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i

Happy New Year 2013
EJTP 28 ISSUE, an Invitation to reading
Dear Reader,
After a short interval EJTP comes back with an issue which can be considered the ideal
continuation of the previous one. A short issue, a rigorous selection process and as an
outcome a bunch of high conceptually dense papers some of which are greatly beautiful
from the formal viewpoint.
Ali Shojaei-Fard ( Potsdam) rethinks the “Quantum Equation Motion” in the light of
non-commutative and non-perturbative geometries, as a further conﬁrmation that the
traditional concepts get a new meaning under the action of the latest mathematical
tools; Charles Francis (Oxford) tries to build a bridge between Quantum Mechanics and
Quantum Field Theory by looking for a shared logic structure. I take the liberty to quote
here a passage which will clarify the author idea:
“In the present treatment quantum properties are understood to arise precisely because
space does not appear as a fundamental physical concept. Measurement results are seen
as relationships between the matter (or radiation) under study and reference matter used
to deﬁned the measurement”.
We can smell here the scent of a new season for the interpretation of Quantum Mechanics
under the aegis of Quantum Field Theory.
In his paper Koustubh Ajit Supriya Kabe ( Mumbai) proposes a “statistic” way to describe the passage from micro to macro in the Theory of Loop deﬁning a condensed
geometry.
Ivan I. Iliev (Soﬁa) gives a panoramic vision on the hydrogen atom physics and one of
the most charming object of the “spheres mathematics”: the Riemann zed function. The
hydrogen has been the keystone of atomic physics, will maybe the Riemann function be
a guide for some fundamental aspects of the physic world?
George Triantaphyllou (Athens) presents his elegant “mirror world” theory based on
E8 group, which uniﬁes gauge with gravitational interactions and suggests an original
solution to the problem of the genesis of masses.
Classical, but not less demanding problems are in the works by Mahmoud A. A. Sbaih,
Moeen KH. Srour, M. S. Hamada and H. M. Fayad( Gaza) on the SU(4) group representation and Pauli matrices; Navjot Hothi and Shuchi Bisht (Kumaun University, India)
put String Theory to the test in its roots: hadronic physics. Anil Kumar Yadav (Anand
College, India) keep on their systematic exploration of cosmological models with variable
Lambda.
Being stick to the idea that Physics is what physicists do (late at night!) we close the
issue with a beautiful econophysics paper by Lamine M. Dieng ( NY) on the unifying
power of quantum mechanics language in the study of stochastic processes and one by
Michail Zak on the necessity to complexify the concept of information in physics, and
especially to describe living organisms.
As usual this EJTP issue is the outcome of the Editorial Board collective eﬀort, made

ii
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by intense arguing, diﬀerent competences and ways to consider problems and tendencies,
but all united by the same passion for Physics.
The acknowledgements give here way to the memory of a great friend and a master
Marcello Cini Florence, July, 29 1923 - Roma, October 22, 2012). We had the honour to
get him as our author twice (”Particle Interference without Waves EJTP EJTP Volume
3, Issue 13 (2006), Mental and Physical Objects in Quantum Mechanics: Any Lessons for
other Disciplines?” EJTP Volume 4, Issue 15 (2007), he was also awarded with Majorana
Medal with Lee Smolin and Eliano Pessa. I remember that Marcello was skeptical because
he had never published in an online journal before. We would say, paraphrasing Einstein
when his friend Michelangelo Besso died: ”That means nothing. People like us, who
believe in physics, know that the distinction between past, present and future is only a
stubbornly persistent illusion”.
But it would not sound convincing, because we miss Marcello!
Ignazio Licata

EJTP 10, No. 28 (2013) 1–8
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Introduction
When Connes and Kreimer could discover a connection between renormalizable Quantum Field Theory and the Riemann-Hilbert problem in the context of the renormalization
Hopf algebra of Feynman diagrams, some new advanced approaches to non-perturbative
Quantum Field Theory have been addressed which can be classiﬁed in two general separate frameworks.
According to the ﬁrst framework which is nicely formulated by Connes and Marcolli
[5, 6], there is a method for the consideration of non-perturbative theory underlying the
Riemann-Hilbert problem where we should apply the techniques of summation of divergent series modulo functions with exponential decrease of a certain order. This method
which is called Borel summability provides a new description from non-perturbative phenomena under the local wild fundamental group. The Borel summation treatment in
quantum ﬁeld theory is well-known as a method for evaluating divergent formal series
f(g) in the coupling constants. In some theories, the related formal Borel transformation
 f(g) is convergent with the property that the function S B
 f(g) has singularities on
SB
the positive real axis which reﬂect the non-perturbative eﬀects. By applying this Borel
∗
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+
summation method to the formal series gef
f (0) (the eﬀective coupling) of the renormalized perturbative theory, Connes-Marcolli could initiate a Tannakian formalism in the
study of Quantum Field Theory.
The second framework which is algorithmically formulated by Kreimer and his colleagues ([1, 2, 14, 15, 16, 17, 18, 21, 22, 23]) considers a new version of Dyson-Schwinger
equations in terms of the Connes-Kreimer renormalization Hopf algebra and Hochschild
cohomology theory. This approach provides new combinatorial techniques to solve these
equations which report about some non-perturbative information.
Thanks to these two viewpoints and also, Dubois-Violette results on noncommutative
diﬀerential calculus [10, 11], in this letter we want to show that why Dyson-Schwinger
equations address quantum motions.

1.

Dyson-Schwinger Equations and Quantum Motions

Perturbative Quantum Field Theory considers some methods to eliminate ultraviolet and
infrared (sub-)divergences of iterated ill-deﬁned Feynman integrals in terms of Feynman
diagrams. A Feynman diagram is a ﬁnite labeled oriented graph which contains some
vertices for presenting interactions and some edges. The edges can be divided into two
classes external edges which address elementary particles with assigned momenta and
internal edges which present virtual particles. Renormalization allows us to remove these
nested divergences from diagrams such that at the end of the day, the Lagrangian of the
theory will be altered by adding counterterms related with removed (sub-)divergences.

1.1 Renormalization Hopf algebra
Perturbative renormalization in terms of Bogoliubov recursion and Zimmermann forest
formula leads us to formulate a coproduct structure on Feynman diagrams of a renormalizable Quantum Field theory. This coproduct which is found by Kreimer [13] is given
by

Γ
ΔF G (Γ) = I ⊗ Γ + Γ ⊗ I +
γ ⊗ , ∀Γ = I
(1)
γ
γ⊂ Γ
=

such that the sum is over all disjoint unions of superﬁcially 1PI Feynman proper subgraphs. Applying number of internal edges or number of independent loops is enough
to determine an antipode map recursively which reports the presence of a Hopf algebraic structure HF G on Feynman diagrams. It is a connected graded commutative noncocommutative Hopf algebra such that thanks to the Milnor-Moore theorem, there is an
alternative way to drive this Hopf algebra on the basis of the pre-Lie operator insertion
on Feynman diagrams. [3, 7, 13]
The inﬁnite dimensional complex Lie group G(C) associated with HF G (which is
known as the Lie group of diﬀeographisms) is the main object for describing physical
information on the basis of the Riemann-Hilbert problem where BPHZ renormalization
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(as a recursive step by step program for removing sub-divergences) supports the existence
of a unique Birkhoﬀ factorization for elements of G(C). [3, 4]
The BPHZ formalism can be encoded by the commutative algebra Adr of Laurent
series with ﬁnite pole part equipped with a Rota-Baxter map Rms given by

Rms (

∞

i≥−m

ci z i ) =

−1


ci z i .

(2)

i≥−m

Thanks to the Atkinson theorem [8, 9], the Rota-Baxter algebra (Adr , Rms ) (which addresses the multiplicativity of renormalization) provides a unique Birkhoﬀ factorization
for elements of the space G(C) = HomC (HF G , Adr ) of characters. Now let us consider
the space Loop(G(C), μ) of loops γμ (depending on the mass parameter μ) on the inﬁnitesimal punctured disk Δ∗ around z = 0 and with values in G(C). The components of
the Birkhoﬀ factorization on elements of this loop space enable us to calculate counterterms, renormalized values, renormalization group and β−function. These components
are computed based on deforming of the dimensionally regularized Feynman rules character underlying the antipode map and the map Rms . Hence we can hope to interpret
each unrenormalized theory in terms of a loop γμ ∈ Loop(G(C), μ) such that for each
z ∈ Δ∗ , γμ (z) is called dimensionally regularized Feynman rule character. After applying
each Feynman rules character on a given amplitude, its related Green function will be
determined. [3, 4, 5, 6]
Applying a decorated version of non-planar rooted trees leads us to obtain a universal simpliﬁed toy model from the renormalization Hopf algebra which is called ConnesKreimer Hopf algebra and denoted by HCK . Decorations allow us to modify this Hopf
algebra with respect to a physical theory. Sub-divergences are vertices such that connected vertices show nested loops and vertices without any connection reports independent loops. This model guarantees the recursive nature of the renormalization coproduct
(1) on the basis of the grafting operator B + which is helpful to study the pair (HCK , B + )
as a universal object with respect to Hochschild cohomology theory. [7, 8, 9]
The grading structure deﬁnes naturally a canonical increasing ﬁltration on H = HF G
which produces a decreasing ﬁltration on the dual space L(H, Adr ) (consisting of all linear
maps from H to Adr ). It indicates a metric structure on this dual space such that together
with the convolution product with respect to the coproduct (1), we obtain a complete
ﬁltered Rota-Baxter algebra (L(H, Adr ), ∗, Rms ) of weight one . [8, 9]
Recently, there exists some practical investigations about the application of this Hopf
algebraic treatment in the study Quantum ElectroDynamics (QED)and Quantum ChromoDynamics (QCD). It is shown that important identities among Feynman graphs such
as Ward identities in QED and Slavnov-Taylor identities in QCD can be encoded by some
Hopf ideals of the Hopf algebra of Feynman diagrams HF G (QED) and HF G (QCD). This
result is on the basis of rewriting the renormalization coproduct on 1PI Green’s functions which leads us to explain perturbative treatments of quantum gauge theories in the
language of the renormalization Hopf algebra. [15, 21, 22, 23]

4
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1.2 Dyson-Schwinger Equations (DSEs) and Connections
From theoretical physicists point of view, DSEs apply to encode non-perturbative theory.
The recursive nature of this class of equations allows us to reformulate them in the context
of the renormalization coproduct which provides a process for passing from perturbation
theory to non-perturbative phenomena. Indeed, if we consider the Connes-Kreimer Hopf
algebra together with the grafting operator B + under the Hochschild cohomology theory,
then a new approach to DSEs in the context of the renormalization coproduct investigates.

Let us consider the chain complex (C = n≥0 C n , b) on H with respect to the ConnesKreimer coproduct such that C n is the space of n−cochains which consists of all linear
maps L : H −→ H n and the coboundary operator b is given by
bL := (id ⊗ L)ΔF G +

n


(−1)i Δi L + (−1)n+1 L ⊗ I

(3)

i=1

where Δi is the coproduct ΔF G applied to the i-th factor in H ⊗n . The cohomology of
this complex which is denoted by HH• (H) is trivial for each n ≥ 2. There is also a
surjective map from HH1 (H) to the space Prim(H) which means that for each primitive
1PI Feynman graph Γ, the grafting operator B +,Γ determines a Hochschild one cocycle.
For a given family {B +,γn }n≥1 of Hochschild one cocycles, a combinatorial DSE is
deﬁned by
∞

wn B +,γn (X n+1 )
(4)
X =I+
n=1

such that wn are scalars and γn are primitive Feynman graphs of loop order n. Applying
the measure μ
 which is identiﬁed by

+,γn
(I)) = d
μγn
(5)
φ(B
(such that φ ∈ G(C) is the dimensionally regularized Feynman rules character) allows us
to formulate the corresponding analytic version of these equations. Each equation DSE
has a unique solution (cn )n≥0 determined by
cn =

n

m=1

wm B +,γm (



ck1 ...ckm+1 )

(6)

k1 +...+km+1 =n−m,ki ≥0

such that these elements play the role of the generators of a Hopf subalgebra HDSE of H.
[1, 2, 14, 16]
Here we are going to consider two processes which lead to indicate a family of connections with respect to each Dyson-Schwinger equation.
In one process which is based on Connes-Marcolli categorical framework and it is
explained in [20], we can identify a family of ﬂat equi-singular connection with respect to
each equation DSE. These connections can be collected in a neutral Tannakian category
which is recovered by the category RepG∗DSE of ﬁnite dimensional representations of the
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aﬃne group scheme G∗DSE related with Hopf subalgebra HDSE . This category can be seen
as a sub-category of the category RepU ∗ of ﬁnite dimensional representations of the aﬃne
group scheme U ∗ which has a universal property with respect to the Riemann-Hilbert
correspondence. This procedure enables us to study Dyson-Schwinger equations at the
level of the Connes-Marcolli universal Hopf algebra of renormalization HU . The shuﬄe
nature of HU and its independence of physical theories address a more practical techniques
for computing DSEs. This means that for a given equation DSE in a renormalizable theory
Φ, we can lift it to HU , solve the corresponding equation and then pull back the solution
to the physical theory.[20]
Factorization of Feynman diagrams into primitive components at the level of solutions
of DSEs leads us to translating information from perturbative quantum ﬁeld theory to
non-perturbative theory. Consider the equation

wn Bf+n (X n )
(7)
X =1+
fn

in the shuﬄe type Hopf algebra HU such that {fn }n∈N is the set of generators of HU at
the algebra level. Its unique solution can be formulated with respect to the ∗−Euler type
factorization such that ∗ is the shuﬄe product of HU . We have
X=



fn

1
1 − wn (fn )

(8)

such that (fn ) is a word with length one.
One important note is that the connections derived from the above process are related
with the regularization method. In the second process which is the main purpose of this
part, we will introduce a new family of connections associated with DSEs and independent
of dimensional regularization.
For a given equation DSE, with the associated Hopf subalgebra HDSE (depending
on the unique solution of DSE), consider the unital associative noncommutative algebra
ADSE := (L(HDSE , C), ∗) over C with the center Z(ADSE ) and letting Der(ADSE ) be the
Z(ADSE )−module of all inﬁnitesimal characters (i.e. derivations) over ADSE .
Proposition 1..1. There is a diﬀerential calculus on ADSE which depends upon the
space of derivations. We call it the diﬀerential graded algebra (DGA) with respect to the
equation DSE.
Proof 1..2. Let ΩnDer (ADSE ) be the space of all Z(ADSE )−multilinear anti-symmetric
mappings from Der(ADSE )n into ADSE by convention Ω0Der (ADSE ) = ADSE . Set

ΩnDer (ADSE ).
(9)
Ω•Der (ADSE ) :=
n≥0

For each ω ∈ ΩnDer (ADSE ) and θi ∈ Der(ADSE ), its anti-derivation diﬀerential operator
dDSE of degree one (i.e. d2DSE = 0) is given by
dDSE ω(θ0 , ..., θn ) :=

6
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n




(−1)k θk ω(θ0 , ..., θk , ..., θn ) +

(−1)r+s ω([θr , θs ], θ0 , ..., θr , ..., θs , ..., θn ).

(10)

0≤r<s≤n

k=0

The information
DSE.

(Ω•Der (ADSE ), dDSE )

determines the diﬀerential graded algebra related to

A Z(ADSE )−bilinear anti-symmetric map ω in Ω2Der (ADSE ) is called non-degenerate,
if for any element φ ∈ ADSE , there exists a unique derivation θφ = ham(φ) of ADSE (i.e.
Hamiltonian vector ﬁeld) such that for each arbitrary derivation θ, ω(θφ , θ) = θ(φ).
Remark 1..3. The diﬀerential graded algebra Ω•Der (ADSE ) can be applied to consider noncommutative symplectic structures which is useful to study integrable systems at the
level of combinatorial Dyson-Schwinger equations.
Now using theory of connections on modules is enough to provide projective modules
from Hamiltonian derivations.
Proposition 1..4. For a given equation DSE and measure μ
 (identiﬁed by the equation
5),
(i) One can determine a connection ∇ with respect to DSE.
(ii) There is a natural Hermitian structure compatible with the connection ∇. For given
arbitrary generators θφ , θψ , it is given by

< θφ , θψ >:= φψd
μ.
(iii) The composition
∇2 : DerHam (ADSE ) ⊗Z(ADSE ) Ωp (Z(ADSE )) −→ DerHam (ADSE ) ⊗Z(ADSE ) Ωp+2 (Z(ADSE ))
is Ω(ADSE )−linear and therefore its restriction to DerHam (ADSE ) determines the curvature
k : DerHam (ADSE ) −→ DerHam (ADSE ) ⊗Z(ADSE ) Ω2 (Z(ADSE ))
of the connection ∇.
Proof 1..5. (i) One can deﬁne a bundle
DerHam (ADSE ) ⊗C Z(ADSE ) −→ DerHam (ADSE )

(11)

on the free Z(ADSE )−module DerHam (ADSE ) generated by all Hamiltonian derivations
of the initial algebra. There is a one to one correspondence between linear sections
s : DerHam (ADSE ) −→ DerHam (ADSE ) ⊗C Z(ADSE ) of this bundle and linear maps ∇ :
DerHam (ADSE ) −→ DerHam (ADSE ) ⊗Z(ADSE ) Ω1 (Z(ADSE )) identiﬁed by
s = s0 + j ◦ ∇, s(η) = η ⊗ 1 + j(∇η)

(12)

j : DerHam (ADSE ) ⊗Z(ADSE ) Ω1 (Z(ADSE )) −→ DerHam (ADSE ) ⊗C Z(ADSE )

(13)

such that
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is the usual injective map and
s0 (η) := η ⊗ 1, η ∈ DerHam (ADSE ).

(14)

Now with attention to [10, 11, 19], the projective property of DerHam (ADSE ) supports
that ∇ is a connection.
(ii) Based on the measure μ
, it is enough to consider the corresponding Hilbert space
2
) such that here L(HDSE , C) can be seen as a locally compact Hausdorﬀ
L (L(HDSE , C), μ
topological space with the topology induced by ﬁltration.
Now consider the Hilbert space H := L2 (L(HDSE , C), μ
) (depending on the equation
1
DSE) and suppose L (H) be the trace class operators on H. For each T ∈ L1 (H), deﬁne
Tr(T ) := n≥0 < T n , n > such that { n }n≥0 is an orthonormal basis for H. Set
Δ := −Tr ◦ ∇ ◦ dDSE

(15)

such that ∇ is introduced with the proposition 1..4.
Corollary 1..6. Δ is the Laplacian operator related to the connection ∇ and the diﬀerential graded operator dDSE .
There is a universal treatment for this construction. If we apply the universal diﬀerential forms ([10, 11, 19]), then they produce the universal diﬀerential calculus Ωu (ADSE )
on ADSE where the projective Z(ADSE )−module DerHam (ADSE ) determines the universal
Ωu (ADSE )-connection and its associated Laplacian operator.

Conclusion
So we could associate a new family of connections based on the unique solution of a DSE
and independence of the regularization process. This class of connections provides this
reasonable fact that DSEs report quantum equations of motion in a noncommutative
diﬀerential geometric conﬁguration which can be useful to understand the geometry of
non-perturbative theory.
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1.

Introduction

The group of all unitary matrices of order n is known as U(n), whereas the group of all
unitary matrices of order n with determinant +1 is denoted by SU(n)[1, 2] . It is clear that
the SU(n) group is a subgroup of U(n), continuous, connected, lie group, and possesses
n2 − 1 real independent parameters.
The unitary unimodular group SU(2) in two complex dimensions is the simplest nontrivial example of a non abelian group which describes the two level quantum system, at
the same time SU(2) is homomorphic on SO(3), which have three generators
⎛
⎞
⎛
⎞
⎛
⎞
⎜0 1⎟
⎜ 0 −i ⎟
⎜1 0 ⎟
σy = ⎝
σz = ⎝
(1)
σx = ⎝
⎠,
⎠,
⎠
10
i 0
0 −1
which are a set of three independent traceless hermitian matrices of order 2.
∗
†

Email: mahmoud sbaih2002@yahoo.com
Email: moeensrour@hotmail.com
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The next group after SU(2) is SU(3) which possesses eight dimensional unimodular
matrices in three complex dimension. The description of three level systems[3, 4, 5] in general quantum mechanics also involves SU(3). It has been discussed a generalization of
SU(3)[6] ,their commutation and anticommutation relations, structure constant fkμν and
the symmetric invariant tensor dkμν .
The next group after SU(3) is SU(4). In SU(4) we have 15 generators (n2 − 1) of
SU(4) as 4×4 matrices. The group SU(4) which can be broken to anther subgroup such
that SU(4) ⊃ SU(2)×SU(2), often exploits the canonical subgroup chain SU(4) ⊃ SU(3)
⊃ SU(2), also it is useful to study the members of the baryon 20M of SU(4). In the quark
model there are at least four quarks, the four quarks are members of the ﬁrst fundamental
quartet of SU(4).
This paper is organized as follows. Section II deals with the deﬁnition of the group
SU(4) and the generators λ-matrices in the deﬁning representation. For their commutation relations, we constructed the structure constant fkμν and for their anticommutator,
we constructed the symmetric invariant tensor dkμν . The nonzero structure constant fkμν
and symmetric invariant dkμν are listed. Section III deals with another kind of generators
which are obtained from the λμ (μ = 1 · · · 15), and from these generators we will ﬁnd the
weights of the ﬁrst fundamental representation of SU(4).

2.

Generators of SU(4) and λ-matrices

The group SU(4) is represented as
SU(4) = { A = 4 × 4 comlex matrix | A† A = 1, det(A)=1 }

(2)

The hermitian matrix generators of SU(4), analogous to the pauli matrices of SU(2) and
the Gell Mann matrices of SU(3) which are:

Electronic Journal of Theoretical Physics 10, No. 28 (2013) 9–26

⎞

⎛

λ1

0
⎜
⎜
⎜1
⎜
= ⎜
⎜
⎜0
⎝
0

100

⎟
⎟
0 0 0⎟
⎟
⎟ , λ2 =
⎟
0 0 0⎟
⎠
000

⎛

λ4

⎛

⎞

0
⎜
⎜
⎜0
⎜
= ⎜
⎜
⎜1
⎝
0

⎛

010

⎟
⎟
0 0 0⎟
⎟
⎟ , λ5 =
⎟
0 0 0⎟
⎠
000
⎞

⎛

⎟
⎜
⎟
⎜
⎜ 0 0 −i 0 ⎟
⎟
⎜
=⎜
⎟ , λ8 =
⎟
⎜
0
i
0
0
⎟
⎜
⎝
⎠
00 0 0
⎛

λ10

0 0 0 −i

⎟
⎟
0 0 0⎟
⎟
⎟ , λ3 =
⎟
0 0 0⎟
⎠
0 00

0 −i 0

⎞
10 0 0

⎜
⎟
⎜
⎟
⎜0 1 0 0⎟
⎜
⎟
√1 ⎜
⎟ , λ9 =
3⎜
⎟
0
0
−2
0
⎜
⎟
⎝
⎠
00 0 0
⎞
0000

⎟
⎜
⎟
⎜
⎜0 0 0 1⎟
⎟
⎜
⎟ , λ12 =
⎜
⎟
⎜
0
0
0
0
⎟
⎜
⎠
⎝
0100
⎞

⎛

⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
= ⎜
⎟ , λ14 =
⎟
⎜
0
0
0
1
⎟
⎜
⎠
⎝
0010

⎞

⎟
⎟
0 0 0⎟
⎟
⎟ , λ6 =
⎟
0 0 0⎟
⎠
0 0 0

⎛

⎞
0000

λ13

⎞

⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
=⎜
⎟ , λ11 =
⎟
⎜
0
0
0
0
⎟
⎜
⎠
⎝
i 00 0
⎛

0
⎜
⎜
⎜0
⎜
⎜
⎜
⎜i
⎝
0

−i 0 0

⎛

00 0 0

λ7

0
⎜
⎜
⎜i
⎜
⎜
⎜
⎜0
⎝
0

⎞

000 0

⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
⎟ , λ15 =
⎜
⎟
⎜
0
0
0
−i
⎟
⎜
⎠
⎝
00 i 0
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⎞⎫
⎪
1 0 00 ⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎜ 0 −1 0 0 ⎟ ⎪
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎜0 0 0 0⎟⎪
⎪
⎪
⎠⎪
⎝
⎪
⎪
⎪
0 0 00 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎛
⎞⎪
⎪
⎪
⎪
0000 ⎪
⎪
⎜
⎟⎪
⎪
⎜
⎟⎪
⎪
⎜0 0 1 0⎟⎪
⎪
⎜
⎟⎪
⎪
⎜
⎟⎪
⎪
⎜
⎟⎪
⎪
0
1
0
0
⎜
⎟⎪
⎪
⎝
⎠⎪
⎪
⎪
⎪
0000 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎞⎪
⎛
⎪
⎪
⎪
0001 ⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎪
⎜0 0 0 0⎟⎬
⎟
⎜
⎟
⎜
⎟⎪
⎜
0
0
0
0
⎟⎪
⎜
⎪
⎪
⎠⎪
⎝
⎪
⎪
⎪
1000 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎞⎪
⎛
⎪
⎪
⎪
000 0 ⎪
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎜ 0 0 0 −i ⎟ ⎪
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
0
0
0
0
⎟⎪
⎜
⎪
⎠⎪
⎝
⎪
⎪
⎪
0 i 0 0 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎞⎪
⎛
⎪
⎪
⎪
100 0 ⎪
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎜0 1 0 0⎟⎪
⎪
⎪
⎟
⎜
1
⎪
√ ⎜
⎪
⎟
6 ⎜
⎪
⎟⎪
0
0
1
0
⎪
⎟⎪
⎜
⎪
⎠⎪
⎝
⎪
⎪
0 0 0 −3 ⎭
⎛

(3)

The λμ matrices are orthogonal and satisfy
Tr (λμ )2 = 2;

μ = 1 · · · 15

(4)
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These matrices λμ obey both the characteristic commutation and the Jacobi identity
relations
(5)
[[λν , λμ ] , λk ] + [[λμ , λk ] , λν ] + [[λk , λν ] , λμ ] = 0
[λk , λμ ] = 2i



fkμν λν ; k, μ, ν = 1 · · · 15

(6)

μ

Tr (λk [λμ , λν ]) = 4ifkμν

(7)

where [ ] stands for the commutation relation. For SU(4) the number of commutation
relations worked out is 105 and fkμν is denoted by the structure constant. The independent non-vanishing structure constants fkμν which are completely antisymmetric under
the permutation of any two indices satisfying k < μ < ν are given in the table (1).
For each case of anti-commutation relation { a, b}, where {a, b}= ab+ba, the calculation is more complicated. The matrices λμ obey characteristic anti-commutation
relation

dkμν λν + (Akμ )4×4
(8)
{λk , λμ } = 2
ν

Tr(λk {λμ , λν }) = 4dkμν

(9)

Tr(λk λμ λν ) = 2ifkμν + 2dkμν

(10)

where Akμ is deﬁned by 4 × 4 matrix which satisfy
⎧
⎪
⎨ (0)4×4 if k = μ; k, μ = 1 · · · 15
Akμ =
⎪
⎩ (A)4×4 if k = μ; k, μ = 1 · · · 15

(11)

This matrix Akμ is characterized by all the matrix elements is zero except the diagonal as listed in table (2). In this table we have given the independent non-vanishing
components of the completely symmetric dkμν under the permutation of any two indices.
It is clear from tables (1) and (2) that if k, μ and ν are less than or equal to eight, the
fkμν and dkμν are identical to the SU(3) structure constants fkμν and dkμν . It should be
noted here that the equations (5,6,7,9 and 10) also properties for the three dimensional
λ matrices SU(3). However for all group SU(n), n ≥ 3, nothing is new apart except that
the anti- commutators as it is clear in equation (8).

3.

Weight of SU(4)

In the language of quantum mechanics there are always three spin operators in three
j
is
dimensional space xyz, we shall call these operators H1 ,H2 and H3 . The vector ψm
an eigenstate of H3
j
j
H3 ψ m
= mψm

(12)
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The eigenvalue m is called a weight. In this representation, one can express the Lie
algebra of SU(4) in term of the Pauli spin matrices. We dened these generators as follows
1
H i = √ σz
2 2

(13)

σx + iσy
(14)
4
σx − iσy
E−i =
(15)
4
using the above equations one can obtain the generators in the standard form in term of
λk (k = 1 · · · 15). These are given by
Ei =

14
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⎛
1
⎜
⎜
⎜0
1 ⎜
√
H1=2 2 ⎜
⎜
⎜0
⎝
0

0 00

1
⎜
⎟
⎜
⎟
⎜0
−1 0 0 ⎟
⎟
1 ⎜
√
⎟ , H2 =2 6 ⎜
⎜
⎟
0 0 0⎟
⎜0
⎠
⎝
0
0 00

0
⎜
⎜
⎜0
1⎜
2⎜
⎜
⎜0
⎝
0

0
⎜
⎜
⎜0
1⎜
2⎜
⎜
⎜0
⎝
0

⎞

⎛

⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
1
⎟ , E5 =
2⎜
⎟
⎜
0
0
0
0
⎟
⎜
⎠
⎝
0000

⎟
⎜
⎟
⎜
⎜1 0 0 0⎟
⎟
⎜
1
⎟ , E−2=
2⎜
⎟
⎜
0
0
0
0
⎟
⎜
⎠
⎝
0000

⎟
⎟
0 0 0⎟
⎟
⎟,
⎟
0 0 0⎟
⎠
000
⎞

⎟
⎜
⎟
⎜
⎜0 0 0 1⎟
⎟
⎜
1
⎟,
2⎜
⎟
⎜
0
0
0
0
⎟
⎜
⎠
⎝
0000
⎞
0000

⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
1
⎟,
2⎜
⎟
⎜
1
0
0
0
⎟
⎜
⎠
⎝
0000

⎞
0000

010

⎛

0000

⎛

⎞

0000

⎞

⎛

E−4=

⎟
⎟
1 0 0⎟
⎟
⎟,
⎟
0 −2 0 ⎟
⎠
0 0 0

⎟
⎟
0 0 0⎟
⎟
⎟ , E2 =
⎟
0 0 0⎟
⎠
000

100

0001

E−1=

0 0 0

⎛

⎛

E4=

⎞

⎞

⎛

E1=

⎛

⎞

⎞

⎛

⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
1
⎟ , E−5=
2⎜
⎟
⎜
0
0
0
0
⎟
⎜
⎠
⎝
1000

0000

⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
1
⎟,
2⎜
⎟
⎜
0
0
0
0
⎟
⎜
⎠
⎝
0100

⎞⎫
⎪
100 0 ⎪
⎜
⎟⎪
⎪
⎜
⎟⎪
⎪
⎜0 1 0 0⎟⎪
⎪
⎪
⎜
⎟
⎪
1
√
H3 =4 3 ⎜
⎟⎪
⎪
⎟⎪
⎜
⎪
⎜0 0 1 0⎟⎪
⎪
⎪
⎠⎪
⎝
⎪
⎪
⎪
0 0 0 −3 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎞⎪
⎛
⎪
⎪
⎪
⎪
0000 ⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎜0 1 0 0⎟⎪
⎪
⎟⎪
1⎜
⎪
E3 = 2 ⎜
⎟⎪
⎪
⎟⎪
⎜
⎪
0
0
0
0
⎟⎪
⎜
⎪
⎠⎪
⎝
⎪
⎪
⎪
0000 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎞⎪
⎛
⎪
⎪
⎪
0000 ⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎬
⎜0 0 0 0⎟⎪
⎟
⎜
1
E6 = 2 ⎜
⎟
⎟⎪
⎜
0
0
0
1
⎟⎪
⎜
⎪
⎪
⎠⎪
⎝
⎪
⎪
⎪
0000 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎞⎪
⎛
⎪
⎪
⎪
0000 ⎪
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎜0 0 0 0⎟⎪
⎪
⎟⎪
1⎜
⎪
E−3= 2 ⎜
⎟⎪
⎪
⎟⎪
⎜
⎪
0
1
0
0
⎟⎪
⎜
⎪
⎠⎪
⎝
⎪
⎪
⎪
0000 ⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎪
⎞⎪
⎛
⎪
⎪
⎪
0000 ⎪
⎪
⎟⎪
⎜
⎪
⎟⎪
⎜
⎪
⎜0 0 0 0⎟⎪
⎪
⎪
⎟
⎜
1
E−6= √2 ⎜
⎪
⎟⎪
⎪
⎟⎪
⎜
0
0
0
0
⎪
⎟⎪
⎜
⎪
⎠⎪
⎝
⎪
⎪
0010 ⎭
⎛

(16)

where
E−i = Ei† ,

i = 1···6

(17)
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If we operate on the four dimensional basis vector
⎛ ⎞
⎛ ⎞
⎛ ⎞
1
0
0
⎜ ⎟
⎜ ⎟
⎜ ⎟
⎟
⎟
⎟
  ⎜
  ⎜
  ⎜
⎜0⎟
⎜1⎟
⎜0⎟
3
1
−1
⎜ ⎟
⎜ ⎟
⎜ ⎟
U1
= ⎜ ⎟ ; U2
= ⎜ ⎟ ; U3
= ⎜ ⎟;
⎜ ⎟
⎜ ⎟
⎜ ⎟
2
2
2
0
0
⎜ ⎟
⎜ ⎟
⎜1⎟
⎝ ⎠
⎝ ⎠
⎝ ⎠
0
0
0

15

⎛ ⎞
0
⎜ ⎟
⎟
  ⎜
⎜0⎟
−3
⎜ ⎟
=⎜ ⎟
U4
⎜ ⎟
2
⎜0⎟
⎝ ⎠
1
(18)

with the diagonal vector operator H = (H1 , H2 , H3 ), we obtain


1
1
1
√ , √ , √ U1
HU1 =
2 2 2 6 4 3


1
1
−1
√ , √ , √ U2
HU2 =
2 2 2 6 4 3


−1 1
HU3 = 0, √ , √ U3
6 4 3

√ 
− 3
U4
HU4 = 0, 0,
4
Thus the four weight of the ﬁrst representation of SU(4) are given by


1
1
1
√ , √ , √
m(1) =
2 2 2 6 4 3


1
1
−1
√ , √ , √
m(2) =
2 2 2 6 4 3


−1 1
m(3) = 0, √ , √
6 4 3

√ 
− 3
m(4) = 0, 0,
4

(19)
(20)
(21)
(22)

(23)
(24)
(25)
(26)

From equations (23) and (24) the weight of the second fundamental representation are
just the negative of the weight of the ﬁrst.

Conclusion
In this paper, matrices of the Lie algebra of SU(4) have been represented, from these
matrices the calculation of the commutation and anti-commutation relations has been
carried out with the given independent non-vanishing components of fkμν and dkμν , as
it is clear from tables (1) and (2), it is shown that if k, μ and ν are less than or equal
to eight, the invariant tensors fkμν and dkμν are identical to SU(3) structure constants.
As it is obvious from our analysis n ≥ 4, nothing is new a part in the commutation and
anti-commutation relations except that as mention in equation 8, which is represented by
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a new matrix Akμ , this matrix is diagonal matrix which is symmetric under permutation
of any two indices of dkμν .
In the parallel direction, we have constructed another representation of SU(4) in term of
Palui spin matrices, from which we calculated the weight. For any representation of j of
the group, there are 2j + 1 diﬀerent weights which belong to a diﬀerent representation
and if we know one weight we can obtain another weight of the representation.
Thus, it is expected that our method can be systematically extended to higher dimensional group as SU(6).
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Table 1 Non-zero structure constant fkμν of SU(4)

k

μ

ν

dkμν

1

2

3

1

1

4

7

1
2

1

5

6

1
−2

2

4

6

1
2

2

5

7

1
2

3

4

5

1
2

3

6

7

4

5

8

6

7

8

1

9

12

1
2

1

10

11

1
−2

2

9

11

1
2

2

10

12

1
2

3

9

10

1
2

3

11

12

1
−2

4

9

14

1
2

4

10

13

1
−2

5

9

13

1
2

5

10

14

1
2

6

11

14

1
2

6

12

13

1
−2

7

11

13

1
2

1
−2
√
3
2
√
3
2

continue on next page
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Table 1 - continued from previous page
k

μ

ν

dkμν

7

12

14

1
2

8

9

10

1
√
2 3

8

11

12

1
√
2 3

8

13

14

−1
√
2 3

9

10

15

1
√
2 3

11

12

15

1
√
2 3

13

14

15

1
√
2 3

20

Electronic Journal of Theoretical Physics 10, No. 28 (2013) 9–26

Table 2 Non-zero independent element of the tensor dkμν and the matrix Akμ

k

μ

ν

dkμν

1

4

6

1
2

1

5

7

1
2

1

1

8

√1
3

1

1

15

√1
6

1

10

12

1
2

1

9

11

1
2

Akμ
(0)
⎛

(0)

⎞

⎜1 0 0 0⎟
⎟
⎜
⎜0 1 0 0⎟
⎟
4⎜
⎟
3⎜
⎜0 0 1 0⎟
⎟
⎜
⎠
⎝
0000
⎞
⎛
⎜5 0 0 0⎟
⎟
⎜
⎜0 5 0 0⎟
⎟
1⎜
⎟
6⎜
⎜ 0 0 −1 0 ⎟
⎟
⎜
⎠
⎝
00 0 3
(0)
⎛
⎜1
⎜
⎜0
4⎜
3⎜
⎜0
⎜
⎝
0
⎛
⎜1
⎜
⎜0
4⎜
3⎜
⎜0
⎜
⎝
0

(0)

⎞

0 0 0⎟
⎟
1 0 0⎟
⎟
⎟
0 1 0⎟
⎟
⎠
000
⎞
0 0 0⎟
⎟
1 0 0⎟
⎟
⎟
0 1 0⎟
⎟
⎠
000

2

2

8

√1
3

2

2

15

√1
6

2

4

7

−1
2

(0)

2

5

6

1
2

(0)

2

9

12

−1
2

(0)
continue on next page
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Table 2 D continued from previous page
k

μ

ν

dkμν
1
2

2

10

11

3

3

8

√1
3

3

3

15

√1
6

3

4

4

1
2

3

5

5

1
2

3

6

6

−1
2

3

7

7

−1
2

Akμ
(0)

⎞
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
4
⎟
3⎜
⎜0 0 1 0⎟
⎟
⎜
⎠
⎝
0000
⎞
⎛
5
0
0
0
⎟
⎜
⎟
⎜
⎜0 5 0 0⎟
⎟
⎜
4
⎟
3⎜
⎜ 0 0 −1 0 ⎟
⎟
⎜
⎠
⎝
00 0 3
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 2 0⎟
⎟
⎜
⎠
⎝
0000
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 2 0⎟
⎟
⎜
⎠
⎝
0000
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 2 0⎟
⎟
⎜
⎠
⎝
0000
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 0 2⎟
⎟
⎜
⎠
⎝
0000
⎛

continue on next page
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Table 2 D continued from previous page
k

μ

ν

dkμν

3

9

9

1
2

3

10

10

1
2

3

11

11

−1
2

3

12

12

−1
2

4

4

8

−1
√
2 3

4

4

15

√1
6

4

9

13

1
2

4

10

14

1
2

5

5

8

−1
√
2 3

5

9

14

−1
2

Akμ
⎞

⎛

⎜1 0 0 0⎟
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
⎠
⎝
0002
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
⎠
⎝
0002
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
⎠
⎝
0002
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
⎟
⎜
⎜0 0 0 0⎟
⎟
⎜
⎠
⎝
0002
⎞
⎛
7
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
−1
√ ⎜
⎟
2 3⎜
⎟
⎜0 0 4 0⎟
⎠
⎝
0000
⎞
⎛
5
0
0
0
⎟
⎜
⎟
⎜
⎜ 0 −1 0 0 ⎟
⎟
⎜
1
⎟
3⎜
⎜0 0 5 0⎟
⎟
⎜
⎠
⎝
0 0 03
(0)
⎛
⎜7
⎜
⎜0
1⎜
3⎜
⎜0
⎜
⎝
0

(0)

⎞

0 0 0⎟
⎟
1 0 0⎟
⎟
⎟
0 4 0⎟
⎟
⎠
000
(0)

continue on next page
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Table 2 D continued from previous page
k
5

μ
10

ν
13

dkμν
1
2

Akμ
⎛

(0)

⎞

⎜5 0 0 0⎟
⎟
⎜
⎜ 0 −1 0 0 ⎟
⎟
1⎜
⎟
3⎜
⎜0 0 5 0⎟
⎜
⎟
⎝
⎠
0 0 03
⎞
⎛
⎜1 0 0 0⎟
⎟
⎜
⎜0 7 0 0⎟
⎟
1⎜
⎟
3⎜
⎜0 0 4 0⎟
⎟
⎜
⎠
⎝
0000
⎞
⎛
⎜ −1 0 0 0 ⎟
⎟
⎜
⎜ 0 5 0 0⎟
⎟
⎜
1
⎟
3⎜
⎜ 0 0 5 0⎟
⎟
⎜
⎠
⎝
0 003

5

5

15

√1
6

6

6

8

−1
√
2 3

6

6

15

√1
6

6

11

13

1
2

6

12

14

1
2

7

7

8

−1
√
2 3

7

7

15

√1
6

7

11

14

−1
2

(0)

7

12

13

1
2

(0)

(0)
⎛

(0)

⎞
1
0
0
0
⎜
⎟
⎜
⎟
⎜0 7 0 0⎟
⎜
⎟
1
⎟
3⎜
⎜0 0 4 0⎟
⎜
⎟
⎝
⎠
0000
⎞
⎛
−1
0
0
0
⎟
⎜
⎟
⎜
⎜ 0 5 0 0⎟
⎟
⎜
1
⎟
3⎜
⎜ 0 0 5 0⎟
⎟
⎜
⎠
⎝
0 003

continue on next page
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Table 2 D continued from previous page
k

μ

ν

dkμν

8

8

8

−1
√
3

8

8

15

√1
6

8

9

9

1
√
2 3

8

10

10

1
√
2 3

8

11

11

1
√
2 3

8

12

12

1
√
2 3

8

13

13

−1
√
3

Akμ
⎞
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
4
⎟
3⎜
⎜0 0 1 0⎟
⎟
⎜
⎠
⎝
0000
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
1
⎟
3⎜
⎜0 0 7 0⎟
⎟
⎜
⎠
⎝
0003
⎛
⎞
5
0
0
0
⎜
⎟
⎜
⎟
⎜ 0 −1 0 0 ⎟
⎜
⎟
1
⎟
3⎜
⎜0 0 2 0⎟
⎜
⎟
⎝
⎠
0 0 06
⎞
⎛
5
0
0
0
⎟
⎜
⎟
⎜
⎜ 0 −1 0 0 ⎟
⎟
⎜
1
⎟
3⎜
⎜0 0 2 0⎟
⎟
⎜
⎠
⎝
0 0 06
⎞
⎛
−1
0
0
0
⎟
⎜
⎟
⎜
⎜ 0 5 0 0⎟
⎟
⎜
1
⎟
3⎜
⎜ 0 0 2 0⎟
⎟
⎜
⎠
⎝
0 006
⎞
⎛
−1
0
0
0
⎟
⎜
⎟
⎜
⎜ 0 5 0 0⎟
⎟
⎜
1
⎟
3⎜
⎜ 0 0 2 0⎟
⎟
⎜
⎠
⎝
0 006
⎞
⎛
1
0
0
0
⎟
⎜
⎟
⎜
⎜0 1 0 0⎟
⎟
⎜
2
⎟
3⎜
⎜0 0 1 0⎟
⎟
⎜
⎠
⎝
0003
⎛

continue on next page
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Table 2 D continued from previous page
k

8

9

10

11

12

μ

14

9

10

11

12

ν

14

15

15

15

15

dkμν

−1
√
3

−1
√
6

−1
√
6

−1
√
6

−1
√
6

⎛
⎜1
⎜
⎜0
2⎜
3⎜
⎜0
⎜
⎝
0
⎛
⎜7
⎜
⎜0
1⎜
3⎜
⎜0
⎜
⎝
0
⎛
⎜7
⎜
⎜0
1⎜
3⎜
⎜0
⎜
⎝
0
⎛
⎜1
⎜
⎜0
1⎜
3⎜
⎜0
⎜
⎝
0
⎛
⎜1
⎜
⎜0
1⎜
3⎜
⎜0
⎜
⎝
0

00
10
01
00
00
10
01
00
00
10
01
00
00
70
01
00
00
70
01
00

Akμ
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3

continue on next page
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Table 2 D continued from previous page
k

13

14

8

μ

13

14

14

ν

15

15

14

dkμν

−1
√
6

−1
√
6

−1
√
3

⎛
⎜1
⎜
⎜0
1⎜
3⎜
⎜0
⎜
⎝
0
⎛
⎜1
⎜
⎜0
1⎜
3⎜
⎜0
⎜
⎝
0
⎛
⎜1
⎜
⎜0
2⎜
3⎜
⎜0
⎜
⎝
0

00
10
07
00
00
10
07
00
00
10
01
00

Akμ
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3
⎞
0⎟
⎟
0⎟
⎟
⎟
0⎟
⎟
⎠
3

EJTP 10, No. 28 (2013) 27–80

Electronic Journal of Theoretical Physics

A Construction of Full QED Using Finite Dimensional
Hilbert Space
Charles Francis∗
Jesus College, Cambridge, UK

Received 30 May 2012, Accepted 20 August 2012, Published 15 January 2013
Abstract: Context. While causal perturbation theory and lattice regularization allow treatment of the
ultraviolet divergences in qed, they do not resolve the mathematical issues of constructive ﬁeld theory,
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Vectors are smooth wave functions such that differential operators are deﬁned and a form of covariance
is obeyed (the choice of basis has no affect on underlying physics). Quantum ﬁeld operators, φ(x)
for x ∈ R4 , are constructed from creation and annihilation operators on Fock space, obey quantum
covariance and locality, and are suitable for a description of particle interactions under the FeynmanStückelberg interpretation.
Results. It is shown that the formulation is consistent and that any dependency on a lattice arises from
measurement, not from underlying physics. In consequence, and because the continuum is constructed
from linear combinations of basis kets, it is not required to take the limit N → ∞. Quantum ﬁelds
are deﬁned on a continuum, and are operator valued functions, not distributions. The interacting Dirac
equation, Maxwell’s equations and the Lorentz force law are derived, showing that qed is a complete
theory of the electromagnetic interaction, not just a perturbation theory, and that bare mass and charge are
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1. Introduction
1.1 Background
The ﬁrst calculations giving ﬁnite results at any order in perturbative qed were carried out in
the late 1940s, largely by Tomonaga [1], Schwinger [2][3], and Feynman [4][5]. Although
these calculations have successfully been built into rigidly deﬁned renormalisation schemes,
a constructive approach to qed, showing that it is a mathematically consistent application of
quantum mechanics, has been lacking. Among the problems such an approach must address
are the requirement of a positive deﬁnite norm for valid probabilities, the indeﬁnability of
the equal point multiplication between ﬁeld operators, loop divergences, the Landau pole, the
Dyson instability, and classical electromagnetism in the appropriate correspondence.
This paper reviews the Fock space formulation of quantum electrodynamics in the context
of an axiomatic formulation of quantum theory using ﬁnite dimensional Hilbert space, based
upon the principle described by, e.g., Rovelli [6] that all measured quantities are relational,
not just velocity as in relativity. The use of ﬁnite dimensions is motivated by showing the
correspondence between Hilbert space and a set of formal conditional clauses describing hypothetical measurement results. Since the range and resolution of measurement are intrinsically
ﬁnite, Hilbert space is ﬁnite dimensional, but a continuum of kets, |x for x ∈ R3 , is deﬁned
using linear combinations of basis kets, and it is shown that underlying physics is independent
of basis (similarly, 3D space does not depend on the coordinates used to describe it). There
are technical advantages in using ﬁnite dimensional Hilbert space in that stronger theorems are
available and the order of taking limits can be tracked. In certain instances (loop integrals) the
order of taking limits is critical to whether the limit exists.
In standard approaches to quantum ﬁeld theory one starts with a classical ﬁeld and then
quantises it. Space is thus a fundamental physical concept on which the theory is built. Covariance requires that space must be a continuum, and hence that if a lattice is used the limit
of small lattice spacing must be taken. In the present treatment quantum properties are understood to arise precisely because space does not appear as a fundamental physical concept.
Measurement results are seen as relationships between the matter (or radiation) under study and
reference matter used to deﬁned the measurement. As such, they are intrinsically frame dependent. The use of a lattice reﬂects the ﬁnite range and resolution of measurements of position,
not a property of a prior space or spacetime.
The interpretation here follows Dirac and Von Neumann, but goes further than either. Von
Neumann described quantum logic as a language which tells us what can be discovered from
measurement but he did not translate the propositions of quantum logic into English. Here
Hilbert space is abstracted from the formal statement of sentences in ordinary language. The
principle of superposition is not assumed as part of the structure of Hilbert space, but is exhibited as a property of conditional and consequent clauses in a formal language describing
possible measurement results. Although a ﬁnite basis is used for Hilbert space, discrete functions (describing the ket in a given basis) are embedded in a continuum representation such that
differential operators are deﬁned and the Dirac delta has a representation as a smooth function.
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The continuum equations remove any dependency on a speciﬁc measurement apparatus and
resolution because they contain embedded within them the solutions for all discrete coordinate
systems possible in principal or in practice. Thus it will be shown that, although the theory is
superﬁcially not covariant, a new form of covariance, quantum covariance, is obeyed (section
3.2).
A continuum of ﬁeld operators, φ(x) for x ∈ R4 , is deﬁned, obeying quantum covariance
and locality. In spite of discreteness, the theory is invariant under changes of lattice, including
rotations, boosts, and those due to improvements to experimental technique. The inner product
has both sum and integral forms. It is found that this formulation of quantum mechanics allows
a complete construction of qed in which Maxwell’s equations and the Lorentz force law are
derived in the classical correspondence. The fundamental physical concepts are particles, and
Feynman diagrams have a natural interpretation in terms of interactions between particles in
the absence of spacetime background. The predictions of perturbative qed are unaltered.

1.2 Outline
To say that we have carried out a construction of qed from fundamental principles in quantum
mechanics it is necessary to give a full treatment. Inevitably such a treatment will contain much
that is already known. Small changes in axiomatic structure necessitate the repetition of otherwise standard demonstrations. Often the results are standard, but the reasoning which leads
to them is not. For the sake of completeness, I have put into an appendix any demonstration
which is known, and which can be removed from the main text without impairing the ﬂow of
the presentation.
Section 2. addresses the mathematical foundations of quantum mechanics using ﬁnite dimensional Hilbert space. Section 3., Particles, establishes the requirement for a ﬁrst order
Schrödinger equation, considers covariance issues, introduces spin and reviews the photon and
the Dirac particle. Section 4., Interactions, introduces the interaction Hamiltonian and the
Hamiltonian density. The locality requirement is seen from the perturbation expansion. Section
5., Field theory, deﬁnes the Dirac ﬁeld operator, describes the photon and deﬁnes the photon
ﬁeld. Without assuming a Lagrangian or classical law, section 6., Electromagnetism, derives
the interacting Dirac equation and establishes Maxwell’s equations and the Lorentz force law
from the minimal interaction in which a Dirac particle emits or absorbs a photon, thereby showing that the physical mass and coupling constant are equal to their bare values in the low energy
limit. Section 7., Finite quantum electrodynamics, deﬁnes the Dirac propagator and describes
the correspondences with causal perturbation theory [9] and with lattice regularisation [7][8].
The calculation of Feynman rules is given in appendix J. Section 8., Conclusion summarises
the results.
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2. Foundations
2.1 Reference Matter
When a human observer seeks to quantify nature, he chooses some particular matter from which
to deﬁne a reference frame or chooses certain matter from which he builds his experimental
apparatus. He then observes a deﬁned relationship between this specially, but arbitrarily, chosen
reference matter and whatever matter (or radiation) is the subject of study. Here measurement is
distinguished from a simple count of a number of objects, and is deﬁned to mean a count of units
of a measured quantity, where the deﬁnition of the unit of measurement invokes comparison
between some aspect of the subject of measurement and a property of the reference matter used
to deﬁne the unit of measurement. The division between reference matter and subject matter
is present in all measurement and appears as the distinction between particle and apparatus in
quantum mechanics, and in the deﬁnition of position relative to a reference frame in special
relativity.
Inertial reference matter is assumed, where inertial is taken to mean that the effect on motion of contact interactions with other matter is negligible. Alternatively inertial coordinates
may be calculated from the reference matter; e.g. a satellite spinning on its axis may be used to
determine an inertial reference frame, although it is not itself inertial. This introduces complications in the description, but not complications of a fundamental nature.

