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EJTP, Issue 30: Happy Physics for a New Year!
The issue 30 marks EJTP tenth anniversary and oﬀers a battery of articles of the
highest level in its best tradition: speculative taste, mathematically rigorous and few
concessions to fashions.
The interest in alternative theories of gravity is increasing, Hagen Kleinert, with his
usual magic math, ﬁnds the spirit of the immortal paper by A. Sakharov (Dokl. Akad.
Nauk SSSR 177, 70; Vacuum quantum ﬂuctuations incurved space and the theory of
gravitation, (1967), reprinted in (2000) Gen. Rel.Grav. 32, 365), oﬀering a powerful
reinterpretation of conformal gravity. We are pleased to see in his Acknowledgments
the name of G. Chapline, whom one of the authors of these notes (IL) is bound to for
borrowing him the expression and the image of a big bang as vacuum nucleation, back
in 1980. An idea that would later ﬁnd a realization in Archaic Quantum Cosmology
developed since 2009 with L. Chiatti. We hope to have him soon as our author.
A work of extraordinary computational and theoretical interest is that by S. Succi S.
Palpacelli, M. Mendoza and H.J. Herrmann, which establishes a bridge between Boltzmann and Dirac by Majorana, showing the potential of the Quantum Lattice Boltzmann
in quantum information and QFT.
C. Corda reﬁnes his analysis of the semi-classical radiation of the black hole; E. M.
Beniamov oﬀers an elegant approach to stochastic QM redeﬁning the observables in a noncommutative phase space and thus circumventing some ingenuities of older versions; , M.
Abdelouahab and N. Hamri explore a model of Fractional-order hybrid optical system and
its controlled chaos synchronization, a theoretical area of growing impact in technology.
Theoretical research on the fundamental entity of the quantum vacuum is always
active and crucially important. Tadas K Nakamura addresses the Rotating Unruh-DeWitt
Detector in Minkowski Vacuum and discusses the response and excitation of accelerating
detectors by negative Killing energy. R. Kastner introduces a distinction between real
and virtual photons using the scenario of Davies-Wheeler-Feynman theory in the context
of the new transactional theory that promises a full reconciliation between QM and QFT.
For those wishing to learn more we recommend his beautiful book: The Transactional
Interpretation of Quantum Mechanics (Cambridge, 2013). Johan Hansson oﬀers us a
critical reﬂection on the problems relating to the spectrum of elementary particles in the
standard model.
We dedicate always a space to the many families of cosmological theories fertilized by
new observational data ((Sloan Digital Sky Survey , WMAP and Chandra Xray observatory) and by the debate on Dark Matter : S. Chandel, M.K. Singh and Shri Ram investigate the Bianchi Type-VI0 Isotropic Cosmological Models with Dark Energy. Finally
H. Amirhashchi, D. S. Chouhan and A. Pradhan analyze the evolution of the equation of
state (EoS) parameter for dark energy in (FRW) model ﬁlled with barotropic ﬂuid and
dark energy.

ii
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A special thank to Julian Voss-Andreae, artist and physicist, who let us use his
fascinating work Spin Family (Bosons and Fermions), steel and silk, 7” x 6” x 6”, 2009
(http://julianvossandreae.com/) as a cover .
So we celebrate with such a good theoretical physics in the beginning of the New Year
and the ﬁrst decade of EJTP with all the members of the Editorial Board, ready for the
challenges to come.
Ammar Sakaji & Ignazio Licata.
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Conformal Gravity with Fluctuation-Induced
Einstein Behavior at Long Distances
Hagen Kleinert∗
Institut für Theoretische Physik, Freie Universität Berlin, 14195 Berlin, Germany
ICRANeT Piazzale della Repubblica, 10 -65122, Pescara, Italy

Received 10 December 2013, Accepted 20 December 2013, Published 15 January 2014
Abstract: Conformal Gravity is renormalizable and has strong ﬂuctuations capable of
generating spontaneously an Einstein term in the action, as a kind of “dimensionally transmuted
coupling constant”. We show that this may produce the correct long-range behavior of
gravitational forces.
c Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: Quantum Gravity; Conformal Gravity; Long rang Behaviour
PACS (2010): 95.35+d.04.60,04.20C,04.90

Conformal Gravity has recently become a fashionable object of study since it appears
to be a possible alternative to standard Einstein gravity [1]. It is a pure metric theory
that possesses general coordinate invariance and satisﬁes the equivalence principle of
standard gravity, while augmenting it with the additional symmetry of invariance under
local conformal transformations on the metric gμν (x) → e2α(x) gμν (x), where α(x) is an
arbitrary local function. The action reads (see e.g. [2])

1
(1)
d4 x (−g)1/2 Cλμνκ C λμνκ
Aconf =
8α
where Cλμνκ is the conformal Weyl tensor :
1
Cλμνκ = Rλμνκ − (gλν Rμκ −gλκ Rμν −gμν Rλκ +gμκ Rλν )
2
1
(2)
+ R (gλν gμκ − gλκ gμν ) ,
6
with Rλμνκ being the Riemann curvature tensor , Rλν = Rλμνμ the Ricci tensor , and
R ≡ Rμ μ the scalar curvature [3]. Equivalenty we have



1
1 2
4
1/2
μκ
d x (−g)
Rμκ R − R .
(3)
Aconf =
4α
3
∗

h.k@fu-berlin.de
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The quantum theory is deﬁned by a generating functional

Z = Dgμν eiAconf ,

(4)


where the integral symbol includes a Fadeev-Popov determinant that cancels the
superﬂuous integrations over gauge degrees of freedom.
It has recently been shown [4], that such an action arises in the spirit of Sakharov [5]
from the ﬂuctuations of the conformal factor in the partition function involving a sum
of matter ﬁeld actions of spin s in a D-dimensional Riemann spacetime with metric gμν .
The coupling parameter was calculated to be −1/4α = 1/[8π 2 (4 − D)] × [(1 + N0 )/120 +
N1/2 /40 + N1 /10 − 233N3/2 /720 + 53N2 /45], where Ns is the number of ﬁelds of spin
s. If we write Rμνλ κ as a covariant curl of the 4 × 4 matrix formed from the matrix of
Christoﬀel symbols {Γν }λ κ ≡ Γν λ κ :
Rμνλ κ = {∂μ Γν − ∂ν Γμ − [Γμ , Γν ]}λ κ ,

(5)

the action is seen to have a form that is completely analogous to the SU(3)-invariant nonabelian gauge theory QCD of strong interactions. This similarity is part of the esthetical
appeal of the actions (1), (3).
As in QCD, the coupling constant α is dimensionless, and this makes the theory renormalizable, thus becoming an attractive candidate for a quantum theory of gravitation.

Adding to (3) a source term − d4 x (−g)1/2 δgμν T μν , variation with respect to the
metric yields the ﬁeld equation [1]
1 μν
B = T μν ,
2α

(6)

where B μν is deﬁned by 2(−g)−1/2 δAconf /δgμν ≡ Bμν /2α. Functional diﬀerentiation of
(1) yields the covariantly conserved and traceless Bach tensor :
B μν ≡ 2C μλνκ;λ;κ − C μλνκ Rλκ ,

(7)

whose explicit form is
1
B μν = g μν R;κ;κ +Rμν;κ;κ −Rμκ;ν ;κ −Rνκ;μ;κ −2Rμκ Rν κ
2
1
2
2
2
1
+ g μν Rλκ Rλκ− g μν R;κ;κ+ R;μ;ν+ RRμν− g μνR2.
2
3
3
3
6

(8)

The purpose of this note is to point out a phenomenon that has been observed a
long time ago in the context of biomembranes [6], later in string theories with extrinsic
curvature [7, 8], and after that in a gravity-like theory [9], that the large number of
derivative in the free graviton propagator make ﬂuctuations so violent that the theory
creates spontaneously a new mass term. In the case of biomembranes and stiﬀ strings
this was a tension, here it is an Einstein-Hilbert action

1
(9)
d4 x (−g)1/2 R .
AEH =
2κ

Electronic Journal of Theoretical Physics 11, No. 30 (2014) 1–8
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In this, the constant κ is proportional to Newton’s gravitational constant
GN = 6.672 × 10−8 cm3 g −1 sec−2 ,

(10)

in the combination

8πGN
.
(11)
c3
It speciﬁes the attractive force between two planets of masses M and M  at a distance r:
κ=

F = −GN M M  /r2 .
Instead of κ one may also use the so-called Planck mass

MP ≡ c/GN = 2.1737 × 10−5 g = 1.22 × 1019 GeV,

(12)

or the Planck length
lP ≡ /MP c = 1.616 × 10−33 cm,

(13)

to express the prefactor 1/2κ as
1
M 2 c2

.
= P
=
2κ
16π 
16πlP2
Let us see how the spontaneous generation of the Einstein action comes about. First
we observe that the second term in the action (3) is the scale-invariant expression

1
1
(14)
d4 x (−g)1/2 (Rαα )2 .
Asi = −
4α
3
Now we observe that we can set up an alternative scale-invariant action with the help of
an auxiliary ﬁeld λ(x) as

αλ2
1
d4 x (−g)1/2 − λR + 3 2 .
Asi =
(15)
2κ
4κ

In fact, integrating out λ in the generating functional Zsi = Dgμν DλeiAsi leads back

to the initial scale-invariant theory Zsi = Dgμν eiAsi . The ﬁeld can be separated into
an average background ﬁeld λ̄ plus ﬂuctuations δλ which have only nonzero momenta.
The ﬂuctuations are necessary to make the theory with Zsi completely equivalent to that
with Zsi . But a useful approximation to be applied later will be based by neglecting all
terms involving δλ, and taking the saddle-point approximation to the remaining integral
over λ̄.
Next we introduce an arbitrary mixing angle θ and with it a third version of the same
action Asi ≡ C 2 Asi − S 2 Asi where C ≡ cosh θ, S ≡ sinh θ. After replacing λ by λ/C 2 ,
we may write


C2
1
4
1/2 2
d x (−g) R −
d4 x (−g)1/2 λR
Asi =−
12α 
2κ
3α
d4 x (−g)1/2 λ2.
−
(16)
4S 2 κ2
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Hence the second term in the action (3) can be replaced by the completely equivalent
action (16), for any choice of the mixing angle θ. This will change the ﬁeld equation (6)
to
3α
1 μν λ μν
(17)
B + G + 2 2 λ2 g μν = T μν .
2α
κ
4S κ
where the Bach tensor has the form (8), except that the last four terms containing factor
1/3 are replaced by C 2 /3 [10].
Let us now see that the ﬂuctuations of the metric can make the average λ̄ a ﬁnite
quantity, which by a suitable choice of the parameters can be made equal to unity. As a
result, the large-distance forces of gravity become Einsteinian (i.e. Newtonian).
Our starting point is the weak-ﬁeld expansion of the action arising from an expansion
of the metric gμν around the Minkowski metric ημν . Setting gμν = ημν + hμν , we may
write the curvature tensor as
Rμνλκ ≈

1
∂μ ∂ λ hνκ − ∂ν ∂κ hμ λ − (μ ↔ ν) + . . . ,
2

(18)

implying for the Ricci tensor
Rμ κ ≡ g νλ Rνμλ κ

(19)

the small-hμν expansion
1
Rμκ ≈ − (∂μ ∂λ hλκ + ∂κ ∂λ hλμ − ∂μ ∂κ h− ∂ 2 hμκ )+ . . . ,
2
and for the scalar curvature
R ≡ Rμ μ ≈ (∂ 2 h − ∂μ ∂ν hμν ) + . . . ,
where h ≡ η μν hμν . The Bach tensor becomes B μν = 12 ∂ 2 K μν , where K μν = hμν − 14 η μν h.
For the linearized conformal gravity, the action (3) reads [1]

1
Aconf ≈ −
(20)
d4 x ∂ 2 Kμν ∂ 2 K μν .
16α
The quadratic part of the Einstein-Hilbert action (9) in linearized approximation
comes from the Γ2 -terms in (5) and reads


1
AEH ≈
(21)
d4 x g μν Γμλ κ Γνκ λ −Γμν λ Γλκ κ .
2κ
It can be rewritten as
AEH

1
=−
8κ



d4 x hμν

λμκσ

λ

ντ δ

∂κ ∂τ hσδ .

(22)

The most compact way of writing the action is in terms of the Einstein tensor
1
Gμν ≡ Rμν − g μν R
2

(23)
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whose linear approximation is
1 2 μκ
(∂ h + ∂ μ ∂ κ h − ∂ μ ∂λ hλκ − ∂ κ ∂λ hλμ )
2
1
− η μκ (∂ 2 h − ∂ν ∂λ hνλ ),
2

Gμκ =

(24)

and has as trace G ≡ Gμ μ = −R = −(∂ 2 h − ∂μ ∂ν hμν ). This may be written as a
four-dimensional double curl:
Gμν ≈

1
4

λμκσ

λ

ντ δ

∂κ ∂τ hσδ ,

from which we see that the Einstein-Hilbert action (22) becomes simply


1
4
d4 x hμν Gμν ,
AEH = d x L(x) =
2κ
With these approximations, the action (16) reads


C2
1
4
2
d xR +
d4 x λhμν ∂ 2 φμν
Asi = −
12α 
2κ
3α
d4 x λ2 η μν (ημν + hμν ),
+
2
2
4S κ

(25)

(26)

(27)

where φμν ≡ hμν − ημν h/2. This action can now be used to replace the second term in
(3) without changing the conformal ﬁeld theory in the weak-ﬁeld limit.
For the new action Asi , the linear approximation to the ﬁeld equation (17) turns into
the simple diﬀerential equation
−

1 2 2 μν
λ
3α
∂ ∂ φ + ∂ 2 φμν + 2 2 λ2 η μν = T μν .
2α
2κ
4S κ

(28)

The correct long-range behavior of the gravitational ﬁeld is ensured if the average value
of the λ-ﬁeld is λ̄ = 1. Moreover, the dimensionless constant α can be chosen such as to
reproduce the experimentally observed cosmological constant.
Note that the full theory described by the action (27) is independent of the mixing
angle θ. However, if we calculate the eﬀective energy only up to a ﬁnite loop order in the
ﬂuctuating hμν -ﬁeld, the result will depend on θ. The optimal result is obtained from
that θ-value at which the energy has the weakest dependence on θ. At the one-loop level,
this is the place where the derivative of the energy with respect to θ vanishes [11, 12].
This criterion has been used successfully in the calculation of critical exponents in all
O(N )-symmetric Φ4 -theories at large coupling constants [13, 14].
The one-loop Euclidean eﬀective action is obtained by functionally integrating out
the ﬁelds hμν in the exponential eiAsi in which λ is approximated by its average value
λ̄. The result is e−iV4 Γ where V4 is the total four-volume of the universe, and Γ is the
eﬀective Euclidean Lagrangian
  D
d k
λ̄α 2
3α
log k 4 +
k − 2 2 λ̄2 .
(29)
Γ=
D
2
(2π)
κC
4S κ
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The prime indicates a trivial subtraction of the leading divergence. After this, the integral
can be done and yields in D = 4 − dimensions


3α
4αλ̄
α 2 λ2
(30)
log 2 2 γ − 1 − 2 2 λ̄2 ,
Γ=
2
4
2
32π C κ
C κμ πe
4S κ
where μ is an arbitrary renormalization scale, and we have not written down the pole
term ∝ 1/ since this can eventually be discarded in a renormalization procedure by
minimal subtraction[14].
The saddle point in λ̄ is now determined by the vanishing of Γλ̄ ≡ ∂Γ/∂λ̄ , where


α2
3α
1
Γλ̄
4αλ̄
=
−
−
= 0,
(31)
log
C 2 κμ2 πeγ
2
2S 2 κ2
λ̄ 16π 2 C 4 κ2
and we may ignore again a pole term ∝ 1/ in minimal subtraction.
Finally, the optimal value of θ is determined from the vanishing of the derivative of
Γ with respect to C 2 , ΓC 2 ≡ ∂Γ/∂C 2 , i.e., of


α2
1
3C 6 α
C 6 ΓC 2
4αλ̄
=
−
−
= 0.
(32)
−
log
16π 2 κ2
C 2 κμ2 πeγ 2
8S 4 κ2
2λ̄2
and we ignore once more the pole term ∝ 1/ . In the combination λΓλ + C 2 ΓC 2 = 0 the
pole term is absent and from the zero we determine the optimal C 2 to have the value 2,
so that S 2 = 1.
From the vanishing of the λ̄-derivative (31) we ﬁnd that the extremal λ̄ is given by
λ̄ =

C 2 κμ2 πeγ+1/2 −6π2 C 6 /S 4 α
.
e
4α

(33)

For any value of the dimensionless coupling strength α, we can choose the renormalization mass scale μ, in such a way that λ̄ has the value 1, that will guarantee the
correct gravitational forces at long distances. It is the dimensionally transmuted coupling
constant of the massless theory. Its role here is completely analogous to the role of the
dimensionally transmuted coupling constant in the Coleman-Weinberg treatment of the
scale-invariant quantum electrodynamics of a scalar φ4 -theory [15], and to the famous
QCD mass-scale ΛQCD ≈ 217 ± 25 MeV in the massless quantum chromodynamics of
quarks and gluons.
The question may arise whether the ﬁeld λ could have a gradient term and thus have
a particle associated with it. However, such a term would destroy the renormalizability
of the theory so that we have to keep λ purely auxiliary. Its spacetime ﬂuctuations are
important for the short-distances behavior of the gravitational forces but not for the
evolution of the cosmos, except for the baby stage.
From the outset, conformal gravity has many problems, such as states with negative
norm. These problems can be shifted to such large masses, for instance a Planck mass
or a multiple of it, so that they will not contradict experiments at present and in the
foreseeable future. Thus they should not worry us, in particular, if we recall that similar
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problems exist within the best quantum ﬁeld theory in use, quantum electrodynamics
(QED). This also possesses unphysical states known as Landau poles which fortunately
lie at such large masses that other physical phenomena intervene at much lower energies,
long before the diseases of QED show up. In conformal gravity, there have also been other
proposals for dealing with such states: One is based on the choice of suitable boundary
conditions at large inﬁnity [16], the other sees hope in diﬀerent quantization procedures
[17]. The spontaneous generation of an Einstein action proposed in this letter seems to
be a much more satisfactory way towards a physically acceptable quantum gravity.
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1.

Boltzmann and Dirac

Ludwig Boltzmann and Paul Dirac stand out as towering ﬁgures in modern science, the
equations bearing their names serving as corner stones of two paramount areas of theoretical physics, statistical mechanics and relativistic quantum ﬁeld theory, respectively.
Although these disciplines deal with diﬀerent problems in general, they exhibit several
points of contact, primarily because of the inherently statistical character of relativistic quantum ﬁeld theory. These commonalities are reﬂected by a mathematical analogy
between the Boltzmann and Dirac equations, as we shall detail in the sequel. This is
at ﬁrst sight surprising, since the Dirac equation describes the space-time evolution of
∗

Email:succi@iac.cnr.it, saurosucci@harvard.edu

10

Electronic Journal of Theoretical Physics 11, No. 30 (2014) 9–26

complex-valued spinorial wavefunction, whereas the Boltzmann equation deals with the
evolution of a scalar density in six-dimensional phase-space. Notwithstanding this major
structural diﬀerence, it should be noted that both equations are based on a hyperbolic,
two-step Stream-Collide dynamics, which prepares the ground for the aforementioned
analogy and sets the stage for Majorana’s contribution. It is indeed well (or maybe not
so well) known, that among the very many possible representations of the Dirac equation,
there is one, due to Majorana, in which all matrices are real [1]. The resulting notion
of Majorana fermions, i.e. spin 1/2 particles which coincide with their antiparticles, is
gaining considerable interest in modern theoretical physics, as beautifully discussed in a
recent essay by Wilczek [2]. Here, we wish to put forward yet another angle of interest
of the Majorana representation, namely the fact that it permits to turn the BoltzmannDirac analogy into a concrete computational tool for the simulation of quantum wave
equations, namely the quantum lattice Boltzmann (QLB) method [3].

2.

Boltzmann to Navier-Stokes versus Dirac to Schroedinger

As noted above, both Boltzmann and Dirac equations are based on a ﬁrst-order, hyperbolic, Stream-Collide dynamics, in which space and time come on the same footing. This
stands in stark contrast with the two major equations which stem from Boltzmann’s
and Dirac’s equations, namely the Navier-Stokes equation of ﬂuid mechanics and the
Schroedinger equation of non-relativistic quantum mechanics, which both involve ﬁrstorder time derivatives and second order spatial ones. This is no coincidence, the broken
balance between space and time being due, in both cases, to the elimination of ”fast”
degrees of freedom, which are irrelevant to the reduced description, namely hydrodynamics versus kinetic theory and non-relativistic versus relativistic quantum mechanics.
This broken balance leads to deep and far-reaching consequences on the mathematical
structure of the equations; in particular it prompts the emergent Advection-Diﬀusion
paradigm out of the microscopic Stream-Collide dynamics.
To set the framework, let us write down the two equations in full display. The
Boltmann equation reads as follows:
∂t f + v a ∇a f = C(f, f )

(1)

where f = f (x, v; t) is the probability density of ﬁnding a particle around position x at
time t with velocity v, and C(f, f ) describes the change in f due to short-range collisions
with other particles. The latin index a = x, y, z runs over spatial dimensions and Einstein
summation rule is assumed. The left hand side represents the particle free-streaming (in
the absence of external forces, for simplicity), while the right-hand side is the collisional
step steering the distribution function to a local Maxwell equilibrium f eq .
The Dirac equation, in Majorana form, reads as follows
∂t ψi + Sija ∇a ψj = Mij ψj

(2)

where Sija are the three Majorana streaming matrices and Mij is the mass matrix, acting
upon the complex 4-spinor ψi , i = 1, 4. Here again, the lhs describes the free streaming
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of the spinors, while the rhs can be regarded as a simple form of local collision between
the four spinorial components. Note, in fact, that in physical units, the mass matrix is a
frequency, prefactored by the Compton frequency ωc = mc2 /.

2.1 Elimination of fast modes
In the classical (Boltzmann to Navier-Stokes) case, the fast degrees of freedom are nonequilibrium excitations on top of Maxwell-Boltzmann local equilibria. The strength of
nonequilibrium excitations versus local equilibrium, scales approximately like the Knudsen number Kn = llMμ , where lμ is the molecular mean free path and lM is the smallest
hydrodynamic scale (in a turbulent ﬂow this would be the Kolmogorov length). The
Knudsen number serves as a smallness parameter, to derive Navier-Stokes hydrodynamics
as a weak non-equilibrium expansion of the Boltzmann equation. Formally, one expands
both the Boltzmann distribution and space-time derivatives in the Knudsen number as
follows:
f = f 0 + Knf 1 + . . .

(3)

∂x = Kn∂x1 + . . .

(4)

2

∂t = Kn∂t1 + Kn ∂t2 + . . .

(5)

where f 0 is the local Maxwell equilibrium, and x1 , t1 and t2 are multiscale space and
time, respectively. Lengthy but elementary algebra (Chapman-Enskog asymptotic expansion) shows that at zeroth order, f = f 0 , one recovers the Euler equations of inviscid
hydrodynamics, whereas at ﬁrst order, the dissipative Navier-Stokes equations are obtained. Higher order truncations, known as Burnett or super-Burnett, have met with
limited success, since they are exposed to basic instabilities, a signal of the fact that the
Chapman-Enskog expansion is only asymptotically convergent. The take-home message
is that, by expanding and truncating, some of the original information contained in the
Boltzmann equation gets lost in the process, and this is the reason why the Navier-Stokes
equation acquire a Laplacian-driven dissipative term νΔu, ν being the ﬂuid kinematic
viscosity and u the ﬂuid ﬂow. This stands in stark contrast with the Boltzmann representation, in which dissipation, hence irreversibility, does not stem from any diﬀusion
process (the Laplacian), but is inherently built within the collision operator, which drives
the distribution function f towards its local equilibrium f eq , according to the celebrated
Boltzmann’s H-theorem. Note that such process is completely local in space, consistently
with the point-like character of the Boltzmann molecules. A similar procedure applies
to the transition from the Dirac to Schroedinger equation, the smallness parameter being now the ratio of particle to light speed, β = v/c, or, equivalently, the ratio of the
De-Broglie to Compton wavelength, β = λB /λC , where λB = /mv and λC = /mc.
Here, the trick is to express the spinor in the form of a symmetric and antisymmetric
combination:
1
φ± = √ (ψ1 ± iψ2 )e−iωc t
(6)
2
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For simplicity, we have considered a spin 1/2 fermion in d = 1, so that ψ1 and ψ2 are
the chiral components moving along the ∓ directions along the given axis, say z. In the
absence of magnetic ﬁelds, the two components are indistinguishable, so that only one
needs to be retained and the four-spinor collapses to a bi-spinor. It is an easy matter
to show that, under the Dirac dynamics, the antisymmetric component oscillates at a
frequency 2ωc and with an amplitude O(β 2 ) with respect to the symmetric mode. More,
precisely the fast-mode elimination proceeds through the assumption
|∂t φ− | << 2ωc |φ− |

(7)

which is the usual non-relativistic limit E << 2mc2 , in wave-like language. As a result, in
the non-relativistic limit, β → 0, the antisymmetric mode decouples from the dynamics,
and the Dirac equation reduces to the non-relativistic Schroedinger equation. It is this
elimination of the fast mode that is again responsible for the appearance of a Laplace
operator (diﬀusion in imaginary time) in the Schroedinger equation. Since diﬀusion
takes place in imaginary time, this still leaves us with a reversible equation, yet in a
very diﬀerent form from Dirac. In the Dirac picture, the elementary degrees of freedom
and the reason why the physical signal (group
(ψi ) always move at the speed of light,
speed) travels slower than c, v/c = p/ m2 c2 + p2 , is becausethe spinors mix during
the ”collision” step, via the mass matrix. Indeed, v/c = p/ m2 c2 + p2 → 1 in the
ultra-relativistic limit m → 0. This shows that the Dirac dynamics really is a ﬁrstorder Boltzmann-like stream-collide process! The Schroedinger picture, on the other
hand, is much more similar to Navier-Stokes, the wavefunction velocity being given by
ua = −∇a S/m, Φ = ReiS/ being the non-relativistic wavefunction in eikonal form.
Thus, in both cases, the ﬁrst-order irreversible Boltzmann and the reversible Dirac
dynamics, a macroscopic Advection-Diﬀusion (AD) paradigm emerges from an underlying
Stream-Collide (SC) microscopic dynamics. Advection diﬀers from streaming in that the
motion proceeds along the ﬂuid velocity instead of the particle one (light-speed for Dirac),
Diﬀusion diﬀers from Collision, in that no second order derivatives are ever required to
drive the system to equilibrium.
It is here mantained that the SC paradigm is more natural and eﬃcient than the
AD one for computational purposes, especially with parallel computing in mind. The
reasons are not hard to glean: streaming proceeds along straight lines in conﬁguration
space, since, at variance with the ﬂuid velocity, the microscopic velocities do not depend
on space or time. This is a major simpliﬁcation in dealing with strong non-equilibrium
systems, where kinetic energy (streaming/advection) dominates the scene. On the other
hand, within the Boltzmann and Dirac pictures, collisions are local in spacetime, at
variance with diﬀusion, which requires non-local nearest-neighbor spatial connections.
This is again a major simpliﬁcation, especially for parallel computing. To be noted that
this observation runs counter common intuition, according to which the most eﬃcient
representation is the one involving the least number of degrees of freedom. This is not
necessarily true; it is indeed known that coarse-graining (the process of reducing the
degrees of freedom) gives rise to less equations, but often more complicated ones to solve.
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Based on the Boltzmann-Dirac analogy in Majorana form, these advantages were realized
and turned into a concrete computational scheme, the Quantum lattice Boltzmann (QLB)
which we describe in the next section.

3.

