point to the theory. In addition, it is interesting to note that the existence of
the rest system can be deduced from the constancy of the two-way speed of light and the
assumption of homogeneity of space [12].
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No further assumptions in this postulate are required to develop special relativity,
in particular no claims have to be made regarding the detectability and/or uniqueness
of the rest system nor to the value of the one-way speed of light in inertial frames.
However, although for operational reasons any inertial frame can be treated as if it were
the rest system, the rest system is indeed unique [13, 24], as shown in section 4. How
this aﬃrmation is compatible with Einstein’s view is clarified in section 6. In passing,
let us refer that the constancy of the two-way speed of light can also be derived from a
“conceptualization of time” grounded on very fundamental assumptions [23].
A general formulation of the principle of relativity is more subtle than it may look at
first sight. We have made a comprehensive analysis of the principle of relativity in [13],
where we defend its introduction on a late stage of the presentation of the theory and
suggest a formulation close to the one proposed in Feynman’s “Lectures on Physics” [22]:
• all the experiments performed in a closed cabin in any moving inertial frame will
appear the same as if performed in the rest system, provided, of course, that one
does not look outside.
The importance of not “looking outside” is stressed by Feynman and was carefully discussed before [13]. One critical implication of not looking outside is the need to perform
an internal synchronization of clocks (see section 3), such as the one proposed by Einstein
[20]. With Einstein’s “synchronization” procedure the space-time coordinates of events in
diﬀerent frames become related by the Lorentz transformation, so that an alternative way
to express the principle of relativity is “all laws of physics, when written with Lorentzian
coordinates, keep the same form in all inertial frames, the same as in the rest system”
[13]. The privileged role of the Lorentz transformation in special relativity was examined
in our former publications [13, 24] and further appreciation is made in section 7.

3

Synchronization and Simultaneity

Synchronization of distant clocks is a key issue in special relativity, debated since the
very beginning of the theory and continuing nowadays [2, 3, 19, 20, 24, 30–34, 38–41, 49].
One important trend in the discussion of this topic is the so-called “conventionality of
simultaneity thesis.” A good overview of this thesis was presented by Marco Mamone
Capria [3] and was quickly reviewed in [13].
In this work we follow our former analysis [24], based to a big extent on the work of
Mansouri and Sexl [32]. We start with the synchronization of clocks in the rest system.
In this system there is no need for any “stipulation” nor any element of convention. Since
the value of the one-way speed of light is known in this frame and it is the same in the
to-and-fro paths, we can use Einstein’s procedure: a photon is emitted from a point A at
time t0A measured by a punctual clock in point A, it is reflected at a point B at a time
tB to be defined, and arrives back at point A at time t1A ; the time tB of a punctual clock
in point B is set as tB = (t0A + t1A )/2. All clocks in the rest system can be synchronized
in this way. Alternatively, if the distance between points A and B is L, tB = t0A + L/c.
We can now try to synchronize clocks in any inertial frame. The simplest method is
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to perform an “external synchronization” [13, 24, 32], in which we “look outside” and the
synchronized clocks from the rest system are used as a reference. For instance, observers
in the moving frame set their clocks to 0 when they fly past by a clock in the rest system
marking 0 as well. We denote clocks synchronized in this way by synchronized clocks
and their time readings by synchronized times or simply “times.” An alternative way
is to perform an “internal synchronization” [13, 24, 32], where the moving observers do
not look outside and use the same procedure employed in the rest system. This is of
course Einstein’s synchronization. We call clocks “synchronized” with this scheme by
Lorentzian clocks, as their time readings, that we name Lorentzian times, are related by
the Lorentz transformation. In this case the moving observers have proceeded as if they
were in the rest system: despite not knowing the value of the one-way speed of light in
their frame, they proceed as if it were c. A Lorentzian clock has a constant oﬀset of
−vx′ /c2 in relation to a co-punctual synchronized clock [13, 24].
One very intuitive idea to set the initial adjustment of distant clocks is the slow
transport method of clock “synchronization.” It consists of setting all the clocks at the
same location and then to move them slowly until they reach their final positions. Hence,
the slow transport procedure does not involve “looking outside.” As anticipated in [13],
this method is equivalent to the “internal synchronization” scheme [4, 18, 21, 27, 32, 47],
where we proceed as if the value of the one-way speed of light were c, in accordance with
the current formulation of the principle of relativity. Hence, slow transport can be used
to synchronize clocks in the rest system, but we must be fully aware it leads to Lorentzian
clocks if used in a moving inertial frame. The equivalence between slow transport and
internal synchronization is deduced from the present formulation of special relativity in
section 9.
A first step towards the clarification on how to reconcile Bell’s two philosophies can
already be made. It consists in having both synchronized and Lorentzian clocks in one
inertial frame. An example of this configuration is shown in figure 2. In this figure S and
S ′ denote the rest system and the inertial frame, respectively, t is the time in S, t′ and t′L
are the time readings of synchronized and Lorentzian clocks in S ′ , respectively, the speed
of S ′ is v = 0.6c, and the distances AB and BC are the same and equal to 1800 km (in
S). Clocks D and E are co-punctual with clocks B and A, respectively, at t = 0. We will
consider similar setups repeatedly.
Figure 2 acutely exposes the diﬃculties with the concept of simultaneity. Are two
events, both occurring at t = 0, one at point A and the other at point B, simultaneous in
the moving frame as well? The diﬃculty is that while the synchronized clocks display the
same time readings for the two events, the Lorentzian clocks display diﬀerent ones, so that
the comparison of clock time readings by itself does not provide an answer. However, on
the one hand, the Lorentzian clocks have been adjusted with one additional assumption,
namely, a stipulated value for the one-way speed of light in the moving frame used for
operational purposes. On the other hand, a photon emitted from an observer in the
inertial frame S ′ propagates in the rest system with a one-way speed of light c, exactly
the same of a photon emitted by an observer in S, so that the synchronization of clocks
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Fig. 2 Lorentzian (t′L ) and synchronized (t′ ) clocks in an inertial frame S ′ , obtained from internal
and external “synchronization” procedures, respectively. AB = BC = 1800 km; v = 0.6c.

in S is reliable, even if it is made from the observers in S ′ . Thus, within the weak
formulation of the postulate of the constancy of the two-way speed of light, we define
simultaneity from the comparison of the time readings of synchronized clocks. According
to this definition, the answer is “yes.”
In any case, whatever definition of “simultaneity” is adopted, physical reality is not
changed. What is modified is merely the way to describe it. In fact, the observers in S ′
can describe any physical phenomenon using their synchronized and/or their Lorentzian
clocks. Physical phenomena are independent on the way one chooses to set his own
clocks and are precisely the same regardless of the description adopted. The picture
1a) of a conflict of philosophies corresponds to a big extent to implicitly consider that
physical reality is indeed modified when we have just changed its description (cf. as well
section 5). The picture 1b) of a full compatibility corresponds to noting that we can even
adopt two definitions of “simultaneity,” as long as we distinguish between simultaneity
(or synchronized simultaneity), from Einstein simultaneity, as given, respectively, by the
comparison of the time readings of synchronized and Lorentzian clocks.
Finally, it is consensual that a hypothetical signal with infinite speed would solve the
problem of assigning physical meaning to any synchronization scheme once for all, as no
element of convention would ever be needed in this case, in any frame. It is interesting to
note that if such signal would be emitted from clock A at t = 0, then it would set all other
clocks in figure 2 (B, C, D and E) exactly in the same way as the synchronized clocks.
This is not a definitive argument, as infinite speed signals may be non-existing in nature.
Nevertheless, the basic notion of synchronization is not aﬀected by this observation and
it does not prevent the use of infinite speed signals in a Gedankenexperiment like this
one.
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The IST Transformation

The IST transformation (Inertial [41–43]–Synchronized [11–13, 24, 27]–Tangherlini [48])
has been first proposed by Tangherlini [48] and used by various other authors [29,32,46]. It
emerges naturally when the external synchronization procedure delineated in the previous
section is used. Its derivation is quite straightforward and has been outlined in [24]. In the
usual configuration where the axis of the rest frame S and a moving frame S ′ are aligned,
the origin of S ′ moves along the x-axis of S with speed v in the positive direction, and
the reference event is the overlapping of the origins of both frames at time zero, the IST
transformation is given by [24]
x′ = γ(x − vt)
t
t′ = ,
γ
with

1
γ=√
1−

v2
c2

.

(1)

(2)

The IST transformation is not symmetrical, as the inverse transformation, expressing
x and t′ as functions of x and t, is given by,
′

1 ′
(x + γ 2 vt′ )
γ
t = γt′ .

x=

(3)

Notice that the position of the origin of S, x = 0, is given in S ′ by x′ = −γ 2 vt′ . This
means that S ′ sees S passing with speed v ′ = −γ 2 v, and not just −v as one could think
at first sight. One factor γ accounts for the fact that rulers are shorter in S ′ , while the
second γ factor comes from the fact that clocks run slower there [14]. Note as well that
we can have |v ′ | > c, which may look surprising. However, c is a limit speed in the rest
system [23], i.e., no object can travel at a higher speed in S. The corresponding limit
speeds in S ′ are obtained in section 6 [cf. equations (11) and (12)]. They are diﬀerent
for objects moving in the positive and negative x-directions, and one of them is larger
than c. Besides, the notion of “Einstein speed” is introduced in the same section, where
it is further shown that its value in S ′ is limited to c, in accordance with the standard
formulation of special relativity.
When the speeds involved are low, γ is very close to one. In this case, the transformation of coordinates between the rest and the moving frame reduce to
x′ ≃ x − vt
t′ ≃ t

(4)

Galileo’s transformation, as it should be.
If a second reference frame, S ′′ , is moving with speed w in the rest system, then it is
not diﬃcult to show that the quantities in S ′ and S ′′ relate through
]
γv [ ′′
x′ =
x − γw2 (v − w)t′′
γw
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t′ =

γw ′′
t ,
γv

(5)

where γv and γw are the γ factors associated with speeds v and w, respectively. Of
course that the inverse relations are simply obtained by interchanging the roles of w and
v and the ′ quantities with ′′ ones. Moreover, when w = v the identity transformation is
obtained.
Finally, the Lorentz transformation is readily obtained from the IST transformation
(1) by introducing the oﬀset factor mentioned in section 3,
t′L = t′ −

v ′
x
c2

(6)

and substituting t′ in (1) [13, 24]. Additional remarks about the Lorentz transformation
are made in section 7.

5

Clock Rhythms and Time Readings

One simple – and yet critical – issue that has to be clarified before engaging any discussion on the interpretation of special relativity or of special relativity results is to state
the diﬀerence between clock rhythms (or tick rates) and clock time readings (or time
coordinates). Contrary to time readings, clock rhythms do not depend on any particular
form of “synchronization.” Surprisingly, the failure to make this basic distinction is at the
origin of several misunderstandings surrounding the theory, including, e.g., the discussion
of the twin paradox, to be adressed in a subsequent publication.
Let us consider the time-evolution of the situation depicted in figure 2 and check how
does it look like at t = 10 ms. The result is shown in figure 3. As it can be verified, all
moving clocks D and E, both synchronized and Lorentzian, tick at the same rate: for
each of them 8 milliseconds have passed from figure 2 to figure 3 (for instance, for the
Lorentzian clock D 3.5-(-4.5)=8 ms have passed, the same as for the synchronized clock
D). Thus, the clock rhythms are independent of the adopted “synchronization.” In turn,
10 ms have passed for each of the clocks at rest A, B and C. All moving clocks, both
synchronized and Lorentzian, tick slower, in this case by a factor of 10/8 = 1.25, than
the clocks at rest. Reversely, all clocks at rest tick faster than the moving clocks. Time
dilation is related to the clock rhythms and, as expected, does not depend on the initial
adjustment or “synchronization” that is made to the moving clocks.
The principle of relativity and, in particular, “relativity of time dilation,” can also be
addressed with the help of figures 2 and 3. If the observers in S ′ decide not to look outside
and to use only their Lorentzian clocks, then, according to the principle of relativity, their
description of the phenomenon has to be the same as if they were at rest. This is just
standard special relativity, but still let us verify explicitly how it works in this example.
An observer with the Lorentzian clock D says he has seen a clock B from S just in front
of him when this clock B was reading t = 0 while his clock D was marking tL′ = −4.5 ms
(figure 2). Later on, an observer co-punctual with clock E sees the same clock B showing
t = 10 ms, while his own clock E exhibits tL′ = 8 ms (figure 3). The observers from S ′
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Fig. 3 Evolution of the situation represented in figure 2, with Lorentzian (t′L ) and synchronized
(t′ ) clocks in an inertial frame S ′ . AB = BC = 1800 km; v = 0.6c.

could then (erroneously) conclude that while for them, 8 − (−4.5) = 12.5 ms have passed,
in the “moving” frame S only 10 − 0 = 10 ms have passed. Therefore, they could consider
themselves “at rest” and the “moving” clocks from S would appear to run slower. In this
case, by the same factor as before, 12.5/10 = 1.25, as it had to be. As long as one does
not look outside, there is a symmetry in the description of physical phenomena. However,
this “relative time dilation” has nothing to do with the clocks rhythms and it is merely a
result of comparing time coordinates using Lorentzian clocks. In fact, if the observers in
S ′ perform the same comparison of time readings using their synchronized clocks instead
of the Lorentzian ones, they arrive at the opposite (and correct) conclusion, namely, that
their clocks are running slower.
The example above illustrates quite clearly the apparent “conflict of philosophies”
and the claim that there is only one theory. Similarly to the discussion of simultaneity in
section 3, when we set apart the symbols t′ and t′L , related by (6), and denote them by
diﬀerent words, distinguishing “time” (or “synchronized time”) from “Lorentzian time,”
it becomes evident there is no formal incompatibility between the assertions of both
“philosophies” and that the main problem lays on the language (in this case the use
of the word “time” to denote two diﬀerent concepts, in section 3 the use of the word
“simultaneity” to denote two diﬀerent concepts).
One important remark is the following. When observers in two inertial frames cross,
if it is not possible to look outside and to perform some kind of external synchronization
or, equivalently, to measure the one-way speed of light, then we do not know in which
frame the clocks are actually running slower [cf. as well equation (26) in section 8]. This
is an alternative way of pointing out the indeterminacy of special relativity thoroughly
debated in [13]. We do know, however, that the description made with the Lorentzian
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clocks between one particular inertial frame and any other is the same as between the
rest system and any inertial frame. This is the dangerous beauty of the study of relative
motion.

6

Velocity Addition and Einstein Speed

The velocity addition formula can be obtained from the IST transformation without
diﬃculty. As before, let S denote the rest system and S ′ an inertial frame moving with
speed v. If an object is moving at speed w in S, then its speed in the inertial frame, wv′ ,
is simply
x′ = wv′ t′ .
(7)
Using the synchronized transformation (1) to substitute x′ and t′ ,
γv (x − vt) = wv′

t
,
γv

(8)

where γv is (the γ factor
associated with speed v, given by (2). Rearranging the diﬀerent
)
′
wv′
terms, x = v + γ 2 t, and since, by definition, x = wt, one gets w = v + γwv2 , which can
v
v
be written in the form
w−v
wv′ = γv 2 (w − v) =
(9)
2 .
1 − vc2
This is the final form of the velocity addition expression. Keep in mind that the speed
vw′′ of an object moving with speed v, in a frame S ′′ moving with speed w, is diﬀerent
from wv′ (where v and w are the speeds in S). In fact,
(

vw′′

=

γw2 (v

γw
v−w
=−
− w) =
w2
γv
1 − c2

)2

wv′ .

(10)

It may look surprising at first sight, but it has been seen already that the rest system is
seen from the moving frame S ′ passing with speed −γ 2 v and not merely −v.
It is now possible to calculate the one-way speed of light in any inertial frame. If a
photon is emitted in the positive direction of the x-axis, the one-way speed of this photon
in S ′ is given by (9) with w = c,
cv+ = γv 2 (c − v) .

(11)

If the photon is emitted in the negative direction of the x-axis, w = −c its speed in S ′ is
given by
cv− = γv 2 (c + v) .
(12)
Thus, in the moving frame the one-way speed of light is not the same in diﬀerent directions, although the two-way speed of light remains equal to c. Moreover, it is clear
that the one-way speed of light is isotropic only in the frame corresponding to v = 0. In
addition, when the speeds involved are low, γv ≃ 1 and, as expected
cv+ ≃ c − v
cv− ≃ c + v .

(13)
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As it is well known, this classical limit is not obtained from the velocity addition formula
associated with the Lorentz transformation [cf. equation (17)].
In the same way as it is vital to distinguish clock rhythms from clock time readings, it
is essential to distinguish speed (or “synchronized speed”) from Einstein speed [13,14,24].
Speed is defined as in the previous equations and can be calculated from wv′ = ∆x′ /∆t′ .
In turn, the Einstein speed is defined from
wE′ =

∆x′
,
∆t′L

(14)

i.e., its value is calculated with the diﬀerence of the time readings
clocks.
( of Lorentizan
)
v ′
′
′ ′
′
′
Substituting relation (6) into (7), one obtains, x = wv t = wv tL + c2 x , from where,
(

x′ 1 −

vwv′
c2

)

= wv′ tL′ and x′ =

wv′

1−

′
vwv
c2

tL′ . In this way, the Einstein velocity wE′ , measured

in a frame moving with speed v (in S) of an object which has speed w, is
wE′ =

wv′
′ .
v
1 − vw
c2

This last expression can be rewritten replacing wv′ using (9),
w−v
wE′ =
.
1 − vw
2
c

(15)

(16)

The Einstein speed of light, c′E , exhibits a very interesting property. As a matter of
fact, since the speed of light in the rest system is always c, c′E is obtained directly from
(16) with w = c:
c−v
=c.
(17)
c′E =
1 − vc
Therefore, the one-way Einstein speed of light is always c in any moving inertial frame,
independently of the speed of the moving frame. The cycle is thus closed and, reversely,
we can confirm that if we “synchronize” moving clocks with a value c for the one-way
“speed” of light, then we are using “Einstein speeds” and will get “Lorentzian clocks.”
An illustration with the explicit calculation of both the (synchronized) speed of light and
the Einstein speed of light in precisely the same conditions was given in [24].
The procedure of “synchronization” using the average two-way value of the speed
of light as its one-way speed is similar to the “formula 1 car synchronization of clocks”
described in [13], where the average speed of a F1 car along a racing track is used to
“synchronize” clocks along the track. It is odd that although this procedure is easily
recognized to be false in the case of the F1 car, assuming that we are interested in a
true synchronization and not simply in one synchronization procedure to be used for
operational purposes, somehow it is accepted with very little criticism in the case of the
speed of light.

7

A word on the Lorentz Transformation

As the Lorentz transformation can be deduced from the IST transformation just with
the change of coordinates (6) [24], by the very construction of the theory we can ensure
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that all the results described by the Lorentz transformation, for instance the muon decay,
can also be described by the IST transformation. From the mathematical point of view,
this statement corresponds to saying that physical laws cannot depend on the system of
coordinates chosen. In even simpler terms, it is once more the observation that physical
laws do not depend on the way the observers set their clocks.
The Lorentz transformation is symmetrical and lacks any explicit reference to the
“external” rest system. In particular, the transformation of Lorentzian coordinates between two inertial frames, S ′ and S ′′ , when written with Einstein speeds, takes the same
form as between the rest system and a moving inertial frame,
x′ = γE (x′′ + vE t′′L )
(
)
vE
tL′ = γE tL′′ + 2 x′′ ,
c
√
v

(18)

2

with γE given by γE = 1/ 1 − cE2 and vE is the relative Einstein speed between both
moving frames given by equation (16). The velocity addition expression (16) remains
valid when w and v are themselves Einstein speeds in relation to any other inertial frame,
playing in practice the role of the rest system. The explicit deduction of expressions (18)
from the oﬀset factors (6) is rather easy [12], albeit long and uninteresting.
These remarks show that for operational purposes all moving inertial frames are somewhat “equivalent” to the rest system. Physics can then be described only according to
the perception of relative motion, without any reference to absolute motion. In this sense,
the rest system is superfluous, as it is the knowledge of the value of the one-way speed of
light [13]. But the group property of the Lorentz transformation masks the underlying
assumptions and the very starting points. It evades the indeterminacy of special relativity, but does not solve it [13]. It is worth noting that a similar conclusion has been drawn
by Zbigniew Oziewicz, who demonstrated, with a completely diﬀerent approach, that
the Lorentz transformation has implicit a reference to an “external” preferred reference
system [36].
If the rest system is experimentally inaccessible, then we cannot remove the indeterminacy in the theory and may have no other option than to proceed through internal
schemes and based only on the perception of relative motion. But the wider perspective gained from the weak formulation of both postulates proposed here reveals that
the “equivalence” among inertial frames associated with the Lorentz transformation is
purely formal. It emerges as a consequence of using Lorentzian clocks and Einstein speeds.
What is more, it does not change the meaning of the symbols in the equations nor of the
quantities defined.