2.2 Coordinates
We are particularly interested in measurement of time and position. This is sufﬁcient for the
study of many (it has been said all) other physical quantities. For convenience, Cartesian coordinates will be chosen. This simpliﬁes certain formulae, but makes no fundamental difference
to the treatment. Any apparatus has a ﬁnite resolution and the values written down are triplets
of terminating decimals, which can be scaled to integers in units of some bounding resolution.
Measured positions are always discrete values, determined by the range and resolution of a
measurement apparatus. In practice it is simpler to use an equally spaced lattice, containing a
very large number N positions given by decimals terminating at some value beyond the best
available resolution of any existing apparatus. Margins of error and measurements at lower
resolution can be represented using ﬁnite sets of such integers. In practice there is also a bound
on magnitude. Without loss of generality the same bound, ν ∈ N, is used for each coordinate.
Knowledge of the ket at any time is thus restricted to this set of triplets and the results of measurement of position are in a (subset of a) ﬁnite region, D ⊂ (χZ)3 .
Postulate: The discrete space coordinate system is D ≡ (−χν, χν]3 ⊂ (χZ)3 for some
ν ∈ N, and for some lattice spacing χ ∈ Q with χ > 0.
Let T ⊂ χZ be a ﬁnite discrete time interval such that any particle under study will be
measured in D for times t ∈ T.
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Postulate: The discrete spacetime coordinate system is S ≡ T ⊗ D and is calibrated such
that the speed of light is 1 radially to the origin.
The coordinate system is a lattice determined by practical considerations. Not every element of D need correspond to a possible measurement result, but D contains as elements or as
subsets the possible measurement results for a measurement of position with the chosen apparatus. There is no signiﬁcance in the bound, ν, of a given coordinate system. It is not intended
to take either the limit ν → ∞ or χ → 0, but χν is large enough to neglect the possibility of
particles leaving S. In practice this is always the case since data is discarded from any trial in
which there is not both a well deﬁned initial and ﬁnal ket; the probability amplitudes deﬁned
below relate to conditional probabilities such that both initial and ﬁnal kets are unambiguously
determined (hence there is no detection loophole in Bell tests — in the absence of unambiguous
detection this model does not apply).

2.3

Particles

It is sometimes assumed that a particle is localised in space, even if at unknown location. This
is not the case here, since a value of position is not assumed to exist between measurements.
Postulate: A particle is any physical entity whose position can be measured at given time
such that the result of such measurement is a value, x ∈ D , or a neighbourhood {x} ⊂ D of
negligible size.
Postulate: An elementary particle is one which cannot, even in principle, be subdivided
into particles for which separate positions can be measured.
It is not necessary to assume the existence of an elementary particle on metaphysical grounds.
If there is such a thing as an elementary particle, then its theoretical properties may be determined, and if something in nature exhibits precisely those properties, then we will claim that
it is an elementary particle. Quarks may be considered as elementary particles having separate
positions in principle, but bound in practice.

2.4

Many Valued Logic

Classical logic applies to sets of statements about the real world which are deﬁnitely true or
deﬁnitely false. For example, when we make a statement,
P(x): The position of a particle is x,
we tend to assume that it is deﬁnitely true or deﬁnitely false. Such statements are said to be
sharp or crisp, meaning that they have Boolean truth values, taken from the set {0, 1}. If it is
the case that P(x) is deﬁnitely either true or false then classical logic and classical mechanics
apply. Similarly, probability theory gives Bayesian truth values from the continuous interval
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[0, 1] to sentences in the future tense:
Q(x): In a measurement of position, the result will be x.
In quantum mechanics we deal with situations in which there has been no measurement and
there is not going to be one. P(x) and Q(x) are not then propositions about physical reality. For
example, we only get interference from Young’s slits when there is no way to determine which
slit the particle came through. In the absence of measurement we can consider propositions
describing hypothetical measurement results, such as the set of propositions of the form:
R(x): In a measurement of position, the result would be x.
R(x) is intuitively sensible, even when no measurement is done, but cannot sensibly be given
a crisp truth value. Its truth is distinguished from that of Q(x) because, when no measurements
are to be done, we cannot sensibly discuss the potential frequency of individual measurement
results.
Quantum logic [10] was introduced by Garrett Birkhoff and John Von Neumann [11] and
is sometimes described as applying counter-intuitive truth values to simple propositions. Here
I consider a natural formalisation of statements about hypothetical measurements. Kets are
interpreted as formal conditional clauses, rather than as propositions. The dual space consists
of corresponding consequent clauses. The inner product combines clauses to generate formal
propositions in the subjunctive mood, showing that the language is a consistent and intuitive
extension of two-valued logic and classical probability theory. The principle of superposition is
simply logical disjunction in formal language; there is no suggestion of an ontological quantity
of magnitude | x|f | associated with a particular particle.

2.5 Formal Language
In quantum theory we are not always going to do a measurement, but we want to talk about
what would happen if we were to do a measurement, i.e. we need to be able to make statements
about measurement results in the subjunctive mood. I will do this by formally deﬁning kets as
conditional clauses. Basic conditional clauses, on which the language is built, refer to individual measurements of position:
RULE I. For x ∈ D, |x is the formal conditional clause “If measured position at time t
were x, . . . ”.
An actual position found by a real apparatus is described by a set of points in the lattice.
To describe this we need to extend the language, by introducing an operator corresponding to
OR , represented by the symbol +. To express the idea that one possibility is more likely than
the other, we introduce a weighting; thus, if the magnitude of a is greater than that of b, then
a|f  + b|g will mean “if measured position were either x or y, but more likely x, . . . ” We also
want to be able to express many possibilities, “If the particle were found at x or y or z or . . . ”.
This is done recursively in rule II:
RULE II. If |g and |f  are formal conditional clauses, and a and b are complex numbers,
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then a|g + b|f  is a formal conditional clause.
The set of formal conditional clauses, or kets, now has the mathematical structure of an N dimensional vector space, H1 (t), where N = 8ν 3 . The elements of H1 (t) are formal conditional
clauses concerning the measurement of position of a single particle at time t. Basic conditional
clauses, |x, are a basis for H1 (t). Kets are not strictly states of a particle, but formal conditional
clauses describing hypothetical measurement results. They will be referred to as “states”, in
keeping with common practice when no confusion arises. The use of a vector space over the
complex numbers (rather than the reals) introduces a degree of freedom which will be used in
the description of the evolution of kets.
To complete a formal sentence we need to put a formal conditional clause together with
a formal consequent clause. Formal consequent causes refer to a second measurement, at the
same time as the ﬁrst measurement. To make statements about real measurement results we
will also need to know how kets evolve in time, but in the ﬁrst instance the discussion is restricted to hypothetical measurements at time t. There is no fundamental difference between
one measurement and another, so the grammatical structure, weighted disjunction, described in
rule II, applies equally well to consequent clauses. These also form an N -dimensional vector
space, deﬁned from a basis of consequent clauses in one-one correspondence with the basic
conditional clauses, or kets, described by rule I. Consequent clauses are represented symbolically by bras:
RULE III. x| is the formal consequent clause “. . . , then, in a second measurement at time t,
measured position would be x”.
We put the two clauses together, to make a braket, representing a statement about measurement at a given time:
RULE IV. x|y is the statement “If measured position at time t were y, then, in a second
measurement at time t, measured position would be x”.
From observation we know that, if, at some particular time, a particle is measured at position x, then its position is deﬁnitely x and it cannot be measured separately at some other
position y at the same time. The statement x|y is strictly true or false, depending on whether
or not x = y:
Postulate: The truth value of x|y is given by a Kronecker delta, x|y = δxy .
With linearity and complex conjugation, this deﬁnes an inner product between any two kets,
|f , |g ∈ H1 (t). Note the overloading of notation such that f |g is both a statement and its
truth value. Thus, H1 (t) is a Hilbert space, the basic conditional clauses of rule I are an orthonormal basis, and the space of bras is the dual space.
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Deﬁnition: The position function of the ket |f  ∈ H1 (t) is the mapping, D → C, ∀x ∈
D, x → x|f .
Later the position function will be identiﬁed with the restriction of the wave function to D.
It is here termed “position function” because it is discrete and because a wave equation is not
assumed.
In this formal language, relative magnitudes are important in weighted logical OR, but absolute magnitude has no meaning. It is easy in common language to construct phrases containing
redundant words. “The black piece of coal” is not the same phrase as “the piece of coal”,
but both have the same meaning. Similarly, for any complex number a, the clause |f  means
exactly the same thing as a|f . When not part of a larger construction containing +, a has the
role of a redundant word.
The resolution of unity is found by expanding a ket in a normalised basis
|f  =



|x x|f .

(1)

|x x|.

(2)

x∈D

Hence
1=


x∈D

The inner product is strictly a ﬁnite sum with N terms, where N = 8ν 3 is large. The formal
limit N → ∞, χ → 0 is strictly not part of the model, and is only to be taken at the ﬁnal stage
of calculation. With this in mind, it is convenient to normalize basis kets,
∀x, y ∈ D, x|y = χ−3 δxy .

(3)

With this normalisation, the resolution of unity takes the form:
1 = χ3



|x x|.

(4)

x∈D

2.6 Multiparticle kets
RULE Va. | is the formal conditional clause, “If the ﬁrst measurement at time t were to ﬁnd
no particle, . . . ”.
RULE Vb. | is the formal consequential clause, “. . . , then a second measurement at time t
would ﬁnd no particle”.
Deﬁnition: Let H0 be the one dimensional space spanned by |.
Postulate: The space of kets for n particles of the same type is given by the nth tensor power
1
⊗ ·
· · ⊗ H1
Hn ≡ (H1 )⊗n ≡ H

n

RULE VIa. |x1 |x2  . . . |xn  is the formal conditional clause, “If, for each of n particles,
the measured position at time t of the ith particle were xi , . . . ”.
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RULE VIb. x1 | x2 | . . . x1 | is the formal consequential clause, “. . . , then, for each of n particles in a second measurement at time t, the measured position of the ith particle would be xi ”.
Postulate: The space of any number of particles of the same type, γ, is Hγ ≡


n

Hn

The direct sum allows statements about an uncertain number of particles, using weighted logical OR, “If, for each of n or m particles, but more likely n than m, . . . ”, etc. Since an n particle
ket cannot be an m particle ket, the braket between kets of different numbers of particles is
zero. For |f  = |f1  . . . |fn  ∈ Hn , |g = |g1  . . . |gn  ∈ Hn ,
f |g =

n


fi |gi ,

(5)

i=1

as is required for independent particles by the probability interpretation (section 2.10).
Postulate: The space of particles is H ≡


γ

Hγ .

RULE VIIa. |x1 ; x2 ; . . . ; xn  is the formal conditional clause “If, for n identical particles,
measured positions at time t were x1 , x2 , . . . , xn ”.
RULE VIIb. x1 ; x2 ; . . . ; xn | is the formal consequential clause “then, for n identical particles, measured positions at time t would be x1 , x2 , . . . , xn ”.
Postulate: Since switching identical particles makes no difference to the physical situation,

multiparticle space is Fock space, F ≡ SHn where S means that groups of tensor indices
n

referring to the same type of particle are symmetrised for Bosons and antisymmetrised for
Fermions.

2.7

Momentum space

Deﬁnition: For a 3-vector, p, at the origin, deﬁne the momentum ket, |p, as a sum of
position kets:
|p =

1
2π

3/2

χ3



eix·p |x,

(6)

x∈D

where the dot product uses the Euclidean metric.
The Euclidean metric in (6) has no direct bearing on a physical metric, and merely deﬁnes
momentum kets as linear combinations of basic conditional clauses. The inner product with
|x deﬁnes a plane wave,
x|p =

1
2π

3/2 ix·p

e

Deﬁnition: |p is a plane wave ket with momentum p.

.

(7)
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This is the fundamental deﬁnition of 3-momentum in this approach. It is justiﬁed because
it will be found that p is a conserved quantity which corresponds precisely to the classical notion of momentum.
Deﬁnition: Momentum space is the 3-torus, M ≡ (− χπ , χπ ]3 ⊂ R3 .
There are momentum kets |p in H1 for continuum values of p ∈ M (since they’re just linear combinations of basis kets |x), but a discrete subset of momentum kets,
|p, p ∈ MD = M ∩ (χp Z)3 ,

(8)

is a basis for H1 , where lattice spacing for MD is given by χp = π/(χν). Using discrete
transforms, Fourier inversion is exact. The resolution of unity in momentum space is


χ3p

|p p| = 1.

(9)

p∈MD

Deﬁnition: For |f  ∈ H1 (t), determined by measurement at time x0 = t in discrete coordinates, D, the momentum space wave function F : M → C is p → F (p) = p|f .
In particular, for the position ket |z, the momentum space wave function is, for p ∈ M,
p → p|z =

3/2 −iz·p

1
2π

e

.

(10)

It is straightforward to show that, for x, y ∈ D,
M

d3 p x|p p|y =

3

1
2π

M

d3 p e−iy·p eix·p = χ−3 δxy = x|y.

(11)

Thus, Fourier inversion holds using the integral on momentum space; for any |f  ∈ H1 (t),
M

d3 p x|p p|f  =

M

d3 p χ3



x|p p|y y|f  = x|f .

(12)

y∈D

So, we can identify the sum over discrete momenta with an integral over M,
1 ≡ χ3p



|p p| ≡

M

p∈MD

d3 p |p p|.

(13)

Then for any |f  ∈ H1 (t), q ∈ M
q|f  ≡ χ3p


p∈MD

q|p p|f  ≡

M

d3 p q|p p|f .

(14)

Thus, for any p, q ∈ M, q|p = δ(p − q). It is perhaps unexpected that the Dirac delta function
on the test space of momentum space wave functions has an exact representation as a smooth
function,
3 3  ix·(p−q)
1
χ
e
.
(15)
δ(p − q) ≡ 2π
x∈D
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2.8 Smooth Representation
Deﬁnition: D is embedded into the continuum coordinate system, C,
D ⊂ C ≡ (−χν, χν]3 ⊂ R3 .

(16)

Deﬁnition: For any x ∈ C we may deﬁne the position ket


|x = χ3p

|p p|x =

M

p∈MD

d3 p |p p|x.

(17)

Deﬁnition: The wave function for |f (t) ∈ H1 (t) is f (t) : C → C with
x → f (t, x) = x|f (t) = χ3



x|z z|f (t)

(18)

z∈D

Expanding the wave function in momentum space gives, for x ∈ C,
f (x) = z|f  =

M

d3 p x|p p|f  =

1
2π

3/2
M

d3 p eix·p p|f .

(19)

Wave functions are differentiable. The wave function for |z, z ∈ C, is, for x ∈ C,
x → fz (x) =

M

d3 p x|p p|z =

1
2π

3
M

d3 p ei(x−z)·p

(20)

It is easily veriﬁed that for x, z ∈ D fz (x) = χ−3 δxz = x|z. So, the position function is
the restriction of the wave function to D, and, for z ∈ D, there is a one-one correspondence
between the wave functions, fz (x), and basis kets, |z, such that smooth wave functions are a
representation of a ﬁnite dimensional Hilbert space. For p, q ∈ M
C

d3 x p|x x|q =

1
2π

3
C

d3 x e−ix·(p−q) = χ−3
p δpq = p|q.

(21)

So, by linearity, we can identify the sum over discrete coordinates with an integral. The identity
operator 1 : H1 → H1 can be written
1 ≡ χ3



|x x| ≡

x∈D

C

d3 x |x x|.

(22)

Then for any |f  ∈ H1 , y ∈ C
y|f  = χ3



y|x x|f  =

x∈D

C

d3 x y|x x|f .

(23)

and for any x, y ∈ C x|y = δ(x − y) where the Dirac delta is a smooth function:
δ(x − y) ≡ ( χ2πp )3


p∈MD

ei(x−y)·p ≡

M

d3 p ei(x−y)·p .

(24)
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2.9 Bounds
Momentum space is the 3-torus M, which is not covariant. The theory would break down
if physical momentum could exceed pmax = π/χ, where χ is the lower bound of small lattice
spacing, not the spacing appropriate to a given apparatus. In conventional units the components
of momentum have a theoretical bound pmax = πc/χ. If Planck length is the smallest unit
inherent in nature, the theoretical bound on the energy of an electron is 3.8 × 1028 eV, well
beyond any reasonable level. Thus, in practice, physical momentum does not approach the
bound and there is not an issue.
In fact, there is a much lower bound on energy-momentum since an interaction between
a sufﬁciently high energy electron and any electromagnetic ﬁeld leads to pair creation (the
Greisen-Zatsepin-Kuz’min limit on the energy of cosmic rays is 5 × 1019 eV [12][13]). It follows from conservation of energy that the total energy of a system is bounded provided that
energy has been bounded at some time in the past. This is true whenever an energy value
is known since a measurement of energy creates an eigenket with a deﬁnite value of energy.
Then momentum is also bounded, by the mass shell condition. The probability of ﬁnding a
momentum above the bound is zero, and we assume that, for physically realizable states, p|f 
vanishes above the bound on each component of momentum. The bound depends on the system
under consideration, but without needing to specify a least bound, we may reasonably assume
that momentum is always much less than π/(4χ).
A theoretical bound on momentum might introduce a problem of principle for Lorentz
transformation. If a high energy electron were boosted beyond the bound it might appear after
the boost with a low energy, or with opposite direction of momentum. However, realistic
Lorentz transformation means that macroscopic matter (i.e. the reference frame) is physically
boosted by the amount of the transformation. In practice, Lorentz transformation cannot boost
momentum beyond the level for which it is consistently deﬁned.
The non-physical periodic property of p|f  can removed by the substitution ΘM (p) p|f  →
p|f , where ΘM (p) = 1 if p ∈ M and ΘM (p) = 0 otherwise. With the replacement of the
Euclidean dot product with Minkowski dot product (which takes place naturally in the solution
of the Dirac equation, appendix E), the expansion of the wave function in momentum space
(19) is identical to the standard form in relativistic quantum mechanics, up to normalisation,
and can be put into a manifestly covariant form:
f (x) =

1
2π

=

1
2π

=

1
2π

3/2
R3
3/2
R3
3/2
R4

d3 p p|f e−ix·p
d3 p
F (p)e−ix·p
2p0

where F (p) = 2p0 p|f 

(25)

d4 pF (p)e−ix·p δ(p2 − m2 ).

2.10 Probability Interpretation
To make the formal language precise, we must assign numerical values to the complex numbers
introduced in rule II, i.e. we must determine magnitude and phase. Phase contains informa-
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tion on the evolution of kets, and will be considered later. Magnitude will be determined from
probability. It only makes sense to talk about probability when we are actually going to do a
measurement. When we are actually going to do the measurement, a statement about hypothetical measurement, in the subjunctive mood, automatically becomes a statement about real
measurement, in the future tense. This being the case, truth values for hypothetical results must
be replaced by truth values for future events, i.e. probabilities, when experiments are actually
done.
In a typical measurement in quantum mechanics we study a particle in near isolation. The
suggestion is that there are too few ontological relationships to create the property of position
and that measurement introduces interactions which generate position. In this case, prior to
measurement, position does not exist and the state of the system is not labelled by a position
ket. Instead, Hilbert space is used to provide a label containing information about the about the
probability of what would happen in measurement. To associate a ket, |f , with a particular
physical state it is necessary and sufﬁcient to specify the magnitude and phase of x|f  from
empirical data. If we set up many repetitions of a system described by the initial measurement
results, f , and record the frequency of each result, x, then for a large number of repetitions the
relative frequency of x tends to the probability, P (x|f ), of ﬁnding the particle at x. Thus, in
the ﬁrst instance, amplitudes of the components x|f  are determined from the probabilities of
measurement results, not the other way about. In practice, they are determined from the results of previous measurements for which the results are known, together with the Schrödinger
equation (section 3.1).
Postulate: For the ket |f  ∈ H1 (t), the magnitudes of the coefﬁcients, x|f  are deﬁned such
that
| x|f |2
= P (x|f ).
(26)
f |f 
Deﬁnition: If f |f  = 1 then |f  is said to be normalised.

2.11

Observables

Since only a general principle has been used that it is possible to measure position, it is necessary to discuss other observables. The question as to what other observables exist cannot be
discussed until after a treatment of interactions between particles. It will be assumed that all
observables are a product of physical laws arising from particle interactions. A full analysis of
a given measurement would require that the measurement apparatus as well as the system being
measured be treated as a multiparticle system in Fock space, in which time evolution for the
interacting theory is known. Here general considerations are discussed on the assumption that
interactions will be described by linear maps on Fock space and that measurement is always a
physical process describable in principle as a combination of interaction operators. For qed this
will mean that all observables depend only on the electric current operator and the photon ﬁeld
operator. A complete resolution of the measurement problem would demonstrate the projection
postulate for any given apparatus and has not been given. The argument given below makes the

40

Electronic Journal of Theoretical Physics 10, No. 28 (2013) 27–80

projection postulate reasonable by reducing all measurement to measurement of position. The
view is that if we ﬁnd a physical process satisfying the projection postulate then we may say it
deﬁnes an observable quantity.
Measurement has two effects on the state of a particle, altering it due to the interaction of
the apparatus with the particle, and also changing the information we have about the state. New
information causes a change of ket, even in the absence of physical change because the ket is
just a label for available information. Then the collapse of the wave function is in part the
effect of the apparatus on the particle, and in part the effect on conditional probability when the
condition becomes known. This inverts the measurement problem; collapse represents a change
in information due to a new measurement but Schrödinger’s equation requires explanation —
interference patterns are real. The requirement for a wave equation will be found in 3.1.
Classical probability theory describes situations in which every parameter exists, but some
are not known. Probabilistic results come from different values taken by unknown parameters.
We have a similar situation here, but now the unknowns are not describable as parameters.
We assume no relationships between particles bar those generated by physical interaction. An
experiment is described as a large conﬁguration of particles incorporating the measuring apparatus as well as the process being measured. The conﬁguration has been partially determined
by setting up the experimental apparatus, reducing the possibilities to those with deﬁnite outcomes to the measurement. It is impossible, even in principle, to determine every detail of the
conﬁguration since the determination of each detail requires measurement, which in turn requires a larger apparatus containing new unknowns in the conﬁguration of particles. Thus there
is always a lack of determination of initial conditions leading to randomness in the outcome,
whether or not there is a fundamental indeterminism in nature.
When we do a measurement, K, we get a deﬁnite result, a terminating decimal or n-tuple of
terminating decimals read off the measurement apparatus. Let the possible results be ki ∈ Qn
for i = 1, . . . , m . We assume that the dimension of H1 is greater than m; this must be so if
all measurements are reducible to measurements of position, and can be ensured by the choice
of a lattice ﬁner than the resolution of measurement. Each physical state is associated with
a ket, labelled by the measurement result, so that if the measured result is ki then the ket
is |ki . The empirical determination of |ki  as a member of H1 requires that we draw from
experimental data the value of the inner product ki |f  for an arbitrary ket, |f . Without loss of
generality |ki  and |f  are normalised. By assumption, measurement of K is reducible to a set
of measurements of position, so that each ki is in one to one correspondence with the positions
yi of one or more particles used for the measurement (e.g. yi may be the positions of one or
more pointers). Then,
| ki |f |2 = | yi |f |2 = P (yi |f ) = P (ki |f )

(27)

is the probability that a measurement of K has result ki , given the initial ket |f  ∈ H1 . It
follows from x|y = δxy that ki |kj  = δij = yi |yj . So, if the result is ki it is deﬁnitely ki
and cannot at the same time be kj with i = j.
Measurement with result, ki , implies a physical action on a system and is represented by
the action of an operator, Ki , on Hilbert space. If a quantity is measurable we require that there
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is an element of physical reality associated with its measurement, by which we mean that the
conﬁguration of particles necessarily becomes such that the quantity has a well deﬁned value.
In practice this means that, in the limit in which the time between two measurements goes to
zero, a second measurement of the quantity necessarily gives the same result as the ﬁrst. It
follows that Ki is a projection operator (the projection postulate),
Ki = |ki  ki |

(28)

The projection postulate is too restrictive to describe all numerical quantities used in the classical description of nature, and will be relaxed after a discussion of expectations (section 2.13).
The expectation of the result from a measurement of K, given the initial normalised ket,
|f  ∈ H1 , is


ki P (ki |f ) =
f |ki ki ki |f  = f |K|f 
(29)
K ≡
i



i

Postulate: The Hermitian operator, K = i |ki ki ki |, is called an observable. ki is the value
of K in the ket |ki .
Using (27) the probability that operators describing the interactions comprising the measurement of K combine to give the result Ki is
P (ki |f ) = | ki |f |2 = f |ki  ki |f  = f |K|f .

(30)

Then P (ki |f ) can be understood as a classical probability function, where the random variable
runs over the set of projection operators, Ki , corresponding to the outcomes of the measurement. The physical interpretation is that each Ki represents a set of unknown conﬁgurations of
particle interactions in measurement, namely that set of conﬁgurations leading to the result ki .

2.12

The Canonical Commutation Relation

Deﬁnition: The momentum operator, P a = −i∂ a : H1 → H1 , is, for a = 1, 2, 3,
P a : |f  → −

C

d3 x |xi∂ a x|f 

(31)

Clearly P a is Hermitian and
P a |f  = −

C

d3 x |xi∂ a χ3p



x|p p|f  = χ3p

p∈MD



|ppa p|f .

(32)

p∈MD

Similarly,
P a |f  =

M

d3 p |ppa p|f .

(33)

Deﬁnition: The position operator, X a : H1 → H1 , is, for a = 1, 2, 3
X a |f  = χ3


x∈D

|xxa x|f 

(34)
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From the property that the trace of a commutator in ﬁnite dimensional Hilbert space vanishes, Tr([X a , P b ]) = 0, it follows that [X a , P b ] = iδab , and the canonical commutation relation
does not hold. If we formally deﬁne X̃ by
X̃ a |f  =

C

d3 x |xxa x|f .

(35)

Then,
P b X̃ a |f  =

C

d3 x |xiδab x|f  −

C

d3 x |xxa i∂ b x|f  = −iδab − X̃ a P b |f .

(36)

So,
[X̃ a , P b ] = iδab .

(37)

/ H1 .
and we conclude that X a = X̃ a and that X̃ a |f  ∈

2.13 Classical Correspondence
In the classical correspondence we study the behaviour of systems containing a large number,
N , of quantum motions (this is sometimes called the thermodynamic limit). A classical property is the expectation, (29), of the corresponding observable in the limit N → ∞ (not  → 0
as sometimes stated; Planck’s constant is simply a change of scale from natural to conventional
units and it would be meaningless to let it go to zero). For example, the centre of gravity of
a macroscopic body is a weighted average of the positions of the elementary particles which
constitute it. Schrödinger’s cat is deﬁnitely either alive or dead because, consisting as it does
of a large number of elementary particles, its properties are expectations obeying classical laws
derived from (29), but the ket simply encodes probability and the cat may be described as a
superposition until the box is opened.
Postulate: A measurement of a physical quantity is any physical process such that a determination of the quantity is possible in principle.
In keeping with the considerations of section 2.11, we assume that the existence of a value
for an observable quantity depends only on the conﬁguration of matter. If a conﬁguration of
matter corresponds to an eigenket of an observable operator then the value of that observable
exists independently of observation and is given by the corresponding eigenvalue. In classical
physics there is sufﬁcient information to determine the motion at each instant between the
initial and ﬁnal ket, up to experimental accuracy. Intermediate kets are similarly determinate
and may be calculated in principal by the processing of data already gathered, or which could
be gathered without physically affecting the measurement. So in classical physics intermediate
states may be regarded as measured states, and we may say that they are effectively measured.
The projection postulate is required if the results of measurement are to be used to name
states in Hilbert space, but classical quantities can also be deﬁned from Hermitian operators
when this is not the case. To say that a Hermitian operator has a well deﬁned value in a given
state, a measurement should necessarily yield that value as the expectation of the operator:
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Postulate: For kets consisting of large numbers of particles, the classical value of an observable quantity is given by the expectation of the corresponding Hermitian operator (irrespective
of whether the ket is an eigenket).
This is weaker than the projection postulate, which requires an eigenket (in which the value
is trivially given by the expectation). The reason is that it will be found in section 6. that the
classical electromagnetic ﬁeld is given by the expectation of the photon ﬁeld operator.

3. Particles
3.1 The Schrödinger equation
The inner product allows us to calculate probabilities for the outcome of a measurement provided that we know the ket describing hypothetical measurement at the time of measurement.
This is only useful if we can calculate the ket at any time, t, from a known previous measurement result. Hilbert space refers to measurement at time, t, so that |f (t) ∈ H(t), where t is
a parameter and we isomorphically identify H(t) = H for all t. The position ket |x at time
x0 = t will be denoted by |t, x. Since H has a ﬁnite basis, it is required to review the arguments for the Schrödinger equation.
Postulate: If at time t0 the ket is |f (t0 ), then the ket at time t is given by the time evolution operator, U (t, t0 ) : H → H, such that |f (t) = U (t, t0 )|f (t0 ).
If the ket at time t0 was either |f (t0 ) or |g(t0 ), then it will evolve into either |f (t) or |g(t)
at time t. Any weighting in OR will be preserved. So, U is linear
U (t, t0 )(a|f (t0 ) + b|g(t0 )) = aU (t, t0 )|f (t0 ) + bU (t, t0 )|g(t0 ).

(38)

Irrespective of whether a model of discrete particles might appear continuous on the large
scale, the evolution of kets is expected to be continuous because kets are not physical states
of matter, but are rather probabilistic statements about what might happen in measurement,
given current information. Probabilities describe our ideas concerning the likelihood of events.
Whether or not reality is fundamentally discrete, probability is properly described on a mathematical continuum. A discrete interaction will not lead to a discrete change in probability
because we do not have exact information on when the interaction takes place. This being so,
time evolution will be modelled by a continuous operator valued function of time, U . Since
local laws of physics are always the same, and U does not depend on the ket on which it acts,
the form of the evolution operator for a time span t, U (t) = U (t + t0 , t0 ), does not depend on
t0 . We require that the evolution in a span t1 + t2 is the same as the evolution in t1 followed
by the evolution in t2 , and is also equal to the evolution in t2 followed by the evolution in t1 ,
U (t2 )U (t1 ) = U (t2 +t1 ) = U (t1 )U (t2 ). In zero time span, there is no evolution. So, U (0) does
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not change the ket; U (0) = 1. Using negative t reverses time evolution (put t = t1 = −t2 );
U (−t) = U (t)−1 .
Since kets can be chosen to be normalised we may require that U conserves the norm, i.e.
for all |g, g|U † U |g = |U |g|2 = ||g|2 = g|g. This is sufﬁcient to show that U is unitary
(appendix A). Thus the conditions of Stone’s theorem [14] (appendix B) are satisﬁed and we
have that there exists a Hermitian operator H, the Hamiltonian, such that U̇ (t) = −iHU (t).
This has solution U (t) = e−iHt . The Schrödinger equation and Newton’s ﬁrst law (H = E =
const) follow immediately. E is identiﬁed with energy and m with mass.
In a general problem in quantum theory, an initial condition is described by a ket |f  with
momentum space wave function p|f , and such that the discrete position function is uniquely
embedded into the smooth wave function on R3 , (19). Solving the Schrödinger equation extends the wave function to R4 , (25). Then the position function at any time, and in any discrete
coordinate system is found restricting to discrete values. Thus we do not require the existence
of a physical continuum to deﬁne quantum theory using smooth wave functions.

3.2

Quantum Covariance

If time and position are not properties of prior space or spacetime, but only of relationships
found in matter, then it follows that the fundamental properties of elementary particles have
no dependency on time or position. This is expressed in the principle that, the fundamental
behaviour of matter is always and everywhere the same. Incorporated in this law is the notion
that local, physically realised, coordinate systems may always be established by an observer in
the same way. From this we may infer the general principle of relativity, local laws of physics
are the same irrespective of the coordinate system which a particular observer uses to quantify
them. In classical physics, laws which are the same in all coordinate systems are most easily
expressed in terms of invariants, known as tensors. Then the most directly applicable form of
the principle of general relativity is the principle of general covariance, the equations of physics
have tensorial form.
General covariance applies to classical vector quantities under the assumption that they are
unchanged by measurement. But in quantum mechanics measured values arise from the action
of the apparatus on the quantum system, creating an eigenket of the corresponding observable
operator and we cannot generally assume the existence of a tensor independent of measurement.
In practice a change of reference frame necessitates a change of apparatus (either by accelerating the apparatus or by switching to a different apparatus). A lattice describes possible values
taken from measurement by a particular apparatus. Eigenkets of displacement are determined
by this lattice, i.e. by the properties and resolution of a particular measuring apparatus. So, in
general, eigenkets in one frame are not simultaneously eigenkets of a corresponding observable
in another frame using another apparatus (c.f. non-commutative geometry [15]). For the same
reason classical tensor quantities do not, in general, correspond to tensor observables.
The broad meaning of covariance is that it refers to something which varies with something
else, so as to preserve certain mathematical relations. If covariance is not now to be interpreted
as manifest covariance or general covariance as applicable to the components of classical vec-
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tors, then a new form of covariance, quantum covariance, is required to express the principle
of general relativity, that local laws of physics are the same in all reference frames. Quantum
covariance will mean that local laws of physics have the same form in any reference frame but
not that the same physical process may be described identically in different reference frames,
since the reference frame, i.e. the choice of apparatus, can affect both the process under study
and the description of that process. Since coordinates are determined by physical measurement
which has ﬁnite resolution, under transformation of the coordinate system (passive Lorentz
transformation) there is also a change of basis for Hilbert space. Quantum covariance observes
that, since the choice of basis is arbitrary and observer dependent, and since Hilbert space contains a continuum of kets |x for x ∈ R3 , any breaking of manifest covariance by the choice of
basis is irrelevant.
Postulate: Quantum covariance will mean that the wave function, (25), is deﬁned on a continuum, while the inner product is discrete, and that, in a change of reference frame, the lattice
and inner product appropriate to one reference frame are replaced with the lattice and inner
product of another.
Thus, from an initial position function deﬁned on C, the position function at any time is
given by
x|f  = f (x)|S ,

(39)

and if, in a change of reference frame, the spacetime coordinate system S is replaced by S , the
new position function is given by
x|f  = f (x)|S .

(40)

We have seen that the consistency of quantum covariance is ensured if the support of p|q is
bounded as described in section 2.9.
The general form of a linear operator, O on H, is, for some complex valued function
O(x, y),
O = χ3



|xO(x, y) y|.

(41)

x,y∈D

According to quantum covariance, this expression has an invariant form under a change of
reference frame. This has important implications for the deﬁnition of quantum ﬁelds. The
invariance of operators under rotations is perhaps at ﬁrst a little surprising, particularly when
one considers the presumed importance of manifest covariance in axiomatic quantum ﬁeld
theory. It may be clariﬁed a little with a nautical analogy. On a boat the directions fore, aft,
port and starboard are invariant because they are deﬁned with respect to the boat. Similarly
operators are necessarily deﬁned with respect to chosen reference matter and have an invariant
form with respect to reference matter.
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3.3 Dirac Particles
It has been seen that the probability interpretation requires a ﬁrst order Schrödinger equation
(section 3.1 and appendix B). There is no covariant ﬁrst order equation for a spinless particle2
and, following Dirac [16], a spin index is added to the ket. When there is no ambiguity spin is
suppressed. Explicitly,
|x = |x, α = |xα .
(42)
I will use the normalisation:
∀x, y ∈ D, x, α|y, β = x|yαβ = χ−3 δxy δαβ .

(43)

The inner product is
g|f  = χ3



g|x x|f  = χ3

D


D

gα (x)† fα (x),

(44)

where the summation convention is used for spin indices. Position functions deﬁned on the
discrete spacetime coordinate system S are embedded into smooth wave functions. Wave functions now have a spin index, fα (x)|S = x|f α , and the ﬁrst order equation required by Stone’s
theorem [14] (appendix B) is the Dirac equation:
i∂ · γf (x) = mf (x).

(45)

Using bold font to denote 3-vectors, the solution to the Dirac equation is (appendix E)
fα (x) =

1 3/2
( 2π
)

2

r=1 M

d3 p F (p, r)uα (p, r)e−x·p ,

(46)

where F (p, r) is the momentum space wave function given at x0 = 0 by
1 3/2 3
F (p, r) = p, r|f  = ( 2π
) χ



u(p, r)† f (0, x)eix·p ,

(47)

D

p satisﬁes the mass shell condition, and u is a Dirac spinor having the form, for r = 1, 2,


u(p, r) =

⎡

+m⎢
⎢
2p0 ⎣

p0

⎤

ζ(r)

⎥
⎥,
⎦

σ·p
ζ(r)
p0 +m

(48)

where σ = (σ1 , σ2 , σ3 ) are the Pauli spin matrices and ζ is a two-spinor normalised so that
ζα (r)† ζα (s) = δrs , where the summation convention is used for repeated spin indices. In this
normalisation uα (p, r)† uα (p, s) = δrs (appendix F). It is common to choose a relativistic nor√
malisation by multiplying Dirac spinors by 2p0 . Since we ultimately divide by normalisation
to calculate probability, this makes no difference to predictions. The normalisation used here is
consistent with the idea that probability is observer dependent, and leads to simpler formulae.
2

This applies to fundamental particles but does not preclude scalar composite or scalar ghost particles.
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3.4 Antiparticles
The treatment of the antiparticle modiﬁes the Stückelberg-Feynman [17][18] interpretation by
considering the mass shell condition. The Dirac equation is most readily understood as the
equation of motion for a particle in its own proper time. If every particle has its own proper
time, and if there is no other fundamental time, then it is natural to think that one particle’s
proper time can be reversed compared to that of another; antimatter is matter whose proper time
is inverted compared to surrounding matter. A sign is lost in the mass shell condition, due to the
squared terms, but a time-like vector with a negative time-like component provides a natural
deﬁnition of negative mass, m < 0. So, permissible solutions of the Dirac equation, (45), have
positive energy, E = p0 > 0, when m is positive and negative energy when m is negative.
Complex conjugation reverses time, and the direction of momentum, while maintaining the
probability interpretation and restores positive energy, and we also change the sign of mass,
m → −m. Thus the negative energy solution is transformed and satisﬁes
i∂ · γ̄f (x) = −mf (x),

(49)

j
j
where γ̄ is the complex conjugate, γ̄αβ
= γαβ
. The solution is the wave function for the
antiparticle
1 3/2
f (x) = ( 2π
)

2

r=1 M

d3 p F (p, r)v̄(p, r)e−x·p ,

(50)

where F (p, r) is the momentum space wave function given by
1 3/2 3
F (p, r) = ( 2π
) χ



v̄(p, r)† f (0, x)eix·p ,

(51)

D

p satisﬁes the mass shell condition, and v̄ is the complex conjugate of the Dirac spinor, for
r = 1, 2,
⎡
⎤

σ·p
ζ(r)⎥
0
p0 + m ⎢
⎢ p +m
⎥.
(52)
v(p, r) =
2p0 ⎣ ζ(r) ⎦
The spinor has the normalisation v̄α (p, r)† v̄α (p, s) = δrs . The use of v̄ in (50) and (51) will be
reconciled with the more usual form when ﬁeld operators are deﬁned.

3.5 Conserved current
Since the interpretation is based on probability theory, we need a relativistic statement that
probability is conserved. That is, we require a vector current density j a such that
∂a j a = 0,

(53)

and the probability density for ﬁnding a particle at x is
j 0 (x) = f (x)† f (x).

(54)
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Deﬁnition: The Dirac adjoint of a Dirac spinor, u, is û = u† γ 0 .
Postulate: Current density is j a = fˆγ a f .
With these deﬁnitions, current density satisﬁes,
∂a j a = ∂a (f † γ 0 γ a f ) = (∂a f † )γ a† γ 0 f + fˆγ a ∂a f = imfˆf − imfˆf = 0,

(55)

as is required of a conserved current.

3.6

Creation Operators

In interactions, particles may be created and destroyed. The creation of a particle in an interaction is described by the action of a creation operator, and destruction is described by an
annihilation operator. A change of state of a particle can be described as the annihilation of one
state and the creation of another. Thus, a complete description of any process in interaction can
be achieved through combinations of creation and annihilation operators. Creation and annihilation operators are linear operators, and incorporate the idea that when a particle is created it
is impossible to distinguish it from any existing particle of the same type, so that they automatically (anti)symmetrise states of identical particles. A creation operator is closely associated
with the state which it creates, and will be denoted as a ket, with an underline to distinguish it
from a state.
Deﬁnition: ∀x ∈ D the creation operator |x : H → H is ∀y, y i ∈ D, i = 1, . . . , n :
|x : | → |x| = |x
|x : |y → |x; y =

(56a)

√1 [|x|y
2

|x : |y 1  . . . |y n  → √

+ κ|y]|x]

1
κi |y 1  . . . |y i |x|y i+1  . . . |y n 
n + 1 i=0
n


(56b)
(56c)

where |x appears in the i + 1th position in the ith term of the sum. It is routine to show that
κ = ±1 for Bosons and Fermions respectively. More generally, creation operators are deﬁned
by linearity:

x|f |x.
(57)
∀|f  ∈ H1 , |f  = χ3
x∈D

We have
|x : |y 1 ; . . . ; y n  → |x; y 1 ; . . . ; y n .

(58)

So the space of (anti)symmetric states F ⊂ H is generated from H0 = {|} by creation operators. Physical states are elements of F.
Deﬁnition: ∀|f  ∈ H1 , the annihilation operator f | : F → F is the Hermitian conjugate
of the creation operator |f  : F → F, f | = |f † .
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4. Interactions
4.1 The Interaction Hamiltonian
By Stone’s theorem [14] (appendix B) time evolution is modelled by a continuous operator,
U (t) : F → F, such that U (t) = e−iHt . In a time interval, t, there either is, or is not, an
interaction:
Postulate: By the identiﬁcation of the operations of vector space with weighted OR between
uncertain possibilities, time evolution including the possibility of interaction is described by a
Hamiltonian, H : F → F, with
H = H0 + Hint ,

(59)

where H0 is the free Hamiltonian, and Hint is a Hermitian operator describing an interaction
between particles, called the interaction Hamiltonian. Hint is deﬁned with no component
corresponding to the absence of interaction,
∀xi ∈ D, ∀n ∈ N, x1 ; . . . xn |Hint |x1 ; . . . xn  = 0.

(60)

In general, Hint will be a sum of terms for different types of interaction. Here only one type of
interaction will be considered. Thus, the evolution of a ket is given by
∂0 |f (t) = −iH|f (t) = −i(H0 + Hint )|f (t).

(61)

It is convenient to separate interactions from free particle evolution by working in the interaction picture, so that
|fI (t) = eiH0 t |f (t),

(62)

AI (t) = eiH0 t Ae−iH0 t ,
HI (t) = e

iH0 t

−iH0 t

Hint e

(63)
.

(64)

As is common practice, the sufﬁx, I, denoting the interaction picture will be dropped when there
is no ambiguity. From (62), since |f (t) = e−iHt |f (0), evolution is given in the interaction
picture by
U (t) = eiH0 t e−iHt

(65)

U̇ (t) = −iHI U (t),

(66)

U (t) = e−iHI t .

(67)

Differentiating gives (appendix C)

which has solution (U (0) = 1)
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4.2 The Hamiltonian Density
We assume that we can deﬁne a Hermitian interaction density operator, I(x), having the same
effect on a matter anywhere and at any time, as required by the general principle of relativity.
By the identiﬁcation of addition with logical disjunction, HI can be written as a sum:
Postulate: The Hamiltonian (or interaction) density, I(x) : F → F, is a Hermitian operator such that the interaction Hamiltonian is
HI (x0 ) = χ3



(68)

I(x).

D

4.3 The Perturbation Expansion
Without loss of generality, t0 = 0. The discrete time interval is T = {tj = jχ|j ∈ Z, 0 ≤ j ≤ n
for some n ∈ Z}. We have
U (tj+1 ) = U (χ)U (tj ) = (1 − iHI (tj )χ)U (tj ).

(69)

Iterating
U (t1 ) = 1 − iHI (t0 )χ.

(70)

U (t2 ) = (1 − iHI (t1 )χ)(1 − iHI (t0 )χ).

(71)

Expand after n iterations
U (tn ) = 1 − iχ

n−1


HI (ti ) + (−iχ)

i=0

2

 n−1


HI (tj )HI (ti ) + . . . .

(72)

j>i i=0

Substituting (68)
U (tn ) = 1 − iχ4

n−1


I(xi ) + (−iχ4 )2

i=0

 n−1


I(xj )I(xi ) + . . . ,

(73)

j>i i=0

where the sums are now over space as well as time. This can be rewritten
U (tn ) = 1 +

n


4 k

(−iχ )

k=1


ik >ik−1

...

 n−1

i2 >i1 i1 =0

I(xik ) . . . I(xi2 )I(xi1 ).

(74)

4.4 Time-ordered Diagrams
Any operator on Fock space, F, can be written as a sum of products of creation and annihilation
operators. The change of state associated with an interaction can be described as the annihilation of one state and the creation of another. Thus, a complete description of any process in interaction can be achieved through combinations of creation and annihilation operators. Expand
the interaction density, I(x), as a sum of terms of the form i(x) = |x1 . . . |xm x|m+1 . . . x|n
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Fig. 1 Interaction terms showing a) two creation and two annihilation operators, and b) one creation and
three annihilation operators.

where |xj and x|j are creation and annihilation operators for the particles and antiparticles
in the interaction. i(x) can be represented diagrammatically as a vertex or node (ﬁgure 1).
The diagram is time-ordered from bottom to top so that the lines above the node correspond to
creation operators, and those below the node correspond to annihilation operators.
The perturbation expansion for g(t)|U (t)|f (0) generates a braket between each annihilation operator, x|i , and every earlier creation operator, |xj , and every particle in |f (0), and
a braket between every creation operator, |xi , and every particle in the ﬁnal state, g(t)|. All
other brakets are zero. These brakets can be represented graphically by connecting corresponding vertices (ﬁgure 2). Lines representing particles are shown with arrows from bottom to top,
and lines representing antiparticles with arrows from top to bottom. Then the nth term of the
perturbation expansion is a sum of terms, each represented as a time-ordered graph containing
n vertices.

Fig. 2 Time-ordered diagrams for two interactions.

4.5 The Locality Condition
Deﬁnition: Let {tj ∈ T : j = 1, . . . , n} be an unordered set of times in T. Let π be the
permutation such that tπ(1) > tπ(2) > . . . > tπ(n) . Then the time-ordered product, T , is
T {I(t1 ) . . . I(t1 )} = I(tπ(1) ) . . . I(tπ(n) ).

(75)
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Hence, we can write the perturbation expansion (74)
U (tn ) = 1 +

n

(−iχ4 )k
k=1

k!


ik =ik−1 ,ik−2 ,...,i1

...

 n−1

i2 =i1 i1 =0

T {I(xik ) . . . I(xi2 )I(xi1 )}.

(76)

It will be observed that in the limit χ → 0 this reduces to the standard integral form (appendix
G), and that, because equal time products are excluded, improper integrals must be used. In
consequence care is needed in the order of taking limits.
Theorem: (Locality) For any x, y, such that x − y is space-like, the commutator of the interaction densities at x and y vanishes, [I(y), I(x)] = 0.
Proof: Under Lorentz transformation, the order of interactions, I(xi ), I(xj ) can be changed
in the time-ordered product whenever xi − xj is space-like. Under the condition that the initial
and ﬁnal kets are stable states of free particles, as in scattering experiments, the calculation of
probabilities cannot be affected. Locality follows immediately.

5. Field Theory
5.1

The Dirac Field Operator

The interaction of a particle will be modelled by the annihilation of the old state of the particle
and the creation of a new state. Since we can measure the position of an electron, it must be
possible to form a projection operator for position at given time,
XP (x) = |x x|,

(77)

from the Hamiltonian density and a suitable conﬁguration of matter (more accurately, XP (x)
is summed over a small range of positions depending on the resolution of measurement). The
interpretation of antiparticles as negative energy particles going backwards in time means that
the annihilation of a negative energy particle appears as the creation of a (positive energy) antiparticle, so that antiparticle annihilation operators appear symmetrically in the interaction operator in a sum with creation operators. This motivates the deﬁnition of the Dirac ﬁeld operator.
Deﬁnition: The Dirac ﬁeld operator annihilates an electron or creates a positron,
ψα (x) = |x̄, α + x, α|.

(78)

There are strong reasons, based on locality, for thinking that interaction operators are products of ﬁeld operators with this form. The Hermitian conjugate of a quantum ﬁeld operator,
has the reverse effect, creating a particle or annihilating an antiparticle. The observable quantity, current density, uses the Dirac adjoint, so we expect the Dirac adjoint operators to appear
alongside ﬁeld operators in the Hamiltonian density.
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Deﬁnition: The Dirac adjoint of the annihilation operator x, α| creates a particle,
|x̂, α =


μ

0
|x, μγμα
.

(79)

The bound on the momentum space integral does not affect covariance, since the operators act
on kets having wave functions with bounded support in momentum space.
Deﬁnition: The Dirac adjoint of the antiparticle creation operator |x̄, α annihilates an antiparticle,

0
x̄ˆ, α| =
x̄, μ|γμα
.
(80)
μ

Deﬁnition: The Dirac adjoint of the ﬁeld operator creates a particle or annihilates an antiparticle,
0
= |x̂, α + x̄ˆ, α|.
(81)
ψ̂α (x) = ψμ† γμα

5.2

Locality of Dirac Field Operators

Since Dirac particles are Fermions we have anticommutation relations for the Dirac ﬁeld operator.
(82)
{ψα (x), ψβ (y)} = {ψ̂α (x), ψ̂β (y)} = 0.
Dirac ﬁeld operators will appear in pairs in the Hamiltonian density in such a way as to ensure
commutation relations required of the locality condition.
Theorem: The equal time anticommutation relations for the Dirac ﬁeld and Dirac adjoint and
obey:
0
δ(x − y).
(83)
{ψα (x), ψ̂β (y)}x0 =y0 = γαβ
Theorem: (locality) The anticommutation relation for the Dirac ﬁeld and the Dirac adjoint is
zero outside the light cone.
Proof: appendix H.

5.3 The Current Density Observable
For electrons, current is an observable quantity. Since measurement is always the result of interactions between matter, a Hermitian operator, j, whose expectation is the classical electrical
current must appear in the Hamiltonian density. To ensure that locality is satisﬁed, current is
composed of Dirac ﬁeld operators.
Postulate: The current density observable is j α (x) =: ψ̂(x)γ α ψ(x) :, where the colons
denote normal ordering (i.e. creation operators are placed to the left of annihilation operators).
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Then, given the particle ket |f  in H1 with f (x) = x|f ,
j a (x) = f |j a (x)|f  = f | : (|x̂ + x̄ˆ|)γ a (|x̄ + x| :)|f  = fˆ(x)γ a f (x),

(84)

in agreement with current density for a single particle state (section 3.5). For antiparticle states,
spin indices are transposed. Transposition is equivalent to pre- and post-multiplying γ by a
matrix, with ones in the trailing diagonal and zeros elsewhere. This has the effect of reversing
the order of the spin indices. Thus, a negative energy spin down electron will appear as a
positive energy spin up positron.