Quantum Lattice Boltzmann

The Boltzmann equation is mathematically hard to solve, on account of two reasons;
ﬁrst it lives in a 6 dimensional phase-space plus time, (x, v ; t) and second, the collision
operator is a complicated quadratic integral in velocity space. For this reason, several
simpliﬁed models of the Boltzmann equation have been proposed since the mid 50’s. A
particularly successful model is based on the so-called relaxation approximation, whereby
the collision operator is replaced by a single-relaxation time form, C(f, f ) = ω (f eq − f ),
ω being the relaxation frequency. Another powerful simpliﬁcation consists of replacing
velocity space to a handful of discrete speeds. For the last two decades, a speciﬁc instance
of discrete velocity models in relaxation form, known as lattice Boltzmann equation (LBE)
has proven exceedingly useful to handle a broad class of complex ﬂows, ranging from full
turbulence all the way down to biopolymer translocation in nanopores [4]. The discrete
Boltzmann equation reads as follows
∂t fi + via ∇a fi = −Ωij (fj − fjeq )

(8)


where the latin index a runs over spatial dimensions. In the above fi (x, t) = f (x, v ; t)δ(v −
vi )dv is the probability of ﬁnding a particle at position x and time t with discrete velocity
vi . The discrete form of the Boltzmann equation makes the analogy with the Dirac equation even tighter, in that the discrete distribution function is most naturally paralleled
to the Dirac spinor ψi .
The explicit identiﬁcations are as follows
f i ↔ ψi
via

↔

(9)

Sija

(10)

Ωij ↔ Mij

(11)

Having laid down the analogy in formal terms, several caveats need to be considered
with due care.
The main point is that the discrete index in the Boltzmann distribution refers to the
linear momentum, i.e. translational invariance, while the spinorial index in the Dirac
equation labels an internal degree of freedom responding to rotational symmetry. In a
nutshell, spinors are not vectors!
This reﬂects in a number of structural mismatches. First, in general the (2s + 1)
values of the spinor index, do not match the number of discrete speeds, usually a subset
of the 3D neighbors in a cubic cell in D spatial dimensions (typically 9 in D = 2 and 19 in
D = 3. Second, while each Boltzmann population fi moves with a well prescribed discrete
velocity via , only one of the three streaming matrices can be diagonalized at a time. In
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other words, it is always possible to choose one direction where spin and momentum
are aligned (chiral representation), but no more than one at a time. This means that
in D > 1, spinor components mix while streaming (spinning particles), while classical
particles don’t. Finally, since Ψi is complex, and the corresponding density is given by
ρi = |ψi |2 , number conservation implies that the mass matrix Mij be anti-symmetric,
whereas the Boltzmann relaxation matrix is symmetric, as it depends only on the scalar
product between via and vja .
Remarkably, all of these diﬃculties can be circumvented by a suitable form of operatorsplitting.
Let us consider the case of spin 1/2 particles, with only two discrete states, aligned
with, say, the ∓z direction, labeled by i = 1, 2 respectively. First, one starts from the
Dirac-Majorana representation in which the S z matrix is diagonal, with eigenvalues ∓1,
(in natural units c = 1), hence isomorphic to a discrete Boltzmann Equation with two
discrete speeds viz = ∓1. In this representation, the Majorana mass matrix is simply
M11 = M22 = 0, M12 = −M21 = ωc .
The stream-collide along z proceeds as follows (time-step made unit for simplicity):
ψi (zi , y, x; t + 1) − ψi (z, y, x; t) = Mij

(ψj (z, y, x; t) + ψj (zj , y, x; t + 1))
2

(12)

where zi = z + viz = z ∓ 1, i = −1, 1, is the lattice neighbor pointed by the discrete speed
viz = ∓1. In explicit terms, and omitting the y, x dependency which is left silent at this
level,
m
(ψ2 (z; t) + ψ2 (z + 1; t + 1))
2
m
ψ2 (z + 1; t + 1) − ψ2 (z; t) = − (ψ1 (z; t) + ψ1 (z − 1; t + 1))
2
ψ1 (z − 1; t + 1) − ψ1 (z; t) =

(13)
(14)

The lhs corresponds to an exact integration of the streaming operator along the characteristics dz = ±cdt (light-cones), which is typical of the Lattice Boltzmann method. The
collision term at the rhs is integrated according to the trapezoidal (Crank-Nicolson) rule,
in order to preserve the unitarity of the numerical scheme. the above 2 × 2 system can
be readily inverted to deliver the quantum lattice Boltzmann scheme (QLB) is explicit
form as
ψ1 (z − 1; t + 1) − ψ1 (z; t) = aψ1 (z; t) + bψ2 (z, ; t))

(15)

ψ2 (z + 1; t + 1) − ψ2 (z; t) = −b(ψ1 (z; t) + aψ2 (z; t))

(16)

with matrix elements
1 − m2 /4
1 + m2 /4
m
b=
1 + m2 /4

a=

(17)
(18)

where m ≡ ωc Δt, is the dimensionless Compton frequency in lattice units (Δt = 1). It
is readily shown that the above discrete system is unitary for any value of the time-step
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Δt. This is the quantum lattice Boltzmamn (QLB) in one spatial dimension. It looks
like a perfectly classical motion of two discrete walkers, hopping by one lattice unit along
±z at each time-step and colliding according to the scattering matrix given by the rhs.
Next comes the stream-collide step along the next direction, say y. Here, a plain classical
stream-collide does not work because the streaming matrix S y is -not- diagonal. However,
it is always possible to ﬁnd a transformation matrix, say Y , such that S̃ y = Y −1 S y Y is
indeed diagonal, with eigenvalues ∓1. By introducing a transformed spinor ψ y = Y −1 ψ
(indices relaxed for simplicity) and applying the matrix Y −1 to the Dirac equation, one
can replicate the one-dimensional stream-collide algorithm along y, i.e. from (z ∓ 1, y, x)
to (z ∓ 1, y ∓ 1, x), only with a transformed mass matrix M̃ y = Y −1 M Y . Once this
stream-collide is performed, the original spinor is restored through ψ = Y ψ y , where ψ y is
now the spinor after propagation along z and y. The same procedure can then be applied
along the third and last direction, x, by means of the corresponding diagonalizing matrix
X. Symbolically, the 3d evolution of the Dirac spinor reads like a sequence of three
one-dimensional stream-collide steps:
ψi (z, y, x; t + 1) = (X −1 P x X)(Y −1 P y Y )P z ψi (z ± 1, y ± 1, x ± 1; t)
a

(19)

a

where P a = e(−S +M ) is the propagator along the direction a.
Of course, the operator splitting is not exact, as the streaming and collision matrices
do not commute. However, the error is within the second order accuracy of the QLB
scheme, and, most importanly, it does not spoil the unitarity of the scheme for any value
of the timestep. Full details of the algorithm can be found in [5].
Here we only wish to oﬀer a few general remarks. By starting from the Majorana
representation of the Dirac equation, and resorting to an appropriate form of operatorsplitting, the Dirac equation can be solved in terms of a time-explicit sequence of classical
lattice trajectories and local collisions, supplemented with a rotation step. This oﬀers
signiﬁcant computational advantages, especially on parallel computers, as we shall detail
shortly.

4.

Applications

The QLB has been applied to a variety of quantum wave problems. In the following,
we present two selected applications for a relativistic and non-relativistic quantum problem, respectively. In the ﬁrst example, the phenomenon of Anderson localization in
expanding Bose-Einstein condensates (BEC), is investigated by numerically solving the
Gross-Pitaevskii equation (GPE) with a random speckle potential [6]. In the second example, Klein tunneling in random media is studied, by simulating the propagation of a
relativistic Gaussian wavepacket through a graphene sample with randomly distributed
potential barriers [7].
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4.1 Anderson localization in Bose-Einstein condensates
It is well known that disorder can profoundly aﬀect the behavior of quantum systems,
Anderson localization being one of the most fascinating phenomena in point [8]. Back in
1958, Anderson showed that the eigenstates of single quantum particles in a weak random potential can become localized, which means that the corresponding wave functions
exhibit an exponential decay at large distances [9]. A large number of experimental and
numerical studies have been devoted to the localization properties of Bose gases [9-17].
In particular, in [18], a theoretical and numerical study prescribes the conditions under
which a one-dimensional BEC can exhibit Anderson localization. These conditions basically amount to require that the amplitude of the random potential be suﬃciently large
to promote destructive interference between free-propagating plane waves, and yet signiﬁcantly smaller than the condensate energy, so as to avoid disruptive fragmentation of
the wave function. In addition, the correlation length of the random potential should be
smaller than the healing length of the condensate (the scale below which kinetic energy
is dominant), so that noise can couple to a sizeable fraction of the spectrum of kineticenergy carriers. In [6], we further investigated these conditions by means of a quantum
lattice Boltzmann model (QLB) and we inspected the mechanism by which the localized
state of the BEC is modiﬁed by the residual self-interaction in the (very) long-time term
evolution of the condensate.
In practice, we studied the behavior of an expanding BEC in the presence of disorder
in order to understand the interplay between non-linear interactions and disorder. The
strength of the interaction is characterized by the inverse
 ratio of the initial healing length
√
ξh = / 4mμ, to the Thomas-Fermi length LT F = 2μ/mωz2 , where μ is the chemical
potential, m the boson mass and ωz the longitudinal frequency of the optical trap [9]. The
properties of random potential are summarized by its intensity VR and correlation length
σR . As shown in [18], for σR < ξh and for a weak disorder VR /μ < 1, a one-dimensional
BEC can exhibit Anderson localization.
Following the model proposed in [18], we considered a one-dimensional Bose-Einstein
condensate trapped in an harmonic potential in the presence of a random potential V (z).
The corresponding Gross-Pitaevskii equation reads as follows:
i∂t ψ(z, t) =

−

2 2 1
∂ + mωz2 z 2 + V (z) + N U1 |ψ(z, t)|2 − μ ψ(z, t),
2m z 2

(20)

where U1 is the coupling constant and μ is the chemical potential. The random potential
V (z) is taken in the form of a one dimensional speckle potential [14, 19-21].
Initially, the BEC is assumed to be at equilibrium in the harmonic trap, then the
harmonic trap is removed and the BEC starts to freely expand. At time t
1/ωz , the
random potential is switched on. Starting from this model, in [18] it is shown that for
σR < ξh and when the random potential fulﬁlls the condition
VR

μ(ξh /σR )1/2 ,

(21)

the BEC wave function undergoes Anderson localization. In particular, the large-distance
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asymptotic behavior of the wave function density n(z) is given by
n(z) ∝ |z|−3/2 exp(−2γ(1/ξh )|z|),

(22)

where γ(k) = 1/L(k) is the Lyapunov exponent and L(k) is the localization length. In
[18], an approximation to γ(k) is computed and related to the correlation properties of
the disorder. For the speckle potential used in our work, one has [18]
γ(k) ∼ γ0 (k)(1 − |k|σR )Θ(1 − |k|σR ),

γ0 (k) =

πm2 VR2 σR
.
24 k 2

(23)

The QLB scheme solves GPE in the limit of “small” potential interaction. Hence,
large values for the coupling constant βQLB violate the adiabatic
assumption. This implies
limitations to the ratio between LT F and ξh , where LT F = 2μ/mωz2 is the ThomasFermi half length. In practice, QLB is constrained to λ ≡ LT F /ξh ∼ 10.
It should be noted that our set of parameters is representative of current BEC experiments, although with possibly a weaker non-linearity, i. e. narrower separation between
the outer and inner length-scales, LT F and ξh , respectively (see e.g. the experimental
work in [22] where λ ∼ 114).
However, a scale separation λ ∼ 10 is nonetheless suﬃcient to yield clear evidence of
Anderson localization.
In particular, for the present simulations, parameters are set as follows:
ωz = 5 × 10−3 ,

βQLB = 2,

m
 = 1/4,

This set-up delivers μ = 0.01943, LT F = 78.85 and ξh = 7.17. The domain length is set
to L = 32000 ∼ 400LT F and the simulation span at T = 150/ωz = 30000.
As a result, λ = 10.997 and we set VR = 0.2μ and σR = 0.5ξh , so that σR < ξh and
condition of Eq. (21) are fulﬁlled. The wave function density is computed by averaging
over the solutions obtained with 100 realizations of the speckle potential.
In Fig. 1, the averaged wave-function densities, computed at two diﬀerent resolutions
(Ng = 32000 and 128000 nodal points) by QLB are compared with numerical solutions
obtained (at the same spatial resolution) by the standard Crank-Nicolson scheme as well
as with the predicted asymptotic behavior given by Eq. (22). A very good agreement is
observed.
In Ref. [18], it is argued that the expanding and then localized BEC might be a
long-lived metastable state rather than a true ground-state solution. If so, the residual
self-interaction should cause a long-term depletion of the BEC. The question arises as to
whether such long-term depletion really occurs, and, if so, on which time-scale. In order to
explore this question, we performed very-long time simulations up to time t = 15000/ωz ,
one hundred times longer than in the previous literature.
The averaged wave function densities at times t = 1500/ωz and t = 15000/ωz are
compared with the one obtained at time t = 150/ωz , as shown in Fig. 2. The BEC is still
well localized, but clearly on the way of loosing its localization. In particular, by ﬁtting the
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Figure 1 (Color online) Comparison between the averaged wave function densities computed by
QLB and CN at two diﬀerent resolutions. The numerical results are compared with the long-tail
asymptotic behavior described by Eq. (22). Parameters are set as follows: ωz = 5 × 10−3 ,
βQLB = 2, m
 = 1/4, VR = 0.2μ, σR = 0.5ξh , λ = 10.997, T = 150/ωz . (a) Ng = 32000, (b)
Ng = 128000.

numerical wave function densities with the analytical curve n(z) ∝ |z|−3/2 exp(−2γ|z|),
the following time-decay law for γ is found (see Fig. 3):
LT F γ(t) =

0.055
.
(ωz t)1/3

(24)

In Fig. 2, the analytical curves obtained with the values of γ given by Eq. (24) for tωz =
150, 1500 and 15000 are also shown. In Fig. 3, numerical results for LT F γ as a function
of ωz t are reported and compared with the scaling law, Eq. (24). For this numerical
test, we used the QLB scheme with Ng = 32000 nodal points, while other parameters
are set as before. Although a direct comparison with experimental results reported in
[22] is not possible, since we are simulating a BEC with a weaker non-linearity (λ ∼ 11
instead of λ ∼ 114) and with a diﬀerent value for the ratio σR /ξh , in Fig. 3 we report the
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experimental value obtained in [22] for λ = 114, σR /ξh ∼ 0.7 and VR /μ = 0.2. This last
parameter is the same as in our simulations. The experimental result corresponds to a
localization length of about Lloc = 0.5 mm, while in our simulation, we obtain Lloc = 1.19
mm.
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Figure 2 (Color online) Averaged wave function densities computed by QLB with N = 32000
discretization points up to times T = 150/ωz , T = 1500/ωz and T = 15000/ωz . Parameters are
set as follows: ωz = 5 × 10−3 , βQLB = 2, m
 = 1/4, VR = 0.2μ, σR = 0.5ξh , λ = 10.997.
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Figure 3 Numerical values of LT F γ at diﬀerent times compared with the decaying law of Eq.
(24). Parameters are set as follows: ωz = 5 × 10−3 , βQLB = 2, m
 = 1/4, VR = 0.2μ, σR = 0.5ξh ,
λ = 10.997. Error bars indicate the min-max values over the ensemble of realizations. The  X 
point indicates the experimental result obtained in [22] for VR /μ = 0.2, as in our simulation,
but for a diﬀerent setting of λ and σR /ξh , which take the values 114 and 0.7, respectively.

The pictures show a clear delocalization trend in the very-long term evolution of the
condensate, thereby supporting the conjecture that Anderson localization is a long-lived
metastable state of the expanding condensate.
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4.2 Relativistic electron transport in graphene
As opposed to classical quantum mechanics, where electrons tunneling into a barrier
are exponentially damped, relativistic scattering was shown by Klein in 1929 [23] to
follow a very unexpected behavior: If the potential is of the order of the electron mass
or higher the barrier becomes virtually transparent to the electrons. This is called the
Klein paradox. Experimental realizations were not available until the recent discovery
of graphene [24, 25]. This material has revealed a series of amazing properties, such
as ultra-high electrical conductivity, ultra-low shear viscosity to entropy ratio, as well
as exceptional structural strength, as combined with mechanical ﬂexibility and optical
transparency. Moreover, due to the special symmetries of the honeycomb lattice, electrons
in graphene are shown to behave like an eﬀective Dirac ﬂuid of massless chiral quasiparticles, propagating at a Fermi speed of about vF ∼ c/300 ∼ 106 m/s.
Due to the fact that, under suitable conditions [26], electronic excitations in graphene
behave as an eﬀective relativistic Dirac ﬂuid, in the presence of a random media, transport
laws similar to the ones ruling ﬂuid motion in diluted porous media, may be expected to
apply. We refer here, e.g. to the Carman-Kozeny law [27, 28], which relates the permeability of a porous medium (conductivity of a graphene sample) to the solid concentration
(impurity density).
In [7], we presented QLB numerical solutions of the Dirac equation in the presence of
random impurities, thereby providing an estimate for the eﬀects of the impurity concentration on the conductivity of the graphene sample, for both cases, massless and massive
Dirac fermions.
One of the major technological challenges in current graphene research is to manufacture larger samples, above 10 microns, for practical use in engineering devices [29].
As the sample size is increased, however, it becomes more and more diﬃcult to secure
the purity of the sample, i.e. avoid crystalline inclusions (impurities) which alter the
local structure of the graphene honeycomb lattice. Such impurities are indeed known
to signiﬁcantly aﬀect the macroscopic properties of the sample, primarily its electrical
conductivity. To gain insight into this problem, it is therefore of interest to investigate
the propagation of relativistic wavepackets within a disordered sample. To analyze these
transport phenomena, we simulate the propagation of a relativistic Gaussian wavepacket
through a two-dimensional domain composed of three regions: an inlet region, where the
wave packet is positioned at the initial time t = 0; the impurity region, i.e. the central
part of the domain where randomly distributed barriers (impurities) are located; and
the outlet region, which is the ﬁnal region, where measurements of the transmitted wave
packet are taken.
The impurity concentration is given by C = N d2 /A, where N is the number of square
obstacles of cross section d2 , distributed over an area A = Ly × Lz . For the present
simulations d = 8 (larger than the typical lattice distance of graphene) and C is varied
in the range 0.001 ÷ 0.05.
The lattice spacing is chosen in such a way as to properly resolve the smallest lengths
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in the problem, namely the obstacle diameter D, as well as the wavepacket extent λ. The
cell size is chosen to be Δx = 0.96nm, corresponding to σ = 48 lattice spacings for the
spreading of the initial Gaussian wave packet, and d = 8 for the obstacle side. This yields
a Fermi energy EF = 0.117 (80meV in physical units).
In our study, we use two values for the mass of the particles, m = 0 for ungaped
graphene and m = 0.1 (mc2 = 0.1/Δt ∼ 0.07eV in physical units) for gaped graphene,
and vary the impurity potential and the concentration. Five barrier heights are considered, namely V = 25, 50, 100, 200, 285 meV. Note that, while the ﬁrst two lie below EF ,
hence can be overcome classically, the others can only be traversed head-on via quantum
tunnelling. It should be further observed, though, that since the wavepacket is wider than
the single impurity, i.e. σ > d, even in the case EF < V , the wavepacket can split and
turn around the obstacle like a ”classical” ﬂuid. Our results can be classiﬁed according
to the energy of the particles, the potential of the barrier, and their mass as follows:
weak potentials, V < EF − mvF2 ; intermediate potentials, EF − mvF2 < V < EF + mvF2 ;
and strong potentials, V > E + mvF2 . The transmission coeﬃcient T (t) is obtained by

computing T (t) = z>zout ρ(z, y, t)dzdy, where ρ is the wave packet density deﬁned as
ρ = |u1 |2 + |u2 |2 + |d1 |2 + |d2 |2 , with ψ = (u1 , u2 , d1 , d2 )T being the Dirac quadrispinor.
In order to provide a measurement of momentum dissipation, i.e. the loss of conductivity due to impurities, we compute the momentum transmission coeﬃcient as follows:

Jz (z, y, t) dzdy,
(25)
TJz (t) =
z>zout

where
Jz = ψ † Az ψ + ψ † A†z ψ,

(26)

is the z-component of the current density with Az the streaming matrix along z and
ψ = (u1 , u2 , d1 , d2 )T the Dirac quadrispinor. In Fig. 4, we show some representative
snapshots of the ﬁrst 1800 time steps of the simulation, for impurity percentage C = 0.5%
and V = 50 meV and for m = 0. Here, we can see the way how the wave packet is
scattered by the impurities, generating a plane front, as a result of the fragmentation of
the wavefunction due to the random obstacles.

Figure 4 Wave packet density ρ at times = 0, 900, 1500, and 1800 (lattice units) for the
simulation performed with impurity percentage C = 0.5% and V = 50 meV with m = 0.

As a quantitative result, we inspect the maximum of the transmission coeﬃcient TJz
as a function of the impurity potential and concentration, for three diﬀerent values of
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mass, m = 0, 0.05, 0.1 (see Fig. 5). These data summarize the loss of momentum, hence
resistivity, due to the random impurities, formally measured by
η(C, V ) = max(TJz (C, V )) .

(27)

From these ﬁgures, we observe that at high impurity concentration, C = 0.05, and a
barrier V = 100 meV, the relativistic wavepacket looses about 50% of its momentum,
as compared the case of a pure sample (C = 0). At the same concentration, a massive
wave packet with m = 0.1, would loose more than 80%, indicating a signiﬁcant drop
of transmissivity due to inertia. At low impurity level, C = 0.001, both massless and
massive wave-packets show a mild reduction of transmittivity, below 10%.
Let us now deﬁne the following “transmittance”:
Σ(C, V ) ≡

η
1−η

.

(28)

This deﬁnition allows to draw a quantitative parallel with the concept of permeability
of a classical ﬂuid moving through a porous medium. That is, when the transmittance
is unity, the conductivity goes formally to inﬁnity, whereas zero transmittance connotes
zero conductivity. Using Eqs. (27) and (28), we have found that the numerical results
are satisfactorily ﬁtted by the following analytical expression:
(1 − C)n+1
+ Σ0
Σ(C, V ) = A
Cn

,

(29)

where A, n, Σ0 are ﬁtting parameters, which depend on the strength of the potential and
the mass of the particles. In Fig. 5, we report the results of the ﬁtting (solid line), showing
good agreement with the numerical data. We have plotted η instead of Σ, in order to
avoid the divergence at C = 0. The values of the parameters can be found in the original
work, [7].

5.

QLB for quantum computing and quantum ﬁeld theory

Due to the one-sided nature of the space-time discretization, the light-cone streaming, as
well as its low communication to computation ratio, QLB makes an excellent candidate
for massively parallel implementations on current (electronic) computers. Even more exciting prospects, perhaps, open up in connection with quantum computing applications.
Indeed, any complex wavefunction q(x; t) = cu u(x; t) + cd d(x; t), cu and cd being complex amplitudes, provides a natural representation of a q-bit, as a linear superposition
of two upward and downward propagating quantum eigenstates, u ≡ ψ1 and d ≡ ψ2 ,
respectively. As noted in [30], the stream-and-collide structure of the quantum lattice
Boltzmann equation maps naturally onto the structure of quantum networks, i.e., quantum computing devices consisting of arrays of quantum logic gates, whose computational
operation proceeds synchronously in time. The output of some gates is wire-connected to
the input of some others (the streaming step), and locally processed by unitary operations
(the collision step).
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Figure 5 Maximum value of TJz as a function of the impurity percentage for each value of the
impurity potential V = 50 ÷ 285. For three values of the mass, m = 0 (top), 0.05 (middle), 0.1
(bottom).

In compact notation:
ψ̂i = ψi

(30)

ψi (z, y, x; t) = Cij ψj (z, y, x; t)

(31)

where
is the post-collisional spinor associated with the collision matrix C ≡
ψ̂i ≡ Si ψi = ψi (x + vi ; t + 1)

1−M/2
,
1+M/2

while
(32)

is the lightcone-shifted spinor, along the i-th lattice link.
QLB simulations of classical systems, emulating quantum computer operation, have
indeed be performed in the recent past [31].
An important question is whether the QLB stream-collide unitary paradigm carries
over from quantum mechanics to quantum ﬁeld theory (QFT). Essentially, the idea is
simply to apply the QLB scheme (13) to spinorial operators Ψi (x; t), instead of spinorial
wavefunctions ψi (x; t). The point is to preserve the internal symmetries of such operators,
a set of inﬁnite-dimensional matrices in Hilbert space, under the stream-collide procedure.
This question has been answered in the aﬃrmative in [32], where it was shown that,
at least in (1 + 1) dimensions, the QLB scheme is such to preserve the correct structure of
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both bosonic and fermionic equal-time-commutators, thereby opening up potentially new
perspectives for the simulation of quantum ﬁeld theories in (1+1) space-time dimensions.
As an example, it would be of interest to explore the possibility of realizing coldatom QLB simulators for quantum ﬁeld theory, along the lines developed for Hubbardlike lattice hamiltonians used in the simulation of interacting relativistic quantum ﬁeld
theories [33]. Tight analogies between the quantum-ﬁeld-theory QLB scheme and such
QFT lattice hamiltonians, although easily anticipated on a conceptual basis, remain
quantitatively unexplored at the time of this writing. This makes an exciting topic for
future research in the ﬁeld.

6.

Summary and outlook

Summarizing, we have discussed formal and substantial analogies between the Boltzmann
equation of classical statistical physics and the Dirac equation for relativistic quantum
wavefunctions. The special role of the Majorana representation of the Dirac equation, in
which all matrices are real, in formulating a new class of computational schemes (Quantum Lattice Boltzmann method, QLB) for relativistic and relativistic quantum wave
problems, has been emphasized. Selected applications of the QLB method, namely Anderson localization in Bose-Einstein condensates, and electronic transport in graphene,
have been discussed and commented on. Finally, future prospects of QLB applications
for quantum computing and the simulation of quantum ﬁeld theories, have been brieﬂy
touched upon.
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It has been suggested [1] that the Hawking radiation spectrum [2] could be discrete if
one quantized the area spectrum in a way that the allowed area is the integer multiples
of a single unit area. Indeed, the Hawking radiation spectrum looks to be continuous in
loop quantum gravity if the area spectrum is quantized in such a way that there are not
only a single unit area [3, 4].
Recently, by assuming the locality of photon emission in a black hole, Yoon argued
that the Hawking radiation spectrum is discrete in the framework of loop quantum gravity
even in the case that the allowed area is not simply the integer multiples of a single unit
area [5]. Yoon’s result arises from the selection rule for quantum black holes [5].
On the other hand, by analysing Hawking radiation as tunnelling, Parikh and Wilczek
∗
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showed that the radiation spectrum cannot be strictly thermal [6, 7]. In fact, the energy
conservation implies that the black hole contracts during the process of radiation[6, 7].
Thus, the horizon recedes from its original radius to a new, smaller radius [6, 7]. The
consequence is that black holes cannot strictly emit thermally [6, 7]. This is consistent
with unitarity [6] and has profound implications for the black hole information puzzle
because arguments that information is lost during black hole’s evaporation rely in part
on the assumption of strict thermal behavior of the spectrum [6-8].
Working with G = c = kB =  = 4π1 0 = 1 (Planck units), the probability of emission is
[2, 6, 7]
ω
(1)
Γ ∼ exp(− ),
TH
1
where TH ≡ 8πM
is the Hawking temperature and ω the energy-frequency of the emitted
radiation.
Parikh and Wilczek released a remarkable correction, due to an exact calculation of the
action for a tunnelling spherically symmetric particle, which yields [6, 7]
ω
ω
)].
(2)
Γ ∼ exp[− (1 −
TH
2M
This important result, which takes into account the conservation of energy, enables a
ω
[6, 7]. We recently ﬁnalized the tunneling framework
correction, the additional term 2M
by Parikh and Wilczek in [20], by showing that the probability of emission (2) is correctly
associated to the two distributions [20]

1
1
, < n >f ermion =
,
exp [−4πn (M − ω) ω] − 1
exp [−4πn (M − ω) ω] + 1
(3)
for bosons and fermions respectively, which are non strictly thermal.
In various frameworks of physics and astrophysics the deviation from the thermal spectrum of an emitting body is taken into account by introducing an eﬀective temperature
which represents the temperature of a black body that would emit the same total amount
of radiation [9]. The eﬀective temperature can be introduced for black holes too [9]. It
depends on the energy-frequency of the emitted radiation and is deﬁned as [9]
2M
1
TE (ω) ≡
TH =
.
(4)
2M − ω
4π(2M − ω)
< n >boson =

Then, eq. (2) can be rewritten in Boltzmann-like form [9]
ω
),
Γ ∼ exp[−βE (ω)ω] = exp(−
TE (ω)
where βE (ω) ≡

1
TE (ω)

(5)

and exp[−βE (ω)ω] is the eﬀective Boltzmann factor appropriate for

2M
an object with inverse eﬀective temperature TE (ω) [9]. The ratio TETH(ω) = 2M
represents
−ω
the deviation of the radiation spectrum of a black hole from the strictly thermal feature
[9]. If M is the initial mass of the black hole before the emission, and M − ω is the ﬁnal
mass of the hole after the emission [9], eqs. (2) and (4) enable the introduction of the
eﬀective mass and of the eﬀective horizon [9]

ME ≡ M −

ω
, rE ≡ 2ME
2

(6)
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of the black hole during the emission of the particle, i.e. during the contraction’s phase
of the black hole [9]. The eﬀective quantities TE , ME and rE are average quantities.
ME is the average of the initial and ﬁnal masses, rE is the average of the initial and
ﬁnal horizons and TE is the inverse of the average value of the inverses of the initial and
1
, after the emission
ﬁnal Hawking temperatures (before the emission TH initial = 8πM
1
TH ﬁnal = 8π(M −ω) ) [9]. Notice that the analysed process is discrete instead of continuous
[9]. In fact, the black hole’s state before the emission of the particle and the black hole’s
state after the emission of the particle are diﬀerent countable black hole’s physical states
separated by an eﬀective state which is characterized by the eﬀective quantities [9]. Hence,
the emission of the particle can be interpreted like a quantum transition of frequency ω
between the two discrete states [9]. The tunnelling visualization is that whenever a
tunnelling event works, two separated classical turning points are joined by a trajectory
in imaginary or complex time [6, 9].
In [9] we used the concepts of eﬀective quantities and the discrete character of Hawking
radiation to argue a natural correspondence between Hawking radiation and black hole’s
quasi-normal modes. A problem concerning previous attempts to associate quasi-normal
modes to Hawking radiation was that ideas on the continuous character of Hawking radiation did not agree with attempts to interpret the frequency of the quasi-normal modes
[10]. In fact, the discrete character of the energy spectrum of black hole’s quasi-normal
modes should be incompatible with the spectrum of Hawking radiation whose energies
are of the same order but continuous [10]. Actually, the issue that Hawking radiation is
not strictly thermal and, as we have shown, it has discrete instead of continuous character, removes the above diﬃculty [9]. In other words, the discrete character of Hawking
radiation permits to interpret black hole’s quasi-normal frequencies in terms of energies
of physical Hawking quanta too [9]. In fact, quasi-normal modes are damped oscillations
representing the reaction of a black hole to small, discrete perturbations [9, 11-13]. A
discrete perturbation can be the capture of a particle which causes an increase in the
horizon area [11-13]. Hence, if the emission of a particle which causes a decrease in the
horizon area is a discrete rather than continuous process, it is quite natural to assume
that it is also a perturbation which generates a reaction in terms of countable quasinormal modes [9]. This natural correspondence between Hawking radiation and black
hole’s quasi-normal modes permits to consider quasi-normal modes in terms of quantum
levels not only for absorbed energies like in [11, 12, 13], but also for emitted energies like
in [9]. This issue endorses the idea that, in an underlying unitary quantum gravity theory,
black holes can be considered highly excited states [9, 11, 12, 13] and looks consistent
with Yoon’s approach in loop quantum gravity [5].
The intriguing idea that black hole’s quasi-normal modes carry important information
about black hole’s area quantization is due to the remarkable works by Hod [11, 12]. Hod’s
original proposal found various objections over the years [9, 13] which have been answered
in a good way by Maggiore [13], who reﬁned Hod’s conjecture. In [9] we further improve
the Hod-Maggiore conjecture by taking into account the non-strict thermal character
and, in turn, discrete rather than continuous character of Hawking radiation spectrum.
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In particular, we found the solution for the absolute value of the quasi-normal frequencies
in the case of large n (highly excited black hole) [9]


1
1
(ln 3)2 + 4π 2 (n + )2 ,
(7)
(ω0 )n = M − M 2 −
4π
2
where n is the quantum “overtone”number, see [9] for details. Eq. (7) is based on Eq.
(7) in [9], which is
1

ωn = ln 3 × TE (|ωn |) + 2πi(n + 12 ) × TE (|ωn |) + O(n− 2 ) =
(8)
=

ln 3
4π(2M −|ωn |)

+

2πi
(n
4π(2M −|ωn |)

1

+ 12 ) + O(n− 2 ).