8

General Expression for the Rhythms of Two Clocks in Relative Motion

Developing the ideas and definitions presented in the previous section, we can now derive
the relation between the rhythms of clocks in relative motion. As a corollary, we will
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obtain in a more formal way one of the main results already discussed, namely, that the
indeterminacy of special relativity [13] implies that just with Lorentzian clocks it is not
possible to know in which of two inertial frames clocks are actually running slower (see
figure 3 and respective discussion).
Consider two inertial frames, S ′ and S ′′ , moving in the x direction respectively with
speeds v and w in the rest system, S. Clock 1 is at the origin of S ′ and clock 2 is at
the origin of S ′′ . The speed of clock 2 in S ′ is given by (9), the Einstein speed of clock 2
in S ′ is given by (16). Let us further define the proper time, τ , in the usual way, as the
time elapsed for one particular observer. Since the proper time is measured by a single
clock, it is indeed associated with the clock rhythm and does not depend on the initial
adjustment of distant clocks. The proper time of a clock in S ′′ relates to the time elapsed
in the rest system S by the time equation in (1), which can be written in the form
dτ ′′ =

dt
,
γw

(19)

where dt are the diﬀerential times marked by the diﬀerent clocks in the rest system S
that are co-punctual with clock 2 at each instant. The relation of the rhythm of a clock
1 in S ′ with the rhythms of clocks in S is given by a similar expression, namely
dτ ′ =

dt
.
γv

(20)

Note that as the one-way speed of light in S is known, clocks in S are synchronized
without ambiguity, without any element of convention. Therefore, dt can be eliminated
and the relation of the proper times of clocks in S ′′ and in S ′ is
dτ ′′ = dτ ′

γv
.
γw

(21)

Equation (21) establishes the relation of clock rhythms in two inertial frames. However, one final step is still missing. From (20) and (1) it directly follows
dτ ′ = dt′ .

(22)

Here, the equality is completely general and is valid whether or not dx′ = 0, as x′ does
not appear in the second equation (1). In turn, as a consequence of (6), in general
dτ ′ = dt′ ̸= dt′L ,

(23)

although, if dx′ = 0, then dτ ′ = dt′ = dt′L . Similarly, we can write dτ ′′ = dt′′ ̸= dt′′L ,
except when dx′′ = 0. Substituting (22) in (21), we get
dτ ′′ = dt′

γv
.
γw

(24)

The inverse relation is simply dτ ′ = dt′′ (γw /γv ). Take note that expression (24) can be
deduced immediately from the second equation (5). In fact, the identification dτ ′′ =
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dt′′ issues straightaway from (5), as the proper time τ ′′ can be calculated imposing the
condition ∆x′′ = 0 in the coordinate transformation and, contrary to the second equation
(18), x′′ does not appear in the second equation (5).
The findings expressed by (23) can yet be obtained, may be more intuitively, from
inspection of the configurations depicted in figures 2 and 3. Suppose an observer at the
origin of S ′′ , moving with speed w > v, is co-punctual with clocks A and E at t = 0 (figure
2). In the situation depicted in figure 3 he is then located somewhere between clocks E
and D. In order to compare with the proper time in S ′′ , the diﬀerential time intervals
dt′ and dt′L in S ′ in equation (23) refer to the time readings of clocks in S ′ co-punctual
with clock 2 from S ′′ in successive instants, whereas dτ ′ is the diﬀerential proper time
of any observer in S ′ (e.g., clock 1 at E). Thus, dt′ is the diﬀerential (synchronized)
time in S ′ , and dt′L is the diﬀerential Lorentzian time in S ′ . The conclusion (23) is then
a direct outcome of the very construction of the theory, all the remarks in section 5 on
the independence of clock rhythms from “synchronization,” and the direct analysis of the
figures in the situation described.
As it is well-known from standard special relativity – and it is extremely easy to
deduce from the Lorentz transformation (18) imposing dx′′ = 0 – the proper time of
clock 2 relates with the diﬀerential Lorentzian times through the Einstein speed,
dτ ′′ =

dt′L
.
γE

(25)

Contrary to (21), this expression corresponds to comparisons of time readings of Lorentzian
clocks in S ′ and does not correspond to a relation with the clock rhythms in S ′ . Furthermore, the reverse equation gives account of the symmetric description of time dilation
when Lorentzian clocks are used (cf. section 5), dτ ′ = dt′′L /γE .
By noting that dx′ = wE′ dt′L and dx′ = wv′ dt′ , and using (22), equation (25) can finally
be rewritten as
′
′′
′ wv 1
.
(26)
dτ = dτ ′
wE γE
This is the result we were searching for, confirming that Lorentzian clocks and Einstein
speeds are not enough to determine in which frame clocks are running faster, since the
relation between rhythms additionally involves the speed wv′ .
The indeterminacy of special relativity [13] has thus been expressed in an alternative
way. If the rest system is inaccessible, then we do not know the value of the one-way
speed of light in one inertial frame, nor can we know the value of wv′ in (26). As an
outcome, we cannot know in which of two intertial frames clocks are ticking slower. This
is the answer to “The Question” raised by Dingle [15], presented and discussed in [17,26].

9

Slow transport “Synchronization”

Let us finish this paper with the analysis of the “slow transport” method of clock “synchronization.” As already pointed out in section 3, this scheme gives the same outcome
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as Einstein’s procedure, in accordance with our weak formulation of the principle of relativity [13]. Indeed, as slow transport is an “internal” procedure, it must be equivalent
to any methodology were we operationally proceed in an inertial frame as if the one-way
speed of light were c. The result was demonstrated by several authors [4,18,21,27,32,47],
although not all of them have seen its real implication and its connexion with the principle
of relativity. It can be obtained in a straightforward way from the present formalism.
We present here the derivation made by Gustavo Homem [27]. As in previous examples, consider two inertial frames, S ′ and S ′′ , moving with speeds v and w (in S),
respectively. We will try to “synchronize” two distant clocks in S ′ , separated by a distance ∆x′ , with the help of the moving clock at the origin of S ′′ . The duration of the
trip in S ′ is simply ∆t′ = ∆x′ /wv′ . Therefore, using (24) and (9), we have,
(

)

γv
∆t − ∆τ = ∆t 1 −
γw
)
(
′
∆x
γv
= ′ 1−
wv
γw
)
(
1
γ
v
= ∆x′ 2
1−
γv (w − v)
γw
′

′′

′

(1 − v 2 /c2 ) −
= ∆x′

√

√

1 − v 2 /c2 1 − w2 /c2

w−v

.

(27)

We are interested in the slow transport limit, i.e., w → v, which can be easily calculated
from l’Hôpital’s rule,
(1 − v 2 /c2 ) −
′
′′
′
lim (∆t − ∆τ ) = lim ∆x

w→v

w→v

√

= lim ∆x′ √
w→v

=

√

1−

v 2 /c2

1−

2
w2 /c2 c

√

1 − v 2 /c2 1 − w2 /c2

w−v

w

v
∆x′ .
c2

(28)

Hence, the proper time of the slowly travelling clock at the origin of S ′′ , after covering
the distance ∆x′ (in S ′ ), has advanced by
∆τ ′′ = ∆t′ −

v
∆x′ .
c2

(29)

This is precisely the oﬀset factor (6), which proofs that if distant clocks in S ′ are set with
the slow transport method, then they mark Lorentzian times. In other words, a clock
that moves very slowly along an inertial frame gets delayed and loses the synchronization
from that frame.
The current demonstration demystifies the role of slow transport as a possible alternative and supposedly independent synchronization scheme. Specifically, any experiment
designed to measure the one-way speed of light based or involving slow-transport, such
as the one proposed in [16], will be measuring the one-way Einstein speed of light (17),
which is c.
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Conclusions

In this article a general formulation of special relativity is proposed, where the postulates
are formulated in a weaker form than in the traditional presentation, while keeping fully
compatible with all experimental evidence. The starting point is the assumption that
there exists a reference frame where the one-way speed of light in vacuum is isotropic
and equal to c, denoted by “rest system.” No claims are required regarding the possible
uniqueness and/or experimental detectability of this frame. The theory is subsequently
built from the postulates of the constancy of the two-way speed of light in inertial frames
and the principle of relativity.
Synchronization of distant clocks is a central issue in special relativity. Despite its
importance, we note that physics does not depend on the way one decides to set his own
clocks. Therefore, one observer must be able to use, at the same time, clocks adjusted
in diﬀerent ways, and study physics, in a consistent way, with all of them. This is
easily done, as long as he knows how to relate the time readings of clocks adjusted in
one particular way with the time readings of clocks adjusted in another way. From the
mathematical point of view, each particular initial adjustment of the clocks, often and
somewhat misleadingly designated as “synchronization,” is associated with one particular
choice of system of space-time coordinates to describe physical reality. Consequently,
the space-time coordinates associated diﬀerent clock settings are trivially related by a
transformation of coordinates.
Several examples are analyzed following the idea of using simultaneously multiple
clock settings, in particular by using “synchronized clocks” and “Lorentzian clocks.”
Synchronized clocks are set with an “external” reference to the rest system. They are
associated with the IST transformation. Lorentzian clocks are set “internally,” without
any reference to an external system, by proceeding in the inertial frames as if the one-way
speed of light were c. They are associated with the Lorentz transformation.
Our approach, based on the IST transformation, reveals that the traditional development of special relativity, grounded on the Lorentz transformation, corresponds to a
minimal view of the theory, to an operational procedure to study relative motion without
any reference to the rest system. In fact, the IST and the Lorentz transformations only
diﬀer from a coordinate transformation and the latter is easily deduced from the former. Therefore, by the very construction of the formalism, the present view immediately
encompasses all the results obtained within the standard view, with a clear and direct
interpretation.
A critical issue in special relativity is the confusion between clock time readings and
clock rhythms. Clock rhythms do not depend on the initial adjustment of distant clocks,
while clock time readings do. Thus, synchronized and Lorentzian clocks display diﬀerent
time readings, but have the same rhythm. Indeed, the time readings of synchronized and
Lorentzian clocks in the same position of one inertial frame just diﬀer from a constant
oﬀset factor, proportional to the distance to the origin of the frame. Similarly, the
phenomenon of time dilation is related with clock rhythms and, as such, is independent
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of the way the clocks are set. However, the description of time dilation does depend
on the time readings of the various clocks involved and, hence, of the “synchronization”
adopted. It is shown that the description of time dilation made with Lorentzian clocks is
symmetrical among two inertial observers in relative motion, as it is well-known from the
standard interpretation of special relativity. Nevertheless, this reciprocal relation does
not relate the clock rhythms. It is further shown that when observers in two inertial
frames cross, just with Lorentzian clocks it is impossible to know in each of the inertial
frames the clocks are running slower.
The indeterminacy of special relativity [13] may forbid the identification of the rest
system and prevent the practical utilization of synchronized clocks. However, such indeterminacy should be taken with humbleness and with the recognition that we simply do
not know the value of the one-way speed of light in an inertial frame. This is not a big
problem. For operational reasons we can use Einstein speeds and Lorentzian times and
do Physics.
The lack of knowledge of the value of the one-way speed of light does not change
the physical meaning of the diﬀerent quantities, nor “promotes” any of them to another
status. In particular, one should neither confuse synchronized time with Lorentzian
time, nor speed with Einstein speed, where the latter is the speed calculated from the
comparison of the time readings of Lorentzian clocks. That being so, from the physical
point of view one cannot accept an arbitrary stipulation for the value of the one-way speed
of light in an inertial frame, but instead acknowledge the tautological assertion “the oneway Einstein speed of light in vacuum is c in any inertial frame,” which is an immediate
consequence of its very definition. Moreover, nothing is changed and the theory does not
collapse whether or not it is eventually possible to identify the rest system, for instance,
with a measurement of the one-way speed of light. Recent suggestions to achieve this
measurement have been put forward by M. Consoli and co-workers [7–9].
The slow transport method of clock “synchronization” was analyzed and discussed.
This is an “internal” method, in which observers from one inertial frame do not make use
of any external reference. According to the weak formulation of the principle o relativity,
this procedure must then give the same result as Einstein’s “synchronization” and the
time readings of clocks adjusted in this way must be Lorentzian times. It is proved this
is indeed the case, using the present formalism. As an outcome, no experiment making
use of slow transport can ever be used to measure the one-way speed of light, as it is
certain it will determine the Einstein one-way speed of light which, by virtue of its own
definition, it is known to be c.
The present formulation shows that old conflicts, such as the ones opposing the
Lorentz-Poincaré and Einstein’s ideas, reside more on the language adopted than on
the calculated quantities. The broader view of special relativity herein developed reveals
that these seemingly irreconcilable ideas refer to diﬀerent aspects of one and the same
general theory. Despite raising hot debates, the apparent conflicts are clearly solved by
making the distinction between clock rhythms and clock time readings and by accepting
there are quantities we may be unable to know. The implications of the current approach

202

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 183–204

in the interpretation of the twin paradox will be discussed in an ensuing paper.
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Abstract: The propagation of light is well described by Maxwell’s field equations of
electromagnetism in relativistic space; its emission and absorption by quantum mechanics.
However, some open questions remain. For example, is there a means to break gauge symmetry?
Do any surprises await us at high energies or unexplored scales? Are there further interactions
between fundamental forces? Many authors have suggested that a deeper understanding can
be achieved through a statistical model of the continuous electromagnetic media in which light
can propagate. In such an approach the electromagnetic fields are of the same nature as more
familiar force fields: statistical averages of underlying physical quantities. The goals of this
approach are not only to explain why Maxwell’s equations of propagation and the quantum
theory of emission and absorption apply, but also to explore new predictions as well. Here we
briefly review the approach, and demonstrate its utility in allowing a derivation of the Lorentz
boost factors of Special Relativity.
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1

Introduction

Maxwell’s equations remain the definitive description of electromagnetic wave propagation and the foundation of coordinate systems and relativity theory after more than a
century. Much of the later progress in modern physics has been in describing the quantized absorption and emission of this light from all manner of atomic systems: a broad
and successful field known as quantum mechanics. The only addition to the modern cor∗
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pus of physics that has further aﬀected our understanding of how light propagates (that
is, post-emission and pre-absorption) is general relativity. For our purposes in considering
advances in understanding the propagation of light, we therefore focus on these two areas
of study:
(1) Field equations of Electromagnetism
(2) Field equations of General Relativity
It is worth noting that these two present a false dichotomy, in that General Relativity
is also a set of field equations of electromagnetism. This can be seen by considering
that general relativity defines the geodesic which in turn defines the propagation of electromagnetic radiation: it is light which is fundamental to the metric theory of general
relativity. Further, GR includes in it’s source terms the electromagnetic fields. Together
as one, the two subjects aim to define what one might have called a century ago a theory
of the aether. Today we might refer to this as a theory of space-time, or a unified field
theory of continuous media. In this paper we briefly outline our understanding of the
propagation of light in the context of statistical models of continuous media. We then
consider a single example: using the theory to derive the behavior of clocks and meter
sticks in relative motion.

2

Statistical Electromagnetic Field Theory

The emergence of Lorentz symmetry has seen interesting recent development [Consoli,
2001,2007; Saul, 2003; Kaniadakis, 2006]. According to these authors the field theories
and their symmetries emerge from consideration of statistical properties of underlying
motions. It appears on the surface that very few people ventured in this direction since
the publication of Whittaker’s classic overview [1910] or Larmor’s overview [1900], though
some authors such as Winterburg [1995], Meno [1991], and Marmanis [1998] also pursued
these lines of research.
The attractive theoretical framework of these theories is however outside the scope
of this paper, and a proper overview would include such geometric examples as Weyl
[1918] and others pursuing this approach as described e.g. in O’Raifeartaigh [1997]. Here
authors have introduced formalism to include the electromagnetic field in a metric theory
or otherwise include its action as part and parcel of a framework including gravity, though
not explicitly defining the statistics of the underlying continuous medium which would
explain the field equations.
Loop quantum gravity is another pertinent approach [Rovelli and Smolin, 1990;
Smolin, 1994] which in essence claims our operating thesis: that the field equations of
electromagnetism and general relativity emerge from an underlying statistical dynamics
of space-time.
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Statistical Explanations of Special Relativity

We will consider here as a representative of such, an application of the theory. We will
give a derivation of length contraction and time dilation, the so-called Lorentz boosts,
from basic statistical principles. In deriving these well known equations, the general
approach is analogous to the approach taken by much of the above referenced work: we
consider empty space (and all space) to be filled with some kind of dynamic system. We
make basic assumptions about this system, and from them determine statistical averages
which give us field equations describing the macroscopic behavior [Saul, 2005].
The basic consideration known as time dilation is as follows. An atomic clock moving
through a continuous electromagnetic medium at some speed u will at any moment tick
diﬀerently than a co-located rest-frame clock. The oscillations which are the tickings of
an atomic clock are produced by some electromagnetic forces, for example the interaction
of negatively charged electrons with a positive nucleus. Without knowing the exact form
of the wave-function or space-time disturbances that are nuclear particles and electrons,
or the details of the mechanics of the clock, we can still estimate the eﬀect of motion on
the comparative rates of electromagnetic clocks.
We assume first that the velocities of the micro-physical or statistical constituent
“particles” of our constituent space-time are in a dynamic equilibrium. That is to say
that their statistics are distributed to first order normally as in a Maxwellian gas. The
distribution function of these constituents is then given by:
f (⃗v ) = N · e

−3|⃗
v −⃗
u|2
2σ 2

(1)

Where ⃗u is the bulk motion of the laboratory through space (or vice versa), and the velocities of the individual atoms are here labeled ⃗v Eq. 1 is often proved in thermodynamics
as a minimization of energy deviations but here we will simply treat is as an assumption.
A normalization factor
√
3
6
N= 3
(2)
σ
π
will set the 0th moment (number density) to unity. Even if the statistical distribution of
space-time constituents is far more complex than the simple form in Eq. 1, our assumption
of the form in Eq.1 more accurately approximates the dynamics with respect to the linear
velocities.
We note in passing that a measurement of the bulk motion of the continuous media ⃗u of the vacuum or continuous field was a described target of many early physical
measurements, most notably the Michelson-Morley experiment and its later follow-ups.
Fluid mechanical descriptions of Maxwell’s equations as well as gauge geometries lead one
to also ascribe this quantity as proportional to the magnetic vector potential. However
we don’t require these considerations to continue on our derivation of the Lorentz boost
factor of time dilation.
The parameter σ has been introduced here as the average “peculiar” speed so that
< |⃗v − ⃗u| >= σ, where the angle brackets denote an average or weighted integral over
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the distribution function:
∫ ∫ ∫
A (⃗v ) f (⃗v ) d3 v

< A (⃗v ) >=

(3)

The next important step here is to realize that the parameter σ can be taken as a
means to set metric scale. The clock’s perturbations in ticking will be linearly correlated
to this parameter. If field disturbances in the media move more rapidly as viewed from
another frame, as they will if σ is larger as viewed from that frame, then the clock will
appear to tick faster. To put it another way: the statistical variations from the mean
provide a temporal scale in the medium. One can also view this as a restoring force
eﬀect, much as an average peculiar speed in a classical gas is linearly proportional to the
pressure force. This average peculiar speed also emerges as the natural wave speed in the
medium as viewed in the reference frame in which it was calculated.
We also need to assume that the root-mean-square (RMS) speed of the distribution
is given by |⃗v |2 ≡ c2 . The assignment of the RMS velocity as the speed of light could be
taken here as an assumption, or justified with a wave-equation for light wave propagation
based on an underlying micro-physics as in e.g. [Saul, 2003].
We are now ready to explicitly solve the angle bracket integration over the Maxwellian
distribution in equation (1) to calculate the speed of light in our assumed distribution.
A full integration yields:
|⃗v |2 = c2 = u2 + σ 2
(4)
Thus in a frame moving with respect to the bulk frame, the average “peculiar” speed
is found to be
σ 2 = c2 − u2 .
In a reference frame at rest in the kinetic medium, which we can designate with a primed
coordinate we have
´

σ 2 = c2 .
because in this frame ⃗u = 0
We now have the controlling factors σ and σ ′ which control the ticking of the clocks
in the primed and unprimed (moving and unmoving) frames. It can be seen here that a
clock in motion will tick more slowly, as σ < σ ′ . The time dilation factor between the
two coordinate frames is given by:
γu =

σ′
c
1
=√
=√
σ
c2 − u2
1 − u2 /c2

(5)

and we have determined the Lorentz boost factor.
When a clock is at motion with respect to the micro-physical constituents of spacetime, its readings no longer match that of a clock at rest, but the two time measurements
will be bound by:
t′ = tγu + α
(6)
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The constant α is present here because the tare or oﬀset of the clock has not yet been
established. This oﬀset could in theory be diﬀerent for every clock, and depends on the
synchronization procedure of the clocks.
Because distance scale in a given direction is set by the peculiar speed in that direction,
measured distances will also diﬀer when the associated clocks are in motion, according to
d′ = d/γu

(7)

Distances perpendicular to the motion will be equal in both the real and our assumed
micro-physical coordinate systems, as our integration to find the average peculiar velocity
in a perpendicular direction is not aﬀected by motion perpendicular to the direction of
extension. The first equations of special relativity are thus explained by the statistical
dynamics of space-time constituents, coupled with a choice of using the wave speed, the
speed of light, as the local definer of metric.