5.4 Photons
We seek to introduce interactions between particles, such that the interaction operator has an
invariant form. Since the current density observable, j a (x), is a vector, a covariant theory can
be found by contracting it with another Hermitian vector operator, Aa (x). The possibilities
are severely restricted. The natural and simplest thing to try is to introduce a particle with a
spin index which transforms as a vector, and which is its own antiparticle, i.e. its creation and
annihilation operators appear in the same ﬁeld operator. Vector particles may have non-zero
mass, but empirical evidence is that this is not so for the photon at the limit of experimental
accuracy. Zero mass is assumed.
Postulate: The photon ﬁeld operator is Aa (x) = |x, a + x, a|.
The photon ﬁeld operator creates or annihilates a photon, in accordance with the empirical
fact that photons are created or destroyed in interaction. We cannot, therefore, talk of measurements of the position of a photon (a position observable), but only of measurement of the
position at which it was annihilated, or the position at which it was created. x is not the position of a photon, but rather the position at which a charged particle would be found to have
emitted or absorbed a photon if a measurement were carried out. This requires that we extend
the formal rules introduced in section 2.5 and section 2.6.
RULE VIIIa. |x, a = |x, a| is the formal conditional clause “If a measurement had found
the creation of a photon at x, . . . ”.
RULE VIIIb. x, a| = | x, a| is the formal consequent clause “. . . , then a measurement
would ﬁnd the annihilation of a photon at x”.
RULE VIIIc. The photon position function, x, a|f  = Aa (x)|f  is the formal statement,
“if |f  were known from previous measurement(s), then, another measurement would ﬁnd the
annihilation of the photon at x”.
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Since photons are always created or annihilated in interaction, and cannot be in eigenkets of a
position observable, we do not require that |x, a are orthogonal.

5.5 Plane Wave Photon Kets
For momentum p, deﬁne a longitudinal unit 3-vector, w(p, 3) = p/|p| and orthogonal transverse unit 3-vectors w(p, 1) and w(p, 2) such that, for r = 1, 2, 3, w(p, r) · w(p, s) = δrs , and
deﬁne normalised spin vectors, w(p, 0) = (1, 0) and w(p, r) = (0, w(p, r)) for r = 1, 2, 3.
Deﬁnition: For momentum p, and r = 0, 1, 2, 3, the photon plane wave ket, |p, r, in H1
is given by the wave function,
x|p, r = λ(|p|, r)w(p, r)e−ix·p ,

(85)

where p2 = 0 (the mass shell) and λ(|p|, r) is a scalar, to be determined.
The scalar, λ, is required because the kets |x = |x| refer to the hypothetical measurement of
position of the electron which emits a photon, not to the position at which a photon can be measured. Direction is determined by the distribution of matter, not by fundamental assumption,
so λ depends only on the magnitude of p.
Since momentum is a conserved quantity (appendix J4), a photon created with a given
momentum is annihilated with the same momentum and it is possible to talk about the measured
momentum of a photon state. We therefore require that plane wave kets are an orthogonal basis,
q, s|p, r = η(r)δrs δ(p − q),

(86)

where η(0) = −1 and η(r) = 1 for r = 1, 2, 3. The minus sign from η(0) does not alter the
expansion of the inner product for an orthonormal basis. The braket for the photon is
g|f  =

3

r=0 M

d3 p g|p, r p, r|f .

(87)

d3 p |p, r p, r|.

(88)

The resolution of unity takes the form,
1=

3

r=0 M

We do not have that f |f  > 0 for all |f  ∈ H1 ; the braket is not positive deﬁnite, in apparent
conﬂict with the calculation of probabilities. In practice, we only need to generate probabilities
for observations, not for the entire space of photon kets. Since probabilities must be positive,
we impose the condition that, in observations on the photon, there is no polarisation between
time-like and longitudinal states,
p, 0|f  = p, 3|f ,

(89)

Physically, any polarisation breaking (89) would need to be caused by an interaction creating that polarisation. Clearly, no such interaction is known or possible. It is seen that if one
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starts with Coulomb gauge (as used in many standard approaches), then (89) remains true after
Lorentz transform, while Coulomb gauge does not. Using (89), probabilities for the observation
time-like and longitudinal states are zero. The braket reduces to
g|f  =

2

r=1 M

d3 p g|p, r p, r|f ,

(90)

which is positive semideﬁnite, as required for the probability interpretation. It will be seen that
all four polarisation states are required for the derivation of the Lorentz force (section 6.3). We
can conclude that the unobservable states have a real effect, and represent real particles, but the
probability interpretation allows only the direct observation of a subspace containing the two
transverse polarisation states, on which the inner product is positive deﬁnite. Since the braket
is invariant under the addition of a light-like polarisation state, light-like polarisation cannot be
determined from experimental results.
We require that the probability for the creation of a photon at x and its annihilation at y is
invariant. Observe that
3


η(r)wa (p, r)wb (p, r) = −g ab .

(91)

r=0

Then, setting
1 3/2 √1
)
λ(|p|, r) = ( 2π

2p0

(92)

gives
x, a|y, b =
=

3

r=0 M
3

r=0 M
ab

d3 p x, a|p, r p, r|y, b
d3 p η(r)λ(|p|, r)λ(|p|, r)wa (p, r)wb (p, r)e−ip·(x−y)

g
=− 3
8π
g ab
=− 3
8π

M

M

d3 p −ip·(x−y)
e
2p0

(93)

d4 p e−ip·(x−y) δ(p2 ),

which is covariant because quantum covariance applies to the momentum space integral (see
section 3.2).

5.6 Evolution of Photon Kets
We may expand |x, a using plane waves,
|x, a =

3

r=0 M

d3 p |p, r p, r|x, a

1 3/2
)
= ( 2π

3

r=0 M

d3 p
√ 0 wa (p, r)eix·p |p, r
2p

(94)
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Then the wave function for the ket |f  is
1 3/2
f a (x) = ( 2π
)

3

r=0 M

d3 p
√ 0 wa (p, r)e−ix·p p, r|f 
2p

(95)

The Klein-Gordon Equation, ∂ 2 f a = 0, is seen here as a vector identity, expressing the mass
shell condition for a zero mass particle, not as an equation of motion. Since conservation of
probability applies to the creation and annihilation of particles, Stone’s theorem [14] (appendix
B) requires a ﬁrst order equation, which is found by differentiating the wave function,
∂a f a = 0.

5.7

(96)

The Photon Field Operator

The creation operator for a plane wave ket is given by |p, r| = |p, r. Expanding the photon
ﬁeld operator, section 5.4,
A (x) =
a

3


η(r)

r=0

M

d3 p
√ 0 (eix·p |p, r + e−ix·p p, r|)wa (p, r).
2p

(97)

Theorem: The photon ﬁeld operator satisﬁes ∂ 2 Aa = 0.
Proof: Differentiate Aa twice.
Theorem: For physical states, the Gupta-Bleuler gauge condition is satisﬁed:
∂a Aa |f  = 0.

(98)

Proof: Differentiate and use (89).

5.8 The Locality Condition For Photons
Photons are Bosons, obeying commutation relations,
[Aa (x), Ab (y)] = [|x, a + x, a|, |y, b + y, b|]
= x, a|y, b − y, b|x, a
g ab
d3 p −i(x−y)·p
(e
− ei(x−y)·p ).
=− 3
8π M 2p0

(99)

Substituting p → −p in the second term gives the equal time commutator,
[A(x), A(y)]x0 =y0 = 0.

(100)

The commutator (99) is covariant because (93) is covariant. Hence it is zero outside the light
cone. Because the photon commutator vanishes, the time evolution of the expectation of the
photon ﬁeld is trivial. Physical laws depend on derivatives of the photon ﬁeld.
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Theorem: The commutator for the photon ﬁeld and its derivative is zero outside the light
cone (locality), and the equal time commutator obeys:
[∂i Aa (x), Ab (y)]x0 =y0 = −iδi0 g ab δ(x − y).

(101)

Proof: Differentiating,
∂ x, a|y, b = −
and
∂ y, b|x, a =

M

d3 p
ipe−i(x−y)·p ,
2p0

(102)

M

d3 p
ipei(x−y)·p .
2p0

(103)

g ab
8π 3

g ab
8π 3

Substitute p → −p at x0 = y 0 . Then, for i = 1, 2, 3,
[∂i Aa (x), Ab (y)]x0 =y0 = ∂i x, a|y, b − ∂i y, b|x, a = 0,

(104)

and, for the time-like component,
[∂0 Aa (x), Ab (y)]x0 =y0 = −i

g ab
8π 3

M

d3 p ei(x−y)·p = −ig ab δ(x − y).

(105)

(102) and (103) are covariant because (93) is covariant. So, [∂0 Aa (x), Ab (y)] is covariant and
vanishes outside the light cone because it vanishes forx0 = y 0 .

6.
6.1

Electromagnetism
The Interaction Density for QED

The photon ﬁeld operator, A(x), is Hermitian. It is natural to ask whether its expectation is a
classical quantity. Classical quantities are determined from measurement, i.e. through interaction with other matter. They must therefore be describable, at least in principle, in terms of the
interaction density and the conﬁguration of matter. If A(x) is classical, A(x) must appear in
the interaction density (since it cannot be formed as a composition of simpler operators obeying
locality). Qed uses the intuitively appealing minimal interaction, in which single photons are
emitted and absorbed by electrons.
Postulate: The Hamiltonian density for qed is
I(x) = ej a (x)Aa (x)

(106)

where e is an experimentally determined constant, charge, and j is the current density observable, j α (x) =: ψ̂(x)γ α ψ(x) : (section 5.3).
To establish that A(x) is the classical electromagnetic ﬁeld, it is necessary to establish the
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Lorentz force law (section 6.3) and Maxwell’s equations (section 6.4).
Theorem: A(x) satisﬁes the Lorenz gauge condition, ∂a Aa (x) = 0.
Proof: Apply Ehrenfest’s theorem (appendix D). By locality the equal time commutator is
zero. Using the Gupta-Bleuler gauge condition (98),
∂a Aa (x) = ∂a Aa (x) = 0

(107)

The Lorenz gauge condition ﬁxes gauge up to the unobservable light-like polarisation. In classical electrodynamics one may choose a different gauge without affecting predictions, but here
Lorenz gauge is ﬁxed by the Gupta-Bleuler gauge condition, which in turn arises from the absence of polarisation between time-like and longitudinal states (89), required to preserve the
probability interpretation.

6.2 Momentum in the Interacting Theory
In the absence of interactions, there is no issue with local gauge freedom. The phase of an electron wave function is ﬁxed at the point of creation and becomes simply the global symmetry of
the one particle theory, in which kets can be multiplied by constant phase without altering their
meaning in formal language. When interactions are introduced the result is that the evolution of
the wave function does not match the evolution of the ﬁeld operator which created it, and which
is deﬁned on the non-interacting space. A difﬁculty arises because the momentum observable
in the non-interacting theory,

|x∂ a x| = i∂ a
(108)
Pa = i
D

extracts the frequency and wavelength of the wave function. We would like to use Ehrenfest’s
theorem (appendix D) to calculate the classical force due to the interaction, by differentiating
the expectation of momentum,
d a
d a
P =
P  + i [H, P a ],
dt
dt

(109)

but kets evolve according to the full Hamiltonian, whereas the creation operators are deﬁned on
the Fock space of non-interacting particles, and create kets obeying the Dirac equation. There
is a real phase shift corresponding to change in momentum, which must be distinguished from
the arbitrary phase in the deﬁnition of ﬁeld operators.
To ensure that creation operators and states evolve identically, we deﬁne the ﬁeld picture,
using a simpliﬁed form of the Foldy-Wouthuysen transformation [19] which ignores spin,
|fF(t)  = e−iHI t |f (t) = eiH0 t |f (0).

(110)

In the ﬁeld picture kets evolve as in the Schrödinger picture for non-interacting particles. The
momentum operator in the ﬁeld picture is
PFa = e−iHI t i∂ a eiHI t .

(111)
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In the semi-classical correspondence, for small t, evolution may be treated as a perturbation
to the evolution of a non-interacting particle, in which the interaction Hamiltonian is replaced
with its expectation. For a classical particle with position x and velocity ẋ, the classical current
is J = −eẋ. The expectation of the interaction Hamiltonian is
HI  = J · A(x) = −eẋ · A(x).

(112)

Replacing the interaction Hamiltonian with its expectation, the momentum operator in the ﬁeld
picture is
(113)
PFa = eieẋ·A(x)t i∂ a e−ieẋ·A(x)t = i∂ a − e Aa (x).
Thus the expectation, A(x), of the operator which creates and annihilates photons, acts in
the manner of a classical vector ﬁeld, modifying energy and momentum. This is the standard
formula for generalised momentum in the presence of a ﬁeld, but normally it is assumed on
phenomenological grounds, whereas here it is been found from theoretical considerations. With
the replacement of the momentum operator for non-interacting particles with the corresponding
operator taking interactions into account, i∂ a → PFa = i∂ a − e Aa (x), the Dirac equation,
(iγ a ∂a − m)f (x) = 0, becomes the interacting Dirac equation,
(γ a (i∂a − e Aa (x)) − m)f (x) = 0.

(114)

6.3 The Lorentz Force Law
Working in the ﬁeld picture, we have, from Ehrenfest’s theorem (appendix D),
d a
d a
PF  =
PF  + i [H, PFa ].
dt
dt
In the classical correspondence we use the expectation in place of the interaction:
H = H0 + HI ≈ H0 + HI  = H0 − eẋ · A(x).

(115)

(116)

Substituting for H in (115), using (113), and dropping the sufﬁx F (since expectations are the
same in any picture),
d
d a
P  = e Aa (x) + i [H0 − eẋ · A(x), i∂ a − e Aa (x)]
dt
dt
(117)
d a
a
= e A (x) − e∂ (ẋ · A(x)),
dt
where the product rule of differentiation has been used to ﬁnd the second term. Classical force
is deﬁned as the rate of change of momentum, according to Newton’s second law,
d
(118)
(momentum)a ,
dτ
where, by general covariance, τ is proper time for the matter on which the force acts, not
coordinate time deﬁned by a particular observer. The electromagnetic force on a charged particle is evaluated in the rest frame of the particle, in which ẋ = (1, 0, 0, 0) and current is
J = −e(1, 0, 0, 0). Then (117) is
(Force)a ≡

∂ 0 P a  = e∂ 0 Aa (x) − e∂ a A0 (x).

(119)
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So,
d
P a  = J0 (∂ a A0 (x) − ∂ 0 Aa (x)).
dτ
After Lorentz transformation, this is
(Force)a ≡

(Force)a ≡

d
P a  = Jb (∂ a Ab (x) − ∂ b Aa (x)) = Jb F ab ,
dτ

(120)

(121)

where F ab is the Faraday tensor
F ab = ∂ a Ab (x) − ∂ b Aa (x).

(122)

This establishes the Lorentz force law.

6.4 Maxwell’s Equations
Theorem: A(x) satisﬁes Maxwell’s equations in Lorenz gauge:
∂ 2 A(x) = −e j(x).

(123)

Proof: Differentiating the expectation of the photon ﬁeld twice, using Ehrenfest’s theorem
(appendix D),
∂ 2 A(x) = ∂a ∂ a A(x) = i [H(x), ∂0 A(x)] + ∂ 2 A(x) = i [H(x), ∂0 A(x)].

(124)

Using the Hamiltonian density, (106), I(x) = ej(x) · A(x),
∂ 2 A(x) = ieχ3



[j(y) · A(y), ∂0 A(x)].

(125)

y∈D

Maxwell’s equations in Lorenz gauge (123) follow immediately by applying the equal time
commutator for photons (101).

7. Finite Quantum Electrodynamics
7.1 The Feynman Propagator
Deﬁnition: Let φ be a ﬁeld operator, φ(x) = |x̄ + x|. The Feynman propagator, or
contraction of φ† (y) and φ(x) is
D(x − y) = Θ(x0 − y 0 ) x|y ± Θ(y 0 − x0 ) x̄|ȳ,

(126)

where + is used for Bosons and − for Fermions, and Θ is the step function, Θ(t) = 0 if t ≤ 0,
Θ(t) = 1 if t > 0.
Note that D(x − y) = 0 if x0 = y 0 . This may be compared with causal perturbation theory [9],
using the method of Epstein and Glaser [20], in which the step functions are replaced with a
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C ∞ switching function which vanishes at t = 0. It is essential that the equal time propagator is
made to vanish. The difference is that here we use a discrete sum whereas causal perturbation
theory uses a continuous switching function, and while Scharf [9] says (p. 163) “the switching
on and off the interaction is unphysical”, here the equal time propagator is speciﬁcally excluded
from the perturbation expansion (76) and can be regarded as a physical constraint meaning that
only one interaction takes place for each particle in any instant. The analysis of the origin of
ultraviolet divergences is effectively the same as that given in causal perturbation theory and
lattice regularization in that the limit is taken after removing the equal point multiplication, but
here there is a physical justiﬁcation in terms of discrete particle interactions. Further discussion
of the origin of the ultraviolet divergence is given in appendix L.
The photon propagator can be evaluated as shown in appendix K2; for x0 = y 0 ,
DF (x − y) = Θ(x0 − y 0 ) x|y ± Θ(y 0 − x0 ) y|xT
−ig
=
lim
16π 4 →0+

e−ip̃·(x−y)
d p̃ 2
,
p̃ + 2ip0  + 2
4

(127)

where g is the metric tensor, p̃0 is a dummy variable, p̃ = (p̃0 , p) is a non-vector, and p̃ is
3-momentum from y to x; p̃ = p if x0 > y 0 and p̃ = −p if y 0 > x0 . Similarly the propagator
for a Dirac particle can be evaluated as shown in appendix K3; for x0 = y 0 ,
SF (x − y) = Θ(x0 − y 0 ) x|ŷ ± Θ(y 0 − x0 ) ȳˆ|x̄T
i
=
lim
16π 4 →0+

(p̃ · γ + m)e−ip̃·(x−y)
d p̃
.
p̃2 − m + i
4

(128)

We may now derive Feynman rules following Dyson’s calculation (appendix J), but we
observe that the integral form of the perturbation expansion (G.5) contains improper integrals,
and that the limit should not be taken until after calculation of each diagram, and that an
energy cut-off is automatically introduced by a ﬁnite lattice. The most straightforward way to
determine the effect of setting D(x − y) = 0 at x0 = y 0 is to consider the non-perturbative
solution. This allows us to impose regularisation conditions on the propagator at low energies,
that it is independent of lattice spacing χ to ﬁrst order, and that the renormalised mass and
charge adopt their bare values, since the derivations of the Lorentz force law (section 6.3) and
Maxwell’s equations (section 6.4) show that the bare values are physical values.

7.2 The Landau Pole
Given the use of improper integrals and nonuniform convergence in the perturbation expansion,
it is essential to convergence that all limits are carried out and that the correct order of taking
limits is observed. This is precisely what is done in standard regularisation procedures, such as
the method of Epstein and Glaser [20] and lattice regularisation. The difference between the
model described here and lattice regularisation is that here the lattice is a property of measurement, which is necessarily discrete and affects the description of physics but has no impact on
underlying physics. The lattice not a property of space, and so it is not required to treat it in the
limit of small lattice spacing.
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Regularisation ensures that diagrams are ﬁnite, but does not ensure the convergence of
the perturbation expansion itself. The divergence of the perturbation expansion is usually understood from the Landau pole. Neither causal perturbation theory nor lattice regularization
remove the Landau pole, although, since by energy conservation it can only appear on an internal line under a loop integral, it is not clear that it generates a divergence after integration
(given a correct order of taking limits). The Landau pole is seen in e.g. eq. (7.96) of Peskin &
Schroeder [21]. This equation is derived after writing the photon two point function as the sum
of one particle irreducible representations (arguments to eq. (7.74) [21]),

and treating this as the sum of a geometric progression. But this is a reordering of a series for
which we do not have unconditional convergence, and the Riemann series theorem states that
for a conditionally convergent series the terms can be reordered such that the series converges
to any given value, or even diverges. It is thus not clear that the Landau pole is real.
In this discrete model the perturbation expansion, (76), terminates after a ﬁnite number of
terms and cannot generate a divergence. Since the Landau pole does not appear at any ﬁnite
lattice spacing, and does not appear in the non-perturbative solution, it is not a divergence of the
theory. Indeed, if a minimum discrete unit of time, χ, is a fundamental property of nature, the
perturbation expansion necessarily terminates after a ﬁnite number of terms, and divergences
cannot appear.

7.3 The Dyson Instability
Dyson [22] presented an argument which led him “. . . tentatively to the conclusion that all the
power-series expansions currently in use in quantum electrodynamics are divergent after the
renormalization of mass and charge”. He observed that in a ﬁctitious world with a negative
e2
< 0, like charges attract, and opposite charges repel. Then a
ﬁne structure constant, α = 4π
sufﬁciently large conglomeration of electrons (or positrons) would have lower total energy than
the vacuum. He concluded that there must be a ﬁnite amplitude for the vacuum to decay into
two separate regions, one containing electrons and the other containing positrons. Once such a
situation has arisen, the potential due to the charged regions encourages further pair creation,
and the runaway decay of the vacuum takes place.
Given inﬁnite time, the runaway decay of the vacuum is a certainty. Thus when α < 0
we have zero amplitude, f (α) = 0, for a typical process studied in perturbation theory such
as two particle scattering. We may conclude from analycity that f (α) = 0 within the radius
of curvature. This contradicts the calculation of scattering amplitudes when α < 0. Dyson
concluded that the radius of curvature for any perturbation series in QED is zero. The decay
of the vacuum involves many particles, and Dyson points out that “The divergence in no way
restricts the accuracy of practical calculations that can be made with the theory, but raises
important questions of principle concerning the nature of the physical concepts upon which the
theory is built”.
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The present treatment allows that in real experiments time is not inﬁnite, and that interactions are discrete. Then the runaway decay of the vacuum is not a certainty in the ﬁctitious
model, we do not have f (α) = 0 for α < 0, and non-zero analytic continuation is possible for
α > 0. In fact, since the expansion, (76), is ﬁnite, there are no questions of principle regarding
convergence, and we merely observe, with Dyson, that for practical purposes the calculation
of lower order terms is unaffected. Physical quantities derived from (76) are well-deﬁned and
calculable, but the standard perturbation expansion uses inﬁnite time both in its deﬁnition as
a series, and termwise in the calculation of Feynman rules when a delta function is used to
conserve energy at a vertex (J4). In consequence, the standard (inﬁnite) perturbation expansion
is asymptotic to (76), not equal to it.

7.4

Interpretation of Feynman Diagrams

In standard treatments of qed, Feynman diagrams are regarded merely as aids to calculation, not
descriptions of underlying structure. By contrast, in this treatment the perturbation expansion
is interpreted directly as a quantum-logical statement, meaning that any number of interactions
might be found taking place at any time and any position if we were to do a measurement.
The sums in the expansion simply represent OR between possibilities. HI (x) describes the
possibility that an interaction might be anywhere, not a quantized “matter ﬁeld” which is, in
some sense, everywhere. Similarly, Feynman’s path integral, or “sum over all paths” has as
natural interpretation as a logical OR between the possible paths that might be detected if an
experiment could be done to trace the path (not that a particle passes through all paths in
spacetime; e.g. Feynman [23]).
The perturbation expansion (76) is a sum of terms representing different numbers of interactions. Sum stands for disjunction. So, the meaning of the perturbation expansion is that we
cannot say how many interactions take place in any given physical process. Feynman diagrams
give a pictorial representation of the same statement; in a particle interpretation, Feynman diagrams also give a pictorial representation of the fundamental structure of matter. We cannot say
what the precise conﬁguration of particle interactions in any given instance, but we represent
each possible conﬁguration as a graph and sum over the possibilities, using the interpretation
of sum as logical disjunction. Only the topology of lines and vertices is relevant. The paper on
which the diagram is drawn has no meaning. Spacetime structure does not appear in Feynman
diagrams, except in so far as energy-momentum is four dimensional. Thus Feynman diagrams
describe the fundamental structure of a particulate relational model in which only particles
exist and in which other properties, including spacetime geometry, emerge from interactions
between particles.

8.

Conclusion

Classical electromagnetism and quantum electrodynamics have been shown in a particulate
model of relativistic quantum mechanics. This was not found using the quantization of classical quantities or the second quantization of classical ﬁelds, but by making formal statements
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about hypothetical measurement results. In this interpretation, qed is fundamentally a theory
of particles, not a theory of ﬁelds. Classical quantities are understood as expectations, describing the large scale behaviour of systems of many particles. Wave functions are statements in
the subjunctive move describing the possible positions where a particle might be found if an
experiment were done.
The inner product is invariant because it is deﬁned on an invariant lattice, determined from
the measurement apparatus used to deﬁne the reference frame. Quantum covariance does not
require the limit of small lattice spacing or large lattice size, although it is required that terms
dependent on lattice spacing are negligible in the predictions of the theory.
The photon is seen as a particle, and is responsible for the transmission of the classical
electromagnetic force, but since a photon cannot be detected without being annihilated, there is
no position operator for a photon. The photon wave function describes possibilities for where
a photon may be found to have been annihilated, not for where it is. Likewise, ﬁeld operators
describe possibilities rather than actualities and are the mathematical building blocks for the
description of interactions between fundamental particles.
Using ﬁnite dimensional Hilbert space, ﬁelds are operators, not distributions, and there is
no problem of principle in taking products of ﬁelds. However, in a discrete model the equal
point product, φ† (x)φ(x), does not appear in the perturbation expansion (section 4.5). The
origin of the ultraviolet divergence in the integral form of the perturbation expansion (G.5) is
the incorrect order of taking limits for diagrams containing improper integrals. In the correct
treatment of improper integrals, a cut-off must be used and the limit must be taken after calculation of each diagram. Provided that limits are not taken prematurely, terms containing the
equal point multiplication do not appear in the perturbation expansion. The exclusion of these
terms removes cut-off dependencies to ﬁrst order and regularizes the perturbation expansion.
The regularization condition is that charge and mass adopt their physical values, as in standard
treatments. However, it is seen from the derivations of the Lorentz force law (section 6.3) and
Maxwell’s equations (section 6.4) that bare mass and charge are the physical values.
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Appendices
The arguments in the appendices are known. They included for completeness.

A Unitarity of U
Since kets can be chosen to be normalised we may require that U conserves the norm, i.e., for
all |g ∈ H, g|U † U |g = g|g. Applying this to |g + |f ,
( g| + f |)U † U (|g + |f ) = ( g| + f |)(|g + |f ).

(A.1)

( g|U † + f |U † )(U |g + U |f ) = ( g| + f |)(|g + |f ).

(A.2)

By linearity of U ,

By linearity of the inner product,
g|U † U |g + g|U † U |f  + f |U † U |g + f |U † U |f  = g|g + g|f  + f |g + f |f .
g|U † U |f  + f |U † U |g = g|f  + f |g.

(A.3)

Similarly, conservation of the norm of |g + i|f  gives
g|U † U |f  − f |U † U |g = g|f  − f |g.

(A.4)

Combining (A.3) and(A.4) shows that U is unitary, i.e. for all |f , |g ∈ H,
g|U † U |f  = g|f .

B

(A.5)

Stone’s theorem

Theorem: (Marshall Stone, 1932). Let {U (t)|t ∈ R} be a set of unitary operators on a Hilbert
space, H, U (t) : H → H, such that U (t + s) = U (t)U (s) and
∀t0 ∈ R, |f  ∈ H, lim Ut |f  = Ut0 |f 
t→t0

then there exists a unique self-adjoint operator H such that U (t) = e−iHt .
Proof: The derivative of U is
U (t + dt) − U (t)
U (dt)U (t) − U (t)
= lim
dt→0
dt 
dt



U (dt) − 1
U (dt) − 1
U (t) = U (t) lim
.
= lim
dt→0
dt→0
dt
dt

U̇ (t) = lim

dt→0

(B.1)
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This prompts the deﬁnition of the Hamiltonian operator:
Deﬁnition: The Hamiltonian H : H → H is given by




U (dt) − 1)
.
H = i lim
dt→0
dt

(B.2)

The Hamiltonian has no dependency on t. We have
U̇ (t) = −iHU (t) = −iU (t)H.

(B.3)

So −iH = U † U̇ = U̇ U † . Since U is unitary, for a small time dt,
1 = U † (t + dt)U (t + dt) ≈ [U † (t) + U̇ † (t)dt][U (t) + U̇ (t)dt].

(B.4)

Ignoring terms in squares of dt, and using −iH = U † U̇ , iH † = U̇ † U
U † (t)U (t) − iH † dt + iHdt ≈ 1.

(B.5)

Using unitarity of U , we ﬁnd that H is Hermitian, H = H † . (B.3) has solution
U (t) = e−iHt .

(B.6)

Corollary: The wave function satisﬁes the Schrödinger equation
∂0 f (t, x) = −iHf (t, x).

(B.7)

Proof: Differentiate the wave function using (B.3),
∂0 f (t, x) = x|U̇ |f (0) = x| − iHU (t)|f (0) = x| − iH|f (t).

(B.8)

Corollary: Newton’s ﬁrst law.
Proof: After replacing 3-vectors with 4-vectors in (7) and imposing the mass shell condition,
E 2 = (p0 )2 = m2 + p2 for some constant m, we ﬁnd that a plane wave is a solution of the
Schrödinger equation with H = E = const. Thus momentum, p, does not change in time for a
non-interacting particle.

C

The Derivative of U in the interaction picture

In the interaction picture, U (t) = eiH0 t e−iHt . Differentiate and use (59) and (64)
U̇ (t) = ieiH0 t H0 e−iHt − ieiH0 t He−iHt
= ieiH0 t Hint e−iHt
= ieiH0 t Hint e−iH0 t eiH0 t e−iHt
= −iHI (t)U (t).

(C.1)
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D Ehrenfest’s theorem
Theorem: For a Hermitian operator A
∂0 A = ∂0 A − i [A, H].

(D.1)

Proof: Differentiate A using the product rule,
←
−
∂0 f |A|f  = f | ∂0 A|f  + f |(∂0 A)|f  + f |A∂0 |f 
= i f |HA|f  + f |(∂0 A)|f  − i f |AH|f 

(D.2)

= ∂0 A − i [A, H],
since ∂0 |f  = −iH|f  (the Schrödinger equation), and since H is Hermitian.
Corollary: For an observable quantity, A, with no explicit time dependence,
∂0 A = −i [A, H].

(D.3)

Theorem: For the space indices, a ∈ {1, 2, 3}, ∂a A = ∂a A.
Proof: Space translation is the same for an observable operator, A(x), and the corresponding classical observable, Ac (x) = A. Hence, differentiating from ﬁrst principles,
A(x + dx) − A(x)
dx →0
dxa
A(x + dx) − A(x)
= lim
dxa →0
dxa
= ∂a A(x).

∂a A(x) = lim
a

E

(D.4)

Solution of the Dirac equation

The positive energy solutions to the Dirac equation are
1 3/2
fμ (x) = x, μ|f  = ( 2π
)

2


d3 p F (p, r)uμ (p, r)e−ix·p ,

(E.1)

r=1

where p satisﬁes the mass shell condition and u is a Dirac spinor with the form of (48)
Proof: Observe that

⎡

⎤
3

1

2

p − ip ⎥
⎢ p
⎥.
σ·p=⎢
⎣
⎦
1
2
3
p + ip
−p

(E.2)
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So,
⎡

⎤⎡
3

1

⎤

2

3

1

2

p − ip ⎥ ⎢ p
p − ip ⎥
⎢ p
⎥⎢
⎥
(σ · p)2 = ⎢
⎣
⎦⎣
⎦
1
2
3
1
2
3
p + ip
−p
p + ip
−p
⎡

3 2

1 2

2 2

⎢(p ) + (p ) + (p )
=⎢
⎣

0

⎤

0
(p3 )2 + (p1 )2 + (p2 )2

⎥
⎥
⎦

(E.3)

= ((p0 )2 − m2 )12 .
Hence,

a
uν (p, r) =
pa γμν



=


=

⎡

⎤⎡

⎤

0

p 12 −σ · p⎥ ⎢ ζ(r) ⎥
p0 + m ⎢
⎢
⎥⎢
⎥
⎣
⎦⎣
⎦
2p0
σ·p
0
σ · p −p 12
ζ(r)
0
p +m
⎡

⎤

(σ·p)2
)ζ(r)⎥
p0 +m
⎥

0

(p 12 −
+m⎢
⎢
⎣
⎦
0
0
0
2p
σ · p p +m−p ζ(r)

p0

p0 +m

⎡

0

⎤

0

(p 12 − (p − m)12 )ζ(r)⎥
p0 + m ⎢
⎢
⎥
⎣
⎦
0
2p
m
σ · p p0 +m ζ(r)


=m

⎡

p0 + m ⎢
⎢
2p0 ⎣

(E.4)

⎤

ζ(r)

⎥
⎥
⎦

σ·p
ζ(r)
p0 +m

= muμ (p, r).
Then differentiation of (E.1) gives,
a
1 3/2
i∂a γμν
fν (x) = ( 2π
)
1 3/2
= ( 2π
)

2

r=1
2


a
d3 p pa γμν
F (p, r)uν (p, r)e−ix·p

d3 p mF (p, r)uμ (p, r)e−ix·p

(E.5)

r=1

= mfμ (x),
as required. The analysis is similar for antiparticles.

F Normalisation of Dirac spinors
The Pauli spin matrices are Hermitian. So, using (E.3),
σ · p† σ · p = (σ · p)2 = ((p0 )2 − m2 )12 .

(F.1)
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Then
u(p, r)† u(p, s) =





⎤

⎡

⎢
p0 + m
† ⎢
ζ(r)† ζ(r)† p0σ·p
⎣
0
+m
2p

ζ(r)

⎥
⎥
⎦

σ·p
ζ(r)
p0 +m

p0 + m
p0 − m
=
(1
+
)δrs
2p0
p0 + m
= δrs .

(F.2)

G Integral form of the perturbation expansion
Integrate (C.1) directly,
t

U (t) = 1 − i

0

dt1 HI (t1 )U (t1 ).

(G.1)

Substituting U iteratively back into the integral gives the Dyson expansion,
U (t) = 1 + (−i)

t

dt1 HI (t1 ) + (−i)2

0

t
0

t1

dt1

0

dt2 HI (t1 )HI (t2 ) + . . . .

(G.2)

This can also be veriﬁed by differentiating. Each term is the derivative of the next multiplied
by −iH(t). Substituting
HI (x0i ) = χ3
gives



U (t) ≈ 1 +

(−i)n


D

d 4 x1

n≥1

d3 xi I(xi )

I(xi ) ≈

d4 x2 . . .
x02 <x01

(G.3)

d4 xn I(x1 ) . . . I(xn ).

(G.4)

x0n <x0n−1

It can be seen that, provided that the integrals are deﬁned,
d4 x1

d4 x2 . . .
x02 <x01

d4 xn I(x1 ) . . . I(xn )

x0n <x0n−1

=

1
n!

d 4 x1

d4 x2 . . .

d4 xn T {I(x1 ) . . . I(xn )}.

Hence, we can write the perturbation expansion
U (t) ≈ 1 +

 (−i)n
n≥1

n!

d 4 x1 . . .

d4 xn T {I(x1 ) . . . I(xn )}.

(G.5)

H Locality of Dirac ﬁeld operators
Theorem: The equal time anticommutation relations for the Dirac ﬁeld and Dirac adjoint and
obey:
0
{ψα (x), ψ̂β (y)}x0 =y0 = γαβ
δ(x − y).
(H.1)
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Proof: Using (σ · p)2 = ((p0 )2 − m2 )12 (E.3) and
so true in any basis),


r

ζ(r)ζ(r)† = 12 (true in a particular basis,

⎡


u(p, r)û(p, s) =

r

⎤

0

p + m ⎢
⎢
⎣
2p0
r
⎡

ζ(r)



⎥
⎥ ζ(r)† −ζ(r)† σ·p †
⎦
p0 +m

σ·p
ζ(r)
p0 +m

0

=
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⎤
†

(p + m)12 −σ · p ⎥
1 ⎢
⎢
⎥
⎣
⎦
0
2p
(σ·p)2
σ·p
− p0 +m 12
⎡

1
= 0
2p
=
Similarly,



0
⎢(p + m)12
⎢
⎣

σ·p

−(p0 − m)12

(H.2)

⎥
⎥
⎦

1
(p · γ + m).
2p0

v(p, r)v̂(p, s) =

r

We have

−σ · p

⎤

1
(p · γ − m).
2p0

{ψα (x), ψ̂β (y)} = x, α|ŷ, β + ȳˆ, β|x̄, αT ,

(H.3)

(H.4)

where T denotes that α and β are transposed. Using the resolution of unity and the solution of
the Dirac equation,
1 
d3 p uα (p, r)ûβ (p, r)e−ip·(x−y)
3
8π r
d3 p
1
= 3
(p · γ + m)αβ e−ip·(x−y) .
8π
2p0

x, α|ŷ, β =

(H.5)

Likewise for the antiparticle,
d3 p
(p · γ − m)αβ eip·(x−y) .
2p0

(H.6)

d3 p
(2p0 γ 0 − p · γ − m)αβ e−ip·(x−y) .
2p0

(H.7)

1
ȳˆ, β|x̄, αT = 3
8π
Substituting p → −p at x0 = y 0 ,
1
ȳˆ, β|x̄, αT = 3
8π

Adding (H.5) and (H.7) at x0 = y 0 gives the equal time anticommutator, (H.4),
{ψα (x), ψ̂β (y)}x0 =y0 =

0
γαβ
8π 3

0
d3 p e−ip·(x−y) = γαβ
δ(x − y).

(H.8)

Theorem: The anticommutation relation for the Dirac ﬁeld and the Dirac adjoint is zero outside the light cone.
Proof: From (H.5),
x, |ŷ,  =

1
(i∂ · γ + m)
8π 3

d3 p −ip·(x−y)
e
,
2p0

(H.9)
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and from (H.6)

1
ȳˆ|x̄T = − 3 (i∂ · γ + m)
8π

d3 p ip·(x−y)
e
.
2p0

(H.10)

The anticommutator is found by adding:
1
(i∂ · γ + m)
8π 3
1
= 3 (i∂ · γ + m)
8π

{ψα (x), ψ̂β (y)} =

d3 p −ip·(x−y)
(e
− eip·(x−y) )
2p0
4

d p (e

−ip·(x−y)

−e

ip·(x−y)

(H.11)
2

2

)δ(p − m )

using the generalised scaling property of the delta function applied to the mass shell condition.
The integral is Lorentz invariant and is zero when x0 − y 0 = 0. We conclude that it is zero
whenever x − y is spacelike.

I Gauge invariance
The local phase transformation, ψ(x) → eiα(x) ψ(x), applied to the ﬁeld operators, makes no
difference to the current and so leaves the predictions of the theory unchanged (equivalently
the transformation may be applied to the creation operators, remembering the sign change for
antiparticles). The interacting Dirac equation, (114),
(γ a (i∂a − e Aa (x)) − m)f (x) = 0,

(I.1)

can be written, in terms of creation operators acting on any ket |f ,
d3 x |x(γ a (i∂a − e Aa (x)) − m) x||f  = 0.

(I.2)

A local gauge transformation applied to the creation operators, |x → e−iα(x) |x, gives
d3 x |xe−iα(x) (γ a (i∂a − e Aa (x)) − m)eiα(x) x||f  = 0.

(I.3)

So,
d3 x |x(γ a (i∂a − ∂a α(x) − e Aa (x)) − m) x||f  = 0.
d3 x |x(γ a (i∂a − e Aa (x) ) − m)eiα(x) x||f  = 0.

(I.4)

which is identical to (I.1) apart from the replacement
Aa (x) = Aa (x) + e−1 ∂a α(x).

(I.5)

But the Faraday tensor (122) is also unchanged by this replacement;
F ab = ∂ a Ab (x) − ∂ b Aa (x) = ∂ a Ab (x) − ∂ b Aa (x) .

(I.6)

So the local phase symmetry of the ﬁeld operators is precisely equivalent to the well known
gauge symmetry of the classical electromagnetic ﬁeld.
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Feynman diagrams

J1

The time-ordered vertex for qed

The interaction density for qed is given by (106),
I(x) = ej a (x)Aa (x) = e(|x̂ + x̄ˆ|)γ a (|x̄ + x|)(|x, a + x, a|),

(J.1)

where photon creation and annihilation operators are distinguished by the vector index, a. I(x)
is the sum of eight terms, each of which can be represented can be represented diagrammatically as a time-ordered vertex or node (ﬁgure 3). Lines above the node correspond to creation
operators, and those below the node correspond to annihilation operators. The photon is represented by a wavy line, electrons by a upward arrow and positrons by a downward arrow.

Fig. J.1 Time-ordered diagrams for qed.

J2

Wick’s theorem

Wick’s theorem can be used to replace the time-ordered product with a normal ordered product
by (anti)commuting annihilation operators to the right and creation operators to the left. Let
φ = |x̄ + x| be a ﬁeld operator. If x0 < y 0 , the Feynman propagator, D(x − y), (126), gives
the amplitude for the creation of an antiparticle at x and its annihilation at y. If x0 > y 0 it gives
the amplitude for creation of a particle at y and its annihilation at x.
Theorem: (Wick’s Theorem) For two ﬁeld operators,
T {φ† (x)φ(y)} =: φ† (x)φ(y) : +D(x − y).

(J.2)

For n ﬁeld operators:
T {φ† (x1 ) . . . φ† (xi )φ(xi+1 ) . . . φ(xn )}
=: φ† (x1 ) . . . φ† (xi )φ(xi+1 ) . . . φ(xn ) :
+



all pairs of
contractions

: φ† (x1 ) . . . φ(xn ) :


pairs j,k

D(xj − xk ), (J.3)
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where contracted pairs are omitted in the normal ordered product under the sum.
A detailed proof by induction can be carried out, but the proof is no more evident than the
theorem itself, which just means that we do the normal ordering by carrying out the contractions.

J3

The S-matrix

Initial and ﬁnal kets can be expressed as sums of plane wave kets by using the resolution
of unity in momentum space. The time evolution between t0 and t1 is given by a matrix in
momentum space p1 ; . . . ; pj |U (t1 , t0 )|pj+1 ; . . . ; pn . In scattering experiments, the initial ket
(generated by a particle accelerator), and the ﬁnal ket (typically measured by bubble chamber,
wire chamber or silicon detector) are well represented as pure momentum kets. In this case the
interesting interaction takes place at the scattering event, and t0 and t1 are not important.
Postulate: The S-matrix (or scattering matrix) is
p1 ; . . . ; pj |S|pj+1 ; . . . ; pn  = lim p1 ; . . . ; pj |U (t1 , t0 )|pj+1 ; . . . ; pn .
t0 →−∞
t1 →∞

(J.4)

The S-matrix is found from the perturbation expansion by ﬁrst normal ordering the terms
using Wick’s theorem. Then, for the interaction density at x, the creation operator acting on the
initial ket |p, r gives, for a photon,
1 3/2 w(p, r) −ip·x
√ 0 e
x|p, r = ( 2π
)
,
2p

for a Dirac particle,
1 3/2
x|p, r = ( 2π
) u(p, r)e−ip·x ,

and for an antiparticle,
1 3/2
x̄ˆ|p, r = ( 2π
) v̂(p, r)e−ip·x .

Similarly, the annihilation operators in the interaction density acting on the ﬁnal ket gives,
for a photon,
1 3/2 w(p, r) ip·x
√ 0 e ,
p, r|x = ( 2π
)
2p
for a Dirac particle,
1 3/2
p, r|x̂ = ( 2π
) û(p, r)eip·x ,

and for an antiparticle,
1 3/2
p, r|x̄ = ( 2π
) v(p, r)eip·x .

To keep track of the contractions in normal ordering the perturbation expansion, the terms
are represented by graphs. A particle created at x0 may be annihilated at a later time y 0 . An
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Fig. J.2 Contraction represented by connecting vertices and removing time-ordering.

antiparticle created at x0 may be annihilated at an earlier time y 0 . Each contraction is represented by connecting the corresponding lines between vertices, and, at the same time, removing
time-ordering (ﬁgure 4). After carrying out the contractions, all topologically equivalent timeordered diagrams are combined into a single diagram with no time-ordering between the nodes
(ﬁgure 5). There are k! diagrams with k nodes. So, removing the ordering of nodes generates
a factor k! and cancels the factor 1/k! in the perturbation expansion (76), leaving a sum for a
diagram with k vertices,
U (tn ) = (−ie)k γ a1 γ a2 . . . γ an (−iχ4 )k


ik =ik−1 ,...,i1

...

n
 

.

i2 =i1 i1 =1

Fig. J.3 Second order diagrams for initial and ﬁnal states with two particles (top), and with a particle and
antiparticle (bottom). The ﬁnal term of the top diagram is zero if the particles can be distinguished (e.g.
if one is bound to an atom).
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Conservation of energy and momentum

Gather all the exponential terms from internal and external lines with xi in the exponent. Provided the time from t0 to tn is large, the result is a delta function,
(

χ 4  −ip̃·xi +iq̃·xi −ik̃·xi
e
= δ (4) (p̃ − q̃ + k̃)
)
2π S

(J.5)

where p̃, q̃, k̃ refer to the arrowed line coming from the vertex, the arrowed line going into the
vertex, and the photon line, respectively. The delta function shows that the tilda’d quantities
are conserved. For internal lines, p̃0 , q̃ 0 , k̃ 0 , are the dummy variables introduced in the contour
integration. For external lines (p̃0 , q̃ 0 , k̃ 0 ) = (p0 , q 0 , k 0 ). Energy, p0 , was originally deﬁned to
be the zero component of a vector. This is not a conserved quantity. Vectors are products of
measurement, and only have real meaning in measurement. By deﬁnition, internal lines do not
correspond to measured states. So, p0 has no meaning on internal lines in a Feynman diagram.
The conserved tilda’d quantities are of more interest than vector quantities and it is usual to
redeﬁne energy.
Redeﬁnition: Energy is the conserved quantity, p̃0 , which appears on the lines of a Feynman diagram.
With this deﬁnition, energy-momentum, p̃, is conserved, but is not a vector, and does not obey
the mass shell condition on internal lines in Feynman diagrams. Particles are said to be off
shell on internal lines. On external lines, representing measured states, this deﬁnition of energy
coincides with the original deﬁnition for measured states, as the time component of a vector.
Particles are said to be on shell on external lines, meaning that the mass shell condition is
obeyed in measurement.

J5 Feynman rules
After using the delta functions to carry out the integrals over tilda’d quantities, and imposing
the rule that energy-momentum is conserved at each vertex, there remains an integral for each
independent internal loop,
1
16π 4

d4 p̃ .

Each vertex contributes a factor
−ieγ a .
For external lines in the initial state we have, for a photon,


for a Dirac particle,

1
w(p, r),
4πp0



1
u(p, r),
2π
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and for an antiparticle,
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1
v̂(p, r).
2π

For external lines in the ﬁnal state we have, for a photon,


for a Dirac particle,

1
w(p, r),
4πp0



and for an antiparticle,

1
û(p, r),
2π



For internal arrowed lines we have

1
v(p, r).
2π

ip · γ + m
,
− m2 + i

p̃2
and for internal photon lines we have
p̃2

−igab
.
+ 2i|p| + 2

In addition there is a minus sign if an odd number of commutations of Fermion creation and
annihilation operators is required to put the diagram into normal order. The limit  → 0 should
be taken after evaluation of integrals for loops and for the initial and ﬁnal states. If |p| > 0 then
the photon propagator can be replaced with
−igab
.
p̃2 + 
Certain diagrams contain a divergence when photon energy goes to zero. In this case 2 should
be retained until after evaluation of the integral to control the infrared divergence (2 plays the
role of the small photon mass commonly used for this purpose).

K
K1

Derivation of propagators
Lemma


0 0

0 0

0 0



e−ip̃ x
e−ip x
eip x
0
lim+
dp̃ 2
=
−2πi
Θ(x
)
+
Θ(−x0 ) .
2
0
2
0
0
→0
p̃ − m + 2ip  + 
2p
2p
−∞
∞

0

(K.1)

where Θ(t) = 0 if t ≤ 0, Θ(t) = 1 if t > 0.
Proof: Since p̃ = (p̃0 , ±p),
p̃2 − m2 = p̃2 − p2 = (p̃0 )2 − (p0 )2 .
So,
∞
−∞

dp̃0

e− ip̃0 x0
=
p̃2 − m2 + 2ip0  + 2

e− ip̃0 x0
(p̃0 )2 − (p0 − i)2
−∞
∞
e− ip̃0 x0
=
dp̃0 0
.
(p̃ − p0 + i)(p̃0 + p0 − i)
−∞
∞

dp̃0

(K.2)
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This is evaluated as a contour integral, noting that the integral on C2 vanishes in the lower half
plane if x0 > 0, and in the upper half plane if x0 < 0 (ﬁgure 6). The integral does not exist if
x0 = 0.

Fig. K.1 Contours for the integrations in the complex p̃0 plane.

K2

The photon propagator

Using the lemma (K.1),
DF (x − y) = Θ(x0 − y 0 ) x|y + Θ(y 0 − x0 ) y|xT




ip·(y−x)
−g
e−ip·(y−x)
0
0 e
= 3 d3 p Θ(x0 − y 0 )
+
Θ(y
−
x
)
8π
2p0
2p0
∞
−ig
e−ip̃·(y−x)
3
0
0
0
0
0
=
lim
d
dp̃
[Θ(x
−
y
)
+
Θ(y
−
x
)]
,
p̃
16π 4 →0+
p̃2 + 2ip0  + 2
−∞

where the energy-momentum from y to x is p̃ = (p̃0 , p) if x0 > y 0 or p̃ = (p̃0 , −p) if y 0 > x0 .
If y 0 = x0 , the step functions can be summed to unity,
DF (x − y) =

−ig
lim
16π 4 →0+

d4 p

e−ip̃·(y−x)
.
p̃2 + 2ip0  + 2

(K.3)

K3 The Dirac propagator
Using lemma (K.1) with (H.9) and (H.10),
SF (x − y) = Θ(x0 − y 0 ) x|ŷ − Θ(y 0 − x0 ) ȳˆ|ȳT
i∂ · γ + m d3 p
=
[Θ(x0 − y 0 )e−ip·(y−x) + Θ(y 0 − x0 )eip·(y−x) ]
8π 3
2p0
∞
e−ip̃·(y−x)
i∂ · γ + m
3
0
0
0
0
0
d
dp̃
[Θ(x
−
y
)
+
Θ(y
−
x
)]
,
p̃
= i lim+
→0
16π 4
p̃2 − m2 + 2ip0  + 2
−∞
where the energy-momentum in the direction of the arrow from y to x is p̃ = (p̃0 , p) if x0 > y 0
or p̃ = (p̃0 , −p) if y 0 > x0 . If y 0 = x0 , the step functions can be summed to unity,
SF (x − y) = i lim+
→0

i∂ · γ + m
16π 4

d4 p̃

e−ip̃·(y−x)
.
p̃2 − m2 + 2ip0  + 2

(K.4)
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For a Dirac particle, p0 > 0, and we can simplify the denominator by shifting the pole under
the limit, replacing 2ip0  + 2 with i. Thus the Dirac propagator arrowed from y to x is
SF (x − y) =

L

i
lim
16π 4 →0+

d4 p̃

(p̃ · γ + m)e−ip̃·(y−x)
.
p̃2 − m2 + i

(K.5)

The origin of the ultraviolet divergence

It is well known that an integral which contains a squared delta-function in the integrand,
S=

b
a

δ 2 (x − h)dx,

(L.1)

cannot be deﬁned for a < h < b. The origin of the ultraviolet divergence has been identiﬁed as
the inclusion of such terms in Feynman diagrams containing loop integrals. Now consider the
improper integral with  > 0,
S  = lim

h−

→0 a

δ 2 (x − h)dx + lim

b

→0 h+

δ 2 (x − h)dx.