We intuitively derived eq. (8) in [9]. A rigorous analytical derivation of it can be found
in the Appendix of [21].
We also found that, for large n, an emission involving the levels n and n − 1 of a
Schwarzschild black hole having an original mass M gives a variation of energy [9]
ΔE = (ω0 )n − (ω0 )n−1 = f (M, n) ≡

≡



1
1 2
2
2
2
M − 4π (ln 3) + 4π (n − 2 ) − M 2 −

1
4π



(9)
(ln 3)2 + 4π 2 (n + 12 )2 .

J, where J is
The result of eq. (9) also hold for a Kerr black hole in the case M 2
the angular momentum of the black hole [22].The analysis in [5] shows that the Hawking
radiation spectrum is truncated below a certain frequency and hence there is a minimum
energy of an emitted particle [5]
α
,
(10)
8πM
where α = 1.49 in the case of isolated horizon framework [14, 15], α = 2.46 in the case
of the Tanaka-Tamaki scenario [16] and α = 4.44 in the case of the Kong-Yoon scenario
[17-19].
Hence, by considering an excited black hole, we argue that they should exist values
of n that we label as n∗ for which
Emin ≈ αTH =

f (M, n∗ ) = Emin .

(11)

In other words, we search the minimum energy of an emitted particle for a ﬁxed Hawking
temperature which corresponds to two neighboring levels. In fact, if the two levels are
not neighboring the emitted energy will be higher. Thus, n∗ will be the values of n for
which Hawking quanta having minimum energy can be emitted in emissions involving
two neighboring levels (n∗ and n∗ − 1).
A black hole excited at a level n∗ − 1 has a mass [9]
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Mn∗ −1 ≡ M − (ω0 )n−1

(12)

which, by using eq. (7) becomes

Mn∗ −1 =



1
M2 −
4π

1
(ln 3)2 + 4π 2 (n∗ − )2
2

(13)

Considering eqs. (9), (10) and (11) one gets

M2 −

≈
For n

1
4π



(ln 3)2 + 4π 2 (n∗ − 12 )2 ≈
(14)


1
M 2 − 4π
(ln 3)2 + 4π 2 (n∗ + 12 )2 +

8π



1
M 2 − 4π

√

α
(ln 3)2 +4π 2 (n∗ − 12 )2

.

1 eq. (14) is well approximated by

M 2 − 12 n∗ +

≈



1
4

≈
(15)

M 2 − 12 n∗ − 14 +

8π

√

α
.
M 2 − 12 n∗ + 14

Putting
M 2 − 12 n∗ +

1
4

≡x
(16)

≡β

α
8π

eq. (15) becomes
√


x≈

x−

1
β
+√
2
x

(17)

1√
x.
2

(18)

which can be simpliﬁed as

x−β ≈

x−

By squaring eq. (18) one easily solve for x:
x≈

2β 2
.
4β − 1

(19)

Hence, by using eq. (16) one gets immediately
n∗ ≈ 2M 2 +

1
α2
−
.
2 8π (α − 2π)

(20)
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Thus, we ﬁnd a sole value of n∗ for which the Hawking radiation spectrum is truncated
below a certain frequency of minimum energy for a transition between two neighboring
levels n∗ and n∗ − 1 of an highly excited black hole. By using eqs. (20) and (13) the
black hole’s mass at the level n∗ − 1 results

M2

Mn∗ −1 =

−

1
4π



(ln 3)2 + 4π 2 (n∗ − 12 )2 ≈
(21)


M 2 − 12 n∗ +

1
4

≈



α2
16π(α−2π)

We note that the mass (21) and its correspondent Hawking temperature
(TH )n∗ −1

1
≡
≈
8πMn∗ −1


π (α − 2π)
2πα

(22)

are imaginary for α < 2π. Then, they are imaginary also for α = 1.49 (isolated horizon
framework [14, 15]), α = 2.46 (Tanaka-Tamaki scenario [16]) and α = 4.44 (Kong-Yoon
scenario [17-19]). This implies that that transitions between two neighboring levels look
forbidden for highly excited black holes if one assumes the correctness of the analysis in
[5]. Thus, in highly excited black holes, the minimum energy found by Yoon [5] should
always correspond to transitions between two levels which are not neighboring.
Let us analyse this case in detail. A black hole excited at a level m has a mass [9]
Mm ≡ M − (ω0 )m

(23)

which, by using eq. (7) becomes

Mm =

M2 −

1
(ln 3)2 + 4π 2 m2 .
4π

(24)

Considering two levels which are not neighboring, i.e. m and n with n − m ≥ 2, eq. (7)
implies that one needs the condition

M2 −

≈
For m, n



M2 −

1
4π

1
4π



(ln 3)2 + 4π 2 m2 ≈


(ln 3)2 + 4π 2 n2 +

(25)
8π



1
M 2 − 4π

√α

(ln 3)2 +4π 2 m2

.

1 eq. (25) is well approximated by

M 2 − 12 m ≈

≈



(26)
M 2 − 12 n +

8π

√

α
.
M 2 − 12 m
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Putting
M 2 − 12 m ≡ x

M 2 − 12 n ≡ y

α
8π

(27)

≡ β, x ≥ 0, y ≥ 0

eq. (26) becomes
√

x≈

√

β
y+√
x

(28)

which can be simpliﬁed as
x−β ≈

√ √
y x.

(29)

By squaring eq. (29) and by dividing for x one gets
β2
− 2β.
(30)
x
By using eqs. (27) the condition n − m ≥ 2 implies also x − y  1, which, in turn, gives
y ≈x+

β2
 1.
x

(31)

α2
β2
=
,
2β − 1
16π (α − 4π)

(32)

2β −
Eq. (31) is easily solved for x:
x

2

α
is always
which is not consistent with the third of eqs. (27) because the quantity 16π(α−4π)
negative for α = 1.49 (isolated horizon framework [14, 15]), α = 2.46 (Tanaka-Tamaki
scenario [16]) and α = 4.44 (Kong-Yoon scenario [17-19]). In other words, the mass (24)
results imaginary in this case too.
Hence, in this work we have shown that the results by Yoon [5], which arise from loop
quantum gravity, are not consistent with our semi-classical results for highly excited black
holes. Maybe the results in [5] can be correct for non-highly excited black holes, but, in
any case, our analysis renders further problematical the match between loop quantum
gravity and semi-classical theory.
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Abstract: In the paper, we discuss the studies of mathematical models of diﬀusion scattering of
waves in the phase space, and relation of these models with quantum mechanics. In the previous
works it is shown that in these models of classical scattering process of waves, the quantum
mechanical description arises as the asymptotics after a small time. In this respect, the proposed
models can be considered as examples in which the quantum descriptions arise as approximate
ones for certain hypothetical reality. The deviation between the proposed models and the
quantum ones can arise, for example, for processes with rapidly changing potential function.
Under its action the diﬀusion scattering process of waves will go out from the states described by
quantum mechanics. In the paper it is shown that the proposed models of diﬀusion scattering of
waves possess the property of gauge invariance. This implies that they are described similarly
in all inertial coordinate systems, i. e., they are invariant under the Galileo transformations.
We propose a program of further research.
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1.

Introduction

Usually description of quantum systems is constructed by using formal quantization procedures, based on the classical description of the corresponding mechanical systems. The
search for the sense of these procedures attracted many physicists, starting with A. Einstein.
The interest to this subject periodically decreased and revived again. In this direction,
one can mention the von Neumann theorem, proved during the period of formation of
∗
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quantum mechanics, on impossibility of description of quantum mechanics by introducing hidden parameters [1]. Nevertheless, in the 50s, in the works of D. Bohm and L. de
Broglie [2], one proposed a model of quantum mechanics with hidden parameters, not
satisfying some conditions of the von Neumann theorem and possessing a strange property of far-action. In the 60-s, in the work of E. Nelson [3], one proposed a probabilistic
approach given the name “stochastic quantization”. The subject of foundation of quantum mechanics excited many specialists (for example, D. I. Blohintsev [4], V. P. Maslov
[5], K. Popper [6], etc.), and it was discussed in their publications. There are works in
which one makes a detailed analysis of the problem of introducing hidden parameters
into quantum mechanics. They include a widely known work of Bell [7] on introducing
hidden parameters and non-locality of quantum mechanics. An interesting analysis of
this work is given in [8]. The paper [9] contains a huge list of literature on foundations
of quantum mechanics, and provides a classiﬁcation of these works. The history of the
discussion around the subject “foundation of quantum mechanics” and attitude to this
subject of “traditional physicists” are remarkably described in the book by K. Popper
[6].
The small popularity of alternative approaches to foundation of quantum mechanics
among the working physicists is usually related to the fact that they did not yet give serious new results. They also did not give more convenience in computations and heuristics.
However, recently the alternative approaches cause again an intent attention related to
the problems and possibilities of quantum optics, as well as the problem of construction
of quantum computers.
In the present paper we discuss the research on construction of models of diﬀusion
scattering of waves in phase space. I have been studying this subject during last years
[10-13]. In these models the quantum description of processes arises as an approximate
one, asymptotical for large values of certain coeﬃcients of the model.
In the papers mentioned above one makes an attempt to construct a model of quantum
observables on the base of wave functions on the phase space. Note that in quantum
mechanics, the wave function depends either only on coordinates or only on momenta,
while in the present approach one considers wave functions depending both on coordinates
and on momenta. This model is based also on the following observation. In quantum
mechanics, the phase of the wave function of a particle (the natural hidden parameter)
changes in time even for stationary states with very high velocity (if one takes into account
the stationary energy). This velocity is such that a transfer of the particle with even small
(non-relativistic) velocities can cause considerable changes in the phase of wave function
because of the relativistic eﬀect of more slow inner processes of a moving particle. Already
taking into account this eﬀect leads to non-commutativity of the action of coordinate and
momentum shifts on the wave function. Note once again that in the proposed model one
considers wave functions on the phase (and not conﬁguration) space, and one assumes
that the particle is in a diﬀusion process causing random shifts of the wave both by
coordinates and by momenta. It is shown that the classical model of scattering of the
wave, taking into account the assumptions described above, yields to arising quantum
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eﬀects.
In the further sections of the present paper we speak in more detail on the obtained
results and directions of further research.

2.

The results obtained earlier

In the paper [10] one introduces some assumptions on the process of observation of quantum phenomena, including introduction of hidden parameters, action of the group of
motion in the region of hidden parameters, and averaging observations due to small random (diﬀusion) motions of the observed object. By an observable we mean, as in classical
mechanics, an arbitrary integrable function f (x, p) on the phase space (x, p) ∈ R2n , where
x is the coordinate, p is the momentum. If ρ(x, p) is the density of probability distribution of the position of a particle in the phase space, then the mathematical expectation
(mean) f¯ of an observable f is given by the standard formula:

¯
f=
f (x, p)ρ(x, p)dxdp.
R2n

Below it is assumed that in experiments, not all distributions ρ(x, p) are realized, but
only those of the form ρ(x, p) = |ϕ̃(x, p)|2 , where ϕ̃(x, p) is a wave function averaged in
the diﬀusion process, given in the form of a complex valued function ϕ(x, p) on the phase
space. It is shown that the functions of the form ϕ̃(x, p), form a linear subspace H of
“stationary” (averaged) wave functions in the space of all square integrable functions on
R2n . Since |ϕ̃|2 = ϕ̃∗ ϕ̃, where ϕ∗ is the complex conjugate function to the function ϕ, the
mean value of the observable f on averaged densities of probability distribution yields
the following quadratic form on the space of ϕ̃ ∈ H:



f¯ =

f (x, p)ρ(x, p)dxdp =
R2n

f (x, p)ϕ̃∗ (x, p) ϕ̃(x, p)dxdp = ϕ̃, Af ϕ̃,

R2n

where by Af we denote the linear operator on the space H giving this quadratic form.
The introduced operator Af is called the operator of the observable f . It is natural
that the spectrum of this linear operator corresponds to possible values of observations
for the observable f under the assumptions made.
In the paper [10] we have found the expression for this operator for any observable
(function of coordinates and momenta), depending on the ratio a/b of diﬀusion coeﬃcients, with respect to coordinates a and momenta b, of the averaging process of wave
functions. It is shown that the usual linear operator of a quantum observable does not
coincide with the one constructed in the paper, but diﬀers by smoothing of the potential
energy function with respect to the normal distribution with the normal deviation equal
to a/2b, where  is the Planck constant. Assuming that this diﬀerence yields the shift
of the spectrum of the hydrogen atom observed in the Lamb experiment, we give an
estimate of the quantity a/b.
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A big advantage of the considered approach is also the possibility to express, for each
wave function of the system, the corresponding density of probability distribution in the
phase space ρ(x, p) = |ϕ̃(x, p)|2 . For the ﬁrst time this problem was solved by Wigner [14],
but he has constructed “quasidistributions” on the phase space which can be negative and
hence have no physical sense. And here we have a probability density distribution which
is the result of smoothing of Wigner’s “quasidistribution” with respect to the normal
distribution with the normal deviation equal to a/2b. Smoothed Wigner’s distributions
were ﬁrst considered by Husimi [15], but the sense of the smoothing parameters was
unclear.
At the end of the paper [10] we have posed the problems of generalization of the
results to the relativistically invariant case, taking into account the spin of the particles,
more general phase manifolds, and description of dynamics of observable quantities.
The papers [11-13] are devoted to solution of the latter problem.
In the papers [11, 12] (in [11] the results of [12] have been announced), continuing the
work [10], we consider the classical model of the diﬀusion process for a wave (complex
valued) function ϕ(x, p, t) on the phase space (x, p) ∈ R2n at the moment of time t.
It is assumed that the wave function ϕ(x, p, t) at the moment t satisﬁes the following
diﬀerential equation:
∂ϕ  ∂H ∂ϕ
∂H ∂ϕ
−
=
∂t
∂xk ∂pk ∂pk ∂xk
k=1
n

where

Δa,b ϕ = a2

n

k=1

n

∂H
i
pk ϕ + Δa,b ϕ,
H−
−

∂pk
k=1

ipk
∂
−
∂xk


2

ϕ + b2

n

∂2
abn
ϕ+
ϕ,
2
∂p

k
k=1

(1)

(2)

where H(x, p) is the Hamilton function; a2 and b2 are the diﬀusion coeﬃcients with
respect to coordinates and momenta respectively, and  is the Planck constant.
The analysis of this equation has shown (see [12], Theorems 4 and 5) that in this
model the motion splits into rapid and slow ones. After the rapid motion, at the time
of order /(ab), starting from an arbitrary wave function on the phase space, the system
goes to a function belonging to certain special subspace of “stationary” wave functions for
the diﬀusion process. The elements of this subspace are parameterized by wave functions
depending only on coordinates. The slow motion takes place already in this subspace
and is described by the Schrodinger equation, in which in the right hand side we have
the operator coinciding with the usual quantum mechanics Hamilton operator up to
summands of order a/b.
Thus, already in these papers it is shown that the quantum mechanical description of
processes can arise as the approximate description of the classical diﬀusion of waves in the
phase space. For the model considered in the paper, this approximation arises when the
Hamilton function has a small change with a change of coordinates, momenta and time
in intervals of length of order deﬁned by the Planck constant and diﬀusion intensities.
Assuming the heat reason of the diﬀusions, in the paper we estimate the diﬀusion
coeﬃcients and the transition time /(ab) from the classical description of the process in
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which the Heisenberg indeterminacy principle in general does not hold, to the quantum
description in which the Heisenberg principle already holds. The transition time has
order 1/T · 10−11 sec, where T is the temperature of the medium.
Another interesting result of the paper [11] is that the solution of equation (1) can be
represented as a path integral, but not with respect to the Feynman “measure” [16], whose
sense is mathematically not very much clear, but with respect to the probability measure
(analogous to the Wiener measure) for the Brownian motion given by the Fokker–Planck
equation of the form
∂H ∂f
∂ 2f
∂ 2f
∂f  ∂H ∂f
−
+ a2 2 + b2 2 .
=
∂t
∂xk ∂pk ∂pk ∂xk
∂xk
∂pk
k=1
n

(3)

Here f (x, p, t) is the probability density of the position of the Brownian particle in the
phase space at the moment of time t. In this case, the sense of the path integral can be
better substantiated.
Generalization of equation (1) to the relativistic case meets some diﬃculties, because
of the presence of diﬀusion with respect to coordinates in this model. Such diﬀusions
assume unbounded velocity in the diﬀusion jumps. Hence the next step in our investigations was construction of a model of scattering of waves in the phase space, in which the
diﬀusion takes place only with respect to momenta, because of the collision with particles
of the medium in the heat equilibrium.
In the paper [13], instead of equation (3) we consider the Kramers equation [17], [18]
of the form
 ∂V ∂f
pj ∂f
∂f
−
=
∂t
∂xj ∂pj
m ∂xj
j=1
n

+γ

n

∂
∂f
pj f + kT m
,
∂p
∂p
j
j
j=1

(4)

where f (x, p, t) is the probability density of a particle in the phase space at the moment
of time t; m is the mass of the particle; V (x) is the potential function of external forces
acting on the particle; γ = β/m is the resistance coeﬃcient of the medium in which the
particle moves, per unit of its mass; k is the Boltzmann constant; T is the temperature
of the medium.
Then, instead of equation (1) for the wave function ϕ(x, p, t), we consider the modiﬁed
Kramers equation of the form
∂ϕ
= Aϕ + γBϕ,
(5)
∂t
n
n


p2j
pj ∂ϕ
∂V ∂ϕ
i
−
mc2 + V −
ϕ
(6)
−
where
Aϕ =
∂x
∂p
m
∂x

2m
j
j
j
j=1
j=1
and

n

∂
Bϕ =
∂pj
j=1

pj + i

∂ϕ
∂
ϕ + kT m
∂xj
∂pj

.

Equation (5) is obtained from the Kramers equation (4) by adding to the right hand side
of the summand of the form −i/(mc2 + V − p2 /(2m))ϕ, and the replacement, in the
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diﬀusion operator, of multiplication of the function ϕ by pj by the action of the operator
(pj + i∂/∂xj ) on the function ϕ.
Adding the summand −i/(mc2 + V − p2 /(2m))ϕ is related with the additional physical requirement that the wave function at the point (x, p) oscillates harmonically with
frequency 1/(mc2 + V − p2 /(2m)) in time.
The requirement of harmonic oscillating of the wave function ϕ at the point (x, p)
with the large frequency 1/(mc2 + V − p2 /(2m)), in the case when mc2 is much greater
than V, leads to the fact that the shift of the wave function with respect to the coordinate
xj with conservation of the proper time at the point (x, p) yields the phase shift in the
oscillation of the function ϕ. And the operator of inﬁnitely small shift ∂/∂xj is changed
by the operator ∂/∂xj − ipj /. (For a more detailed explanation, see [12].) Respectively,
if we multiply this operator by i, then we obtain the operator pj + i∂/∂xj , used in the
modiﬁed diﬀusion operator B.
For equation (5), in [13] we obtain results similar to that of the paper [12]. It is shown
that also in this case, the process described by equation (5), for large γ = β/m passes
several stages. During the ﬁrst rapid stage, the wave function goes to a “stationary” state
of the same form as for equation (5). At the second, slow stage, the wave function evolves
in the subspace of “stationary” states subject to the Schrodinger equation. Besides that,
it is shown that at the third stage, the dissipation of the process leads to decoherence
of the wave function, and any superposition of states comes to one of eigenstates of the
Hamilton operator.
In the paper [13], it is shown also that if, on the contrary, the medium resistance per
unit of mass of the particle γ = β/m is small, and in equation (5) one can neglect the
summand with the factor γ, then in the considered model, the density of the probability
distribution ρ = |ϕ|2 satisﬁes the standard Liouville equation
∂ρ  ∂V ∂ρ
pj ∂ρ
−
,
=
∂t
∂x
∂p
m
∂x
j
j
j
j=1
n

(7)

as in classical statistical mechanics.

3.

Gauge Transformations

In this section we introduce and discuss the notion of gauge invariance for equation (5).
According to the approach exposed in [13], the density of probability distribution
ρ(x, p, t) of a quantum particle whose state at the moment of time t is given by the wave
function ϕ(x, p, t), is proportional to |ϕ|2 = ϕ(x, p, t)ϕ∗ (x, p, t). This implies that the
replacement of a wave function ϕ by the wave function of the form exp(ig/)ϕ, where
g = g(x, p, t) is an arbitrary real valued function, does not change the density of the
probability distribution ρ(x, p, t). Such a transform of wave function is usually called a
gauge transform.
Let us look how equation (5) changes under this gauge transform. To this end, let
us write out equation (5) in a more general form. Let us write in it, instead of the
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diﬀerentiation operators ∂/∂pj of the function ϕ, the operator Djp = ∂/∂pj + iBj /,
instead of the operators ∂/∂xj − ipj /, the operator Djx = ∂/∂xj + iAj /, and instead
of the operator ∂/∂t + iH/, where H = mc2 + p2 /(2m) + V , let us write the operator
D0x = ∂/∂t + iA0 /, where Aj , A0 , Bj are functions of x, p, and t for j = 1, ..., n. In these
notations, equation (5) will take the form
D0x ϕ =

n
n



∂H x
∂H p
Dj ϕ −
Dj ϕ + γ
Djp iDjx ϕ + kT mDjp ϕ .
∂xj
∂pj
j=1
j=1

(8)

By a gauge transform of equation (8) we call the following transform of the function
ϕ and the potentials Aj , A0 , Bj , for j = 1, ..., n:
i
ϕ −→ ϕ = exp(− g)ϕ;

∂g
A0 −→ A0 = A0 + ;
∂t
∂g

, where j = 1, ..., n;
Aj −→ Aj = Aj +
∂xj
∂g
, where j = 1, ..., n.
Bj −→ Bj = Bj +
∂pj

(9)

(10)

It is not diﬃcult to see that after the substitution (9) into equation (8), replacement
(10), and dividing both parts of the obtained equality by exp(−(i/)g), the form of
equation (8) will not change.
Geometrically, gauge transformation corresponds to transfer to another trivialization
of a complex line bundle over the phase space, in which a form of linear connection is
chosen, deﬁning parallel transport of the vectors of the bundle along trajectories in the
phase space.
In the particular case for equation (5), the potentials read
A0 = H(x, p) = E + V ; Aj = −pj ; Bj = 0 for j = 1, ..., n.
Understanding the physical sense of the potentials in the general case for equation (8),
requires separate investigation. For the Dirac equation, potentials of gauge invariance are
usually related with the potentials of electromagnetic ﬁeld.

4.

The Galileo Invariance

In this section we study the change of equation (5) under the transfer to a coordinate
system moving uniformly with respect to the initial coordinate system, with the velocity
u. The diﬀusion equation (4) is not invariant with respect to Galileo transforms under
transfer to new inertial coordinate system moving with constant velocity u with respect
to the old one.
The aim of this section is to study invariance of equation (5) for a free particle (V = 0)
with respect to Galileo transforms, with gauge transforms of the wave function.
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By deﬁnition of Galileo transforms, the new coordinate system is expressed through
the old one by the following formulas:
t = t;

x = x − ut; p = p − mu;
p2
(p − mu)2
p2
mu2
mu2
E =
=
=
− pu +
= E − pu +
.
2m
2m
2m
2
2

(11)

Respectively, the old coordinates are expressed through the new ones by the following
formulas:
t = t ; x = x + ut; p = p + mu;
p2
(p + mu)2
p2
mu2
mu2
E=
=
=
+ p u +
= E  + p u +
.
2m
2m
2m
2
2

(12)

Substituting these expressions into equation (5), with the use of relations (6) and (7),
we obtain:
n
n

pj + muj
∂ϕ  ∂ϕ
∂V ∂ϕ
−
uj =
−
∂t j=1 ∂xj
∂xj ∂pj
m
j=1

−

i


E  + p u +

n

∂
+γ
∂pj
j=1

mu2
+V
2

pj + muj
∂
−i
ϕ
∂xj

ϕ

pj + muj + i

∂
∂ϕ
ϕ + kT m 

∂xj
∂pj

,

whence, after simple algebraic transformations, we obtain:
n

pj ∂
pj + muj
∂V ∂ϕ
∂ϕ
=
−
−i
ϕ
∂t
∂xj ∂pj
m ∂xj

j=1

−

i


+γ

E −
n

∂
∂pj
j=1

mu2
+V
2

ϕ

pj + muj + i

∂
∂ϕ
ϕ + kT m 

∂xj
∂pj

.

If in the obtained equation one makes the substitution ϕ = exp((i/)g)ϕ , where
g = mux + mu2 t /2, then (after the gauge transform) we obtain the equation
n

pj
∂ϕ
∂V ∂ϕ pj ∂
=
−
−i
ϕ



∂t
∂x
∂p
m
∂x

j
j
j
j=1

i
− (E  + V ) ϕ

n

∂
∂
∂ϕ


+γ
+
i
+
kT
m
p
ϕ
j
∂pj
∂xj
∂pj
j=1

,

which coincides with equation (5). Thus, we have proved the Galileo invariance of equation (5).
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Program of Further Research

In this section we list directions of further research and sketch approaches to the stated
problems.

5.1 Comparison of the model of scattering of waves with the quantum
model
In order to compare exactness of the model described by equation (5), with the standard
quantum mechanical model, one should ﬁnd the situation in which these models give
essentially diﬀerent results. Such a situation can arise, for example, if one considers the
process with the rapidly changing in time potential function V (x, t). Such a potential can
prevent a wave function of equation (5) from transfer, during the time of the transition
process, to the “stationary” one. As a result, a solution of equation (5) can diﬀer from a
solution of the Schrodinger equation.
In order to check this, consider, for example, the potential function V = V0 (x) +
V1 (x) cos(ωt) for ω −→ ∞.
Mechanical and quantum mechanical systems with such potential were studied in
many papers, for example, [19-25]. The physical problem in which such a quantum
model arises, is a charged particle in external force ﬁeld and in a laser row.
Equation (5) with this potential reads
∂ϕ
= Aϕ + γBϕ,
∂t

(13)

where
n

pj ∂ϕ
∂(V0 + V1 cos(ωt)) ∂ϕ
−
Aϕ =
∂xj
∂pj
m ∂xj
j=1

−

and

n

p2j
i
mc2 + V0 + V1 cos(ωt) −
ϕ,

2m
j=1

Bϕ =

n

∂
∂pj
j=1

pj + i

∂
∂ϕ
ϕ + kT m
∂xj
∂pj

(14)

.

One should study solutions of this equation for large ω and compare these solutions
with solutions of the quantum system.

5.2 The study of the scattering process of mixed waves and computation
of the time of the transition process to stationary mixed state of heat
equilibrium
Another problem which one would like to study is the behavior of the process for mixed
waves of the form ϕ(x, p, t, ξ), where ξ ∈ D is an additional parameter, and the distribution ρ(x, p, t) in the phase space at the moment t for a particle whose state is described
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by a wave function ϕ(x, p, t, ξ), is proportional to the function D |ϕ(x, p, t, ξ)|2 dξ, i. e.