4

Discussion and Future Work

Maxwell’s equations have defined a century of physics understanding and engineering, enabling untold miracles such as electric power transmission and electronic communications.
However underlying theories which explain the existence and geometric connectedness of
these fields have encountered diﬃculties, in part due to the diﬃculty of probing at the
required scales, and gauge invariance required of measuring devices built in and of the
continuous media itself. However the utility of an underlying statistical approach in explaining the relevant equations and geometry has not gone unappreciated. Diﬀerentiating
these theories experimentally to break gauge symmetry also remains a tantalizing goal
[e.g. Consoli, 2013; 2015]
We have described here how relativistic time dilation is explained in the statistical
theory in reproducing the Lorentz boost factor in Eq. 5 and the spatial dilation in Eq. 7.
However, describing relativity using underlying statistical models is not a novel approach.
Analog models of gravity [Barceló et al., 2005] show how relativistic geometries appear
in well constrained statistical media, and can provide a place to experiment with these
ideas, again providing a microscopic understanding of the field equations. It may also be
that a deeper understanding of the microphysics will allow further advances in discerning
competing theories of general relativity on the very large scale, such as Weyl’s conformal
gravity, which has been shown to predict galactic rotation curves with great accuracy
[Mannheim & O’Brien, 2012; Mannheim, 1993].
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1

Introduction

The holographic principle stems from the observation by ‘ t Hooft [1] that a quantum bit
(qubit) of information can be isolated on a Planck area of the event horizon. The Planck
length is found through the identification of the deBroglie wavelength of a particles
√ with
G~/c3 .
a standing wave determined by its Schwarzschild radius. This leads to ℓp =
A unit of area on an event horizon Ap = G~/c3 which is determined by the Newtonian
gravitational constant uniquely for ~ = c = 1. The area of an event horizon is then
proportional to the amount of information a black hole contains. This is digital qubit form
of the Bekenstein relationship between the area of a black hole and entropy S = kA/4ℓp
[2].
An observer may choose to observe the black hole at a distance, or the IR limit of
red shift energy, or to probe the horizon on a fine grained scale by observing it close up.
The IR limit is diﬃcult, particularly if the black hole is large and cold, and information
available from Hawking radiation. Up close the observer may elect to hover over the event
horizon and experience extreme Hawking-Unruh radiation. The UV limit is equivalent to
scatting quantum fields on the horizon, or stretched horizon, at very high energy. This
leads to an uncertainty
√ in being able to isolate a qubit. As that energy approaches the
Planck energy E =
~c5 /G the uncertainty becomes nearly infinite.
∗
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A wave function spread out on the stretched horizon is analogous to a wave entering
a multi-slit screen. An observer can only ascertain which Planck unit of area the particle
is at with the application of a powerful ”microscope.” However, as with the Heisenberg
microscope this wildly perturbs the particle. The meaning of geometry emerges only for
a horizon with suﬃcient area so there are units of area far enough apart so an angular
resolution exists.
The large N qubit, or equivalently large number of Planck units of area, limit has
Bott periodicity and describes a large horizon with a partition of states. Bott periodicity
is a topological property of Lie groups, where periods of 2, 4 and 8 added to the rank
of a Lie group recovers the same topology. This leads to physics of the horizon that
involves a phase change. This is a critical phase change which occurs at the Hagedorn
temperature. This physics is associated with probing the horizon on a small scale, or
equivalently hovering above the horizon with an extreme acceleration [3].

2

Vacuum Phase on the Horizon

The two slit experiment wave function is a superposition of states through the two slits.
An ensemble of experiments produces a wave pattern on the detecting plate. Now consider
the resolution of a screen and the Planck length. Suppose a wave emerges from a spherical
screen of radius R with pixel size ∆x. The wave reaches the center in T = R/c. The
total number of pixels on this screen is 4πR2 /∆x2 , which per time 2R/c is equal to the
√
2πRcTp , which is very small but much
Planck rate of transmission 1/Tp , and so ∆x =
larger than the Planck scale. For the two slit experiment the resolution of the two slits
is set by a limit
√
DcTp
(1)
∆x =
for D ≃ 2πR. For smaller two slits separation the double slit experiment is indistinguishable from a single slit experiment.
The angular uncertainty in the wave is ∆θ = ∆x/D ≃ cTp /D, and angular uncertainty reduces at larger distance. Direction has a clearer physical meaning at larger
√
scales. The means square uncertainty in distance becomes ⟨x⟩2 = DcTp / 2π, which is
considerably larger than the Planck area. Distance emerges at large scales with increased
number of Planck units of information on a screen. If physics could be measured on the
Planck scale, the angular uncertainty would be huge. This is the Heisenberg microscope
[7], which illustrates how spatial directions on the Planck scale are not well defined. What
is important is the topology induced by the slits a 2D holographic system. The screen
and slits define ”topological logic gate” information about spacetime. The quantum logic
gate is a reversible unitary processor that utilizes a Hadamard matrix, such as a C-NOT
gate [4]. Spacetime is potentially emergent from entanglement [5], and the above example
is a double slit version of how entanglement forms the building blocks of geometry. The
structure of spacetime, such as the SO(3, 1), or the spacetime symmetry cl(1, 3) in a
Cliﬀord basis is a method for working quantum information [6].
These nontrivial topological properties are similar to category theory of types [8], and
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motives [9]. In this approach distances or even paths are not relevant, but rather instead
topologically distinct setting of a logic gate. The fundamentally important information
is not the position in space or time of a particle, but rather the ”processing” of qubits
according to logic gates with topological features. The wave function spreads across the
horizon so it impossible to determine which gate does the processing, but each gate is
entangled with a qubit for the particle escaping to infinity. Every particle interacting with
the black hole has an amplitude for escape to infinity, which can include the emission
of Hawking radiation. The larger the horizon area means the holographic screen has a
greater resolution or angular certainty ∆θ ≃ cTp /D decreases. The black hole becomes
more classical and the geometry of gravitation assumes more meaning.
A path integral is a distribution of corresponding paths, and these paths can wind
through a space in topologically distinct ways. These topologically distinct paths wind
in space with homology, which corresponds to a topological invariant such as a Morse
∫
index [10]. Consider a path integral Z =
D[A]e−iS(A) . The gauge potential transforms
by the group g as A′ = gAg −1 + gdg −1 with the gauge fields F = dA + A ∧ A
transforming as F ′ = gF g −1 and,
e−iS → e−igSg

−1

= ge−iS g −1

(2)

The Lagrangian for this action determined by gauge potentials Aµ is an N × N matrix
given by the indices a, b in Aab
µ
L =

N
T r (Fµν F µν ) ,
λ

(3)

for λ = g 2 N the ′ t Hooft coupling. This is the standard Yang-Mills (YM) theory, now
taken in a large N limit in the gauge symmetry. The gauge group is SU (N ) or SO(N )
and we have for N = 2m that SU (2m) is homeomorphic to the Grassmannian Gm (C2m )
due to the universal bundle theorem [11] and,
πi G(m,2m) ≃ πi+1 SU (2m).

(4)

The AdS5 has the isometry group SO(4, 2) ≃ SU (2, 2) for superconformal theories
SU (4) ≃ SO(6) [11]. The case m = 2 is the CFT corresponding to SU (2, 2) for
twistor space.
The large N limit in the AdS/CF T correspondence [12] limN →∞ su(N ), and we have
the Bott periodicity theorem at work with the gauge group. There is a cyclic homotopy
to unitary groups so that πn (U (N )) = πn+2 (U (N )) [13] which applies for N → ∞
[13]. Further, the loop space structure has an eightfold periodicity for stable complex
bundles. For BU the classifying space of stable bundles the two-fold loop space Ω2 BU is
constructed from the loops space functor Ω such that homotopy equivalent to a set of a
countable number of copies of BU , Ω2 BU ≃ Z × BU , which connects with the two-fold
period Ω2 U ≃ U . This extends to orthogonal groups and the entire 8- fold periodic
structure [14]. The fundamental field theoretic content is a set of field configurations
ϕ = [X, BSU (N )] which exist in the homotopy of the configuration space. The
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configuration space is governed by the number of possible Planck units of horizon area
= N , and the partition of field amplitudes.
The partition of field amplitudes is determined by the tensor components of states in
j1 ,...,jm
n
Clebsch-Gordon decompositions. States |ψ⟩ = ψji11 ,...,i
,...,jm |0i1 ,...,in ⟩ are built from tensors
with a complete set of Youngs Tableaux descriptions for the set of irreducible representations. For a succession of n × n matrices with n → ∞ there are p(n) possible Young
Tableaux for each n and irreducible representations the density of states is
∞
∑
n=0

n

p(n)x

=

∞ (
∏
n=1

1
1 − ωn

)
.

(5)

The partition function p(n) is the integer partition, where the circle approximation for
this is the Hardy-Ramanujan formula. It is also easy to show the integer partition function
gives the density of states of a superstring [15].
The Bott periodicity demonstrates a cyclic topological nature to these quantum fields.
The topological nature of these fields is invariant with respect to the size N , and it is
possible to take the limit N → ∞, for N even. The topological nature of these fields
remains the same as the partition of these functions changes. The Symmetry Protected
Topological (SPT) state is an energy gapped phase with the Hawking temperature. The
SPT states with a symmetry given by a group G have topological orders given by the
cohomology H 2 (G, U (1)) [16]. For the case d = 2 the 2-space plus time model with the
Euclideanized G = SO(3) gives the 2 + 1 spin Hall eﬀect and the time reverse symmetry
group Z. The projective representation of this group is found by the quotient with the
normalizer of that group P G = G/N with the map π : G = P G that defines a bundle
of lift elements. These elements λ obey for g ∈ G the rule λ(g, g ′ ) = σ(g, g ′ )λ(g)λ(g),
where σ(g, g ′ ) is a Schur multiplier. The projective representation of the group mods
out the action of this normalizer. This is cohomology H 2 (G, N ) with the normalizer
N = U (1) [16].
By Bott periodicity the topological properties of all SU (2n) groups are equivalent.
SU (2) ≃ SO(3), means the topological properties of these fields on this surface is that of
the 2 + 1 spin Hall eﬀect. The stretched horizon is a tangle of loops and handles, which
determine this large N expansion. However, the primary topological field properties are
those of the smallest group SU (2). The SPT states apply for large N , and the stretched
horizon exists in a diﬀerent phase. This topological phase is additional hair or fuzz on
the stretched horizon. This hair is proposed by Mathur as a resolution to the firewall
problem [17]. The periodicity and the extension for large N in SU (2N ) is a way the
entanglement of states on the horizon acquire high resolution and become more classical.
The occurrence of a sharp horizon is equivalent to the entanglement of states.
There has been a remarkably similar result with working on information as a fundamental unit in quantum physics [18]. The space for Bell states is H4 ∼ C2 in four
dimensions. The group for general qubits is SU (2n ) and the Bloch vector representation
is SO(2n − 1), where for n = 2 this gives the Bloch sphere. The SO(3) is then the
standard unit for d = 3 = 22 − 1, which due to Bott periodicity on even SU (2N )
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= SU (2n ) gives the same Ĝqubit = SO(3). This returns us then to the perspective of
emergent spacetime and Cliﬀord algebra, such as illustrated in [6]

3

Discussion

A considerable diﬃculty has appeared in physics that seeks to make gravitation commensurate with quantum mechanics. It is known that Hawking radiation is entangled
with the black hole whence it escapes. The heuristic of a particle anti-particle pair in the
vacuum splitting so one enters the black hole and the other escapes gives a qualitative
sense of this. This means that a black hole emits radiation and its entanglement entropy
increase. This is a standard observation where a cavity with hot atoms will become
entangled with the radiation it emits. However, eventually the cavity will release quantum states entangled with prior emitted quantum states and its entanglement entropy
decreases [19]. This does not happen with entanglement entropy with black holes, and
entanglement entropy grows continually until it violates the Bekenstein bound. This is
the basis of the AMPS paper [20] argument that unitary conservation of information and
the equivalence principle are not compatible.
A phase change in quantum states near the horizon permits states to spread into a set
of SPT states which comprise fuzzball states. The quantum critical, or analogous thermal
induced, phase occur from two perspectives. An accelerated or asymptotic observer
witnesses quantum states on the horizon shifted to the UV and at the stretched horizon
there is a phase change. This observer sees the rapid passage of events and a rapid flux
of radiation in and out of the black hole. The hot Hawking radiation would exhibit
a thermal induced phase approaching the Hagedorn temperature, where a phase change
occurs. The quantum critical and thermal induced phases are complements of each other.
The occurrence of states in this SPT phase provides the fuzzball set of states. This
provides an avenue for the resolution of the AMPS firewall problem [17].
The density of states of the black hole is given by the integer partition function. The
density of states for strings has a generating function that in an asymptotic limit or
approximation is given by the Hardy-Ramanujan formula. The mass of a black hole is
√
its energy and the number of Planck areas on the horizon means that En = c n and
the partition function for a Schwarzschild black hole is
Z(β) =

∑

g(E)e−βE

(6)

E

for a counting of states leads to a form of the Hardy-Ramanujan formula, similar to the
analysis in [21]. The large N expansion of a YM field on the horizon leads to the integer
partition.
The 8 fold periodicity of leads us into the nature of SO(8), which has real postive
spinor reprentations for SO(8n) as n = 1, 2, . . . and exhibits Bott periodicity. SO(8)
is also embedded in SO(9, 1) and is the vector representation of SO(8) it is also the
dual spinor reprentations σ → M σ and the Hermitian dual σ † → σ † M † . These
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two spinor representations form a 2 × 2 repreentation. These are the transverse degrees
of freedom of SO(9, 1), where the real vector representations are SO(9) and the two
spinor representations are transverse in SO(9, 1). The SO(9) is part of the F4 sequence
SO(9) → F52/36 → OP 2 that diagonalizes the Freudenthal triple system with real
eigenvalues. The additional two spinors plus the vector is a triality of SO(8). This means
the 3 × 3 matrix representation diagonalizes the full 3 × 3 Fruedental triple system [22].
This means that quantum information is a gauge-like system with exceptional algebraic
structure.
The black hole is an enigmatic system. From a classical perspective it only has
three possible observable parameters, mass, charge and angular momentum. Yet recent
research has found black holes as quantum states of a remarkable complexity [23]. This
is in keeping with the holographic principle which permits black hole event horizons to
act as processors and memory storage systems of qubits. Clearly this is a diﬀerent phase
of a black hole that is radically diﬀerent from the standard classical general relativistic
black hole. In [3] it is argued that the horizon with a high level of quantum complexity,
such as storage of a large number of quantum bits, exists in a diﬀerent phase of quantum
states, similar to quantum criticality. This phase occurs at extremely high temperatures
as observed very near the horizon. Further, the cyclicity of quantum states due to Bott
periodicity indicates that much of the quantum information that exists in the universe is
in fact redundant. There is a massive amount of redundancy in the number of degrees of
freedom in the universe.
Gravitation is a theory on how quantum states on local inertial frames observe a
constant vacuum. Similarly an observer on an accelerated frame is in a constant vacuum.
However a distant observer witnesses an inertial frame evolve through diﬀerent vacua.
This is in particular with the region within string lengths of the horizon where the vacuum
exists in another quantum critical phase. On a path integral there is only one possible
path that is inertial in a classical sense. The other paths are accelerated by quantum
fluctuations. This is an equivalence principle of the vacuum, for the quantum gravitation
path integral over the moduli space gives a smooth transformation between inertial and
accelerated paths. The two perspectives on the nature of the horizon are ultimately
equivalent. The distinction between them apparent in current theories is ultimately an
illusion.
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Abstract: We study analytically the influence of a quintessential matter on the shadow of
a black hole. Since we consider as starting point Kiselev’s solution, this work is restricted
to spherically symmetric and static situations where the shadow is circular. As particular
examples we consider the Schwarzschild spacetime, Reissner-Nordstrom solution and, of course,
the spherically symmetric black hole surrounded by quintessential matter. The perspectives of
actually observing the influence of this kind of matter on the shadows of supermassive black
holes are presented to find that very-long baseline interferometry (VLBI) in the near future may
provide information about quintessence presence.
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1

Introduction

The shadow of a black hole is to a two-dimensional dark zone as seen from an asymptotical
observer. For a nonrotating black hole, the shadow is a perfect circle while for the
rotating case, it has a deformed shape in the direction of the rotation due to the dragging
eﬀect [1, 2]. Today, two projects are under way to observe the shadow of Sgr A*, the
supermassive black hole at the center of the Milky Way: the Event Horizon Telescope
[3] and the BlackHoleCam [4]. This shadow is expected to have a diameter of 54 µarcsec
and its observation would give important information about our galaxy. The projects use
radio telescopes distributed over the Earth to obtain sub-millimeter Very Long Baseline
Interferometry (VLBI) observations.
The optical properties and apparent shape of diﬀerent rotating and non-rotating black
∗
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holes have been investigated in the literature. One of the first studies, made by Hioki and
Maeda [5], suggested that the spin parameter can be determined from the observation of
the shadow of a Kerr black hole. Afterwards, several solutions were studied: black holes
in string theory [6], non-commutative inspired solutions [7], braneworld rotating black
holes [8, 9], black holes in extended Chern-Simons modified gravity [10], Kaluza-Klein
solutions [11], the Einstein-Maxwell-Dilaton-Axion black hole [12], some regular black
holes [13] and even rotating wormholes [14].
During the final decade of the XX century, astronomical observations of Supernovas
type Ia suggested that the Universe has an accelerating expansion [15]. Cosmologists
proposed diﬀerent models in order to explain this behavior of the Universe and one of them
is the existence of a dynamic scalar field ( quintessence, phantoms or k-essence [16–18]). In
this article we will work with the quintessence model, which incorporate a state parameter
ω (t) = ρp (i.e. the ratio of pressure and energy density of the quintessence field) that may
vary with time [19–21]. Recently, Kiselev [22] found a general solution of the Einstein field
equations which recovers Schwarzschild and Reissner-Nrdstrom solutions as particular
cases but also represents a static and spherically symmetric black hole surrounded with
quintessence matter with a state parameter in the range −1 < ω < − 13 . The value ω = −1
can be identified with the description of dark matter as a cosmological constant Λ while
the upper limit ω = − 31 incorporates a de-Sitter type horizon. Due to the interesting
characteristic of this solution, in this paper we investigate the optical properties of this
spacetime, calculating the influence of quintessence matter in the angular diameter of the
shadow of a Kiselev’s black hole.

2

Motion of Photons and Shadow of the Kiselev Black Hole

By solving Einstein’s field equations, Kiselev [22] found a static, spherically symmetric
solution surrounded by matter described by the line element
ds2 = −

∆ 2 r2 2
dt + dr + r2 dθ2 + r2 sin2 θdφ2
r2
∆

(1)

with
∆ = r2 − 2M r + Q2 − σr1−3ω .

(2)

M and Q are identified as the mass and the electric charge of the black hole, while σ
is a normalization constant and ω is a state parameter describing the quintessence matter
around the black hole, taking values in the range −1 < ω < − 31 and being related to the
energy density through [22–24]
ρ=−

σ 3ω
.
2 r3(1+ω)

(3)

To determine the motion of the photons in the background given by this black hole,
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we consider the Hamilton-Jacobi equation,
∂S
1
∂S ∂S
= − g µν µ ν ,
∂λ
2
∂x ∂x

(4)

where λ is an aﬃne parameter along the geodesics, and S is the Jacobi action. Taking the
rest mass of the particle moving in this spacetime as µ0 , the Hamilton-Jacobi equation
can be separated and its solution can be written as
1
S = µ20 λ − Et + Lz ϕ + Sr (r) + Sθ (θ) ,
(5)
2
where Sr and Sθ are the radial and angular contributions, respectively. The constants of
motion E and Lz are identified with the energy at infinity and the angular momentum
in the φ direction, respectively. For photons we take µ0 = 0 and thus, equation (4) gives
the null geodesics components in the r and θ directions as
r2

√
dr
= ± Vef f (r)
dλ

(6)

√
dθ
= ± Θ (θ)
dλ

(7)

r2
where the eﬀective potentials are

(
)
Vef f (r) = r4 E 2 − K + L2z ∆

(8)

and

L2z
(9)
sin2 θ
with K the separation constant of the Hamilton-Jacobi equation. In order to obtain the
shadow of the black hole, we study the radial motion equation,
Θ (θ) = K + L2z −

r2 ṙ2 + Vef f (r) = 0,
where we use the constant impact parameters ξ =

L
E

and η =

(10)
K
E2

to write

(
)
Vef f (r)
= r4 − η + ξ 2 ∆.
(11)
2
E
Since the boundary of the shadow of the black hole is determined by the circular
photon orbits, we impose the conditions

Vef f (r0 )
=0
(12)
dVef f
 dr
=0
r=r0

leading to the equations
{
=0
r04 − (η + ξ 2 ) ∆ (r0 )
.
]
[
−3ω
2
3
=0
4r0 − (η + ξ ) 2r0 − 2M − σ (1 − 3ω) r0

(13)
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From these relations, we conclude that the parameters ξ and η satisfy the relation
r04
,
r02 − 2M r0 + Q2 − σr01−3ω
with r0 the radius of the photon sphere given as the solution of the equation
ξ2 + η =

(14)

3
(15)
r02 − 3M r0 + 2Q2 − σ (1 + ω) r01−3ω = 0.
2
In order to obtain the shadow, we introduce a parameter space with the celestial
coordinates defined as usual (a detailed derivation of these coordinates can be found in
[25]),
(
)
dφ
2
α = lim − r sin θ0
= −ξ csc θ0 ,
(16)
r→∞
dr θ→θ0
(
)
√
2 dθ
= ± η − ξ 2 cot2 θ0 ,
β = lim r
(17)
r→∞
dr θ→θ0
where θ0 is the angle of inclination of the observer. These coordinates give the apparent
position of the image in the plane that passes through the center of the black hole and
that is orthogonal to the line joining the observer and the black hole [9]. In the (α, β)
parameter space , the shadow of the black hole corresponds to the region not illuminated
by the photon sources located at infinity and distributed uniformly in all directions and
its boundary is given by a circle with radius a R determined by
α2 + β 2 = ξ 2 + η =

r04
= R2 .
r02 − 2M r0 + Q2 − σr01−3ω

(18)

Now we will consider some specific cases of Kiselev’s solution to analyze the behavior
of the shadow.