(L.2)

S  is (or at least, can be) well deﬁned and trivially evaluates to zero. When the order of taking
limits is properly tracked, the origin of the ultraviolet divergence is seen in the replacement
of well deﬁned integrals containing terms of the form S  with undeﬁned integrals containing
terms of the form S.
The usual method of subtracting divergent quantities from loop diagrams is then seen as
equivalent to subtracting a term,
(L.3)
S  = S − S  .
This restores the correct answer, but it means working with undeﬁned quantities and the usual
rationale is incorrect. No renormalisation is involved, and nor does the subtraction require
adding counter terms to the Hamiltonian, because when the order of taking limits is tracked the
divergence is not present in the original form of the perturbation expansion.
The appearance of squared delta functions in the integrand can be traced to the equal point
multiplication between ﬁelds, which cannot be deﬁned when ﬁelds are operator valued distributions. However, there is no equal point multiplication in (G.4), because all inequalities
in the bounds of integration are strict. The equal point multiplication appears in (G.5) as a
consequence of incorrectly changing the order of taking limits. The exclusion of the equal
point multiplication can also be seen as a physical constraint, that an electron cannot interact
more than once in any instant. This statement is given a clear physical meaning through the
introduction of a minimum discrete unit of time, χ.
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Abstract: The string tension is a characteristic quantity in discussing conﬁnement physics and
we have investigated the relation and impact of string tension upon various distinctive features
of Quantum-Chromodynamics (QCD). These include the behavioural implications of string
tension correponding to varying temperatures under diﬀerent QCD phases. Also, the string
tensions in the large Nc limit are interrogated and eﬀort is made to determine the proximity of
Nc =3 limit with the large Nc limit. We have tried to study the eﬀective spatial string tension in
quenched SU(Nc ) QCD under the gluon chain model when temperatures are considered below
the critical deconﬁnement temperature. The spatial string tension is also visualized within a ﬁve
dimensional AdS/QCD framework. Futhermore, we determined the implications of the string
tension parameter upon the glueball dynamics. The Nc = 3 and Nc = 2 limits display evident
intimacy and they extensively stand apart from the Nc = 1 limit. Clear intrinsic connection is
visible betwwen Nc = 3 and Nc = ∞ limit. Furthermore, the spectrum of hybrid particles and
gluelumps is found to be implicitly dependent upon the string tension and experimental data
can be reproduced within this framework. An intrinsic relation is sought between the Regge
trajectory phenomenology and the string tension between quarks.
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1.

Introduction

One of the most prominent features of QCD is quark conﬁnement [1,2]. Quark conﬁnement is now an old and familiar idea, but familarity does not imply understanding. No
theory of quark conﬁnement is generally accepted and every proposal is controversial.
Nevertheless, there have been given some very interesting explanations of this phenom∗
†
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ena, most of which share the feature that topological excitations of the vacuum play a
major role. These pictures include among others, the dual superconductor picture of
conﬁnement [3,4]. This picture of conﬁnement is based upon the analogy between the
superconductor and the QCD vacuum [5]. Stringlike chromoelectric ﬂux tube is formed
between distant static quarks. This leads to their conﬁnement, with an energy proportional to the distance between them and also leads to the vanishing of the colour dielectric
constant. Thereby, QCD witnesses the inclusion of ’stringlike’ degrees of freedom called
QCD strings or QCD ﬂux tubes. These stringlike excitations are responsible for the
conﬁnement of colour charges since the charges are always attached to at least a string.
These strings have tension and the energy per unit length deﬁnes the string tension.
Thus, this picture potrays a framework within which the quarks are tied together by
strings. Numerical simulations of QCD, that is lattice QCD [6] successfully demonstrates
the validity of this conjecture. We have demonstrated the dependency and implications
of the string tension parameter upon various distinctive features of QCD and have tried
to analyze this parameter through all possible aspects.
We have studied the thermodynamics of QCD, both below and above the deconﬁnement temperature. The interest in QCD at temperatures larger than a few hundred MeV
is triggered not only by pure theoretical reasons, but also by ongoing heavy-ion collision
experiments and by cosmology. These heavy ion collisions aim at creating quark-gluon
plasma in the laboratory. Recent RHIC experiments [7,8] suggest that the quark-gluon
plasma may be more than a perfect liquid and spatial string tensions prevail in this high
temperature regime. The spatial string tension can be easily extracted as the coeﬃcient
in the area law of large rectangular Wilson loops [9]. Spatial string tension is also important to verify the theoretical concept of dimensional reduction at high temperatures [10].
The spatial string tension serves as a classic non-perturbative probe for the convergence
of the weak coupling expansion at high temperatures.
The spatial string tension can be studied within a number of frameworks such as
the gluon chain model [11], where quenched SU(Nc ) QCD approximations are utilized.
Here, the spatial string tension behaviour is exclusively studied for temperatures less
than the critical temperature and visible behavioural diﬀerences between the Nc =1 and
Nc =3 limits are projected out. For temperatures greater than the critical temperature,
we have studied the spatial string tension within a ﬁve dimensional framework, known as
AdS/QCD [12]. We observed that the temperature dependence of string tension is very
soft below Tc and sharp above Tc .
Furthermore, we also tried to determine the aﬀect of scaling upon conﬁnement. Real
conﬁnement actually corresponds to intermediate distances and not the large distance
scales, for then the electric ﬂux tubes would break and the static potential would go ﬂat.
For intermediate distances, a linear potential is obtained and the string tensions for this
regime obey scaling laws namely the Casimir scaling [13] and the sine scaling [14] (ﬂux
tube counting). The string tensions agree qualitatively with both the Casimir scaling
and the ﬂux tube counting. It is however worth noting that the Nc =3 limit is quite close
to Nc =∞ limit and the QCD theory becomes exceedingly simple if these two limits show
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proximity to each other. However, it worth noting that for Nc >3, new strings come into
existence, which are also conﬁning [15]. These strings are called k-strings. The ratio of k
string tension to the fundamental string tension can be studied under Casimir scaling as
well as the sine scaling[16]. The sine scaling is supposed to coincide with Casimir scaling
in the large N limit. Our analysis also favours this particular conjecture.
Next, we have also tried to explore the domain of glueball dynamics with the string
tension parameter. The glueball dynamics is inherently dependent upon the the adjoint
string model and a close scrutiny of the formalism developed under this approach reveals
that the adjoint string tension is directly dependent upon Nc . The propagation of gluon
in the conﬁning vacuum is studied within the framework of the Background Perturbation
Theory (BPT)[17], where non perturbative backgrounds contain conﬁning co-relaters.
This procedural approach helps in determining an intrinsic connection between the mass
of hybrid particles and gluelumps with the string tension parameter. The mass of the
hybrid particles is dependent upon two variable parameters, namely the string tension
and the separation, whereas the mass of the gluelump depends upon the string tension
parameter alone as the separation approaches zero for the gluelump limit. We evaluated
the hybrid masses and have co-related our data to the experimental front. The string
tensions for the gluelump spectra have also been evaluated.
The earliest visualizations of the numerical value of string tensions came from the
Regge trajectory phenomenology. The Chew-Frautschi conjecture[18] stated that the
strongly interacting particles (hadrons) are self generating and must lie on straight lines.
Scarcity of hadronic data led to the postulation that slopes of hadronic RTs is constant
and thereby the QCD strings within these hadrons possess constant value of string tension.
This hypothesis witnessed an eventual violation. The true imprints of the hadronic
world are portrayed by the hadronic data itself. We utilized the latest hadronic data[19]
available through the Particle Data Group[20] and evaluated string tensions for both
mesonic as well as baryonic RTs which are either the essentially linear or fairly linear or
even essentially non-linear.

2.

Role of Spatial String Tension in QCD Thermodynamics

A broad spectrum of research areas such as Cosmology, Astrophysics and Heavy-IonPhenomenology are implicitly dependent upon the calculation of QCD thermodynamics
from the ﬁrst principle. Recently, lattice QCD [21] has proven to be the richest source
to perform such calculations. The study of QCD at temperatures larger than (a few)
hundred MeV helps in probing the property of asymptotic freedom. Thus, the study of
the weak coupling expansion of this high temperature phase becomes viable. The spatial
string tension thereby projects out as a classic non-perturbative probe for the convergence
of weak coupling expansion at high temperatures. However, we are well aware of the fact
that at the conﬁnement temperature Tc , the physical string tension becomes zero.
The calculation of spatial string tension is important to verify the theoretical concept of dimensional reduction at high temperatures[10]. The spatial string tension is
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extracted from the spatial static quark potential of the spatial Wilson loops[22]. The
Wilson loop serves as an important tool for studying conﬁnement in gauge theories. The
gauge string/duality is itself useful to calculate the Wilson loop from string conﬁgurations[9]. Using a simple argument on the behaviour of horizontal Wilson loops at high
temperature, a general relation between deconﬁnement point Tc and string tension can
be obtained.
It was understood however that in non-Abelian gauge theories the Wilson loop for
large space like contours obeys the area law at arbitrary temperature [22]. This phenomenon is known as magnetic conﬁnement and yields non-zero string tension. This
can be dynamically understood by the fact that when the temperature of the system
is increased, there is reduction in the phase space of the colour ﬂux tube until it ﬁlls
the whole space. Now, the ﬂux tube begins to be squeezed between the two opposite
sides of the temporal box. At temperatures far above the deconﬁnement temperature,
the distribution of the colour ﬂux tube along the temporal axis becomes uniform. Thus,
the translational invariance in the time direction is restored and the Goldstone ﬁeld describing the ﬁeld ﬂuctuations disappear. Even when the deconﬁnement phase transition
was investigated by numerical simulations on lattice for pure SU(3) gauge theory[23],
the data demonstrated strong suppression of the electric component of the correlator
above Tc and subsequent persistence of the magnetic component. The contribution of
the magnetic correlator remains visible even across the phase transition temperature. On
the contrary, the electric part suddenly vanishes above Tc making the electric condensate
drop to zero at the deconﬁning phase transition point [24]. Mathematically, the spatial
string tension can be expressed as the coeﬃcient in the area law of a large rectangular
Wilson loop Ws(R1 ,R2 ) in the (x1 ,x2 ) plane and can be expressed as [25]:σs = −limR→∞ limR→∞

1
lnWs (R1 , R2 )
R1 R2

(1)

Lattice simulations [26] indicated that at T ≥ 2Tc , the magnetic ﬁelds as determined
by spatial string tension starts growing quadratically as σs (T ) ∼ T 2 which projects forth
the advent of a new visualization, called the dimensional reduction. Under this particular
framework, the temporal direction is squeezed and the higher Matsubara frequencies
are suppressed. This leads to the eﬀective reduction of dynamics to three dimensional
gluodynamics [27]. Thus, three dimensional lattice calculations help in the determination
of physical quantities such as σs (T). We have studied the spatial string tension under two
diﬀerent models, which portray its behaviour both above and below the deconﬁnement
temperature.

3.

Eﬀective Spatial String Tension in Quenched SU(Nc ) QCD
under the Gluon Chain Model

String dynamics itself help in determining the deconﬁnement critical temperature Tc .
When the string connecting heavy quark-antiquark pair passes through heavy valence
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gluons (forming a gluon chain), very high entropy is generated in this system. It provides
a viable mechanism for predicting the value of Tc and also helps in studying the critical
behaviour of string tension below Tc [11]. In this particular section, we have portrayed
the eﬀective distinction between the Nc =3 and Nc =1 limit using the parameterisation of
the gluon chain model.
Soft stochastic background gluonic ﬁelds lead to the production of quark-antiquark
strings, which sweeps out the ﬂat surface of the corresponding Wilson loop. Moreover,
string vibrations are produced by the ﬂuctuations of the gauge ﬁeld. These ﬂuctuations
could be related to the valence gluons through which the quark-antiquark string passes.
The string may pass through many valence gluons leading to the production of the gluon
chain. The energy of a single string bit between two nearest gluons in a chain is constant.
It is worth noting that as long as thermal mass of a valence gluon is smaller (at low
temperatures) than this energy, the general global dynamics of the string is unaﬀected
and the gluons move together with the string. Further, when the system is heated, and
at a certain temperature T0 , the gluons thermal mass (α T) becomes larger than the
free energy of the string bit. Now, there is a drastic change in the conﬁguration of the
system and the gluons become nearly static from the strings standpoint. Thereby, at
temperatures, T, such that T0 < T < Tc , the gluons chain behaves as a sequence of static
nodes with adjoint charges linked by independently ﬂuctuating string bits. It is here that
the entropy of the system becomes large. This occurs due to the fact that the gluon
chain originating from a quark randomly walks over the lattice of static nodes towards an
antiquark. The entropy of the system increases due to the fact that colour may change
from one node to another during this random walk. This implies that every string bit
may transport each of the Nc colour. This increase in the entropy of the system leads to
the deconﬁnement phase transition.
The total free energy of the system is the sum of the usual linear potential and the free
energy of the random walk. The entire procedural approach starts with the calculation of
partition function for the gluon chain and the eﬀective string tension, which is dependent
upon the partition function is given as
σ(T ) = σ − T ln

Z(R, T )
|R → ∞
Z0 (R, T0 )

where Z(R,T) is the partition function of the random walk and is given by
 ∞
R2 + (βn2 ) s
ds
lnNc
n=0
exp[−
Z(R, T ) = Σn=−∞
− (βσ −
)]
2
(4πs)
4s
a
a
0

(2)

(3)

Here s=aL is the Schwinger proper time (a is the length of one bit of string and L is
the length of the gluon chain), β =1/T , σ is the zero temperature string tension and n
is the number of a Matsubara mode. The n=0 term is signiﬁcant at asymptotically large
R’s, which is basically the region of interest and then

σ(T ) = σ + T [

σβ
lnNc
(1 − T
)−
a
σa



σβ0
lnNc
(1 − T0
)]
a
σa

(4)
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The value of Tc is estimated from the condition that the argument of the ﬁrst square
root vanishes and its value comes out to be Tc = 270 MeV [28] for Nc =3 and the eﬀective
length of one string bit is a ∼ 0.31fm. T0 can be evaluated from the formula:
T0 =

Tc
∼ 130M eV
lnNc + 1

(5)

Now, considering the limiting case, when the string bits cannot change colour, then
Nc =1 and equation 2 yields

σ(T ) = σ +

σT
T
(1 − )
a
T0

(6)

In this particular case, T0 can be determined directly from the equality of the gluons
thermal mass in QCD to the free energy of one string bit [11],
T0 =

σa
s

(7)

For a=0.22fm and g=2.5, giving T0 = 85MeV and the critical temperature [11] Tc =290
MeV. Thus, for temperatures T0 < T < Tc , the spatial string tension behaviourism is
implicitly dependent upon two prominent features that is the physical string tension and
temperature parameter itself. This particular analysis exhibits the fact that spatial string
tension variation pattern can be eﬀectively determined by varying these two parameters
within their speciﬁed range. The physical string tension is varied within a range 0 to
0.2GeV 2 . We have plotted a three dimensional spreadsheet which clearly helps in visualising the spatial variation. Figures 1 and 2 display the variation pattern for Nc =1 and
Nc =3 respectively. Both the plots display observable diﬀerences and provide a platform
for demonstrating evident diﬀerence between the Nc =1 and Nc =3 limit. It may however
be pointed out that for temperatures far above the critical temperature (more than a
few hundred MeV), the spatial string tension displays a linear variation with the temperature. The spreadsheet for Nc =1 limit covers the entire available spatial dimensions,
whereas the Nc =3 three dimensional plot is restricted within a smaller domain and the
spreadsheet possesses an eﬀective curvature. Thus, we can conclude by saying that Nc =3
formalism stands eﬀectively apart from the Nc =1 conjecture.

Fig. 1 Spreadsheet displaying the variation of spatial string tension(in GeV 2 ) with temperature(in MeV) and physical string tension(in GeV 2 ) for Nc =1.
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Fig. 2 Spreadsheet displaying the variation of spatial string tension(in GeV 2 ) with temperature(in MeV) and physical string tension(in GeV 2 ) for Nc =3.

4.

Spatial string tension under the AdS/QCD framework

We have scrutinized the modelling of temperature dependence of spatial string tension
within a ﬁve dimensional framework, known as AdS/QCD[12]. The SU(N) gauge theories
undergo a phase transition to a deconﬁned phase at high temperature. The pseudopotential extracted from spatial Wilson loops does not exhibit quantative drastic change
at deconﬁnement temperature Tc . This owes to the fact that certain conﬁning properties
survive in the high temperature phase. High temperature perturbation theory is helpful
in determining the behaviourism of pseudo potential for temperatures well above Tc .
However, near the phase transition point, the non-perturbative eﬀects pose diﬃculties in
the computation of the pseudo potentials. At this point, the AdS/QCD approach came
to the rescue which deals with a string description of strong interactions.
The ﬁve dimensional AdS/QCD approach helps in exploring the temperature dependence of the spatial string tension. Spatial Wilson loops are studied which obey an area
law and provide string tension. The whole framework of this approach relies upon c,
which is the Regge parameter at zero temperature and its value (c∼ 0.9GeV 2 ) is ﬁxed
from the ρ meson Regge trajectory[29], with the co-eﬃcient of proportionality ﬁxed from
the linear term of the Cornell potential.
A rectangular loop C is considered along two spatial directions (x,y) on the boundary(z=0) of a ﬁve dimensional space. One of the direction is taken to be large, say Y
→ ∞ and the quark and antiquark are positioned at x=r/2 and x=-r/2 respectively. The
Nambu-Goto action with the world sheet co-ordinates x and y is evaluated and equation
of motion for z is determined. The z dependent eﬀective string tension as followed from
the AdS metric is viewed simply as
1
(8)
σ(z) = z −2 exp[ cz 2 ]
2
The behaviour of potential V=σ(z) shows that it reaches a minimum value at z=zc (zc


= 2c and z0 = z, when x=0), where the repulsive force prevents the string from getting
deeper in the z direction. Because the string ends on inﬁnitely heavy quark antiquark pair
set at z=0, it faces a minima of potential which can be termed as a wall with condition
zo < z c

(9)

Also, in the limit as c goes to 0, z0 is bounded by a horizon (z=zT ) and this gives rise
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to a wall
z0 < zT

(10)

Thus, two walls become pertinent in this visualization. This projects out to be the
most prominent factor in determining the temperature dependence of the spatial string
tension.
Temperature dependence of spatial string tension is determined by evaluating r, which
is a continuously growing function of z0 . This means that large distances correspond to a
region near the upper endpoint which is the smallest of zc and zT and this leads to v∼1.
Finally
z0
2z0
z0
r = − √ ln(1 − )(1 − ) + O(1)
zc
zT
β

(11)

Where β is a polynomial in x = ( zzT0 )4 and y = ( zz0c )2 and is expressed as
β = −6 + 22x + 18y − 8y 2 − 34xy + 8xy 2

(12)

The long distance behaviour (upper endpoint, r→ ∞) of the energy of the conﬁguration can be expressed as
ge( zz0c )2
z
z
√ ln(1 − 0 )(1 − 0 ) + O(1)
E=−
zc
zT
πz0 β

(13)

From, the long distance pseudo-potential turns out to be linear. The spatial string
tension is given by
σs = σ

(14)

if T≤ Tc
σs = σ

T2
Tc 2
exp
−1
Tc
T

(15)

if T≥ Tc
where
1
Tc =
π



c
2

(16)

This value of critical temperature corresponds to a point when zc =zT , that is the two
walls coincide at the phase transition point and Tc turns out to be ≈ 210 MeV. Also it is
found from and that
T
√c =
σ



2
eπg

(17)

Value of g(≈ 0.94) comes from [29] the linear term of the Cornell potential. The
approximation is in agreement with the lattice data for SU(3) gauge theory[23]. We have
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Fig. 3 Variation pattern of spatial string tension with temperature for upper and lower values
of physical string tension.

Fig. 4 Variation of ρs (in units of Tc ) with temperature T(in MeV).

plotted (Figure3) the spatial string tension as a function of temperature for temperatures
above critical temperature Tc . Data points have been plotted for the upper (0.2GeV 2 )
and lower limits (0.87GeV 2 ) of the physical string tension[30]. These limits may vary
from one system (hadron conﬁgurations) to another, but our aim is to study the general
behaviour, which should be same for all systems. The spatial string tension increases
exponentially with temperature and the observed pattern shows similar behaviourism
for the two diﬀerent values of physical string tension, with the variation being slightly
magniﬁed as we proceed from the lower to the upper range.
When SU(2) gauge theory is considered and temperature dependence of spatial string
tension is interrogated and it was found that
√

σs
ρs
T
1 Tc
1
=
= 1.44 exp[ ( )2 − ]
Tc
Tc
Tc
2 T
2

(18)

(g depends√ on the number of colours, so its value has to be adjusted to SU(2) by
σ
employing ﬁt Tcs at T=Tc to the data from [31]).
The temperature dependence of string tension at high temperature is determined
by the β function of gauge theory. Figure 4 demonstrates the variation of ρs /Tc with
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temperature T for temperatures a few MeV above the critical temperature. For high
temperatures, that is values greater than around 300 MeV, the plot shows a linear variation. An appreciable curvature is visible at lower values of T, that is near the critical
temperature. Thus we can say the temperature dependence of string tension is very soft
below Tc and sharp above Tc . Figure 3 and ﬁgure 4 evidently describe the extent of
similarity between the Nc =3 and Nc =2 approach.

5.

k-string Tensions under the Large Nc Formalism

There are many indications for a connection between QCD and the string theory, which
has shown appearance in a broad domain of experimental phenomena and theoretical
works [32]. Signiﬁcant eﬀort has been invested recently in QCD and pure Yang-Mills
theories at large in the studies of ﬂux tubes induced by colour sources with an emphasis
on its large N limit. Some mysterious features of the strong interactions become easily
understandable, if our usual QCD with N=3 is ’close to’ SU(∞) and if the latter theory
is conﬁning. N=∞ theories are theoretically simpler, in particular there has been much
progress in constructing weak coupling duals in string theory. Also, new stable conﬁning
strings appear at large N[15].
The naive QCD string is the ﬂux tube that links heavy colour sources in the fundamental representation. It is referred to as the fundamental string and the string tension
corresponding to it is called the fundamental string tension. However, the large N visualizations have found a novel realization in the studies of the spectrum of k-strings in
the SU(N) gauge theories. A k string is basically a ﬂux tube generated between sources
in the higher representation with non-vanishing N-ality. Consider the case when sources
transform as Ψ(x)→ zk Ψ(x), under a global gauge transformation in the centre of the
group, z ZN [33]. Gluon screening does in fact come into play. However, it cannot change
k, but can change one source to another of the same k. The k string possesses the smallest
string tension in the k class, and thereby it is a stable string. In other words, we can say
that if a charge acquires a factor zk , we shall refer to the string having N-ality k and the
corresponding string tension will be denoted by σk . The fundamental string has N-ality
k=1, and its string tension is denoted as σf or σk=1 . In case of SU(3), a k=2 string joining
a diquark source to a distant antidiquark source is the usual fundamental k=1 string over
the entire separation. One has to step to at least SU(4) for the possibility of a genuinely
diﬀerent k=2 string and SU(6), for a k=3 string. Since gluons transform trivially under
the centre, such a k string will not be screened down to a k’ string, if k’=k. If, however
zk =zk for all values of z, the k string can in fact transform into a k’ string and then
obviously σk =σk .
Real QCD, according to deﬁnition, conﬁnes at intermediate and not at large distance
scales because then the electric ﬂux tubes would break and the static potential would go
ﬂat and the excited hadronic states with string like conﬁgurations would be metastable.
For the intermediate distances, a linear potential is obtained. For this region itself, t he
string tensions agree qualitatively with both sine scaling and Casimir scaling[16]. Even
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lattice simulations provide a substantial body of evidence that the string tensions in
conﬁning gauge obey scaling laws.
As already mentioned, there exists a linear potential between quarks for the fundamental and higher representations. The string tension then becomes representation
dependent and roughly proportional to the eigen value of the quadratic Casimir operator
of the representation. This proportionality of the potential to Casimir operator is called
Casimir scaling. If σk is the string tension of the k string and σf is the string tension of
the fundamental string, then Casimir formula is
cR

σf
cf und
where CR is the quadratic Casimir coeﬃcient for representation R deﬁned as
σk =

T a T a = CR I R

(19)

(20)

and I is the unit matrix in the representation R, and T a ’s are the SU(N) generators
in the same representation. For large N, the Casimir formula expands [33] as
k
(21)
+ O(N −2 ))σf
N
From the above, it is clearly observed that the expansion runs in even as well as odd
powers of 1/N.
Recent studies in the super symmetric Y-M theories and M theory[34] suggest another
possible scaling law called the sine scaling, in which the lowest string tension in each Nality sector obeys
σk = k(1 −

sin( kπ
)
σk
N
=
π
σf
sin( N )

(22)

At large N[33], the formula is expandable as follows
π2 2
(k − 1) + O(N −4 ))σf
(23)
2
6N
Thus the large N expansion under the sine formula runs in even powers of 1/N, whereas
in Casimir formula all powers of 1/N are incorporated.
In the large N limit, the interactions between the ﬂux tubes are suppressed in the
powers of 1/N and therefore the lowest energy state of the system should be made of k
fundamental ﬂux tubes connecting the sources and hence
σk = k(1 −

σk
→k
(24)
σf
, k ﬁxed and N→ ∞ The constraint is satisﬁed by both Casimir scaling and the
sine scaling formulae. Also, both these scaling formulae remain invariant under the
replacement of k by (N-k), i.e. exchange of quarks by antiquarks. Earlier calculations
performed upon anisotropic lattice point out to the fact that the k string tensions lie
midway between the sine scaling and Casimir scaling.
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Fig. 5 Variation pattern of the ratio σk /σ with Nc for Casimir and sine scaling.

It is however worth noting that the corrections to large N behaviour occurs in the
power series in 1/N 2 rather than 1/N making the sine scaling much favourable and
proximate to actual results. Figure 5 displays the variation of the ratio σk /σ with Nc
for both the approaches, that is sine scaling as well as Casimir scaling. Both the curves
demonstrate similar behaviourism with the sine scaling curve attaining slightly higher
values as compared to the Casimir scaling curve. We have chosen k=2 strings for the
entire plotted range (Nc =3 to Nc =50). Higher k strings can also be incorporated in
the analysis but our aim is pinpoint the characteristic pattern which is similar for all
higher k strings. At large values of N both the curves tend to approach the Casimir
factor (=2). Thus we can say that as N → ∞, the two approaches coherently reproduce
similar behaviourism and this could substantially give boost to the validity of the eﬀective
emerging large Nc theory.

6.

Glueball Dynamics and the String Tension

One of the main ingredients of the glueball dynamics is the adjoint string (or two fundamental strings)[35] occurring between the gluons in the two gluon glueballs. This adjoint
string conjecture is inspired by the type two superconductor, which explores a new scenario of gluon-gluon interaction. Under this framework, the adjoint string is replaced by a
pair of fundamental strings. The adjoint string is a natural extension of the fundamental
string.
We are aware of the fact that the closed ﬂux tube model of glueballs predict that the
leading Regge Trajectory is essentially linear, with a slope value independent of N[35],
that is
1
(25)
8πσ
for all values of N. However, when we consider the adjoint string model, it too predicts
a linear Regge Trajectory
αF T =
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Fig. 6 Plot displaying the variation of the ratio σa /σs with the number of colours N When the
spectrum of the glueballs is computed[37]

J=

M2
2πσa

(26)

where


r0

M =2
0



σa dr

= σ0 πr0

(27)

σ rv(r)dr
π
a
= σ0 r0 2
2
1 − v 2 (r)

(28)

1 − v 2 (r)

and


r0

J =2
0

Here 2r0 is the length of the string joining the two gluons and acts as a rigid segment
rotating with angular momentum J. The local velocity at a point along the segment is
v(r)=r/r0 . The slope of the trajectory is
1
(29)
2πσa
and this evidently turns out to depend upon N, through the N dependence on σa /σ.
αAS =

2N 2
CA
σa
= 2
=
(30)
σ
CF
N −1
Lattice calculations[36] as well as theoretical predictions support the fact that the
dependence is close to Casimir scaling. Thus in the ﬁeld theory σa is related to the
string tension in the fundamental representation, σ. Figure 6 clearly demonstrates the
dependence of N on string tension ratios. For the large N limit, the plot clearly depicts
that the ratio approaches the Casimir scaling factor that is 2. The variation pattern
projects out the fact that the Nc =3 limit is proximate to the ∞ limit and ratio is around
12.5 % higher for Nc =3.

Mn = 4
n = 1, 3

nσa
2

(31)
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This equation is of particular interest because then the masses of the glueballs which
otherwise depend upon σa can be connected to the fundamental string tension. The
rotating glueballs lie entirely within a plane, therefore calculations in SU(3) gauge theory
are identical to SU(2). The only prominent diﬀerence is that in SU(2) the adjoint string
tension is σa = 83 σ(SU (2)), whereas for SU(3) its value is σa = 94 σ(SU (2)). These values of
string tensions clearly demonstrate the fact that the SU(3) and the SU(2) gauge theories
are clearly approximate to each other.

7.

Relation of String Tension with the Mass of Hybrids and
Gluelumps

We are well aware of the fact that gluons are colour octets and thereby are always conﬁned. But this conﬁnement property is never incorporated in the Standard Perturbation
Theory (SPT), which is valid at short distances or regions of high momentum. It is
however observed that beyond this region, the SPT displays unphysical singularities.
Thus, the propagation of gluon in the conﬁning vacuum is studied in the framework of
the Background Perturbation Theory (BPT)[17], where non perturbative backgrounds
contain conﬁning co-relaters and the unphysical singularities of SPT are removed.
Several types of systems can substantially be formed by the conﬁning gluons. They
could possibly be glueball, hybrids and even gluelumps. It has been found empirically
that the predicted spectrum[38] of these states have a very simple form and depends only
upon the string tension σs and the strong coupling constant αs . The analytic calculations
of the spectrum are in good agreement with the lattice data.
The gluon exchange interaction between quark and antiquark occurs when the gluon
is conﬁned and is called the conﬁned coulomb interaction. At small distances(less than
1GeV −1 ), the conﬁned potential corresponding to this interaction coincides with the standard Coulomb potential. Under this particular setting, the conﬁned gluon is considered
to be evolving in time together with static quark and antiquark, forming the gluon static
hybrid. The mass of the hybrid (hybrid spectrum) is calculated in terms of the string
tension. When the conﬁned gluon acts as a propagator in the einbein path-integral representation and μ(t) is the einbein variable as in [39], the Green’s function can be written
as (for T=T0 )

Dμ
(32)
DνDν̄e−τ G3 (R, T, ν, ν̄, μ)
G(x, y) =
2μ̄
Here two distinguishtory cases are considered
1)Large R and R2 1 that is, large separation
2)Small R and R2 1 that is, small separation
When the ﬁrst case is considered, for the stationary point, the einbein parameter is
1
found to be μ0 = ( Rσ ) 3 . Thereby, the mass of the hybrid at large R comes out to be
√
3 σ 1
12
Mhybrid (R) = σR + ( ) 3 +
2 R
R

(33)
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Fig. 7 Plot displaying the variation of the mass of the hybrids(in GeV) with respect to
the string tension(in GeV 2 ) and the points depict the experimentally observed hybrid candidates: 1)η’(958), 2)a0 (980),f0 (980), 3)f2 (1270), 4)f0 (1370), 5)η(1405), 6)η(1440), 7)f0 (1500),
8)f2 (1525), 9)f0 (1710), 10)f2 (2220).

The second factor on the RHS of the above equation corresponds to the characteristic
law for large R hybrid excitations[38]. The longitudinal and transversal excitations
R
can be deﬁned as
−1/3

(long)

Mhybrid =

3 σ 1
1 2
) 3 (nz + ) 3
n (
2
2s R

(34)

√

12 σ 1
(35)
( ) 3 (n⊥ + Λ + 1)
R R
where Λ corresponds to the angular momentum projection on the x-axis. The longitudinal excitation is new[38] whereas the transverse spectrum is quite close to the ﬂux
tube excitations. The observed spectrum is in coherence with the lattice calculations[40].
Thus, it becomes quite evident from the above equations that the hybrid particle mass
is implicitly dependent upon the string tension parameter.
When we interrogated (Figure 7) the inﬂuence of string tension upon the hybrid
mass a typical behavioural curve was observed. The points lying on curve exhibit the
experimentally observed hybrid particles when the separation R is assigned the maximum
value, which is 1GeV. The shaded area represents the region within which the hybrid
particles would lie for lower R values. Thus, the entire spectrum of hybrid particles would
be located within this region when the string tension ranges between 0.01 to 0.2GeV 2 .
Since the exact dynamics of interior of the hybrid particles is unknown, we have chosen
a wide range of the value of string tension. When the second case is considered, that is
σR2 1, that is when R→0, for the stationary point μ=μ0 , the mass of the gluelump
comes out to be
(trans)
Mhybrid

=

√
Mgluelump = 2 3σ

(36)

This value is in close agreement to the gluelump calculations performed in [41], where
√
1
a 3
M0 = 2( ) 4 (2σadj ) 2 = 2 3.096σ
3

(37)
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and a(= 2.338) is the ﬁrst zero of the Airy function. Thus, we can clearly observe
that the string tension emerges out as the sole factor for determining the mass of the
gluelumps.Table 1 depicts the values of string tensions calculated for various gluelump
candidates.
Table 1 Table 1: String tensions in GeV 2 for Gluelump candidiates
Gluelump

◦ String

 String

◦ String

 String

◦ String

 String

candidate

tensions for

tensions for

tensions for

tensions for

tensions for

tensions for

data from

data from

data from

data from

data from ref

tensions for

ref[42]

ref[42]

ref[43],

ref[43],

ref[43],

ref[43],

coloumn 1

column 1

column 2

column 2

column 2

0++

0.3267

0.31657

———–

———–

———–

———–

1- -

0.130208

0.126171

0.163147

0.158088

0.164174

0.159084

1+-

0.063075

0.0611192

0.081675

0.0791424

0.081675

0.0791424

1-+

0.385208

0.373264

———–

———–

———–

———–

2- -

0.175208

0.169776

0.219673

0.212862

0.220865

0.214017

2+-

0.2883

0.27936

0.359425

0.34828

0.347344

0.336574

3+-

0.2883

0.27936

0.359425

0.34828

0.356385

0.345335

3- -

———–

———–

———–

———–

0.513195

0.497282

4- -

0.378075

0.366352

0.472192

0.45755

0.491589

0.476346

◦ string tensions as evaluated from equation (36)  String tensions as evaluated from
equation (37)
The values of string tensions lie within a range (0.06-0.51GeV 2 ). It may however
be pointed out that the upper limit of the string tension for gluelumps is far greater
than average value for the hadrons. For the case of glueballs, the separation R reduces
eﬀectively which itself is the denominator factor in the string tension parameter and this
eventually increases the string tension. Diﬀerent data sets give approximately the same
values of string tension for a particular glueball state. Thereby, we can say that the
prospects are open for analyzing the possible experimental glueball candidates as viable
theoretical background seems to be building up.

8.

Regge Trajectory Phenomenology and String Tension

A linear potential between a quark and antiquark for mesons (quark and diquark for
baryons) and the linearly rising Regge trajectory are immediate consequences of the
string picture. The conﬁnement potential at diﬀerent length scales [44] is estimated by
Cornell potential which is
V (R) ≈ −

4α
+ σR
3R

(38)

(where σ is the string tension) At long distances the second term is dominant which clearly
corresponds to linear potential. The reproduction of linear potentials is one of the earliest
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and most enthusiastic successes of the lattice gauge theory[45]. A linear relationship
between J and M2 (M2 =αJ + c) is a clear manifestation of the strong forces between
constituent quarks and directly corresponds to the fact that the strongly interacting
particles (hadrons) are self generating and must lie on straight lines (Chew-Frautschi
conjecture). The earliest postulation regarding the hadronic Regge trajectories was that
they have a constant universal slope α=0.93GeV −2 and this eventually led to the concept
of universal string tension (σ=0.87GeV/fm) since the slope parameter is directly related
to string tension through the relation α=1/(2πσ). Another method based upon the
consideration of hadron size reproduces a constant value of string tension. For typical
hadron mass of about 1GeV and its radius as measured in electron scattering being 1
fm, the string tension comes out to be 1GeV/fm. Earlier theoretical models on Regge
phenomenology and even QCD utilized this particular value of string tension.
However, afterwards, the RT phenomenology was often attacked to investigate whether
the RTs are actually straight lines in the entire energy interval or whether this is only
valid asymptotically. An intrinsic connection is constantly being sought between the
kinematics, type of potential and straight RT. The past few decades witnessed the proliferation of a large number of theoretical quark models [46], some of which clearly in favour
of the linearity of RTs while the others claim non-linearity. Infact, some[46] even opted
for the validity of partial linearism. Also, the availability of large amount of new data
posed several challenges regarding the behaviour of linearity of the RTs. There by, these
contradictions merely lead to a shear mix of confusions. At this stage the only rescue is
the hadronic data which projects out the ﬁnest image of the hadronic world.
We analyzed the spectrum of hadrons[19] by the latest data available through the
Particle Data Group[20], with the aim of pinpointing trajectories with which hadronic
resonances can be associated. It was recognized that the entire range of Regge trajectories
for hadrons are not straight and parallel lines. Out of total 66 plotted trajectories, 64.81%
were essentially non-linear, 27.78% were essentially linear, while 7.41% were fairly linear.
Thus, we can clearly say that the concept of universality of the slopes of hadrons and
hence universal string tension indicates eventual violation. The essentially linear mesonic
Regge trajectories have string tensions lying within a range, 0.02-0.111GeV 2 , whereas
for the essentially linear baryonic Regge trajectories, the string tensions lie within the
range 0.022-0.0455GeV 2 . Thus, on an average, the string tension for the baryons is
less than for the mesons. In ﬁgure 8, we have plotted the string tension versus radial
quantum number for some prominent essentially non-linear Regge trajectories. The black
horizontal line displays the universal value of string tension. The plot clearly indicates
substantial variation of the string tension from the universal value.
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Fig. 8 Variation of string tensions with radial quantum number for the prominent f0 ,f2 ,η and
ρ radail Regge Trajectoriess. The straight horizontal line denotes the standard universal value
of string tension.

Conclusions
Our analysis evidently reveals the utility and importance of the string tension parameter
in studying various prominent aspects related to QCD. The behavioural implications of
the Wilson loops at high temperature helped in probing the deconﬁnement physics and
thereby proved useful in determining the temperature dependence of the spatial string
tension under the gluon chain model and also under the AdS/QCD picture. From these
pictures, we can easily conclude that the temperature dependence of spatial string tension
is very soft below the deconﬁnement temperature and sharp above it. The gluon chain
model under the quenched SU(Nc ) clearly depicted that Nc =3 limit extensively stands
apart from the Nc =1 limit. However, the appearance of new stable k-strings at large Nc
helped in establishing the proximity of the Nc =3 limit to the large Nc limit.
String tension ratios for the large Nc limit were compared to Casimir scaling as well
as the MQCD inspired conjectures. Both the approaches coincide for the large Nc limit.
Study of glueball dynamics under the adjoint string model validates the scenario under
which QCD incorporates strings apart from the fundamental string. The masses of hybrid
particles and gluelumps are intrinsically dependent upon the string tension parameter and
this connection helped us in relating the experimental data to the theoretical front. The
string tension for gluelump candidates comes out to be larger than that for the hadronic
particles.
The analysis of the string tension parameter under the Regge trajectory regime clearly
indicated the violation of the orthodox notion of the concept universality of string tension.
This is only plausible if the entire spectrum of hadronic RTs have same slope. However,
the experimental data directly contradicted this notion. Thus, in the end we can conclude
that the Nc =2 and the Nc =3 limits are quite close to each other, but they stand eﬀectively
apart from the Nc =1 limit. Also, our analysis clearly reveals the intimacy, connection

Electronic Journal of Theoretical Physics 10, No. 28 (2013) 81–100

99

and similarity between the Nc =3 and the Nc =∞ limit.
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Abstract: It was argued in the previous paper [1] that the Big Bang need not be singular in
any theoretical framework. In the current paper, the new variables of Ashtekar type but more
obvious from the point of view of quantum nature of time are used and exploited to study the
phases of quantum geometry which in the author’s new formulation [1] may be viewed as a ﬂuid
of surface states (or light cones). These phase transitions are discussed only after the quantum
as well as the classical nature of time is established. The principle of equivalence - the bedrock of
Einstein’s general relativity, is shown to be a direct consequence of the lambda phase transition
in a disordered phase of ﬂuidic surface states; in the formalism of Loop Quantum Gravity. In
short, this work deals with phase transitions in the Loop Quantum gravity or canonical general
relativity regime.
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It was shown in the previous work [1] by the author that causality is the gauge degree
of freedom of gravity and it is the intent of this paper to establish that the topologically
connected ﬂuid of surface states (or light cones centered at the nodes of the spin networks
[4]) also has phase transitions which when interpreted cosmologically yields a dynamic
universe. It is also established that the principle of equivalence is a direct consequence
of the non-abelian nature of gravity.It is shown that these transitions are possible for a
gas of surface states. The aim of the present paper is to present a diﬀerent aspect of
time and show how space time emerges from this new scenario and thereafter study the
aspects of gravity as a collective phenomenon by means of condensed geometric phase
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transitions based on statistical mechanics and statistical thermodynamics of gravity [5]
as a quantum system. This paper runs on par with the theory of Loop Quantum Gravity.

1.

Incorporation of Time in Quantum Theory

Consider the conﬁguration space CGR of General Relativity whose cotangent bundle is the
Hamiltonian phase space of the SL(2, C) Yang-Mills gravity gauge. Here, for every ground
state variable in the abstract vector space or the Dirac space, we have a wave function in
the (Hilbert space) diﬀeomorphism invariant square integrable cross-sections of the vector
bundle associated with the quantum system, here gravity - a system with ﬁnite number
of degrees of freedom. Now, we have a simple familiar wavefunction ψ (X) = X|ψ =
exp {i (pq − Et)} for any quantum system embedded in gravity. For our purpose for this
quantum system embedded in gravity, postulate the existence of an azimuthal 1-form a bra:ϕ| whose inner product with the corresponding ket |ψ yields the corresponding
angular wave-function or spin function ψ (ϕ) = ϕ|ψ = exp {i (Jz ϕ − mΓ)}. Now this
form we postulate as the equivalent form for the quantum mechanical wave function. We
further postulate that every ﬁeld phenomenon can be modeled into a spin system (see [8]
and references therein) and thereby viewed as a collective phenomenon. This means that
gravity also may be viewed as an Ising model of light cones centered at nodes
For our purpose we will consider the constraint surface of our quantum mechanical
matter system imbedded in constraint surface of the gravity in the Hamiltonian phase
space as it is the Hamiltonian constraint that generates the dynamics. Fix now an isomorphism, v, between the frame relative to which the quantum mechanical matter system
is stationary and that of gravity i.e., the frame of the stationary observer in which the
quantum system is dynamical. This isomorphism is the relative or Lorentzian velocity
of the quantum system relative to the inertial frame of reference of our observer. The
isomorphism allows for the velocities of both, the system’s frame and the inertial frame,
to be converted into each other via Einstein’s velocity addition theorem. This velocity
v can also be taken as the generalized velocity in the conﬁguration space of general relativity under certain special circumstances. Incidentally this dynamics is generated by
the action of the Hamiltonian constraint. This provides for a time independent Hamiltonian formulation of the Einstein velocity addition theorem. The relativistic nature of
the dynamics is therefore conserved in the Poisson algebra of the Lagrange-Hamilton isomorphisms taken above. The constraint functionals generate canonical transformations
which result in the rotation of the isomorphism indices. The isomorphisms are time-void
generators of dynamics in 3-space. This is how the dynamics can be measured in the
temporal gauge. The geodesic of the quantum system is coarse graining/ classical limit
of the eigenvalue of the Thiemann length operator and moves causally in classical continuum. As the quantum system moves with a relative velocity v and thereby traces
a geodesic in the continuum, the generalized velocity of this quantum system traces a
trajectory on the constraint surface. Thus the transition of the quantum system from
a state, |ψ (0) = |n, R (0) , toanotherstate, |ψ (t) = |n, R (t) is given by the transition
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amplitude expressed as the time-void path integral between two points on the constraint
surface (the ﬂows in time are in any case generated by the Hamilton constraint).+
Deﬁne a vorticity, w of v, in a time-void d = 3 space - a ﬂuid of future light cones, as
w := dv

(1)

where, the diﬀerential form convention has been used as in [1]. Now, ﬁx an automorphism, u , of the constraint surface of gravity representing the bulk of the surface
states/light cone ﬂuid giving the collective dynamical behavior of the space - its velocity
of ﬂow. In other words, ﬁx an isomorphism between two quantum fundamental observers’
frames. This velocity also is time-void. For canonical vorticity, W , we have


w · dS = v · dl
(2)
Γ :=
Σ

λ

where, Γ, the circuit integral is the circulation which is also time void.
The analytical continuity of the functions ψ(x) and ψ(ϕ) tells us that pq corresponds
to Jz ϕ and similarly Et corresponds to mΓ so that we have by the Einstein theorem of
inertia of energy that
E
(3)
Et = 2 Γ
c
Thus time arises naturally as a kind of vorticity in the temporally gauged Hamiltonian
quantum dynamics, although gravity doesn’t arise until curvature is involved; or
t=

Γ
.
c2

(4)

Now, for an inviscid liquid, with canonical time ϑ measuring its motion in the conﬁguration space of general relativity, the vorticity, w, satisﬁes the equation
∂w
= curl u ∧ w.
∂ϑ

(5)

Eq (5) tells us that the vortex lines are dragged with the ﬂuid moving a velocity u.
Thus, we perceive space-time rather than space and time. The Landau-Raychaudhuri
equation tells us that vorticity causes expansion and shear causes contraction in spacetime.
• Thus the time being dynamical vorticity, and since it is carried with space, causes
expansion of the space-time and hence of the universe such that the rate of expansion is
proportional to the 4-volume of the universe. By this, we have
dv
= K 4 V.
dt

(6)

• By inserting the Planck scale parameters, we ﬁnd that the rate constant is approximately equal to 6.161906892 × 10246 cm−3 s−2 . Thus there had to be an inﬂation of superluminal proportions and its aftermath would be an accelerating expanding universe.
It is the function of time to keep things moving in a particular direction in space-time
or just in time. Progression is thereby the phenomenon of the nature and the expansion
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of space-time/universe is nothing but the progression of the entire space or space-time in
time. We have also learnt a small physical moral:
• that vorticity aspect of dynamics of a system destroys the physical singularities occurring in the system. Here, the system is space-time and hence space-time singularities do
not exist.

2.

Canonical Phase Transitions: Emergence of Space-time and
a Primer on the Hamiltonian Dynamics of Polyakov Strings.

Consider a gas of grannulons - the surface states of quantum geometry formed by the
intersecting of the edges of the spin networks across an arbitrary surface. By a gas of
surface states, we mean the spin networks being loosely interwined and not tight, for the
energy is much higher than the Planck energy. Let E ≥ EP l be the energy of the gas of
grannulons. The temperature of the ensemble is TG ≥ TP l deﬁned by

−1
∂σ
TG =
(7)
∂E
where σ is the entropy.
Consider the variation of the temperature of the gas. If the temperature TG , of the
gas of grannulons is decreased, the gas condenses to form a causal liquid. The partition
function of this gas is
(8)
z = T r exp −β(Er − μNr ),
where μ is the chemical potential of the grannulons. In the coarse graining limit, gravity
or curved space-time is equivalent to a medium of refractive index greater than unity.
It thus aﬀects light by bending it. Now, canonically conjugate to the average energy
of the grannulons is the earlier proved Lorentzian vorticity or Lorentzian time. The
order parameter is by its very nature irreversible and so is time. So we choose for
obvious reasons, the Lorentzian but global time-like parameter as the order parameter
for our phase transitional alternative for singular Big Bang, also since vorticity leads
to expansion, an expanding scenario alternative to the Big Bang Singularity (BBS) is
possible. The partition function (8) changes in response to a change in entropy as
√
∂
detPt = −
lnz.
∂E

(9)

The quantity “ det P is the determinant of the ”momentum” 2-form P canonically
conjugate to the Ashtekar connection triad, A : Aia := Γia + ikai , on a 3-manifold M where
Γia is the spin connection and kai is the triad on the 3-surface parameterized by constant
time coordinate. The Hamiltonian phase space Π consists of these canonically conjugate
pairs (A, P) both of which take values in the Lie-algebra su(2). A discontinuity in the
action


∂P
−P
(10)
S= T
∂T
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can be expressed by the gap in the entropy σ[3],
discσ = Tc disc

∂P
∂T

(11)

√
From (9) with lnz = det P(P − S0 ) where P is the thermodynamic pressure and S0 is
the ground state or pre-geometric action.(Henceforth, we consider the Thiemann trick in
the quantum limit and therefore replace detP by the volume operator and for the large
collection consider it to be of a ﬁnite expectation value when operated on a spin network
wavefunction and dissolve into the action making action resulting into action density.)
To this corresponds 0|t|0; it follows that
∂S0 ∂P
∂P
−
= 0|t|0 −
.
∂E
∂E
∂E
If we expand the pressure in the vicinity of Tc according to
t=

P = Pc + (T − Tc )

(12)

∂P
|Tc + · · · .
∂T

(13)

P depends on E via Pc and Tc
∂P
∂Pc ∂Tc ∂P
=
−
|T =Tc
∂E
∂E
∂E ∂T

(14)

Inserting (14) into (12) and applying “disc” to both the sides, the result is
√

det P disct =

∂Tc
∂P
disc
|T =Tc .
∂E
∂T

While P is discontinuous at Tc (as in the case of a ﬁrst order phase transition),
jump. From (11) and (15), we ﬁnally obtain
√
disct
∂Tc
= Tc det P
.
∂E
discS

(15)
∂P
∂T

may

(16 − a)

Since Lorentzian time as an order parameter goes vortical and thereby orders all dynamics
by generating contact transformations in the phase space of pure gravity, equation (16-a)
deﬁnes a canonically chiral condensate which is determined as a response of the partition
function to a change in energy E of the gas as given in eq (9). The critical question
is whether eq (16-a) leads to a bound on the latent heat in the ﬁrst-order temporally
chiral transition. What is the gas-liquid transition? I advocate that it is primordial/
pre-Planckian space time. The vapor of geometric particles condense to become a liquid
which was the texture of the early universe spacetime. Whereas some geometric particles
(grannulons) condensed to a liquid phase, some in the liquid phase escape into the gaseous
phase. This escaping tendency is the fugacity of the thermogravity system. When this
tendency is equal for both the phases, a thermodynamic equilibrium is said to have been
reached. In eq (16-a), average energy of the gas of grannulons plays the role of fugacity.
We propose a topological phase transition in the form of the Kosterlitz-Thouless phase
transition which liberates the Lorentzian vortices and in the process breaks the X − Y
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symmetry or the U(1) symmetry of the Ising Model of light cones or alternately geometric
molecules - the nodes of the spin networks to which the light cones are attached [4]
and thereby triggers the time which is the Lorentzian vortex and which being the order
parameter, ticks oﬀ the ﬁrst order phase transition almost simultaneously with the second
disordered phase of gravity. This is the normal (component of) ﬂuid and we proceed to
derive the phase transition which yields the superconducting/superﬂuid part of this ﬂuid.
The universe materializes as an emergent phenomenon instead of a Big Bang scenario.
The SU (2) Ising model of light cones on the lines of the Markopoulou-Smolin causal
evolution of spin networks will be solved exactly and the phase transitions discussed
therein in another paper, perhaps, a sequel? For now, the current paper aims only at
giving a simplistic model for phase transitions in non-perturbative canonical gravity, here,
loop quantum gravity.
Now for a quantum string, more on the lines of Polyakov rather than the NambuGoto approach adopted by Thiemann (see [6] and references therein), which is shown to
be marred with anomalies by a simple consideration of the harmonic oscillator by Helling
and Policastro [7], we can show by arguments similar to the above that the dynamics of
the string in space-time is a ﬁrst order phase transition given by
discX μ
∂Tc √
=
det
PT
.
c
∂pμ
discSP olyakov

(16 − b)

where pμ is the momentum of the string conjugate to the world sheet coordinate X μ .
Thus, the quantum string regulates through the body of space-time just as a thread
regelates through the bulk of the ice cube when pressed through it. The world-sheet
momentum of the string is analogous to the pressure or rather fugacity in the usual
Clausius-Clapeyron equation while X μ is the order parameter. This is the subject of
another paper.

3.