ϕ(x, p, t, ξ)ϕ∗ (x, p, t, ξ)dξ
ρ(x, p, t) =   D
.
∗ (x, p, t, ξ)dξdxdp
ϕ(x,
p,
t,
ξ)ϕ
2n
R
D
Also here one assumes that the evolution of the wave function in time goes according to
equation (5) for each ﬁxed ξ ∈ D.
Another equivalent way to describe this process, familiar in quantum mechanics, is
to consider self-adjoint operators ρ̂ on functions on the phase space R2n with the kernel

of the operator of the form ρ̂(x, p; x , p , t) = D ϕ(x, p, t, ξ)ϕ∗ (x , p , t, ξ)dξ. Note that
any positive self-adjoint operator ρ̂ on the space of functions can be reduced to diagonal
form and therefore to the form above. Positive self-adjoint operators with trace unity
are called operators of density of states. Then the density of probability distribution
ρ(x, p, t) = ρ̂(x, p; x, p, t)/Trρ̂, where

ρ̂(x, p; x, p, t)dxdp
Trρ̂ =
R2n

is the trace of the operator ρ̂. The evolution of the operator of density of state ρ̂ in time
is given by the equation
∂ ρ̂
= Dρ̂ + ρ̂D∗ − ρ̂Tr(Dρ̂ + ρ̂D∗ ),
∂t
where D is the operator expressed by the right hand side of equation (5), and D∗ is the
adjoint operator. Expression with the trace Tr stands in this equation in order to make
the trace of operator of density of state ρ̂ equal to one at each moment of time.
This is a nonlinear equation. One should investigate whether it has a unique stationary
state, determine the form of this stationary state (the state of heat equilibrium), and
estimate the time of transition process to this stationary state.

5.3 Generalization of the model with account of spin of a particle and
the requirement of relativistic invariance
Let M = R4 be the Minkowsky space-time, P = R3 be the space of momenta, and
B = M × P be the phase space-time, on which the Lorentz group naturally acts (if
one ﬁxes the stationary mass m of the particle). The same space has an action of the
commutative group of coordinate shifts preserving the proper time at each point of the
phase space, and of the one-parameter group of shifts of proper time at each point of
the phase space. Together these groups deﬁne an action of the Poincare group P on the
space B.
In this new model, we propose to consider the values of the wave function ϕ not in
the ﬁeld of complex numbers C, but in certain Euclidean vector space F over the ﬁeld
of complex numbers, with an action by unitary linear operators of the group SU (2, C),
the two-fold covering of the rotation group SO(3) of three-dimensional space, acting on
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the phase space R6 . The probability distribution ρ(x, p, t) of position of a particle in the
phase space at the moment of time t is again assumed to be proportional to |ϕ(x, p, t)|2 .
The group SU (2, C) is a subgroup in the group SL(2, C), where SL(2, C) is the group
of two-dimensional complex matrices with determinant equal to 1. The group SL(2, C)
is the two-fold covering of the Lorentz group L. Thus, we have a commutative diagram
of homomorphisms of groups:
SU (2, C) ⊂ SL(2, C) ⊂ P̂
↓j

↓j

SO(3) ⊂

↓j
⊂ P,

L

where P̂ is the two-fold covering group for the Poincare group.
Further one considers the bundle pr : F × B → B with ﬁber F over the phase spacetime B. The Poincare group P acts on the base B. The action of its subgroup SO(3) ⊂ L
on B by rotations with respect to the coordinate origin lifts to the compatible action of
the group SU (2, C) in the ﬁber F over the origin point in B. Then, this action can be
uniquely extended to an action of the group P̂ on the bundle F × B, compatible with
the action of the group P on the base B. The compatibility of the actions of the groups
on the bundle means that for any g ∈ P̂ , the following diagram is commutative:
g

F × B −→ F × B
↓ pr
B

↓ pr
j(g)

−→

B.

Here also, if g ∈ SU (2, C) ⊂ P̂ , then the diagram
F × 0̄ ⊂ F × B
↓g

↓g

F × 0̄ ⊂ F × B.
is commutative.
The uniqueness of the lift of the action of the Poincare group from B to the action
of the group P̂ on the bundle F × B is understood up to a choice of trivialization of this
bundle.
If a, b ∈ B are two points of the base (the phase space-time), then one uniquely deﬁnes
an element ha,b ∈ P of the Poincare group, of the parallel transport of the coordinate
system from the point a to the point b. The action of the element ha,b lifts uniquely to
the action of an element ĥa,b ∈ P̂ on the bundle F × B. This action transfers elements of
the ﬁber F over a to elements of the ﬁber over b. Let us call this action by the parallel
 Further, this deﬁnition allows us
transport of elements of the ﬁber along the vector ab.
to deﬁne the parallel transport in the bundle F × B along any curve in the base.
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In the considered model, the wave function ϕ at the moment of time t is given by a
function on the phase space of the form ϕ : R6 → F . The evolution of the wave function
in time is deﬁned by the condition that it is simultaneously in several motions:
1) The vector ϕ(x, p) ∈ F is parallel transported along the trajectory in the phase
space; the trajectory is deﬁned by a random Brownian process according to certain diffusion equation, for example, the Kramers equation.
2) The vector ϕ at each point (x, p), in the coordinate system related to this point,
rotates with the constant angular velocity ω = mc2 / in the ﬁber F over this point in
the proper time related to this point; the direction of the rotation axis Jx,p ∈ su(2, C),
in the stationary (laboratory) coordinate system, transforms from one point to another
in the same way as the direction of the angular momentum.
The value of the wave function at the point (x, p) at the moment (t + t) is deﬁned
by the mean value of the vectors ϕ over all trajectories ending at the point (x, p) of the
phase space at the moment (t + t).
One should construct the diﬀerential equation corresponding to this model, and study
it.

5.4 Scattering of waves on the phase space and interaction with electromagnetic ﬁeld
This problem is related to introducing interaction with electromagnetic ﬁeld into the
model. Such introducing could be made by analogy to its introducing into the Dirac
equation. As it was shown in equation (8), on this way potentials arise depending also
on the momentum, in contrast with the vector potential of the electromagnetic ﬁeld
which depends only on coordinates and time. Determining the sense of vector potentials
depending on momenta, also requires a separate investigation.
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Abstract: In this work, a fractional chaotic system is introduced, where the capacitor
and the inductor of the original circuit are replaced by a fractional electric element called
fractance. Moreover, a feedback nonlinear controller is designated and used both to control
chaos in this fractional system to its unstable (equilibriums or periodic orbits) and to achieve
identical synchronization. Furthermore non-identical synchronization is studied to achieve
synchronization between two coupled systems with diﬀerent fractional orders. Numerical
simulations show the eﬀectiveness of the theoretical analysis.
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1.

Introduction

The idea of fractional calculus has been known since the development of the regular
calculus, and it means a generalization of integration and diﬀerentiation to arbitrary order. It has been found that many systems in interdisciplinary ﬁelds can be described by
the fractional diﬀerential equations, such as viscoelastic systems, dielectric polarization,
electrode-electrolyte polarization, electromagnetic waves, and quantum evolution of complex systems [1-5]. Many researchers believe that fractional order systems opens a wide
door for research in the area of circuits and systems, as it truly serves as a generalization
of the integer order case. In other words, circuits and systems need to be revisited within
the framework of the fractional structure, where the integer order transfer function of
a circuit becomes simply a special case of the fractional order one, by using fractional
electric element called fractance, which is an electrical circuit with non-integer order
∗
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impedance [6]. This element has properties lie between resistance and capacitance, so
the analysis and design of fractional order systems are by no means trivial [7]. From this
consideration, the idea of developing a new fractional-order hybrid optical system arose.
On the circuit theory, several researchers have introduced, analogue realizations of
fractional-order diﬀerentiator, integrator, and physical realizations of fractional-order elements; (a fractance energy storage device) [8, 9]. An important problem facing the
implementation of fractional-order systems and circuits is stability, stability of linear
fractional systems was studied in [10, 11]. Some fractional order Routh-Hurwitz conditions are given in [12].
Recently many investigation have been devoted to chaos control and synchronization
of fractional-order chaotic systems [13, 14, 15]
In this paper, we use the Caputo-type fractional derivative deﬁned in [16] by
1
D f (t) =
Γ(n − α)



t

α

0

(t − τ )n−α−1 f (n) (τ )dτ = j n−α (

dn
f (t))
dtn

where n = [α] is the value of α rounded up to the nearest integer, Γ is the gamma
function and j β is the Riemann-Liouville integral operator deﬁned in [16] by:
 t
1
β
j f (t) =
(t − τ )β−1 f (τ )dτ
Γ(β) 0
The Laplace transform of the Caputo derivative is:
L {D f (t)} = s L {f (t)} −
α

α

n−1


sα−1−k f (k) (0).

k=0

For zero initial conditions we have L {Dα f (t)} = sα L {f (t)} , then Dα ◦ Dβ = Dα+β .

2.

The Fractional circuit

Fractional-order circuit is obtained using the fractance device, whose impedance in the
complex frequency domain is given by Z(s) = asα . For the special case of α = 1, this
element represents an inductor; while for α = −1, it represents a capacitor. In the range
0 < α < 2, this element may generally be considered to represent a fractional-order
inductor; while for the range −2 < α < 0, it may be considered to represent a fractionalorder capacitor. The analogue realization of fractional-order integrator, diﬀerentiator, is
reported in [8]; the author proposes a very simple method, which consists of approximating the fractional-order integrator s1α , diﬀerentiator sα , for a given frequency band, by a
rational-order function. Simple analogue circuits that can serve as analogue fractionalorder integrator and fractional-order diﬀerentiator are also obtained, these circuits will
be used here as fractance element. The references [17] and [18] describe an electro-optical
hybrid system without time delay exhibiting chaotic behavior and give its realization as
a nonlinear electronic circuit, which is simple RLC circuit in series, where a signal is
ampliﬁed, squared, and feed back into the circuit without delay as shown in Fig(1). With
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Fig. 1 Original circuit with classical elements

the notations: v : gain, U0 : bias, R : resistor, Rm : variable resistor, x2 : squaring module,
C, Cm : capacitors, L : inductor.
Now, we propose the fractional version of this electronic circuit. For this purpose,
we replace classical capacitors C, and Cm , by fractional capacitors (fractance) C α , and
α
Cm
, and the classical inductor L, by the fractional inductor Lα , as shown in Fig(2). The

Fig. 2 A modiﬁed circuit with fractional elements

network contains three complex impedances and will thus lead to a three–dimensional
diﬀerential system of commensurate order α.
α
, and R, and using the linApplying Kirchhoﬀ’s law to the loop connecting C α , Cm
√
1
2
ear transformation U = A − Bx, with A = 2v2 (1 + 2v U0 + 1 + 4U0 v 2 ), and B =
√
1
1 + 4U0 v 2 gives the system:
2
v
⎧
⎪
⎪
Dα x = y
⎪
⎪
⎨
Dα y = z
⎪
⎪
⎪
⎪
⎩ Dα z = −βz − y + f (x)
1
+ RLm
RC
R
1
m + C +1
LC
R
Cm

(1)

, and f is the logistic function given by f (x) = μx(1 − x),
√
1+4U0 v 2

dependent on the parameter μ =
3.
1
LCRCm ( LC ( RRm + CC +1))
m

where β =



(

)
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3.
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Stability analysis and chaos

√
In this section, we ﬁx the parameters as follows R = 3300Ω, L = 0.1H, v = 1.2/ V , C =
Cm = 4.7×10−08 F, U0 = 4V, and Rm ≥ 0 is considered as control parameter; in this case,
12
we have β  √3.0303×101−3 R +20.0 (10Rm + 6447.5) > 0, and μ  (64475R6.726×10
8 1.5 > 0.
m
m +4.255 3×10 )
The system (1) has two equilibria which are found by equating the right-hand sides
of (1) to zero, and they are given as follows:
E0 = (0, 0, 0), E1 = (1, 0, 0).
The Jacobian matrix evaluate at the equilibrium (xeq , yeq , zeq ) is
⎞
⎛
0
1 0 ⎟
⎜
⎟
⎜
⎜
JE(xeq ,yeq ,zeq ) = ⎜
0
0 1 ⎟
⎟,
⎠
⎝
μ(1 − 2xeq ) −1 −β
and its characteristic polynomial is:
PE (λ) = λ3 + βλ2 + λ + μ (2xeq − 1) ;
so, we have a1 = β, a2 = 1, a3 = μ (2xeq − 1) , and
D(P ) = 18βμ (2xeq − 1) − 4μ (2xeq − 1) β 3 − 27μ3 (2xeq − 1)3 + β 2 − 4.

3.1 Stability condition of E0
The characteristic polynomial of JE0 is
PE0 (λ) = λ3 + βλ2 + λ − μ,
then a3 = −μ < 0, according to fractional Routh-Hiruitz conditions [12], E0 is unstable
for all value of Rm

3.2 Stability condition of E1
The characteristic polynomial of JE1 is
PE1 (λ) = λ3 + βλ2 + λ + μ.

(2)

Therefore, a1 > 0, a2 > 0, a3 = μ > 0, we have
D(PE1 ) = 18βμ − 4μβ 3 − 27μ3 + β 2 − 4 < 0,
for all Rm > 0, and a1 a2 − a3 < 0 for Rm > 770.6, but a1 a2 − a3 > 0 when Rm < 770.6,
according to the fractional Routh-Hiruitz conditions, E1 is locally asymptotically stable
if Rm < 770.6 for α < 23 . However, if Rm ≥ 770.6, then E1 is locally asymptotically stable
for all α ∈]0, 1[.
For some values of parameters this system exhibits chaotic motions, Figure (3) shows
the bifurcation diagram of y versus the fractional order α for Rm = 30, and Figure (4)
shows the chaotic attractor obtained when Rm = 30, α = 0.99.
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Fig. 3 Bifurcation diagram of y versus the fractional order α for Rm = 30.
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Fig. 4 chaotic attractor obtained when Rm = 30, α = 0.99.

3.3 Chaos control and synchronization
In this section we brieﬂy discuss the issue of controlling the proposed fractional-order
chaotic circuit in order to stabilize unstable ﬁxed points or periodic orbits and to realize
synchronization using mixed linear and non linear control.

3.4 Stabilizing unstable equilibria (or periodic orbits)
The controlled system is given by:
⎧
⎪
⎪
D α x = y + u1
⎪
⎪
⎨
D α y = z + u2
⎪
⎪
⎪
⎪
⎩ Dα z = μx − y − βz − μx2 + u3

(3)

Proposition 3..1. Let (x̃, ỹ, z̃) be an unstable ﬁxed point (or periodic orbit).
If k is the solution of equation
(β − 1)k 2 + (2β − β 2 − 1)k + β + μ − 1 = 0

(4)
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satisfying
k < min(−μ, β − 1)

(5)

and
(β 2 − 2β − 3)k 4 + 2(β 3 − β − 2μ − 3β 2 + 3)k 3 + (β 4 + 4β 2 − 4β 3 + 6μ − 6βμ − 9)k 2 + 2(β 3 + 3β 2 μ−
3β 2 − 6βμ − β − 15μ + 3)k + 4β 3 μ − 12β 2 μ + β 2 − 6βμ − 2β − 27μ2 + 14μ − 3 < 0
(6)
then the controller
⎧
⎪
⎪
u1 = k(x − x̃)
⎪
⎪
⎨
u2 = 0
⎪
⎪
⎪
⎪
⎩ u3 = μ(x2 − x̃2 ) + (x − x̃)

(7)

can eﬀectively stabilize (x̃, ỹ, z̃), for all positive values β and μ satisfying

(β − 1) β 3 − 3β 2 − β − 4μ + 3 ≥ 0

(8)

if and only if 0 < α < 1.
Proof 3..2. Firstly from (8) we not that equation (4) has at last one real solution, so k
exist.
Since (x̃, ỹ, z̃) is solution of (1) then
⎧
⎪
⎪
Dα x̃ = ỹ
⎪
⎪
⎨
(9)
Dα ỹ = z
⎪
⎪
⎪
⎪
⎩ Dα z̃ = μx̃ − ỹ − β z̃ − μx̃2
subtracting (9) from (3) and taking into account (7), with notation e1 = x− x̃, e2 = y − ỹ,
e3 = z − z̃, we obtain the following linear fractional system:
⎧
⎪
⎪
Dα e1 = ke1 + e2
⎪
⎪
⎨
(10)
D α e 2 = e3
⎪
⎪
⎪
⎪
⎩ Dα e3 = μe1 − e2 + (1 − β)e3
the corresponding matrix is:
⎛

⎞

0 ⎟
⎜k 1
⎟
⎜
⎟
A=⎜
0
0
1
⎟
⎜
⎠
⎝
μ −1 (1 − β)
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so the characteristic equation is:
P (λ) = λ3 + (β − k − 1) λ2 + 1 − k (β − 1)
− (μ + k) = 0
so a1 = (β − k − 1) , a2 = (1 − k (β − 1)) , a3 = − (μ + k) , from (6) we get
D(P ) = 18a1 a2 a3 + (a1 a2 )2 − 4a3 (a1 )3 − 4(a2 )3
−27(a3 )2 < 0
from (5) we get
a1 > 0, and a3 > 0
and from (4) we get
a1 a2 − a3 = 0
according to fractional Routh-Hiruitz criterion, the equilibrium point (0, 0, 0) of system
error (10) is asymptotically stable if and only if α < 1, then the control is achieved.

3.5 Identical synchronization
In order to observe synchronization behavior, we build the master and the slave fractional
order hybrid systems as
⎧
⎪
⎪
D α xm = y m
⎪
⎪
⎨
(11)
M : D α ym = z m
⎪
⎪
⎪
⎪
⎩ Dα zm = μxm − ym − βzm − μx2
m
⎧
⎪
⎪
D α x s = ys + u 1
⎪
⎪
⎨
S : D α ys = z s + u 2
⎪
⎪
⎪
⎪
⎩ Dα zs = μxs − ys − βzs − μx2 + u3
s

(12)

Proposition 3..3. The controller (7) can eﬀectively realize synchronization between
master system (11) and slave system (12) if and only if 0 < α < 1.
Proof 3..4. Subtracting (11) from (12), and taking into account (7), with notation
e1 = xs − xm , e2 = ys − ym , e3 = zs − zm yield the system error (10), according to proof
of precedent proposition the ﬁxed point (0, 0, 0) of system error (10) is asymptotically
stable if and only if α < 1, then the synchronization is achieved.

Electronic Journal of Theoretical Physics 11, No. 30 (2014) 49–62

56

3.6 Non identical synchronization
In this subsection the master system and the slave system are with diﬀerent order α and
β respectively, so the slave system is written as
⎧
⎪
⎪
D β x s = y s + u1
⎪
⎪
⎨
S : Dβ ys = zs + u2
⎪
⎪
⎪
⎪
⎩ Dβ zs = μxs − ys − βzs − μx2 + u3
s

(13)

Our goal is to determine the controller u, that achieves the synchronization between
(11) and (13).
Applying Laplace transform to systems (11) and (13), with the notation L(fi (t)) =
Fi (s), we obtain

M:

⎧
⎪
⎪
sα Xm − sα−1 xm (0) = Ym
⎪
⎪
⎪
⎪
⎪
⎨ sα Ym − sα−1 ym (0) = Zm
⎪
⎪
sα Zm − sα−1 zm (0) = μXm − Ym − βZm
⎪
⎪
⎪
⎪
⎪
⎩
− μL(x2 )

(14)

m

S:

⎧
⎪
⎪
sβ Xs − sβ−1 xs (0) = Ys + U1
⎪
⎪
⎪
⎪
⎪
⎨ sβ Ys − sβ−1 ys (0) = Zs + U2
⎪
⎪
sβ Zs − sβ−1 zs (0) = μXs − Ys − βZs
⎪
⎪
⎪
⎪
⎪
⎩
− μL(x2 ) + U

(15)

3

s

Multiply both sides of (15) by sα−β with α > β (if α < β we multiplying both sides
of (14) by sβ−α ) yield

S:

⎧
⎪
⎪
sα Xs − sα−1 xs (0) = sα−β Ys + sα−β U1
⎪
⎪
⎪
⎪
⎪
⎨ sα Ys − sα−1 ys (0) = sα−β Zs + sα−β U2
⎪
⎪
sα Zs − sα−1 zs (0) = μsα−β Xs − sα−β Ys
⎪
⎪
⎪
⎪
⎪
⎩
− βsα−β Z − μsα−β L(x2 ) + sα−β U
s

s

3

(16)
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subtracting (14) from (16) we obtain
⎧
⎪
⎪
sα E1 − sα−1 e1 (0) = sα−β Ys − Ym + sα−β U1
⎪
⎪
⎪
⎪
⎪
⎪
⎪
sα E2 − sα−1 e2 (0) = sα−β Zs − Zm + sα−β U2
⎪
⎪
⎨
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎩

sα E3 − sα−1 e3 (0) = μ(sα−β Xs − Xm ) − sα−β Ys

(17)

+ Ym − β(sα−β Zs − Zm ) − μ(sα−β L(x2s )
−L(x2m )) + sα−β U3

and choosing U to be
⎧
⎪
⎪
U1 = (sβ−α − 1)Ys + k1 E1
⎪
⎪
⎪
⎪
⎪
⎨ U2 = (sβ−α − 1)Zs + k2 E2
⎪
⎪
U3 = (sβ−α − 1)(μXs − Ys − βZs ) + μ(L(x2s )
⎪
⎪
⎪
⎪
⎪
⎩
− sβ−α L(x2m )) + k3 E3
equation (17) becomes
⎧
⎪
⎪
sα E1 − sα−1 e1 (0) = E2 + k1 E1
⎪
⎪
⎨
sα E2 − sα−1 e2 (0) = E3 + k2 E2
⎪
⎪
⎪
⎪
⎩ sα E − sα−1 e (0) = μE − E + (k − β)E
3
3
1
2
3
3

(18)

(19)

Applying the inverse Laplace transform to both sides of (19), we obtain the system error
⎧
⎪
⎪
D α e 1 = e 2 + k1 e 1
⎪
⎪
⎨
(20)
D α e 2 = e 3 + k2 e 2
⎪
⎪
⎪
⎪
⎩ Dα e3 = μe1 − e2 + (k3 − β)e3
Choosing k1 , k2 , k3 , such that system (20) satisfy the stability conditions of fractionalorder linear systems then the synchronization between (14) and (15) will be achieved.

4.

Numerical simulations

For the numerical simulation we use the PECE algorithm presented in [19]. the unknown
parameters are chosen to be rm = 30, (so β ≈ 0.326, μ ≈ 0.761).

4.1 Stabilizing unstable equilibrium points
The resolution of equation (4) gives k ≈ −0.84031 or k ≈ 0.18031, the ﬁrst solution
satisfy both condition (5) and (6), but the condition (5) is not satisfying by the second
solution, so we choose k ≈ −0.84031.
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In order to conﬁrm the eﬀectiveness of the proposed controller (7) we start it for
α = 0.99, then for α = 1.
When α = 0.99 the controller is eﬃcient and the two equilibriums E0 and E1 are
stabilized successfully as shown in Fig (5-(a)) and Fig (6-(a)).
When α = 1 the controller is not eﬃcient and the two equilibriums E0 and E1 are not
stabilized as shown in Fig (5-(b)) and Fig (6-(b)).

Fig. 5 Stabilizing unstable equilibriums point E0 (a) α = 0.99, the control is achieved. (b)
α = 1, the control is not achieved.

Fig. 6 Stabilizing unstable equilibriums point E1 (a) α = 0.99, the control is achieved. (b)
α = 1, the control is not achieved.

4.2 Stabilizing unstable periodic orbits
Although the unstable periodic orbits are dense in the chaotic attractor, we can choose one
of them which represent the performance of the system, by analyzing data experimental.
For α = 0.99 we choose an unstable periodic orbit with period T = 5.76, as shown in
Fig(7), then the control is started when the trajectory X(t) begins to emerge from the
unstable orbit at t = 124.74, Fig(8) displays the results of control, if t is less then 118.39
there is chaotic behavior, after the activation of control, this chaotic behavior is replaced
by a periodic behavior.
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Fig. 7 Selection of the orbit that well be stabilized, for α = 0.99

Fig. 8 Stabilization of the selected orbit, for α = 0.99

4.3 Identical synchronization
We simulate the master and slave systems by using the initial condition (1.5, 0.01, 0.01)
and (0.5, −0.01, −0.01) respectively.
Fig (9) shows that the components of the error system (10) decay to ward zero at t →
+∞, and the components of the fractional master system (11) and slave system (12) are
synchronized (when α < 1), while their integer-order counterparts are not synchronized
as shown in Fig (10).

Fig. 9 Synchronization of the master system (11) and the slave system (12) for α = 0.99.
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Fig. 10 Synchronization of the master system (11) and the slave system (12) for α = 1.

4.4 Non identical synchronization
The gain parameters are chosen to be k1 = −0.8, k2 = 0, k3 = 1, the associated matrix
of system error (20) is
⎞
⎛
0
⎟
⎜ −0.8 1
⎟
⎜
⎟
A=⎜
1
⎟
⎜ 0 0
⎠
⎝
0.76 −1 1 − 0.34
its eigenvalues are: λ1 = −2.7205 × 10−2 + 0.68308i, λ2 = −2.7205 × 10−2 − 0.68308i,
λ3 = −0.08559, so we have
2 min |arg(λi )|
≈ 1.0253
π
then the controller (18) can achieve synchronization between (14) and (15) for all α, β,
satisfying
0 < β < α < 1.0253
Fig (11) shows the non-identical synchronization between integer order system (α =
1), and fractional-order system (β = 0.99).

Fig. 11 No-Identical synchronization between integer-order system (α = 1), and fractional-order
system (β = 0.99).
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Conclusion

A fractional-order chaotic circuit is presented in this paper, by modifying the hybrid
optical circuit, where the capacitor and the inductor of the original circuit are replaced by
a fractance. Chaos control, identical and non-identical synchronization are investigated.
The results shows that the control and the identical synchronization are achieved for any
fractional order 0 < α < 1, while they are not achieved for the integer-order counterpart,
moreover non-identical synchronization is realized between fractional-order system and
their corresponding integer-order system.
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Abstract: Response of a circularly rotating Unruh-DeWitt detector to the Minkowski vacuum
is investigated. What the detector observes depends on the surface (three volume) to deﬁne
it by the Hamiltonian. Detectors in the past literature were deﬁned on a surface of a constant
Minkowski time, and this is the reason why rotating detectors investigated so far resister
particles. No particle is detected by a detector deﬁned by the Hamiltonian on a surface normal
to the detector’s orbit, in agreement with the global analysis of vacua. A detector with drift
motion superposed on the linear acceleration is also examined, to ﬁnd the same eﬀect.
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1. Introduction
Thermalization of a vacuum due to acceleration has been ﬁrst suggested by Fulling
[8]. Unruh [16] and DeWitt [5] have shown that particles with Planckian distribution
are actually observed by an accelerated detector in an inertial vacuum (Minkowski
vacuum); such a detector is called Unruh-DeWitt detector. After that, numerous
papers has been published on this topic to this date (see [3,7,15] and references therein).
Compared to the well established eﬀect of linear acceleration, the particle detection
due to acceleration of rotational motion is still controversial.
Letaw and Pfautsch [12] investigated vacua correspond to various Killing ﬂows in
a ﬂat spacetime. They have categorized Killing ﬂows into six classes, and examined
the vacuum in each class. Their conclusion is that there are only two inequivalent
vacua in a ﬂat spacetime, which they called Minkowski vacuum and Fulling vacuum.
∗

tadas@fpu.ac.jp
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The vacuum with the Killing ﬂow of circular rotation is the Minkowski vacuum, which
means an observer in rotational motion does not see particles in a Minkowski vacuum.
However, analysis using Unruh-DeWitt detector indicates that a rotating detector will
resister particles [9,11] (see also [1, 2]).
Davies et al. [4] found that the existence of a static limit is necessary for the particle
detection in a rotating orbit. They have shown that a detector is not excited in the
Minkowski vacuum conﬁned in a boundary inside the light cylinder. From this result
they suggested the possibility of detector excitation by negative energy. Sriramkmar
and Padamanabhan [14] have analyzed the detector response using the Bogolubov
coeﬃcients to ﬁnd the creation operators contribute to the excitation of the rotating
detector. It was Korsbakken and Leinaas [10] (referred as Paper 1 hereafter) who
revealed the actual process of a rotating detector to observe particles; they found the
detector is excited by the emission of negative energy quanta.
It was argued in Paper 1 that some wave modes can have negative generalized
energy when the ﬂow has a static limit. Here let us use more speciﬁc words “Killing
energy” for what termed “generalized energy” in Paper 1; it is the energy-momentum
along the Killing ﬂow in interest. Two speciﬁc Killing ﬂows are investigated in detail
in Paper 1: one corresponds to the spatial circular rotation and the other is the ﬂow
with drift motion superposed on linear acceleration. The excitation of detector due to
the absorption of negative Killing energy was found in both cases.
The present paper is stimulated by the results in Paper 1 and explore the response
of accelerating detectors. Our point is that the detector’s response depends on the
choice of surface (three volume) to deﬁne it, and the detector excitation by negative
Killing energy does not occur when we choose the surface appropriately.
The Unruh-DeWitt detector is a hypothetical monopole interacting with the ﬁeld
at one volumeless point. The orbit of the detector is externally given, and its internal
energy is the energy measured in the frame comoving with the orbit; it becomes Killing
energy when the orbit is along the Killing ﬂow. The detector’s interaction is represented
by a small interaction term added to the Hamiltonian of the whole system. In general,
a Hamiltonian is deﬁned by the integration of energy-momentum tensor over a surface
of a constant time. Therefore, what a detector observes is the Killing energy integrated
over the surface of Hamiltonian.
The Hamiltonian used in Paper 1 is on a surface of a constant Minkowski time,
which is not normal to the detector’s orbit. The measured Killing energy becomes
a combination of energy and momentum integrated over the surface of constant
Minkowski time. This can be negative for waves with large negative momentum,
and the detector is excited by the emission of such waves.
In contrast, the Killing energy is always positive when integrated over a surface
normal to the Killing ﬂow, just like the pressure (three dimensional momentum ﬂow) is
always positive. Therefore, a detector does not perceive negative Killing energy when
we deﬁne it on the normal surface.
These two results do not contradict; two detectors observes diﬀerent physical quan-
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tities which do not have to agree. A similar situation takes place for the acceleration
superposed on the drift motion.
In the present paper we ﬁrst investigate why and how the negative Killing energy
modes can exit as a result of the surface choice. As we will see, the negative Killing
energy occurs when a wave with phase phase speed slower than the detector crosses
the surface oblique to the Killing ﬂow.
Though the wave phase speed is usually faster than the speed of light for planar
waves, it can be locally slower in the cylindrical modes for the rotational vacuum as in
our case. However, it is not intuitively easy to understand the underlying mechanism
with the cylindrical modes expressed with Bessel functions. Therefore, we ﬁrstly
mimic the slower phase speed using hypothetical planar waves with imaginary mass
in Section II. The detector is moving with inertial motion there. This is fake but not
entirely unrealistic; we can clarify the mechanism of negative energy mode with it.
Then we move on to the accelerating detectors with realistic models. The response
of a rotating detector to the Minkowski vacuum is examined in Section III; we ﬁnd
the detector will not be excited with an appropriate choice of surface. In Section
IV another similar motion of detector, motion with drift superposed in acceleration
namely, is investigated. Again a properly deﬁned detector has no excitation due to the
negative Killing energy; it detects only the particles with Planckian distribution of the
ordinary Unruh eﬀect with Doppler shift. Section V is for brief concluding remarks.