3

Schwarzschild and Reissner-Nordström Solutions

Reissner-Nordström black hole is recovered from metric (1) by taking σ = 0. From (15)
one obtains the value
√
3M + 9M 2 − 8Q2
RN
r0 =
(19)
2
and hence, the radius of the shadow of this black hole is
(

RRN

)2
2 − 8Q2
9M
1
= √ √
.
2 2 15M 2 + 5M √9M 2 − 8Q2 − 2Q2
3M +

√

(20)

Taking Q = 0 we obtain Schwarzschild black hole, for which the radius of the circular
orbit becomes the well known radius of the photon sphere, r0Sch = 3M and the shadow’s
radius is simply [5]
√
RSch = 3 3M.

(21)
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Fig. 1 Horizon radius (dotted curve) and radius of the photon sphere (continuous curve) for a
non-rotating black hole surrounded by quintessence as function of the parameter σQ . We take
units with M = 1.

4

The Spherically Symmetric Black Hole Surrounded by Quintessence

The special case of a spherically symmetric black hole surrounded by quintessence is
obtained by setting Q = 0 and σ = σQ in metric (1). We will consider the particular
value ω = − 32 of the parameter describing quintessence, as done by several authors (
[22–24]). Thus the metric describing spacetime has the function
∆ = r2 − 2M r − σQ r3 ,

(22)

where the parameter σQ has units of length−1 . From here, the radius of the event horizon
is [23, 24]
rH =

1−

√

1 − 8M σQ
.
2σQ

(23)

from which one obtains a condition on the parameter σQ for its existence,
σQ ≤

1
.
8M

(24)

On the other hand, equation (15) gives this time the radius of the photon sphere as
r0Q =

)
√
1 (
1 − 1 − 6M σQ
σQ

(25)

and its existence needs the restriction
σQ ≤

1
.
6M

(26)

From Figure 1, it can be seen that the existence of the photon sphere in the outer
1
region is restricted to values of σQ ≤ 8M
. Since our interest is the shadow of the black
hole, we will restrict our analysis to these values.
Using this result, the radius of the shadow of the black hole can be written as a
function of the quintessence parameter σQ as
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Fig. 2 Angular diameter δ of the circular shadow cast by Sgr A* as seen from Earth and modeling
it as a non-rotating black hole surrounded by quintessence matter as function of the parameter
σQ .

v
u (
)3
√
1 − 1 − 6M σQ
1 u
t
√
RQ =
.
σQ
1 − 6M σQ + 4M σQ − 1

(27)

As a particular application consider our galactic center source, Sgr A*, which, according to references [26] and [27], has an estimated mass of M ≃ 4.3 × 106 M⊙ and
is located at a distance of D ≃ 8.3 kpc. Using Synge’s [28] treatment, one can obtain
easily the angular radius of the shadow α as a function of the parameter σQ , which is
depicted in Figure 2. Note that in vacuum, σQ = 0, we recover the well known result
for a Schwarzschild’s black hole candidate of αSch ≃ 27 µarcsec or equivalently an angular diameter of the shadow of δSch = 2αSch ≃ 54 µarcsec. This value is expected to be
resolvable with Very Long Baseline Interferometry (VLBI) soon ( [3, 4]). However, the
existence of the quintessence matter around the black hole and increasing the value of
( 1 )
, produces a grow in the radius of
the parameter σQ from 0 to its maximum value 8M
the shadow.
Finally, we want to emphasize that in this work the gravitational field was not supposed to be weak and we have found that the presence of quintessence matter around the
compact object leads to a shadow that is diﬀerent from the predicted for Schwarzschild’s
black hole. A further work would be to generalize the analysis to the case of axially
symmetric and stationary situations to include rotating black holes surrounded by an
adequate mass-energy distribution. It is expected that the shadow will be no longer circular, and the presence of quintessence will have eﬀects not only on the size of the shadow
but also on its shape.
This work was supported by the Universidad Nacional de Colombia. Hermes Project
Code 28281.
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1

Introduction

The physical meaning of the wave function is an important interpretative problem of
quantum mechanics. Notwithstanding more than eighty years’ developments of the theory, however, this is still a debated issue. It has been widely argued that the probability
interpretation is not wholly satisfactory because of resorting to the vague concept of
measurement - though it is still the standard interpretation in textbooks nowadays (Bell
1990). On the other hand, the ontological meaning of the wave function is also in dispute
in the realistic alternatives to quantum mechanics such as the de Broglie-Bohm theory
and the many-worlds interpretation (de Broglie 1928; Bohm 1952; Everett 1957; De Witt
and Graham 1973). In view of this unsatisfactory situation, it seems that we need a new
starting point to solve the fundamental interpretive problem of quantum mechanics.
∗

Email: gaoshan@ihns.ac.cn
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The meaning of the wave function is often analyzed in the context of conventional
impulse measurements, for which the coupling interaction between the measured system
and the measuring device is of short duration and strong. Even though the wave function
of a quantum system is in general extended over space, an ideal position measurement will
collapse the wave function and can only detect the system in a random position in space.
Thus it seems natural to assume that the wave function is only related to the probabilities
of these random measurement results as in the standard probability interpretation. However, it has been known that there exists another kind of measurement that can avoid the
collapse of the wave function, namely the protective measurement (Aharonov and Vaidman 1993; Aharonov, Anandan and Vaidman 1993; Aharonov, Anandan and Vaidman
1996). Protective measurement also uses a standard measuring procedure, but with a
weak and long duration coupling interaction and an appropriate procedure to protect the
measured wave function from collapsing. These diﬀerences permit protective measurement to be able to gain more information about the measured quantum system and its
wave function, and thus it may help to unveil more physical content of the wave function.
In this paper, we will analyze the possible implications of protective measurement for the
ontological meaning of the wave function.
The plan of this paper is as follows. In Section 2, we first introduce the principle
of protective measurement. It is stressed that protective measurement can measure the
expectation values of observables for a single quantum system, and these expectation
values are physical properties of the system, not properties of an ensemble of identical
systems. Section 3 then analyzes a typical example of such properties, the mass and
charge density. According to protective measurement, the mass and charge of a charged
quantum system are distributed throughout space, and the mass and charge density in
each position is proportional to the modulus squared of the wave function of the system
there. In Section 4, the physical origin of the mass and charge density is investigated. It
is shown that the mass and charge density of a quantum system is formed by the time
average of the ergodic motion of a localized particle with the total mass and charge of the
system. Moreover, it is argued that classical ergodic models, which assume continuous
motion of particles, are inconsistent with quantum mechanics, and the ergodic motion is
discontinuous and random. Based on this result, we suggest in Section 5 that the wave
function in quantum mechanics describes the state of random discontinuous motion of
particles, and at a deeper level, it represents the property of the particles that determines
their random discontinuous motion. On this interpretation, the modulus squared of
the wave function not only gives the probability density of the particles being found
in certain locations in space as the probability interpretation holds, but also gives the
objective probability density of the particles being there. In Section 6, we briefly analyze
the possible implications of the new interpretation of the wave function for the solutions
to the measurement problem. Conclusions are given in the last section.
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Protective Measurements

For a conventional measurement such as an impulsive measurement, if the measured
system, prior to the measurement of a variable A, is not in an eigenstate of A, then its
state will be invariably entangled with the state of the device due to the interaction. A
protective measurement diﬀers from the conventional measurement in that the measured
state is protected from entangling and changing appreciably when the measurement is
being made2 . A universal protection scheme is via the quantum Zeno eﬀect. Let’s see
how this can be done.
Let |ψ⟩ be the measured state of a single system at a given instant t = 0. To protect
this state from being changed, we make projective measurements of an observable P (t),
for which |ψ⟩ is a nondegenerate eigenstate, a large number of times which are dense in
the measurement interval [0, T ] (Aharonov, Anandan and Vaidman 1993). For example,
P (t) is measured in [0, T ] at times tn = (n/N )T, n = 1, 2, ..., N , where N is an arbitrarily
large number. At the same time, an observable A is measured in the interval [0, T ] by an
independent measurement described by the following Hamiltonian:
H(t) = HS + HD + g(t)P A,

(1)

where HS and HD are the free Hamiltonians of the measured system and the measuring
device, respectively, and P is the momentum conjugate to the pointer variable X of the
device. The time-dependent coupling strength g(t) is a smooth function normalized to
∫
dtg(t) = 1 in [0, T ], and g(0) = g(T ) = 0. The initial state of the pointer at t = 0,
|ϕ(0)⟩, is supposed to be a Gaussian wave packet of eigenstates of X with width w0 ,
centered around the eigenvalue x0 .
Then the branch of the state of the combined system after T , in which each projective
measurement of P (tn ) results in the state of the measured system being in |ψ⟩, is given
by

|t = T ⟩ = |ψ⟩ ⟨ψ|e− ~ N H(tN ) ... |ψ⟩ ⟨ψ|e− ~ N H(t2 ) |ψ⟩ ⟨ψ|
i T

i T

×e− ~ N H(t1 ) |ψ⟩ |ϕ(0)⟩
i T

= |ψ⟩ ⟨ψ|e− ~ N g(tN )P A ... |ψ1 ⟩ ⟨ψ|e− ~ N g(t2 )P A |ψ1 ⟩ ⟨ψ|
i T

i T

×e− ~ N g(t1 )P A |ψ1 ⟩ |ϕ(T )⟩ ,
i T

(2)

where |ψ1 ⟩ is the state of the system after it evolves from the state |ψ⟩ under the Hamiltonian HS for a time interval T /N , and |ϕ(T )⟩ is the state of the device when it evolves
under the Hamiltonian HD after T . Here it is assumed that [HD , P A] is zero or its eﬀect
is negligible in the interval [0, T ] for simplicity. Thus in the limit of N → ∞, we have
2

It might be worth noting that there appeared numerous objections to the validity of protective measurements (see, e.g. Unruh 1994; Rovelli 1994; Ghose and Home 1995; Uﬃnk 1999), and these objections
have been answered (Aharonov, Anandan and Vaidman 1996; Dass and Qureshi 1999; Vaidman 2009;
Gao 2013a). For a more detailed introduction to protective measurement see Gao (2014).
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|t = T ⟩ = |ψ⟩ e− ~
i

∫T
0

g(t)⟨ψ|A|ψ⟩P dt

|ϕ(T )⟩ = |ψ⟩ e− ~ <A>P |ϕ(T )⟩ ,
i

(3)

where < A >≡ ⟨ψ|A|ψ⟩ is the expectation value of the measured observable A in the
measured state ψ. Since the total probability of other branches is proportional to T 2 /N
to the first order of N , the above state will be the state of the combined system after
T when N → ∞3 . It can be seen that the exponential operator in Eq. (3) shifts the
center of the pointer by an amount ⟨A⟩, namely that the state of the pointer after T
is ⟨x + ⟨A⟩ |ϕ(T )⟩. This indicates that the result of the protective measurement is the
expectation value of the measured observable in the measured state, and moreover, the
measured state is not changed by the protective measurement.
It is worth stressing that under the above protection procedure the measurement of
an observable is not necessarily weak (when compared with the system’s Hamiltonian),
and the measurement time T is not necessarily long enough so that the measurement
interaction is adiabatic either (cf. Vaidman 2008)4 . A stronger measurement with a
shorter measurement time is better if only the projective measurements can be made
frequently during the measurement (i.e. the condition N → ∞ can be approximately
valid). Certainly, the measurement must be weaker than the projective measurements
which protect the measured state from being changed.
To sum up, we have demonstrated that for an arbitrary but known state of a quantum
system at a given instant, we can protect the state from being changed via the quantum
Zeno eﬀect by frequent projective measurements, and an independent measurement of
an observable A, which is made at the same time, yields the expectation value of the
observable in the measured state5 .
By a conventional measurement on a single quantum system, one obtains one of the
eigenvalues of the measured observable, and the expectation value of the observable can
only be obtained as the statistical average of eigenvalues for an ensemble of identically
prepared systems. Thus it seems surprising that a protective measurement can yield
the expectation value of the measured observable only from a single quantum system.
In fact, the appearance of expectation values as measurement results is quite natural
when the measured state is not changed and the entanglement during the conventional
measurement does not take place as for protective measurements6 . In this case, the
3

Note that this result, like the quantum Zeno eﬀect, does not depend on a particular formulation of
quantum mechanics, and especially, it is independent of whether wavefunction collapse is real or apparent.
4
According to Vaidman (2008), “Apart from protection, the procedure consists of a standard von
Neumann measurement with weak coupling which is switched on and, after a long time, switched oﬀ,
adiabatically.”
5
As we will argue later, in order to analyze the physical meaning of the wave function, we need not
to measure the time evolution of the wave function, but only to measure the wave function at a given
instant.
6
The measured state being unchanged permits the state as well as the expectation values of observables
in the state to be measurable. In this sense, protective measurement is not special; it is just the very way
to measure the actual state of a quantum system at a given instant. By comparison, a non-protective

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 227–254

231

evolution of the combining state is
|ψ(0)⟩ |ϕ(0)⟩ → |ψ(t)⟩ |ϕ(t)⟩ , t > 0

(4)

where |ψ(t)⟩ is the same as |ψ(0)⟩ up to a phase factor during the measurement time
interval [0, T ]. Then by Ehrenfest’s theorem we have
d
⟨ψ(t)ϕ(t)|X |ψ(t)ϕ(t)⟩ = −g(t)⟨ψ(0)|A |ψ(0)⟩ ,
dt
which further leads to
⟨ψ(T )ϕ(T )|X |ψ(T )ϕ(T )⟩ − ⟨ψ(0)ϕ(0)|X |ψ(0)ϕ(0)⟩ = ⟨ψ(0)|A |ψ(0)⟩ .

(5)

(6)

This means that the shift of the center of the pointer of the device gives the expectation
value of the measured observable in the measured state.
Note that in some special cases the universal protection procedure via the quantum
Zeno eﬀect is not necessary, and the system’s Hamiltonian can help protect its state from
changing when the measurement interaction is weak and adiabatic. For example, for a
quantum system in a discrete nondegenerate energy eigenstate, the system itself supplies
the protection of the state due to energy conservation. By the adiabatic theorem, the
adiabatic interaction during the measurement ensures that the measured system cannot
make a transition from one discrete energy eigenstate to another. Moreover, according to
the first order perturbation theory, for any given value of P , the energy of the measured
energy eigenstate shifts by an infinitesimal amount: δE = ⟨HI ⟩ = g(t)P ⟨A⟩, and the
corresponding time evolution e−iP ⟨A⟩/~ then shifts the pointer by the expectation value
⟨A⟩. For degenerate energy eigenstates, we may not use the universal protection procedure
either. The simplest way is to add a protective potential to change the energies of the
other states and lift the degeneracy. Then the measured state remains unchanged, but is
now protected by energy conservation like nondegenerate energy eigenstates.
Since the wave function can be reconstructed from the expectation values of a suﬃcient
number of observables, the wave function of a quantum system can be measured by a
series of protective measurements. Let the explicit form of the measured state at a given
instant t be ψ(x), and the measured observable A be (normalized) projection operators
on small spatial regions Vn having volume vn :
{
A=

1
,
vn

if x ∈ Vn ,

0,

if x ̸∈ Vn .

(7)

measurement such as a conventional impulsive measurement will change the measured state, and the
resulting measurement result (i.e. one of the eigenvalues of the measured observable) does not reflect the
actual state of the measured system. Moreover, when a quantum system interacts with another quantum
system under general non-protective conditions, its state also evolves in time, and thus the expectation
values of observables do not manifest themselves explicitly in the interaction either. For example, the
interaction between two charged quantum systems are not directly dependent on the expectation values
of their charges, but described by the potential terms in the Schrödinger equation.
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A protective measurement of A then yields
1
⟨A⟩ =
vn

∫
|ψ(x)|2 dv,

(8)

Vn

which is the average of the density ρ(x) = |ψ(x)|2 over the small region Vn . Similarly, we
~
(A∇ + ∇A). The measurement yields
can measure another observable B = 2mi
1
⟨B⟩ =
vn

∫
Vn

~
1
(ψ ∗ ∇ψ − ψ∇ψ ∗ )dv =
2mi
vn

∫
j(x)dv.

(9)

Vn

This is the average value of the flux density j(x) in the region Vn . Then when vn → 0
and after performing measurements in suﬃciently many regions Vn we can measure ρ(x)
and j(x) everywhere in space. Since the wave function ψ(x, t) can be uniquely expressed
by ρ(x, t) and j(x, t) (except for an overall phase factor), the whole wave function of the
measured system at a given instant can be measured by protective measurements.
We have been discussing the protective measurement of a single quantum system.
The scheme of protective measurement can also be extended to a many-particle system
(Anandan 1993). If the system is in a product state, then one can easily measuring
each state of the individual systems protectively. If the system is in an entangled state,
one need to add an appropriate protection procedure to the whole system, and then
the entangled state of the system can be protectively measured. However, it is worth
noting that the realization of such protective measurements relies on the availability of
corresponding protective interactions, which is limited by existing physical interactions7 .
Lastly, we stress that the validity of the scheme of protective measurement does
not rely on the standard von Neumann formulation of measurement, in which it might
be debatable to represent a macroscopic device with a single wave function. In the
above formulation of protective measurement, the measuring system can be a microscopic
system such as an electron, and the shift of the center of the wave packet of the measuring
system is only determined by the Schrödinger equation. Since the state of the measured
system is not changed during the protective measurement, a large number of identical
measuring systems can be used to protectively measure the original measured system,
and the centers of their wave packets have the same shift. Then the shift can be read
out by conventional measurements of the ensemble of these identical measuring systems,
for which the probability distribution of the results satisfies the Born rule. In a word,
the scheme of protective measurement is only based on the Schrödinger equation (for
microscopic systems) and the Born rule, and especially, it is independent of whether
wavefunction collapse is real or not.
7

For example, it seems that the entangled spatial wave function of a many-body system, which lives
on configuration space, cannot be protectively measured. The reason is that a protective measurement
cannot be performed in diﬀerent positions in space at the same time.
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On the Mass and Charge Density of a Quantum System

According to a recent analysis of protective measurement, the expectation values of observables are properties of a single quantum system (Gao 2015). Typical examples of
such properties are the mass and charge density of a quantum system. In this section, we
will present a detailed analysis of this property, as it may have important implications
for the physical meaning of the wave function.

3.1 A Heuristic Argument
The mass and charge of a classical system always localize in a definite position in space
at each moment. For a charged quantum system described by the wave function ψ(x, t),
how do its mass and charge distribute in space then? We can measure the total mass
and charge of the quantum system by the gravitational and electromagnetic interactions
and find them in certain region of space. Thus it seems that the mass and charge of a
quantum system must also exist in space with a certain distribution. Before we discuss
the answer given by protective measurement, we will first give a heuristic argument.
The Schrödinger equation of a charged quantum system under an external electromagnetic potential may provide a clue to the answer. The equation is

i~

∂ψ(x, t)
~2
iQ 2
= [−
(∇ −
A) + Qφ]ψ(x, t),
∂t
2m
~

(10)

where m and Q are the mass and charge of the system, respectively, φ and A are the
electromagnetic potential. The electrostatic interaction term Qφψ(x, t) in the equation
indicates that the interaction exists in all regions where the wave function of the system, ψ(x, t), is nonzero, and thus it seems to suggest that the charge of the system also
distributes throughout these regions. If the charge does not distribute in some regions
where the wave function is nonzero, then there will not exist an electrostatic interaction there. Note that φ is a classical potential and it does distribute throughout space.
∫∞
Furthermore, since the integral −∞ Q|ψ(x, t)|2 d3 x is the total charge of the system, the
charge density in space, if indeed exists, will be Q|ψ(x, t)|2 . Similarly, the mass density
can be obtained from the Schrödinger equation of a quantum system under an external
gravitational potential:

i~

∂ψ(x, t)
~2 2
= [−
∇ + mVG ]ψ(x, t).
∂t
2m

(11)

The gravitational interaction term mVG ψ(x, t) in the equation also suggests that the (passive gravitational) mass of the quantum system distributes throughout the whole region
where its wave function ψ(x, t) is nonzero, and the mass density in space is m|ψ(x, t)|2 .
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3.2 The Answer of Protective Measurement
In the following, we will show that protective measurement provides a more convincing
argument for the existence of mass and charge density. The mass and charge density
of a single quantum system, as well as its wave function, can be measured by protective
measurement as expectation values of certain observables (Aharonov and Vaidman 1993).
For example, a protective measurement of the flux of the electric field of a charged
quantum system out of a certain region will yield the expectation value of its charge
inside this region, namely the integral of its charge density over this region. Similarly, we
can also measure the mass density of a quantum system by a protective measurement of
the flux of its gravitational field in principle (Anandan 1993)8 .
Consider a quantum system in a discrete nondegenerate energy eigenstate ψ(x). We
take the measured observable An to be (normalized) projection operators on small spatial
regions Vn having volume vn :
{
An =

1
,
vn

if x ∈ Vn ,

0,

if x ̸∈ Vn .