Nucleation of Black Hole and its ”Unruh Extension” to the
Principle of Equivalence

We now have a back ground space-time with a global curvature. This we call the normal
component of the two-ﬂuid model. This, uptill the second transition temperature, is
the gravity/quantum Riemannian geometry pervading “ﬂuid”. We therefore proceed
to derive, the phase transition that leads to a black hole nucleating in a background
spacetime- a second order phase transition in a grannulonic ﬂuid. In our SU (2) causality
gauge theory [1], we are concerned with the generators of rotations, and the dynamical
observable here is the intrinsic spin angular momentum of the black hole, which makes
its appearance here in the change in the internal energy of the black hole, as
dU =

κc2
dA + ΩdJ + φdQ.
8πG

(17)
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We therefore by thermodynamical arguments choose the intrinsic angular momentum J
as the order parameter and build the gravitational Gibbs’ function as
G = U − f racκc2 8πGA − ΩJ − φQ,
so that,

c2
− JdΩ − Qdφ.
dG = −Adκ
8πG


∂G
c2
=
A,
∂κ Ω,φ 8πG


∂G
= −J,
∂Ω κ,Q


∂G
= −Q.
∂φ κ,Ω
 ∂Gn
 ∂Gs


−
∂φc
∂κ Ω,φ
! ∂κ "Ω,φ
"
=!
∂Gn
∂κ Ω
s
− ∂G
∂φ
∂φ
Ω,κ

(18)

(19)
(20 − a)
(20 − b)
(20 − c)
((21)

Ω,κ

where the subscripts “n” and “s” stand for the normal and the superconducting components of the two component ﬂuid that we are considering. We therefore have,


c2 An − As
∂φc
=−
.
((22)
∂κ Ω
8πG Qn − Qs
Similarly,

Or therefore,





∂φc
∂Ω

∂κ
∂Ω


=−
κ


=
φc

Jn − Js
.
Qn − Qs

8πG Jn − Js
.
c2 An − As

(23)

(24)

which is identical with the Clausius-Clapeyron equation. For (16-a) describing a SU (2)
locally Lorentzian space-time geometry, eq (24) shows the locally Lorentzian spacetime
geometry to transit to a non-abelian superconducting state so that all the Ashtekar
”electric” ﬂux tubes get pushed into the “bags” of large energy momentum such as black
holes. In fact globally, we argue based on the work of Unruh [2] that all energy-momentum
distributions are in fact energy-momentum bags. In general eq (24) may be written as
 
8πG Jn − Js
∂a
= 2
.
(25)
∂Ω φc
c An − As
This equation is the essence of both, the weak and the strong principle of equivalence. The principle of equivalence is thus a connectioelectric Meissner eﬀect. This
superconducting phase is characterized by the existence of locally Lorentzian space-time
domains wherein there exist gravitational/ Galilean supercurrents characterized by rectilinear geodesics or inertial frames. This interpretation may be digressed as follows: in
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an electric conductor at normal temperatures, the electric current is hindered by the resistance of the medium of the conductor. In the super conducting phase, the resistance
drops to zero and the supercurrents ensue. The electrons thus, travel more swiftly from
one point to another. Similarly, the presence of a curvature is a hindrance to the motion
of a test object. When spacetime is locally Lorentzian i.e., free of gravity, it allows the
object to travel swiftly from one point to another along a straight line. Thus, special
relativity is a direct and natural consequence of Galilean supercurrents. The non-abelian
nature of the gravity gauge ﬁeld yields the weak and the strong principle of equivalence
which state that
Weak Equivalence Principle: Eﬀects of gravitation can be transformed away locally
and over small intervals of time by using suitably accelerated frames of reference.
Strong Equivalence Principle: Any non-gravitational physical interaction behaves in
a locally inertial frame as if gravitation were absent.
• The interior of the black hole or an energy-momentum bag is that of perturbative
vacuum whereas that of the empty space is the normal or non-perturbative vacuum. This
adds to the possibility of engineering of the vacuum.

4.

Conclusions

Overall an alternative to the singular Big Bang cosmology is successfully constructed
along with a new vortical aspect of Lorentzian time as well as global time-like parameters
considered in the quantum dynamics of loop quantum gravity. Einstein’s pure gravity
starts from the empirical principle of equivalence and arrives at curved space-time by
bending and orienting the future light cones. Our theory starts with a ﬂuid of surface
states (or light cones) and being a statistical quantum theory of gravity, investigates phase
transitions that produces the emergent chiral gravity/spacetime and the connectio-electric
Meissner eﬀect and thereby renders the blackholes and principle of equivalence. The heavy
energy-momentum bags orient domains of SU (2) dipoles viz., the future light cones, close
to them as in the case of black hole wherein the future dipoles are trapped within the
horizons. This is the SU (2) dual of the U(1) ferromagnetic phase representing strong
gravity just as ferromagnetism is the highest degree of magnetic response manifested by
the U (1) gauge. At this juncture, we are in a position to formulate a conjecture as a
result of our investigations:
• Lorentzian time is a background free vorticity arising from Hamiltonian classical or
quantum dynamics.
• Every d- dimensional non-perturbative gauge theoretic phenomenon has a d + 1
dimensional perturbative gravity dual. In fact, we have from this an alternate formulation
for the latter part of our conjecture:
• Every d-dimensional perturbative vacuum of gauge theory has d+1 dimensional
perturbative gravity dual.
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Abstract:
Signiﬁcant analytic and numerical evidence, as well as conjectures and ideas
connect the Riemann zeta function with energy-related concepts. The present paper is devoted
to further extension of this subject. The problem is analyzed from the point of view of geometry
and physics as wavelengths of hydrogen spectrum are found to be in one-to-one correspondence
with complex-valued positions. A Zeta Rule for the deﬁnition of the hydrogen spectrum is
derived from well-known models and experimental evidence concerning the hydrogen atom.
The Rydberg formula and Bohr’s semiclassical quantization rule are modiﬁed. The real and the
complex versions of the zeta function are developed on that basis. The real zeta is associated
with a set of quantum harmonic oscillators with the help of relational and inversive geometric
concepts. The zeta complex version is described to represent continuous rotation and parallel
transport of this set within the plane. In both cases we derive the same wavelengths of hydrogen
spectral series subject to certain requirements for quantization. The fractal structure of a speciﬁc
set associated with ζ(s) is revealed to be represented by a unique box-counting dimension.
c Electronic Journal of Theoretical Physics. All rights reserved.
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1.

Rydberg Formula and Bohr Model

The emission spectrum of hydrogen can be expressed in terms of the Rydberg constant
for hydrogen RH using the Rydberg formula, namely
1
1
1
= RH ( 2 − 2 ),
λ
τ1
τ2

(1)

where τ1 and τ2 are integers such that τ1 < τ2 . This spectrum is divided into a number
of spectral series where for each one, τ1 ≥ 1 and τ2 = τ1 + 1, τ1 + 2, τ1 + 3, ....
∗
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Initially the value of the constant is determined empirically.
In [1] and [2] Bohr shows that its value can be calculated from fundamental constants. In his planetary model an electron follows circular orbits around the nucleus of
the hydrogen atom and these positions of the electron are associated with discrete energy
levels. A nonclassical quantization rule arises from the implementation of Planck’s theory
of radiation [3] and Einstein’s explanation of the photoelectric eﬀect [4]. In terms of the
angular momentum of the electron of mass me moving in an orbit of radius rτ and with
a speed vτ with respect to the nucleus it can be expressed as
me vτ rτ = τ

h
= τ , τ = 1, 2, 3, ... .
2π

(2)

Bohr writes the energy associated with radiation as the diﬀerence between the energies of
two levels E = −(Ef inal − Einitial ) = Ei − Ef . Thus the Rydberg formula λ1 = RH ( τ12 −
1
1
)
is
deﬁned
with
the
same
value
and
dimension
of
the
Rydberg
constant.
The
emission
2
τ2
spectrum is derived from the Rydberg formula in the form λ1e = RH ( τ 2 1 − τ 2 1 ) and
f inal
initial
is deﬁned by the frequencies of radiation emitted by the atom when the electron from a
state of being removed from the nucleus enters into reaction with it and is further moved
to lower energy levels. The indexation τ1 for the ﬁnal state is ﬁxed and the indexation τ2
for the initial state varies from inﬁnity to τ1 + 1. When the atom is exposed to certain
forms of energy E = (Ef inal − Einitial ) = Ef − Ei the electron can be excited or moved
to higher energy levels even to the state of a free particle. The positive sign in front of
the brackets shows that this process is associated with the absorption of radiation. The
indexation τ1 for the initial state is ﬁxed and the indexation τ2 for the ﬁnal state varies
and the Rydberg formula takes the form λ1a = RH ( τ 2 1 − τ 2 1 ). Thus for ﬁxed τ1 , τ2
initial
f inal
varies from τ1 + 1 to inﬁnity.
Bound states of the hydrogen atom are deﬁned by a discrete spectrum for τ2  ∞.
For values of τ2 → ∞ electron’s free state is deﬁned which is the state of an isolated
particle in case the electron is moved far apart from the nucleus by the absorption of
photons. This state is characterized by a continuous spectrum.
The requirement for conservation of energy implies that the quantities related to the
emission of radiation due to the descent of an electron from some initial state to a lower
one are equal to quantities related to the absorption of radiation which causes the raise
of the same electron from the same lower state to the same initial state.

2.

Hydrogen Spectrum and Zeta Function

From the Rydberg formula for hydrogen one can derive the following relation
q
τ1
 1

q
1  1
1
=
+ 2−
ζH (s = 2, τ2 ) =
2
2
τ
τ
τ1
RH i=1 λi
τ =1
τ =1
q+τ1

(3)

where q is the integer number of observed wavelengths in each of the series of spectral
lines. The value of two of the variable s naturally arises from Bohr’s energy-related
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concept. From the wavelengths of hydrogen as compiled from [5], [6] and [7] in the
following table (in nanometers):
Lyman

Balmer

Paschen

Brackett

Pfund

Humphreys

121.5

656.3

1875.1

4050

7460

12400

102.3

481.6

1281.8

2630

4650

7500

97.2

434.1

1093.8

2170

3740

5910

94.9

410.2

1004.9

1940

3300

5130

93.7

397.0

954.6

1820

3040

4670

93.0

388.9

922.9

1460

2280

3280

92.6

383.5

901.5

92.3

364.6

886.3

92.1

875.0

91.9

866.5

(4)

866.5
one can easily ﬁnd that the terms of the consecutive q + τ1 sums of the zeta function
diﬀer insigniﬁcantly from the consecutive sums of the terms ττ1=1 τ12 + τq2 − R1 qi=1 λ1i for
1
all series of the hydrogen spectrum. Here is an example for the Balmer series:
ζH (2)-terms λi (meters)

2
1
τ =1 τ 2

+

q=1,...8
4

−

1
RH

q
1
i=1 λi

1.00000
1.25000
1.36111

6.56E-07

1.36115

1.42361

4.86E-07

1.42369

1.46361

4.34E-07

1.46376

1.49139

4.10E-07

1.49161

1.51180

3.97E-07

1.51207

1.52742

3.89E-07

1.52776

1.53977

3.84E-07

1.54014

1.54977

3.65E-07

1.54020

(5)

This incomplete zeta function (since summation is performed up to a term) is a func-
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tion of the sum of all observed wavelengths for a given series. Thus it can be associated
with a quantum operator of Hamiltonian nature corresponding to the total energy of the
bound state, the hydrogen atom in this case. The complete version of the zeta function
for τ2 → ∞ should be associated with an operator which includes the case with a free
electron and thus the atom’s unbound state.
One can deduce that the spatial frequency formulation of the spectrum (emission or
absorption) of hydrogen follows a well-deﬁned Zeta Rule, as far as a general nucleuselectron conﬁguration is assumed.

3.

Generalized Spectrum and Zeta Function

A general version of the zeta function can be developed as
q
τ1
 1

q
1  1
1
ζ(s, τ2 ) =
=
+
−
,
τs
τ s τ1s C i=1 λi
τ =1
τ =1
q+τ1

(6)

where q is the number of wavelengths of some spectral series deﬁned with respect to τ1
and C is a constant. This constant equals the Rydberg constant in the case of hydrogen
and Bohr’s semiclassical electron-proton relation is encoded in it. For other conﬁgurations
it can take diﬀerent values. For example, for objects with Planck’s mass and charge the
constant calculated in a similar way appears to be of the order of the inverse Planck’s
length, namely
1 1
.
(7)
CP l =
4π lP l
To ensure the continuation of the parameter s to values other than s = 2 we write
the Rydberg formula in a modiﬁed way as
1
1
1
= C[ k 2 − k 2 ],
λ
(n1 )
(n2 )

(8)

where n1 and n2 are integers, k is a real number and thus s = 2k. Bohr’s quantization
log τ
. We
rule becomes mvr = nk  and one arrives at the original for nk = τ or k = log
n
can assume that for all other values of k inﬁnitely many wavelengths can be derived and
if they really exist, they should constitute some background generalized spectrum. For
ﬁxed values of the parameter k the zeta function can be written as
q
n1
 1

1
q
1  1
=
+
−
.
s
s
s
n
n
n
C
λ
i
1
n=1
n=1
i=1

q+n1

ζ(s = 2k, n2 ) =

(9)

Generalization of the Rydberg formula is found in [8] where at the end Ritz writes ”...
the magnetic ﬁeld in an atom may be regarded in all spectra as produced by two poles of
opposite sign, which separately may occupy diﬀerent positions in the atom. In hydrogen,
these points lie at equal distances on a straight line. ...”.
This idea prompts us to develop a
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Circle - circle Intersection Model

We take four parameters d, n1 , n2 and k and deﬁne the intersection of two circles where
the circle Cl
d
x2 + y 2 = ( k ) 2
(10)
n2
centered at the origin intersects the circle Cr
(x −

2d 2
d
) + y 2 = ( k )2 .
k
n1
n2

(11)

We set n1 , n2 - integers with n1 < n2 and k - real. This is a pair of disjoint circles since
1 2d
> ndk . The place of intersection along the x - coordinate is found to be x = ndk through
2 nk1
2
1
subtraction of both equations and solving for x. Upon substitution and solving for y one
gets the relation
d
d
(12)
y 2 = ( k )2 − ( k )2 .
n2
n1
Further we write
1
1
1
1
y 2 = −d2 ( 2k − 2k ) = (±ıd)2 ( 2k − 2k )
(13)
n1
n2
n1
n2
and thus


1
1
(14)
y = ±ıd n2k − n2k or ∓ıy = d n12k − n12k .
1

2

1

2

In order to preserve the dimensionless geometric model we set −d2 = CR , where CR is a
constant equal to the numerical value of the Rydberg constant. In addition, the presence
of the negative sign is a good argument to associate this model with the negative energy
content of bound states within the process of emission of radiation. For k = 1 one ﬁnds
the value of the square of the vertical extension y (ıy) equivalent to the wave numbers
and thus to the wavelengths of interest for the hydrogen atom such that
1
λe

= y 2 ⇒ λe =

1
.
y2

(15)

In the same way all quantities previously expressed by the Rydberg formula and related
to the spectral lines of the hydrogen series can be derived and plotted. The zeta function
with respect to (12) takes the form
q
q
n1
n1
 1

1
1
q
1  2 
q
1  1
=
+
−
y
=
+
−
. (16)
i
s
2k
2k
2k
s
n
n
C
n
n
C
λ
n
R
R
i
1
1
n=1
n=1
n=1
i=1
i=1

q+n1

ζ(s = 2k, n2 ) =

We shall refer to the above pattern as the trivial case of intersection.
An important beneﬁt from the circle-circle intersection concept is that complex numbers and complex-valued positions are introduced and they are related to real physical
phenomena and observations through the correspondence
#
1
1
1
√ ↔ ± ıd
− 2k .
(17)
2k
n1
n2
λ
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Wavelengths of hydrogen spectrum can be derived from the imaginary part of the complex
numbers
#
#
d
1
CR
1
1
1
z1,2 = k ± ıd
− 2k ↔ k ± ıCR
− 2k ,
(18)
2k
2k
n1
n1
n2
n1
n1
n2
for k = 1.
Therefore, the number of conjugate pairs of complex values z1,2 equals the number of
possible quantum energy states (levels) of the hydrogen atom.
We have deﬁned so far the zeta summation operator as a function of real physical
observables. These real values appear to be in one-to-one correspondence with certain
complex quantities.

5.

The Riemann Zeta Function and Spectral Interpretations

One can refer to the Riemann zeta function in light of the Hilbert-Polya conjecture.
From Odlyzko’s home page Polya’s statement reads ”... if the nontrivial zeros of the
Xi-function were so connected with the physical problem that the Riemann hypothesis
would be equivalent to the fact that all the eigenvalues of the physical problem are real.”.
Another plausible version of this conjecture as summarized by Derbyshire in [9] is related
to the possibility that the imaginary parts of the zeros 12 + ıt of Riemann’s ζ(s = 12 + ıt) =
0 correspond to eigenvalues of some unbound Hermitian operator, i.e. these are the
eigenvalues of some Hermitian matrix.
Montgomery’s pair correlation conjecture [10] arises from the investigation on the
correlation between pairs of zeros with respect to their imaginary parts. It closely follows
from a function which is initially recognized by Dyson as Conrey tells in [11] as the pair
correlation function for eigenvalues of large random Hermitian matrices. This function is
discussed in relation with the distribution of energy levels in large systems of particles.
The truth of the Riemann Hypothesis is assumed, i.e. only the imaginary parts of the
non-trivial zeros are considered.
Another platform for discussion, in case the truth of the hypothesis is assumed is to
write ζ[ 12 ± ı(t ± ıε)] for | 12 | > ε and because of the conventional operation ζ[( 12 ± ε) ± ıt]
to try to prove that either ε = 0, or t ± ıε is entirely real.
Following the ideas from the circle-circle intersection model with respect to the Riemann zeta function and the energy-related concepts
 cited above we have to distinguish
d
between the complex valued positions z1,2 = nk ± ıd n12k − n12k and the complex numbers
1

1

2

s = σ ± ıt as the parameter of the Riemann zeta function ζ(s). The former z1,2 values
are derived from the intersection of two disjoint circles and they are directly related to
real energy values through their imaginary parts which have ε = 0 for all cases of the
trivial intersection. The relation to some real physical problem of s = σ ± ıt and thus of
the non-trivial zeros s = 12 ± ıt of the complex ζ(s) appears to be diﬀerent in nature and
shall be considered accordingly.
The geometry of the circle-circle intersection concept shows that the value of the real
part of z1,2 cannot be uniquely deﬁned. It depends on the arbitrary choice of the position
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of the intersecting couple of circles with respect to the origin. The most one can get is the
relation ndk −a = ς, where the separation between the centers of both circles remains ﬁxed
1

and equal to n2dk , the value a deﬁnes the arbitrary deﬂection from the origin of the circle
1
Cl and ς is the unknown value of the real part of z1,2 . At the same time, the imaginary
parts of z1,2 do not depend on the position of the pair of intersecting circles with respect
to the origin. They are a function of the separation between the centers of the circles
and their radii. Thus the correspondence of the imaginary parts to energy levels remains
valid for all values of the deﬂection a and thus ς. The values of the imaginary parts are
irrelevant to any preferred choice of the origin.
In order to discuss the variable s = 2k and the contribution of the new parameter k
we ﬁx the parameters d, n1 and n2 and we preserve the relation n1 < n2 as in the original
Rydberg representation.
For k > 0 and thus nk1 < nk2 the circles remain disjoint and the intersection of the
circles is said to be in the complex plane as deﬁned by expression (14). Wavelengths
related to the emission spectrum are derived from this model. For n2 → ∞ the radii
be seen as point-circles and
of circles Cl and Cr approach zero and both objects can 
d
thus points. The complex valued positions z1,2 = nk ± ıd n12k − n12k become equal to
1

1

2

z1,2 = ndk ± ı ndk and they deﬁne the intersection between two points of zero size. This
1
1
conﬁguration represents the state of a free electron and is unique for the case with the
emission of radiation.
The requirement for the conservation of energy is considered in a diﬀerent way in the
circle-circle intersection model. The positions and the roles of the divisors n1 and n2 are
exchanged. Thus the circle Cl
[x − (x −
centered at x −

d
nk2

(19)

intersects the circle Cr
[x − (x +

centered at x +

d 2
d
)] + (y )2 = ( k )2
k
n2
n1

d
.
nk2

d 2
d
)] + (y )2 = ( k )2
k
n2
n1

(20)

The coordinate extensions are primed for convenience and they

coincide with the x, y-axes. The separation between the two centers is equal to

2d
nk2

and

the radii are equal to ndk . The place of intersection along the x - coordinate is found to
1
be equal to x = ς. Upon substitution and solving for y one gets the relation
(y )2 = (

d 2
d
) − ( k )2
k
n1
n2

(21)

#

and thus
y = ±d

1
1
− 2k .
2k
n1
n2

(22)

For d2 = CR and k = 1 the value of the square of the vertical extension y is equal to the
square of the imaginary part of the complex numbers z1,2 and thus equivalent to the same
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wave numbers but in this case they are related to the absorption spectrum for hydrogen
such that
1
(23)
= (y )2 ⇒ λa = (y1 )2 .
λa
The relation to the absorption spectrum is represented by real intersection of circles.
We face two possibilities
 to deﬁne certain positions by complex notations. The ﬁrst
option are the z1,2 = ς ±ıd n12k − n12k = ς ±ıt complex values arising from the intersection
1

2

of disjoint
 circles. The other one are the real parametric notations x = x = ς and
y = ±d n12k − n12k = ±t which in the conventional Argand complex plane can take
1

2

the same value and position as x ± ıy = ς ± ıt = z1,2 . Possibly, these notations are
interchangeable unless deeper speciﬁcation is needed for the physical interpretation.
For values k < 0 and thus nk1 > nk2 one can further investigate the Riemann zeta
function and especially ζ(s = −2k) where k is an integer and thus s = −2k is a trivial
zero of the function. From the intersection relation
y 2 = −d2 (

1
n1−2k

−

1
n−2k
2

2k
) = d2 (n2k
2 − n1 ) =

1
λa

(24)

d 2
2
which is a result from the real intersection of the circles x2 + y 2 = ( n−k
) and (x − n2d
−k ) +
2

d 2
y 2 = ( n−k
) and for d2 = CR one can write

1

2

q
n1

q
1  1
1
+
+
.
ζ(−2k, n2 ) =
n−2k n−2k
CR i=1 λi
1
n=1

(25)

Following the above consideration we associate absorption of radiation to this real intersection of circles. A concept that the zeros of the Riemann zeta function should be
interpreted as an absorption spectrum is developed by Connes in [12] and [13], where
the imaginary values of the non-trivial zeros are interpreted as missing spectral lines.
The correspondence of emission and absorption representations require the existence
of an emission-related construction to the construction represented by (24). With the
exchange of the divisors n1 and n2 and the same place of intersection equal to x the circle
Cl
d
d
[x − (x − −k )]2 + (y )2 = ( −k )2
(26)
n2
n1
centered at x −

d
n−k
2

intersects the circle Cr
[x − (x +

centered at x +

d
n−k
2

d 2
d
)] + (y )2 = ( −k )2
−k
n2
n1

(27)

where the x coordinate coincides with the x coordinate. The sepa-

ration between the two centers is equal to
for y one gets the relation
(y )2 = d2 (

1
n−2k
1

)−(

2d
n−k
2

1
n−2k
2

and radii are equal to

2k
) = −d2 (n2k
2 − n1 )

d
.
n−k
1

Upon solving

(28)
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and thus the complex valued positions
y = ±ıd



2k
n2k
2 − n1 .

(29)

We associate these positions with the emission of radiation and they deﬁne the same
points as the ones related to the absorption of radiation.
2k
If one considers the values y 2 = d2 (n2k
2 − n1 ) in the form
2
y 2 = n2k
2 d [1 − (

n1 2k
) ]
n2

2
for n2k
2 = Z , where Z is a positive integer greater than one and
and d2 = CR → RH the relation

y 2 = Z 2 RH [1 − (

(30)
n1
n2

is a unit fraction

1 2
1
) ]=
k
τ
λe,a

1
τ

(31)

for k = 1 is the extension of the Rydberg formula for the spectrum of hydrogen-like
elements. Many-electron states or many-particle states are traced with formula (31) and
closer relations are suggested by Montgomery’s pair-correlation formula.
From inversive geometry we know that two disjoint circles can be mapped into two
concentric circles.
We build up an inversion of circles Cl and Cr with the complex numbers

1
z1,2 = ς ± ıd n2k − n12k as the cornerstone of the model. These complex valued positions
1
2

lie on the radical axis of circles Cl and Cr . Point z1 = ς + ıd n12k − n12k is chosen as
1

2

the center of circle Co which is orthogonal to the pair of disjoint circles and thus z1 has
the same power with respect to both circles. Circle Co intersects the real line (the line
of centers) at the limiting points of each pencil of circles determined by circles Cl and
Cr . An inversion circle Cinv is drawn centered at the left limiting point Ll such that the
extension ς of the real part of z1,2 and the right limiting point Lr appear as inversion
points with ς the inversion pole. The new circles Clc and Crc are concentric and both are
centered at the inversion pole ς. In this picture the complex valued positions z1,2 and the
limiting points Ll and Lr always remain within the annulus of the concentric circles.
As previously pointed in this paragraph the number of complex conjugate pairs z1,2
equals the number of possible quantum energy states. This number equals the number of
possible pairs of concentric circles Clc and Crc . These pairs of circles can be considered as
geometric representation of Bohr’s model of electrons traveling in stationary orbits around
the nucleus. At the same time if one endows the true spatial frequency dimension to the
parameter d in the circle-circle intersection model instead of being only numerically equal
to the Rydberg constant and scale it by some constant of angular momentum dimension
one can deﬁne a position-momentum phase space. Then and as it is well-known concentric
circles represent the phase plane portrait of harmonic oscillators p2 + x2 . The number of
such resonators equals the number of energy states. Berry and Keating in [14] and [15]
present evidence that in the series ζ( 12 + ıEn ) = 0, the En quantities are energy levels.
They describe a Riemann operator as the quantum counterpart of classical Riemann
dynamics based on connections between the Riemann zeta function and the classical
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hamiltonian Hcl (x, p) = xp. After certain considerations, the number of quantum levels
N (E) with energy less than E is found to be
N (E) =

E
7
E
[log( ) − 1] + + ...,
2π
2π
8

(32)

which equals Riemann’s estimation for the number of roots of ξ(t) less than a given
quantity [16].
Presumably from a connection between the expression for the classical momentum
 = λ1 h one can write
pcl = Ex and its quantum version pq = k = 2π
λ


1
1
1
∼ (E
− c),
(33)
λ
h
x
where c is some constant. The right hand side is the analogue of the formula Berry
and Keating use to derive relation (32). The left hand side is an integration over some
continuous spectrum of the wave number λ1 . The related series q λ1q can be derived after
suitable normalization. The number of energy states associated to the discrete spectrum
of wavelengths λ can be identiﬁed by the average spacing between the terms of the series.
In the geometry of the concentric pairs of circles one can easily recognize the landscape
for the analytic continuation of the deﬁnition of the integral
 ∞ s−1
x
dx
(34)
Γ(s)ζ(s) =
ex − 1
0
into the complex plane as performed by Riemann. To avoid the discontinuity of the
integrand at the origin Riemann considers the integral

(−v)s−1
dv.
(35)
v
γ e −1
where the contour γ is deﬁned from positive inﬁnity and slightly above the real axis to
some δ > 0, then counterclockwise around a circle with radius δ with center at the origin
and then from δ back to +∞, just below the real axis. Thus from the relation
 ∞
(−v)s−1
2 sin(πs)Γ(s)ζ(s) = ı
dv
(36)
ev − 1
∞
Riemann deduces that ”... This equation now gives the value of the function ζ(s) for all
complex numbers s ... .
In fact this continuation implies complex numbers of the form v1,2 = x ± ı( → 0) as
the constituents of the contour γ due to the technique for consideration of the branch cut
of the argument function which provides the insight to the continuation of the variable
s into the complex numbers. The contour γ can be associated with the trajectory of
an electron. The branch +∞ → v1 = x + ı( → 0) → δ can be associated with the
movement of the electron from a free state towards the nucleus and thus with certain
emission processes. The branch δ → v2 = x − ı( → 0) → +∞ can be related to the
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trajectory of the electron from a state close to the nucleus outwards and associated with
absorption processes.
Then Riemann considers the integral in a negative sense around the speciﬁed domain.
The evaluation of the integral can be done with the assistance of a new contour γc
consisting of two concentric circles connected via a contour wall and the Residue Theorem.
One can derive


(−w)s−1
(−w)s−1
Res[
dw
=
2πı
, w = ±q2πı],
(37)
w
w −1
e
γc e − 1
q
where q is an integer. The values ±q2πı appear in conjugate pairs and represent the
discontinuities of the integrand of (36), i.e. the poles of the integrand. Alongside this
contour deformation one gets a second set of complex numbers of the form w1,2 = 0 ± ıy
where the extension y corresponds to the values of the poles and the real part equals zero
because the common center of the concentric circles which constitute the contour γc is
at the origin. The contour γc can be associated with the discrete circular orbits of the
electron around the nucleus.
The left part of equation (37) can also be written as


(−w)s−1
dw
(38)
dw
=
w
(−w)s−1
γc e − 1
γc [ ew −1 ]−1
and thus the poles occur as zeros of some function g(1 − s) = (−w)1−s (ew − 1) with the
same number of zeros as the number of poles.
If we set
#
1
1
1
(39)
− 2k ↔ √
±q2πı = ±ıd
2k
n1
n2
λ
and thus provide a relation between the value of the poles and the imaginary parts of
z1,2 , the latter can be used in the derivation of integral (37).
For further discussion on the function we emphasize on the two sets of complex numbers v1,2 = x ± ı( → 0) and w1,2 = 0 ± ıy which support the analytic continuation of
ζ(s). To extend the understanding about these complex quantities we describe another
circle-circle intersection model between two disjoint circles with their line of centers apart
from the coordinate axes x and y. Thus the intersection of the circle C1
(x − a)2 + (y − b)2 = (

d 2
)
nk2

(40)

with the circle C2

d 2
)
(41)
nk2

is investigated. The separation between the centers is |c − a|2 + |m − b|2 = ndk and
1
and
relation
as
in
the
trivial
the parameters d, n1 , n2 and k have the same meaning

case of intersection and k > 0. The condition |c − a|2 + |m − b|2 > n2dk guarantees
(x − c)2 + (y − m)2 = (

2
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that the circles are disjoint. One canidentify the trivial case of intersection by setting
a = b = m = 0 and the separation |c − a|2 + |m − b|2 equals c = n2dk . It is assumed
1
that the pair of disjoint circles from the trivial case is parallel transported to a diﬀerent
place in the plane, such that all relations deduced for the trivial case hold for the newly
positioned pair of circles, including the possibility to inverse the pair of disjoint circles
into a pair of concentric circles. Then we ﬁrst solve for x and we get
x=
We set A =

c2 +m2 −a2 −b2
2(c−a)

c2 + m 2 − a2 − b 2
m−b
−y
.
2(c − a)
c−a

and B =

m−b
c−a

(42)

and thus
x = A − yB.

(43)

Then we plug the value of x in (40) and solve for y. Thus

4(B 2 + 1)[(A − a)2 + b − ( ndk )2 ] − [2(A − a)B − b]2
(A − a)B + b
2
y=
±ı
B2 + 1
2(B 2 + 1)

(44)

and the complex-valued representation follows from the understanding that disjoint circles
and D =
intersect in complex valued positions. We simplify be setting C = (A−a)B+b
B 2 +1

4(B 2 +1)[(A−a)2 +b−(

d 2
) ]−[2(A−a)B−b]2
nk
2

. Then we solve for x by plugging the value of y in
(42). Finally we get the complex values
2(B 2 +1)

x1,2 = A − BC ∓ ıBD

(45)

y1,2 = C ± ıD
which deﬁne the places of intersection of circles C1 and C2 . One can refer to the trivial
case by taking B = 0 and C = 0 and thus x1,2 = A ∓ ı0 = 2c ∓ ı0 = ndk ∓ ı0 and
1

1 2
1 2
y1,2 = 0±ıD = 0±ıd ( nk ) − ( nk ) . These are not exactly the same values as the values
1
2

deﬁned in the trivial case, where y1,2 = ±ıd ( n1k )2 − ( n1k )2 appears in a conjugate pair but
1

2

this is not the case with the x - place of intersection. In addition, the zero
values are not
d
recognized in the trivial case and we write directly z1,2 = x ± ıy = nk ± ıd ( n1k )2 − ( n1k )2 .
1

1

2

Otherwise we have to write
#
z1,2

d
= ( k ± ı0) ± ı[0 ± ıd
n1

(

1 2
1
) − ( k )2 ]
k
n1
n2

which following the usual rules has to be revealed as
#
d
1
1
z1,2 = k ∓ d ( k )2 − ( k )2 ) ± ı(0 + 0).
n1
n1
n2

(46)

(47)
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We lose the complex-valued position for the intersection between the disjoint circles which
is the entity associated with the wavelengths and energy levels. A diﬀerent value of the
real part is derived and it deﬁnes the positions of the limiting points Ll and Lr .
To identify the true positions of the points of intersection along the radical axis of the
disjoint circles and thus the position of the poles z1,2 in the parallel transported complex
we have to apply a rather inconvenient operation, as follows:
int
= x1,2 ±ıy1,2 = [A−BC ∓ıBD(ı)]±ı[C ±ıD(ı)] = [(A−BC)±BD]±ı(C ∓D). (48)
z1,2

The contradiction related to (46) is resolved in the same way by writing
#
#
d
1 2
1 2
d
1
1
z1,2 = [ k ± ı0(ı)] ± ı[0 ± ıd ( k ) − ( k ) (ı)] = k ∓ ıd ( k )2 − ( k )2 .
n1
n1
n2
n1
n1
n2

(49)

If one reveals the complex number z1,2 = x1,2 ± ıy1,2 in the conventional way
pos
= (A − BC ∓ ıBD) ± ı(C ± ıD) = [(A − BC) ∓ D] ∓ ı(BD ∓ C)
z1,2

(50)

one arrives at the positions of the limiting points which still lie on the line of centers of
the transported pair of disjoint circles.
A similar and unusual consideration appears in the treatment of the real intersection
between circles
does not coincide with the x or y coordinates.
in case their line of centers
2d
The relation |c − a|2 + |m − b|2 < nk guarantees that the circles get real intersection.
2
The solution for the value of y is real and it is equal to

[2(A − a)B − b]2 − 4(B 2 + 1)[(A − a)2 + b − ( ndk )2 ]
(A − a)B + b
2
y=
±
(51)
B2 + 1
2(B 2 + 1)


and we set D =
values

[2(A−a)B−b]2 −4(B 2 +1)[(A−a)2 +b−(

d 2
) ]
nk
2

2(B 2 +1)

. Thus we get the real parametric

x1,2 = A − BC ∓ BD

(52)

y1,2 = C ± D
for the intersection of the pair of circles. We can deﬁne the intersecting points as z1int =
(x1 , y1 ) = (A − BC − BD , C + D ) and z2int = (x2 , y2 ) = (A − BC + BD , C − D ), which
int
in (48). We cannot get further
are the same as the complex values for the poles z1,2
information about positions along the line of centers as it is possible with equation (50)
for the case of disjoint circles. To do this we have to represent the positions of the real
intersection from (52) in complex notation as in (45) and then apply the operations from
(48) and (50).
We shall refer to both possibilities of this model as the general case of intersection.
From the above considerations we come to the conclusion that the complex values
v1,2 = x ± ı0 and w1,2 = 0 ± ıy are special cases of some v1,2 = x ± ıα and w1,2 = y ± ıβ
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which deﬁne the extended coordinate axes of a complex plane S. The general case of
intersection between circles and points along the radical axis of these objects is deﬁned
within this complex plane by the complex numbers
sint
1,2 = v1,2 ± ıw1,2 = [x ± ıα(ı)] ± ı[y ± ıβ(ı)] = (x ∓ α) ± ı(y ∓ β).

(53)

The position of the limiting points in the case of circle-circle intersection or the points
themselves in the case of intersection between point-circles along the line of centers is
deﬁned by the complex values
spos
1,2 = v1,2 ± ıw1,2 = (x ± ıα) ± ı(y ± ıβ) = (x ∓ β) ± ı(y ± α).

(54)

The general case ranges over all positions between two circular objects with respect to each
other and the position of the pair itself with respect to the conventional real and imaginary
axes. The real and the imaginary parts of the extensions x ± ıα and y ± ıβ of these
axes need not be orthogonal as in the traditional Cartesian representation of complex
numbers. For example, the intersection of the disjoint circles (x − a)2 + (y − b)2 = r2 and
√
(x − a)2 + (y + b)2 = r2 such that b > r is at x = a ± ı b2 − r2 and y = 0. The circles
are identical and they are placed at equal distance from the real axis, above and below
it. The intersection is along the radical axis between them and it coincides with the real
√
line. Thus the orientation of the imaginary parts ±ı b2 − r2 is parallel to the real line,
i.e. parallel to the segment which deﬁnes the extension of the associated real part.
The assumption that the pair of circles involved in the trivial case of intersection
is parallel transported to a new position can be accomplished through suitable aﬃne
transformation composed of certain rotations, translations and scaling. The complex
number
d
pole
= k (cos φ + ı sin φ) = ς(cos φ + ı sin φ)
(55)
zinv
n1
represents a φ-radians counterclockwise rotation of the place of intersection x = ndk = ς
1
or the rotation of the inversion pole ς as the center of the associated pair of concentric
circles. Circle Cl remains centered at the origin and the new position of the center of
circle Cr is
2d
zCcenter
= k (cos φ + ı sin φ) = 2ς(cos φ + ı sin φ)
(56)
r
n1
with both (55) and (56) lying on the line of centers of both circles. The position of the
intersection between circles Cl and Cr remains along the radical axis of the circles which
is identiﬁed with the y-coordinate in the trivial case of intersection. It is always perpendicular to the line of centers of the circles which is identiﬁed with the x -coordinate in the
trivial case. Our purpose is to deﬁne relations, the same or similar to those in the trivial
case of intersection which correspond to wave numbers and thus to wavelengths after the
aﬃne transformation. In addition, we have to take care about the physical interpretation
of the circle-circle intersection, i.e. whether it refers to the emission spectrum or to the
absorption spectrum with the former being represented by complex-valued positions and
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the latter being represented
 by the same but real-valued positions. We multiply the real
vectors (x, y1,2 ) = (ς, ±d n12k − n12k ) with the counterclockwise rotation matrix
1

2

⎛

⎞

⎜ cos φ − sin φ ⎟
R(φ) = ⎝
⎠
sin φ cos φ

(57)

to get the proper positions of the real intersection. Since they are associated with absorption we leave them in the real parametric form

x = ς cos φ ∓ d n12k − n12k sin φ
1
2

y = ς sin φ ± d n12k − n12k cos φ.
1

(58)

2

One can write (58) in the usual complex notation by
#
#
1
1
1
1
int
= (ς cos φ ∓ d
− 2k sin φ) + ı(ς sin φ ± d
− 2k cos φ)
z1,2
2k
2k
n1
n2
n1
n2

(59)

but this does not provide the most comprehensive description of the complex-valued
intersection as interpretation of emission related quantities. As previously mentioned
one cannot identify the positions of the limiting points along the line of centers. For
values of n2 → ∞ one gets intersection between point-circles which is only associated
with the emission spectrum. Last but not least, the aﬃne transformation of the complexvalued positions appears to be sensitive to the application
of the usual matrix rotation.

1
int
We multiply the complex-valued vector z1 = ς + ıd n2k − n12k by the counterclockwise
1

2

rotation matrix and we get

x = ς cos φ − ıd n12k − n12k sin φ
1
2

y = ς sin φ + ıd n12k − n12k cos φ.
1

(60)

2

Then we write for the new position
#
#
1
1
1
1
− 2k sin φ) + ı(ς sin φ + ıd
− 2k cos φ).
z1 = (ς cos φ − ıd
2k
2k
n1
n2
n1
n2
When we reveal expression (61) in the usual way we get
#
#
1
1
1
1
z1pos = (ς cos φ − d
− 2k cos φ) + ı(ς sin φ − d
− 2k sin φ)
2k
2k
n1
n2
n1
n2

(61)

(62)

and thus the position of the limiting point Ll which lies on the line of centers is deﬁned
instead of the true position of intersection which lies on the radical axis. For n2 → ∞ one
gets the position of the complex zero z1pos = 0+ı0. Since we have applied counterclockwise
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rotation in (56) then the position of the limiting point Lr and the center of circle Cr
represented by a point-circle for n2 → ∞ has to be in the same direction. Contrary to
this we have to apply multiplication of the complex vector z2int by the clockwise rotation
matrix and write the complex-valued position in the form
#
#
1
1
1
1
pos
z2 = (ς cos φ + ıd
− 2k sin φ) − ı(−ς sin φ + ıd
− 2k cos φ)
(63)
2k
2k
n1
n2
n1
n2
to get the proper position
z2pos = (ς cos φ + d

#

#
1
1
− 2k cos φ) + ı(ς sin φ + d
2k
n1
n2

1
1
− 2k sin φ)
2k
n1
n2

(64)

which for n2 → ∞ becomes z2pos = 2ς(cos φ+ı sin φ), i.e. it is the same as (56). To evaluate
the proper positions
of the intersection in complex form we multiply the complex vector

1
int
z1 = ς + ıd n2k − n12k by the matrix
1

2

⎛

⎞

⎜ cos φ sin φ ⎟
R (φ) = ⎝
⎠
sin φ − cos φ

(65)

and we apply the operation from (53) such that


z1int = [ς cos φ + ıd n12k − n12k (sin φ)(ı)] + ı[ς sin φ − ıd n12k − n12k (cos φ)(ı)] =
1
2
1
2
#
#
1
1
1
1
[ς cos φ − d
−
sin
φ]
+
ı[ς
sin
φ
+
d
−
cos φ].
(66)
n2k
n2k
n2k
n2k
1
2
1
2

Then we multiply the complex vector z2int = ς − ıd n12k − n12k by the same matrix R (φ)
1

2

and with the operation from (53) we write


z2int = [ς cos φ + (−ıd n12k − n12k )(sin φ)(ı)] + ı[ς sin φ + (−ıd n12k − n12k )(− cos φ)(ı)] =
1
2
1
2
#
#
1
1
1
1
[ς cos φ + d
− 2k sin φ] + ı[ς sin φ − d
− 2k cos φ].
(67)
2k
2k
n1
n2
n1
n2
The complex-valued positions (66) and (67) are generalized by (53) and the real value
needed to be associated with the wave numbers of interest is deﬁned as
α2 + β 2 =
where
α2 + β 2 = (∓d

1
λ

#

⇒λ=

1
,
α2 +β 2

(68)

#
1
1
− 2k sin φ)2 + (±d
2k
n1
n2

1
1
1
1
− 2k cos φ)2 = d2 ( 2k − 2k ).
2k
n1
n2
n1
n2

(69)

The position of the inversion pole ς where the radical axis crosses the line of centers and
where the associated pair of concentric circles is centered can be written as
pole
zinv
= x ± ıy

(70)
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in the notations from (53) and within the φ-radians rotation as
pole
zinv
= ς cos φ ± ς sin φ.

6.

(71)

The Complex Version

With the assistance of the above described models and considerations we discuss the
Riemann zeta function complex version ζ(s) for s = σ ± ıt.
In Bohr’s sense this is a modiﬁcation of the concept of the angular momentum into
a complex-valued representation where k = σ ± ıt and mvr = nk  = nσ±ıt . This is a
subject largely discussed in Regge theory and more details can be found in [17] and in
[18]. Regge poles which can be of interest from the point of view of the present survey
are deﬁned as singularities in the complex angular momentum plane. In general Riemann
type of continuation for positive integer values of the angular momentum to the complex
plane is applied in relation to wave amplitudes and particles’ spectrum.
By analogy with the circle-circle intersecting patterns the complex-valued zeta function in the form ζ[(σ ± ıt)2 ] can be derived from the expression for some y - intersection
module where the term k = σ ± ıt is directly plugged in such that
ζ[(σ ± ıt)2 , n2 ] =

n1


1
(nσ±ıt )2

n=1

q

+

(nσ±ıt
)2
1

±

q
1  2
y .
d2 i=1 i

(72)

The square of the parameter s = σ ± ıt appears according to the relation with the energy
concepts as derived in Bohr’s sense for the real version of zeta and one can deﬁne the
σ±ıt
k
and thus mvr = n 2  = n 2 . The relation to the hydrogen
ζ(σ ±ıt) version for k2 = σ±ıt
2
spectrum is supported by the assumption ∓d2 = CR .
Complex numbers are not an ordered set and we cannot deﬁne a relation between the
quantities with the indexes n1 and n2 as divisors. We apply directly the analogy from
the real version. With k = σ − ıt we write
ye2 = −d2 [

1
(nσ−ıt
)2
1

−

1

]
(nσ−ıt
)2
2

(73)

for the expected complex intersection between disjoint circles which is associated with
1
the emission spectrum. The term (nσ−ıt
is related to linear separation and the term
)2
1

1

is related to some radial extension. For the real intersection and its relation to
the absorption spectrum we write
(nσ−ıt
)2
2

ya2 = d2 [

1
(nσ−ıt
)2
1

−

1

]
(nσ−ıt
)2
2

(74)

1
1
where the term (nσ−ıt
is related to some radial extension and the term (nσ−ıt
is related
)2
)2
1
2
to linear separation.
In both cases the expected place of intersection along the x -coordinate axis is

x=

d
nσ−ıt
1

=

d ıt log n1
d
e
= σ (cos t log n1 + ı sin t log n1 )
σ
n1
n1

(75)
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which represents the extended version of the x -axis as described in (53). For φ = t log n1
this is exactly the new place of intersection along the line of centers of two circular objects
as expressed by the rotation in (55). Note that for n1 = 1 or t = 0 the intersection is
x=

d
+ ı0
nσ1

(76)

and for n1 → 1 and t → 0 it becomes x = ndσ + ı( → 0). These are the same type
1
of complex values as v1 = x + ı0 and v1 = x + ı( → 0) which arise from the contour
deformation in (35).
Equation (73) in its full version reads

log n1
log n2 2
log n1
log n2 2
ye = ±ıd 4 ( cos 2tn2σ
− cos 2tn2σ
) + ( sin 2tn2σ
− sin 2tn2σ
)
1

1
(cos arctan
2

sin 2t log n1
n2σ
1
cos 2t log n1
n2σ
1

2

−
−

sin 2t log n2
n2σ
2
cos 2t log n2
n2σ
2

1

1
+ ı sin arctan
2

2

sin 2t log n1
n2σ
1
cos 2t log n1
n2σ
1

−
−

sin 2t log n2
n2σ
2
cos 2t log n2
n2σ
2

)

(77)

and we simplify it by writing
√
√
ye = ±ıd M (cos ϕ + ı sin ϕ) = ∓d M (sin ϕ − ı cos ϕ).

(78)

Respectively, we simplify the extended version of (74) as
√
ya = ±d M (cos ϕ + ı sin ϕ).

(79)

The modulus M can be developed into
#
1
1
1 1
M = ( 2σ )2 + ( 2σ )2 − 2σ 2σ 2 cos(2t log n1 − 2t log n2 )
n1
n2
n1 n2

(80)

which as a form of the law of cosines deﬁnes certain distances. For (2t log n1 −2t log n2 ) =
2kπ with k = 0, 1, 2, 3, ... it equals
#
1
1
M = ( 2σ − 2σ )2 .
(81)
n1
n2
Then, upon substitution in (78) we obtain
#
1
1
− 2σ (sin ϕ − ı cos ϕ)
ye = ∓d
2σ
n1
n2

(82)

which precisely equals the value from the trivial case of intersection after rotation as
deﬁned in (66) and (67) for σ = 0. These are the same type of complex values as
w1,2 = 0 ± ıy which we associate with the poles in the integral evaluation in (37) since
for ϕ = 2kπ and k = 0, 1, 2, 3, ... we can write
#
1
1
ye = 0 ± ıd
− 2σ .
(83)
2σ
n1
n2
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From (76) and (83) and since in the trivial case of intersection zeros are not directly
revealed we can write
#
d
1
1
int
= σ ± ıd
−
(84)
z1,2
n1
n2σ
n2σ
1
2
for the positions of intersection in the absence of rotation. These complex-valued positions
are the familiar ones from the trivial case and thus
2zint = d2 ( n12σ −
1,2

1

1
)
n2σ
2

=

1
λe

⇒ λe =

1
2
int
z1,2

.

(85)

When rotation is considered we have the necessary formulation for the rotation of the
x -place of intersection (75) which is recognized as the representation of the extended x axis. We have to consider the representation of the y-axis in the form (83), i.e. a rotation
around the origin instead of a certain displacement which can deﬁne an aﬃliation of this
vector to the parallel transported pair of objects through the aﬃne transformations (66)
and (67) with the requirement for uniform rotation
1
arctan
2

sin 2t log n1
n2σ
1
cos 2t log n1
n2σ
1

−
−

sin 2t log n2
n2σ
2
cos 2t log n2
n2σ
2

= ϕ = t log n1 .