2. Negative Killing Energy Mode
Here in this section we examine how the negative Killing energy modes occur with a
simple and somewhat unrealistic two dimensional model. To begin with, let us clarify
the deﬁnition of Killing energy. Let ζμ be the unit vector in the direction of a Killing
μ
ﬂow and Tν be the energy-momentum tensor. What we call Killing energy in the
present paper is the energy-momentum along the Killing ﬂow; its ﬂux jν is deﬁned as
μ

jν = ζμ Tν .

(1)

The gross Killing energy is obtained by integrating the above ﬂux over a speciﬁc
surface.
In the following we examine the Killing energy of a real valued two dimensional
ﬁeld with wave equation
(2)
φ,tt − φ,xx − m2 φ = 0
where we write ∂φ/∂t = φ,t , etc., in shorthand. We use the unit system of c =  = 1
(speed of light = Planck constant = unity) throughout the present paper.
Suppose a hypothetical monopole detector with internal degree of freedom μ is
coupled with the above scalar ﬁeld φ by a small coupling constant c; the detector is
moving along a ﬁxed trajectory (t, x) = (T(τ), X(τ)), where τ is the detector’s proper
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time. The total Hamiltonian of the system is given as

H(t) =
t=const

⎤
⎡
 −1
 −1
⎥⎥
⎢⎢
dT
dT
⎥
⎢⎢hφ + c
μ(τ)φ(t, x)δ(x − X)⎥⎦ dx +
Hμ (τ(t))
⎣
dτ
dτ

(3)

where hφ = 12 (φ2,t + φ2,x + m2 φ2 ) is the Hamiltonian density of the ﬁeld and Hμ (τ) is
the internal Hamiltonian of the detector, which is independent of the proper time τ.
The time evolution of the detector’s internal dynamics is along its propertied τ, which
can be inversely written as a function of t; τ and X in the above expression should be
understood as τ = τ(t) and X = X(τ(t)). The factor (dT/dτ)−1 in the coupling term comes
from the same reason, i.e., the interaction takes place along the detector’s proper time
τ, while the Hamiltonian is deﬁned along the Minkowski time t. It should be noted that
the Hamiltonian is deﬁned by the integration over a Cauchy surface of t = constant
which depends on the choice of (t, x) coordinates.
The total Hamiltonian H(t) is time dependent since X depends on time t. This
means ∂H/∂t  0. On the other hand, the Killing energy is a conserved quantity since
the detector moves along the Killing ﬂow. It is conserved locally due to the Noether’s
theorem, so its integration over any Cauchy surface is also conserved. Thus we can
write

∂
∂
dx[ζt (t, x)hφ − ζx (t, x)pφ ] =
(4)
Hμ ,
∂t t=const
∂τ
where pφ = φ,t φ,x is the momentum ﬂux across the surface of constant t. We neglected in
the above expression the interaction energy, which vanishes by long time average. The
above expression means what the detector measures is the Killing energy integrated
over a surface of constant t.
Now let us suppose the wave ﬁeld is in the vacuum and the detector is in the state
with lowest energy E0 ; note that the detector’s energy E, i.e., the eigenvalue of Hμ , is
the energy in the detector’s frame since the time evolution with Hμ is determined by
the proper time. The detector moves along the Killing ﬂow, thus E is the Killing energy.
The state vector of the total system is decomposed as
|E, Ψ = |E0  |0 .

(5)

The transition by the coupling occurs only for |0 → |1k  (1k denotes the state with
one particle in mode k) when the coupling constant c is small enough (see, e.g., [6]):

A(E, 1; E0 , 0) = ic E, 1k |
= ic E, 1k |



∞

dt
−∞
∞



dT
dx
dτ

−1
μ(τ)φ(t, x)δ(x − X) |E0 , 0

dτ μ(τ)φ(T(τ), X(τ)) |E0 , 0
 ∞
dτ eiΔEτ 1k | φ(T(τ), X(τ)) |0 ,
= ic E| μ(0) |E0 
−∞

−∞

(6)
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In the past literature, the transition amplitude |A|2 expressed with the Wightman function is often used to reach the same conclusion (see [14]). However, we use the above
expression because emission/absorption of quanta is more transparent in this form;
one can obtain the same result with the Wightman function.
The ﬁeld can be expanded as
φ = a+k e−iωt + a−k eiωt eikx ,

(7)

where ω > 0 and a+k [a−k ] are the annihilation [creation] operators for the particles
in mode k. This deﬁnition of annihilation and creation operators is based on the
Hamiltonian on the surface of constant t, therefore, the detector’s excitation calculated
by these operators is in response to the Killing energy integrated over that surface as
in (4).
Since the terms with annihilation operator a+k vanishes for the vacuum state |0, the
transition coeﬃcient in (6) reduces to
1k | φ(T(τ), X(τ)) |0 = exp i(ωT(τ) + kX(τ)) .

(8)

Suppose the detector is moving with a constant velocity (ζ0t , ζ0x ), i.e., (T, X) = (ζ0t τ, ζ0x τ).
Then we have
 ∞
dτ eiΔEτ 1k | φ(T(τ), X(τ)) |0 = δ(ΔE + ζ0t ω + ζ0x k)
(9)
−∞

The above expression vanishes for ordinary plane waves since ω > |k| and the
detector’s speed must be less than unity (=speed of light). Nevertheless, it can survive
for mode functions with Bessel (or Macdonald) functions, for which ω can be smaller
than |k| locally, as we will see in the following sections.
However, calculations with Bessel functions in a four dimensional space is complicated and not easy to understand what is happening intuitively. Therefore in this
section we artiﬁcially assume the mass m is imaginary, i.e., m2 < 0 so that ω < |k|.
Although this is somewhat unrealistic, it can demonstrate how a detector is excited by
negative Killing-energy.
When ω < |k| the argument of the δ function in (9) can be non-zero for a large k.
This means the detector is excited by the emission of negative Killing energy since the
term in (8) is the result of creation operators.
In contrast, such negative Killing energy emission does not occur when we perform
the same calculation in the detector’s rest frame. Let us introduce a new frame Σ which
is moving with a velocity (ut , ux ) = (ζ0t , ζ0x ) relative to the original frame (let’s call the
original frame Σ); the coordinates in the frame Σ becomes
t = ζ0t t − ζ0x x , x = ζ0t x − ζ0x t

(10)

The trajectory of the detector is (T (τ), X (τ)) = (t , 0). When we do the same calculation
as above, (9) becomes
 ∞
dτ eiΔEτ 1k | φ(T (τ), X (τ)) |0 = δ(ΔE + ω ) ,
(11)
−∞
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Fig. 1 The wave direction crossing the surfaces of constant time. Dashed lines are the time
constant surfaces of Σ (constant t) and Σ (constant t ) respectively. In Σ the wave crosses the
surface in the increasing t direction, which is decreasing t in Σ.

where ω = |ζ0t ω + ζ0x k| is the wave frequency of the creation operator in Σ . The above
expression is always zero since ω > 0.
This discrepancy occurs because the the energy-momentum tensor is a ﬂux density
and its sign depends on the ﬂow direction across the surface. This situation is illustrated
in Figure 1. Two dashed lines indicate the constant time surface in Σ and Σ respectively,
and the hollow arrow is the phase speed of the negative Killing energy mode in Σ. The
energy-momentum carried by this wave crosses the constant time surfaces of Σ and Σ
from the opposite side, and the ﬂux has opposite sign correspondingly.
From the above consideration, we understand the negative Killing energy in Σ
becomes positive with the same absolute value in Σ . Therefore, if we wish to express
the Killing energy in Σ with the parameters deﬁned on Σ, straightforward Lorentz
transform gives wrong sign. We can obtain the correct answer by replacing ζ0t ω + ζ0x k
with |ζ0t ω + ζ0x k|.

3. Rotating Detector
In this section we examine the response of a rotating detector. Without loss of generality
we can express the detector’s orbit using the proper time τ as
(T(τ), R(τ), Θ(τ), Z(τ)) = (γτ, r0 , γΩτ, 0)

(12)

in the cylindrical coordinates (t, r, θ, z); the radial distance r0 and the angular velocity
Ω are constants, and γ = 1/ 1 − Ω2 r20 . The detector cannot move faster than the speed
of light, thus 1 > Ωr0 .
The massless Klein-Goldon equation in the cylindrical coordinates may be written
as


∂2
1 ∂ ∂
∂2
1 ∂2
(13)
φ − 2 r + 2 2 + 2 φ = 0.
∂t2
r ∂r ∂r r ∂θ
∂z
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The mode functions to the above wave equation is
Jm (hr)
exp −i(±ω − mθ − kz) ,
ψ±hmk = √
8ωπ2

(14)

where Jm is a Bessel function of order m and ω = |h| > 0.
The unit vector in the Killing ﬂow direction is expressed as (ζt , ζr , ζθ , ζz ) = (γ, 0, γΩr0, 0).
Then the Killing energy of the mode function across the surface of constant t (let us
call this surface S) becomes
ES = ζt Ttt − ζθ Ttθ = γ(ω + mΩ)Jm (hr0 )2 ,

(15)

at the detector’s orbit. This can be negative for large negative mΩ, which may seem
peculiar because it means the local frequency is smaller than the wave number. Suppose
we introduce WKB-like approximation in a small region around (r, θ) ∼ (r0 , θ0 ) as
ψ+p ∝ exp −i(ωt − kr (r0 )(r − r0 ) − kθ r0 (θ − θ0 ) − kz z) ,

(16)

The above expression is not quantitative approximation, but just a rough sketch to
illustrate what is happening. The negative ES means ω(r0 ) < |kθ | which is not true
for ordinary planar waves since ω = kr2 + kθ2 + kz2 . In this case, however, it can be
1 for large m.
true because the Bessel function Jm (hr) exponentially damps in hr
Then kr (r0 ) in the above approximation becomes imaginary to make ω smaller than |kθ |.
This situation is well mimicked by the imaginary mass we introduced in the previous
section, and the details we examined there are also valid here.
On the other hand, the Killing energy across the surface normal to the Killing ﬂow
(denoted by S ) is
ES = ζt Ttt ζt − ζθ Ttθ ζt − ζt Tθt ζθ + ζθ Tθθ ζθ = γ2 ω−1 (ω + mΩ)2 Jm (hr0 )2 ,

(17)

which is always positive. Note that the above Killing energy density is the one per
unit volume. However, energy-momentum of a wave as a physical entity should be a
density per wave length because the wave length changes due to the Lorentz transform.
The Killing energy density per wave length can be obtained by multiplying the above
expression by a factor ωγ−1 /(ω + mΩ), which yields the energy density γ|ω + mΩ|Jm2 in
consistent with the result in the previous section.
Now we deﬁne the detector in the same way as (3) on S. The coeﬃcient for the
transition from the Minkowski state to the one particle state is evaluated as as
 ∞
A(E, 1hmk ; E0 , 0M ) = ic E, 1hmk |
dτ m(τ)φ(T(τ), Xi (τ)) |E0 , 0
−∞ 
∞


dτ eiΔEτ 1khmk  φ(T(τ), Xi (τ)) |0 ,
(18)
= ic E| m(0) |E0 
−∞

where ΔE = E − E0 and Xi (τ) = (R(τ), Θ(τ), Z(τ)) denotes the detector’s spatial position.
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We expand the ﬁeld φ with the mode functions in (14) as

(a+hmk ψ+hmk + a−hmk ψ−hmk ) .
φ=

(19)

hmk

Mode expansion of the above expression is based on the Hamiltonian on S, therefore,
the ﬂux of Killing energy calculated with this expansion is the one across the surface S
as in the previous section.
The terms with annihilation operators vanish for the transition of |0 → |1hmk , thus
we have
 ∞
dτ eiΔEτ 1hmk | φ(T(τ), Xi (τ) |0
−∞
 ∞
Jm (hr0 )
dτ eiΔEτ exp(iγ(ω + mΩ)τ)
(20)
=√
8ωπ2 −∞
Jm (hr0 )
=√
δ(ΔE + γ(ω + mΩ)) .
8ωπ2
This means the excitation of the detector takes place when ω + mΩ is negative; the
rotating detector observes particles due to the emission of negative Killing energy.
The amplitude of the above coeﬃcient is small because the Bessel function becomes
exponentially small within the static limit when ω < |mΩ|.
This excitation by negative Killing energy does not occur when we choose the
surface S to deﬁne the detector as we discussed in the previous section. Let us
introduce new coordinates (s, ϕ, r, z) as
t = s − r2 Ωϕ , θ = ϕ + Ωs .

(21)

with r and z unchanged. The surface S is speciﬁed by s = constant, which is normal
to the s axis.
The mode functions then become
ψ±
hm k = √

1
8ωπ2





e∓ω s Jm (hr) eim ϕ eikz .

(22)

where ω = |ω − mΩ| > 0. The ﬁled can be expanded with these mode functions as
φ=


+
−
−
(a+
hm k ψhm k + ahm k ψhm k ) .

(23)

hmk

Since ϕ is constant along the orbit, the same calculation as in (20) yields
 ∞
dτ eiΔEτ 1hmk | φ(T(τ), Xi (τ) |0
−∞

Jm (hr0 )
=√
δ(ΔE + γω )
2
8ωπ

(24)

The above expression vanishes since the argument of the δ function is always positive,
which means no excitation of the detector.
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4. Accelerating Detector with Drift
Another class of vacua was investigated in Paper 1. The Killing ﬂow Kμ to deﬁne it is
expressed in rectangular coordinates (t, x, y, z) as
(Kt , Kx , K y , Kz ) ∝ (Γx, Γt, 1, 0) ,

(25)

which is a ﬂow accelerating in the xt plane superposed with a constant drift in the
y direction. This ﬂow becomes spacelike when Γξ < 1 and therefore, the surface of
Γξ = 1 is the static limit. Readers are refereed to Paper 1 for more details; the above
expression is identical to the equation (37) in Paper 1 with Γ = (a2 − ω2 )/ω.
It is reported in Paper 1 that the detector excitation due to the negative Killing
energy takes place here in the same way as for the rotating detector. We will see that
the excitation can be avoided again when we design the detector appropriately as in
the previous section.
A detector’s orbit along the Killing ﬂow (25) is expressed as
T = ξ0 sinh(ζ0η τ/ξ0 ) ,
X = ξ0 cosh(ζ0η τ/ξ0 ) ,

(26)

Y = ζ0y τ , Z = 0 .
The parameters ζ0η and ζ0y are constants corresponds to the detectors four velocity:
Γ2 ξ20 − 1. We can calculate the transition
ζ0η = g−1 Γξ0 and ζ0y = g−1 with g =


amplitude of the process |E0 , 0 → E, 1ki in the same way as the previous section as
  ∞

dτ μ(τ)φ(T(τ), Xi (τ)) |E0 , 0
A(E, 1ki ; E0 , 0) = ic E, 1ki 
−∞ 
∞
 
dτ eiΔEτ 1ki  φ(T, Xi ) |0 ,
(27)
= ic E| m(0) |E0 
−∞

where ΔE = E − E0 and (t, x, y, z) = (T(τ), X(τ), Y(τ), Z(τ)) = (T(τ), Xi (τ)) is the detector’s
 
trajectory; 1ki is the state one particle with mode ki . The ﬁeld φ is expanded as
φ = a+ki e−iωt + a−ki eiωt eki x .
i

(28)

Again this expression means that the Killing energy is the one across the surface of
constant t as in the previous section. With the above expansion we obtain
 ∞
dτeΔEτ 1k | φ(T(τ), Z(τ), Y(τ), Z(τ)) |0M 
−∞
 ∞
1
dτ eiΔEτ exp i(ωT(τ) + ki Xi (τ))
(29)
=√
2πω −∞
To simplify the detector’s orbit we introduce the Rindler coordinates for the tx
plane as
t = ξ sinh κη, x = ξ cosh κη ,
(30)
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where κ is an arbitrary constant to make the arguments of hyperbolic functions dimensionless so that η has the unit of length. The detector’s orbit is expressed as
ζ τ, ξ0 , ζ0y τ, 0) with these coordinates. The mode functions in this
(η, ξ, y, z) = (κ−1 ξ−1
0 0η
coordinate system is expressed as
√
sinh σκ−1 ∓ση
e Kip (hξ) exp i(k y y + kz z) .
(31)
ψ±p =
2π2
where Kip is the Macdonald function (modiﬁed Bessel function) with the imaginary
order and σ = |p|, h = kx2 + k2y .
The Minkowski modes can be expanded by the above mode functions as

1
i
exp
−i(±ωt
−
k
x
)
=
[α(p, ki )ψ±p + β(p, ki )ψ∓p ] .
√
i
2πω
p

(32)

where α and β are the Bogolubov coeﬃcients conventionally used to calculate the
Unruh eﬀect. With the above expansion we obtain
 ∞
dτ eiΔEτ exp i(ωT(τ) + ki Xi (τ))
−∞



 ∞  ∞
iσζ0η
iΔEτ ik y ζ0y τ
=
dτ
dp e e
τ
α(p, ki ) exp
κξ0
−∞
−∞


iσζ0η
τ Kip (hξ0 )
+β(p, ki ) exp −
κξ0
 ∞
=
dp [α(p, kx ) δ(ΔE + g(κ−1 Γσ + k y ))
−∞

+ β(p, kx ) δ(ΔE − g(κ−1 Γσ − k y ))]Kip (hξ0 ) .

(33)

The terms with Bogolubov coeﬃcients β is the result of annihilation operators, which
means the absorption of quanta excites the detector as in the usual Unruh eﬀect. The
excitation by negative Killing energy is expressed by the terms with coeﬃcients α as
in the previous section.
These terms with α again vanish when we choose the surface normal to the Killing
ﬂow of the detector’s orbit. Actual calculation is similar to the one in the previous
section. Or, we can obtain the same result simply by replacing κ−1 Γσ±k y with |κ−1 Γσ±k y |
following the prescription in Section II. The result shows coeﬃcients with α vanish but
those with β survive. This means the detector responds not by the negative Killing
energy emission, but by the absorption of positive Killing energy only, as in the usual
Unruh eﬀect. Further calculation leads to the particle distribution of Doppler shifted
Planckian distribution as expected.

5. Concluding Remarks
In the present paper we have investigated the vacuum observed by a circularly rotating
Unruh-DeWitt detector. The response of a detector depends on the choice of the surface
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(three volume) for the Hamiltonian to deﬁne it. Consequently detectors deﬁned on
diﬀerent surfaces may perceive diﬀerent state of particles. The reason for the particle
detection reported in the past literature is due to the choice of the surface with constant
Minkowski time. A detector will not observe particles when we deﬁne it on a surface
normal to the detector’s orbit.
It has been puzzling that a rotating detector observed particles in a Minkowski vacuum because a global analysis shows the rotating vacuum is identical to the Minkowski
vacuum. Korsbakken and Leinaas [10] clariﬁed the reason for this discrepancy. They
found the detector responds to the negative Killing energy wave; the ground state detector can get excited by the emission of negative Killing energy mode. In the present
paper it was shown that their result is due to the choice of surface to deﬁne the detector;
their choice was the surface of constant Minkowski time. Here in the present paper
we introduced a detector deﬁned on a surface normal to the detector’s orbit. It was
found such a detector does not perceive negative Killing energy, and thus particles
are not detected. A similar situation was also found for an accelerating detector with
perpendicular drift.
Using a hypothetical negative mass, we demonstrated how and why negative
Killing energy occurs. When the phase speed of some waves is slower than the
detector, such waves crosses the surface of the constant time from the “ﬂip side” of the
surface. Consequently, the energy-momentum ﬂux has opposite sign, since the sign
of ﬂux is determined by the direction of surface to cross. The detector sees negative
Killing energy for those waves, and can be excited by the absorption of negative Killing
energy.
A remark should be made that the deﬁnition of the Hamiltonian in the present
paper is not rigorous in a sense. Precisely speaking, a surface of a Hamiltonian for
ﬁeld quantization must be all spacelike, however, the surface we introduced here
becomes timelike beyond the static limit. There are attempt to generalize the ﬁeld
quantization to accommodate such partially timelike surface (see [13] and references
therein), however, it is out of scope of the present paper to discuss it. We simply
assume its validity here. Also there is a subtle point at deﬁning the constant time
surface with the coordinates (21), which has discontinuity at θ = 2π. We will leave
detailed examination on this point for future work.
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1.

Introduction

This paper is devoted to exploring the subtle issue of the distinction between virtual
photons and real photons, with speciﬁc reference to the Davies quantum electrodynamics
extension of the Wheeler-Feynman classical electromagnetic theory ((Davies 1970, 1971,
1972; Wheeler and Feynman 1945, 1949). I ﬁrst brieﬂy review the W-F theory, its
application to the Transactional Interpretation of John G. Cramer (1986), and Davies’
extension of the WF theory. I then suggest a slightly diﬀerent approach from Davies
in understanding the distinction between real and virtual photons in light of my recent
application of his theory to the extension of the Transactional Interpretation into the
relativistic domain. Finally, I point out the possibility that this alternative understanding
of the real/virtual photon distinction might have empirically detectable consequences and
could thus serve as a test of my proposal.
∗

rkastner@umd.edu
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The Wheeler-Feynman theory

The Wheeler-Feynman (‘WF’) theory proposes that radiation is fundamentally a timesymmetric process: a charge emits a ﬁeld in the form of half-retarded, half-advanced
solutions to the wave equation, and the response of absorbers combines with that primary
ﬁeld to create a radiative process that transfers energy from an emitter to an absorber.
Speciﬁcally, when a given source emits its time-symmetric ﬁeld, other charges respond to
that ﬁeld by emitting their own time- symmetric ﬁeld, but exactly out of phase with the
stimulating ﬁeld. Using the additivity of radiation ﬁelds, Wheeler and Feynman show
that, if the universe is a ‘light-tight box’2 , the overall advanced response (‘echo’) of all
absorbers to the retarded radiation from any particular emitter amounts to precisely the
same ﬁeld as that original half-strength retarded radiation ﬁeld from the emitter.
The above process results in two distinct eﬀects: (1) The two ﬁelds add; thus the
retarded ﬁeld from the source attains full strength and the advanced components cancel.
(2) In addition, the absorber response provides for a ‘free ﬁeld’ component that must be
assumed in an ad hoc manner in the standard theory (which assumes that the source emits
only a retarded ﬁeld ) in order to account for the loss of energy by a radiating charge.3
This two-fold process, wherein the advanced ﬁeld from the absorber (1) superimposes
constructively with the retarded ﬁeld of an emitter and (2) provides for energy transfer
from the emitter to the absorber, forms the basis for the ‘transaction’ in TI.

3.

The Davies Theory

Davies (1970, 1971, 1972) presented an extension of the Wheeler-Feynman time- symmetric theory of electromagnetism to the quantum relativistic domain. This theory followed
the basic Wheeler-Feynman method by introducing a boundary condition of a perfectly
absorbing future universe in order to argue that the ﬁeld due to a particular emitting
point charge could be seen as composed of equal parts retarded radiation from the charge
and advanced radiation from the absorbing systems.
The Davies papers demonstrate that the ﬁeld due to a particular emitting current
μ
j(i) (x) can be seen as composed of equal parts retarded radiation from the emitting
current and advanced radiation from absorbers. Using an S-matrix formulation, Davies
replaces the action operator of standard QED ,

μ
(x)Aμ (x)
(1)
J=
dxj(i)
i

(where Aμ is the standard quantized electromagnetic ﬁeld), with an action derived from
2

This means that any emitted radiation is fully absorbed; no retarded radiation escapes to future
inﬁnity.
3
The ‘free ﬁeld’ is the diﬀerence of the retarded and advanced solutions. It has the properties of a ﬁeld
that does not arise from (or converge onto) a source (or sink), but simply exists independently. As such
it is a solution to the homogeneous equation for the ﬁeld.
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a direct current-to-current interaction,4
1
J =−
2 i,j


μ
dxdyj(i)
(x)DF (x − y)j(j)μ (y),

(2)

where DF (x − y) is the Feynman photon propagator. (This general expression includes
both distinguishable and indistinguishable currents.)
While DF (x − y) imposes explicit temporal asymmetry in that it only allows positive
frequencies to propagate into the future, Davies shows that for a ‘light-tight box’ (i.e.,
no free ﬁelds), the Feynman propagator can be replaced by the time-symmetric propagator D̄(x) = 12 Dret (x) + Dadv (x) , where the terms in the sum are the retarded and
advanced Green’s functions (solutions to the inhomogeneous wave equation); therefore
the Davies theory and the standard theory are equivalent,at the level of the basic ﬁeld
propagation,5 under these boundary conditions. This shows that the ‘arrow of time’ can
arise from speciﬁc boundary conditions rather than needing to be imposed on the basic
propagation of the ﬁelds themselves.
The work by Davies provides a natural theoretical basis for the extension of the
Transactional Interpretation (TI) of Cramer (1980, 1986) into the relativistic domain;
this was presented in Kastner (2012a, b) in terms of a ‘possibilist’ ontology (Possibilist
Transactional Interpretation, ‘PTI’). While the electromagnetic ﬁeld is not quantized in
Davies’ direct-action theory, the latter can readily be studied in the ‘Feynman diagram’
technique provided that the virtual (internal) lines are understood as described by the
time-symmetric propagator rather than by the Feynman propagator, and the ‘external
lines’ are understood as ‘real particles’ which have been emitted with certainty and have
received an absorber response (the external emitters/absorbers not being included in the
diagram). In contrast, an internal line represents a virtual particle with an amplitude
less than unity (i.e., the coupling constant) for both emission and absorption.6
4

That these expressions are equivalent is proved in Davies (1971) and reviewed in (1972).
The Dirac theory of 1970-72 is formally equivalent to standard QED when absorption is assumed to
occur universally. However, it readily allows for a transactional interpretation in which it is only for
‘real’ photons that there is an absorber response. This breaks the equivalence and could give rise to
slightly diﬀerent empirical predictions for situations with strong coupling amplitudes. This possibility is
explored in Section 6.
6
It has been noted by an anonymous critic that the Davies theory is not Cauchy-complete. That is, there
is no Cauchy complete inner product state space, i.e., Hilbert or Fock Space, for the basic propagating
ﬁeld. This is just another way of saying that the ﬁeld is not quantized. But this is not a problem,
especially in view of the possibility explored herein—that the virtual quanta (propagators) are subject
to elevation into entities describable by a complete (Hilbert or Fock) space. It may also of course be
noted that the ‘virtual particles’ of standard QED are not elements of a Cauchy-complete state space
either, but these are also crucial components of the standard theory. Furthermore, at the meta-level,
there is no compelling reason to assume that the physical universe has a Cauchy-complete structure, and
to require on that basis that any ﬁeld theory must be Cauchy-complete, especially in view of Gödel’s
Incompleteness Theorem.
5
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Virtual vs. Real Photons

I begin this section by quoting from Davies (1972), for his discussion raises a subtle issue
that it is argued here needs a slightly diﬀerent solution than the one he proposes.
“When we quantize the free electromagnetic ﬁeld, we build up a Fock space out of
states containing all numbers of photons. These photons obey the relation k 2 = 0. and,
by the uncertainty principle, have an inﬁnite lifetime. When the ﬁeld is coupled to its
sources, we allow for photons to be created and annihilated. If a photon is created at
t = 0, and destroyed at t = T, we expect that it will lie oﬀ the energy shell (ie that
k 2 = 0)for ﬁnite T. We say that such photons are virtual. However, this simple picture
can be very misleading and confusing. . . ” (Davies 1972, p.1027)
Davies then recalls his proof (Davies 1971) that his theory using the time-symmetric
propagator and assuming full ultimate absorption (light-tight box) conditions is equivalent to standard QED with the Feynman propagator, as expressed in the following
equivalence for the Scattering matrix,
 