The protective measurement of An then yields
∫
1
⟨An ⟩ =
|ψ(x)|2 dv = |ψn |2 ,
vn Vn

(12)

(13)

where |ψn |2 is the average of the density ρ(x) = |ψ(x)|2 over the small region Vn . Then
when vn → 0 and after performing measurements in suﬃciently many regions Vn we can
measure ρ(x) everywhere in space.
When the observable An and the corresponding interaction Hamiltonian are physically
realized by the electromagnetic or gravitational interaction between the measured system
and the measuring device, what the above protective measurement measures is in fact
the charge or mass density of the quantum system9 , and its result indicates that the
mass and charge density of the system in each position x is proportional to the modulus
squared of its wave function there, namely the density ρ(x). In the following, we will give
a concrete example to illustrate this important result (see also Aharonov, Anandan and
Vaidman 1993).

3.3 A Specific Example
Consider the spatial wave function of a single quantum system with negative charge Q
(e.g. Q = −e)
ψ(x, t) = aψ1 (x, t) + bψ2 (x, t),
8

(14)

Since the principle of protective measurements is based on the established parts of quantum mechanics,
their results as predicted by quantum mechanics are reliable even though the measurements have not
been performed in practice.
9
This important point was also stressed by Aharonov, Anandan and Vaidman (1993).
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Fig. 1 Scheme of a protective measurement of the charge density of a quantum system
.
where ψ1 (x, t) and ψ2 (x, t) are two normalized wave functions respectively localized in
their ground states in two small identical boxes 1 and 2, and |a|2 + |b|2 = 1. An electron,
which initial state is a Gaussian wave packet narrow in both position and momentum, is
shot along a straight line near box 1 and perpendicular to the line of separation between
the boxes. The electron is detected on a screen after passing by box 1. Suppose the
separation between the boxes is large enough so that a charge Q in box 2 has no observable
influence on the electron. Then if the system were in box 2, namely |a|2 = 0, the trajectory
of the electron wave packet would be a straight line as indicated by position “0” in Fig.1.
By contrast, if the system were in box 1, namely |a|2 = 1, the trajectory of the electron
wave packet would be deviated by the electric field of the system by a maximum amount
as indicated by position “1” in Fig.1. We first suppose that ψ(x, t) is unprotected, then
the wave function of the combined system after interaction will be
ψ(x, x′ , t) = aφ1 (x′ , t)ψ1 (x, t) + bφ2 (x′ , t)ψ2 (x, t),

(15)

where φ1 (x′ , t) and φ2 (x′ , t) are the wave functions of the electron influenced by the
electric fields of the system in box 1 and box 2, respectively, the trajectory of φ1 (x′ , t) is
deviated by a maximum amount, and the trajectory of φ2 (x′ , t) is not deviated and still
a straight line. When the electron is detected on the screen, the above wave function will
collapse to φ1 (x′ , t)ψ1 (x, t) or φ2 (x′ , t)ψ2 (x, t). As a result, the detected position of the
electron will be either “1” or “0” in Fig.1, indicating that the system is in box 1 or 2 after
the detection. This is a conventional impulse measurement of the projection operator on
the spatial region of box 1, denoted by A1 . A1 has two eigenstates corresponding to the
system being in box 1 and 2, respectively, and the corresponding eigenvalues are 1 and 0,
respectively. Since the measurement is accomplished through the electrostatic interaction
between two charges, the measured observable A1 , when multiplied by the charge Q, is
actually the observable for the charge of the system in box 1, and its eigenvalues are
Q and 0, corresponding to the charge Q being in boxes 1 and 2, respectively. Such a
measurement cannot tell us the charge distribution of the system in each box before the
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measurement.
Now let’s make a protective measurement of A1 . Since ψ(x, t) is degenerate with its
′
orthogonal state ψ (x, t) = b∗ ψ1 (x, t) − a∗ ψ2 (x, t), we need an artificial protection procedure to remove the degeneracy, e.g. joining the two boxes with a long tube whose
diameter is small compared to the size of the box10 . By this protection ψ(x, t) will be
a nondegenerate energy eigenstate. The adiabaticity condition and the weakly interacting condition, which are required for a protective measurement, can be further satisfied
when assuming that (1) the measuring time of the electron is long compared to ~/∆E,
where ∆E is the smallest of the energy diﬀerences between ψ(x, t) and the other energy
eigenstates, and (2) at all times the potential energy of interaction between the electron
and the system is small compared to ∆E. Then the measurement of A1 by means of
the electron trajectory is a protective measurement, and the trajectory of the electron
is only influenced by the expectation value of the charge of the system in box 1. In
particular, when the size of box 1 can be omitted compared with the separation between
it and the electron wave packet, the wave function of the electron will obey the following
Schrödinger equation:
i~

∂ψ(⃗r, t)
~2 2
e · |a|2 Q
=−
∇ ψ(⃗r, t) − k
ψ(⃗r, t),
∂t
2me
|⃗r − r⃗1 |

(16)

where me is the mass of electron, k is the Coulomb constant, r⃗1 is the position of the center
of box 1, and |a|2 Q is the expectation value of the charge Q in box 1. Correspondingly,
the trajectory of the center of the electron wave packet, r⃗c (t), will satisfy the following
equation by Ehrenfest’s theorem:
me

d2 r⃗c
e · |a|2 Q
=
−k
.
dt2
|⃗
rc − r⃗1 |(⃗
rc − r⃗1 )

(17)

Then the electron wave packet will reach the position “|a|2 ” between “0” and “1” on the
screen as denoted in Fig.1. This shows that the result of the protective measurement is
the expectation value of the projection operator A1 , namely the integral of the density
|ψ(x)|2 in the region of box 1. When multiplied by Q, it is the expectation value of the
charge Q in the state ψ1 (x, t) in box 1, namely the integral of the charge density Q|ψ(x)|2
in the region of box 1. In fact, as Eq. (16) and Eq. (17) clearly indicate, this is what the
protective measurement really measures.
As we have argued in the last section, the result of a protective measurement reflects
the objective property or physical state of the measured system. Thus the result of the
above protective measurement, namely the expectation value of the charge Q in the state
ψ1 (x, t), |a|2 Q, will reflect the actual charge distribution of the system in box 1. In other
words, the result indicates that there exists a charge |a|2 Q in box 1. In the following, we
will give another two arguments for this conclusion.
First of all, let’s analyze the result of the protective measurement. Suppose we can
10

It is worth stressing that the added protection procedure depends on the measured state, and diﬀerent
states need diﬀerent protection procedures in general.
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continuously change the measured state from |a|2 = 0 to |a|2 = 1 (and adjust the protective interaction correspondingly). When |a|2 = 0, the single electron will reach the
position “0” of the screen one by one, and it is incontrovertible that no charge is in box
1. When |a|2 = 1, the single electron will reach the position “1” of the screen one by one,
and it is also incontrovertible that there is a charge Q in box 1. Then when |a|2 assumes
a numerical value between 0 and 1 and the single electron reaches the position “|a|2 ”
between “0” and “1” on the screen one by one, the results should similarly indicate that
there is a charge |a|2 Q in the box by continuity. The point is that the definite deviation
of the trajectory of the electron will reflect that there exists a definite amount of charge
in box 1.11 Next, let’s analyze the equation that determines the result of the protective
measurement, namely Eq. (17). It gives a more direct support for the existence of a
charge |a|2 Q in box 1. The r.h.s of Eq. (17) is the formula of the electric force between
two charges located in diﬀerent spatial regions. It is incontrovertible that e is the charge
of the electron, and it exists in the position ⃗r. Then |a|2 Q should be the other charge
that exists in the position r⃗1 . In other words, there exists a charge |a|2 Q in box 1.
In conclusion, protective measurement shows that a quantum system with mass m and
charge Q, which is described by the wave function ψ(x, t), has mass density m|ψ(x, t)|2
and charge density Q|ψ(x, t)|2 in space, respectively12 . This conclusion is mainly based
on the linear Schrödinger evolution and the Born rule. In the above example, the linear
Schrödinger evolution determines the deviation of the electron wave packet, and the Born
rule is needed to obtain the information about the center of the electron wave packet
detected on the screen.

4

The Physical Origin of Mass and Charge Density

We have argued that the mass and charge of a quantum system are distributed throughout
space, and the mass and charge density in each position is proportional to the modulus
squared of the wave function of the system there. In this section, we will further investigate the physical origin of the mass and charge density. As we will see, the answer may
provide an important clue to the physical meaning of the wave function.
Historically, the charge density interpretation for electrons was originally suggested
by Schrödinger when he introduced the wave function and founded wave mechanics
(Schrödinger 1926). Although the existence of the charge density of an electron can
11

Any physical measurement is necessarily based on some interaction between the measured system and
the measuring system. One basic form of interaction is the electrostatic interaction between two electric
charges as in our example, and the existence of this interaction during a measurement, which is indicated
by the deviation of the trajectory of the charged measuring system such as an electron, means that the
measured system also has the charge responsible for the interaction. If one denies this point, then it
seems that one cannot obtain any information about the measured system by the measurement. Note
that the arguments against the naive realism about operators and the eigenvalue realism in the quantum
context are irrelevant here (Daumer et al 1997; Valentini 2010).
12
Strictly speaking, the mass density is m|ψ(x)|2 + ψ ∗ Hψ/c2 in the non-relativistic domain, but the
second term is very small compared with the first term and can be omitted.
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provide a classical explanation for some phenomena of radiation, its explanatory power
is very limited. In fact, Schrödinger clearly realized that the charge density cannot be
classical because his equation does not include the usual classical interaction between the
densities. Presumably since people thought that the charge density could not be measured and also lacked a consistent physical picture, this initial interpretation of the wave
function was soon rejected and replaced by Born’s probability interpretation (Born 1926).
Now protective measurement re-endows the charge distribution of an electron with reality
by a more convincing argument. The question is then how to find a consistent physical
explanation for it13 . Our following analysis can be regarded as a further development
of Schrödinger’s idea to some extent. The twist is: that the charge distribution is not
classical does not imply its non-existence; rather, its existence points to a non-classical
picture of quantum reality hiding behind the mathematical wave function.

4.1 The Mass and Charge Density is Eﬀective
As noted earlier, the expectation values of observables are the properties of a quantum
system either at a precise instant or during an infinitesimal time interval. Correspondingly, the mass and charge distribution of a quantum system, which can be protectively
measured as the expectation values of certain observables, has two possible existent forms:
it is either real or eﬀective. The distribution is real means that it exists throughout space
at the same time. The distribution is eﬀective means that there is only a localized particle
with the total mass and charge of the system at every instant, and the time average of its
motion during an infinitesimal time interval forms the eﬀective distribution. Moreover,
since the integral of the formed mass and charge density in any region is required to be
equal to the expectation value of the total mass and charge in the region, the motion of
the particle must be ergodic. In the following, we will determine the existent form of the
mass and charge distribution of a quantum system.
If the mass and charge distribution is eﬀective, then there will exist no gravitational
and electrostatic self-interactions of the eﬀective distribution, as there is only a localized
particle at every instant. This is consistent with the superposition principle of quantum
mechanics and the derivation of the mass and charge distribution based on protective
measurement. By contrast, if the mass and charge distribution is real, then there will exist
gravitational and electrostatic self-interactions of the real distribution, as the distribution
exists throughout space at the same time14 . The existence of the gravitational and
13

Note that the proponents of protective measurement did not give an analysis of the origin of the charge
distribution. According to them, this type of measurement implies that the wave function of a single
quantum system is ontological, i.e., that it is a real physical wave (Aharonov, Anandan and Vaidman
1993).
14
That a real charge distribution has electrostatic self-interaction has been confirmed not only in the
classical domain but also in the quantum domain for many-body systems. For example, two charged
quantum systems such as two electrons have electrostatic interaction, and thus a real charge distribution
containing these two charges has electrostatic self-interaction. Thus it is reasonable to expect that this
assumption also holds true for individual quantum systems.
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electrostatic self-interactions is inconsistent with the superposition principle of quantum
mechanics (at least for microscopic systems such as electrons). Moreover, as we will show
below, the existence of the electrostatic self-interaction for the charge distribution of an
electron also contradicts experimental observations.
Interestingly, the Schrödinger-Newton equation, which was proposed by Diosi (1984)
and Penrose (1998), just describes the gravitational self-interaction of the mass density.
The equation for a single quantum system can be written as
∂ψ(x, t)
~2 2
i~
=−
∇ ψ(x, t) − Gm2
∂t
2m

∫

|ψ(x′ , t)|2 3 ′
d x ψ(x, t) + V ψ(x, t),
|x − x′ |

(18)

where m is the mass of the quantum system, V is an external potential, G is Newton’s
gravitational constant15 . If there is also an electrostatic self-interaction, then the equation
for a free quantum system with mass m and charge Q will be
∂ψ(x, t)
~2 2
i~
=−
∇ ψ(x, t) + (kQ2 − Gm2 )
∂t
2m

∫

|ψ(x′ , t)|2 3 ′
d x ψ(x, t).
|x − x′ |

(19)

Note that the gravitational self-interaction is attractive, while the electrostatic selfinteraction is repulsive. It has been shown that the measure of the potential strength of
2
the gravitational self-interaction is ε2 = ( 4Gm
)2 for a free system with mass m (Salzman
~c
2005). This quantity represents the strength of the influence of the self-interaction on the
normal evolution of the wave function; when ε2 ≈ 1 the influence is significant. Similarly,
for a free charged system with charge Q, the measure of the potential strength of the
2
)2 . As a typical example, for a free electron the
electrostatic self-interaction is ε2 = ( 4kQ
~c
2
)2 ≈ 1 × 10−3 .
potential strength of the electrostatic self-interaction will be ε2 = ( 4ke
~c
This indicates that the electrostatic self-interaction will have a remarkable influence on
the evolution of the wave function of a free electron16 . If such an interaction indeed exists,
it should have been detected by precise interference experiments on electrons. As another
example, consider the electron in the hydrogen atom. Since the potential of the electrostatic self-interaction is of the same order as the Coulomb potential produced by the
nucleus, the energy levels of hydrogen atoms will be remarkably diﬀerent from those predicted by quantum mechanics and confirmed by experiments. Therefore, the electrostatic
self-interaction cannot exist for a charged quantum system such as an electron.
To sum up, the superposition principle of quantum mechanics requires that the mass
and charge distribution of a quantum system such as an electron is not real but eﬀective;
at every instant there is only a localized particle with the total mass and charge of the
system, while during an infinitesimal time interval the time average of the ergodic motion
15

It has been argued that the existence of a gravitational self-interaction term in the SchrödingerNewton equation does not have a consistent Born rule interpretation (Adler 2007). The reason is that
the probability of simultaneously finding a particle in diﬀerent positions is zero.
16
By contrast, the potential strength of the gravitational self-interaction for a free electron is ε2 =
4Gm2e 2
( ~c ) ≈ 4 × 10−89 . This kind of gravitational self-interaction is too weak to be detected presently
(Salzman and Carlip 2006).
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of the particle forms the eﬀective mass and charge distribution17 , and the mass and charge
density in each position is proportional to the modulus squared of the wave function of
the system there.

4.2 The Ergodic Motion of a Particle is Discontinuous
Which sort of ergodic motion then? If the ergodic motion of a particle is continuous, then
it can only form the eﬀective mass and charge density during a finite time interval. But
the eﬀective mass and charge density is required to be formed by the ergodic motion of
the particle during an infinitesimal time interval (not during a finite time interval) at a
given instant. Thus it seems that the ergodic motion of the particle cannot be continuous.
This is at least what the existing quantum mechanics says. However, there may exist
a possible loophole here. Although the classical ergodic models that assume continuous
motion are inconsistent with quantum mechanics due to the existence of a finite ergodic
time, they may be not completely precluded by experiments if only the ergodic time
is extremely short. After all quantum mechanics is only an approximation of a more
fundamental theory of quantum gravity, in which there may exist a minimum time scale
such as the Planck time. Therefore, we need to investigate the classical ergodic models
more thoroughly.
Consider an electron in a one-dimensional box in the first excited state ψ(x) (Aharonov
and Vaidman 1993). Its wave function has a node at the center of the box, where its
charge density is zero. Assume the electron performs a very fast continuous motion in
the box, and during a very short time interval its motion generates an eﬀective charge
distribution. Let’s see whether this distribution can assume the same form as e|ψ(x)|2 ,
which is required by protective measurement18 . Since the eﬀective charge density is
proportional to the amount of time the electron spends in a given position, the electron
must be in the left half of the box half of the time and in the right half of the box half
of the time. But it can spend no time at the center of the box where the eﬀective charge
density is zero; in other words, it must move at infinite velocity at the center. Certainly,
the appearance of velocities faster than light or even infinite velocities may be not a fatal
problem, as our discussion is entirely in the context of non-relativistic quantum mechanics,
and especially the infinite potential in the example is also an ideal situation. However, it
seems diﬃcult to explain why the electron speeds up at the node and where the infinite
energy required for the acceleration comes from. Moreover, the sudden acceleration of
the electron near the node may also result in large radiation (Aharonov, Anandan and
17

At a particular time the charge density is either zero (if the electron is not there) or singular (if the
electron is inside the infinitesimally small region including the space point in question).
18
Note that in Nelson’s stochastic mechanics, the electron, which is assumed to undergo a Brownian
motion, moves only within a region bounded by the nodes (Nelson 1966). This ensures that the theory
can be equivalent to quantum mechanics in a limited sense. Obviously this sort of motion is not ergodic
and cannot generate the required charge distribution. This conclusion also holds true for the motion of
particles in some variants of stochastic mechanics (Bell 1986; Vink 1993), as well as in the de BroglieBohm theory (de Broglie 1928; Bohm 1952).
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Vaidman 1993), which is inconsistent with the predictions of quantum mechanics. Again,
it seems very diﬃcult to explain why the accelerating electron does not radiate here.
Let’s further consider an electron in a superposition of two energy eigenstates in two
boxes ψ1 (x) + ψ2 (x). In this example, even if one assumes that the electron can move
with infinite velocity (e.g. at the nodes), it cannot continuously move from one box to
another due to the restriction of box walls. Therefore, any sort of continuous motion
cannot generate the eﬀective charge distribution e|ψ1 (x) + ψ2 (x)|2 . One may still object
that this is merely an artifact of the idealization of infinite potential. However, even
in this ideal situation, the model should also be able to generate the eﬀective charge
distribution by means of some sort of ergodic motion of the electron; otherwise it will be
inconsistent with quantum mechanics. On the other hand, it is very common in quantum
optics experiments that a single-photon wave packet is split into two branches moving
along two well separated paths in space. The wave function of the photon disappears
outside the two paths for all practical purposes. Moreover, the experimental results are
not influenced by the environment and experimental setup between the two paths of the
photon. Thus it is very diﬃcult to imagine that the photon performs a continuous ergodic
motion back and forth in the space between its two paths.
In view of these serious drawbacks of the classical ergodic models and their inconsistency with quantum mechanics, we conclude that the ergodic motion of particles cannot
be continuous. If the motion of a particle is discontinuous, then the particle can readily
move throughout all regions where the wave function is nonzero during an arbitrarily
short time interval at a given instant. Furthermore, if the probability density of the
particle appearing in each position is proportional to the modulus squared of its wave
function there at every instant, the discontinuous motion can also generate the right
mass and charge distribution. This will solve the above problems of the classical ergodic
models. The discontinuous ergodic motion requires no existence of a finite ergodic time.
Moreover, a particle undergoing discontinuous motion can also move from one region to
another spatially separated region, no matter whether there is an infinite potential wall
between them, and such discontinuous motion is not influenced by the environment and
experimental setup between these regions either. Besides, discontinuous motion can also
solve the problems of infinite velocity and accelerating radiation. The reason is that no
classical velocity and acceleration can be defined for discontinuous motion, and energy
and momentum will require new definitions and understandings as in quantum mechanics.
In summary, we have argued that the mass and charge distribution of a quantum
system, which can be measured by protective measurement, is not real but eﬀective.
Moreover, the eﬀective mass and charge distribution is formed by the discontinuous motion of a localized particle, and the probability density of the particle appearing in each
position is proportional to the modulus squared of its wave function there.
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4.3 An Argument for Random Discontinuous Motion
Although the above analysis demonstrates that the ergodic motion of a particle is discontinuous, it doesn’t say that the discontinuous motion must be random. In particular, the
randomness of the result of a quantum measurement may be only apparent. In order to
know whether the motion of particles is random or not, we need to analyze the cause of
motion. For example, if motion has no deterministic cause, then it will be random, only
determined by a probabilistic cause. This may also be the right way to find how particles
move. Since motion involves change in position, if we can find the cause or instantaneous
condition determining the change19 , we will be able to find how particles move in reality.
Let’s consider the simplest states of motion of a free particle, for which the instantaneous condition determining the change of its position is a constant during the motion.
In logic the instantaneous condition can only be deterministic or indeterministic. That
the instantaneous condition is deterministic means that it leads to a deterministic change
of the position of the particle at a given instant. That the instantaneous condition is
indeterministic means that it only determines the probability of the particle appearing in
each position in space at a given instant. If the instantaneous condition is deterministic,
then the simplest states of motion of the free particle will have two possible forms. The
first one is continuous motion with constant velocity, and the equation of motion of the
particle is x(t + dt) = x(t) + vdt, where the deterministic instantaneous condition v is
a constant20 . The second one is discontinuous motion with infinite average velocity; the
particle performs a finite jump along a fixed direction at every instant, where the jump
distance is a constant, determined by the constant instantaneous condition21 . On the
other hand, if the instantaneous condition is indeterministic, then the simplest states
of motion of the free particle will be random discontinuous motion with even position
probability distribution. At each instant the probability density of the particle appearing
in every position is the same.
In order to know whether the instantaneous condition is deterministic or not, we need
to determine which sort of simplest states of motion are the solutions of the equation of
free motion in quantum mechanics (i.e. the free Schrödinger equation). According to the
analysis in the last subsection, the momentum eigenstates of a free particle, which are
the solutions of the free Schrödinger equation, describe the ergodic motion of the particle
with even position probability distribution in space. Therefore, the simplest states of
motion with a constant probabilistic instantaneous condition are the solutions of the
equation of free motion, while the simplest states of motion with a constant deterministic
instantaneous condition are not.
When assuming that (1) the simplest states of motion of a free particle are the solu19