(86)

The rotation of the inversion pole ς is at ϕ-radians by deﬁnition and this is the angle
pole
and the real line. The angle between (82) and the real
between the complex vector zinv
cos ϕ
line is ϕ = arctan sin ϕ = arctan(cot ϕ). Then ϕ + arctan(cot ϕ) = π2 because of the
trigonometric identity tan( π2 − ϕ) = cot ϕ and thus π − [ϕ + arctan(cot ϕ)] = π2 . The
pole
. Then they are parallel
complex vectors (82) are perpendicular to the complex vector zinv
to the rotated and translated imaginary parts of the complex vectors (66) and (67) and
equal in size. The wave numbers and wavelengths of interest derived in (68) and (69) for
the parallel transported and rotated complex are the same as these calculated in (85),
namely
1
1
1
= d2 ( 2k − 2k ).
(87)
λe
n1
n2
Thus for ϕ = t log n1 parallelism and identities between points, vectors and trajectories are preserved as a function of some continuous parameter t.
As previously stated the expression for the real intersection does not supply satisfactory information about the behavior of the parallel transported complex. Equation (79)
is similar to the expression for the positions of the limiting points or the centers of the
circular objects as derived in (63) and (64) for σ = 0 instead of being of the same type as
the complex-valued intersection. However, we can beneﬁt from this inconvenience since
generally
d
(88)
ya = ye
dϕ
and thus the derivative of a representation related to position equals the representation
related to wave numbers and correspondingly to momentum.
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One can introduce discrete values of t related to the familiar values of wave numbers
#

as
tn = d

1
1
− 2k
2k
n1
n2

(89)

where certain unique amount of rotation and unique positions of objects from (75) and
(82) are obtained. The same can be deﬁned for the aﬃne transformation (66) and (67)
for φ = ϕ = tn log n1 . In addition, relation to eigenvalues can be revealed for log n1 = φ
and we can, for example in (79) write
#

1
1
− 2σ
1
1 ıφ d n2σ

n2
1
− 2σ e
= tn eıtn φ .
(90)
ya = d
2σ
n1
n2
For ϕ = t log n1 the requirement for uniform rotation is not fulﬁlled but parallelism
and equality still hold between vectors which can be associated with the (66), (67) and
(82) vectors. This is equivalent to a rotation of the real vectors (0, tn ) and (ς, tn ) performed with the matrix
⎛
⎞
⎜ cos t log n1 − sin ϕ ⎟
R (ϕ, t, n1 ) = ⎝
(91)
⎠.
sin t log n1 cos ϕ
Within this rotation the vector (0, tn )R is not perpendicular to the vector (ς, 0)R but
it is still parallel and equal to the (ς, tn )R vector. If such an aﬃne transformation is
considered from the perspective of the trivial case of intersection, i.e. the positions are
considered before the rotation it represents the intersection of two circles placed above
and below the real line but centered at diﬀerent positions from the origin with the x place of intersection still equal to ς. This conﬁguration does not aﬀect the value of the
positions of intersection along the radical axis between the objects and thus the relation
to wavelengths.
Similar consideration about discreteness and continuity can be applied for the values
of M from (80). Besides the familiar discrete values (81) for (2t log n1 − 2t log n2 ) = 2kπ
another set of unique discrete values of this metric can be obtained for the possible
values of tn from (89). For (t log n1 − t log n2 ) = kπ and t = constant the complex-valued
positions (78) and (79) represent wave-like trajectories and the same can be assigned to
the aﬃne transformed positions (66) and (67) following the considerations for equality
and parallelism.
Generally, representation (73) is developed as a combination of contours which deﬁne
the analytic continuation of zeta. The zeta function for s-complex variable is itself derived
from (73) where the relations to wave numbers and wavelengths and thus to energy states
are preserved. ζ(s) remains a function of the sum of observed wavelengths within a given
series of the hydrogen spectrum for ∓d2 = CR → RH and for speciﬁc discrete values of
the other parameters involved. Otherwise, it can serve to represent inﬁnitely many values
and positions within some general continuum.
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Fractals

The generalized formula for the volume of a sphere can be written as
s

2 π2 s
R
V =
s Γ( 2s )

(92)

and the formula for the related surface can be written as
s

π2
A = 2 s Rs−1 ,
Γ( 2 )

(93)

where R is the size of the radius of some sphere of dimension s.
One can re-write the functional relation
1−s
s
s
1−s
)ζ(1 − s)
π − 2 Γ( )ζ(s) = π − 2 Γ(
2
2

(94)

which is satisﬁed by the Riemann zeta function in the form
Γ( 1−s
Γ( 1−s
) 1
)  s−1
Γ( 2s )  1
2
2
=
=
R
s
1−s
1−s
R1−s
π 2 R Rs
π 2
π 2
R
R

(95)

for n = Rn . Without loss of generality we can re-arrange (95) into
π 2  1
π 2  s−1
2 1−s
=
2
Rn .
Γ( 2s ) R
Γ( 2 ) R Rns
1−s

s

n

(96)

n

The right hand side is exactly a summation over surfaces of spheres deﬁned by integersized radii Rn . The variable s is clearly endowed with a meaning of dimension with (s−1)
- the dimension of the surfaces. The summation over volumes of spheres of dimension s
and with radii ( R1n ) can be derived from
π 2  1
2 π2  1 s
2 1−s
=
H(s)
( ),
s Γ( 2s ) R Rn
Γ( 2 ) R Rns
1−s

s

n

where H(s) = sπ

1−2s
2

(97)

n

Γ( 2s )
.
Γ( 1−s
)
2

$∞
Then we recall that Riemann by making use of the equation 0 e−nx xs−1 dx = Γ(s)
ns
$ ∞ xs−1
derives the integral Γ(s)ζ(s) = 0 ex −1 dx. Instead of a linear transformation of the x
coordinate into nx with n - integer we consider this modiﬁcation as a contour deformation
into the length of an arc nθ → Rθ of radius R and θ is the subtended angle by the arc.
The new variable of the integrand of
 ∞
 ∞
(nx)s−1
(Rθ)s−1
d(nx)
=
d(Rθ)
(98)
enx
eRθ
0
0
is thus the length of an arc which extends into a circle for θ ≥ 2π and this consideration
is again about contours of the γc -type (37) related to the analytic continuation of the
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zeta function. A set of consecutive concentric circles is deﬁned with Rn = 1, 2, 3, ... . In
relation to the functional equation and the considerations (96) and (97) we can extend
these contours with another set of circles with radii equal to the unit fractions R1n for
Rn = 1, 2, 3, ... . If the former set of concentric circles extends outwards from the unit
circle for R = n = 1, the latter extends inwards from the unit circle and towards the
origin and includes the discontinuity at the origin. Then we shall consider these two sets
of concentric circles as fractals, since concentricity satisﬁes basic requirements for the
deﬁnition of fractals, namely the self-similarity property. Fractals are used to model a
number of physical problems like diﬀerences between densities, potential diﬀerences and
attractors, i.e. objects and events which are related to the energy-concept discussed in
this paper. The concept of interest to the present survey is the box-counting dimension
of the fractal set E = {0} ∪ { n1 : n = 1, 2, 3, ...} which is
1
Dbox (E) = .
2

(99)

This set can be associated with the above described set of concentric circles with radii
equal to the unit fractions and extending inwards from the unit circle towards and including the zero at the origin. Since the dimension s of some fractal set E can be deﬁned
as
log bulk(E)
(100)
s = lim
size→0 log size(E)
which is a representation of Theiler in [19], then in relation to (99) we can write
1

(size(E)) 2 = (

1 1
) 2 = (bulk(E)).
Rn

(101)

This appears to be a special case mostly because of the inclusion of the terms R1n θ in
the interpretation of the functional equation and the contours associated with the zeta
function. The inclusion of the zero at the origin makes the s = 12 box-counting dimension
unique. One can treat (97) in a diﬀerent manner and to re-arrange it as
1−s
π 2  1
1  1
2 1−s
=
H
(s)
,
s
2π 2
Rns
Γ( 2 ) R Rns
s R
n

sΓ 2

(102)

n

1

2
where H (s) = sΓ 4π
1−s s . This is a summation over the inverse volumes of spheres with radii
Γ2
2
Rn which can be physically interpreted as summation over certain amounts of pressure.
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1.

Introduction

Attempts to unify fundamental interactions within a unique theory are not only based on
aesthetic and philosophical grounds, but are also reinforced by experiments implying a
convergence of the gauge-coupling strengths [1]. We built here upon previous work [2][3]
trying to explain fermion family structure and the hierarchy between the electroweak
(EW) symmetry scale and the coupling uniﬁcation scale by introducing new fermions
called katoptrons (from the Greek word for “mirror”), since it is imperative to distinguish
them from ordinary mirror fermions appearing in alternative models. Stabilization of the
EW scale is achieved by using a new gauge interaction SU (3)K becoming strong around 1
TeV. The Higgs mechanism is based on fermion condensates, in a spirit close to the study
of QCD pions and similar to, but diﬀering signiﬁcantly from, technicolor [4]. If katoptrons
did not carry SU (3)K charges, they would be the mirror partners of the known fermions,
the existence of which was ﬁrst suggested in [5] in order to restore the apparent left-right
∗
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asymmetry in nature. Breaking the electroweak symmetry dynamically by stronglyinteracting mirror fermions was previously proposed also in [6] by using diﬀerent gauge
symmetries than the ones appearing in the present paper, in order to achieve uniﬁcation
of the gauge coupling strengths, but failed to reproduce the correct weak scale.
Adding so many new particles seems to be required from a theory involving neither
new elementary zero-spin particles, nor new energy scales ﬁxed ad hoc, nor too many
arbitrary parameters. Moreover, this approach can in principle produce testable predictions since the eﬀects of these particles, if they exist at all, are expected to be studied
at the LHC [7]. In order to bring these considerations a step closer to gravity, the initial
gauge symmetry was previously enlarged to E8 × E8 in 10 spacetime dimensions, with
known fermions contained in E8 and katoptrons in E8 [8]. Since stabilization of extra
dimensions is hard, it makes sense to wonder if too many, and hard to detect, degrees
of freedom were added in that work. Enlarging the gauge symmetry to such an extent
could possibly suﬃce to bring us closer to gravity, avoiding the addition of extra dimensions by embedding the Lorentz group within a larger symmetry [9]. We proceed
here towards this direction by adopting a bottom-up approach, going from lower energies
where theories are well tested to higher energies where powerful theorems have to be
surmounted, new theoretical methods have to be developed and experimental data are
lacking. The constructive-inductive methodology followed should not obscure the ultimate consistency of the emerging picture if one wishes to start from Planck energies and
deduce the resulting physical phenomena on the way down to the weak scale.
First, we inquire whether a particular breaking chain of an initial gauge symmetry
G = E8 × E8 down to the Standard Model is compatible with the uniﬁcation of the gauge
couplings near the Planck scale and leads naturally to dynamical electroweak symmetry
breaking at scales of around 1 TeV. We investigate whether the fermion ﬁelds surviving
at lower energies and the eﬀective composite ﬁelds leading to symmetry breaking appear
naturally within this setting, a property which is a priori neither trivial nor obvious. Next,
an attempt is made to incorporate the Lorentz group within the initial exceptional-group
symmetry G in order to judge whether the model proposed is in principle compatible
with models of gravity based on spinors, which were so far based only on orthogonal
groups, and which could potentially allow the inclusion of gravitational interactions in
related uniﬁcation considerations. Then, an eﬀort is made to justify the value of the
gauge couplings at the uniﬁcation scale using a rough order-of-magnitude calculation
involving fermion condensates that would enable us to express the hierarchy between
the weak scale and the Planck scale in terms of a symmetry-group invariant. Last, a
novel mechanism of symmetry emergence is proposed within the framework of critical
phenomena and spinor gravity, in order to reduce the arbitrariness of our choice of the
initial symmetry G. Even though the problems arising in this emergence approach are
mostly intractable analytically, one might be able draw useful qualitative conclusions on
the critical temperature involved and derive order-of-magnitude results addressing several
important cosmological issues like the value of the cosmological constant, the nature of
Dark Matter and the interplay between space-time and elementary particles. We proceed
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below with our ﬁrst task, i.e. the analytical calculation, in lowest order, of the relation
between the weak scale and the coupling uniﬁcation scale.

2.

Coupling uniﬁcation, symmetry breaking and spinor gravity

2.1 Uniﬁcation and the hierarchy problem
One of the results of [2] is coupling uniﬁcation at high energies, including the SU (3)K
coupling. The starting point here is a diﬀerent initial symmetry G assumed to break at
energies ΛGU T down to SU (5) × U (1)X × SU (5) × U (1)X × SU (3)K . We investigate the
running of the couplings in this case to see if the energy scales involved have theoretically
and phenomenologically acceptable values. Under SU (5) × U (1)X × SU (5) × U (1)X ×
SU (3)K , left-handed ordinary fermions F and right-handed katoptrons K are taken to
transform as follows:
FLa = (5̄, −3, 1, 0, 1)a ⊕ (10, 1, 1, 0, 1)a ⊕ (1, 5, 1, 0, 1)a
KR = (1, 0, 5̄, −3, 3) ⊕ (1, 0, 10, 1, 3) ⊕ (1, 0, 1, 5, 3)

(1)

where a = 1, 2, 3 is a fermion generation superscript, 1 and 0 denote non-abelian and
abelian group singlets respectively, ordinary fermions are singlets under SU (5) ×U (1)X ×
SU (3)K and appear in 3 generations, while katoptrons are singlets under SU (5) × U (1)X
and triplets under SU (3)K . In an assignment inspired by “ﬂipped SU (5)” models [10],
the 5̄ of SU (5) contains a lepton doublet and up-type antiquarks, the 10 a quark doublet,
down-type antiquarks and a neutrino, and the SU (5) singlet is a positively-charged lepton
(positron etc.), and similarly for the katoptrons in SU (5) .
The symmetry SU (5) × U (1)X × SU (5) × U (1)X is assumed to break at energies Λ23
down to the Standard Model (SM) group times an abelian U (1)1 felt only by katoptrons.
One is then left with SU (3)C × SU (2)L × U (1)1 × U (1)1 × SU (3)K , where U (1)1 is the
hypercharge group with a rescaled coupling. The ﬁelds leading to this breaking are
neglected in the 1-loop calculation of coupling renormalization below. While katoptrons
interact with the same SU (3)C × SU (2)L interaction as known fermions at energies below
Λ23 , they carry their own U (1)1 interaction down to the EW symmetry scale. Moreover,
SU (3)K becomes strong near ΛK , breaking itself and the EW symmetry [3].
The renormalization of the gauge couplings gN at energy scales p for Nf fermions in
−1
−1
(p) = αN
(po ) +
the fundamental representation (rep) of SU (N ) at 1-loop is given by αN
2
c(N, Nf ) ln (p/po ), with po some reference scale, aN = gN /4π and c(N, Nf ) = (11N −
2Nf )/6π. The katoptron coupling αK evolves at scales ranging from ΛK to the uniﬁcation
scale ΛGU T according to cK ≡ c(3, 8) = 17/6π. The SU (2)L coupling α2 and the SU (3)C
coupling α3 evolve according to c̃N ≡ c(N, 12) = (11N − 24)/6π at energies where both
ordinary and katoptron fermions contribute to the beta functions, i.e. between ΛK and
Λ23 . Either below ΛK , where katoptrons are massive and decouple, or when fermions and
katoptrons interact with distinct groups, as is the case for all the U (1) and the SU (5),
SU (5) couplings, couplings evolve according to cN ≡ c(N, 6) = (11N − 12)/6π, with
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N = 0 for the αX , αX , α1 , α1 couplings of U (1)X , U (1)X , U (1)1 , U (1)1 respectively, and
N = 2, 3, 5 for the SU (2)L , SU (3)C couplings and the α5 , α5 couplings of SU (5), SU (5)
respectively. The relevant boundary conditions, noting that αK (ΛK ) ∼ 1 and MZ ∼ 91.2
GeV, are:
α(ΛGU T ) ≡ αX (ΛGU T ) = α5 (ΛGU T ) = αX (ΛGU T ) = α5 (ΛGU T ) = αK (ΛGU T )
(General uniﬁcation condition)
α2 (Λ23 ) = α3 (Λ23 )(Uniﬁcation condition for SU(3)C × SU(2)L )
25 −1
1
−1
(Λ23 ) =
αX
α1 (Λ23 ) − α5−1 (Λ23 )(Flipped SU(5) matching condition)
24
24
25
1
(αX )−1 (Λ23 ) =
(α1 )−1 (Λ23 ) − (α5 )−1 (Λ23 )(Flipped SU(5) matching condition)
24
24
3 −1
3
−1
−1
α1 ≡ αY , (α1 ) ≡ (αY )−1 (Hypercharge normalization)
5
5
α1−1 (M z) = 59.5, α2−1 (M z) = 29.8, α3−1 (M z) = 8.5 (Experimental input)
These relations yield ΛGU T , Λ23 , and ΛK , assuming a big desert between these scales
and decoupling of the heavier degrees of freedom [11]. Deﬁning
c3 − c2
α−1 (MZ ) − α3−1 (MZ )
,B = 2
,
c˜3 − c˜2
c˜3 − c˜2
c2 + (1 − A)(c5 − c˜2 )
α−1 (MZ ) − B(c5 − c̃2 ) − 1
C =
,D = 2
,
cK − c5
cK − c5
"
!
−1
−1
1
D(cK − c0 ) − 24 B(c0 − c˜2 ) + 25α1 (MZ ) − α2 (MZ ) + 1
!
"
E=−
1
C(cK − c0 ) − 24
A(c0 − c̃2 ) + c̃2 − c2 − c0
A = 1−

and using the boundary conditions listed above, we ﬁnd
!
"
ΛGU T = MZ exp E(1 + C) + D = MZ × 1017 ∼ 1019 GeV ∼ MPlanck
!
"
Λ23 = MZ exp AE + B = MZ × 6 × 1015 ∼ 5 × 1017 GeV, and
ΛK = MZ exp E = MZ × 11 ∼ 1 TeV
where Λ23 = MZ exp B due to A = 0. In addition, we ﬁnd α(ΛGU T ) ∼ 0.029 and
α3 (Λ23 ) ∼ 0.036. A dynamical justiﬁcation of the value of the uniﬁcation coupling is
attempted in the next section. Moreover, one observes that
!
"
6π
ΛK ∼ MPlanck exp −
,
(2)
17α(ΛGU T )
a relation rendering transparent the dynamical solution of the hierarchy problem due to
katoptrons. The value of a single parameter remains then to be justiﬁed more fundamentally, i.e. α(ΛGU T ), if a relation of the form Λ23 ∼ MPlanck α3 (Λ23 ) can be produced from
the dynamics. Furthermore, the value of Λ23 renders this scenario safe, at ﬁrst glance,
with regards to proton decay.
It has to be emphasized that if katoptrons kept interacting with the same hypercharge
interaction as ordinary fermions, coupling uniﬁcation would be impossible due to the

Electronic Journal of Theoretical Physics 10, No. 28 (2013) 135–168

139

Uniﬁcation of gauge couplings
60

U (1)1 , U (1)1
50

Inverse gauge couplings, 1/αi (p)

40

U (1)X

SU (2)L

30

20

SU (5) ,

SU (3)C

10

SU (3)K

0

ΛGUT
Λ23 MP lanck

MZ ΛK
0

2

4

6

8

10

12

14

16

18

20

log10 (p/GeV )

Fig. 1 The renormalization of the gauge couplings at one loop
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faster running of the U (1)1 coupling, as is obvious by the slopes of Figure 1. This problem
was obviated in [2] by the appearance of a relatively low scale of Pati-Salam symmetry
breaking, something not possible here. In addition, inspection of Figure 1 shows that had
katoptrons kept their own distinct SU (3)C and SU (2)L interactions, coupling uniﬁcation
would require an EW symmetry breaking scale ΛK that would be too low. Furthermore,
in such a case the scale Λ23 would be too low to avoid an observable proton-decay rate.
On the other hand, adding artiﬁcially additional matter in the present theory to slow
down the running of the SU (3)C and SU (2)L couplings to enable them to unify with an
hypothetical common U (1)Y coupling would require ΛK to be too high for EW symmetry
breaking. The value of ΛGU T is close to MPlanck (see Figure 1), a result due to the slower
running of some of the gauge couplings, since above ΛK both fermions and katoptrons
contribute to the renormalization of the SU (2)L and SU (3)C couplings. This is also due to
the use of the SU (5) × U (1)X group and its primed partner. It is not expected that these
results change signiﬁcantly by higher-order calculations or by including contributions of
the ﬁelds responsible for symmetry breaking.

2.2 Embedding within a larger symmetry
Next, the symmetry breaking chain from a group G down to SU (5) × U (1)X × SU (5) ×
U (1)X × SU (3)K and then down to the SM is explored using [12]. Non-zero vacuum
expectation values (vevs) of eﬀective composite ﬁelds are taken to lead to the breaking
channels needed. These are fermion condensates arising non-perturbatively to safeguard
gauge invariance at tree level. Coupling uniﬁcation forces us to keep a distinct U (1)1 for
katoptrons breaking at ΛK in a way consistent with EW radiative corrections. Therefore,
apart from fermion condensates of the form < K̄K >, gauge-invariant 4-fermion condensates < K̄K K̄F > are assumed to break the two hypercharge symmetries down to their
diagonal subgroup U (1)Y and then together with SU (2)L down to U (1)em near the weak
scale. Such operators arise again non-perturbatively and are also needed to “feed” mass
to fermions [3].
In order to have one generation of fermions in the 5̄ and 10 of SU (5), in addition to
the right-handed neutrino, needed for the SM particles to ﬁt inside SU (6) in an anomalyfree way (and similarly for katoptrons in SU (6) ), we assign fermions in 6̄ ⊕ 6̄ ⊕ 15
[13]. One generation of fermions ﬁts inside 2 copies of 6̄ = (5̄, 1) ⊕ (1, −5) and 1 copy
of 15 = (5, −2) ⊕ (10, 1). A 5̄ pairs up with a 5 under SU (5) acquiring thus GUTscale masses. We are thus left with (5̄, 1) ⊕ (1, −5) ⊕ (10, 1) under SU (5) × U (1)X , i.e.
a full fermion generation, plus a neutral lepton for each generation, and similarly for
katoptrons. Assuming that eﬀective ﬁelds in the 35 of SU (6) and SU (6) acquire nonzero vevs at ΛGU T , SU (6) × SU (6) breaks down to SU (5) × U (1)X × SU (5) × U (1)X .
Note that this is not the only possible breaking channel for each SU (6) left invariant by
35, SU (4) × SU (2) × U (1) and SU (3) × SU (3) × U (1) being other examples. These are
however phenomenologically unacceptable, since in these cases quarks would not carry
SU (2)L charges. Therefore, it has to be proven that the ”ﬂipped” SU (5) is the preferred
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symmetry-breaking channel.
With regards to the breaking of SU (5) × U (1)X × SU (5) × U (1)X down to SU (3)C ×
SU (2)L × U (1)1 × U (1)1 at Λ23 , we use the fact that the 35 of SU (6) contains a (24, 0)
under SU (5) × U (1)X (and similarly for the primed groups). Assuming that fermion
composite operators with quantum numbers (1,24) and (24,1) under SU (5) × SU (5)
acquire non-zero vevs near Λ23 , they break the two SU (5) symmetries down to their
SU (3)C × SU (2)L × U (1)1̃ subgroups, while U (1)X , U (1)X are left intact. In order to
break the two resulting SU (3)C × SU (2)L × U (1)1̃ symmetries down to their diagonal
subgroup, since fermions and katoptrons interact with the same SU (3)C and SU (2)L
interactions, it is necessary to couple somehow the -initially decoupled- left-handed and
right-handed sectors of the theory in a way that the two SU (5) groups break down to
their diagonal subgroup. In the following, we assume that this coupling takes place,
noting that a possible solution to this problem can be better justiﬁed within the context
of the next subsection where it is presented.
Further breaking to the SM takes place by additional eﬀective ﬁelds transforming as
a 20 of SU (6), and similarly for SU (6) , which decomposes under SU (5) × U (1)X like
20 = (10, 1) ⊕ (10, −1). Near the SU (5) × SU (5) breaking scale Λ23 , these ﬁelds are
taken to acquire non-zero vevs and also break SU (5) × U (1)X × SU (5) × U (1)X down to
SU (3)C × SU (2)L × U (1)1 × U (1)1 , mixing their U (1)X , U (1)X charges with the charges
of the U (1)1̃ and U (1)1̃ groups in the ﬁnal hypercharge groups U (1)1 , U (1)1 . We will see
shortly how the eﬀective ﬁelds 20 and 35 in each of SU (6) and SU (6) might emerge
naturally in this theory. Moreover, one has to demonstrate that the alternative breakings
of SU (5) to SU (4) × U (1), and similarly for their primed partners, is disfavoured. The
reason why alternative embeddings of the SU (5) × U (1)X groups into SO(10) or a PatiSalam symmetry for instance are not considered will become clear in the following.
Our next goal is to expand the larger symmetry SU (6) × SU (6) × SU (3)K at the
energy scale ΛGU T further. Apart from being responsible for the dynamical EW symmetry
breaking, SU (3)K plays the role of a gauged generation group for katoptrons. In addition,
it prohibits gauge invariant vector-like masses corresponding to fermion bilinear operators
formed by combining the known fermions with katoptrons. Even though it would be nice
to have a generation gauge symmetry for the known fermions as well, this is excluded
by phenomenological reasons, i.e. by the absence of ﬂavour-changing neutral currents.
It is however reasonable to assume, for naturalness and symmetry reasons, that such
a generation symmetry SU (3)F existed at higher energies only to be broken at lower
energies. An initial symmetry group of the form SU (6) × SU (6) × SU (3)F × SU (3)K
would nonetheless have rank 14. In principle, such a symmetry may be embedded within
a larger symmetry to allow for uniﬁcation.
For that purpose, we consider G = E8 × E8 . Known fermions ﬁt in SU (6) × SU (3)F
embedded in E7 ⊂ E8 , while katoptrons ﬁt in SU (6) × SU (3)K embedded in E7 ⊂ E8 .
Fermions sit in the 248 reps of the two E8 s, and the ones in the E8 exhibit the opposite
chirality from the ones in E8 . We further assume that SU (3)F breaks at ΛGU T . The
56 and 133 of E7 transform under SU (6) × SU (3) like 56 = (6̄, 3̄) ⊕ (6,3) ⊕ (20,1)
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¯ 3) ⊕ (35,1) ⊕ (1,8). If fermions initially sit in these reps,
and 133 = (15, 3̄) ⊕ (15,
vector-like particles contained in (20,1), (35,1) and (1,8) obtain GUT-scale masses. We
then need 2 copies of fermions in the 56 of E7 to give us the 2 6̄s, and 1 copy in the
133 of E7 containing the 15 of SU (6) described above. This content, replicated thrice,
corresponds to the fermion generations. Similar considerations apply for the primed
groups corresponding to katoptrons. We discuss later fermions transforming under the
¯ 3).
conjugate (6,3) and (15,
How do E7 and E7 break down to SU (6) × SU (3)F and SU (6) × SU (3)K ? The
133 of E7 contains the (35,1) of SU (6) × SU (3) which is needed for the breaking of
SU (6) × SU (6) down to SU (3)C × SU (2)L × U (1)1̃ × U (1)1̃ × U (1)X × U (1)X . Similarly,
the 56 of E7 , when decomposed under SU (6) × SU (3), contains the (20,1) needed for the
breaking of U (1)1̃ × U (1)1̃ × U (1)X × U (1)X down to U (1)1 × U (1) . Considering non-zero
vevs of eﬀective ﬁelds in the 56 and 133 of E7 and E7 may lead to the breaking sequence
needed, since not only do these break E7 , E7 , but they also contain the (20,1) and (35,1)
ﬁelds for the breaking of the symmetries to the SM. The embedding of E7 × E7 in E8 × E8
is now straightforward, with left-handed and right-handed fermions initially contained in
the fundamental reps of E8 and E8 respectively. Noting that E7 × SU (2) ⊂ E8 , and that
the 248 of E8 decomposes under E7 × SU (2) like 248 = (133,1) ⊕ (1,3) ⊕ (56,2), we ﬁnd
2 copies of fermions in the 56 and 1 copy of the 133 in each of the E8 and E8 , assuming
that the extra SU (2), SU (2) symmetries in both E8 and E8 are also broken.
Regarding the breaking of E8 and E8 down to E7 × SU (2) and its primed copy,
the symmetric tensor product of 2 fundamental reps of E8 yields 248 × 248 = 1 ⊕
3875 ⊕ 27000. In fact, E7 × SU (2) is the only symmetric subgroup of E8 , denoted
sometimes in this context as E8(−24) , left invariant by 3875. If ﬁelds, like fermion bilinears,
having such quantum numbers acquired non-zero vevs, they could provide us with the
desired symmetry-breaking channel for E8 and E8 , assuming that breaking to a symmetric
subgroup is preferred over other channels. Moreover, the 3875 of E8 contains the 56 and
133 eﬀective ﬁelds under E7 that could lead to the symmetry breaking channels exposed
above. The 3875 leaves E7 × SU (2) invariant, but it is quite large, and it being formed
is hard to justify by MAC arguments. The 248 contains the 56 and 133 of E7 as well,
and the corresponding channel is also attractive [14], so having a non-zero vev of an
eﬀective ﬁeld in this rep might also suit our purposes and be ultimately responsible for
the breaking chain described. Since adding fundamental scalars is avoided, a candidate
for this ﬁeld is formed by an antisymmetric tensor product of two fermions in 248, ı.e.
248 × 248 = 248a , where the subscript a refers to its antisymmetric nature. This ﬁeld
however is not a Lorentz scalar, a fact used later in this work. Moreover, it is easy to
check that the breaking channel above is more attractive than alternative ones leading
from E8 down to E6 × SU (3) or SU (5) × SU (5).
Next, we inquire how the generation symmetry of the ordinary fermions SU (3)F
breaks. We relax one of our assumptions and take the coupling gF of E7 to be much larger
at ΛGU T than the coupling gK of E7 , something lying at the heart of parity asymmetry.
The large value of gF is assumed to trigger the self-breaking of SU (3)F down to SU (2)F ,
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via a non-zero fermion bilinear vev transforming under the 3̄ of SU (3)F originating from
3 × 3 → 3̄ ⊕ 6. This is further broken down to U (1)F with a vev transforming under
the adjoint of SU (2)F coming from 2 × 2 → 1 ⊕ 3, assuming that the singlet of this
channel does not determine the correct vacuum. The remaining U (1)F breaks when the
fundamental reps of SU (6) pair up with each other, with the 6 of 133 pairing up with
the 6̄ of 56 of E7 . This scenario is in principle consistent with the self-breaking of the
mirror-fermion generation symmetry SU (3)K at ΛK ∼ 1 TeV, since both symmetries selfbreak when their gauge couplings become strong [3]. To assure that this does not create
problems with coupling uniﬁcation, we use the relation g(Λ23 ) = √gF2 gK 2 ∼ gK (Λ23 )
gF +gK

holding for the (α5 , α5 ) and (αX , αX ) couplings due to the breaking of their respective
gauge groups at Λ23 down to their diagonal subgroups, since gF >> gK . All fermions at
Λ23 are then left with common abelian and non-abelian couplings, i.e. the weakest ones.
To sum up, denoting as LG the symmetry SU (2) × SU (2) , we assume that the
following symmetry breaking chain is obtained, triggered by the 248a condensate and
starting from MPlanck ∼ ΛGU T :
E8 × E8 (at ΛGUT ) →
E7 × SU (2) × E7 × SU (2) (at ΛGUT ) →
SU (6) × SU (3)F × SU (6) × SU (3)K × [SU (2) × SU (2) ] (at ΛGUT ) →
SU (5) × U (1)X × SU (5) × U (1)X × SU (3)K × LG (at Λ23 ) →
SU (3)C × SU (2)L × U (1)1 × U (1)1 × SU (3)K × LG (at ΛK ) →
SU (3)C × U (1)em × LG

(3)

We write down the broken LG and its SU (2) components, as well as E7 , E7 , SU (3)F ,
SU (6) and SU (6) in order to render the breaking sequence more transparent. Further
dynamical justiﬁcation of the breaking chain above follows in the next section.
Next, we address the appearance of conjugate generations in the considerations above.
These are sometimes referred to as mirror families, and would in principle appear within
each of the E8 , E8 . However, we assume that mirror fermions are just coming from a
second E8 , i.e. E8 . What happens to the conjugate generations within each of the E8 ,
E8 ? This issue ﬁrst appeared when we stepped from SU (6) to E7 . If these conjugate
generations were the mirror partners of the rest of the fermions, i.e. related to each other
via a parity transformation interchanging their chirality, they would probably pair up
with them, acquiring uniﬁcation-scale gauge-invariant vector-like masses and disappearing from the low energy spectrum. If there were a symmetry reason why this is forbidden,
they would anyway never have masses much above 1 TeV, since in that case they would
raise the weak scale at unacceptable levels. But even in that case, they would either
share a gauged generation symmetry with the known fermions, something which is experimentally excluded, or not have such a gauge symmetry, in which case our dynamical
symmetry breaking scenario involving strongly-interacting mirror fermions would break
down. We must therefore dispense of the conjugate copies within each of the E8 , E8
in a consistent manner. This problem was circumvented in [8] by introducing extra dimensions, since in 10 dimensions one may deﬁne Majorana-Weyl spinors and impose a
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chirality condition, identifying thus the two kinds of fermion generations. In the present
4-dimensional approach however this trick is inapplicable.
The answer lies within the channel the groups E8 and E8 break [12]. The group E8
has just 2 symmetric subgroups, SO(16) and E7 × SU (2). Charge conjugation and parity
transformations on fermion reps in each of these subgroups are distinct, ﬂipping the sign
of a diﬀerent number of E8 roots. When embedding SO(16) in E8 , charge conjugation
C amounts to complex conjugation, i.e. for a fermion rep R in SU (6) ⊂ SO(16) for
instance, C : R → R̄ and 6L → 6̄L , the bar denoting complex conjugation, while parity
transformation P changes chirality with no complex conjugation, i.e. P : R → R and
6L → 6R . Consequently, C P transformations taking particles to their antiparticles are
distinct from parity transformations. On the contrary, in the embedding of SU (6) ⊂ E7
in E8 , charge conjugation C leaves the fermion rep invariant, i.e. C : R → R and
6L → 6L , while a parity transformation P implies not only chirality change but charge
conjugation as well, i.e. P : R → R̄ and 6L → 6̄R , so that CP : 6L → 6̄R . Parity
and CP transformations have an identical eﬀect in the E7 × SU (2) case. Consequently,
conjugate families appearing in E7 and E8 here are taken to be the antiparticles of
fermions, not their mirror partners. For instance, they associate left-handed electrons
to left-handed, rather than right-handed, SU (2)L -doublet positrons. The fact that these
are not observed in nature characterizes the “baryon asymmetry of the Universe” and
is a distinct problem from the one of “mirror” fermions. Moreover, in the E7 × SU (2)
embedding in E8 , a fermion bilinear which is a E8 singlet violates C, so C conservation
may constitute an argument against the formation of GUT-scale vector-like masses and
against the interpretation of conjugate generations as the mirror partners of ordinary
fermions, enforcing the much needed survival hypothesis. On the contrary, this is not
the case with SO(16), where the corresponding E8 singlet conserves C and is therefore
allowed [12]. Following such an interpretation however, a single E8 group with our fermion
content breaking down to E7 might be anomalous, since it would contain 3 fermion
generations with the same chirality. This is where the extra E8 , denoted by E8 , comes to
rescue. This conﬁguration allows potential anomalies arising from E8 and E8 to cancel
with each other, since the chiralities of the fermions are taken to be opposite from each
other. The reason for choosing this particular symmetry-breaking channel is now clear,
since a breaking involving SO(10) ⊂ SO(16) leading to a Pati-Salam (PS) scenario creates
problems with conjugate generations. An alternative PS scenario could in principle still
be recovered via a channel involving E7 and E6 [8], but it leaves no room for the symmetry
LG, which is central to the discussion below.

2.3 Connection with spinor gravity
To proceed, we argue that SU (2)×SU (2) ≈ LG contains the Lorentz symmetry SO(3, 1)
(up to discrete subgroups omitted here for the sake of simplicity), an assumption motivated by the proximity of ΛGU T to MPlanck . With regards to the non-compact nature
of the Lorentz symmetry, note that we are dealing with the complexiﬁed versions (C)
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of the corresponding groups. Therefore, to be more explicit, one should write the E8
decomposition above as E7 (C) × SL(2, C) ⊂ E8 (C) [15]. One then gets from the two E8 s
the group SO(4, C) ≈ SU (2, C) × SU (2, C) (since SU (2, C) ≈ SL(2, C)) which has both
SO(4) and SO(3, 1) as subgroups. A relevant mechanism should obviously be provided in
order to lead to the relevant symmetry breaking and to the observed signature in nature,
which is discussed later. The LG group is therefore assumed to contain the Lorentz group
and it is taken to be a global, not a local symmetry. When dealing with spinors, any
4d rotation can be expressed as a product of a left-handed and a right handed SU (2)
rotation. In the present context, taking “half” of LG from E8 and the other “half” from
E8 leaves enough room for the generation symmetries as well, since anyway just one E8
is hardly enough to ﬁt both. We list some arguments supporting this assumption. First,
spin-1 gauge bosons associated with a gauged LG are neither observed nor expected.
Second, there are no prohibitive phenomenological constraints enforcing a local Lorentz
symmetry [16]. Third, taking Lorentz symmetry to be a global symmetry spontaneously
broken allows the identiﬁcation of some of the corresponding Goldstone bosons with the
usual gravitons [9][17]. Fourth, considering LG as an unbroken symmetry would not
allow the pairing of the fermions sitting in the 6 and 6̄ of SU (6) needed to obtain the
required fermion content. Last, breaking the Lorentz symmetry via an antisymmetric
fermion tensor product transforming like 248a under E8 is needed in order to obtain
the symmetry-breaking channel to the SM, as described below. In order to render the
relation between LG and the Lorentz group consistent, one needs to equate the SO(3, 1)
coupling with the gravitational coupling. For coupling uniﬁcation to work, one should
extend the previous parity-breaking relation gF >> gK from the two E7 to the two E8
groups. After the breaking of SU (2, C) × SU (2, C) down to the Lorentz group, SO(3, 1)
should be left with the gK coupling of E8 , i.e. the weakest one.
Before continuing, we need to address the Coleman-Mandula theorem prohibiting
the total symmetry from being a direct product of a local Lorentz group with a gauged
symmetry [18]. We choose to follow [9], claiming that our starting point is a topological
symmetric phase, in which the metric is initially absent and no S matrix is deﬁned. As
described below, the metric appears only as the product of non-zero vevs in the Higgs
phase. When the metric appears, Lorentz symmetry is a global symmetry presenting no
further problems.
What follows below is a rough, initial investigation on whether the picture just described could in principle be incorporated in models unifying the Lorentz with the gauge
groups, without going deep into the intricacies of such approaches. Within a framework
similar to the one in [9], we consider a metric of the form gμν = Eμm (x)Eνn (x)ηmn =
Eμm (x)Eνm (x), where μ, ν = 0, ..., d are spacetime indices, m, n = 0, ..., d are indices corresponding to the internal Lorentz symmetry of a d-dimensional spacetime with ηmn =
diag(−1, 1, ..., 1), and
Eμm (x) = < Ẽμm (x) >∼ δμm MPlanck for μ, m = 0, ..., 3
Eμm (x) = < Ẽμm (x) >∼ 0

for μ, m = 4, ..., d

(4)
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are soldering forms (vielbeins), i.e. vevs of operators Ẽμm (x) breaking the Lorentz symmetry spontaneously. The order parameter of this transition is a 1-form, not a 0-form.
Global Lorentz symmetry is preserved only under combined Lorentz transformations on
the internal Lorentz (m) and the ordinary spacetime (μ) indices. Symmetric ﬂuctuations
of such a metric around the Minkowski spacetime are expected to produce Goldstone
bosons identiﬁed with gravitons [9] [16]. In the spinor gravity approach [16], these vevs
have a dynamical origin since they are expressed as fermion bilinear operators:
i
Ẽμm (x) = {Ψ̄(x)γ m ∂μ Ψ(x) − ∂μ Ψ̄(x)γ m Ψ(x)}
2

(5)

where γ m are Dirac matrices in d dimensions and Ψ, Ψ̄ are Grassmann variables in the
irreducible spinor rep of the d-dimensional Lorentz group.
A relevant partition function, eﬀective action and eﬀective potential can then be
formally deﬁned, a prerequisite being an anomaly-free functional measure DΨ preserving
Lorentz and diﬀeomorphism invariance. This is expected to lead in principle, in lowest
order in the eﬀective potential expansion, to equations similar to the ones of General
Relativity [16], in a way that spacetime is not treated as background but is incorporated
in the equations non-perturbatively. In such a picture, physical distances are induced
by fermion correlation functions and the appearance of a metric is inherently quantummechanical. Diﬃculties in quantizing gravity would show up in possible gravitational
anomalies and in regularizing the corresponding eﬀective potential. Although the ﬁnite
number of counterterms in this context is encouraging for renormalizability, we do not
pursue further the highly non-trivial issues arising in this setting.
The approaches quoted above use large orthogonal groups in which the embedding of
the Lorentz group takes place, treating Lorentz and gauge transformations in a uniﬁed
manner as rotations in a higher-dimensional space (14 total dimensions in [9] corresponding to SO(3, 11), 16 total dimensions in [16] corresponding to SO(16)). The interpretation
of these extra dimensions diﬀers slightly in the two approaches. In [16], gauge symmetry
arises by compactiﬁcation of extra space dimensions. Therefore, in a complete approach
we have to replace ordinary derivatives by covariant ones in the quantities appearing
in the four-dimensional Sef f , while this is not necessary for the higher-dimensional Sf .
On the other hand, extra dimensions in [9] are considered as internal dimensions corresponding to a unifying orthogonal group. The two approaches are similar, with the
action proposed in [9] corresponding to the 1-loop eﬀective action of [16]. This correspondence is realized when spacetime derivatives in 4d appearing in [16] are replaced by
gauge covariant derivatives, and fermion bilinears are treated as eﬀective ﬁelds.
The problem with large orthogonal groups however, as we saw above, is the emergence
of conjugate generations which cannot be considered as anti-generations, but are just
mirror copies of ordinary fermions. To solve this problem and make connection with our
model, we extend the uniﬁcation symmetry to E8 × E8 , adopting the fermion-bilinear
approach for the soldering forms [16] in order to maintain the dynamical interpretation
of the breaking of G = E8 × E8 , where internal dimensions are connected with the
appearance of gauge symmetries in 4d. We take some ﬁrst steps exploring whether our
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model could give us a mechanism in principle compatible with such a dynamical metricgeneration scenario. In fact, non-zero vevs of antisymmetric fermion bilinears sitting in
the 248a of E8 and E8 might lead to the breaking sequence needed. The SU (2) triplets
in (1,3) and doublets in (56,2) contained in the decompositions of the 248a of each
of the E8 , E8 under E7 × SU (2) can break spontaneously LG after acquiring non-zero
vevs, leading thus to a dynamically generated metric tensor by condensates, assuming
that < Ψ̄γ m ∂μ Ψ >= 0 for m > 3. The vevs of ﬁelds in the (1,3) of E7 × SU (2) and
E7 × SU (2) constitute the antisymmetric MAC of E8 × E8 breaking down to E7 × E7 ,
possibly justifying their dominance in determining spacetime dimensionality over the
(56,2) and (133,1) vevs breaking subsequently E7 × E7 and the remnant of LG. We
discuss further thus issue later.
In order for LG to break down to its diagonal subgroup SO(3, 1), one could consider
vevs of 4-fermion composite operators, corresponding to gauge-invariant terms in the
initial action and transforming as (1,3,1,3) under E7 × SU (2) × E7 × SU (2) . In such
a case, the interpretation of the metric would arise from an approximation of the form
gμν =< Ẽμm Ẽνm >∼< Ẽμm >< Ẽνm >. One way to couple the two initial -in principle
decoupled- E8 sectors in a way having the!same end result
" as such operators is to consider
SU (2)
E8
, where the discrete Z2 symmetries
an initial symmetry of the form E8 ×E8 × Z2 /Z2
interchange the two E8 groups and their SU (2) subgroups respectively, in a construction
similar to [8][19]. A deeper analysis of this scenario might have the potential of not only
explaining the dimensionality of our space-time, but its signature as well, i.e. why the
group SO(3, 1) emerges instead of SO(4) or SO(2, 2) for instance. In any case, it is
quite interesting to note that, in this picture, the same type of fermion condensate is
responsible not only for metric generation by for gauge symmetry breaking as well.
The next step is to consider the eﬀective fermionic action in 4d in a derivative and
fermion-ﬁeld expansion to 1-loop taking a uniﬁed form similar to the one in [16]

!
"!
"
μ
d4 x det Eμm (x) c1 + c2 R + c3 Ψ̄(x)γ m Em
(x)Dμ Ψ(x) + ...
(6)
Sef f ∼
plus!gauge kinetic
terms and terms involving eﬀective scalar ﬁelds discussed later, where
"

m
det Eμ (x) = det (−gμν ) = 0 while μ, ν, m = 0, ..., 3, c1,2,3 are constants and Dμ
is the gauge-covariant derivative corresponding to the E7 × E7 gauge symmetry after
compactiﬁcation, in a process assumed to respect Lorentz and diﬀeomorphism invariance.
This symmetry
should probably be corrected by a multiplicative factor of the form
"
!
SU (5)
E7
interchanging the two E7 groups and their respective SU (5) subgroups in
Z2 /Z2
a way that couples the right- and left-handed sectors of the theory during the compactiﬁcation process and causes the breaking of SU (5) × SU (5) to the diagonal subgroup
discussed in the previous subsection. The ﬁrst term of the action above gives a cosmological constant Λ, the second the Ricci curvature, and the third the action in [9]. The
result above is expected to stem in principle from an action containing the expression

(7)
Sf ∼ dd x det (Ẽμm )
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in d dimensions, while other invariants give rise to higher order terms. Even though
details on the compactiﬁcation mechanism shedding light on questions like “why are
other dimensions left compactiﬁed after the E7 × E7 symmetry breaking?” are left for
future studies, we take some initial steps towards this direction below.
Consider a 2-form G̃mn as a generalized, internal “metric” deﬁned on a d-dimensional
p
p
Ẽnp , with m, n, p spanning all d dimensions and Ẽm
manifold expressed as G̃mn = Ẽm
deﬁned as before. Non-zero vevs sitting in the 248a of E8 and E8 give rise to a breaking
of the initial symmetry down to E7 × E7 and to an eﬀective metric G̃ef f . In lowest order,
after splitting the coordinates to spacetime (x) and internal (y) ones, this should take
the form
⎛
⎞
k l
k l
⎜ gμν + gkl Aμ Aν gkl Aμ ωb ⎟
(8)
G̃ef f = ⎝
⎠
gkl Akν ωal
gkl ωak ωbl
where the μ, ν indices refer to x- while the a, b, k, l indices to y-coordinates. Assuming
that lower-dimensional ﬁelds are independent of y and imposing local invariance of G̃ef f
under diﬀeomorphisms, we identify the 4d eﬀective ﬁelds as gμν (x) = Eμm (x)Eνm (x)
(Riemannian metric), Aaμ (x) (Spin-1 Kaluza-Klein E7 × E7 ﬁelds) and gkl (y)ωak ωbl (Spin0 ﬁelds, metric of internal dimensions). The Maurer-Cartan 1-forms on the internal
coordinates y b deﬁned as ω a ≡ ωba dy b are dual to the Killing vectors Kb ≡ Kba ∂a satisfying
the commutation relations [Ka , Kb ] = ckab Kk with ckab the E7 × E7 structure constants,
i.e. ω a Kb = δba . Obviously, Killing vectors preserve the metric of the internal dimensions
under the transformation of the coordinates y a → y a + b (x)Kba , with b (x) arbitrary
functions of x. These transformations correspond to isometries of the internal manifold
expressed by the E7 × E7 algebra. It is important to realise that in this setting, gauge
ﬁelds are conceptually associated not only with isometries of an internal manifold, but
also with appropriate fermion two-point correlation functions.
Although eﬀective scalar ﬁelds connected to the compactiﬁcation process are expected
to decouple at lower energies since they have MPlanck masses, they might be related to
very interesting phenomena. The properties of a 4d eﬀective potential formed by such
scalars associated with the “shape” of the compactiﬁcation space might shed light on Λ,
its relative size to the root norm 1/MPlanck and other cosmological issues like inﬂation. To
be more precise, the initial d-dimensional action, assuming all dimensions compactiﬁed,
contains a “gauge-kinetic” term of the form F̃ mn F̃mn . The splitting between spacetime
and internal dimensions triggered by the (1,3) condensates transforms this term to a
kinetic term F μν Fμν for the ﬁelds of the reduced 4d gauge group plus a kinetic and a
potential term for the eﬀective scalar ﬁelds (which we denote by φa , a = 1, 2, 3 below) in
4d [20]. It is straightforward to check that the scalar potential takes the form
V (φ) = (∂ a φb − ∂ b φa + g[φa , φb ])(∂a φb − ∂b φa + g[φa , φb ])

(9)

with g a constant. The expression above, after using the Maurer-Cartan equations and
applying an appropriate rescaling, takes the familiar “Mexican hat” form




V (φ ) = (1 − φ 2 )2

(10)
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Note that such a potential can lead to spontaneous symmetry breaking since it reaches

its minimum for < φ >= 1. Therefore, it constitutes a perfect candidate for the inﬂaton
potential leading to decompactiﬁcation of the spacetime dimensions and to inﬂation [21]

due to the “rolling” of < φ > from 0 initially to 1 eventually, explaining in parallel
naturally the splitting between macroscopic and microscopic (internal) dimensions. A
detailed analysis of the relevant implications on cosmological inﬂation is deferred to a
future study.
We then investigate the dimensionality d of space to integrate our Lagrangian over.
Since spacetime and internal dimensions are treated on an equal footing, naturalness
reasons lead us to consider the action as an integral over a manifold having the isometry
E8 × E8 up to discrete factors which we omit in the following discussion for the sake of
simplicity. The proper number of (complex) dimensions to integrate our Lagrangian over
is then d = 16, equal to the number of roots of the groups involved. Integrating over the
14 extra internal dimensions gives us E7 × E7 , which by the way correspond to 2 lattices
formed by the unit-norm imaginary Caley octonions, and should leave us with 2 complex,
i.e. 4 real, ordinary spacetime dimensions. The internal dimensions are then assumed to
be compactiﬁed at a size of around 1/MPlanck to avoid the appearance of Kaluza-Klein
excited states at energies lower than MPlanck .
It is conjectured below that the space with the isometries needed is the quotient
space of the 16d maximal torus T 16 by the lattice πΓ8 × πΓ8 generated by the roots of
E8 × E8 multiplied by integer multiples of π. Allowed coordinate transformations take
the form δy a ∈ πΓ8 × πΓ8 , i.e. δy a = π b mb eab , with eb a basis of the root space and mb
integers. Roots can be associated with the Killing vectors Kb giving rise to the metric
isometries. The conserved conjugate momenta pb ∼ iKb corresponding to Killing vectors
are associated with the same lattice and can be expressed as pa = b mb eba , where mb are
again integers. Invariance requirements for the metric and single-valuedness of the plane
b
wave ei2pb y after coordinate transformations imply that a pa δy a = πn, n ∈ Z, which
requires that pa = b m̃b ẽba , with ẽb a basis of a space dual to eb , i.e. c eca ẽcb = δab , and
m̃b integers. Simultaneous validity of the expressions for the momenta above can only
be achieved if the underlying lattice is even and self-dual, like the lattice Γ8 × Γ8 . Such
lattices exist only in d = 0 (mod 8) dimensions. When d = 16, the only such lattices are
Γ8 ×Γ8 and Γ16 . Note that the same space has already been used in the context of heterotic
string theory, the crucial diﬀerence being the origin of the quantization condition; instead
of considering strings on a continuous background, the idea here is to work on a discrete
space from the start. After symmetry breaking, LG should carry traces of this discrete
structure, while taking the root norm to be of size 1/MPlanck is expected to approximate
satisfactorily the continuum at low energies. More work is obviously needed in order to
check rigorously the validity of this construction, which will be quite useful in the next
section.
In the following, an eﬀort is made to motivate further our choice of E8 × E8 as a
uniﬁcation symmetry group, apart from the self-duality feature which might prove to
be unique and crucial for unifying spacetime with gauge symmetries. The arguments
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presented below might reduce the arbitrary nature of such a choice. The appearance of
this symmetry might be due to a relevant phase transition in a discrete space and might
be related to the fact that each of the two 8d E8 lattices, which are also even and selfdual, oﬀer the densest sphere-packing and correspond to the highest “kissing number”
conﬁguration known in 8d. This property allows by the way their use in other scientiﬁc
areas like coding theory, since they oﬀer the most eﬃcient information transmission [22].
To use this result in the present context however, the 8d spaces of the two E8 groups have
to be treated distinctly, something consistent with the parity violating assumption gF >>
gK made previously, since couplings emerge from the volumes Volc of the compactiﬁed
dimensions and are inversely proportional to them. Taking the E8 , E8 to be localized
on distinct 8d hypersurfaces (hyps) and the compactiﬁcation radius corresponding to E8
to be much smaller than the one of E8 , ı.e. Volc (E8 hyps) << Volc (E8 hyps), could
possibly give a geometrical interpretation of parity-symmetry breaking. Treating the two
E8 s distinctly from this particular viewpoint is anyway required, since, while each of the
two E8 lattices provide the highest kissing number and densest sphere packing in 8d, in
16d other lattices like the Barnes-Wall (BW) lattice provide a higher kissing number and
denser sphere packing than Γ8 × Γ8 , even though they are not self-dual. In particular,
the Γ8 × Γ8 kissing number equals 480, while the BW lattice has a kissing number equal
to 4,320. However, since lattices like BW do not correspond to any root system, they
cannot generate the symmetries needed.
It is very important to note that densest sphere packings in higher dimensions d > 8
are most likely either disordered, not corresponding to lattices, or the lattices they correspond to are not associated with root systems and thus known gauge symmetries. The
disordered packing phenomenon appears already when d = 9 and it is due to the fact that
the packing density φ, deﬁned as the ratio of volume of one sphere to the volume of the
corresponding lattice’s fundamental cell, is falling exponentially with d. The E8 lattice
Γ8 for instance provides a packing density of only φ(Γ8 ) = π 4 /384 ∼ 25% in eight dimensions, while in three dimensions, the highest sphere packing density, in an arrangement
correctly conjectured by Kepler and being part of Hilbert’s 18th problem, reaches around
74%. However, even when such higher-dimensional densest sphere packings correspond to
lattices, like the “Leech” lattice in 24d, these do not correspond directly to a Lie group’s
root system. Therefore, all other cases for d > 8 cannot easily lead to the symmetries
needed for phenomenology and uniﬁcation considerations.
An additional argument supporting this scenario is related to the concept of optimal
lattices. In order for Γ8 × Γ8 to arise naturally, it could be shown that it either extremizes
an eﬀective “potential” between lattice points, or equivalently that nature is based on
a new fundamental principle reformulating the “least-action” principle, requiring “most
eﬃcient information transmission” for each of the 2 lattices of the E8 groups, justifying
thus their choice as the vacuum of our world. This lattice would then have to be universally optimal, independently of the speciﬁc form of the “potential” used, apart from
general requirements of being repulsive at short- and attractive at long distances. Note
that universal optimality of this lattice has already been investigated and is true for po-
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tentials, as functions of the distance between the centres of the spheres located at the
origin of the roots, which are decreasing monotonically fast enough [23]. Repulsion at
short distances amounts to the impossibility of having 2 lattice sites occupying the same
position, which is equivalent to Pauli’s exclusion principle. Attraction at large distances
leading to the formation of this lattice is achievable via dynamics favouring long-range
order.
Alternative justiﬁcation for the number of internal dimensions (14 here) as multiple
of seven might come from arguments based again on densest sphere packing and involving optimal vacuum energy density [24]. In any case, all these arguments might be an
indication that we are approaching a theory starting from an action as simple as the one
in equation 7 and yielding the dimension of the internal space and its isometries by the
dynamics of the action itself, without having to postulate them a priori. This is similar
in spirit with emergent geometry and gravity [25], although it seems more general since
it tries to include all the gauge symmetries as well. The next section deals with this issue
in more detail, trying to crystallize these thoughts in a more concrete way.