1
J(x)DF (x − y)J(y)dxdy) (3)
<0|P exp(−i
J(x)A(x) dx |0> = P exp ( i
2
(with P the time-ordering operator).He then notes:
“By taking the [photon vacuum expectation value on the left-hand side of (3)] we
indicate that the system has no real photons at t = +/ − ∞ . However, let us examine
the photon propagator DF in detail. A Fourier decomposition gives

1
PP
DF (x) =
− iπδ(k 2 ) eikx dk = D̄ + D1
(4)
4
2
(2π)
k
where PP is the principal part. The D̄ part (bound ﬁeld) leads to the real principal
part term which describes virtual photons (k 2 = 0), whilst the imaginary D1 (free
ﬁeld)describes photons with k 2 =0, that is, real photons, through the δ function term. ..
But how do we reconcile the notion of a real photon as an internal line in the Feynman
diagram with the uncertainty principle? In other words, how can a real photon, which
ought to have an inﬁnite life time, be emitted and reabsorbed. . . .? (ibid.)
Davies goes on to argue that both virtual and real photons can carry real energy, and
that all ‘real’ photons have existed since t = −∞. However, while the basic formulation of
Davies’ proposal is sound, this part of his argument is less convincing. The present author
would like to suggest that it is not realistic to restrict the deﬁnition of a ‘real’ photon
only to photons with an inﬁnite lifetime. A more natural distinction between real and
virtual photons is that a real photon is one that transfers empirically detectable energy,
while virtual photons do not. Indeed the situation has a much more natural explanation
in the transactional picture. In that picture, the response of the absorber is what gives
rise to the ‘free ﬁeld’ that in the quantum domain is considered a ‘real photon’. So the
‘realness’ of the photon is deﬁned in the transactional picture not by an inﬁnite lifetime –
which, in reality, is practically never obtained – but rather by the presence of an absorber
response. This response is what can give rise (through an actualized transaction) to a
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real photon with the ability to convey empirically detectable energy from one place to
another, which is the function of the free ﬁeld. That is, the idea that a ‘real’ photon must
always have exactly zero rest mass is an idealization.
Thus, according to PTI, ‘virtual’ photons are those that do not convey empirically
detectable energy between their source currents. In the Davies theory, these are described
by the time-symmetric propagator D̄, indicating that for virtual photons there is no
absorber response. These virtual connections between currents (vertices in Feynman
√
diagrams) are characterized by a coupling constant; in QED, it is α = e, the unit
electric charge (in natural units).As observed in Kastner (2012a,b), the coupling constant
is the amplitude for a charged particle to emit a photon. When generalized to the
transactional picture, the coupling constant characterizes both the amplitude to emit an
‘oﬀer wave’ (the usual quantum state) and the amplitude to generate a ‘conﬁrmation
wave’ (the advanced/dual quantum state). So in a typical Feynman diagram with a
photon propagator (see Figure 1), both vertices express the possibility of emission of an
oﬀer and conﬁrmation wave. The virtual photon, in the transactional picture, is just this
nascent possibility of a transaction between two currents—but one that was not realized. A
transaction is only attainable for virtual photons that satisfy the energy and momentum
conservation constraints for the initial and ﬁnal states of the system. Quantitatively, the
probability of a transaction is α(the square of the coupling constant), times the square of
the relevant matrix element. If such a transaction occurs, the virtual photon is elevated
to a real photon, since it transfers real, positive energy from one object to another.
This solves the puzzle referred to by Davies, wherein the Feynman propagator – characterizing a current-current interaction thought of as only mediated by virtual photons
(the symmetric part of the propagator, D̄) – contains the possibility of a real photon (the
positive energy part of the propagator, D1 ) . The latter is there in the presence of an absorber response because it represents the possibility of a transaction, as described above;
and the ‘real photon’ is just the actualized transaction.In standard quantum ﬁeld theory,
the Feynman propagator is a hybrid form that has to include both internal (virtual) propagation and the possibility of real propagation, because it has no way of distinguishing
between the two at the level of basic ﬁeld propagation. In contrast, the direct-action
picture can distinguish these two situations by describing genuinely internal (virtual)
propagation by the time-symmetric propagator D̄, while the real photon, which can be
described as a ‘free ﬁeld’ D1 from the standpoint of quantum ﬁeld theory, arises only in
the context of an absorber response. This account is not clearly stated in Davies’ presentations because his aim is to show the equivalence between the two theories, and his focus
is on showing that including responses from absorbers provides for this equivalence. So
in his analysis, he implicitly assumes that there is always absorber response, even though
this is not the case for virtual photons. (However he does note that genuinely internal
photons are in fact described only by the time-symmetric propagator in his direct action
picture.)
In scattering experiments such as the Bhabha scattering depicted in Figure 1, virtual
photons give rise to forces between currents (‘elastic collisions’ of the charges). In general,
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Fig. 1 A virtual photon tied to an electron and positron current.

such virtual photons do not satisfy energy conservation. As discussed above, according
to the transactional picture, there is a small chance, proportional to α ∼ (1/137), that
if one of the virtual photons satisﬁed energy/momentum conservation for the process,
it could be elevated to a ‘real’ photon via an actualized transaction. This would result
in inelastic scattering, i.e., real energy would be deducted from one charge and added to
the other. The actual probability of such a process is much smaller than α since it is
also contingent on the energy of the initially virtual photon satisfying the conservation
laws. However, it is a real predicted eﬀect that could, in principle, be detected in the
laboratory.

5.

Energy Level Shifts

The interpretation of virtual photons as entities subject to ‘promotion’ into real photons
by way of transactions provides a natural way to understand certain computations in relativistic quantum mechanics that can seem rather artiﬁcial. For example, Sakurai (1973,
Section 2-8) discusses a standard perturbative method of calculating the energy shift of
a level in the hydrogen atom. (See Figure 2.) An electron in an unstable excited state
A undergoes self-interaction by emitting and absorbing virtual photons. The emission
of a virtual photon places the electron brieﬂy in a diﬀerent intermediate state I. The
perturbation involves calculating the matrix elements corresponding to emission and absorption of the virtual photons.This gives rise to an integral whose integrand (of the usual
form exhibiting the time-dependence of a quantum state, ∼ exp (-iEt)), is an oscillating
function of the variable of integration (t) and whose value is therefore indeﬁnite. In order
for the integral to converge, a small positive imaginary quantity (iε) must be added to
the energy, so that the integrand becomes of the form ∼ exp (-iEt) exp(-εt). Then the
integral may be evaluated, yielding an energy shift with a real and imaginary part. The
real part is the value of the level shift, while the imaginary part is the decay rate of the
level – which resulted from the apparently ad hoc addition of (iε). Note that both these
quantities – the level shift and the decay rate – are observable aspects of atomic levels
that can be checked in the laboratory. Yet in order to get the physically valid decay
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rate, one has had to put in ‘by hand’ an imaginary quantity (iε) whose only apparent
justiﬁcation was to make an integral whose value was undeﬁned more ‘well-behaved.’
Why should this ad hoc mathematical maneuver have any observable, veriﬁable physical
content?
The puzzle is answered by the transactional picture: the integral may be evaluated
not because of an ad hoc mathematical maneuver but because there are, in fact, real
photons involved in the process whose existence requires the quantity (iε). As discussed
in Section 4, there is a probability of α that a virtual photon of energy hν, satisfying
energy conservation, will be elevated to the status of a real photon. This can only come
about via three distinct processes: (i) a photon ‘oﬀer wave’ |hν>is emitted at one vertex
√
(with amplitude α), and absorbed at the other vertex; (ii) an advanced conﬁrmation
√
wave <hν|is generated at the ‘absorbing’ vertex, (also with amplitude α ); iii) the
incipient transaction, with weight α, is actualized (with probability α). Steps (ii) and
(iii) can only occur for photons satisfying energy and momentum conservation.

Fig. 2 (a) Self—action of an electron in atomic level A; (b) A virtual photon is elevated into a
real photon through the decay process.

Let us consider this process in more detail with reference to Figure 2. In this case, we
are considering a hydrogen atom with a single electron in an arbitrary excited state; the
electron in the potential of the nucleus is represented by a double line. Figure 2(a) depicts
how the electron, initially in state A, is continually emitting and re-absorbing virtual
photons. These are not actualized transactions, but only the possible emission and re√
absorption of oﬀer waves. Each vertex carries a factor of α and there is a time-symmetric
photon propagator −iD̄(x − y)gμυ connecting them.7 The propagator describes process (i)
7

According to the Davies theory, these are time-symmetric, nonquantized ﬁelds, so the VEV expression
of standard QED, <0|Aν (y)Aμ (x) |0>, is replaced by the explicit time-symmetric propagator. The
use of Feynman diagrams in connection with the Davies theory is legitimate: Davies (1972) applies
his formulation explicitly to Feynman diagrams, and discusses in particular the lowest order self-action
Feynman diagram in terms of emission and absorption by the same current (although that ‘current’ in
his Figure 4 represents all the currents in a light-tight box). He analyzes the emission of a photon by
one current A and its absorption by a diﬀerent current B by summing over a complete set of ‘ﬁctitious
photons’. This technique is necessary in his picture since he does not include the transactional process,
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above. Since according to the Davies theory the process is time-symmetric, there is no fact
of the matter about whether x or y is ‘earlier.’(In fact, this makes the approach simpler by
not attempting to impose temporal order at the virtual propagation level.)This process
contributes to the relativistic shift of the energy level, which is obtained by summing over
such virtual photon contributions for all intermediate levels corresponding to arbitrary
photon energies.
If the intermediate state I is an allowable lower-energy state for the electron, a process
such as depicted in Figure 2(b) becomes possible. Recall (see equation (3)) that in the
Davies theory, the ﬁeldAμ (x)is replaced by a direct interaction between currents (DF (x-y)
J(y)) 8 .In the transactional picture, a photon oﬀer wave whose 4-momentum satisﬁes the
conservations laws generates a conﬁrmation (“response of the absorber”) from at least
on electron current external to the atom, depicted in Figure 2(b) as starting out in state
B. This corresponds to process (ii) above, and(in terms of the amplitude of the process)
contributes a factor of the complex conjugate of the propagator (i.e., “negative frequency
√
part”) times α. Finally, process (iii) may occur with a probability corresponding to
both the above factors, where now x0 <y 0 since the energy is transferred by way of the
retarded, positive ‘free ﬁeld’ D+ (y − x) (cf. Davies 1971, eqn (6), where x0 <y 0 )9 . This
corresponds to the standard decay rate ∼ α|< 0 | Aν (y)Aμ (x) | 0 >|2 for an unstable
atomic level when the photon propagator is part of the perturbation operating on the
initial electron state A and resulting in the ﬁnal state I (i.e. with zero free photons in
the initial and ﬁnal states).
It is worth noting that despite the fact that both the expression for the energy level
shift ΔEA of a level A and for the decay rate ΓA of level A to level I involve the absolute


| I >, where HAI
is the perturbing
square of a transition amplitude (generically < A | HAI
Hamiltonian between the two states), this quantity has a diﬀerent physical meaning in
each of the two applications.
As noted above, for virtual photons as depicted in Fig. 2(a), there are virtual transitions
of the electron from state A to stateI and back again (A → I → A ) based on the unitary
action of the perturbing Hamiltonian on the electron state (oﬀer wave), but no conﬁrmations that could give rise to a transaction and resulting (nonunitary) real photon (i.e.,
real transfer of energy). The quantities representing the ﬁrst process are therefore just
products of successive amplitudes, divided by the diﬀerence between the energy diﬀerence of the two states and the energy of the virtual photon, so that the overall transition
which itself establishes independence of the emission and absorption. In the transactional picture one
simply notes that the absorption is accompanied by an absorber response, and it is the latter that
establishes temporal order. The actualization of a transaction is inherently unpredictable, but where
such a process takes place, there is no need to sum over a set of ﬁctitious photons to establish the
independence of the emission and the absorption.
8
Recall that the Feynman propagator, as opposed to the time-symmetric propagator, is only explicitly
necessary if there are ‘real’ photons present. In our approach these are just the actualized transactions.
9
Note that the ‘free ﬁeld’ part results from the sum of the retarded and advanced ﬁelds from all
responding absorbers, even though only one actually receives the real energy conveyed by the free ﬁeld.
Cf. Davies (1971, eqn (28)).
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amplitude A → I → A is diminished in proportion to the degree to which energy conservation is violated. In contrast, the process depicted in Fig. 2(b) involves conﬁrmation of
an oﬀer wave and resulting incipient transaction, a non-unitary process: A ⇔ I.
Consider once more the presentation in Sakurai (1973, Section 2.8) in which a small
imaginary quantity iε is added to the energy Ein the phase of the integrand, formally as
follows10 :
exp(i(E + iε)t = exp(iEt)exp(−εt)

(5)

so that the integrand acquires a purely real factor exp(-εt); and that this ad hoc
quantity then turns out to be the empirically detectable decay rate Γ for the level in
question. Recall also that the sum over the intermediate states I includes photons of
all energies, including ones that satisfy energy conservation. But then one must include
an additional term – “ the imaginary part of the energy shift” – for only those photons
that satisfy energy conservation for the diﬀerence between allowed levels. In the standard
account, not only is the imaginary component put in ‘by hand’ but it also appears to
count some of the photons twice (since photons that happen to satisfy energy conservation
are included in the double sum over all photons and all intermediate states I). Moreover,
the second counting has a distinct mathematical character (imaginary as opposed to
real, at least in terms of the quantity iε). In the transactional picture, all of this gains
a clear physical basis: the real and imaginary parts of the energy shift correspond to
fundamentally diﬀerent physical processes. One must ‘double count’ photons because
there is no way to predict which virtual photons, of the eligible ones, will be elevated
to ‘real’ photons and thus become part of the decay rate (imaginary part of the energy
shift). Note further that, in view of (5) above, that the ‘imaginary’ part of the energy
shift actually corresponds to a real quantity – and that real quantities are the ones that
are empirically observable. In contrast, having a ‘real energy’ as part of the phase of a
complex number means that the energy is not an empirically observable one; that is, it
corresponds to what in PTI is an ‘oﬀer wave’, a sub-empirical entity.
We see, therefore, that the ability of an atomic excited state to decay may be naturally
understood, without resort to ad hoc computational maneuvers, via the transactional
picture. Real photons are simply virtual photons that have been elevated to the level
of ‘reality’ by satisfying energy and momentum conservation and surviving the odds (
α∼
=1/137) so that they may function to transfer energy from one place to another and
thus result in empirical detection.
One ﬁnal remark is in order concerning Davies’ theoretical formulation. In the third
of his three papers presenting his quantum extension of the W-F theory, he concludes
with the following comment:
“This then represents the quantum generalization of the classical Wheeler-Feynman
10

Of course, the imaginary quantity reappears in the denominator of propagators. It plays the same
role there, in the sense that poles must be circumnavigated in order to evaluate the integrals. In the
transactional picture, the poles correspond to actualized transactions, which break the unitarity of the
underlying ﬁeld propagation and are therefore naturally represented by singular points.
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absorber theory, although it is puzzling that S is not unitary for all fermion states in
this case (it is, of course, unitary for the light tight box).” (Davies 1972, p. 1035).
As noted earlier in the present paper, the transactional process is not unitary. It
involves the indeterministic selection of one absorbing current among all those that have
responded with a time-symmetric ﬁeld to a prompting emitted time-symmetric ﬁeld, in
such a way as to cancel the advanced eﬀects of both ﬁelds and reinforce a retarded,
positive-frequency, full-strength “free” ﬁeld. Since that free ﬁeld (unlike the classical
case) may only convey a discrete number of actual quanta of energy (as represented
by the Fock space states discussed by Davies in the quote which began Section 4 of this
paper), only a subset of responding currents can actually receive the energy. For example,
one may have an emitted time-symmetric single-quantum (virtual) ﬁeld of frequency ω
and a time-symmetric response of many currents to that ﬁeld, but the free (real) ﬁeld
resulting will only be able to be absorbed by a single current. That is the non-unitarity
described as puzzling by Davies; i.e., that is the pole remaining in the propagator that in
his words represents “a real (though internal) photon” (1972, p. 1035). It is none other
than the notorious ‘collapse of the wave function’ that is ubiquitous in non-relativistic
quantum theory. Note that, while PTI still has this collapse, it nevertheless provides a
clear account of the measurement process in terms of the response of absorbers, which
provides an eigenbasis for the applicable density operator characterizing the mixed state
with weighted projection operators, each corresponding to a possible ﬁnal state.

6.

Possible Further Empirical Consequences

Since, according to the above, the real photons responsible for spontaneous decay started
out as virtual photons, this process could be seen as contributing an additional slight perturbation of the energy levels under certain circumstances. Indeed, recent experimental
deviations from the predictions of quantum electrodynamics (QED) for high-Z He-type
atoms (e.g., Chantler et al, 2012) suggest a systematic mismatch between theory and
experiment in the regions probed by the experiments, with the experimental values coming out signiﬁcantly higher than the values predicted by standard QED. The deviation
increases with Z as roughly Z3 .
Recall that in standard QED, atomic level decay rates are not attributed to the physical transactional process described herein and are simply obtained through evaluation of
the relevant matrix elements (between allowed energy levels), where those are made available computationally by adding an ad hoc small imaginary part to the energy. However,
it is standard to think of the exchange of virtual photons as a primary source of the perturbation – in the sense that there is some small recoil due to the exchange, which results
in a shift in the potential energy of the level from the zeroth-order value. In hydrogenlike
atoms, the elevation of one of these virtual photons to a real photon simply leads to decay and does not result in any further perturbation of the level. However, in the He-like
atoms, there is the possibility of a transaction between the two electrons, which would
constitute inelastic scattering (while also destroying the symmetrization of the state) just
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prior to decay. This could be seen as an additional perturbation not accounted for in
standard QED. Since in general, the coupling strength increases with increasing Z, it is
natural to suppose that this eﬀect would increase with increasing Z. Further work remains
to be done to develop a quantitative estimate for this additional perturbation. This paper simply serves to introduce the physical basis for the phenomenon and to suggest a
direction for future eﬀorts in this regard.

Conclusion
It has been pointed out that the imaginary part of the energy level shift obtained through
an ad hoc procedure in standard relativistic quantum mechanics has a natural interpretation in a process predicted by the relativistic extension of Cramer’s Transactional Interpretation, the Possibilist Transactional Interpretation (PTI) (Kastner 2012a,b). This
process provides for a natural understanding of the distinction between real and virtual
photons, in which virtual photons are unconﬁrmed oﬀer waves emitted with an amplitude less than unity, and real photons are actualized transactions11 . This process may
result in empirically observable eﬀects such as the already-observed deviations from the
predictions of standard QED in High-Z Helium-like atomic level shifts.
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bifurcations due to the underlying non-linear dynamics, with the coupling strength acting as
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1.

models;

Introduction

The biggest, and oldest2 , unresolved enigma in fundamental particle physics is: Where
do the observed masses of elementary particles come from?, the concept of mass is not
really understood, and their numerical values remain a mystery.
There is the widespread, but erroneous, belief that when the Higgs boson is conﬁrmed,
the origin of mass has been found. This is not the case. It merely replaces one set of unknown parameters (particle masses) with an equally unknown set of parameters (coupling
constants to the Higgs ﬁeld(s)), so nothing is gained in the fundamental understanding
of masses.
∗
2

c.johan.hansson@ltu.se
I.I. Rabi’s famous reaction to the discovery of the muon in the 1930s: “Who ordered that?”
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Despite what can be imagined about the triviality regarding masses from frequent
statements like “the supersymmetric partners diﬀer only in their masses (and spin) compared to the normal particles”, “...the Planck scale, MP lanck = 1.22 × 1019 GeV ”, and
“the mass of the top quark is 175 GeV”, etc, the concept of mass has never been deﬁned
in an unambiguous way, not even in classical physics. In fact, Jammer [1] has been able
to write two whole monographs on this thorny subject, concluding that nobody knows
what mass really is. Furthermore, and this is a problem even for the most pragmatic of
physicists, the mass parameters experimentally measured for elementary particles have no
theoretical explanation whatsoever. From the vantage point of theory the masses could
just as well be a set of randomly generated numbers.
To quote Richard Feynman:
“...although people say that there are no experiments to lead us, it’s not true. We
have some twenty-four or more - I don’t know the exact number - mysterious numbers
associated with masses. Why is it that the mass of the muon compared to that with
the electron is exactly 206 or whatever it is, why are the masses of the various particles
such as quarks what they are? All these numbers, and others analogous to that - which
amount to some two dozen - have no explanations in these string theories - absolutely
none! There’s not an idea at the present time, in any of the theoretical structures that I
have heard of, which will give a clue as to why those masses are what they are...When you
look at these numbers, they look absolutely random and hectic; there doesn’t seem to be
much pattern in them. That’s a problem for theoretical physics, and these superstring
theories don’t address it at all.” [2]
“Throughout this entire story there remains one especially unsatisfactory feature: the
observed masses of the particles, m. There is no theory that adequately explains these
numbers. We use the numbers in all our theories, but we don’t understand them - what
they are, or where they come from. I believe that from a fundamental point of view, this
is a very interesting and serious problem.” [3], p.152.
The fundamental concept of mass is still so poorly understood that it was considered
worthwhile to test whether an anti-atom (produced at CERN for the ﬁrst time [4]) falls
up or down in a gravitational ﬁeld [5].
Mass was “smuggled” into the framework of quantum mechanics, being the same parameter as in classical physics, i.e., the proportionality, or inertial, constant between the
acceleration of a body and the applied force. However, as neither force nor acceleration
are appropriate concepts in quantum mechanics, except through Ehrenfest’s theorem [6],
as statistical or “ensemble” entities, this direct translation of the concept is somewhat
dubious. In quantum mechanics and quantum ﬁeld theory the concept of mass as “resistance against acceleration” is simply inappropriate. The most legitimate deﬁnition
of mass in quantum mechanics seems to be by the relation E = m, or more correctly
m = E, i.e., as something empirically measurable, e.g., by annihilation/production of
particle-antiparticle pairs.
As all other observables in quantum mechanics, mass should be represented by an
operator with its resulting smeared out probability distribution (unless an exact eigen-
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state), peaked at the classical value. Naively, the only way to get discrete values for the
mass would be to assume that the “elementary” particles are bound states of something
more fundamental [7], [8]. Probably the only way to end this inﬁnite regress to smaller
scales, would be to assume that the ultimate subconstituents are massless. The mass
would then necessarily have to arise strictly from the dynamics, “mass without mass”,
John Wheeler’s goal to remove mass from the basic equations of physics [9] - as implicitly
anticipated by Einstein in his article Does the inertia of a body depend upon its energy
content? : “The mass of a body is a measure of its energy-content” [10].
According to “Mach’s principle” [11] the mass of a particle arises because of its interaction with the rest of the universe. This would mean that mass would no longer
be a scalar but a tensor (of second rank), as inhomogeneities and anisotropies in the
distribution of surrounding matter would give a directional and temporal dependence in
the inertial mass. This is accidentally similar to the modern parametrization of mass
as a matrix (tensor of second rank) when discussing fermion masses [12] in general, and
neutrino oscillations in particular.
As none of the speculative theoretical “advances” since the 1970s, such as grand
uniﬁed theories (GUTs), supersymmetry (SUSY), superstrings and M-theory to name
but a few, has yet yielded a single experimentally tested result, we instead ask if the
mass spectrum can be understood (and derived) from what is known to be more or
less correct, i.e. the Standard Model of particle physics. Although some proponents
of more “fundamental” theories claim to, eventually, be able to deduce everything from
ﬁrst principles, including the mass spectrum of elementary particles, there has not yet
been a single instant where this has been achieved in practice, and we thus prefer a more
“pragmatic” approach that can be initiated today instead of waiting for the (perhaps
nonexistent) “ultimate” theory to tell us all truths.
Can we understand the diﬀerent particle masses from what we already know, more
or less, to be correct, i.e. without any “exotic” physics? We believe that this may be
possible, and will elaborate on that in what follows.
We propose that the mass of a particle has a strictly local origin (not a global one
like e.g. in the assumption of Mach), arising from its self-interaction(s). That is, the
mass is equivalent to the energy contained in the associated gauge ﬁelds (in perturbative
quantum ﬁeld theory; the energy of the “cloud” of virtual gauge particles). Such a
connection between fundamental dynamical interactions and mass seems only reasonable
as only mass is needed to go from kinematics to dynamics [1]. As most of the (at
least) eighteen arbitrary parameters of the “standard model” arise because of the mass
problem, a connection between the masses and the ordinary, non-Yukawa i.e. non-Higgs,
interaction couplings would also signiﬁcantly reduce the number of free ad hoc parameters.

2.

Perturbative model

In the conventional approach to particle masses within the standard model (and beyond),
the Higgs ﬁeld generates the diﬀerent masses through its coupling strength to the other
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Fig. 1 The O(α) quantum ﬁeld theory contribution to
√ the mass of a particle due to selfinteraction. Each vertex contributes one charge factor α ∝ q, so m ∝ α; the mass is proportional to the physical coupling constant.

ﬁelds. These couplings are arbitrary parameters, chosen to coincide with experimental
data. So even if the Higgs model turns out to be the correct one to break the electroweak
symmetry (which theoretically seems somewhat improbable as the original Higgs then
would be the only spinless fundamental ﬁeld, with all the theoretical problems that entails) nothing is gained in the knowledge of why the elementary particles have the masses
we observe. The Higgs mechanism simply replaces one ad hoc mass parameter (mi ) with
another equally ad hoc Yukawa coupling constant (λi ) to the Higgs ﬁeld
mi ↔λi ,

(1)

and because of this we are free to make other hypotheses as to what physically generates mass. A Higgs-like symmetry breaking mechanism is the favorite way to break
also other (hypothetical) symmetries, such as supersymmetry. To us that seems to be
the wrong way to proceed, as such a symmetry-breaking mechanism always introduces
new free (ad hoc) parameters, and a more fundamental theory should contain fewer free
parameters, not more. As previously stated, the original standard model itself contains
18 free parameters, and several more if neutrinos are non-massless, most of them related
to the theoretically incalculable masses. In supersymmetric extensions of the standard
model the free parameters rank in the number of hundreds, or more, again mainly connected to new (unobserved) masses of supersymmetric partners, and to new Higgs-like
mechanisms at higher (incalculable) energy scales.
Here we, instead, start by assuming that all of a particle’s mass arises exclusively from
its interaction with itself (see Fig.1). This makes it possible for the underlying “bare” lagrangian to include only massless ﬁelds, just like in the Higgs model before the symmetry
is broken, preserving the gauge-invariance of the standard model, as the self-coupling is a
vacuum phenomenon, just like the non-vanishing vacuum expectation value of the Higgs
ﬁeld when the symmetry is broken at “low” energies. Mass is thus a “frozen” irreducible
energy connected to, and deﬁning, the particle. In a perturbative quantum ﬁeld-theoretic
sense, the diagrams for self-interaction are of course divergent due to virtual loops, but
surely nature herself is not singular. It seems obvious that the formally inﬁnite masses
predicted by perturbative quantum ﬁeld theory is only an artifact of the perturbative
approximation. (Even the conventional “solution”, the renormalization of masses and
charges, is deﬁned through the approximate, perturbative formulation of the theory.)
Furthermore, as all gauge ﬁelds, i.e. diﬀerent interactions, in the standard model diverge
in the same way quotients between masses are ﬁnite. There seems to be little reason
to work at some very high (GUT/String) scale, as the masses we are interested in are
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observed at “normal” energies. This also spares us of evolving the behaviour at extreme
“fundamental” energies down to experimentally accessible energies via the renormalization group. The renormalized, i.e., physically measurable, mass arising from the altered
propagator due to higher order perturbative corrections in quantum ﬁeld theory can be
written
∞

αn dn (Λ2 )) = m0 + δm,
(2)
m = m0 (1 +
n=1

where m0 is the “bare” (non-observable) mass, and dn (Λ2 ) “ultraviolet” diverges as the
spatial cut-oﬀ Λ → 0. Our approach is somewhat like taking the limit m0 → 0 and Λ → 0
simultaneously.
The ﬁrst obvious conclusion is that the stronger the self-interaction, the more massive
the particle will be. The neutrino, interacting only through the weak force, will become
very light. Next, the electron with electromagnetic coupling, becomes more massive. The
quarks, interacting also through the strong force, become heavy.
To illustrate the point more clearly, we construct a simple model. The detailed nonperturbative dynamics will most certainly alter the (perturbatively formally inﬁnite) proportionality constant for the diﬀerent interactions (due to diﬀerent gauge groups), which
in the ratio of particle masses hence will not identically cancel, but give a remaining
ﬁnite factor. For now, to obtain ﬁrst approximations, we disregard this complication and
assume it to be of order unity. For the mass of a particle (to order O(α)) we thus make
the ansatz
m = B (Q2 αem + T 2 αweak + C 2 αs ),

(3)

where αem is the Sommerfeld ﬁne structure constant (∼ 137−1 ) and αweak and αs are
the (low-energy) couplings of the weak-, and strong interactions. As αweak is ambiguous
(mass dependent), we infer the eﬀective α’s from the measured characteristic reaction
times (e.g., decay probabilities), as the interaction strength is but a measure of the
probability of the interaction to take place. Q gives the particle’s electrical charge in
units of e, and T and C are analogous quantities (of order one) coming from the gaugegroups for “weak charge” and “color charge”. B is a normalizing constant, which in a
truly non-perturbative treatment of the standard model should be calculable. However,
using quotients, it cancels.
This gives the results
(4)
mν /me ∼ 10−7 ,
mq /me ∼ 102 ,

(5)

mν ∼ 0.1 eV,

(6)

or in mass units
clearly compatible with direct experiments; mνe < 2 eV [13]. Right-handed (sterile)
neutrinos, if they exist, would be strictly massless in this scheme as they have no selfinteraction.
(7)
mq ∼ 10 M eV,
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compatible with current quark masses [13].
If couplings of higher order are taken into account, the electromagnetic and weak
contributions will essentially be unchanged, as they give rapidly diminishing terms in the
perturbative expansion. The higher orders in αs , however, give a perturbatively divergent
result, and hence an “inﬁnite” quark mass, in accordance with some “explanations” of
quark conﬁnement [14, 15]. If quarks are permanently conﬁned, it is troublesome to even
deﬁne a mass for them, as Wigner’s mass-spin classiﬁcation of elementary particles [16]
(unitary representations of the Poincaré group) is valid strictly only for free particles
(asymptotic states).