The word “cause” used here only denotes a certain instantaneous condition determining the change of
position, which may appear in the laws of motion. Our analysis is independent of whether the condition
has causal power or not.
20
This deterministic instantaneous condition has been often called intrinsic velocity (Tooley 1988).
21
In discrete space and time, the motion will be a discrete jump across space along a fixed direction at
each time unit, and thus it will become continuous motion with constant velocity in the continuous limit.
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tions of the equation of free motion; and (2) the instantaneous condition determining the
position change of a particle is always deterministic or indeterministic for any state of
motion, the above result then implies that motion, no matter whether it is free or forced,
has no deterministic cause, and thus it is random and discontinuous, only determined
by a probabilistic cause. The argument may be improved by further analyzing these two
seemingly reasonable assumptions, but we will leave this for future work.

5

The Wave Function as a Description of Random Discontinuous Motion of Particles

In classical mechanics, we have a clear physical picture of motion. It is well understood
that the trajectory function x(t) in classical mechanics describes the continuous motion
of a particle. In quantum mechanics, the trajectory function x(t) is replaced by a wave
function ψ(x, t). If the particle ontology is still viable in the quantum domain, then it
seems natural that the wave function should describe some sort of more fundamental
motion of particles, of which continuous motion is only an approximation in the classical
domain, as quantum mechanics is a more fundamental theory of the physical world, of
which classical mechanics is an approximation. The analysis in the last section provides
a strong support for this conjecture. It shows that a quantum system such as an electron
is a localized particle that undergoes random discontinuous motion, and the probability
density of the particle appearing in each position is proportional to the modulus squared
of its wave function there. As a result, the wave function in quantum mechanics can be
regarded as a description of the more fundamental motion of particles, which is essentially
discontinuous and random. In this section, we will give a more detailed analysis of random
discontinuous motion and the meaning of the wave function.

5.1 An Analysis of Random Discontinuous Motion of Particles
Let’s first make clearer what we mean when we say a quantum system such as an electron
is a particle. The picture of particles appears from our analysis of the mass and charge
density of a quantum system. As we have shown in the last section, the mass and charge
density of an electron, which is measurable by protective measurement and proportional
to the modulus squared of its wave function, is not real but eﬀective; it is formed by the
ergodic motion of a localized particle with the total mass and charge of the electron. If
the mass and charge density is real, i.e., if the mass and charge distributions at diﬀerent locations exist at the same time, then there will exist gravitational and electrostatic
interactions between the distributions, the existence of which not only contradicts experiments but also violates the superposition principle of quantum mechanics. It is this
analysis that reveals the basic existent form of a quantum system such as an electron
in space and time. An electron is a particle22 . Here the concept of a particle is used
22

However, the analysis cannot tell us the precise size and possible structure of an electron.
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in its usual sense. A particle is a small localized object with mass and charge, and it
is only in one position in space at an instant. However, as we have argued above, the
motion of an electron described by its wave function is not continuous but discontinuous
and random in nature. We may say that an electron is a quantum particle in the sense
that its motion is not continuous motion described by classical mechanics, but random
discontinuous motion described by quantum mechanics.
Next, let’s analyze the random discontinuous motion of particles. From a logical point
of view, for the random discontinuous motion of a particle, the particle must have an
instantaneous property (as a probabilistic instantaneous condition) that determines the
probability density of it appearing in every position in space; otherwise the particle would
not “know” how frequently it should appear in each position in space. This property is
usually called indeterministic disposition or propensity in the literature23 , and it can
be represented by ϱ(x, t), which satisfies the nonnegative condition ϱ(x, t) > 0 and the
∫ +∞
normalization relation −∞ ϱ(x, t)dx = 1. As a result, the position of the particle at
every instant is random, and its trajectory formed by the random position series is also
discontinuous at every instant24 .
Unlike the deterministic continuous motion, the trajectory function x(t) no longer
provides a useful description for random discontinuous motion. In the following, we will
give a strict description of random discontinuous motion of particles based on measure
theory. For simplicity but without losing generality, we will mainly analyze the onedimensional motion that corresponds to the point set in two-dimensional space and time.
The results can be readily extended to the three-dimensional situation.
We first analyze the random discontinuous motion of a single particle. Consider the
state of motion of the particle in finite intervals ∆t and ∆x near a space-time point (ti ,xj )
as shown in Fig. 2. The positions of the particle form a random, discontinuous trajectory
in this squared region25 . We study the projection of this trajectory in the t-axis, which is
a dense instant set in the time interval ∆t. Let W be the discontinuous trajectory of the
particle and Q be the squared region [xj , xj + ∆x] × [ti , ti + ∆t]. The dense instant set
can be denoted by πt (W ∩ Q) ∈ ℜ, where πt is the projection on the t-axis. According
23

Note that the propensity here denotes single case propensity. For a helpful analysis of the single-case
propensity interpretation of probability in GRW theory see Frigg and Hoefer (2007). In addition, it is
worth stressing that the propensities possessed by particles relate to their objective motion, not to the
measurements on them. By contrast, according to the existing propensity interpretations of quantum
mechanics, the propensities a quantum system has relate only to measurements; a quantum system
possesses the propensity to exhibit a particular value of an observable if the observable is measured on
the system (see Suárez 2004 for a comprehensive analysis).
24
However, there is an exception. When the probability density function is a special δ-function such
as δ(x − x(t)), where x(t) is a continuous function of t, the motion of the particle is deterministic and
continuous. In addition, even for a general probability density function it is still possible that the random
position series forms a continuous trajectory, though the happening probability is zero.
25
Recall that a trajectory function x(t) is essentially discontinuous if it is not continuous at every instant
t. A trajectory function x(t) is continuous if and only if for every t and every real number ε > 0, there
exists a real number δ > 0 such that whenever a point t0 has distance less than δ to t, the point x(t0 )
has distance less than ε to x(t).
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Fig. 2 The description of random discontinuous motion of a single particle
.
to the measure theory, we can define the Lebesgue measure:
∫
M∆x,∆t (xj , ti ) =

dt.

(20)

πt (W ∩Q)∈ℜ

Since the sum of the measures of all such dense instant sets in the time interval ∆t is
equal to the length of the continuous time interval ∆t, we have:
∑

M∆x,∆t (xj , ti ) = ∆t.

(21)

j

Then we can define the measure density as follows:
ρ(x, t) =

lim

∆x,∆t→0

M∆x,∆t (x, t)/(∆x · ∆t).

(22)

This quantity provides a strict description of the position distribution of the particle
or the relative frequency of the particle appearing in an infinitesimal space interval dx
near position x during an infinitesimal interval dt near instant t, and it satisfies the
∫ +∞
normalization relation −∞ ρ(x, t)dx = 1 by Eq. (21). Note that the existence of the
limit relies on the continuity of the evolution of ϱ(x, t), the property of the particle that
determines the probability density of it appearing in every position in space. In fact,
ρ(x, t) is determined by ϱ(x, t), and there exists the relation ρ(x, t) = ϱ(x, t). We call
ρ(x, t) position measure density or position density in brief.
Since the position density ρ(x, t) changes with time in general, we may further define
the position flux density j(x, t) through the relation j(x, t) = ρ(x, t)v(x, t), where v(x, t)
is the velocity of the local position density. It describes the change rate of the position
density. Due to the conservation of measure, ρ(x, t) and j(x, t) satisfy the continuity
equation:
∂ρ(x, t) ∂j(x, t)
+
= 0.
∂t
∂x

(23)
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The position density ρ(x, t) and position flux density j(x, t) provide a complete description
of the state of random discontinuous motion of a single particle26 .
The description of the motion of a single particle can be extended to the motion
of many particles. For the random discontinuous motion of N particles, we can define
joint position density ρ(x1 , x2 , ...xN , t) and joint position flux density j(x1 , x2 , ...xN , t) =
ρ(x1 , x2 , ...xN , t)v(x1 , x2 , ...xN , t). They also satisfy the continuity equation:
∂ρ(x1 , x2 , ...xN , t) ∑ ∂j(x1 , x2 , ...xN , t)
= 0.
+
∂t
∂xi
i=1
N

(24)

When these N particles are independent, the joint position density can be reduced to
the direct product of the position density for each particle, namely ρ(x1 , x2 , ...xN , t) =
∏N
i=1 ρ(xi , t). Note that the joint position density ρ(x1 , x2 , ...xN , t) and joint position flux
density j(x1 , x2 , ...xN , t) are not defined in the real three-dimensional space, but defined
in the 3N-dimensional configuration space.

5.2 Interpreting the Wave Function
Although the motion of particles is essentially discontinuous and random, the discontinuity and randomness of motion are absorbed into the state of motion, which is defined
during an infinitesimal time interval and represented by the position density ρ(x, t) and
position flux density j(x, t). Therefore, the evolution of the state of random discontinuous
motion of particles may obey a deterministic continuous equation. By assuming that the
nonrelativistic equation of random discontinuous motion is the Schrödinger equation in
quantum mechanics, both ρ(x, t) and j(x, t) can be expressed by the wave function in a
unique way27 :
ρ(x, t) = |ψ(x, t)|2 ,

j(x, t) =

(25)

~
∂ψ(x, t)
∂ψ ∗ (x, t)
[ψ ∗ (x, t)
− ψ(x, t)
].
2mi
∂x
∂x

(26)

Correspondingly, the wave function ψ(x, t) can be uniquely expressed by ρ(x, t) and j(x, t)
(except for a constant phase factor):
ψ(x, t) =
26

√

ρ(x, t)e

im

∫x

j(x′ ,t)
′
−∞ ρ(x′ ,t) dx /~

.

(27)

It is also possible that the position density ρ(x, t) alone provides a complete description of the state of
random discontinuous motion of a particle. Which one is right depends on the laws of motion. As we will
see later, quantum mechanics requires that a complete description of the state of random discontinuous
motion of particles includes both the position density and position flux density.
27
Note that the relation between j(x, t) and ψ(x, t) depends on the concrete evolution under an external
potential such as electromagnetic vector potential. By contrast, the relation ρ(x, t) = |ψ(x, t)|2 holds
true universally, independent of the concrete evolution.
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In this way, the wave function ψ(x, t) also provides a complete description of the state
of random discontinuous motion of particles. For the motion of many particles, the
joint position density and joint position flux density are defined in the 3N-dimensional
configuration space, and thus the many-particle wave function, which is composed of
these two quantities, is also defined in the 3N-dimensional configuration space.
Interestingly, we can reverse the above logic in some sense, namely by assuming the
wave function is a complete objective description for the motion of particles, we can
also reach the random discontinuous motion of particles, independent of our previous
analysis. If the wave function ψ(x, t) is a complete description of the state of motion
for a single particle, then the quantity |ψ(x, t)|2 dx will not only give the probability of
the particle being found in an infinitesimal space interval dx near position x at instant
t (as required by quantum mechanics), but also give the objective probability of the
particle being there at the instant. This accords with the common-sense assumption
that the probability distribution of the measurement results of a property is the same as
the objective distribution of the values of the property in the measured state. Then at
instant t the particle will be in a random position where the probability density |ψ(x, t)|2
is nonzero, and during an infinitesimal time interval near instant t it will move throughout
the whole region where the wave function ψ(x, t) spreads. Moreover, its position density
in each position is equal to the probability density there. Obviously this kind of motion
is random and discontinuous.
One important point needs to be pointed out here. Since the wave function in quantum mechanics is defined at an instant, not during an infinitesimal time interval, it should
be regarded not simply as a description of the state of random discontinuous motion of
particles, but more suitably as a description of the property of the particles that determines their random discontinuous motion at a deeper level28 . In particular, the modulus
squared of the wave function represents the property that determines the probability
density of the particles appearing in certain positions in space at a given instant (this
means ϱ(x, t) ≡ |ψ(x, t)|2 ). By contrast, the position density and position flux density,
which are defined during an infinitesimal time interval at a given instant, are only a
description of the state of the resulting random discontinuous motion of particles, and
they are determined by the wave function. In this sense, we may say that the motion of
particles is “guided” by their wave function in a probabilistic way.

5.3 Further Discussions
We have been analyzing random discontinuous motion of particles in position space. Does
the picture of random discontinuous motion exist for other observables such as momentum
and energy? Since there are also momentum wave functions etc in quantum mechanics, it
seems tempting to assume that the above interpretation of the wave function in position
space also applies to the wave functions in momentum space etc. This means that when a
particle is in a superposition of the eigenstates of an observable, it also undergoes random
28

For a many-particle system in an entangled state, this property is possessed by the whole system.
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discontinuous motion among the eigenvalues of this observable. For example, a particle in
a superposition of momentum eigenstates also undergoes random discontinuous motion
among all momentum eigenvalues. At each instant the momentum of the particle is
definite, randomly assuming one of the momentum eigenvalues with probability given
by the modulus squared of the wave function at this momentum eigenvalue, and during
an infinitesimal time interval around the instant the momentum of the particle spreads
throughout all momentum eigenvalues.
However, there is also another possibility, namely that the picture of random discontinuous motion exists only for position, while momentum and energy etc are not instantaneous properties of a particle and they do not undergo random discontinuous change
either. There are several reasons supporting this possibility. The first is that our previous
arguments for random discontinuous motion of particles apply only to position, not to
other observables such as momentum and energy etc. For example, since the interaction
Hamiltonian for a many-particle system relates to the positions of these particles, not to
their momenta and energies, the previous analysis of electrostatic self-interaction applies
only to position. Next, the Kochen-Specker theorem requires that under certain reasonable assumptions only a certain number of observables can be assigned definite values at
all times (Kochen and Specker 1967). This strongly suggests that the picture of random
discontinuous motion exist only for a certain number of observables. Moreover, since
there are infinitely many observables besides position and these observables arguably
have the same status, this may further imply that the picture of random discontinuous
motion does not exist for any observable other than position. Lastly, the meaning of
observables as Hermitian operators acting on the wave function lies in the corresponding
ways to decompose (and also to measure) the same wave function. For example, position
and momentum reflect two ways to decompose the same spatial wave function. In this
sense, the existence of random discontinuous motion for momentum will be redundant.
Therefore, it seems more reasonable to assume that the picture of random discontinuous motion exists only for position. On this view, the position of a particle is the
only instantaneous property of the particle defined at instants (besides its wave function), while momentum and energy are properties relating to the state of motion of the
particle (e.g. momentum and energy eigenstates), which is formed by the motion of the
particle during an infinitesimal time interval around a given instant29 . Certainly, when
a particle is in a momentum or energy eigenstate, we may still say that the particle has
definite momentum or energy, whose value is the corresponding eigenvalue. Moreover,
when a particle is in a momentum or energy superposition state and the momentum or
energy branches are well separated in space, we may also say that the particle has definite
momentum or energy in each separated region.
Finally, we note that spin is a more distinct property. Since the spin of a free particle
is always definite along one direction, the spin of the particle does not undergo random
29

Note that the particle position here is diﬀerent from the position property represented by the position
observable in quantum mechanics, and the latter is also a property relating only to the state of motion
of the particle such as position eigenstates.
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discontinuous motion, though a spin eigenstate along one direction can always be decomposed into two diﬀerent spin eigenstates along another direction. But if the spin state of
a particle is entangled with its spatial state due to interaction and the branches of the
entangled state are well separated in space, the particle in diﬀerent branches will have different spin, and it will also undergo random discontinuous motion between these diﬀerent
spin states. This is the situation that usually happens during a spin measurement.

6

Possible Implications for Solving the Measurement Problem

In this section, we will briefly discuss possible implications of the new interpretation of
the wave function for the solutions to the measurement problem. That is, we will briefly
analyze how to solve the measurement problem when assuming the interpretation of the
wave function in terms of random discontinuous motion of particles is true.
It can be seen that random discontinuous motion of particles, unlike the continuous
motion of particles in the de Broglie-Bohm theory or Bohmian mechanics, does not provide a solution to the measurement problem. This is not against expectation, since it
only provides an ontological interpretation of the wave function, and what the precise
laws of motion are still needs to be determined. As we will argued below, however, this
ontological interpretation of the wave function, if it is true, may also have implications
for the solutions to the measurement problem.
An important aspect of the measurement problem is to explain the origin of the Born
probabilities or the probabilities of measurement results. According to the interpretation
of the wave function in terms of random discontinuous motion of particles, the ontological
meaning of the modulus squared of the wave function of an electron in a given position
is that it represents the probability density that the electron as a particle appears in this
position, while according to the Born rule, the modulus squared of the wave function of
the electron in the position also gives the probability density that the electron is found
there. It is hardly conceivable that these two probabilities have no connection. On the
contrary, it seems natural to assume that the origin of the Born probabilities is the random discontinuous motion of particles. If this assumption turns out to be true, then it
will have significant implications for the solution to the measurement problem, because
the existing solutions have not accommodated this assumption. In Bohmian mechanics (Goldstein 2013), the Born probabilities are epistemic. In the latest formulation of
the many-worlds interpretation (Wallace 2012), the Born probabilities are subjective. In
dynamical collapse theories, although the Born probabilities are objective, it is usually
assumed that the randomness originates from a classical noise field independent of the
wave function of the studied system (Ghirardi 2011). In short, none of these main solutions to the measurement problem assumes that the Born probabilities originate from
the wave function itself.
Therefore, if the Born probabilities originate from the objective probabilities inherent
in the random discontinuous motion of particles described by the wave function, then all
these realistic alternatives to quantum mechanics need to be reformulated. The reformu-
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lation may be easier for some alternatives, but more diﬃcult for others. For example,
it is relatively easy to find a dynamical collapse model where the chooser or the noise
source that collapses the wave function is the underlying random discontinuous motion of
particles (Gao 2013b). However, it seems diﬃcult to find a new formulation of Bohmian
mechanics in which the probabilities of measurement results are objective and come from
the wave function. Moreover, it seems that the many-worlds interpretation and the
many-minds interpretation cannot be reformulated in terms of the objective probabilities
inherent in the random discontinuous motion of particles either. A detailed analysis of
the relationship between the suggested interpretation of the wave function and stochastic
hidden variables theories or Bell’s Everett(?) theory will be given in another separate
paper.
Certainly, if the interpretation of the wave function in terms of random discontinuous motion of particles is not true, then the above implications will be totally irrelevant.
However, these analyses at least indicate that understanding the origin of the Born probabilities may be a key to solving the measurement problem. Moreover, if this interpretation
of the wave function is not true, then either the above arguments supporting the interpretation are problematic or the basic realistic assumption used in these arguments is not
true. This realistic assumption is that the wave function of a quantum system at each
instant describes the state of a physical entity or many physical entities either at the
instant or during an infinitesimal interval around the instant. A formulation of Bohmian
mechanics does reject this assumption, and it assumes a nomological interpretation of
the wave function (Goldstein 2013). On the other hand, if one accepts this realistic assumption, then one needs to find loopholes in our arguments in order to avoid the above
implications for the solutions to the measurement problem.