3.

Critical behaviour and emergence of symmetry

3.1 Estimating the uniﬁcation coupling
In order to connect our action to the results above, one needs ﬁrst to justify the value
of α(ΛGU T ) calculated in section 2. We are dealing with a critical phenomenon breaking
E8 × E8 and having as order parameters the non-zero vevs in equations 4 and 5. The
relevant critical parameters are the couplings of the two E8 s. The order parameters are
mp
μ
< Ψ̄Ψ > with fermions Ψ in the fundamental
assumed here to scale as Eμm ∼ MpPlanck
m
reps of E8 and E8 and |p |, |pμ | ∼ MPlanck . The < Ψ̄Ψ > condensate, corresponding
to the MAC, is assumed here to be the catalyst for the formation of the antisymmetric
condensates in the 248a of the two E8 s. Similarly, it is taken to be the catalyst for the
formation of the 4-fermion operators discussed in section 2. This should obviate problems
arising from the fact that the antisymmetric channel is by itself not as attractive as the
singlet one. This implies that the values of the critical couplings for the formation of
such vevs are at least close to each other. We return to this issue in the next subsection.
Since E8 × E8 breaks at around MPlanck , we ﬁrst estimate this coupling by using the
Nambu-Jona-Lasinio (NJL) formalism, which in 4d gives
 MPlanck
2
m
λ
< Ψ̄Ψ >
k̃ 2 dk̃ 2
≡m= 2
(11)
2
MPlanck
MPlanck 0
k̃ 2 + m2
with fermion mass m and an eﬀective coupling λ given by


−1
2
m2
MPlanck
λ= 1− 2
ln 1 +
(12)
MPlanck
m2
and having a critical value λc = 1 (see for instance [26]). Assuming that λ is determined by
the value aSB of the gauge coupling at the symmetry breaking scale, we ﬁnd λ ∼ 3α4πSB C2
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with C2 = 30 the quadratic Casimir invariant of E8 [27]. A value m ∼ MPlanck /10 yields
λ ∼ 1.05 > λc and αSB ∼ 0.15. Although this number is small due to the magnitude
of C2 , it is larger than α(ΛGU T ) = 0.029 found in section 2. In fact, α(ΛGU T ) is close
to its critical value [26] in the case of unbroken E8 gauge symmetries. This may be due
to the fact that gravitational interactions stemming from LG ⊂ E8 × E8 are associated
with massless Goldstone bosons identiﬁed with gravitons, and are also connected to Eμm
which have inﬁnite correlation length. This implies a graviton propagator whose scalar
part for small momenta k scales as 1/k 2 [28]. Since in a uniﬁed setting the gravitational
2
, neglecting this infrared (IR) behaviour amounts to
constant scales as G ∼ λ/MPlanck
neglecting the masslessness of gravitons. The enhanced contribution to the condensate
integral stemming from the IR region might be responsible for the smaller critical value
of λ.
Although a full calculation requires a complete quantum theory of gravity, we attempt
2
above with a gauge-boson
to estimate roughly this critical coupling by replacing 1/MPlanck
2
propagator 1/(k − k̃) , k being the external momentum. After angular integration this
expression is replaced by 1/max(k 2 , k̃ 2 ). Taking m and λ to be momentum-independent,
we have
 MPlanck
2
k̃ 2 dk̃ 2
< Ψ̄Ψ >
m
≡
m
∼
λ
(13)
2
MPlanck
max(k 2 , k̃ 2 ) k̃ 2 + m2
0
!
"−1
yielding λ = 1 + ln (ρ2 + 1) − (1 + m2 /k 2 ) ln (1 + k 2 /m2 )
, where ρ ≡ MPlanck /m.
Naturalness arguments lead us to consider 1 ≤ ρ ≤ 10. The regime k  m is then
equivalent to k ∼ MPlanck , in which case λ is given by the same expression as in equation

2
12, so λc = 1. For k ∼ m however, λ ∼ 1/ 1 + ln ( ρ 4+1 ) . Taking ρ ∼ 10 as before,
we have λ ∼ 0.24. Then, we ﬁnd αSB ∼ C2−1 ∼ 0.03 ∼ α(ΛGU T ), allowing thus a
dynamical interpretation of α(ΛGU T ) found in the previous section. Similar results are
obtained for k  m. Criticality is not apparent for k ≤ m and ρ ∼ 10, but α is close to
αc = π3 C2−1 ∼ 0.035 predicted for self-energies m = m(k) in unbroken gauge theories [26].
With regards to equation 2, the wide hierarchy between MPlanck and the weak scale can
then be traced back to the magnitude of C2 , since
ΛK ∼ MPlanck exp(−1.23 C2 ).

(14)

The coupling in higher dimensions being inversely proportional to Volc , a shrinking compactiﬁcation space until the above equation is satisﬁed might provide a relevant geometrical interpretation.

3.2 A “toy” model for symmetry emergence
As promised in the previous section, we now take a ﬁrst glance at the dynamics which
might lead to the emergence of symmetry in the ﬁrst place by studying a relevant phase
transition. Deferring rigorous justiﬁcation of this approach to a more detailed future
study, we apply techniques borrowed from similar studies in solid-state physics, chemistry,

Electronic Journal of Theoretical Physics 10, No. 28 (2013) 135–168

153

biology and even sociology. The common starting ground is the emergence of particle
conﬁgurations exhibiting spontaneous self-organization transitions in ordered structures
and nucleation, like DNA, neural networks or crystals, i.e. processes characterized by
“self-organised criticality” [29][30]. For instance, a numerical study of a liquid-to-crystal
freezing transition of hard spheres shows that the emerging crystal, after the liquid has
been subject “slowly” to pressure, minimizes its potential by a densest-sphere packing
arrangement [31]. Faster compression rates lead to crystals containing defects and to
“liquid-to-glass” transitions, corresponding here to a cosmological scenario lacking the
symmetries needed, since glass corresponds to a disordered phase. According to these
studies, eﬀective-potential minimization on the emerging lattices is carried over to the
dual lattices, in a way that long-range, non-local eﬀects in one lattice can be substituted
by local eﬀects in its dual. Therefore, the self-duality property of the E8 × E8 lattice
mentioned previously might provide a further advantage of the scenario proposed here.
First, we ﬁnd the relevant universality class, allowing us to predict the qualitative behaviour of the system by studying a simpler model Hamiltonian belonging to the same
class. One crucial factor determining universality class is dimensionality, noting that 8,
the dimension of the E8 lattice, is the upper critical dimension for several random physical
systems, generic lattice trees and some polymer and percolation models [32], appearing
to be critical also for transitions in glasses [33] and allowing the application of mean-ﬁeld
theory results.
We place our action on a lattice to see if its qualitative behaviour can be inferred by
simpler or similar systems in lattice gauge theories or solid-state systems. The eﬀective
action Slat stemming from equation 6 to lowest order, apart from the Einstein-Hilbert
terms, is written as Slat = <i,j> Eij Ψ̄i Ψj , where Eij is an antisymmetric matrix proportional to the system’s volume and encoding information on Eμm . The fact that the
sum over the lattice sites i, j is restricted over nearest neighbours, denoted by < i, j >,
originates from the partial derivative in the action. Gauge ﬁelds and spacetime do not
appear yet, our goal being to have them emerge rather than postulate their appearance
a priori. In the process, we will question brieﬂy whether the assumption that elementary particles are a manifestation of topological or vacancy defects within the emergent
complex structure can be made plausible.
The form of Slat is reminiscent of the Edwards-Anderson (EA) spin-glass Hamiltonian
with zero external ﬁeld, given by HEA = − <i,j> Jij Si Sj [34], with locally-interacting
spin ﬁelds Si,j taking values ±1 and Jij random variables obeying a zero-mean distribution function. The minus sign in front of HEA makes the EA model favour long-range,
ferromagnet-like, order at low temperatures T . To render this compatible with Slat , we
treat the fermion kinetic term as corresponding eﬀectively to an interaction. A problem
arises from the fact that the Si,j are bosonic while the Ψi,j are fermionic ﬁelds. We assume
in the following that the two models above belong to the same universality class in order
to draw some conclusions on their qualitative behaviour which should not be inﬂuenced
by ﬁeld statistics, at least for large T . The anticommutativity of fermions, an expression
of Pauli’s exclusion principle, guarantees that these lie on distinct locations, something
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which in bosonic Ising- or Potts-inspired models is ensured by assuming a priori an underlying lattice. Therefore, positing the existence of a lattice approximates one feature
of Fermi statistics.
The universality class of similar models depends on the average coordination number
c, ı.e. the number of nearest neighbours of each lattice site. An 8d square lattice Z 8
with c = 16 gives a diﬀerent behaviour from the E8 lattice having c = 240, even though
they are both deﬁned in 8d. Models with large c, such as the one deﬁned on a E8
lattice, exhibit dynamics described by the mean-ﬁeld approximation [35][36]. The EA
model approaches thus models on random Bethe lattices and complex network theory
studying random structures. These exhibit topological phase transitions when the bond
concentration probability p exceeds a critical value pc called “percolation threshold”,
which for large c is given by pc ∼ 1/c. For p < pc , only ﬁnite clusters of edges connecting
lattice sites appear, while for p > pc the whole lattice is occupied by a huge cluster [36].
This proves to be crucial for the discussion below.
In order to study the emergence of the E8 lattices from ﬁrst principles, we use a model
suitable for percolation phenomena, a “toy” model in our case, assumed here to belong to
the same universality class, i.e. the single-state (q = 1) Potts model, with Hamiltonian
HP , similar to HEA , given by HP = −J <i,j> δ(Si , Sj ), where J > 0 is the coupling
strength and δ(Si , Sj ) = 1 when Si = Sj = 1 and zero otherwise. The partition function
Z = Ci e−βHP is given by
Z=


Ci

Zi =

!

eβJ − 1

"E i

(15)

Ci

where the sum is over clusters Ci consisting of Ei edges and 1/β = kB T . Here, p is
given by p = 1 − e−βJ and increases with decreasing T . This model exhibits a 2nd-order
phase transition for low T , which for large c implies a mean-ﬁeld behaviour for the 2point correlation function given by < S̃i S̃i+k >∼ 1/k 2 . Such discrete models are usually
studied on lattices with given dimensionality d and c. In the following, we explore the
behaviour of a system of nodes minimizing its free energy by adjusting its d and c in
order to form an optimal lattice.
For high T , w ≡ eβJ − 1 ∼ p ∼ βJ  1 in equation 15 implies that only clusters with
few edges contribute signiﬁcantly to the partition function. In a competition between
annihilation and aggregation of large clusters, those of low d and c dominate. Filaments
or low-dimensional surfaces formed by edges connected with each other are expected to
form topological entities resembling “time” with 1 or 2 “space” dimensions, without more
structure. It is worth reminding however that such conﬁgurations are not accurately
described by mean-ﬁeld theory. In this high-T regime, each cluster Ci consisting of
Ei edges gives a positive contribution to the system’s free energy FCi = − ln Zi /β ∼
−Ei ln (βJ)/β. The positive free energy, compensated by the system’s gradual cooling,
is identiﬁed with a vacuum energy, i.e. with Λ. It is accompanied, for a system of
volume V ol, by a negative pressure P = −FCi /(V ol) leading to expansion and probably
to an inﬂationary scenario for the early Universe, in a way consistent with our previous
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relevant
! discussion.
" The same cluster Ci gives a negative contribution SCi = −∂FCi /∂T ∼
kB Ei ln (βJ) − 1 to the system’s entropy S, rendering the formation of large clusters of
edges very costly, energetically and entropy-wise. This system of nodes, a rough model
of the “pre bib-bang” world, lies initially in a highly-probable state, ı.e. having large
T and S, possibly obviating the need for contrived cosmological boundary conditions.
Evolution is dictated by the system’s need to reduce its energy, which is achieved by
lowering T and expanding. This might deﬁne in parallel an “arrow of time”, the increase
in S compensating the entropy loss due to the formation of the spacetime “crystal”,
possibly providing a hint towards an explanation of the 2nd law of thermodynamics.
There is a certain T however for which the behaviour of the partition function Z in
equation 15 changes dramatically. This change proves to be crucial for our argument
towards symmetry emergence. For low T such that
kB T ≤ kB Tc = J/ ln 2 ∼ 1.4J

(16)

we ﬁnd p ≥ 1/2 and w ≥ 1, implying that large clusters consisting of many edges
dominate over the smaller ones! Readers familiar with the q-state Potts model recognize
√ √
in this expression Tc given by eβc J = (1 + q)/ q for q = 1. This has a highly nontrivial and far-reaching impact on the topology of the network of nodes. Since for a
network to have any sense we assume that min (Ei ) = c, a lattice like the one of E8
with c = 240 contributes much more to the partition function than the conventional Z 8
lattice having c = 16. At this point, it is important to realize that c corresponds to
the “kissing number” discussed in the previous section. Approaching Tc therefore allows
the possibility of having a E8 lattice emerge spontaneously from the dynamics. The
relevance of densest-sphere packing and “highest kissing number” arguments presented
in the previous section is now apparent, since this particular lattice oﬀers an optimal
conﬁguration with regards to c and might be preferred over alternative arrangements not
oﬀering so many edges per node. Note moreover that “crystal” clusters with Ei = 240
evolve even when T > Tc . However, such clusters should lie within limited regions not
contradicting Big-Bang nucleosynthesis.
At this critical point other lattices with even higher d and c could also form. These
however do not lead to the symmetries observed in our world, as explained in the last
section. This implies that we might be living within a metastable region, with other
Universe domains corresponding to diﬀerent conﬁgurations of lattice points, devoid of the
known interactions. This is consistent with Ostwald’s rule in polymorphic and allotropic
crystallography, according to which the least stable polymorphs crystallize ﬁrst, leading
to transformations between closest phases with regards to free energy. We return to this
issue shortly.
Returning to the E8 lattices now, near T = Tc one ﬁnds a free energy FCi ∼
kB (T −Tc ) ln ΩCi and an entropy SCi ∼ −kB ln ΩCi , where ΩCi = 22Ei has a combinatorial
interpretation, expressing the number of classically distinct conﬁgurations depending on
whether a pair of nodes is connected or not by an edge. Since for T ≡ Tc+ just above Tc
one expects Ei ∼ 1, while for T ≡ Tc− just below Tc we have Ei ∼ 240, the entropy S(T )
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is discontinuous and the heat capacity C ≡ T ∂S/∂T is expected to diverge at T = Tc .
Moreover, at T = Tc we expect a latent heat, or enthalpy, equal to

H = Tc S(Tc+ ) − S(Tc− ) = 478J.

(17)

A more careful calculation of enthalpy might produce a smaller value for H due to the
action of the Z2 discrete symmetries discussed in the previous section.
Furthermore, another regime is kB T  J, for which FCi ∼ −Ei J < 0 and SCi ∼ 0.
This describes the ground state and has a clear intuitive interpretation favouring large
clusters. Zero entropy follows the 3rd law of thermodynamics. Negative energy implies
positive pressure and contraction. However, quantum corrections are here signiﬁcant.
The negative contribution stemming from cluster formation is nearly cancelled by the
quantum mechanical ground-state energy, leading to roughly zero energy and pressure,
and lattice points close to equilibrium.
Metastability of the two E8 lattices is central to the argument presented and should
be studied more thoroughly now. To proceed, recall that, in a sphere packing, the space
Rd can be geometrically divided into identical regions F called fundamental cells, each
of which contains just one sphere. Thus, the density of a sphere packing is given by
φ = v/V ol(F ), where v is the volume of a single d-dimensional sphere and V ol(F ) is the
d-dimensional volume of F [29]. The density φ is a decreasing function of d. Metastability
is at least qualitatively supported from the fact that the E8 lattices oﬀer a local maximum
for a properly-normalized kissing number (nKN) and for the centre density, deﬁned as
the ratio of sphere-packing density over the unit-sphere volume for certain dimensions
d. Indeed, there exist bounds according to which the E8 lattice oﬀers a centre density
higher than the maximum achievable for 8 < d < 12 [37]. In parallel, regarding known
sphere packings, it oﬀers maximal centre density for 6 < d < 18 and a local maximum
for nKN [38]. The next dimension probably providing a local maximum for the centre
density and for nKN hosts the even unimodular (i.e. self-dual) Leech lattice in d = 24
oﬀering maximal centre density for 0 < d < 28 and a kissing number equal to 196,560.
Although it exhibits symmetries not associated with the known Lie groups, (instead, it is
closely connected to the largest sporadic ﬁnite simple group), one should explore further
the relevant Physics since it might correspond to a more stable equilibrium where our
Universe might eventually decay into.
To be more explicit, we assume that, near its ground state, the behaviour of our
system is dictated by a potential of the form V = −φEi J. We deﬁne an optimal potential
Vopt as Vopt ≡ −φmax Ei (max) J, where φmax = 2−0.6d ≥ φ is a theoretical upper bound of
φ for large d [29] and Ei (max) is the maximal lattice kissing number known in a given
dimension. Even though the expression for φmax gives a bound that is too stringent for
lower values of d, using instead the largest known packing-density values for d < 11 does
not spoil qualitatively the behaviour of the optimal potential. The values of Vopt for J = 1
in various dimensions are listed in Table 2. As can also be seen in the related Figure 2,
Vopt exhibits two, almost degenerate, minima at d = 8 and d = 24. Since a known kissingnumber conﬁguration does not necessarily saturate the packing-density upper bound, the
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Fig. 2 The potential Vopt (J = 1) suggesting metastability of the E8 lattice. The solid line
corresponds to the known Ei (max) values listed in Table 1, while the dotted line corresponds to
to the upper bound of Ei (max) given in [39]

calculation of Vopt above beneﬁts suboptimal packings. This only makes our argument
stronger, since the local extrema of the potential correspond to the E8 and Leech lattices,
which are most likely optimal. This provides a ﬁrst indication that our system is naturally
lying in a metastable conﬁguration dictated by the d = 8 minimum. In order to prove the
metastability of the E8 lattice rigorously, one needs to improve further the upper bounds
for kissing numbers in Rd for d > 8 [39]. Although present bounds suggest that d = 8
is preferred over lower-dimensional conﬁgurations, presently-unknown conﬁgurations for
d > 8 (other than the Leech lattice) might correspond to kissing numbers rendering them
energetically slightly more favorable.
A more detailed study of critical behaviour in this context clearly necessitates computer simulations, which have proven to be indispensable even for much simpler physical
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Table 1 Ei (max) and Vopt in various dimensions d. Kissing numbers for 8 < d < 16 and d > 24
correspond to non-lattice packings

Vopt (J = 1)

Dimension d

Kissing number Ei

1

2

(SU (2) lattice ∼ Z)

-1.32

2

6

(SU (3) lattice)

-2.61

3

12

(SU (4) ∼ SO(6) lattice)

-3.45

4

24

(SO(8) lattice)

-4.55

5

40

(SO(10) lattice)

-5.00

6

72

(E6 lattice)

-5.94

7

126

(E7 lattice)

-6.86

8

240

(E8 lattice: optimal) <even, self-dual>

-8.62

9

306

-7.25

10

500

-7.81

11

582

-6.00

12

840

-5.71

13

1154

-5.18

14

1606

-4.75

15

2564

-5.01

16

4320 (Barnes-Wall lattice) <even, not self-dual>

-5.57

17

5346

-4.54

18

7398

-4.15

19

10668

-3.95

20

17400

-4.25

21

27720

-4.46

22

49896

-5.30

23

93150

-6.53

24

196560 (Leech lattice: optimal) <even, self-dual>

-9.09

25

197040

-6.01

26

198480

-4.00

(max)

systems. In particular, it would be very useful to further study the metastability of the
various possible lattices, in order to check the validity of the emergence scenario presented. For temperatures close to criticality, it might prove to be useful to also study the
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behaviour of the q = 2 Potts model as being closer to the fermionic action we started
with. Moreover, one should study further the mechanism by which the two E8 lattices
couple to each other during the “crystallization” and compactiﬁcation process, in a way
consistent with the discussion of the previous section. We close this section by noting
that, in a space that is inherently discrete as the one just analysed, the continuum limit
required in order to study consistently the E8 -singlet fermion condensate is ill-deﬁned.
Therefore, the antisymmetric 248a fermion condensate considered in the previous section
is left as the most natural trigger of symmetry breaking.

3.3 Cosmological implications
Next, we describe some potentially interesting cosmological implications of this critical
behaviour. We take the measured Λ ∼ 2 × 10−3 eV to correspond to the free energy of
a minimal cluster of the E8 × E8 lattice having 240 edges from each of the two E8 ’s, i.e.
Ei = 480, and TCBR ∼ 2.7×10−4 eV of the cosmic background radiation to be equal to the
system’s temperature. Then, the critical free-energy expression yields Λ ∼ 7kB TCBR ∼
10J and ≡ (TCBR − Tc )/Tc ∼ 1%. This implies a certain ﬁne-tuning close to criticality
for T . Taking the Universe to be in a “glass-to-crystal” transition, typical relaxation
and equilibration times τ for glassy dynamics are huge compared to the microscopic
ones of ferromagnetic-type systems. This leads to considering non-adiabatic phenomena,
since τ is given by τ ∼ ξ z ∼ (T − Tc )−νz , with ξ the correlation length and ν, z critical
exponents. Near the transition point, ξ and τ diverge. This implies that relaxation times
are of cosmological scale, and we might be just living within such a critical period.
Another issue to address is the smallness of Λ in comparison to MPlanck . The solution
to this puzzle might be coming from the Hamiltonian we started with, which includes
only local, nearest-neighbour, interactions, eﬀectively introducing a very large infrared
cut-oﬀ. For this interpretation to work, Feynman integrals are to be performed over the
whole momentum space only when particles are present in the Feynman diagram, which
can exhibit non-local behaviour. Spacetime itself is local and momentum integration
should not be allowed to reach values much lower than MPlanck . Alternatively, one can
introduce a phenomenological potential V (r) between lattice sites being separated from
each other by a distance r, similar to the Lennard-Jones type, given by
√ ! " 

d−3 
Ja a d
LPlanck
1−
(18)
V (r) = −2Ei J
r
2
r
with LPlanck = 1/MPlanck , d = 16 and a having dimensions of length corresponding to
the distance where “repulsive” eﬀects become important. For large r, V (r) vanishes like
1/rd−3 , since the 2-point correlation function in position space falls as 1/rd−2 . Using the
fact that d  1, min(V (r)) ∼ −Ei J in accordance with the ground-state free energy
reached for rmin ≡ LPlanck ∼ a(Ja)1/2d deﬁning in parallel LPlanck as a function of J.
The potential exhibits a non-linear behaviour with respect to J, a situation possibly
traceable back to the action of equation 7 before linearization. Moreover, V (r) has a zero
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at r = 2−1/d LPlanck ∼ LPlanck , i.e close to the value where it has its minimum.
Since the slope of V (r) for small r is proportional to a large power of a, adjusting the
modulus a can control the steepness of the potential. Using the relation

2d+1
LPlanck
(19)
JLPlanck =
a
derived directly from the minimization condition and taking a ∼ 9.3LPlanck gives the required hierarchy Λ ∼ 10−31 MPlanck between Λ and MPlanck . The extent of this hierarchy
might therefore be traced not only in the large dimensionality of our space, but also in
the steepness of the repulsive potential between sites. Moreover, the quantity JLPlanck ,
apart from falling with increasing a, is proportional to the system’s Volc and inversely
proportional to the emergent gauge coupling. Symmetry breaking could then be associated with a shrinking Volc and with a critical value of the steepness parameter a, i.e.
ac ∼ 9.3LPlanck , above which fermion condensates form. Anyway, the form of the 2nd
term of the potential needs further justiﬁcation, probably in terms of a series expansion
in powers of (a/r)d , where the value of a might be determined by the geometry of the
lattice.
Consequently, a higher-dimensional analogue of spin-glass phase transitions might
provide a picture for the emergence of E8 × E8 at the beginning of our Universe, as a
kind of “liquid-to-solid”, freezing phase transition, or a kind of disorder-order, “glass-tocrystal” transition. Regarding entropy S, the only way for the system to compensate
for the loss of S within a spacetime volume V ol during a time dt is to expand, changing its volume by d(V ol). This leads to an equation V ol = (V ol)0 exp (μEi t) with μ
constant. Although large values for Ei imply a period resembling inﬂation in a way consistent with our previous relevant discussion, a detailed study in this direction exceeds
the bounds of the present analysis. Other cosmological implications include the existence
of macroscopic domains in the Universe not having the symmetries observed in our neighbourhood. Particles within such regions would not interact in familiar ways, for instance
not feeling electromagnetic interactions and possibly supplying an explanation for Dark
Matter (DM). The luminous parts of galaxies would occupy regions corresponding to the
“jammed”, ordered phase of spacetime, domain states of ferromagnetic type, like “crystal
bubbles” within a glass-type, amorphous spacetime structure. Domain growth would be
described by a relation of the form ξ(τ ) ∼ τ 1/z . The ratio R of crystal-to-glass-type volumes would be given by R = 1 − exp(−ΔF/kB T ), where ΔF is the free energy gained by
the system by being in the “crystal” state. Nucleation and growth of crystalline grains
within amorphous glass materials is a frequently-studied subject in solid-state physics
[40] and could provide a testing ground for related cosmologies.
A related scenario that could be analysed might predict that “spacetime” nucleation
continues today, implying a growth of the luminous-to-DM ratio on cosmological timescales. Using the expression for the critical free-energy, we ﬁnd R = 1 − 2−2(480−Ẽi )
where Ẽi is the number of edges, per potential E8 × E8 lattice cluster, of the “glass”
state. For ∼ 1%, we ﬁnd the following possible characteristic (R, Ẽi ) pairs: (5%, 476),
(24%, 460) and (75%, 380). A detailed analysis towards this direction would allow the
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prediction of galactic DM concentrations and of the average structure of the underlying
spacetime lattice. It would allow answering questions like “is the structure of spacetime
within the intergalactic voids of glass- or crystal-type?” and compare results with DM
considerations [41]. Assuming that “crystal” domains are occupied by visible galaxies
implies that R ∼ 5%, while taking intergalactic voids to be also “crystal”-like raises R to
around 77%. Other possibilities include DM regions corresponding either to alternative
E7 symmetry breakings, or to denser “sphere packings” not linked to a group’s root
system. The latter takes us to a scenario where our vacuum has already started decaying
towards a more stable conﬁguration like the Leech lattice, leading to growing DM and
shrinking luminous domains.
Alternatively, in oﬀ-equilibrium phenomena of crystal and glass formation, the ﬂuctuationdissipation theorem in fast transitions is violated, since the system does not have enough
time to relax to its new equilibrium, forcing us to consider “eﬀective temperatures” Tef f
even an order of magnitude larger from the heat-bath ones [42]. Here, R ∼ 50% implies
Tef f ∼ 10TCBR , while R ∼ 80% implies Tef f ∼ 5TCBR . If the universe expanded and
cooled too fast to have relaxed to equilibrium, Tef f for “crystal” formation is larger than
TCBR . This might explain expansion or inﬂation in terms of ΔF = ΔF (t). A disordered initial conﬁguration in a “liquid” state has a higher energetic gain by forming a
crystal than a “glass” state. As the Universe cools down and ordered “glass-type” structures emerge, ΔF (t) decreases. Such values of Tef f are consistent with treating particles
as topological or vacancy defects on the lattice background described above, analogous
to positively-charged holes in an electron sea or lattice, their number density dp in the
Universe being a function of enthalpy cost and approximately equal to the ratio of their
entropy Sp ∼ kB 1089 to the Universe entropy SB ∼ kB 10122 assuming a Bekenstein-bound
saturation [43], ı.e.
dp ∼ Sp /SB ∼ 10−33 ∼ exp (−H/kB Tef f ),
(20)
implying from equation 17 that Tef f ∼ 4.4TCBR . This result favours in parallel the characterization of intergalactic voids as “crystal-like”. Note that the discrepancy between
TCBR and Tef f might actually be smaller if a more careful calculation of the enthalpy H
is performed.
Moreover, the position of galaxies and such “crystal bubbles” might be correlated,
with mass acting as a topological defect closely connected to the formation of a spacetime “crystal”. This has far-reaching implications on the structure formation of galaxies,
consistent with the view that stars are born within DM halos. It could potentially lead to
an understanding of the shape of spiral galaxies on the basis of “helicoidal dislocations”
in crystals. It might also explain the large voids between galactic clusters, since crystals
usually displace impurities towards boundaries of diﬀerent phases and form vacancy clusters to minimize their energy. In our case, the role of impurities is played by DM regions
containing small crystal “islands”, i.e. galaxies. The latter are full of vacancy defects
which are “frozen-in” during cosmological expansion, in analogy to a similar phenomenon
occurring during fast crystallization, and which correspond to elementary particles. Such
considerations might also solve the “dwarf galaxy” problem, ı.e. the rarity of “dwarf”
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galaxies, which are an order of magnitude less than predicted by simulations [44][45],
since in these “dwarf” galaxies, particle density, seen as a defect, has not reached values
consistent with nucleation and “crystal” formation. Experiments could be designed in
the far future to probe the spacetime structure within DM domains, or to measure the
potential energy release, perhaps in the form of ultra-high energy cosmic rays, which are
presently of unknown origin, when the “crystal” forms. However, critical phenomena of
this kind are intractable even in low dimensions, necessitating the use of phenomenological potentials and simulations in the area of glass-to-crystal transitions which is still far
from being well understood. Although a thorough analysis in this direction transcends
our purposes, the smallness of the luminous-matter portion of the total energy of the
Universe makes us reluctant to discard so radical solutions of the DM and Dark-Energy
puzzle too hastily. We close this discussion by noting a similar attempt to circumvent
problems cold-DM models have with galactic mass distribution by positing that DM is
topological [46].
Next, we discuss brieﬂy quantization of our action. What follows is speculative, noting
a proximity of the present theory with some current approaches to quantum gravity. The
fact that the group E8 is simply laced allows the deﬁnition of a common scale 1/MPlanck
equal to the roots norm, an identiﬁcation deﬁning a fundamental scale for the theory.
By having Γ8 × Γ8 emerge with lattice spacing equal to LPlanck , one achieves a cellular
decomposition of spacetime with a UV cut-oﬀ equal to MPlanck , avoiding in principle
singularities plaguing quantum gravity. The number of faces, edges and vertices of the
various simplices is determined by this lattice. This might have a dramatic impact not
only on the general renormalization programme but also on black holes, the initial singularity of spacetime and gravitational collapse, analogous for some to the false prediction
of atom collapse before the advent of quantum mechanics.
Moreover, the metric in section 2 is reminiscent of the one in the spinorial version of
Ashtekar variables [47] using no background metric. In an approach close to spin networks and lattice Yang-Mills, we have lattice nodes corresponding to 4d spacetime points,
a “world crystal”, where a continuum perturbative limit is ill-deﬁned since spacetime is
inherently discrete, while ﬂat Minkowski space lies far from perturbative considerations.
On each node there is a ﬁber corresponding to E7 × E7 stemming from 14 compactiﬁed
dimensions. Note that the SU (2)s of the Lorentz group play an important role in approaches to quantum gravity like spin foam quantization. Inspired by the Penrose metric
operator in spin networks, in such approaches one usually connects the spacetime area
Casimir invariant σ 2 = j(j + 1), where j is a rep of SU (2),
as with the “quantized”

2
, with |jmin | = 1/2 providing an “area gap” cruyielding as ∼ i ji (ji + 1)/MPlanck
cial for a ﬁnite theory of quantum gravity [48]. One may speculate on a connection of
the fermion spin and the smallest SU (2) rep |jmin | = 1/2 appearing in such a spin network. Fermions at each spacetime link might “borrow” their spin from the underlying
lattice, while chirality is determined by which of the 2 underlying SU (2)s is “lending”
it. A probability wavefunction extending between 2 adjacent lattice nodes corresponds
to a particle with Planck-scale energy, which seems a reasonable conﬁguration for the
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ﬁrst moments after the creation of the Universe. It also provides an understanding of
Heisenberg’s uncertainty principle, since a particle is not localized on a node but extends
at least between 2 adjacent nodes. Furthermore, the identiﬁcation of the components of
the spacetime metric with a spinor 2-point correlation function described in the previous
section might be addressing the non-locality problems arising in the quantum-mechanical
interpretation of the EPR paradox. This is compatible with treating particles with spin
as spacetime defects like “dislocations” and “disclinations” in Einstein-Cartan action theories [49][50], reminds us of Wheeler considering particles as “quantum geometrodynamic
excitons” [51] in an analogy inspired by solid-state Physics and is consistent with our
previous treatment of particles as topological or vacancy defects. Such schemes might
also lead to a small Λ due to a kind of “equilibrium” between lattice sites [50]. The
above provide just a heuristic hint towards quantization, more work being required to
derive robust results. Experiments around MPlanck should distinguish such a spacetime
fabric from models treating particles as extended objects on a continuous spacetime background. Ideas along these lines might include in the future a gravitational analogue of
Bragg spectroscopy probing the microstructure of spacetime.

4.

Discussion

4.1 Open issues
Considering the results of the previous sections, we have to note that several open issues
still remain. Most important, the issue of providing a solid framework leading to the
quantization of General Relativity, while the emergence of a UV cutoﬀ in the theory is
an encouraging sign in this direction. In this respect, the natural appearance of mirror
fermions in an inherently discrete spacetime deserves further study within the context
of the Nielsen-Ninomiya theorem, since it might be an early indication of the deeper
structure of our world. Next, one should show that the 16d torus over the πΓ8 × πΓ8
lattice emerges naturally and produces the action needed to describe correctly Physics at
long wavelengths, including the number of internal dimensions, their possible relation to
inﬂation, and the value of the cosmological constant. In this respect, the metastability of
this lattice should be studied further, since it would oﬀer a solid argument for the emergence of the symmetries observed in nature. In addition, more work is required towards
proving that the Potts lattice model analyzed belongs to the same universality class as
the one required by our spinor-gravity approach, in order to draw safer conclusions on the
validity of the qualitative cosmological implications of this model, including the interpretation of elementary particles as vacancy defects, or “defectons” in a quantum setting.
Then, a justiﬁcation of the parity-violating assumption gF >> gK is needed, probably in
relation with the compactiﬁcation volumes. Furthermore, a rigorous justiﬁcation of the
breaking channels of the symmetries down to the SM should be sought, since these channels, although attractive, are not unique. In addition, a more reliable calculation of the
critical coupling associated to the breaking of the initial symmetry should be performed.
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Moreover, unitarity issues have to be tackled because of the non-compact form of the
Lorentz group SO(3, 1). In principle, a metric-independent topological action like the
one in equation 7 should cure such issues when considered from the viewpoint of a fundamental theory. Last, the structure of the mass matrices mixing ordinary fermions with
their mirror counterparts should be further studied, while reminding that they provide an
interesting possible source of CP violation leading potentially to the baryon asymmetry
of the Universe.
On the experimental front, a problem with the fermion content described in this work
is that it is usually associated with an S parameter which is larger than what is measured
experimentally. It remains to be seen whether non-perturbative vertex corrections in
such models can drive the S parameter close to zero, although so many new fermions are
introduced [7]. On the other hand, some LEP and Fermilab results at the 2 − 3σ level
are in principle compatible with quark-katoptron mixing and the existence of katoptron
bound states [52], since they suggest mass-dependent anomalous quark couplings [53]
and an excess of dijet plus W-boson events [54]. Moreover, assuming that the theory
exposed above is correct, recent LHC results regarding a new boson having a mass of
around 126 GeV, if ﬁnally conﬁrmed, correspond to a member of a series of katoptronic
mesons, similar to QCD or technicolor mesons. We expect future collider experiments in
LHC and elsewhere to shed more light on some of these issues by carefully studying the
fermionic couplings of any new bosons detected.

4.2 Conclusions
We exposed above an attempt to unify gauge with gravitational interactions using E8 ×E8
emerging naturally from ﬁrst principles. It presents several advantages, not requiring
many arbitrary parameters, nor fundamental scalar ﬁelds, nor extra space dimensions; it
leads to coupling uniﬁcation and to an understanding of the uniﬁcation coupling strength
from an invariant of the emergent symmetry group; it reproduces the symmetries, the
family structure of matter and the dimensionality of spacetime; it provides an understanding of the splitting between internal dimensions and spacetime, which is far from
being treated as background; it provides a possible solution to the hierarchy problem between the Planck scale, the weak scale and the cosmological constant scale by introducing
mirror fermions, the appearance of which might be an indirect indication of the discrete
structure of spacetime. Moreover, it exhibits a unique vacua sequence with cosmological implications like the interpretation of DM as having a topological origin. However
comprehensive this approach might seem, it is far from a “theory of everything”, since
there are insurmountable philosophical and mathematical barriers, which can be traced
back to Kant and Goedel respectively, separating a scientiﬁc theory from such terms of
metaphysical origin. In any case, securing the present approach on a ﬁrm basis needs,
among many other things, a new physical principle which refers to “optimal connectivity”.
This principle lies presumably at the heart of several other scientiﬁc areas as well (like
crystallography, cognitive science etc.) and is more fundamental than a given spacetime
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or gauge symmetry; according to it, spacetime, matter, and their symmetries, emerge
naturally, after a relevant phase transition, from a set of identical, distinct elementary
ﬁelds connected to each other optimally.
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1.

Introduction

The study of Bianchi type V cosmological models create more interest as these models contain isotropic special cases and permit arbitrary small anisotropy levels at some
instant of cosmic time. As an anisotropic cosmological model, cosmologists generally consider Bianchi type I space-times, which are the simplest generalizations of FRW models.
There are still a few other models that describe an anisotropic space-time and generate
particular interest among physicists such as Lorenz and Petzold [1], Singh and Agrawal
[2], Ibanez et al [3], Berger [4], Marsha [5], Socorro and Medina [6]. Among diﬀerent
models Bianchi type V universes are the natural generalization of the open FRW model,
which are eventually become isotropic. A number of authors such as Franswerth [7],
Collins [8], Maartens and Nel [9] Wainwright et al [10], Beesham [11], Maharaj and Beesham [12], Shri Ram [13] and Camci et al [14] have studied bianchi type V models in
∗
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diﬀerents Physical contexts. Christodoulakis et al [15,16] have studied untilled diﬀuse
matter Bianchi V universes with perfect ﬂuid and scalar ﬁeld coupled to perfect ﬂuid
sources obeying a general equation of state. Following the work of Saha [17], Singh and
Chaubey [18,19] have presented a quadrature form of metric functions for Bianchi type
V model with perfect ﬂuid and viscous ﬂuid.
In resent years the solution of Einstein’s ﬁeld equation for homogeneous and anisotropic
Bianchi type models have been studied by several authors such as Hajj-Boutros [20,21],
Mazumdar [22] in diﬀerent text. Solutions of ﬁeld equations may also be generated by
applying the law of variation for Hubble’s parameter, which was initially proposed by
Berman [23] for FRW models. The main feature of this law is that it yields constant
value of deceleration parameter. The cosmological models with constant deceleration
parameter have been studied by Maharaj and Naidoo [24], Johri and Desikan [25], Singh
and Desikan [26] in diﬀerent theories of FRW and Bianchi type I models. Recently Singh
and Kumar [27] extended Berman works to study anisotropy Bianchi type II space-time
models by formulating the law of variation for Hubble’s parameters.
Models with a relic cosmological constant Λ have received considerable attention
recently among researchers for various reasons [28-32] Some of the resent discussions on
the cosmological constant problem and on cosmology with time varying cosmological
constant by Ratra and Peebles [33] and Dolgov [34-36] pointed out that in the absence of
any interaction with matter or radiation, the cosmological constant remains a “constant”.
however in the presence of interactions with matter or radiation, a solution of Einstein’s
equations and the assumed equation of covariant conservation of stress-energy with a time
varying Λ can be found. For these solutions, conservation of energy requires a decrease
in the energy density of the vacuum component to be compensated by a corresponding
increase in the energy density of matter or radiation. Earlier researchers on this topic,
are contained in Zeldovich [37]. Resent cosmological observations by High-z Supernova
Team and Supernova Cosmological project (Garnavich et al [38], Perlmutter et al [39],
Rices et al [40],
et al [41] strongly favour a signiﬁcant and positive Λ with the
"
! Schmidt
G–
h
magnitude Λ
/c3 ≈ 10 123 . Their ﬁndings arise from a study of more than 50 type
Ia Supernovae with redshifts in the range 0 · 10 ≤ z ≤ 0 · 83 and suggest Friedman models
with negative pressure matter such as the cosmological constant, domain walls or cosmic
strings. The main conclusion of these observations on magnitude and redshift of type Ia
supernovae suggests that the expansions of the universe may be an accelerating one with
a large function of cosmological density in the form of the cosmological Λ-term.
In this paper I extended the work of Singh, Shri Ram and Zeyauddin [42] in the
presence of interactions with matter or radiation to specially homogeneous and totally
anisotropic Bianchi type V models with perfect ﬂuid as source. In section 2, we present
the ﬁeld equations and in sec.3 we present the law of variation of Hubble’s parameter for
this space-time that yields the constant value of deceleration parameter.
In sec.4, we presented the exact solution of ﬁeld equations and in sec. 5, we present
discussion and concluding remaks.
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Field Equations

For Bulk Viscous ﬂuid the usual energy momentum tensor is modify by addition of term
(vac)

Tij

=

Λ(t)gij ,

(1)

Where Λ(t) is the cosmological term and gij is the metric tensor. Thus the new energy
momentum tensor is given by
Tij = (p + ρ)ui uj

pgij

Λ(t)gij ,

(2)

Where p and ρ are the energy density and pressure of the cosmic ﬂuid, and ui is the ﬂuid
four velocity such that ui ui = 1.
We consider the space-time metric of spatially homogeneous Bianchi type v of the
form
%
&
(3)
ds2 = dt2 A2 (t)dx2 e2αx B 2 (t)dy 2 + C 2 (t)dz 2
where α is constant. For the energy momentum tensor (2) and Bianchi type V space time
(3), Einstien’s ﬁeld equations
Rij

1
Rgij =
2

8πTij

(4)

Yield the following ﬁve independent equations
A44 B44 A4 B4
+
+
A
B
AB

α2
=
A2

8π(p + Λ),

(5)

A44 C44 A4 C4
+
+
A
C
A4 C4

α2
=
A2

8π(p + Λ),

(6)

α2
B44 C44 B4 C4
= 8π(p + Λ),
(7)
+
+
B
C
BC
A2
A4 B4 A4 C4 B4 C4 3α2
= 8π(ρ Λ),
(8)
+
+
AB
AC
BC
A2
A4 B4 C4
= 0,
(9)
2
A
B
C
Here and what follows the suﬃx 4 by the symbol A, B, C denotes diﬀerentiation with
respect to t. Taking into account the conservation equation , we have


A4 B4 C4
+
+
=0
(10)
ρ4 + (ρ + p)
A
B
C

3.

Model and Law of Variation for Hubble’s Parameter

The law of variation for the generalized mean Hubble parameter in the case of a spatially
homogeneous and anisotropic for Bianchi type V space time metric that yields a constant value of deceleration parameter. We deﬁne the following physical and geometrical
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parameters to be used in formulating the law and further in solving the Einstein’s ﬁeld
equations for the metric (1).
The average scale factor a of the Bianchi type V model is given by
a = (ABC)1/3

(11)

V = a3 = ABC

(12)

The spatial volume V is given by

We deﬁned the generalized mean Hubble’s parameter H as
H=

1
(H1 + H2 + H3 )
3

(13)

Where H1 = AA4 H2 = BB4 and H3 = CC4 are the directional Hubble’s parameters in the
direction of x,y and z respectively. The suﬃx 4 denotes diﬀerentiation with respect to
cosmic time t.
From equation (11)-(13), we obtain the following relation


a4
1 A4 B4 C4
1 V4
=
=
+
+
(14)
H=
3V
a
3 A
B
C
The physical quantity of observational interest in Cosmology are the expansion scalar θ,
shear scalar σ 2 and the average anisotropy parameter Am . All are deﬁned as follows


A4 B4 C 4
i
θ = u;i =
+
+
(15)
A
B
C
'
(
1
1 2 A4 B4 A4 C4 B4 C4
2
ij
θ
,
(16)
σ = σij σ =
2
3
AB
Ac
BC
2
3 
1  ΔHi
Am =
(17)
3 i=1
H
Where ΔHi = Hi H (i=1,2,3)
Since the line element (1) is completely characterized by Hubble parameter H, therefore let us consider that mean Hubble parameter H is related to the average scale factor
a by the relation
(18)
H = ka n = k(ABC) n/3
Where k (> 0) and n (≥ 0) are constant. Such type of relation has already been considered
by Berman [23] for solving FRW models. Later on, many authors have studied ﬂat FRW
and Bianchi type models by using the special law of Hubble parameter that yields constant
value of deceleration parameter. The deceleration parameter (q) is deﬁned as
q=

a44 a
a24

(19)
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From equation (14) and (18), we get
a4 = ka
a44 =

k 2 (n

n+1

1)a

(20)
2n+1

(21)

From equation (19), (20) and (21), we get
q=n

1

(22)

Thus we see that q is constant. The sign of q indicates whether the model inﬂates or
not. The positive sign of q (n >1) corresponds to standard decelerating model whereas
the negative sign 1 ≤ q ≤ 0 i.e. (0 ≤ n ≤ 1) indicates inﬂation. It may be noted that
though the current observations of SNe Ia and CMBR favor accelerating models (q < 0),
but they do not altogether rule out the decelerating ones which are also consistent with
these observations
From equation (20), we obtain the law of average scale factor a as
a = (nkt + c1 )1/2 for n = 0

(23)

a = c2 exp(kt), for n = 0

(24)

And
Where c1 and c2 are the constants of integration.
From eq. (23) it is clear that the condition for expansion of universe is n = q + 1 >
0.

4.

Solution of Field Equations

Field equations (5) – (8) and (10) can be written in terms of H, σ 2 and q as
8π(p + Λ) = H 2 (2q
8π(ρ

Λ) = 3H 2

1)

σ2 +

σ2

ρ4 + 3(ρ + p)H = 0,

α2
,
A2

3α2
,
A2

(25)
(26)
(27)

Integrating equation (9) and absorbing the integration constant into B or C, without loss
of generality, we obtain
(28)
A2 = BC
We now present the quadrature form of Einstein’s ﬁeld equations (5)–(9). Subtracting
(7) from (6), one ﬁnds the following relation between A and B
 

dt
A
= d1 exp k1
(29)
B
a3
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Analogically, we ﬁnd the other relations
 
B
= d2 exp k2
C
 
C
= d3 exp k3
A

dt
a3
dt
a3


,

(30)

,

(31)



Where d1 , d2, d3 , and k1 , k2 , k3 , are constants of integration, obeying
d 1 d3 = d2 1

,

k1 + k2 + k3 = 0

(32)

In view of equation (32), we obtain the metric functions from (29)–(31) explicitly as
follows Saha [17], Singh and Chaubey [19]



K1
dt
1/3
,
(33)
A(t) = (l1 ) a exp
3
a3



K2
dt
1/3
B(t) = (l2 ) a exp
,
(34)
3
a3



K3
dt
1/3
C(t) = (l3 ) a exp
,
(35)
3
a3
Where K1 = k1 –k3 , K2 = -2k1 – k3 , K3 = k1 + 2k3,

)
l1 = 3 d1/d3 , l2 = 3 1 d2 d3 ,
1

l3 =


3
d1 d23

From equation (33) – (35), it is clear that for a = (nkt + c1 )1/n with n > 0, the exponent
tends to unity for large value of t and the anisotropic model becomes isotropic.
From equation (28) and (33)-(35), we obtain
K1 = 0, K2 = -K3 = K, l1 = 1, l2 = l3 1 = M 3
Where K and M are constants. Now the equation (33)-(35) can be written as
A(t) = a,

 
dt
K
,
B(t) = M a exp
3
a3



K
dt
1
C(t) = M a exp
,
3
a3

(36)
(37)
(38)

Thus the metric functions are represented explicitly in terms of average scale factor a.
It is to be noted that once we get the value of a, we can ﬁnd the metric functions.
Many authors have tried to ﬁnd the solutions the quadrature equation (36)-(38) by using
diﬀerent techniques. Here we solve equation (36)-(38) by using the average scale factor as
obtained in equation (23) and (24) for n = 0 and n = 0, respectively by the assumption of
equation (18), which have physical interest to describe the decelerating and accelerating
universe.
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4.1 When n = 0
Using equation (23) into (36)-(38), the solutions for metric functions can be written as
1

A(t) = (nkt + c1 ) n ,
'
(
(n 3)/
1
K
n ,
(nlt + c1 )
B(t) = M (nkt + c1 ) n × exp
3k(n 3)
'
(
(n 3)/
1
K
1
n ,
(nlt + c1 )
C(t) = M (nkt + c1 ) n × exp
3k(n 3)

(39)
(40)
(41)

Where n = 3.
Hence metric (3) reduces to the new form


⎡
2

ds = dt

2

2
n

(nkt+c1 ) dx

2

e

2αx


⎤
3)/
2
n
dy + ⎥
nkt + c1 )
⎦,
"
(n 3)
2
n
(nkt + c1 )
dz
3)
(42)



K
2
⎢ M (nkt + c1 ) exp 3k(n 3)
⎣
!
2
K
2
n
M (nkt + c1 ) exp
3k(n
2
n

(n

The pressure and density for model (42) is given by
8π(p + Λ) = (2n

3)k 2 (nkt + c1 )

2

K2
(nkt + c1 )
9

6
n

+ α2 (nkt + c1 )

2
n

(43)

6
2
K2
(44)
(nkt + c1 ) n 6α2 (nkt + c1 ) n
9
For complete determinacy of the system, we consider a perfect gas equation of state

8π(ρ

Λ) = 3k 2 (nkt + c1 )

2

p = γρ,

0 ≤ γ ≤ 1.

(45)

Equation (43), with the use of (45) and (44), reduces to
8π(1 + γ)ρ = 2nk 2 (nkt + c1 )

2

2K 2
(nkt + c1 )
9

2α2 (nkt + c1 )

6
n

2
n

(46)

Eliminating ρ(t) between equation (44) and (46), we obtain
8π(1+γ)Λ = (2n 1 γ)k 2 (nkt+c1 )

2

(1 γ)

K2
(nkt+c1 )
9

6
n

+(3+3γ 2)α2 (nkt+c1 )

2
n

(47)

From equation (47), we observe that at the time of early universe the cosmological
constant (Λ) is negative (t < 0.678) and it increases rapidly during a very short period of
time (see Fig.1) For t = 0.678, the value of cosmological constant becomes positive and
get its maximum value at t =0.9275 then it decreases as time increases (see Fig. 2). We
also observe that the value of Λ is small and positive at late time which is supported by
recent type Ia supernovae observation [39-41] The various values of Λ at diﬀerent cosmic
time t are given
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Fig. 1 The plot of cosmological constant versus time t for the model (42) with parameters γ
= 0.5, α = 0.2, n = 1, k = 1, K = 2 and c1 = 0.1.

Fig. 2 The plot of cosmological constant versus time t for the model (42) with parameters γ
= 0.5, α = 0.2, n = 1, k = 1, K = 2 and c1 = 0.1.