3.

“Improved” perturbative model

R.P. Feynman: “This repetition of particles with the same properties but heavier masses
is a complete mystery.” [3], p.145.
The three diﬀerent particle “generations” of the standard model can be accounted for
(if not explained) by a straightforward generalization of the formalism,
m = Bi (Q2 αem + T 2 αweak + C 2 αs ),

(8)

where Bi denotes the normalizing constants for the three diﬀerent generations, i ∈
1, 2, 3.
If one introduces a “generation charge” or quantum number, Gi , the Bi could be
written Bi = B f (Gi ), where f (Gi ) is a function of Gi .
This gives the results (taking the readily measured mμ and mτ as known):
mνμ ∼ 10 eV, mντ ∼ 100 eV, well below, and hence consistent with, the direct
experimental upper limits of 170 keV and 15.5 MeV [13].
A physical mechanism for connecting the diﬀerent Bi ’s would be highly desirable, see
section 5 below. Still, the number of arbitrary parameters has decreased compared to
the orthodox, “masses-from-Higgs”-mechanism [17] due to the relation between coupling
strengths and masses, which in the standard model are completely independent quantities.
If we enlarge the model to include a tentative fourth generation, and use the most
simple power-law ansatz, f (Gi ) = Gβi , utilizing the known values for the three charged
leptons corresponding to Gi ∈ 1, 2, 3 to make a curve-ﬁt resulting in β  7.4, we get a
prediction for the mass of an additional charged lepton κ− [8], with Gi = 4, as mκ  20
GeV, which seems ruled out as the experimental limit for a heavy charged lepton is > 100
GeV [13]. So a more elaborate form for f (Gi ) should be sought. However, as this would
provide no real fundamental understanding, merely a parametrization, we refrain from
pursuing this avenue further in this article.

4.

Dimensional analysis

An even simpler picture can be deduced by pure dimensional analysis. If we assume
that mass is directly, and solely, related to the couplings, and that the standard model is
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essentially “correct”, we only have three couplings to utilize. These are the ﬁne structure
constant, αem , the strong interaction “constant”, αs , and the Fermi constant, GF . To get
−1/2
a mass scale, we have no choice but to use GF ∼ 300 GeV, as this has the dimension of
mass (when c =  = 1) whereas the other two are dimensionless. The formula for mass
then takes the form
−1/2

m = GF

f (αem , αs ),

(9)

where f is a dimensionless function of only the ﬁne structure constant and the strong
coupling.
−1/2
As the top quark mass mt is of the same order of magnitude as GF this could mean
that no more massive quarks exist and, if the general structure is a true facet of nature
and not just an artifact of the standard model, only three particle generations exist.

5.

Nonperturbative models

Seeing that even our ﬁrst-order model for the masses of elementary particles gives results
of the right order of magnitude, we are now ready to discuss something more sophisticated.
Truly nonlinear eﬀects have so far received little attention in particle physics, as the
dominating and inherently perturbative Feynman diagram techniques mask the nonlinearities and tend to give behavior that closely mimics the linear case (although interactions
are perturbatively, i.e. mildly nonlinear). We believe that the utilization of nonlinear
methods, as developed in other ﬁelds of science, could greatly beneﬁt elementary particle
physics, especially in the case of masses. The most typical feature of nonlinear equations
is multiplicity of solutions, raising a hope that diﬀerent generations may be automatic.
In the contemporary understanding of the standard model these repetitions of particles
is a complete mystery.
Interacting quantum ﬁeld theories are really inherently non-linear, as can easily be
seen by an analogy with classical waves. Two waves meeting in a perfectly linear medium
simply penetrates each other unaﬀected (think two laser beams in vacuum, or ∼ air).
This is the equivalent of non-interacting quantum ﬁeld theory. A necessary condition for
the waves to interact (e.g., scatter) is that the medium is non-linear. We could thus use
a classical analogy to guide our thinking in constructing a phenomenological model. This
would mean to view the vacuum as a non-linear reactive medium. Particles with diﬀerent
charges would thus “see” a diﬀerent (eﬀective) medium and react diﬀerently, generating
diﬀerent masses.
In more mathematical terms, this can within the standard model be described by the
two coupled evolution equations for gauge “force ﬁelds”, Fμν and “matter ﬁelds”, ψ.
Dμ F μν = g ψ̄γ ν ψ,

(10)

(iDμ γ μ − m)ψ = 0,

(11)
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where
Dμ = ∂μ − igAμ ,

(12)

is the covariant derivative, g the coupling constant (the “nonlinearity parameter”, essen√
tially α) and Aμ the gauge ﬁeld potentials. The gauge ﬁeld strength tensor is given
by
i
(13)
Fμν = [Dμ , Dν ] = ∂μ Aν − ∂ν Aμ − ig[Aμ , Aν ].
g
We see that, even for an abelian theory like QED, where the commutators [Aμ , Aν ]
vanish (physically reﬂecting that the photon has no self-interaction), the system of equations (10), (11), constitute a nonlinearly coupled system. In fact, in Eq.(11) we would
like to take m = 0 (or rather m = inﬁnitesimal due to quantum ﬂuctuations) from the
outset and deduce a scalar factor of this form (i.e. a mass) from the coupled system.
Traditionally, interactions in quantum ﬁeld theory are treated as small perturbations
around the non-interacting background state (Feynman diagram method, etc). This is
evidently applicable only to mildly non-linear theories, e.g., theories in which the coupling constant, g, is small, as for instance in quantum electrodynamics. For a theory
of masses, however, the exact formulation is required, as a truncated perturbative series
does not capture the kind of non-linearity we are interested in. Furthermore, the very act
of (perturbative) renormalization destroys all information about any possible underlying
mechanism for mass generation, as the real (measured) masses must be taken as experimental input. So, it seems obvious that a perturbative fundamental understanding of
masses is impossible. One has to take into account that nature seems to work wholesale
and does “everything at once”, not piecemeal as implied by Feynman diagrams (i.e. by
a perturbative expansion of an otherwise hitherto intractable problem).

5.1 Solitons
It is well known that nonlinear theories may have particle-like solutions. There are many
known “solitary wave solutions”, where the normal dispersive eﬀect is exactly counterbalanced by a nonlinear focusing eﬀect, giving waveforms that are unaltered. If the solitary
waves also are unaﬀected by collisions with other solitary waves they are called “solitons”.
Soliton solutions thus in many ways act like particles. There are many known examples of
analytical soliton solutions for 1+1 dimensional systems (Korteweg-de Vries, sine-Gordon,
etc), much fewer for 2+1, and none for relativistic 3+1 dimensional systems with nontrivial soliton scattering. As quantized solitons arising in relativistic ﬁeld theories possess
many of the attributes of particles, such as mass, charge and spin [18], it would be very
tempting to identify elementary particles with exact solitary wave solutions to the 3+1
dimensional quantum ﬁeld theory of the standard model, or its (unknown) dual [18], and
stable elementary particles with soliton solutions to the same equations. So far there is
no integrable model with solitons respecting the symmetries in Minkowski space-time.
(An example of an integrable quantum ﬁeld theory, believed to bear a close similarity
to the four-dimensional Yang-Mills theory of the standard model, is the two-dimensional
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nonlinear sigma model.) Numerical studies of non-integrable models show that solitons
do scatter, soliton-antisoliton collisions lead to annihilation, the energy dissipating into
wave-like solutions of the linearized ﬁeld equations, sometime after transient periods in
which the energy localizes into wavepackets called “oscillons”. This makes it tempting
to identify soliton-antisoliton annihilation as particle-antiparticle annihilation, oscillons
with secondary (semi-stable) daughter/cascade particles, and the radiated energy as the
ﬁnal liberated energy from annihilation.
In that vein, Skyrme’s old pioneering uniﬁed model of nucleons and nuclei [19], in
terms of soliton “Skyrmions”, with almost no free parameters, seems a compelling inspiration (and goal) also for truly elementary particles.

5.2 Self-Organization
Self-interacting non-linear systems have been studied for a long time in the theory of dynamical systems, chaos [20, 21] and spontaneously self-organizing phenomena [22]. They
are ideal for investigating the behaviour of systems which self-interact over and over
again, hence making them useful models for our ideas about mass-generation. Moreover,
there is a limiting behaviour which gives the same results for large classes of models,
regardless of dynamical details (“universality”) [23]. This limiting behaviour is not only
qualitative, but quantitative. It is regarded as a fundamental organizing principle of nature on the macroscopic scale, but could in principle also apply to the quantum world as
elementary particle interactions are inherently non-linear as noted above. Furthermore,
the production and decay of unstable (heavy) elementary particles is physically a clear
sign of far-from-equilibrium behavior, e.g. μ → eν̄e νμ . Non-equilibrium and nonlinearity
generally being regarded prerequisites for self-organization [22]. As the vacuum is displaced further and further from equilibrium (i.e. becomes “excited”), more and more
states become possible, see Fig 2.
We like to picture the elementary particles as semi-localized “knots” in the ﬁelds permeating space, arising because of the non-linear response of the ﬁeld due to its charge(s).
Mass would then be just another example of an emergent phenomenon so characteristic of
many nonlinear systems. For example, in solid-state physics, “intrinsic localized modes”
[24], [25] were surprisingly discovered in the late 1980s and are now known to be typical
excitations in strongly nonlinear systems. As quantum ﬁeld theory is also a nonlinear
system, it does not take much imagination to expect analogous phenomena to occur also
in particle physics. So instead of particle masses arising from extrinsic sources (bruteforce, linear, ad hoc Higgs couplings) they could be due to intrinsic sources (automatic,
nonlinear, physical self-interactions).
It is perfectly possible to get phenomena of great complexity even with a remarkably simple underlying setup. Particle masses may be just yet an example of this very
general phenomenon. The self-interaction “mapping” cannot be linear, as this would
lead to inﬁnite (exponentially increasing) or vanishing (exponentially decreasing) masses.
One of the simplest nonlinear equations fulﬁlling these criteria is the celebrated “logistic
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mapping”
xt+1 = kxt (1 − xt ),

(14)

which still leads to surprisingly complex dynamics [26] and universality [23].
In order to indicate how masses could be constructed in such a setting, we use the
logistic mapping as a “toy model”. The true dynamics, however, is believed to be much
more complicated, but the qualitative features of the true mechanism could be similar,
as even models governed by partial diﬀerential equations (formally ∞-dimensional dynamical systems; equivalent to dynamical systems of inﬁnitely many coupled equations)
can, very surprisingly, be well-described by low- or even one-dimensional nonlinear dynamical systems [20]. “Dissipation bleeds a complex system of many conﬂicting motions,
eventually bringing the behavior of many dimensions down to one” [27].
We take x to be proportional to the mass generated by the self-interaction of the ﬁeld
with itself (xt → xt+1 ).
If we again use the Fermi-constant (the only dimensionful coupling constant in the
standard model)
m
x = −1/2 ,
(15)
GF
is a dimensionless mass parameter. The discreteness in time could be justiﬁed by the
possible existence of a smallest time-interval (e.g. the “Planck time”) but also from a
pragmatic point of view as it makes calculations simpler.
The non-linearity parameter is a function of the dimensionless couplings, k = k(αem , αs )
and we start with m0 = due to quantum ﬂuctuation. The physical justiﬁcation of Eqs.
(14), (15) comes from Fig. 1. Each loop contributes kx, but at the same time nature
can “borrow” only a ﬁnite energy from the vacuum (the “carrying capacity” in the lo−1/2
in this case. So, physically, the ﬁrst (loop) term in Eq.
gistic equation) taken as GF
(14) leads towards the normal diverging self-mass contribution, whereas the second term
tends towards “starvation”/suppression. Heisenberg’s uncertainty principle, due to the
ﬁniteness of  and the discrete time-step, means only a ﬁnite energy is available from the
vacuum.
The logistic mapping, for small k, has the behavior:
k < 1 ⇒ m → 0. This would then be interpreted that too weak self-interactions will
result in strictly massless particles (e.g. gravitons).
For 1 < k < 3 ⇒ mt+1 = mt = m∗ , i.e. point attractors, giving single asymptotically
stable solutions for intermediate couplings.
3 < k < 3.57... give multiple solutions, perhaps identiﬁable as generations. As the
coupling k increases, previously stable solutions become unstable (repellors) while the
new bifurcation solutions become new stable states (attractors). Stable particles could
thus correspond to ﬁxed points (mt+1 = mt ) which are attractors while unstable particles
may correspond to ﬁxed points which are repellors.
3.57... < k < 4 ⇒ chaotic solutions, interspersed with inﬁnitely many narrow windows
of multiple solutions. This might be connected to the suggestion that nature is chaotic at
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Fig. 2 Schematic plot of generic bifurcation diagram, in our case Mass vs Distance from equilibrium, arising from spontaneous self-organization - with many complicated “forks” as we go
towards the right. As the distance from equilibrium increases, a multiplicity of stable states
typically become possible. Dashed lines indicate unstable states.

the basic fundamental level, but goes through self-ordering at higher (observable) levels
[28].
When the coupling decreases, we see that we get “uniﬁcation”, not necessarily of
forces , but of masses, implying that there exists only one charged and massless lepton as
k(αem , αs ) → 0. Furthermore, if the dynamics is governed by a GUT/String-like theory,
with only one primordial coupling parameter, quarks and leptons are the same (apart
from hitherto unexplained quantum numbers).
As 0 ≤ x ≤ 1 for the logistic equation, we see that elementary particles, in this simple
model, cannot have arbitrarily large masses, but that m ≤ 300 GeV. This would mean
that the top quark (x ∼ 1) is presumably the heaviest elementary particle that exists.

6.

Gauge bosons

If we assume the model in section 2 to also apply for gauge bosons, we see that only electromagnetism (quantum electrodynamics) has truly inﬁnite reach; as the photon carries
no charge it has no self-interaction and its physical mass remains zero.
The strong force (quantum chromodynamics) should disappear exponentially at sufﬁcient distances due to the non-zero eﬀective physical mass of its force carrier particles,
the gluons, due to their self-interactions. The range can be estimated by the non-massless
theory potential e−λmc/ /r, giving λcutof f  /mc. This gives for the gluon with bare mass
zero (preserving gauge-invariance in the lagrangian), but physical mass m(gluon) = 0,
the value λcutof f (QCD)  1 fm. This explains why QCD is only active within nuclei,
although the bare gluon mass m = 0 naively would give inﬁnite reach within the standard
model as its coupling to the Higgs is zero - despite what many think, this problem has
never been solved [29].
The very massive gauge bosons W ± and Z 0 evidently pose a problem. In our scheme
mW ∼ me and mZ ∼ mν , which of course is ruled out. There are other theoretical expectations however, which point at the possibility of W and Z being composite particles, in

Electronic Journal of Theoretical Physics 11, No. 30 (2014) 87–100

98

which case their intricate inner structure would set the mass scale [7], [8].
If we extrapolate outside the standard model to also include gravity, the mass of the
graviton, the hypothetical carrier of at least weak gravity [30], should be scale dependent.
The mass of a “soft” graviton would still be zero for all practical purposes, while the
mass of a highly energetic graviton should be proportional to its frequency due to selfinteraction with its own ﬁeld (as the “gravitational charge”, i.e mass, increases with
increasing energy). Gravity would then be described by a gauge theory similar to the
weak interaction (with massive spin-2 quanta instead of the spin-1 quanta of the weak
theory). As both the Fermi coupling constant GF and Newton’s gravitational constant
G have dimensions (mass)−2 in units where  = c = 1, it is not inconceivable that the
incorporation of massive intermediate ﬁeld quanta, where the mass is not put into the
lagrangian “by hand”, could render perturbative quantum gravity tractable, just as in
the case of the weak interaction. The diﬀerence being that the mass of the graviton
would be scale-dependent, whereas the W and Z in the standard model are taken to have
constant masses. (Actually, all quanta would be aﬀected in a similar way, as they all
carry “gravitational charge”, i.e., energy-momentum, possibly giving an eﬀective cut-oﬀ
to loop integrals, rendering all quantum ﬁeld theories ultraviolet ﬁnite.) This would alter,
in a dramatic way, the behaviour of gravity at short distances, giving an asymptotic
eﬀective coupling which tends to zero for very high energies, softening the ultraviolet
divergences. It would also give the right limiting behaviour of classical (very many soft,
low-energy gravitons) gravity, as only the “soft”, essentially massless, gravitons can escape
an appreciable distance to contribute to the long range gravitational ﬁeld. The eﬀective
(non-relativistic) gravitational potential would then be modiﬁed to something like
V ∼

e−m(ω)cr/
,
r

(16)

where m(ω) is the frequency dependent eﬀective mass of the graviton. It would possibly also modify the very long range classical behaviour of gravity, making it essentially
non-inﬁnite in reach, altering the long-range 1/r-dependence, in accordance with some
modiﬁcations proposed to explain galactic dynamics without “Dark Matter” and cosmological expansion without “Dark Energy”.

7.

Conclusions

We have seen that it might be possible to understand, both qualitatively and quantitatively, much of the fundamental particle spectrum in a pragmatic way, without turning
to untested “exotic” physics. We have not proven anything, but then again physics is not
about proofs but about correspondence with empirical facts. Still our scenario seems so
simple, natural and physically compelling that we believe it to probably contain at least
part of the real mechanism.
However, more reﬁned and sophisticated models of this kind are needed before anything conclusive can be said about this proposition, although we feel it is a step in the
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right direction to be able to actually derive masses from fundamental principles. As essentially nothing is known today about why elementary particle masses have the values
observed, each small step towards a resolution of this puzzle is worthwhile. The very ﬁrst
small steps towards the ideas presented in this article were described in [31].
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Abstract: We present spatially homogeneous and anisotropic Bianchi-type VI0 cosmological
models of the universe ﬁlled with dark energy in general theory of relativity. The Einstein’s ﬁeld
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1.

Introduction

Modern cosmology is concerned with nothing less than a thorough understanding and
explanation of past history, the present, and the future evolution of the universe. It
conventionally involve Einstein’s general theory of relativity for determination of the
gravitational ﬁeld in terms of geometrical relationships. There is a good observational
evidence that at our cosmological epoch the universe is fairly homogeneous on the large
scale and has been highly isotropic. The Friedmann-Robertson-Walker models are the
simplest models of the expanding universe which are spatially homogeneous and isotropic
where the source of the gravitational ﬁeld is most naturally considered to be a perfect
ﬂuid whose matter density ρ and pressure satisfy a equation of state of the form
p = ωρ
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where ω is the equation of state (EoS) parameter, not necessarily constant. The three
most common examples of the cosmological ﬂuids with constant ω are the dust (ω = 0),
radiation (ω = 13 ) and vacuum energy (ω = −1) that is mathematically equivalent to the
cosmological constant Λ. Israelet and Rosen [1 − 2] presented a singularity-free cosmological model for Robertson-Walker line-element using an equation of state in which the
pressure varies continuously from −p to its value during the radiation era (p = ρ3 ). They
have studied the evolution of the universe for pre-matter (p = −ρ), radiation-dominated
period and the matter dominated period. They have also described the transition between these periods. Carvalho [3] considered homogeneous and isotropic cosmological
models with zero curvature and presented a uniﬁed description of the early universe by
taking EoS parameter as function of the scale factor. Fluids with ω < − 13 are usually
considered in the context of dark energy (DE), since they give rise to accelerating expansion. Surveys of cosmologically distant SN Ia (Riess et al.[4]; Perlmutter et al.[5] have
indicated the presence of unaccounted dark energy that opposes the self-attraction of
matter and causes the expansion of the universe to accelerate. This acceleration is realized with negative pressure and positive energy density that violates the strong energy
condition. Other possible forms of DE include quintessence (ω > −1) (Steinhardt et al.
[6], phanton (ω < −1)(Caldwell [7] etc.).
The theoretical arguments suggest and observational data show that the universe was
anisotropic at the early stage. Bianchi space I-IX play important roles in constructing
models spatially homogeneous and anisotropic cosmologies for describing the early stages
of evolution of the universe. Here we conﬁne ourselves to models of Bianchi type-VI0 .
There is a large literature concerning Bianchi type-VI0 spaces which contain ﬂuids satisfying speciﬁc equation of state.
Berman [8], Berman and Gomide [9] proposed a law of variation for Hubble parameter within the context of Robertson-Walker space-time in general relativity that yields
constant deceleration (DP) parameter
q=−

aä2
ȧ2

(2)

where a is scale factor. In Berman’s law the deceleration parameter can get values q ≥ −1.
For accelerating expansion of the universe, we must have −1 ≤ q < 0. Many authors
have studied cosmological models using this law in the context of DE following the discovery of current acceleration of the universe. Abdussattar and Prajapati [10] obtained
a class of non-singular bouncing FRW models by constraing the deceleration parameter
in the presence of an interacting dark energy represented by a time varying cosmological
constant. The models, being geometrically closed, initially accelerate for a certain period
of time and decelerate thereafter and are also free from the entropy and cosmological
constant problem. Recently, Saha and Yadav [11] presented a spatially homogeneous
and anisotropic LRS Bianchi type-II dark energy model in general relativity. They have
obtained exact solutions of Einstein’s ﬁeld equations which for some suitable choices of
problem parameters yield time dependent EoS and DP parameters, representing a model
which generate a transition of universe from early decelerating phase to present accel-
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erating phase. They have also studied DE models with variable EoS parameter (Yadav
and Saha, [12]).
Motivated by these works, we obtain, in this paper, some dark energy isotropic cosmological models of Bianchi type-VI0 with constant and time-dependent EoS parameter.
The paper is organized as fallows: We write the metric and ﬁeld equations in Sect 2.
In Sect 3, we obtain the solutions of the ﬁeld equations. We also discuss the physical
behavior of the cosmological models with constant and time-dependent DP and EoS parameters. Finally the concluding remarks are given in Sect 4.

2.

Metric and Field Equations

We consider the spatially homogeneous and anisotropic space-time described by Bianchi
type VI0 in the form
ds2 = −dt2 + A2 dx2 + B 2 e−2mx dy 2 + C 2 e2mx dz 2

(3)

where A, B and C are the scale factors and are functions of cosmic time t, and m is a
non-zero constant.
The Einstein’s ﬁeld equations, in natural limits (8πG=c=1) are
1
Rμν − Rgμν = −Tμν
2

(4)

where Rμν is the Ricci tensor, R the scalar curvature and Tμν the energy-momentum
tensor of the matter, If the gravitational ﬁeld is generated by a perfect ﬂuid, the associated
energy-momentum tensor has the form
Tμν = (ρ + p)vμ vν + pgμν

(5)

where ρ is the energy density of the cosmic ﬂuid, p is the pressure and v μ is four velocity
vector.
In comoving coordinates v μ = (0, 0, 0, 1), the ﬁeld equations (4), together with (1),
yield the following independent equations
B̈ C̈ Ḃ Ċ m2
+ +
+ 2 = −ωρ,
B C BC
A

(6)

C̈ Ä Ċ Ȧ m2
= −ωρ,
+ +
−
C A CA A2

(7)

Ä B̈ ȦḂ m2
+ +
− 2 = −ωρ,
A B BC
A

(8)

ȦḂ Ḃ Ċ Ċ Ȧ m2
= ρ,
+
+
−
AB BC CA A2

(9)

Ḃ Ċ
− = 0,
B C

(10)
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where a dot denotes diﬀerentiation with respect to t. The matter, in general, will represent an anisotropic ﬂuid with time-lines as the ﬂow-lines of the ﬂuid. The kinematical
parameters the expansion scalar (θ) and shear scalar (σ) of the ﬂuid ﬂow are given by
Ȧ Ḃ Ċ
+ + ,
A B C


2
2
2
Ȧ
1
Ḃ
Ċ
θ2
+
+
.
σ2 =
−
2 A2 B 2 C 2
6
θ=

(11)

(12)

For the metric (3), the spatial volume V is given by
V = ABC.

(13)

The physical parameters such as directional Hubble’s parameters (H1 , H2 , H3 ), average
Hubble parameter H and the density parameter Ω are deﬁned by
H1 =

Ȧ
,
A

H2 =

Ḃ
,
B

H3 =

Ċ
,
C

1
(H1 + H2 + H3 ) ,
3
ρ
.
(14)
Ω=
3H 2
An important observational quantity in cosmology is the deceleration parameter q deﬁned
in (2). The sign of q indicates whether the model inﬂates or not. A positive sign of q
corresponds to the standard decelerating model whereas the negative sign of q indicates
inﬂation.
H=

3.

Solutions of Field Equations

Solving equation (10), we get
B=C

(15)

where the constant of integration can be absorbed in B or C. Using equation (15), the
ﬁeld equations (6) − (9) reduces to
2B̈ Ḃ 2 m2
+ 2 + 2 = −ωρ,
B
B
A

(16)

Ä B̈ ȦḂ m2
+ +
− 2 = −ωρ,
A B AB
A

(17)

2ȦḂ Ḃ 2 m2
(18)
+ 2 − 2 = −ρ.
AB
B
A
Thus equations (16) − (18) are three equations in four unknown A, B,ω and ρ. In order
to solve the above equations in the closed from, we use a physical condition that the
expansion scalar is proportional to shear scalar. According to Thorne [13] observations of
velocity redshift relation for extragalactic sources suggest that Hubble expansion of the
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universe is isotropic about 30% range approximately (Kantowski and Sachs [14], Kristion
and Sachs [15] and redshift studies place the limit Hσ ≤ 0.30, Collins [16] discussed the
physical signiﬁcance of this condition for perfect ﬂuid and barotropic equation of state in
a more general case. Roy and Prakash [17], Roy and Banerjee [18], Bali and Singh [19]
have proposed this condition to ﬁnd exact solution of cosmological models. Thus, we use
the conditions either B = An or A = B n , where n is a constant.
3.1

Solutions when B = An

When B = An , we obtain from (13) that
A=V

1
2n+1

,

B=V

n
2n+1

(19)

Subtraction of equation (17) from equation (16) gives
B̈ Ä Ḃ 2 ȦḂ 2m2
−
− +
+ 2 =0
B A B 2 AB
A

(20)

Inserting A and B from (19) into (20) we obtain the diﬀerential equation for V in the
form
2m2 (2n + 1) 2n−1
(21)
V 2n+1
V̈ =
1−n
with the solution in the quadrature

dV
m(2n + 1)t
(22)
= 
4n
n(1 − n)
V 2n+1 + C
where C is an constant of integration. This equation (22) imposes some restriction on
the choice of n, namely 0 < n < 1. It is diﬃcult to ﬁnd the solution of the integral (22)in
exact form. So, in order to solve the problem completely, we have to choose either C or
n in such a manner that (22) becomes integrable.

3.1.1

When C = 0

Equation (22) has the solution
V =

m


n(1 − n)

!2n+1
(t + c1 )2n+1

(23)

where c1 is an arbitrary constant. The metric functions A and B are therefore given by
m
(t + c1 ),
A= 
(24)
n(1 − n)
!n
m
(t + c1 )n .
(25)
B= 
n(1 − n)
The metric of our solution can be written in the form
ds2 = −dt2 +

m2
m2n
T 2n (e−2mx dy 2 + e2mx dz 2 )
T 2 dx2 + n
n(1 − n)
n (1 − n)n

(26)
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where T = t + c1 .
For the metric (26), we ﬁnd that
ρ=

n(2n + 1)
,
T2

(27)

1 − 2n
,
1 + 2n
2n
,
q=−
2n + 1
2n + 1
,
θ=
T
1−n
σ= √ .
3T
ω=

(28)
(29)
(30)
(31)

We observe that for n = 12 , ω = 0 which corresponds to dust ﬁlled model of the universe.
When 0 < n < 12 , ω > 0 and so we have a perfect ﬂuid ﬁlled universe with accelerated
expansion. The EoS parameter ω is negative for 12 < n < 1, which corresponds to a
dark energy model. At T = 0 the spatial volume vanishes while all other parameters
diverge. Thus the model has a point type singularity at T = 0. All physical parameters
are decreasing functions of T , and ultimately tend to zero for large T . Since σθ is constant,
anisotropy is maintained through the passage of time T .