7

Conclusions

In this paper, we argue that the ontological meaning of the wave function may be derived
with the help of protective measurement. There are three key steps in the derivation.
First, protective measurement, which is based on the established parts of quantum mechanics, shows that the mass and charge of a charged quantum system are distributed
throughout space, and the mass and charge density in each position is proportional to
the modulus squared of the wave function of the system there. Next, the superposition
principle of quantum mechanics requires that the mass and charge distribution is eﬀective, that is, it is formed by the ergodic motion of a localized particle with the total
mass and charge of the system. Lastly, the consistency of the formed distribution with
that predicted by quantum mechanics requires that the ergodic motion of the particle
is discontinuous, and the probability density of the particle appearing in every position
is equal to the modulus squared of its wave function there. Based on this analysis, we
suggest that the wave function in quantum mechanics describes the state of random discontinuous motion of particles, and at a deeper level, it may represent the property of the
particles that determines their random discontinuous motion. In particular, the modulus
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squared of the wave function determines the probability density of the particles appearing
in certain positions in space.
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1

Introduction

More than a century after its ﬁrst formulations, quantum mechanics is still an arena of
hot interpretive debates. However, despite the impressive amount of literature on the
subject, the relevance of symmetry in interpretation is not properly acknowledged. In
fact, although it is usually said that quantum mechanics is invariant under the Galilean
group, the invariance is usually not discussed in the case of the interpretation of the
theory. But this is a serious shortcoming in the foundational context, since the fact
that a theory is invariant under a group does not guarantee the same property for its
interpretations to the extent that, in general, they add interpretive assumptions to the
∗
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formal structure of the theory.
This situation may be considered irrelevant by those instrumentalist stances that are
not interested in understanding what kind of world quantum mechanics describes. But
it is pressing for realist positions, which want to know how reality would be if quantum
mechanics were true. From a realist perspective, it seems reasonable to require that an
interpretation of quantum mechanics, to be admissible, preserves the same symmetries of
the theory. In this paper we will take a realist standpoint, in order to study what physical
constraints the Galilean group imposes on interpretation. To this end, we will organize
the presentation in two parts. In the ﬁrst part we will consider the invariance properties
of quantum mechanics: by beginning with considering the general notion of symmetry
and the diﬀerence between the concepts of invariance and covariance, we will show that
the Schrödinger equation is covariant under the Galilean group and we will consider
under what conditions it is invariant under the same group. On this basis, in the second
part we will address interpretive matters. First, we will consider the ontological meaning
of invariance by stressing the relationship between invariance and objectivity. Then we
will consider the constraints that Galilean invariance imposes onto any interpretation of
quantum mechanics. These arguments will allow us, ﬁnally, to extrapolate the conclusions
drawn for quantum mechanics to the case of quantum ﬁeld theory.

2

The Galilean symmetry of quantum mechanics

2.1 The general concept of symmetry
The idea of symmetry has a long history, during which it was associated with other
notions such as harmony, equilibrium, beauty or proportion. At present, the everyday
notion of symmetry is endowed with a geometric content that is familiar to everybody:
something is symmetric when it has parts that are equal in a certain sense, such as in the
case of the left-right symmetry of human faces or of the rotational symmetry of Escher’s
circle limit paintings.
The idea of symmetry acquires a precise deﬁnition in mathematics, when it is linked
to the concept of invariance: from a mathematical viewpoint, an object is symmetric
regarding a certain transformation when it is invariant under that transformation. But
now, the transformation does not need to be geometric: the generic concept of symmetry
applies to generic transformations in abstract mathematical spaces. The mathematical
concept of symmetry was reﬁned with the concept of group, which clusters diﬀerent
transformations into a speciﬁc structure. The concept of group was originally proposed
by Galois in the ﬁrst half of the nineteenth century, in the context of the resolution of
algebraic equations by radicals. In the second half of he same century, Lie built a theory
of continuous groups, with the purpose of extending Galois methods, originally designed
to solve algebraic equations, to the case of diﬀerential equations. This work opened the
way to apply the concepts of symmetry and invariance to the laws of physics expressed
as mathematical equations.
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Once the concept of symmetry is precisely deﬁned in mathematical terms, diﬀerent
kinds of symmetry can be distinguished. One classiﬁcation distinguishes between global
and local symmetries: global symmetries depend on constant parameters, whereas local
symmetries depend smoothly on the point of the base manifold. Another distinction is
between external or space-time symmetries, and internal or gauge symmetries, due to
invariance under non space-time transformations. The Galilean invariance of Newtonian
mechanics and the Lorentz invariance of the special theory of relativity are paradigmatic
examples of global space-time symmetries, which were called “geometric” by Wigner
(1967). Symmetries can also be classiﬁed as continuous, described by continuous or
smooth transformations, or discrete, described by non-continuous transformations. Timetranslation, space-translation and space-rotation are the traditional cases of continuous
transformations, and time-reversal, space-reﬂection and charge-conjugation are common
examples of discrete transformations. Since in this paper we are interested in the Galilean
group, we will only focus on global space-time continuous symmetries.
In principle, there are two possible interpretations of a transformation: active and
passive. Under the active interpretation, the transformation corresponds to a change from
a system to another –transformed– system; for instance, one system translated in space
with respect to the original one. Under the passive interpretation, the transformation
consists in a change of the viewpoint –the reference frame– from which the system is
described; for instance, the space-translation of the observer that describes the system.
In the case of space-time transformations, continuous ones admit both interpretations,
but the active interpretation makes no sense in the case of discrete transformations (Sklar
1974: 363). Nevertheless, no matter which interpretation is adopted, the invariance of
the fundamental law of a theory under its continuous symmetry group implies that the
behavior of the system is not altered by the application of the transformation: in the
active interpretation language, the original and the transformed systems are equivalent;
in the passive interpretation language, the original and the transformed reference frames
are equivalent.

2.2 Invariance and Covariance
In the light of its general meaning, now the concept of invariance can be endowed with a
more precise presentation. Although the link between symmetry and invariance is clear,
we have not explained yet to which items the property of invariance applies. As Brading
and Castellani stress, the ﬁrst step is to distinguish between symmetries of objects and
symmetries of laws: “we can apply the laws of mechanics to the evolution of our chair,
considered as an isolated system, and these laws are rotationally invariant (they do not
pick out a preferred orientation in space) even though the chair itself is not” (Brading
and Castellani 2007: 1332). In the case of physical laws, the symmetry of a law does not
imply the symmetry of the objects (states and operators) contained in the equation that
represents the law. Therefore, the conceptual implications of the symmetries of the law
and of the involved objects under a particular group of transformations have to be both
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considered.
In the second place, it is necessary to distinguish between the concepts of covariance
and of invariance. In the literature on the subject there is no consensus about what
covariance means. Very commonly, the property of invariance is applied only to objects,
and the property of covariance is reserved for laws and their corresponding equations.
However, as Ohanian and Ruﬃni (1994) emphasize, the diﬀerence between the invariance
and the covariance not only makes sense but also is relevant when applied to laws. In
rough terms, an equation is invariant under a certain transformation when it does not
change under the application of that transformation. In turn, an equation is covariant
under a certain transformation when its form is left unchanged by that transformation
(see Suppes 2000, Brading and Castellani 2007). From an exclusively formal viewpoint,
covariance is a rather weak property: any equation that is not covariant under a given
transformation can always be expressed in a way that makes it covariant by deﬁning new
functions of the original variables. However, covariance has physical signiﬁcance only
when those new functions can be endowed with physical meaning. In other words, if
the transformation of the objects involved in a law is deﬁned in advance due to physical
reasons, one can decide univocally whether the law is invariant and/or covariant or not.
After these conceptual preliminaries, now we can introduce some formal deﬁnitions.
Def. 1: Let us consider a set A of objects ai ∈ A, and a group G of transformations
gα ∈ G, where the gα : A → A act on the ai as ai → a i . An object ai ∈ A is invariant
under the transformation gα if, for that transformation, a i = ai . In turn, the object
ai ∈ A is invariant under the group G if it is invariant under all the transformations
gα ∈ G.
In physics, the objects on which transformations apply are usually states s, observables O and diﬀerential operators D, and each transformation acts on them in a particular
way. Let us consider the example of time-reversal when applied to the objects involved
in Hamilton equations: the state s = (q, p), the observable Hamiltonian H, and the
diﬀerential operators D1 = d/dt, D2 = ∂/∂p and D3 = ∂/∂q. The time-reversal transformation, which acts on the variable t as t → −t, reverses all the objects whose deﬁnitions
in function of t are non-invariant under the transformation:
s = (q, p) → s = (q  , p ) = (q, −p)
O = H → O = H 
D1 = d/dt → D 1 = d /dt = −d/dt
D2 = ∂/∂p → D 2 = ∂  /∂p = −∂/∂p
D3 = ∂/∂q → D 3 = ∂  /∂q = ∂/∂q
In physics, the objects to which transformations apply are combined in equations representing the laws of a theory. In particular, a dynamical law is represented by a diﬀerential
equation E (s, Oi , Dj ) = 0, which includes the state s, certain observables Oi and certain
diﬀerential operators Dj . When a transformation is applied to all these objects, the law
may remain exactly the same, that is, its form may be left invariant by the transformation. This means that the relationship among the transformed objects is the same as
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that linking the original objects. But it may also be the case that the equation still holds
when only the state is transformed, and this means that the evolution of the state is not
aﬀected by the transformation. Precisely:
Def. 2: Let L be a law represented by an equation E (s, Oi , Dj ) = 0, and let G
be a group of transformations gα ∈ G acting on the objects involved in the equation
as s → s , Oi → O i and Dj → D j . L is covariant under the transformation gα if
E (s , O i , D j ) = 0, and L is invariant under the transformation gα if E (s , Oi , Dj ) = 0.
Moreover, L is covariant –invariant– under the group G if it is covariant –invariant–
under all the transformations gα ∈ G.
On this basis, it is usually said that a certain group is the symmetry group of a theory:
Def. 3: A group G of transformations is said to be the symmetry group of a theory
if the laws of the theory are covariant under the group G. This means that the laws
preserve their validity even when the transformations of the group are applied to the
involved objects.
Still in the case of the above example, the Hamilton equations, dq/dt = ∂H/∂p and
dp/dt = −∂H/∂q, are covariant under time-reversal when H  = H, a condition satisﬁed
when H is time-independent; nevertheless, they are not invariant under time-reversal
because dp /dt = −∂H/∂q.
It is easy to see that, when a law is covariant under a transformation, and the observables and the diﬀerential operators contained in it are invariant under that transformation, the law is also invariant under the transformation. Nevertheless, as we will see
in the particular case of the Schrödinger equation, this is not the only way to obtain the
invariance of a law.
Some authors speak about symmetry instead of about covariance. For instance, Earman (2004a) deﬁnes symmetry in terms of the models of a theory:
Def. 4: Let M be the set of the models of a certain mathematical structure, and let
ML ⊂ M be the subset of the models satisfying the law L. A symmetry of the law L is
a map S : M → M that preserves ML , that is, for any m ∈ ML , m = S(m) ∈ ML .
When L is represented by a diﬀerential equation E (s, Oi , Dj ) = 0, each model m ∈
ML is represented by a solution s = F (Oi , s0 ) of the equation, corresponding to a
possible evolution of the system. Then, the covariance of L under a transformation g
that is, the fact that E (s , O i , D j ) = 0 implies that if s = F (Oi , s0 ) is a solution of the
equation, s = F  (O i , s0 ) is also a solution and, as a consequence, it represents a model
m ∈ ML . This means that the deﬁnition of covariance given by Def. 2 and the deﬁnition
of symmetry given by Def. 4 are equivalent.
It is worth stressing that the covariance of a dynamical law represented by a diﬀerential equation does not imply the invariance of the possible evolutions represented by the
solutions of the equation. Price (1996) illustrates this point in the case of time-reversal
with the familiar analogy of a factory which produces equal numbers of left-handed
and right-handed corkscrews: the production as a whole is completely unbiased, but
each individual corkscrew is spatially asymmetric (see Castagnino, Lara and Lombardi
2003, Earman 2004b). In fact, the covariance of the law L, represented by the equation

260

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 255–272

E (s, Oi , Dj ) = 0, implies that s = F (Oi , s0 ) and s = F  (O i , s0 ) are both solutions of
the equation, but does not imply that s = s . In the model language, the symmetry of L
does not imply that m = m . By contrast, invariance is a stronger property of the law:
the invariance of L means that E (s , Oi , Dj ) = 0, in this case s = s = F (Oi , s0 ) or, in
the model language, m = m .
The general deﬁnitions just introduced now allow us to explicitly state the conditions
of covariance and invariance for quantum mechanics. Given a group G whose transformations act on states, observables and diﬀerential operator as |ϕ → |ϕ , |O → |O 
and d/dt → d /dt, the Schrödinger equation is covariant when

and it is invariant when

d |ϕ 
= −iH  |ϕ 
dt

(1)

d |ϕ 
= −iH |ϕ 
dt

(2)

2.3 The Galilean Group
As emphasized by Lévi-Leblond (1974), although the covariance and even the invariance
of non-relativistic quantum mechanics under the Galilean transformations is usually assumed as a well-known fact, in general this conceptual issue is absent from the standard
literature about the theory: only in very few cases this assumption is grounded on a
conceptual elucidation of the involved notions. With the exception of the book of Ballentine (1998), it is common to see that the Galilean group is not even mentioned in the
textbooks on the matter. For this reason, it is worth dwelling on this point.
Under the assumption that time can be represented by a variable t ∈ R and position
can be represented by a variable r = (x, y, z) ∈ R3 , the Galilean group G = {gα }, with
α = 1 to 10, is a group of continuous space-time transformations gα : R3 × R → R3 × R
acting as
• Time-translation:
t → t = t + τ
• Space-translation:
r → r = r + ρ
• Space-rotation:
r → r  = Rθ r
• Velocity-boost:
r → r = r + ut
where τ ∈ R is a real number representing a time interval, ρ = (ρx , ρy , ρz ) ∈ R3 is
a triple of real numbers representing a space interval, Rθ ∈ M3×3 is a 3 × 3 matrix
representing a space-rotation an angle θ, and u = (ux , uy , uz ) ∈ R3 is a triple of real
numbers representing a constant velocity.
Since the Galilean group G is a Lie group, the Galilean transformations gα can
be represented by unitary operators Uα over the Hilbert space, with the exponential
parametrization Uα = eiKα sα , where sα is a continuous parameter and Kα is a Hermitian
operator independent of sα , called generator of the transformation gα . Therefore, the
Galilean group G is deﬁned by ten group generators Kα : one time-translation Kτ , three
space-translations Kρi , three space-rotations Kθi , and three velocity-boosts Kui , with
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i = x, y, z. The generators of G form the Galilean algebra, that is, the Lie algebra of the
Galilean generators. The combined action of all the transformations is given by
Us =

10


eiKα sα

(3)

α=1

Strictly speaking, in the case of quantum mechanics the symmetry group is the group
corresponding to the central extension of the Galilean algebra, obtained as a semi-direct
product between the Galilean algebra and the algebra generated by a central charge,
which in this case denotes the mass operator M = mI, where I is the identity operator
and m is the mass. The mass operator as a central charge is a consequence of the
projective representation of the Galilean group (see Weinberg 1995, Bose 1995). However,
in order to simplify the presentation, from now on we will use the expression Galilean
group to refer to the corresponding central extension, and we will take  = 1 as usual.
Since the Galilean group is a Lie group, it is deﬁned by the commutation relations
between its generators:


(a) Kρi , Kρj = 0


(b) Kui , Kuj = 0


(c) Kθi , Kθj = iεijk Kθj


(d) Kθi , Kρj = iεijk Kρk


(e) Kθi , Kuj = iεijk Kuk



(f ) Kui , Kρj = iδij M
(g) [Kρi , Kτ ] = 0
(h) [Kθi , Kτ ] = 0
(i) [Kui , Kτ ] = iKρi
(4)

where εijk is the Levi-Civita tensor, such that i = k, j = k, εijk = εjki = εkij = 1,
εikj = εjik = εkji = −1, and εijk = 0 if i = j. In quantum mechanics, when the system is
free from external ﬁelds, the generators Kα represent the basic magnitudes of the theory:
the energy H = Kτ , the three momentum components Pi = Kρi , the three angular
momentum components Ji = Kθi , and the three boost components Gi = Kui . Then,
by taking again  = 1, the commutation relations result
(a) [Pi , Pj ] = 0

(f ) [Gi , Pj ] = iδij M

(b) [Gi , Gj ] = 0

(g) [Pi , H] = 0

(c) [Ji , Jj ] = iεijk Jk

(h) [Ji , H] = 0

(d) [Ji , Pj ] = iεijk Pk

(i) [Gi , H] = iPi

(e) [Ji , Gj ] = iεijk Gk

(5)

The rest of the physical magnitudes can be deﬁned in terms of these basic ones: for
instance, the three position components are Qi = Gi /m, the three orbital angular momentum components are Li = εijk Qj Pk , and the three spin components are Si = Ji − Li .
In the Hilbert formulation of quantum mechanics, each Galilean transformation gα ∈
G acts on states and on observables as
|ϕ → |ϕ  = Usα |ϕ = eiKα sα |ϕ

(6)
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O → O = Usα O Us−1
= eiKα sα O e−iKα sα
α

(7)

In turn, the invariance of an observable O under a Galilean transformation gα amounts
to the commutation between O and the corresponding generator Kα :
O = eiKα sα Oe−iKα sα = O ⇔

[O, Kα ] = 0

(8)

2.4 Invariance and Covariance in Quantum Mechanics
In order to decide about the Galilean covariance and invariance of quantum mechanics, it
is necessary to analyze how the Galilean transformations act on the Schrödinger equation.
In fact, the action of a generic U = eiKs results in


d |ϕ 
dU −1

= −i H + i U
(9)
|ϕ 
dt
dt
a) The invariance of the Schrödinger equation.
In a closed, constant-energy system free from external ﬁelds, H is time-independent and
the Pi and the Ji are constants of motion (see eqs. (5g,h)). Then, for time-translations,
space-translations and space-rotations, dU/dt = deiKs /dt = 0, where K and s stand for
H and τ , Pi and ρi , and Ji and θi , respectively. As a consequence, eq. (9) yields
d |ϕ 
= −iH  |ϕ 
dt

(10)

Moreover, since in this closed-system case H commutes with Pi and Ji (see eqs. (5g,h)),
for those three transformations H  = H (see eq. (8)). By applying this result to eq. (10),
we obtain eq. (2) and, so, we prove the invariance of the Schrödinger equation under
time-translations, space-translations and space-rotations when there are no external ﬁelds
acting on the system. The case of boost-transformations is diﬀerent from the previous
cases, because the Hamiltonian is not boost-invariant even when the system is free from
external ﬁelds (for the same claim in classical mechanics, see Butterﬁeld 2007: 6). In fact,
under a boost-transformation corresponding to a velocity ux , since [Gx , H] = iPx = 0
(eq. (5i)), H changes as
(11)
H  = eiGx ux He−iGx ux = H
and the generator Gx is
Gx = mQx = m (Qx0 + Vx t) = mQx0 + Px t
Since Gx is not time-independent, dU/dt = deiGx ux /dt = 0, and eq. (9) yields


deiGx ux −iGx ux
d |ϕ 

= −i H + i
e
|ϕ 
dt
dt

(12)

(13)

When the value of the bracket in the r.h.s. side of eq. (13) is computed, it can be proved
that the terms added to H in H  cancel with those coming from the term containing the
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time-derivative (see Lombardi, Castagnino and Ardenghi 2010). Therefore, eq. (2) is
again obtained and the invariance of the Schrödinger equation is proved also for boosttransformations.
In summary, when there are no external ﬁelds acting on the system, the Hamiltonian is
invariant under time-translations, space-translations and space-rotations, but not under
boost-transformations.
When the system is under the action of external ﬁelds, the ﬁelds modify the evolution
of the system: for example, in the case of a non-isotropic potential, it cannot longer be
expected that the system does not modify its behavior when rotated in space. But, in
non-relativistic quantum mechanics, ﬁelds are not quantized: they do not play the role
of quantum systems that interact with other systems. For this reason, the eﬀect of the
ﬁelds on a system has to be included in its Hamiltonian, because it is the only observable involved in the time-evolution law. As a consequence, under the action of ﬁelds the
Hamiltonian is no longer the generator of time-translations: it only retains its role of
generator of the dynamical evolution (see Laue 1996, Ballentine 1998). Therefore, the
commutation relations involving the Hamiltonian, eqs. (5g,h,i), are no longer valid: now
these relations hold with the generator of time-translations d/dt (see eqs. (4g,h,i)), but
not with the Hamiltonian. Therefore, the time-independence of the Pi and the Ji cannot
be guaranteed. As a consequence, in the general case, the Schrödinger equation is not
Galilean invariant in the presence of external ﬁelds.
b) The covariance of the Schrödinger equation.
In order to study the covariance of the Schrödinger equation, let us rewrite eq. (9) as
d |ϕ  dU −1 
−
U |ϕ  = −i H  |ϕ 
dt
dt

(14)

This shows that the equation is covariant because the diﬀerential operator transforms as
D
d
d
d
dU −1
→
=
−
U =
dt
dt
dt
dt
Dt

(15)

In other words, the transformed diﬀerential operator d /dt is a covariant time-derivative
D/Dt, which makes the Schrödinger equation to be Galilean-covariant in the following
sense (see eq. (1))
d |ϕ 
D |ϕ 
(16)
=
= −i H  |ϕ 
dt
Dt
As shown above, without external ﬁelds, H, the Pi and the Ji are time-independent and,
as a consequence, dU/dt = 0; then, eq. (15) shows that d/dt is invariant under timetranslations, space-translations and space-rotations. But since for boost-transformations
this is not the case, the covariance of the Schrödinger equation requires the transformation
of the diﬀerential operator as d/dt → D/Dt: covariance under boosts amounts to a sort
of non-homogeneity of time that requires the covariant adjustment of the time-derivative.
This illustrates the claim advanced in Subsection 2.2: although a law is invariant under
a transformation when it is covariant and all the involved objects are invariant, this is
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not the only way to obtain invariance. When the system is free from external ﬁelds, the
Schrödinger equation is invariant under boost-transformations, in spite of the fact that
the Hamiltonian and the diﬀerential operator d/dt are not boost-invariant objects.
When external ﬁelds are applied on the system, the Hamiltonian includes the action
of the ﬁelds. Then, although eq. (16) is still valid, the transformed Hamiltonian H  =
U HU −1 has to be computed case by case, and the conditions that the external potentials
have to satisfy in order to preserve covariance can be deduced (see Brown and Holland
1999, Colussi and Wickramasekara 2008).