3.1.2

When C = 0

Equation (22) is integrable for a suitable choice of n which will give a time-dependent
DP. The motivation for time-dependent DP is behind the fact that the universe has
accelerated expansion at present as observed in recent observation of Type Ia supernova.
For a nontrivial solution of equation (22), We choose n = 12 , Then equation (22) becomes

dV
√
= 4mt.
(32)
V +C
Equation (32) has the solution given by
V = 4m2 t2 + 2βt + γ

(33)

where β and γ are arbitrary constants. From equations (19) and (33), we obtain
1

A = (4m2 t2 + 2βt + γ) 2 ,
1

B = (4m2 t2 + 2βt + γ) 4 .

(34)
(35)

The physical parameters such as directional Hubble’s parameters, average Hubble parameter,expansion scalar and scale factor a are, respectively given by
H1 =

4m2 t + β
,
4m2 t2 + 2βt + γ

(36)
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H2 = H3 =
H=

4m2 t + β
,
2(4m2 t2 + 2βt + γ)
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(37)

2(4m2 t + β)
,
3(4m2 t2 + 2βt + γ)

(38)

2(4m2 t + β)
,
4m2 t2 + 2βt + γ

(39)

4m2 t + β
,
3(4m2 t2 + 2βt + γ)

(40)

θ=
σ=√

1

a = (4m2 t2 + 2βt + γ) 3 .

(41)

The deceleration parameter q has the value given by
q=

−8m2 (4m2 t2 + 2βt + γ)
.
(8m2 t + 2β)2

(42)

In view of equations (33) and (42), q is always negative. The energy density of cosmic
ﬂuid, EoS parameter and density parameter Ω are found to be
(8m2 t + 2β)2 + (β 2 − 4m2 γ)
,
ρ=
4(4m2 t2 + 2βt + γ)2

(43)

−5(4m2 γ − β 2 )
,
(8m2 t + 2β)2 − (4m2 γ − β 2 )

(44)

3 (8m2 t + 2β)2 + (β 2 − 4m2 γ)
.
16
(4m2 t + β)2

(45)

ω=
Ω=

2

β
The EoS parameter ω is negative if γ > 4m
2 . If this condition holds, the model has no
ﬁnite singularity. In this case, we obtain a non-singular dark energy model of the current
β2
accelerated expansion universe. If γ < 4m
2 , ω > 0 which leads to an accelerating perfect
ﬂuid model of the universe. The physical and kinematical behaviors of this models are
same as (26).

4.

Conclusion

In this paper, we have constructed Bianchi type-VI0 cosmological models with dark energy under the assumption that the shear scalar is proportional to the expansion scalar.
We have followed the procedure of Saha and Yadav (2012) for solving Einstein’s ﬁeld
equations. Under some speciﬁc choice of problem parameters the present consideration
yields constant and variable DP and EoS parameters. In the case of constant DP and
EoS parameters we have obtained a dark energy cosmological model with singularity at
the initial time, whereas the model with variable DP and EoS parameters has no ﬁnite
singularity. In both types of models anisotropy is maintained throughout the passage
of time. From the theoretical perspective the present models can be viable models to
explain the late time acceleration of the universe.
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Abstract: The evolution of the equation of state (EoS) parameter for dark energy (DE) within
the scope of a spatially homogeneous and isotropic Friedmann-Robertson-Walker (FRW) model
ﬁlled with barotropic ﬂuid and dark energy is examined. To get the deterministic solution
we choose the scale factor a(t) = − 1t + t2 , t > 1 which yields a time dependent deceleration
" 3 #2
parameter (DP) q = −2 2tt 3−1
, representing a model which generates an accelerating phase
+1
at the present epoch. We consider the two cases of an interacting and non-interacting two-ﬂuid
(barotropic and dark energy) scenario and obtained exact solution. It is observed that in both
interacting and non-interacting cases, EoS parameter for DE is decreasing function of time and
always varying in quintessence region for all open, closed and ﬂat models. The cosmic jerk
parameter in our derived models is also found to be in good agreement with the recent data
of astrophysical observations under suitable conditions. The physical aspects of the model and
stability of the corresponding solutions are also discussed.
c Electronic Journal of Theoretical Physics. All rights reserved.

Keywords: FRW Universe; Dark Energy; Variable Deceleration Parameter
PACS (2010): 98.80.Es, 98.80-k, 95.36.+x

1.

Introduction

It is now well-accepted in astrophysics that the observable universe is in a phase of rapid
expansion whose rate of expansion is increasing, so called ‘accelerated expansion. This
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phenomenon is commonly termed as ‘dark energy (DE) in the literature, and suggests
that a cosmic dark ﬂuid possessing negative pressure and positive energy density. Although the phenomenon of dark energy in cosmic history is very recent z ≈ 0.7, it has
opened new areas in cosmology research. There is good evidence that a mysterious form
of dark energy accounts for about two-third of matter and energy in the Universe. The
direct evidence comes from distance measurements of type Ia Supernovae (SNe Ia) as
standard candles which indicate the expansion of the universe is speeding up, not slowing
down [1]−[4]. In addition, measurements of microwave background radiation [5] and the
galaxy power spectrum [6], Sloan Digital Sky Survey [7, 8], WMAP [9] and Chandra Xray observatory [10] also indicate the existence of dark energy. These observations have
reopened the quest for the cosmological constant which was introduced by Einstein [11] in
1917, but later abandoned in 1931 and infamously cited as his greatest blunder [12]. The
simplest candidate for the dark energy is the energy density of the quantum vacuum (or
cosmological constant) for which p = −ρ. However, the inability of particle theories to
compute the energy of the quantum vacuum - contributions from well understood physics
amount to 1055 times critical density − casts a dark shadows on the cosmological constant
[13]. For recent review, the readers are advised to see the references of Padmanabhan
[14], Jassal et al. [15], Copeland et al. [16], Perivolaropoulos [17] and Mia et al. [18].
The idea of a late time accelerating universe is usually associated with unknown physical processes necessitating either new ﬁelds in high energy physics or modiﬁcations of
gravity on very large scales. In following the former route, the predominant concept
nowadays is the existence of a new component with suﬃciently negative pressure, named
dark energy [14, 19, 20], which is fully characterized by its equation of state (EoS),
ω(t) = pD (t)/ρD (t), where pD (t) and ρD (t) are, respectively, the dark component pressure and energy density. The value ω = −1 characterizes the vacuum energy (Λ), which
is conceptually the simplest model (ΛCDM). Although these scenarios constitute a kind
of benchmark model in the analysis of observational data, the large discrepancy between
the theoretically predicted and “observed” values of Λ has incited the study of dynamical
dark energy (DDE) models. In this case, Λ is treated as a dynamical quantity, whereas
its constant EoS, ω = −1, is preserved. This includes, among others, models based
on renormalization group running Λ [21]−[24] and vacuum decay [25]−[28]. Other DE
models, in which the potential energy density associated with a dynamical scalar ﬁeld
(φ) dominates the dynamics of the low-redshift Universe, have also been extensively discussed in the current literature (see, e.g., Ratra & Peebles [29]; Wetterich [30]; Caldwell
et al. [31]). The EoS parameter in this class of models is necessarily a function of time
and may take values > −1 [quintessence] or < −1 [phantom] (Caldwell [32]; Faraoni [33];
Alcaniz [34]). In this regard, it is still worth mentioning that some recent observational
analysis [35], implying that a transition from ω > −1 to ω < −1 might have happened at
low redshifts, have also insisted the development of models with a Λ boundary crossing
(Nojiri & Odintsov [36]; Feng et al. [37]; Stefancic [38, 39]). The Quintom dark energy
is a proposal that explains that the recent observations that mildly favor the EoS energy
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ω crossing −1 near the past. An interacting two-ﬂuid scenario for quintom dark energy
was investigate by Xin [40].
The cosmological evolution of a two-ﬁeld dilation model of dark energy was investigated by Liang et al. [41]. The viscous dark tachyon cosmology in interacting and
non-interacting cases in non-ﬂat FRW Universe was studied by Setare et al. [42]. Recently, several authors [43]−[54] have studied dark energy models in diﬀerent context. In
this paper we study the evolution of the dark energy parameter within the framework of
a FRW cosmological model ﬁlled with two ﬂuids (barotropic and dark energy) by considering the scale factor a(t) = − 1t + t2 (t > 1) and obtained more interesting results.
The cosmological implications of this two-ﬂuid scenario will be discussed in detail in this
paper for both non-interacting and interacting cases. The out line of the paper is as
follows: In Sect. 2, the metric and the basic equations are described. Sections 3 and 5
deal with non-interacting and interacting two-ﬂuid models respectively and their physical
signiﬁcances. The cosmic jerk parameter is discussed in Sect. 4. Physical acceptability
and the stability of corresponding solutions are analyzed in Sect. 6. Finally, conclusions
are summarized in the last Sect. 7.

2.

The Metric and Field Equations

We consider the spherically symmetric Friedmann-Robertson-Walker (FRW) metric as


dr2
2
2
2
2
2
+ r dΩ .
ds = −dt + a (t)
(1)
1 − kr2
Here a(t) is the scale factor and the curvature constants k are −1, 0, +1 for open, ﬂat
and closed models of the universe respectively, and dΩ2 = dθ2 + sin2 θdφ2 , where r, θ and
φ are comoving coordinates.
The Einstein’s ﬁeld equations (with 8πG = 1 and c = 1) read as
1
Rij − Rδij = −Tij ,
2

(2)

where the symbols have their usual meaning and Tij is the two ﬂuid energy-momentum
tensor consisting of dark ﬁeld and barotropic ﬂuid.
In a co-moving coordinate system, Einstein’s ﬁeld equations (2) for the line element
(1) lead to
ä ȧ2
k
(3)
ptot = − 2 + 2 + 2 ,
a a
a
and
ρtot = 3

ȧ2
k
+ 2
2
a
a

,

(4)
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where ptot = pm +pD and ρtot = ρm +ρD . Here pm and ρm are pressure and energy density
of barotropic ﬂuid and pD & ρD are pressure and energy density of dark ﬂuid respectively.
j
= 0 which yields
The Bianchi identity Gji;j = 0 leads to Ti;j

ȧ
ρ̇tot + 3 (ρtot + ptot ) = 0.
a

(5)

The EoS of the barotropic ﬂuid and dark ﬁeld are given by
ωm =

pm
,
ρm

(6)

ωD =

pD
,
ρD

(7)

and

respectively.

3.

Non-interacting Two-Fluid Model

First, we consider that two-ﬂuid do not interact with each other. Therefore, the general
form of conservation equation (5) leads us to write the conservation equation for the dark
and barotropic ﬂuid separately as,

and

ȧ
ρ̇m + 3 (ρm + pm ) = 0,
a

(8)

ȧ
ρ̇D + 3 (ρD + pD ) = 0.
a

(9)

ρm = ρ0 a−3(1+ωm ) ,

(10)

Integration of (5) leads to

where ρ0 is an integrating constant. By using Eq. (10) in Eqs. (3) and (4), we ﬁrst
obtain the ρD and pD in term of scale factor a(t)
ρD = 3
and

ȧ2
k
+
a2 a2

ä ȧ2
k
pD = − 2 + 2 + 2
a a
a

− ρ0 a−3(1+ωm ) .

− ρ0 ωm a−3(1+ωm ) .

(11)

(12)

The understanding of the global evolution of the observationally conformable universe,
mathematically encoded in the dynamics of its scale factor a, is of utmost importance in
explaining practically all cosmological phenomena. One of the most intriguing aspects
of this evolution is the recently established late-time transition from a decelerated to an
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Fig. 1 The plot of EoS parameter ωD vs. t
for ρ0 = 1 and ωm = 0.5 in non-interacting
two-ﬂuid model

Fig. 2 The plot of ρm and pm vs. t for
ρ0 = 1 and ωm = 0.5 in non-interacting twoﬂuid model

Fig. 3 The plot of ρD vs. t for ρ0 = 1 and
ωm = 0.5 in non-interacting two-ﬂuid model

Fig. 4 The plot of pD vs. t for ρ0 = 1 and
ωm = 0.5 in non-interacting two-ﬂuid model

accelerating regime of the expansion of the Universe. Now we take following ansatz for
the scale factor, where increase in term of time evolution
1
a(t) = − + t2 , t > 1.
(13)
t
Recently, the ansatz (13) is used by Pradhan [55] in studying accelerating dark energy
models with anisotropic ﬂuid in Bianchi type-V I0 space-time. The relation (13) is also
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used by Pradhan et al. [56] to study Bianchi type-I cosmological models in scalar-tensor
theory of gravitation. The motivation to choose such scale factor is behind the fact
that the universe is accelerated expansion at present and decelerated expansion in the
past. Also, the transition redshift from deceleration expansion to accelerated expansion
is about 0.5. So, in general, the DP is not a constant but time variable. By the above
choice of scale factor yields a time dependent DP.
By using this scale factor in Eqs. (11) and (12), the ρD and pD are obtained as


3
1
(1 + 2t3 )2
2
ρD = 3
+ kt − ρ0 (− + t2 )−3(1+ωm ) ,
(14)
2
2
(t − 1)
t
t
and

 3 3

1
1
4t (2t − 1) + 5
2
+ kt − ρ0 ωm (− + t2 )−3(1+ωm ) ,
pD = − 3
2
2
(t − 1)
t
t

(15)

respectively. By using Eqs. (14) and (15) in Eq. (7), we ﬁnd the equation of state of
dark ﬁeld in term of time as
$ 3 3
%
⎧
⎫
4t (2t −1)+5
1
1
2
2 −3(1+ωm ) ⎬
⎨ (t3 −1)
+
kt
ω
(−
+
t
)
+
ρ
0 m
2
t2
t
$
%
ωD = −
.
(16)
(1+2t3 )2
3
⎩
⎭
+ kt2 − ρ (− 1 + t2 )−3(1+ωm )
(t3 −1)2

t2

0

t

The behavior of EoS for dark energy in term of cosmic time t is shown in Fig. 1. It
is observed that for open, closed and ﬂat universes, the EoS parameter of DE ωD is a
decreasing function of time and always varying in quintessence region. The rapidity of
its decrease at the early stage depends on the type the universe, while later on it tends
to the same constant value independent to the types of universe.
The expressions for the matter-energy density Ωm and dark-energy density ΩD are
given by
ρm
t2 (t3 − 1)2
1
=
ρ0 (− + t2 )−3(1+ωm ) ,
(17)
Ωm =
2
3
2
3H
3(1 + 2t )
t
and
ΩD =

ρD
kt4
t2 (t3 − 1)2
1
=
1
+
−
ρ0 (− + t2 )−3(1+ωm )
2
3
2
3
2
3H
(1 + 2t )
3(1 + 2t )
t

(18)

respectively. Adding Eqs. (17) and (18), we obtain density parameter
Ω = Ωm + Ω D = 1 +

kt4
.
(1 + 2t3 )2

(19)

The behavior of ρm and pm in terms of cosmic time t are shown in Fig. 2. Both are positive decreasing function of time and converges to zero for suﬃciently large times. Figure
3 depicts the variation of energy density of dark ﬂuid ρD versus t. Here, we observe that
ρD decreases as time increases in all the three open, closed and ﬂat universes. Figure 4
depicts pressure pD for dark ﬂuid versus t. It is observed that pD is always negative in
all open, closed and ﬂat universes and ﬁnally tends to zero as expected. It is worth to
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mention that since at t = 1, the scale factor a, total energy density ρ, and pressure p tend
to inﬁnity, one may consider this point as the analogous of the Big Bang in this model.
From the right hand side of Eq. (19), it is clear that in ﬂat universe (k = 0), Ω = 1
and in open universe (k = −1), Ω < 1 and in closed universe (k = +1), Ω > 1. But at
late time we see for all ﬂat, open and closed universes Ω → 1. This result is compatible
with the observational results. Since our model predicts a ﬂat universe for large times
and the present-day universe is very close to ﬂat, the derived model is also compatible
with the observational results. The variation of density parameter with cosmic time has
been shown in Fig. 5.
We deﬁne the deceleration parameter q as usual, i.e.

Fig. 5 The plot of density parameter Ω vs.
t in non-interacting two-ﬂuid model

q=−

Fig. 6 The plot of deceleration parameter q
vs. t

äa
ä
=−
.
2
ȧ
aH 2

(20)

Using Eqs. (3) and (4), we may rewrite Eq. (20) as
q=

1
[ρm (1 + 3ωm ) + ρD (1 + 3ωD )] .
6H 2

(21)

On the other hand, using Eq. (13) into Eq. (20), we ﬁnd
q = −2

t3 − 1
2t3 + 1

2

.

(22)

Figure 6 is the plot of deceleration parameter q versus time t. From this ﬁgure we observe
that q is always negative showing that the universe is accelerating at present epoch.
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4.

Cosmic Jerk Parameter

A convenient method to describe models close to Λ CDM is based on the cosmic jerk
parameter j, a dimensionless third derivative of the scale factor with respect to the
cosmic time. A deceleration-to-acceleration transition occurs for models with a positive
value of j0 and negative q0 . Flat Λ CDM models have a constant jerk j = 1. The jerk
parameter in cosmology is deﬁned as the dimensionless third derivative of the scale factor
with respect to cosmic time
1 ä˙
j(t) = 3 .
(23)
H a
and in terms of the scale factor to cosmic time


(a2 H 2 )
j(t) =
.
2H 2

(24)

where the ‘dots’ and ‘primes’ denote derivatives with respect to cosmic time and scale
factor, respectively. The jerk parameter appears in the fourth term of a Taylor expansion
of the scale factor around a0
1
1
a(t)
= 1 + H0 (t − t0 ) − q0 H02 (t − t0 )2 + j0 H03 (t − t0 )3 + O (t − t0 )4 ,
a0
2
6

(25)

where the subscript 0 shows the present value. One can rewrite Eq. (23) as
q̇
.
H

(26)

(t3 − 1)2
.
(2t3 + 1)3

(27)

j(t) = q + 2q 2 −
Eqs. (22) and (26) reduce to
j(t) = 6

This value overlaps with the value j  2.16 obtained from the combination of three
kinematical data sets: the gold sample of type Ia supernovae (Riess et al. [57]), the SNIa
data from the SNLS project (Astier et al. [58]), and the X-ray galaxy cluster distance
measurements (Rapetti et al. [59]) at t  0.5 but as we have already mentioned our
special choose of the scale factor restricts time t to be greater than 1. However, for t > 1,
j is always less than 1 which is in agreement with the results given in Ref [60] in which
it has been approved that for ω > −1, the jerk parameter should be less than 1.

5.

Interacting Two-Fluid Model

In this section, we consider the interaction between dark and barotropic ﬂuids. For this
purpose we can write the continuity equations for dark ﬂuid and barotropic ﬂuids as
ȧ
ρ̇m + 3 (ρm + pm ) = Q,
a

(28)
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Fig. 7 The plot of ρD a Vs. t for ρ0 = 1,
ωm = 0.5 and σ = 0.3 in interacting twoﬂuid model
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Fig. 8 The plot of pD a Vs. t for ρ0 = 1,
ωm = 0.5 and σ = 0.3 in interacting twoﬂuid model

and
ȧ
ρ̇D + 3 (ρD + pD ) = −Q.
a

(29)

The quantity Q expresses the interaction between the dark components. Since we are
interested in an energy transfer from the dark energy to dark matter, we consider Q > 0.
Q > 0 ensures that the second law of thermodynamics stands fulﬁlled [61]. Here we
emphasize that the continuity Eqs. (28) and (29) imply that the interaction term (Q)
should be proportional to a quantity with units of inverse of time i.e Q ∝ 1t . Therefore,
a ﬁrst and natural candidate can be the Hubble factor H multiplied with the energy
density. Following Amendola et al. [62] and Gou et al. [63], we consider
Q = 3Hσρm ,

(30)

where σ is a coupling constant. Using Eq. (30) in Eq. (28) and after integrating the
resulting equation, we obtain
ρm = ρ0 a−3(1+ωm −σ) .

(31)

By using Eq. (31) in Eqs. (3) and (4), we again obtain the ρD and pD in term of scale
factor a(t).
ȧ2
k
ρD = 3
+ 2 − ρ0 a−3(1+ωm −σ) ,
(32)
2
a
a
and

ä ȧ2
k
pD = − 2 + 2 + 2
a a
a

− ρ0 ωm a−3(1+ωm −σ) ,

(33)
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Fig. 9 The plot of EoS parameter ωD vs. t
for ρ0 = 1, ωm = 0.5 and σ = 0.3 in interacting two-ﬂuid model

Fig. 10 The plot of sound speed υs vs. t for
non-interacting two-ﬂuid scenario

respectively. Putting the value of a(t) from Eq. (13) in Eqs. (32) and (33), we obtain


3
1
(1 + 2t3 )2
2
+ kt − ρ0 (− + t2 )−3(1+ωm −σ) ,
(34)
ρD = 3
2
2
(t − 1)
t
t
and

 3 3

1
1
4t (2t − 1) + 5
2
+ kt − ρ0 ωm (− + t2 )−3(1+ωm −σ) ,
pD = − 3
2
2
(t − 1)
t
t

(35)

respectively. Using Eqs. (34) and (35) in Eq. (7), we can ﬁnd the EoS parameter of dark
ﬁeld as
$ 3 3
%
⎤
⎡
4t (2t −1)+5
1
1
2
2 −3(1+ωm −σ)
+
kt
ω
(−
+
t
)
+
ρ
0
m
3
2
2
(t −1)
t
t
⎦.
$
%
ωD = − ⎣
(36)
3
2
(1+2t )
3
1
2
2
−3(1+ω
−σ)
m
+
kt
(−
+
t
)
−
ρ
0
3
2
2
(t −1)
t
t
Figure 7 depicts the variation of energy density of dark ﬂuid ρD versus t. Here, we observe
that ρD decreases as time increases in all the three open, closed and ﬂat universes. Figure
8 depicts pressure pD for dark ﬂuid versus t. It is observed that pD is always negative in
all open, closed and ﬂat universes and ﬁnally tends to zero as expected.
The behavior of EoS in term of cosmic time t is shown in Fig. 9. It is observed that
like the minimal coupling case, the EoS parameter is a decreasing function of time and
always varying in quintessence region for all closed, open and ﬂat universes, the rapidity
of its decrease at the early stage depends on the type of universe. At the later stage of
evolution it tends to the same constant value independent to the types of the universe.
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Fig. 11 The plot of sound speed υs vs. t for
interacting two-ﬂuid scenario

Fig. 12 The plot of energy conditions vs. t
in non-interacting two-ﬂuid model

Fig. 13 The plot of energy conditions vs. t
in non-interacting two-ﬂuid model

Fig. 14 The plot of energy conditions vs. t
in non-interacting two-ﬂuid model

The expressions for the matter-energy density Ωm and dark-energy density ΩD are
given by
ρm
t2 (t3 − 1)2
1
Ωm =
=
ρ0 (− + t2 )−3(1+ωm −σ) ,
(37)
2
3
2
3H
3(1 + 2t )
t
and
ΩD =

ρD
kt4
t2 (t3 − 1)2
1
=
1
+
−
ρ0 (− + t2 )−3(1+ωm −σ)
2
3
2
3
2
3H
(1 + 2t )
3(1 + 2t )
t

(38)
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Fig. 15 The plot of energy conditions vs. t
in interacting two-ﬂuid model

Fig. 16 The plot of energy conditions vs. t
in interacting two-ﬂuid model

Fig. 17 The plot of energy conditions vs. t in interacting two-ﬂuid model

respectively. From Eqs. (37) and (38), we obtain
Ω = Ωm + Ω D = 1 +

kt4
,
(1 + 2t3 )2

(39)

which is the same as Eq. (19). Therefore, we observe that in interacting case the density
parameter has the same properties as in non-interacting case. The expressions for deceleration parameter and jerk parameter are also same as in the case of non-interacting case.
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Studying the interaction between the dark energy and ordinary matter will open a
possibility of detecting the dark energy. It should be pointed out that evidence was
recently provided by the Abell Cluster A586 in support of the interaction between dark
energy and dark matter [64, 65].

6.

Physical acceptability and stability of solutions

For the stability of corresponding solutions in both non-interacting and interacting models, we should check that our models are physically acceptable. For this, ﬁrstly it is
required that the
of sound should be less than velocity of light i.e. within the
" velocity
#
dp
range 0 ≤ υs = dρ ≤ 1.
In our non-interacting and interacting models, we obtained the sound speeds as
6(

υs =

dp
=
dρ

−

and
6(

υs =

4t3 (2t3 −1)+5
+kt2 )t2
t2
3
3
(t −1)

18(

−

−

(1+2t3 )2
+kt2 )t2
t2
(t3 −1)3

4t3 (2t3 −1)+5
+kt2 )t2
t2
3
3
(t −1)

18(

12t2 (2t3 −1)+24t5
2(4t3 (2t3 −1)+5)
−
+2kt
t2
t3
(t3 −1)2

−

+

2(1+2t3 )2 +2kt
)
t3

3(12+24t3 −
(t3 −1)2

+

+

2(1+2t3 )2 +2kt
)
t3

3(12+24t3 −
(t3 −1)2

+

1
+2t)
t2
1
(− t +t2 )5.5

2.25(

1
+2t)
t2
(− 1t +t2 )5.5

4.5(

12t2 (2t3 −1)+24t5
2(4t3 (2t3 −1)+5)
−
+2kt
t2
t3
(t3 −1)2

(1+2t3 )2
+kt2 )t2
t2
3
(t −1)3

+

+

1
+2t)
t2
1
(− t +t2 )4.6

(40)

0.72(

1
+2t)
t2
1
(− t +t2 )4.6

3.6(

(41)

respectively. In both cases we observe that υs < 1. From Figs. 10 & 11, we observe that
in both non-interacting and interacting cases υs < 1.
Secondly, the weak energy conditions (WEC) and dominant energy conditions (DEC)
are given by
(i) ρef f ≥ 0,

(ii) ρef f − pef f ≥ 0

and

(iii) ρef f + pef f ≥ 0.

The strong energy conditions (SEC) are given by ρef f + 3pef f ≥ 0.
Figures 12 − 14 depict the variation of L.H.S. of WEC, DEC and SEC versus t for
closed, open and ﬂat models of the universe for non-interacting two-ﬂuid scenario. Figures 15 − 17 depict the variation of L.H.S. of WEC, DEC and SEC versus t for closed,
open and ﬂat models of the universe for interacting two-ﬂuid scenario.
From the Figs. 12 − 17, we observe that
• The WEC and DEC for the closed universe in both non-interacting and interacting
cases are satisﬁed.
• In both open and ﬂat models, the WEC and DEC are satisﬁed throughout the entire
evolution of the universe.
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• The SEC for both non-interacting and interacting cases is violated in early stages of
the evolution of the universe whereas it satisﬁes at present epoch for all three open,
closed and ﬂat models.
Therefore, on the basis of above discussions and analysis, our corresponding solutions are
physically acceptable.
A rigorous analysis on the stability of the corresponding solutions can be done by
invoking a perturbative approach. Perturbations of the ﬁelds of a gravitational system
against the background evolutionary solution should be checked to ensure the stability of
the exact or approximated background solution [66]. Now we will study the stability of
the background solution with respect to perturbations of the metric. Perturbations will
be considered for all three expansion factors ai via
ai → aBi + δai = aBi (1 + δbi )

(42)

We will focus on the variables δbi instead of δai from now on for convenience. Therefore,
the perturbations of the volume scale factor VB = Π3i=1 ai , directional Hubble factors
V̇
θi = aa˙ii and the mean Hubble factor θ = 3i=3 θ3i = 3V
can be shown to be


1
V → VB + VB
δbi , θi → θBi +
δbi , θ → θB +
δbi
(43)
3
i
i
i
One can show that the metric perturbations δbi , to the linear order in δbi , obey the
following equations


δ b¨i + 2
θBi δ b˙i = 0,
(44)
i

δ b¨i +

V̇B ˙  ˙
δ bi +
δ bj θBi = 0,
VB
j

δ b˙i = 0.

(45)
(46)

From above three equations, we can easily ﬁnd
V̇B ˙
δ bi = 0,
VB
where VB is the background volume scale factor. In our case, VB is given by
δ b¨i +

V B = t6 .

(47)

(48)

Using above equation in equation (47) and after integration we get
δbi = ci t−5 ,

(49)

where ci is an integration constant. Therefore, the “actual“ ﬂuctuations for each expansion factor δai = aBi δbi is given by
δai → ci t−3 ,

(50)

where aBi → t2 . From above equation it is obvious that δai approaches zero as t → ∞.
Consequently, the background solution is stable against the perturbation of the graviton
ﬁeld.
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Concluding Remarks

In this paper we have investigated the role of two ﬂuid either minimally or directly coupled
in the evolution of the dark energy parameter. It is found that in both non-interacting
and interacting cases EoS parameter is a decreasing function of time and for ﬂat, open
and closed universes always varying in quintessence region. The rapidity of its decrease
at the early stage depends on the type of universe. But at the later stage of evolution it
tends to the same constant value independent to the types of the universe.
To get an accelerating model of the universe at present epoch, we have proposed a
special scale factor which is given by Eq. (13). This special choice of scale factor yields
a time dependent deceleration parameter ( see Eq. (22)). The cosmic jerk parameter
in our derived models is also found to be in good agreement with the recent data of
astrophysical observations namely the gold sample of type Ia supernovae [57], the SNIa
data from the SNLS project [58] and the X-ray galaxy cluster distance measurements [59].
Our proposed solutions are physically stable and acceptable. Thus, the solutions
obtained in this paper may be useful for better understanding of the characteristic of DE
in the evolution of universe within the framework of FRW.
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