3

Invariance in Interpretation

3.1 The Ontological Meaning of Symmetry
As it is usually accepted, the Galilean group is the symmetry group of continuous spacetime transformations of classical and quantum mechanics. In the language of the passive
interpretation, the invariance of the dynamical laws amounts to the equivalence among
inertial reference frames (time-translated, space-translated, space-rotated or uniformly
moving with respect to each other). In other words, Galilean transformations do not
introduce a modiﬁcation in the physical situation, but only express a change in the
perspective from which the system is described.
This merely perspectival meaning of the Galilean symmetries depends, in turn, on
the properties of space and time. Invariance under time-translations expresses the homogeneity of time; invariance under space-translations and space-rotations expresses the
homogeneity and the isotropy of space, respectively. These invariances are embodied in
the commutation relations that deﬁne the Galilean group (see eqs. (5)). Nevertheless,
space is not always homogeneous and isotropic. In non-relativistic quantum mechanics,
ﬁelds are not quantized: they are treated as classical ﬁelds that act on the quantum system by breaking the homogeneity and/or the isotropy of space. This breaking turns out
to be expressed in the form of the Hamiltonian: the non-homogeneity of space leads to
the fact that, at least, some Pi is not a constant of motion ([Pi , H] = 0); the non-isotropy
of space leads to the fact that, at least, some Ji is not a constant of motion ([Ji , H] = 0).
And this, in turn, amounts to the breaking of the full validity of the Galilean group under
the form of eqs. (5): the commutation relations involving the Hamiltonian ((5g), (5h)
and (5i)) are, in general, no longer valid. In this case, the commutation relations are
still deﬁned by eqs. (4), but the generators of space-translations and space-rotations are
not P and J, but have to be deﬁned in each case, depending on the speciﬁc form of the
external ﬁeld.
The above remarks are related with the fact that certain quantities are physically
irrelevant in the light of the symmetries of a theory. For instance, the space-translation
symmetry of a dynamical law means that the speciﬁc place where the system is located
in space is irrelevant to its evolution governed by that law. The notion of physical irrelevance endows with physical content the diﬀerence between local and global symmetries:
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“A global symmetry reﬂects the irrelevance of absolute values of a certain quantity: only
relative values are relevant” (see Brading and Castellani 2007: 1360). In classical mechanics, for example, space-translation invariance implies that absolute position is irrelevant
to the system’s behavior: the equations of motion do not depend on absolute positions,
only relative positions matter. The physical irrelevance of certain quantities is strongly
linked with the issue of objectivity.
The intuition about a strong link between invariance and objectivity is rooted in a
natural idea: what is objective should not depend on the particular perspective used
for the description. When this intuition is translated to group-theoretical language, it
can be said that what is objective according to a theory is what is invariant under
the symmetry group of the theory. This idea is not new. In the domain of formal
sciences, already Felix Klein, in his Erlangen Program of 1872, tried to characterize all
known geometries by their invariants, that is, by the quantities which are not changed
under a particular group of transformations (see Kramer 1970). This idea passed to
physics with the advent of relativity: it was widely discussed in the context of special and
general relativity with respect to the ontological status of space and time. In Minkowski
words: “Henceforth space by itself, and time by itself, are doomed to fade away into
mere shadows, and only a kind of union of the two will preserve an independent reality”
(Minkowski 1923: 75). The claim that objectivity means invariance begins to appear
in Weyl’s works, applied to mathematics, in his Philosophy of Mathematics and Natural
Science (1927), when he claims that “A point relation is called objective if it is invariant
under all automorphisms” (cited in Vollmer 2010: 1661). The idea, applied to physical
sciences, becomes a main thesis of his book Symmetry (Weyl 1952). In recent times,
the idea has strongly reappeared in several works. For instance, in her deep analysis of
quantum ﬁeld theory, Auyang (1995) makes her general concept of object to be founded on
its invariance under transformations among all representations. In turn, the assumption
that invariance is the root of objectivity is the central theme of Nozicks book Invariances:
The Structure of the Objective World (2001). Once the ontological meaning of symmetry
is acknowledged, it is easy to admit that symmetry must play a relevant role in the
understanding of a physical theory. In the particular case of quantum mechanics, once
it is seen in what sense the Galilean group is the symmetry group of the theory, the
consideration of its Galilean invariance cannot be overlooked in the discussions about
interpretation.

3.2 An Invariant Interpretation of Quantum Mechanics
The physical meaning of the action of the Galilean transformations is well-understood in
classical mechanics. However, as pointed out in the Introduction, this issue is scarcely
discussed in the ﬁeld of quantum mechanics, perhaps under the assumption that the
matter is as easy as in the classical case. But we will see that quantum mechanics is
peculiar also regarding to this point.
As it is well known, Heisenberg’s uncertainty principle poses a fundamental limit to
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the precision with which certain pairs of physical observables complementary observables
can be known simultaneously. Nevertheless, this result leaves open the way to think in the
possibility of completing the theory with certain hidden variables, which would determine
the values of all the observables of the system at any time in a classical-like manner. The
Kochen-Specker theorem (1967) breaks this possibility down by putting a barrier to any
realist classical-like interpretation of quantum mechanics. In fact, the theorem proves
the impossibility of ascribing precise values to all the physical quantities (observables)
of a quantum system simultaneously, while preserving the functional relations between
commuting observables. In other words, this result is a manifestation of the contextuality
of quantum mechanics: the ascription of precise values to the observables of a quantum
system is always contextual.
As a consequence of the Kochen-Specker theorem, any realist interpretation of quantum mechanics is committed to selecting a privileged set of observables out of all the
observables of the system. The observables of that set will be those that acquire a deﬁnite value without violating quantum contextuality. At this point, the symmetry group
of the theory enters the scene: as stressed by Brown, Suárez and Bacciagaluppi (1998),
any interpretation that selects the set of the deﬁnite-valued observables of a quantum
system in a given state is committed to considering how that set is transformed under
the Galilean group.
But now the link between invariance and objectivity comes into play. The study
of the role of symmetry is particularly pressing in the case of realist interpretations of
quantum mechanics, which conceive a deﬁnite-valued observable as a physical magnitude
that objectively acquires an actual value among all its possible values: the fact that a
certain observable acquires a deﬁnite value has to be an objective fact. Therefore, since
the invariance of the theory holds, the set of the deﬁnite-valued observables of a system
picked out by the interpretation should be left invariant by the Galilean transformations:
from a realist viewpoint, it would be unacceptable that such a set changed as the mere
result of a change in the perspective from which the system is described.
The natural way to reach this goal is to appeal to the Casimir operators of the Galilean
group: if the interpretation has to select a Galilean-invariant set of deﬁnite-valued observables, such a set must depend on those Casimir operators, since they are invariant
under all the transformations of the Galilean group. The central extension of the Galilean
group has three Casimir operators which, as such, commute with all the generators of
the group: they are the mass operator M , the squared-spin operator S 2 , and the internal
energy operator W = H − P 2 /2m. The eigenvalues of the Casimir operators label the irreducible representations of the group; so, in each irreducible representation, the Casimir
operators are multiples of the identity: M = mI, where m is the mass, S 2 = s(s + 1)I,
where s is the eigenvalue of the spin S, and W = wI, where w is the scalar internal
energy.
Whereas the fact that the system objectively acquires a deﬁnite value of the mass and
the spin seems strongly reasonable, the fact that the Hamiltonian is not included in the
privileged set may sound puzzling, given the very special role that the Hamiltonian plays
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in quantum mechanics by ruling the time-evolution of quantum systems. So, it is worth
taking a while to consider how the Hamiltonian behaves under the action of the Galilean
transformations.
Let us consider a quantum system not aﬀected by external ﬁelds, whose Hamiltonian,
in a generic reference frame RF , reads H = P 2 /2m + W = K + W , where the kinetic
energy K = P 2 /2m only depends on the total momentum relative to RF , and the internal
energy W does not depend on the position and the momentum relative to RF , but only
depends on diﬀerences of positions and, eventually, on their derivatives. It is precisely
these features of K and W what guarantees that [K, W ] = 0 and, as a consequence, H
can be expressed as
H = P 2 /2m + W = K + W = HK ⊗ IW + IK ⊗ HW

(17)

where HK is the kinetic Hamiltonian acting on a Hilbert space HK , HW is the internal
energy Hamiltonian acting on a Hilbert space HW , and IK and IW are the identity
operators of the respective tensor-product spaces (for examples in well-known models,
see Ardenghi, Castagnino and Lombardi 2009). As stressed above, the Hamiltonian is
invariant under time-translations, space-translations and space-rotations, but not under
boost-transformations; so let us consider that case.
If a boost-transformation of velocity ux is applied to the system, the unitarily transformed Hamiltonian is (see proof in Lombardi, Castagnino and Ardenghi 2010)
1
H  = eiGx ux He−iGx ux = H − ux Px + M u2x = H + TB
2

(18)

where TB is the boost contribution to the energy. Therefore, it can be expressed as
H  = H + TB =

P2
+ W + TB = K  + W
2m

(19)

where K  is the transformed kinetic energy:
P2
K=
2m

⇒

P2
(P + PB )2
K = K + TB =
+ TB =
2m
2m


(20)

For the same reasons as before, [K  , W ] = 0 and, as a consequence, H  can be written as
H  = K  + W = H  K ⊗ I W + I K ⊗ HW

(21)

where H  K = HK + HB is the transformed kinetic Hamiltonian acting on HK . In other
words,
H  K = HK + HB
(22)
H  W = HW
This means that the application of a boost-transformation does not modify the internal
energy W of the system: W is boost-invariant, in agreement with the fact that it is a
Casimir operator of the Galilean group and that it only depends on diﬀerences of positions
(it is a relevant quantity). The boost-transformation only modiﬁes the kinetic energy by
adding the kinetic energy of the boost, in agreement with the fact that it is not a Casimir
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operator of the Galilean group and that it depends on the velocity relative to the reference
frame RF (it is an irrelevant quantity).
The above considerations all point to the same direction: the objective content of the
energy description of the system is given by the internal energy W , which is invariant
under the whole Galilean group. On the contrary, the kinetic energy K, whose value is
modiﬁed by a boost, can be viewed as a non-objective magnitude that changes with the
mere change of the descriptive perspective. In particular, when the system is described
in the reference frame at rest with respect to its center of mass, then P = 0 and the
kinetic energy disappear from the description.
These conclusions about the non-objectivity of the kinetic energy are not challenged
by the fact that a boost-transformation has a well-deﬁned manifestation in the energy
spectrum of the system: it produces a Doppler shift on that spectrum. However, we also
know that energy is deﬁned up to a constant value: the relevant information about the
energy spectrum of a system is contained in its internal energy, and the kinetic energy only
introduces a shift of that spectrum. Therefore, the internal energy carries the physically
meaningful structure of the energy spectrum, and the kinetic energy represents an energy
shift which, although observable, is physically non relevant and merely relative to the
reference frame used for the description.
Recently, a new interpretation of quantum mechanics has exploited the symmetry
features of the theory to solve its main conceptual conundrums. The modal-Hamiltonian
interpretation (Lombardi and Castagnino 2008, Castagnino and Lombardi 2008, Lombardi 2010, Ardenghi and Lombardi 2011, Lombardi, Fortin, Castagnino and Ardenghi
2011) is a realist, non-collapse approach according to which the quantum state describes
the possible properties of the system but not its actual properties. According to this
interpretation, the Hamiltonian is decisive in the deﬁnition of systems and subsystems,
and in the selection of the preferred context where observables acquire deﬁnite values.
This interpretation has been applied to many well-known physical situations (free particle, free particle with spin, harmonic oscillator, free hydrogen atom, Zeeman eﬀect, ﬁne
structure, the Born-Oppenheimer approximation), leading to results consistent with experimental evidence (Lombardi and Castagnino 2008, Section 5). Moreover, it has proved
to be eﬀective for solving the measurement problem, both in its ideal and its non-ideal
versions. (Lombardi and Castagnino 2008, Section 6, Ardenghi, Lombardi and Narvaja
2013, Lombardi, Fortin and López 2015). This interpretive view also promotes an ontology of properties, based on the algebraic approach to QM, where systems are bundles
of properties represented by quantum observables (da Costa, Lombardi and Lastiri 2013,
da Costa and Lombardi 2014, Lombardi and Dieks 2016).
Although based on the central role of the Hamiltonian, the modal-Hamiltonian interpretation was reformulated in an explicitly invariant form, according to which the
deﬁnite-valued observables of a quantum system free from external ﬁelds are (i) the
observables Ci represented by the Casimir operators of the Galilean group in the corresponding irreducible representation, and (ii) all the observables commuting with the Ci
and having, at least, the same symmetries as the Ci (Lombardi, Castagnino and Ardenghi
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2010). In turn, as argued above, from a realist viewpoint, the fact that certain observables acquire an actual deﬁnite value is an objective fact in the behavior of the system;
therefore, the set of deﬁnite-valued observables selected by a realist interpretation must
be also Galilean-invariant. But the Galilean-invariant observables are always functions
of the Casimir operators of the Galilean group. As a consequence, one is led to the conclusion that any realist interpretation that intends to preserve the objectivity of the set
of the deﬁnite-valued observables may not stand very far from the modal-Hamiltonian
interpretation.

3.3 Invariance and Interpretation in Quantum Physics
In his paper “Physical reality”, Born (1953) expressed very clearly his conviction about
the strong link between invariance and objectivity: “I think the idea of invariance is
the clue to a rational concept of reality” (1953: 144); “The main invariants are called
charge, mass (or rather: rest-mass), spin, etc.; and in every instance, when we are able
to determine these quantities, we decide to have to do with a deﬁnite particle. I maintain
that we are justiﬁed in regarding these particles as real in a sense not essentially diﬀerent
from the usual meaning of the word.” (1953: 146).
Born’s words suggest us the possibility of generalizing the idea developed in this
work in two senses. In non-relativistic quantum mechanics, the external ﬁelds acting
on a system are not quantized, and this fact is what breaks down the harmony of the
free case: the Hamiltonian is no longer the generator of time-translations in the Galilean
group. In quantum ﬁeld theory, on the contrary, ﬁelds are quantum items and not external
ﬁelds aﬀecting the behavior of the quantum system. As a consequence, the generators
of the Poincaré group do not need to be reinterpreted in the presence of “external”
factors. These features of quantum ﬁeld theory make us to consider whether the realist
interpretation, expressed in terms of the Casimir operators of the Galilean group in nonrelativistic quantum mechanics, can be transferred to quantum ﬁeld theory by changing
accordingly the symmetry group: the deﬁnite-valued observables of a system in quantum
ﬁeld theory would be those represented by the Casimir operators of the Poincaré group.
Since M and S 2 are the only Casimir operators of the Poincaré group, they would always
be deﬁnite-valued observables. This conclusion stands in agreement with a usual physical
assumption in quantum ﬁeld theory: elemental particles always have deﬁnite values of
mass and spin, and those values are precisely what deﬁne the diﬀerent kinds of elemental
particles of the theory. Moreover, the classical limit of quantum ﬁeld theory manifests the
limit of the corresponding Casimir operators (see Ardenghi, Castagnino and Lombardi
2011): there is a meaningful limiting relation between the observables that acquire deﬁnite
values according to quantum ﬁeld theory and those that acquire deﬁnite values according
to quantum mechanics.
But the idea can also be generalized in a second sense: if invariance is a mark of
objectivity, it should guide the interpretation not only of quantum mechanics, but also
of any physical theory with deﬁnite symmetries. Following this idea, there is no reason

270

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 255–272

to focus only on space-time global symmetries: internal or gauge symmetries should
also be considered as relevant in the deﬁnition of objectivity and, as a consequence,
in the identiﬁcation of the deﬁnite-valued observables of the system. For instance, in
relativistic quantum mechanics a gauge symmetry is what identiﬁes the charge as an
objective quantity. Therefore, the generalized principle for interpreting quantum theories
from a realistic viewpoint can be stated as follows: the deﬁnite-valued observables of a
system whose behavior is governed by a certain theory are the observables invariant under
all the transformations corresponding to the symmetries of the theory, both external and
internal.

4

Conclusions

In this paper we focused on a question usually not taken into account in the literature
on the interpretation of quantum mechanics in particular, and of quantum physics in
general: the question about how an interpretation should behave under the symmetry
group of the theory. By echoing the widespread position that links invariance and objectivity, and by considering that, from a realist viewpoint, it is unacceptable that what
acquires deﬁnite value changes as the mere result of a change in the perspective from
which the system is described, we have proposed a deﬁnite interpretive principle: the
objective deﬁnite-valued observables of a quantum system are the observables invariant
under all the transformations corresponding to the symmetries of the theory that governs its behavior. We have introduced a particular interpretation of quantum mechanics
that satisﬁes this general principle. Nevertheless, the proposal of this work goes beyond
a particular interpretation, since it intends to supply a general framework that guides
the building of any realist interpretation in the light of the physically central concept of
symmetry.

Acknowledgement
This publication was made possible through the support of grant 57919 from the John
Templeton Foundation. The opinions expressed in this publication are those of the authors and do not necessarily reﬂect the views of the John Templeton Foundation.

References
[1] Ardenghi, J. S., Castagnino, M. and Lombardi, O. (2009). “Quantum mechanics:
Modal interpretation and Galilean transformations.” Foundations of Physics, 39:
1023-1045.
[2] Ardenghi, J. S., Castagnino, M. and Lombardi, O. (2011). “Modal-Hamiltonian
interpretation of quantum mechanics and Casimir operators: the road to quantum
ﬁeld theory.” International Journal of Theoretical Physics, 50: 774-791.
[3] Ardenghi, J. S. and Lombardi, O. (2011). “The Modal-Hamiltonian Interpretation
of quantum mechanics as a kind of ”atomic” interpretation.” Physics Research
International, 2011: 379604.

Electronic Journal of Theoretical Physics 12, No. IYL15-34 (2015) 255–272

271

[4] Ardenghi, J. S., Lombardi, O. and Narvaja, M. (2013). “Modal interpretations and
consecutive measurements.” Pp. 207-217, in V. Karakostas and D. Dieks (eds.),
EPSA 2011 : Perspectives and Foundational Problems in Philosophy of Science.
Dordrecht: Springer.
[5] Auyang, S. Y. (1995). How is Quantum Field Theory Possible?. Oxford: Oxford
University Press.
[6] Ballentine, L. (1998). Quantum Mechanics: A Modern Development. Singapore:
World Scientiﬁc.
[7] Born, M. (1953). “Physical reality.” Philosophical Quarterly, 3: 139-149.
[8] Bose, S. K. (1995). “The Galilean group in 2+1 space-times and its central extension.”
Communications in Mathematical Physics, 169: 385-395.
[9] Brading, K. and Castellani, E. (2007). “Symmetries and invariances in classical
physics.” Pp. 1331-1367, in J. Butterﬁeld and J. Earman (eds.), Philosophy of
Physics. Part B. Amsterdam: Elsevier.
[10] Brown, H. and Holland, P. (1999). “The Galilean covariance of quantum mechanics
in the case of external ﬁelds.” American Journal of Physics, 67: 204-214.
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