S.No.

Cosmic
time
(t)

Cosmological S.No
constant ( )

Cosmic
time
(t)

Cosmological
constant ( )

1

0

-5798

9

1.183

0.008332

2

0.00249

-5003

10

1.487

0.005929

3

0.00514

-4292

11

2.105

0.003208

4

0.504

-0.07598

12

3.951

0.0009643

5

0.678

0.0000615

13

10.00

0.0001554

6

0.700

0.00264

14

20.00

0.00003923

7

0.817

0.00918

15

50.00

0.000006388

8

0.927

0.01008

16

100.00

0.000001582

The scalar curvature has the following expression
R = 6k 2 (2

n)(nkt + c1 )

2

+

2K 2
(nkt + c1 )
9

6
n

6α2 (nkt + c1 )

2
n

(48)
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The directional Hubble’s parameters H1, H2 and H3 are given by
H1 = k(nkt + c1 )

1

(49)

3
K
(nkt + c1 ) n
3
3
K
H2 = k(nkt + c1 ) 1 + (nkt + c1 ) n
3
Where as the average generalized Hubble’s parameter is given by

H2 = k(nkt + c1 )

1

+

H = k(nkt + c1 )

(50)
(51)

1

(52)

The other physical quantities θ, Am and σ 2 is given by
θ = 3k(nkt + c1 ) 1 ,

(53)

2n 6
2 K2
(nkt + c1 ) n
2
27 k
6
K2
(nkt + c1 ) n ,
σ2 =
9

Am =

,

(54)
(55)

4.2 When n=0
In this case, the solutions for A(t), B(t) and C(t) from equation (36)-(38) with help of
equation (24) can be given as
(56)
A(t) = c2 exp(kt),
'
(
K
B(t) = M c2 exp kt
exp( kt) ,
(57)
3c32 k
'
(
K
1
(58)
B(t) = M c2 exp kt + 3 exp( kt) ,
3c2 k
Hence the metric (3) reduces to new form
⎡
ds2 = dt2

c22 exp(2kt)dx2

⎤

2 2
⎢ M c2

exp(2αx) ⎣

2K
3c32 k

2

exp( kt)dy + ⎥
⎦,
M 2 c22 exp(2kt + 3c2K3 k exp( kt)dz 2
exp(2kt

(59)

2

For this derived model (59), the pressure, energy density and cosmological constant are
given by
K2
m2
2
8π(p + Λ) = 3k
exp( 2kt) + 2 exp( 2kt)
(60)
9c62
c2
8π(ρ

Λ) = 3k 2

K2
exp( 2kt)
9c62

3m2
exp( 2kt)
c22

(61)

From equation (45), (60) and (61), we get
8π(1 + γ)ρ =

2K 2
exp( 2kt)
9c62

2α2
exp( 2kt)
c22

(62)
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Eliminating ρ(t) between (61) and (62), we get
8π(1 + γ)Λ =

K 2 (γ 1)
α2 (3γ + 1)
exp(
2kt)
+
exp( 2kt)
c22
9c62

3(1 + γ)k 2

(63)

From equation (63), we observe that the value of Cosmological constant decreases as the
time increases. Thus it is decreasing function of time and approaches small value .Which
is supported by the results from resent type Ia supernovae observations
Figure 3 clearly shows the behavior of Cosmological constant Λ as the decreasing
function of time.

Fig. 3 The plot of cosmological constant
= 0.5, α = 2, k = 1, K = 2 and c2 = 1

versus time t for the model (59) with parameters γ

From equation (63), we observe that at the time of early universe the cosmological
constant (Λ) is positive (t < 0.39) and it decreases as time increases For t = 0.39, the value
of cosmological constant becomes negative Thus we observe that the value of Λ is small
and positive at early time which is supported by recent type Ia supernovae observation
[39-41] As time increases the value of cosmological constant becomes negative which leads
the idea of re collapse of our universe. The various values of Λ at diﬀerent cosmic time t
are given
The scalar curvature has the following expression
 2

6α2
2K
2
exp( 2kt)
(64)
R = 12k +
9c62
c22
The directional Hubble’s parameters H1 , H2 and H3 are given by
H1 = k
K
exp( kt)
3c32
K
H2 = k
exp( kt)
3c32
Where as the generalized Hubble’s parameter is given by
H2 = k +

H=k

(65)
(66)
(67)

(68)
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S. No.

Cosmic
time (t)

Cosmological S. No.
Constant
( )

Cosmic
time (t)

Cosmological
Constant
( )

1.

0

0.1401

8.

0.35

0.0094

2.

0.05

0.1154

9.

0.385

0.00075

3.

0.10

0.09306

10.

0.39

-0.00044

4.

0.15

0.07284

11.

0.40

-0.002799

5.

0.20

0.05455

12.

0.45

-0.0139

6.

0.25

0.03799

13.

2.50

-0.1177

7.

0.30

0.02302

14.

5.00

-0.1194

The other physical quantities θ, Am and σ 2 is given by
θ = 3k
Am =

(69)

2 K2
exp( 2kt) ,
3 k 2 c62

(70)

K2
exp( 2kt)
c62

(71)

σ2 =

It is found that the directional Hubble parameters are time dependent while the average
Hubble parameter is constant. In this case also we found deceleration parameter q = -1.
This is the case of de sitter universe.

5.

Discussion and Concluding Remarks

In this paper we have presented the law of variation for Hubble’s parameter in homogeneous and Bianchi type V space-time model that yield a constant value of deceleration
parameter. We have obtained exact solutions of EFES for Bianchi type V space-time
with a perfect ﬂuid as the source of matter and cosmological term Λ varying with time.
It is also seen that solutions obtained by Singh, Shri Ram and Zeyauddin [42] are particular of our solutions. The cosmological constant for model (42) is decreasing function
of time and it approach a small positive value at late time. Which are supported by the
results from recent supernovae observations obtained by the High-z Supernova Team and
Supernova Cosmological project (Garnavich et al [38], Perlmutter et al [39], Rices et al
[40], Schmidt et al [41]. The cosmological constant for model (59) is decreasing function
of time and it approach a small positive value at early time of universe After that its
value is negative (ﬁg 3). In concequence today the estimation of Λ is not only complicated
but also uncertain and indirect. It appears however the Einstein- Maxwell theory points
to a diﬀerent approach possibly simpler and more direct, since it consist in measuring a
constant electromagnetic background of universe. Such a possibility is illustrated below
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for Λ ≤ 0 [43, 44] i.e. for the case when the presence of Λ decelerates the expansion
of universe. A negative cosmological constant adds to the attractive gravity, therefore
universe with negative cosmological constant are invariably doomed to re collapse. For
model (59) we observe that initially the value of cosmological constant is positive and its
value becomes negative as time increases which signiﬁes the re collapse of universe and
generates the next one.
It is possible to discuss entropy of our universe. In thermodynamics the expression
for entropy is given by
T dS = d(ρV ) + P dV
(72)
Where V is the spatial volume.
To solve the entropy problem of the standard model, it is necessary to treat dS > 0,
for at least the part of evolution of universe. Hence from equation (72)


A4 B 4 C 4
+
+
>0
(73)
T dS = ρ4 + (ρ + P )
A
B
C
The conservation equation Tijj = 0; for metric (3) lead to




A4 B4 C 4
3 2 A4 B4 C4
3
ρ4 + (ρ + P )
+
+
+ ΛΛ4 + Λ
+
+
=0
A
B
C
2
2
A
B
C

(74)

Equation (73) and (74) leads to

Λ4 + Λ

A4 B4 C4
+
+
A
B
C


<0

(75)

From equation (14) and (75), we have
Λ4 + 3ΛH < 0

(76)

For n = 0 and n = 0 equation (76) leads to
Λ<

n0

,

n=0

(77)

3kt),

n=0

(78)

3

(nkt + c1 ) n

Λ < exp(k0

Where n and k are constants of integration. It is clear that Λ is the decreasing function
of time in both case. Thus the cosmological constant aﬀect entropy because for entropy
dS > 0 leads to the observational result of Λ(t). From equation (76) we conclude that
cosmological constant is responsible for expansion of universe. For model (42) we ﬁnd
c1
singularity at t = 3k
. The expansion scalar (θ), the mean anisotropy parameter (Am )
2
c1
for n < 3. Also limt→∞ σ2 = 0, hence model
and shear scalar (σ) all diverse at t = 3k
approaches isotropic at late time whereas the model (59) represent singularity free model.
2
For this model also we observe that limt→∞ σ2 = 0, hence model approaches isotropic at
late time. The rate of expansion of universe is uniform through out the evolution. As
t → ∞, p = ρ, which may be considered as vacuum energy density. This class of
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solution is consistent with the recent observations of supernovae Ia [39-41] and chaplygin
gas models by Kamenshchik et al [45] that require the present universe is accelerating.
Generally the models presented in this paper are expanding, shearing and accelerating
which become isotropic at later time of evolution. The solution obtained in this paper
could give an appropriate description of the evolution of universe. More realistic models
may be analyzed using this technique, which may lead to interesting and diﬀerent physical
behaviors of the evolution of universe.
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it way up into the deep in the money state a. Then we use martingale, supermartingale, and
Markov and Ito calculus to obtain a Bachelier-type of the Black-Scholes-Merton equation which
we hedge to obtain by comparison the time independent Schroedinger equation in Quantum
Mechanics. Finally, we solve the time independent Schroedinger equation for the interest rate
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1.

Introduction

Much ﬁnance research in early 1970s concentrated on valuations of options assuming a
speciﬁc model for the underlying asset, in this case stock. It is important to mention here
that Black-Scholes and Merton published their work. Some of the ideas contained on those
papers dated back to the early part of the 20th century, such as the representation of the
stock movement as a random process. More than a century ago, the description of stock
price movement began with Bachelier [4] when He wrote his dissertation by assuming the
stock price movement to behave like a random walk. His theoretical model was based on
expectations; stock price movements are random but what happens on average?.
∗

Email:lamine.dieng@bcc.cuny.edu or dieng@physics.rutgers.edu
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Between Bachelier and Black-Scholes-Merton nothing much happened in the theory of
pricing options. Bachelier’s equity model using asset price changes drawn from a normal
distribution was modiﬁed in 1950s to normally distributed asset price returns (asset price
changes divided by the asset price). This was called the lognormal distribution for asset
price changes. But, one needs to recognize that Black-Scholes-Merton made some insights
that were to fundamentally change the universe of ﬁnance and in a very short time to
make ﬁnance a serious mathematical subject with applications from classical physics
to Quantum mechanics and even to Quantum Field Theory. In ﬁnance, the process
of eliminating portfolio sensitivity to changes in the underlying is called delta hedging
or dynamic hedging; hedging is considered to be the most general form for reduction
of variability or risk. Black-Scholes in their delta hedging made assumptions on how
to eliminate variability or risk by constructing a simple portfolio. Since then, several
attempts have been made in describing the stock price movement by introducing diﬀerent
models. However in this work, I am not reinventing the wheel I am going instead to use
a well known and accepted model within research to describe the stock price movement
for an expected future payoﬀ of an investor who has entered into an American call option
contract with maturity.
The assumptions made by Black-Scholes-Merton are the following, they assumed the
stock price movement to be described in terms of constant interest (drift term) and
constant volatility (diﬀusion) terms. The other interesting assumption they made was
that information does not really aﬀect a given stock price movement and all players
within the market possess the same information distribution about the market. Any
non-uniform distribution of information plays no role at all and all the non uniform
information distribution is quickly taken care of by the market.
After reading John Hull’s book [1], I began questioning the assumptions made by
Black-Scholes in their pricing model. Luckily in early 2004, I began doing research for a
Hedge Fund in Manhattan working with an experienced trader. The ﬁrst week at the job
as a physicist, I was eager and curious to check some of the assumptions made by BlackScholes-Merton by using real time market data. This was possible to be accomplished
since I was exposed to a huge amount of real time trading data from the S&P 500
companies and Dow Jones just to give a few [18]. I Looked at historical data for analysis.
I began extracting volatilities for diﬀerent companies on a short and long period of time.
What was discovered was that volatilities of all the companies were changing with time,
and similar results were observed for interest rates or returns on given stock. It is also
important to mention that most of the models for stock or asset pricing do take into
account the randomness of the market. This assumption would make a few questions
arise and one of the questions is. I s the market really a random process, one can say
yes if you’re coming from an academic department and one can say no if you’re a trader
trading on Wall Street. By the way, the majority of the traders I have interacted with do
not believe that the market behaves as a random process. Therefore, after my experience
as a quant at the Hedge Fund I do not either believe that the market is a random
process. But if one is coming from an academic department without knowledge of the
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moving forces of the markets then the assumptions given above can be made.
Above all, the Black-Scholes-Merton equation is a parabolic partial diﬀerential equation. Mathematically, it is of the same type as the well studied heat equation in fundamental physics. Indeed the heat or diﬀusion equation has been around for almost two
centuries. And suddenly ﬁnance becomes a ﬁeld of interest to mathematicians and physicists, and there was more to it than simple compound interest. On the other hand it
keeps theoretical physicists and mathematicians busy in ﬁnding out ways how to model
ﬁnance and economics problems.
Unlike in ﬁnance, in physics once the position of the particle is given one can solve for
the velocity and the acceleration of the particle and in general one can model the motion
of the particle in space and time.
On the other hand, the world of ﬁnance is far removed from the physical world and
there is no reason to believe that there should be any immutable laws or principles like
there are in the world of physics.
From a research stand point in ﬁnance, one can make the assumption that the change
of the stock price is proportional to some drift term that could inﬂuence the stock movement or further the change of the stock movement in time is proportional to the stock
price multiplied by the same drift in order to get an exponential growth all the time. The
exponential growth is very important for an investor investing in a company. Then, based
on this assumption the expected return of a company is going to grow all the time and
will never reach a state of bankruptcy [12]. In the article [12] their quantum derivation
of the Black-Scholes type is based on the fact that companies do never reach a state of
bankruptcy. This would be deterministic with a guaranteed probability of some return
in time and no matter how long it takes there is always growth without any risk.
It is well known that the Black-Scholes-Merton model is the most accepted and used
model on Wall Street despite the model is far from being perfect and is inconsistent with
the realty of the market. And Because the model is far from being perfect researchers and
practitioners on Wall Street are working hard to ﬁnd other ways in order to improve the
well known model. And also very often these improvements are completely inconsistent
with the rest of the theory and lack some basic principles of ﬁnance. One of the questions
I asked the trader I was working with was that how come companies get removed from
the S&P 500 listing, He answered by saying for poor performance companies are always
replaced with other high performing companies. So, a company’s growth or return can
change over time and this could lead into bankruptcy (case of Lehman Brothers, Bear
Stearns Companies).
Now if we look at it from the researcher’s stand point from a given institution that
does not possess real time ﬁnancial data or enough information and knowledge about
the market can always introduce randomness when modeling the market price behavior.
Now, in order to be on the safe side of the universe of ﬁnance He will maintain the
change of the stock price to be proportional to the deterministic (no randomness) and
non deterministic (randomness included) parts multiplied by the stock price itself. Hence,
since the black-Scholes-Merton (Bachelier) model does not include information in addition
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to the assumptions gives above then; the model does have some serious inconsistencies
that need to be addressed. Despite of all the assumptions, I still believe that the ﬁeld
of ﬁnance is interesting and available for all kind of phenomenological applications from
Classical physics to quantum physics including quantum ﬁeld theory. At the same time,
we disagree with [12] that the quantum nature of price dynamics can really occur in the
same way as in physics. All these theories on pricing are all phenomenological including
our work herein.
Recently, several power law tails have been observed in recent years for the total
distribution of market indices, on returns for diﬀerent companies and on commodities
prices as well. A power law tail with an exponent α ∼ 3 has been proposed recently [14].
Several authors have linked this asymptotic power law to the trading behavior of large
ﬁnancial institutions and to big investors on Wall Street [15]. I agree with [15] and I
would say that these power law tails come from the fact that market movers and market
shakers do possess diﬀerent degrees of information about the state of the market and this
non uniformity of the distribution of information contradicts the Black-Scholes-Merton’s
pricing model which does not take information into account. We are working on an
article that is going to describe some links between information and price movement and
this is not within the scope of this present work. Also, several authors [2, 5, 6, and 7]
have solved several problems in stochastic optimization using martingale theory. They
have investigated stochastic optimization problems by assuming both the Black-Scholes
(multiplicative) and Bachelier (additive) models as models for stock price movements.
We will use as our model for stock price movement the Bachelier model also known as
the additive model [4] to ﬁnd the expected future payoﬀ of a stock holder who has entered
into an America call option contract.
In this work, we divide our task in to two mains parts: for the ﬁrst part, we will
look at the expected future payoﬀ at the money (X = K) with zero expected future
payoﬀs for a stock holder who has entered in to an American call option contract. For
the second part, we will call at the money point a singularity point with zero expected
future payoﬀ and solve for interest rate, then in sections 3 and 4 we use stopping time or
Markov time and martingale and supermartingale theories to obtain an Ito diﬀerential
equation. Ito calculus will be used to obtain a Bachelier-type of the Black-Scholes pricing
equation, eventually this equation will be hedged to obtain an equation that is similar
to the time independent Schoredinger equation in Quantum mechanics. The hedging
concept is explained accordingly in order to understand the connection between the two
equations. The results are summarized in section 5.

2.

Bachelier Model, American Call and Put Options and the
Expected Future Payoﬀ

Given below is the equation for the stock price movement:
X (t, ω) = x + rt + σW (t)

(1)
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Where at t = 0, X (t = 0) = x is the initial stock price (present value of the stock) and
equation (1) is called the Bachelier Brownian model with drift μ = r sometimes called
the return on a given stock and volatilityσ we have assumed bothr and σ are constant.
Both parameters do not depend on time or on the stock price. Equation (1) given above
satisﬁes the following stochastic Ito diﬀerential equation (additive model) with constant
parameters.
dX (t, ω) = μdt + σdW (t)
(2)
X (t, ω) is a stochastic process, t ∈ T, ω ∈ Ω where (Ω, F, P ) is a probability space on
which there is a Wiener process, W (t, ω) is measurable with respect to a family Ft
of σSubﬁelds F is called a diﬀusion process if it satisﬁes the stochastic Ito diﬀerential
equation (2) given above. We would call the ﬁrst and second terms in equation (2) to be
the deterministic (no-randomness) and non-deterministic (randomness included) terms
respectively.
Traders on Wall Street prefer to price options using the Black-Scholes model (multiplicative model) for one simple reason that the change of the stock price movement is
proportional to the stock price itself which gives an exponential growth all the time. In
the Black-Scholes model both the drift and volatility terms were assumed to be constant
which supports our assumptions in this work.
We have done simulations to check these two models (Black-Sholes and the Bachelier
models) and what we found was that in contrast to the Black-Scholes model the Bachelier model can have negative prices while in reality stock prices are non negative [18].
However, in this work we are not interested in understanding single stock prices but we
are interested in the probability distributions of stocks so we will treat the total expected
future payoﬀ as a measurable quantum variable.
Options are known within the ﬁnancial market as a type of derivative, which are given
to stock holders in order to hedge their positions against risky ﬂuctuations of the stock
price. They are divided into two categories: call and put options.
A call option is a contract that gives the right to the holder to buy the underlying
asset by a certain date for a certain price (strike price) in the future. An investor holding
such an option would wish the stock price to go higher than the strike price (or exercise
price). Then the expected future payoﬀ of the call option is given by:
ert max (X (t) − K, 0) , X (t) > K

(3)

Since the present value of a price is negatively discounted in terms of the future price [1]
that is:
P V = F V e−rt
where P V and F V stand for present and future values of prices respectively at a given
time and ris the risk free interest rate.
Then one can compute the future price from the present value equation given above
that is:
F V = P V ert
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future and the present value equations came from the fact that if one assumes the change
of the price to be proportional to the price itself this would lead to an exponential growth
that is given by the ﬁrst order diﬀerential equation below:
dφ
= μdt
φ

= μ ∫ d t ⇔ φ (t) = φ0 eμt

dφ = φ (μdt) ⇔
⇒∫

dφ
φ

We have computed the future price that is positively discounted in terms of the risk free
interest rate. It is important to mention here that based on the future value price that is
discounted positively we were able to write the expected future payoﬀ of the call option
positively discounted. The present or future value of the price is sometimes called the
time value of money [13, 1]. The exponential growth derived above with the assumption
that interest rate does not change with time and other market parameters in this case
μ = r (μ is sometimes called the return) is the time value of money formula.
A put option is also a contract that gives the right to the holder to sell the underlying
asset by a certain date for a certain price (or strike price). An investor holding such an
option would wish the stock price to go below the strike price (or exercise price). The
expected future payoﬀ of the put option is given by:
ert max (K − X (t) , 0) , X (t) < K

(4)

whereX (t, ω) is given by the Bachelier model (1) and K is the strike price or exercise
price and (3) and (4) are discounted with the risk free interest rate. In a non arbitrage
situation μ = r, is the risk free interest rate in the Bachelier model. In a non arbitrage
situation it has been believed that market makers traders or investors do not have enough
information about the market behavior that could aﬀect its prices.
The put option described by equation (4) is not going to be used in this work even
though we could have used it but we rather decided to use the call option case described
by equation (3). However, we are working on options pricing models which involve both
the call and put options with the assumption that interest rate and volatility do not
change with time and with other market parameters. Several authors have assumed
interest rates and volatility models in which both interest rate and volatility are assumed
to be stochastic diﬀerential equations. Interest rate and volatility models are not within
the scope of this article.
There are a few parameters that aﬀect the price of options when they are issued to
stock holders and these parameters are: the stock price (described with the Bachelier
model), the risk free interest rater, the strike price or exercise price K, the volatility
of the stockσ , time to maturity (expiration date of the option) T and other dividends
during the life time of the option. We assume here that there are no dividends being paid
to the stock holder during the entire time of the call option [1].
In this work, we will examine the American option type. An American option in
general is an option that can be exercised at any given time before the expiration date
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of the option. Since an option is issued to the stock holder in order to hedge his or her
position against risky ﬂuctuations of the stock then he can get either into an American
call or an American put options contracts. Our main assumption in this work is that the
stock holder has entered into American call option contract instead of an American put
option contract.
An American call option could be deep in the money when the expected payoﬀ is
always positive given by equation (3) or out of the money when the expected payoﬀ is
always negative which is given by equation (4). It could also be at the money when the
expected payoﬀ is zero which is given by the following equation:
ert max (X (t) − K, 0) = 0 ⇒ X (t = τ ) = K

(5)

According to equation (5) given above, the expected future payoﬀ of the stock holder at
the money is zero. In order to achieve this goal we will introduce the Markov stopping time
at the money when the stock price described by the Bachelier stochastic Ito diﬀerential
equation is constant and equals to the strike price or exercise price at the stopping
timeτ that is:
V (X (t = τ )) = ert max (X (t = τ ) − K, 0) = 0
⇒ X (t = τ ) = K

(6)

Equation (6) is our main boundary value equation for the expected future payoﬀ at the
money. In ﬁnance, when your expected payoﬀ is zero it means you have lost money at
that given time on a speciﬁc given trade. Using Ito calculus and martingale theory we will
derive a Bachelier’s type pricing equation which we will hedge and eventually compare
it to the non-relativistic time independent Schroedinger equation in quantum mechanics.
In the next section we will introduce stopping time or Markov time, martingale and Ito
calculus.

3.

Stopping time or Markov time and Martingale

A random variable τ deﬁned on the same sample space as a martingale or Markov process
is a stopping time if for every time t, the event:
{τ ≤ t} ∈ Ft
What does this really mean; it means that for any time t one can tell whether or not
τ ≤t
That τhas occurred or not, by just knowing all the information up to time t one
doesn’t need to have any information about the future.
A stochastic process Xn (t, ω) , n = 0, 1 . . . is called a martingale if the two conditions
are met [9, 10]:
EXn (t, ω)  < ∞ (i)
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Since the expected payoﬀ is deﬁned in terms of the price movement described by the
Bachelier model, from (i) we can write the following for the expected payoﬀ:
EVn (t, ω)  < ∞
EXn+1 (t, ω) |X0........ Xn  = Xn (t, ω)

(ii)

From (ii) we can obtain the conditional expectation for the expected payoﬀ:
EVn+1 (t, ω) |V0........ Vn  = Vn (t, ω)
Let’s try to understand the meaning of the two above expectations, (i)means that the
expected price is always ﬁnite and (ii) means that the expected value of the future price
given the present price is equal to the present value of the price. All information about
the future price of the stock is already incorporated into the present value; it also means
that there are no arbitrage opportunities.
Figure 1. below shows the three states that are: when the stock price is deep in the
money (state a) with a positive expected payoﬀ, the stock price is deep out of the money
(state c) with a negative expected payoﬀ and ﬁnally the stock price is at the money
(state b) when the expected payoﬀ is zero which corresponds to equation (6).

Fig. 1 X = K[At The Money], X > K[Deep In The Money] and X < K[Deep Out Of The
Money]

In this article, we have assumed that the stock holder has entered into an American
call option type of contract which means that he or she can exercise the option at any
given time before the expiration date of the option. Hence, if the stock goes deep out of
the money below state b, He or She is not going to exercise because the expected payoﬀ
is negative. The best scenario for the stock holder is to wait until the stock moves up
deep in the money or somewhere above sate b then exercise with a positive payoﬀ.
From Figure 1, when the stock moves let’s say from deep out of the money state c
toward the deep in the money state a , it needs to move through the state b where the
expected payoﬀ is zero while the stock holder is awaiting for the stock to move up deep
in the money. We will investigate how market parameters such as the risk free interest
rate, volatility of the stock behave with respect to one another while the stock holder is
awaiting for the stock to move up well above state b.

4.

Deﬁnition of Supermartingale

Since the expected payoﬀ of the American call option deep in the money is a positive
function using stopping time and martingale theories, we wish the stock price to reach
the exercise priceK given by equation (6).
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Now let’s assume that there is a stochastic process [8, 3] Y (t, ω)which is deﬁned in
terms of the expected payoﬀ V (X (t, ω)) discounted at the risk free interest rate via the
exponential function in the following:
Y (X (t, ω)) = V (X) ert

(7)

Equation (7) is nothing else but the expected future payoﬀ of the stock holder discounted
at the risk free interest rate via the exponent. In a risk free environment and for short
term trades, we assume these rates rto be very small.
Using stopping time and martingale theories, we would want the expected future
payoﬀ of the American call option at the money state bto vanish.
0
1

If {τ ≤ t} ∈ Ft , there is a stopping time at which τ = t where t < t ∈ Ft .
This corresponds to the following expected future payoﬀ at the money state b, where
V (X (t, ω)) = EX (τ ) − K, 0

(8)

At X (τ ) = K we want the sup. of equation (6) to vanish:
V (X (t, ω)) = SupEX (τ ) − K, 0 |(X (τ ) = K) = 0

(9)

Then (7) becomes:
⇒ Y (t, ω) = SupE (X (τ ) − K, 0) ert  |(X (τ ) = K) = 0
In order to take care of the singularity (Y (t, ω) → 0) forY (t, ω), that is the total expected
future payoﬀ of the stock holder we will need to use Ito calculus to obtain the Bachelier
type of the Black-Scholes equation.
Now let’s use Ito calculus and martingale to derive the Bachelier type of Black-Scholes
equation for the expected future payoﬀ V (X (t, ω)). Eventually, we will compare the
obtained equation to the time independent non-relativistic Schroedinger equation.
If Y (t, ω) is a local supermartingale then it does have the following diﬀerential equation:
Using the fact that the conditional expectation of the diﬀerential given the present
value is given by equation (7) at certain time t is: dY (t, ω) |X (t) = x  , where the full
diﬀerential of (7) is given below:
dY (t, ω) =

∂Y
1 ∂ 2Y
∂Y
(dx)2 + . . .
dt +
dx +
∂t
∂x
2 ∂x2

(10)

The ﬁrst term in the full diﬀerential of Y (t, ω)corresponds to the derivative of equation
(7) with respect to time and the second and third derivatives are with respect to the
stock price. Then, one can write the conditional expectations:
EdY (t, ω) |Ft  = 0

(11)

EdY (t, ω) |Ft  ≤ 0

(12)
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The expectation given by equation (12) sounds little confusing since it is a supermartingale. This is how supermartingale has been deﬁned. In contrast to a submartingale which
has an increasing expectation a supermartingale has a decreasing expectation given by
(12). Submartingality is out of the scope of this work.
In order to obtain the Bachelier type of Black-Scholes equation using martingale and
supermartingale one needs to substitute the full diﬀerential of Y (t, ω)given by (10) into
the conditional expectation described by equation (12):
E

∂Y
∂Y
1 ∂ 2Y
(dx)2 + . . . |Ft  ≤ 0
dt +
dx +
∂t
∂x
2 ∂x2

(13)

Using the Bachelier’s stochastic diﬀerential equation given by equation (2) then we will
obtain:
dX (t, ω) = rdt + σdW (t)
(dX)2 = (rdt + σdW (t))2 = (rdt)2 + (σdW (t))2 + 2rdtdW (t)

(14)

By diﬀerentiating equation (7) with respect to time and also by substituting stochastic diﬀerential equations given by equations (2) and (14) we will obtain the following
expectation from equation (13):
'
(
∂Y
1 ∂ 2Y
rt
2
E rV (x) e dt +
(rdt + σdW (t)) + . . . |Ft ≤ 0 (15)
(rdt + σdW (t) ) +
∂x
2 ∂x2
and using the Ito matrix given below:
⎛
⎞⎛
⎞ ⎛
⎞ ⎛
2
⎜ dW dt ⎟ ⎜ dW 0 ⎟ ⎜ dW dtdW ⎟ ⎜ dt
=
⎝
⎠⎝
⎠=⎝
⎠ ⎝
2
0 0
dW dt dt
0
dt 0

⎞
0⎟
⎠
0

We were able to get the following equalities according to Ito calculus:
dW 2 = dt, dW dt = dtdW = dt2 = 0
Since EdW (t) = 0 from equation (13), then the expectation (15) becomes:


∂V (x) 1 2 ∂ 2 V (x) rt
E rV (x) + r
+ σ
e dt |Ft  ≤ 0
∂x
2
∂x2

(16)

If the multiplicative stochastic diﬀerential equation (Black-Scholes) and the additive
stochastic diﬀerential equation are martingale then their drift terms (coeﬃcients ofdt)
of both equations are zero:
dX(t, ω) = rdt + σdW

r=0

dX(t, ω) = σdW (Bachelier model)
dX(t, ω) = X(rdt + σdW ) r = 0
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dX (t, ω) = XσdW (Black-Scholes)
The Black-Scholes model is not going to be used as our model for the stock price in
this work however we are working on an article where the Black-Scholes model has been
used as our model price movement.
Since a supermartingale is a martingale we will obtain from the expectation (16) the
coeﬃcient of dt to vanish.
1 ∂ 2V
∂V
(17)
+ σ2 2 = 0
rV + r
∂x
2 dx
Equation (17) is an ordinary diﬀerential equation with constant coeﬃcients for the expected future payoﬀ of the American call option where r is the interest rate and σ 2 is the
volatility of the market. In traders language on Wall Street, from equation (17) the ﬁrst
and second derivatives of the expected future payoﬀ of the American call option with
2
and (gamma) Γ = ∂∂xV2 respectively [1].
respect to the price is called (delta) ? = ∂V
∂x
Equation (17) is also called the classical formula for the Bachelier type of the BlackScholes equation for the call option with a strike price (exercise price) K at any time
before the expiration of the option. The beauty about equation (17) is that it can be
is too high [1]. If one didn’t
hedged periodically, traders on Wall Street worry when ∂V
∂x
work on all Wall Street it could be diﬃcult to understand it but Physicists (I have seen
it while I was there) called sometimes “Quants” who have been there know that hedging
for a trader is very important in order to eliminate risk. We will explain hedging of delta
or sometimes called delta-hedging or delta-neutral below.
→ 0, the second term in equation (17) is going to vanish
In the limit when ? = ∂V
∂x
and this corresponds to delta hedging or delta neutral in ﬁnance. What is the meaning
of delta hedging in ﬁnance; it means the price sensitivity of the expected payoﬀ with
respect to the underlying instrument. It is also a technique used by traders who on a
daily basis trade options because trading options requires many transactions. We could
also understand delta neutral as no matter how the price moves the expected payoﬀ
will not change in value and another better interpretation of the delta hedging is the
probability that the expected payoﬀ is going to end up in the money given by equation
(3). Edward Nelson [17] was able to derive the time independent Schroedinger equation
by assuming a classical force given by Newton’s second law of motion acting on a particle
with mass m which was assumed to perform a Markov process. The time independent
Schroedinger equation derived by Edward Nelson when compared to equation (17) is
identical and one can identify the volatility of the market σ 2 as reciprocal of mass of the
system. Hence, hedging equation (17) and treating it as a quantum equation we will
obtain a one dimensional time independent Schroedinger equation with a Hamiltonian
describing a free particle.
Let’s ﬁnd the solution to equation (17) that is the expected future payoﬀ at the money
state b, where X (τ ) = K of the American call option. Hence, by delta-hedging (17) and
comparing it to the time independent Schroedinger equation [11] for a free particle with
no forces disturbing the particle from its state of equilibrium then we will have:
−

1 2 d2
d2
ψ
=
Eψ
⇐⇒
−
V = rV
σ
2m dx2
2 dx2
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1
1
⇒ σ2 =
⇒ σ2 ∼
(18)
=
2
2m
m
One can rewrite the time independent Schroedinger equation given above in terms of the
Hamiltonian H. The Hamiltonian here is absolutely time independent.
(H + E) |ψ > = 0
⇒ (H + r) |V > = 0

(19)

where |V > is a measurable quantum state of the expected future payoﬀ with a probability
that the expected future payoﬀ is going to be found in this quantum state, r is the risk free
interest rate and H is the Hamiltonian describing the dynamics of the price movement
within diﬀerent markets. Markets are based on many diﬀerent types of trades that are
daily traded among movers and shakers of the markets. These movers and shakers of
the markets could be big Investment Banks, Hedge Fund with a lot of cash, Financial
Institutions, Fund Of Funds or Potential Investors with a lot of cash available to them.
Further we found the diﬀusion constant or volatility to be inversely proportional to the
mass of the free particle. Free particles in space are somehow subject to Brownian motion
and the diﬀusion or volatility formula found above indicates that macroscopic bodies do
not exhibit such a behavior. Edward Nelson [17] in his work to derive the Schroedinger
equation from Newton’s second law of motion assumed the diﬀusion parameter to be
inversely proportional to the mass multiplied by a constant.
if E is the average energy of the free particle that is time independent then within
the context of the market r also is the time independent interest rate for a given trading
transaction. As stated above, the American call option is issued to the stock holder at a
ﬁxed and time independent interest rate for a given strike price K that expires at time t.
In order to obtain the expected future payoﬀ at the money that is the continuous
measurable quantum state with corresponding and ﬁxed interest rates we have to solve
the time independent Shcroedinger equation (19).
The total expected future payoﬀ given by equation (7) is deﬁned in terms of the solution to the time independent Schroedinger equation |V > that is a measurable quantum
state
Since (for convenience we will drop the quantum notation for V ):
Y (t, ω) = V (X (t, ω)) ert
We will solve the time independent Schroedinger equation (19) in terms of the constant
diﬀusion parameter that is the volatility of the stock movement. Further, we will obtain
the relationship between interest rate and other market parameters.
We guess the solution to be given in the form of V (x) = eλx where λ > 0 and is
constant. By substituting V (x) = eλx into (19) and solving for the parameter λ that is:

λ2 = − Dr ⇒ λ = ±i Dr , where D is the diﬀusion
constant given in terms of the volatility that is: D (σ) = 12 σ 2 by substituting λ into
V (x) = eλx we will obtain Y (t, ω) in terms of the volatility of the market σ, then

r
(20)
x]ert
Y (x, ω) = A[sin
D
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We have found the expected future payoﬀ of the call option to be an oscillatory and
stationary function with respect to the price movement for very low interest rates for
a short period of time; this would make the exponential discount factor to be 1. Since
the solution to the Schroedinger equation is a measurable quantum state with a given
probability so is the total expected payoﬀ of the call option given to the stock holder.
Another word (20) is a measurable and square integrable quantum state given in terms
of the price movement of the stock and A is called the normalization constant.
The aim of this work is to ﬁnd the expected future payoﬀ of the American call option
at the money by solving the time independent Schroedinger equation. Now that the
solution to the time independent Schroedinger equation is known and we also know from
equation (9) that the supremum (sup.) of the expected future payoﬀ at the money when
X (t = τ ) = K, τ is a stopping time or Markov time is deﬁned by:
V (X) = SupEX (τ ) − K, 0 |X (τ ) = K = 0
From equation (9) or the equation given above we have imposed a boundary condition
to the expected future payoﬀ at a certain stopping time t = τ to vanish. Since we have
hedged the Bachelier type of the Black-Scholes equation given by (17) in order to obtain
the time independent Schroedinger equation then the solution to the time independent
Schroedinger should vanish at the money that would give the total expected future payoﬀ
of the American call option to vanish atX (t = τ ) = K: from equation (20) we will obtain
the following:


r
x]ert |x (τ ) = K = 0, A ert → 1 = 0
Y (x, ω) = A[sin
D


r
r
K=0⇒
K = nπ
⇔ sin
D
D

⇒ r = KD2 n2 π 2 , where n = 1, 2, 3.. is the number of times the stock holder buys a stock

⇒ rn =

σ2
2K 2


n2 π 2

(21)

For lower interest rates ert → 1, the normalization constant can be found by normalizing
(20) since it is a square integrable function with this probability density P = |Yn (x, ω)|.
We have found interest rate r given in the time independent Shroedinger equation in terms
of the volatility and the exercise price K for the American call option at the money (state
b).
We have obtained quantized interest rates at the money when the stock price equals
to the strike price K. At the second boundary whenx = 0, there is no expected payoﬀ for
the stock holder. Usually, options are issued to individuals who have bought stocks in a
given company and the company wants to protect them against ﬂuctuations of the stock
price. Another way to understand this is that if there is no investment in a company
there is no option (call or put) for you.
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Summary

We have assumed in this work that the stock holder has entered into an American call
option contract and this gives him the right to exercise when the stock price is above the
strike price K. In order to model the stock price movement we used the Bachelier model.
We assumed the stock price to move it way up from deep out of the money through
state b where X (t) = K where the expected payoﬀ of the stock holder to be zero. We
called X (t) = K a point of singularity just because the expected payoﬀ vanishes there.
In order to ﬁnd a quantum solution at the singularity, we used stopping time or Markov
time and martingale theories to obtain a conditional expectation on the expected future
payoﬀ. Then we introduced Ito calculus to obtain a Bachelier-type of the Black-Scholes
equation which we hedged by allowing Δ → 0. The hedging is called delta neutral
and we compared the hedged Bachelier-type of the Black-Scholes equation to the time
independent Schroedinger equation in Quantum Mechanics. Further we found the hedged
Bachelier-type of the Black-Scholes equation to be identical to the time independent
Schroedinger equation for a free particle in a box with inﬁnite walls. Hence, from the
comparison we were able to identify the volatility of the market as reciprocal of mass
of the system meaning that we found the volatility to be approximately and inversely
proportional to the mass (inertia of the stock price) [17]. One of the situations when many
investors get very frustrated by in buying (selling) stocks is the waiting time, especially
when one is dealing with a company with a very low volume of trading transactions. From
the volatility formula (18), it is indicated that for very low transaction volume comes high
volatility and vice-versa. We then solved the time independent Schroedinger equation to
obtain the expected future payoﬀ Y (x, ω) given by equation (20) that is an oscillatory
and square integrable quantum state with a probability density of the expected future
payoﬀs,P = |Yn (x, ω)|. We imposed the boundary condition X (t) = K (singularity
point or at the money) on equation (20) in order to solve for the interest rate. We ﬁnally
found the interest in terms of the volatility of the market and the strike price K to be
quantized and constant for each expected future payoﬀ. Since interest rate is constant and
ﬁxed during the time the option is issued, the expected future payoﬀs are stationary and
constant for low interest rates in very short period estimated in milliseconds. From our
knowledge, this is the ﬁrst time such an approach has been taking into account hedging
the Bachelier’s-type of the Black-Scholes equation at the money while the stock holder
is awaiting for the stock price to move deep in the money. This approach is also valid
for a stock holder with an American put option contract which means the stock holder
is going to exercise only when the strike price is greater than the stock price X (t) < K
given by equation (4).

References
[1] John Hull, Options, Futures and Other derivatives, 7th edition (2008)
[2] Shepp, L.A, Explicit Solutions to Some Problems of Optimal Stopping, Ann. Math.

Electronic Journal of Theoretical Physics 10, No. 28 (2013) 183–198

197

Stat. 40 (1969), pp. 993-1010
[3] Samuelson, P.A, Mathematics of Speculative Price, SIAM Rev., 15 (1973), pp. 1-34
Appendix by Merton, R.C., pp. 34-42
[4] Bachelier, L., Theory de la Speculation, Ann. Ecole Norm. Sup., 17 (1900), pp. 21-86
(Reprinted in: The Random Character of Stock Market Prices, ed., Coothner, P.H.,
MIT Press Cambridge, Mass. (1967), pp. 17-78
[5] Shepp, L.A., Shiryaev, A.N., A Dual Russian Option for Selling Short, Probability
Theory and Mathematical Statistics Vol. ed., By Ibragimov and Zaitsev, Gordon and
Breach (1996), 209-218
[6] Shepp, L.A., Shiryaev, A.N., Russian Option: Reduced Regret, Annals of Applied
Probability 3 (1993) 631-640
[7] Radner, R. and Shepp, L.A., Risk Vs Proﬁt Potential: A model for corporate strategy,
Journal of Economics Dynamics and Control, vol., 20, pp. 1373-1393 (1996)
[8] Harrison, J.M., Brownian motion and Stochastic Flow Systems, Wiley, NY (1985)
[9] Karlin, S. and Taylor, H.M., A second Course in Stochastic Processes, Academic
Press, 1981
[10] Karlin, S. and Taylor, H.M., A First Course in Stochastic Processes, Academic Press,
1975
[11] Ernest Ikenberry, Quantum Mechanics for Mathematicians and Physicists, Oxford
University Press, Inc., 1962
[12] Melnyk, S.I., and Tuluzov, I.G., Quantum Analog of the Black-Scholes Formula
(market of ﬁnancial derivatives as a continuous weak measurement), EJTP 5, No. 18
(2008) 85-104
[13] Singh, J.P., and Prabakaran, S., A Toy Model of Financial Markets, EJTP 3, No. 11
(2006), 11-27
[14] X. Gabaix, P. Gopikrishnan, V. Plerou, H.E. Stanley, A simple Theory of the “cubic”
Laws of the Stock Market Activity MIT and Boston University preprint 08/14/2002
[15] Martin Schaden,
http://xxx.lanl.gov/PS cache/physics/pdf/0205/0205053v2.pdf
[16] F. Black and M. Scholes, Journal of Political Economy, 81, (1973) 637
[17] Edward Nelson, Physical Review vol. 150, no. 4 (1966)
[18] Lamine M. Dieng and Alex Karpov, Arthur G. Cohen’s Hedge Fund Archives on
Market Data, Manhattan New York (2005)

EJTP 10, No. 28 (2013) 199–220

Electronic Journal of Theoretical Physics

Information: Forgotten Variable in Physics Models
Michail Zak∗
Senior Research Scientist (Emeritus), Jet Propulsion Laboratory California Institute of
Technology, Pasadena, CA 91109, USA

Received 7 November 2012, Accepted 11 November 2012, Published 15 January 2013
Abstract: The paper discusses a possible expansion of modern physics to include physics of
Life since all attempts to create livings from non-living matter failed. Prior to the discussion,
a life/non-life criterion is proposed: unlike physical systems, Livings can move from disorder
to order without an external interference if the model of life concentrates upon the concept
of intelligent behavior and does not include such “auxiliary” processes as metabolism and
reproduction. A mathematical formalism suggests that a hypothetical “particle of life” (Lparticle) can be represented by a quantum-classical hybrid in which the force following from
the quantum potential is replaced by the information force. Besides the capability to move
against the second law of thermodynamics, L-particle acquires such properties like self-image,
self-awareness, self-supervision, est. that are typical for Livings. However since the L-particle
being a quantum-classical hybrid acquires non-Newtonian and non-quantum properties, it does
not belong to the physics matter as we know it: the modern physics should be complemented
with the concept of the information force that represents a bridge between non-living and living
matter. It has been suggested that quantum mechanics and mechanics of livings are sub-classes
of a broader physical model, and the diﬀerence between them is due to diﬀerent Liouville
feedbacks, i.e. in diﬀerent information forces. At this stage, L-particle is introduced as an
abstract mathematical concept that is satisﬁed only to mathematical rules and assumptions,
and its physical representation is still an open problem.
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1.

Introduction

The discovery of the Higgs boson and the following from it completeness of the physical
picture of our Universe raised many questions, and one of them is the ability to create
Life and Mind out of physical matter without any additional entities. The main diﬀer∗
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ence between living and non-living matter is in directions of their evolution: it has been
recently recognized that the evolution of livings is progressive in a sense that it is directed to the highest levels of complexity if the complexity is measured by an irreducible
number of diﬀerent parts that interact in a well-regulated fashion. Such a property is not
consistent with the behavior of isolated Newtonian systems that cannot increase their
complexity without external forces. That diﬀerence created so called Schrödinger paradox: in a world governed by the second law of thermodynamics, all isolated systems are
expected to approach a state of maximum disorder ; since life approaches and maintains
a highly ordered state – one can argue that this violates the Second Law implicating a
paradox,[1]. But livings are not isolated due to such processes as metabolism and reproduction: the increase of order inside an organism is compensated by an increase in
disorder outside this organism, and that removes the paradox. Nevertheless it is still
tempting to ﬁnd a mechanism that drives livings from disorder to the order. The purpose of this paper is to demonstrate that moving from a disorder to the order is not a
prerogative of open systems: an isolated system can do it without help from outside.
However such system cannot belong to the world of the modern physics: it belongs to the
world of living matter, and that lead us to a concept of a living particle (L-particle) that
is supposed to complement the modern physics. In order to introduce such a particle, we
start with an idealized mathematical model of livings by addressing only one aspect of
Life: a biosignature, i.e. mechanical invariants of Life, and in particular, the geometry and kinematics of intelligent behavior of Livings disregarding other aspects
of Life such as metabolism and reproduction. By narrowing the problem in this way,
we are able to extend the mathematical formalism of physics’ First Principles to include
description of intelligent behavior of Livings. At the same time, by ignoring metabolism
and reproduction, we can make the system isolated, and it will be a challenge to show
that it still can move from a disorder to the order.
It seems unreasonable to introduce completely new principles for Living’s behavior since they must obey the First Principles of Newtonian mechanics, although these
Principles are necessary, but not suﬃcient: they should be complemented by additional
statements linked to the Second Law of thermodynamics.

2.

Dynamical Model of Hypothetical L-particle

Let us start with the simplest dynamical equation of one-dimensional motion of a particle
of unit mass under action of a force f depending on velocity v and time t
v̇ = f (v, t),

(1)

If initial conditions are not deterministic, and their probability density is given in the
form
∞
ρdV = 1
(2)
ρ0 = ρ0 (V ), where ρ ≥ 0, and
−∞
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while ρ is a single- valued function, then the evolution of this density is expressed by the
corresponding Liouville equation
∂ρ
∂
+
(ρf ) = 0
∂t ∂V

(3)

The solution of this equation subject to initial conditions and normalization constraint
(2) determines probability density as a function of V and t
ρ = ρ(V, t)

(4)

Remark . Theory of stochastic diﬀerential equations makes distinction between the random variable v(t) and its values V in probability space, and we will adopt this rule.
So far we are dealing with the Newtonian dynamics.
Let us now specify the force f as a feedback from the Liouville equation
f (v, t) = ϕ[ρ(v, t)]

(5)

and analyze the motion after substituting the force (5) into Eq.(1)
v̇ = ϕ[ρ(v, t)],

(6)

This is a fundamental step in our approach. Although the theory of ODE does not impose
any restrictions upon the force as a function of space coordinates, the Newtonian physics
does: equations of motion are never coupled with the corresponding Liouville equation.
Nevertheless such a Liouville feedback does not lead to any physical inconsistence. As
a matter of fact, quantum mechanics is based upon similar feedback in the form of the
quantum potential. Indeed for a particle of mass m in a potential F , the Madelung
version of the Schrödinger equation takes the following form
∂ρ
ρ
+ ∇ • ( ∇S) = 0
∂t
m
√
 2 ∇2 ρ
∂S
2
+ (∇S) + F −
√ =0
∂t
2m ρ

(7)

(8)

√
Here ρ and S are the components of the wave function ψ = ρeiS/ , and  is the Planck
constant divided by 2π. The last term in Eq. (8) is known as quantum potential. From
the viewpoint of Newtonian mechanics, Eq. (7) is the Liouville equation that expresses
continuity of the ﬂow of probability density, and Eq. (8) is the Hamilton-Jacobi equation
for the action S of the particle. Actually the quantum potential in Eq. (8), as a feedback
from Eq. (7) to Eq. (8), represents the diﬀerence between the Newtonian and quantum
mechanics, and therefore, it is solely responsible for fundamental quantum properties.
Strictly speaking, the quantum potential being uniquely deﬁned by the probability density
and its space derivatives can be associated with a specially selected information force.
Recall that information is an indirectly observed quantity that is deﬁned via entropy as
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a measure of unpredictability: For a random variable X with n outcomes, the Shannon
information denoted by H(X), is
H(X) = −

n


ρ(xi ) logb ρ(xi )

i=1

In our further applications we will use the continuous version of this formula
∞
H(X) = −

ρ(x) ln ρ(x)dx

(9)

−∞

Actually our approach is based upon a modiﬁcation of the Madelung equation, and in
particular, upon replacing the quantum potential with a diﬀerent Liouville feedback.
Returning to Eq. (5), let specify this feedback as
ζ
f=
ρ(v, t)

v

[ρ(η, t) − ρ∗ (η)]dη

(10)

−∞

Here ρ∗ (v) is a preset probability density satisfying the constraints (2), and ζ is a positive
constant with dimensionality [1/sec]. As follows from Eq. (9), f has dimensionality of
a force per unit mass that depends upon the probability densityρ, and therefore, it can
be associated with the concept of information, so we will call it the information force.
In this context, the coeﬃcient ζ can be associated with the Planck constant that relates
Newtonian and information forces. But since we are planning to deal with livings that
belong to the macro-world, ζ must be of order of a viscose friction coeﬃcient.
With the feedback (10), Eqs. (1) and (3) take the form, respectively
ζ
v̇ =
ρ(v, t)

v

[ρ(η, t) − ρ∗ (η)]dη

(11)

−∞

∂ρ
+ ζ[ρ(t) − ρ∗ ] = 0
∂t
The last equation has the analytical solution

(12)

ρ = [(ρ0 − ρ∗ )e−ζt + ρ∗ ]

(13)

ρ(t = 0) = ρ0

(14)

Subject to the initial condition
that satisfy the constraints (2).
This solution converges to a preset stationary distribution ρ∗ (V ). Obviously the
normalization condition for ρ is satisﬁed if it is satisﬁed for ρ0 and ρ∗. Indeed,
∞


ρV dV = [

−∞

(ρ0 − ρ∗ )V dV ]e−ζt +

∞
−∞

ρ∗ V dV = 1

(15)
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Rewriting Eq. (13) in the form
ρ = ρ0 + ρ∗ (1 − e−ζt )

(16)

one observes that ρ ≥ 0 at all t ≥ 0 and −∞ > V > ∞.
As follows from Eq. (13), the solution of Eq. (12) has an attractor that is represented
by the preset probability density ρ∗ (v). Substituting the solution (13) in to Eq. (11), one
arrives at the ODE that simulates the stochastic process with the probability distribution
(13)
v
ζe−ζt
[ρ0 (η) − ρ∗ (η)]dη
(17)
v̇ =
[ρ0 (v) − ρ∗ (v)]e−ζt + ρ∗ (v)
−∞

As will be shown below, the randomness of the solution of Eq. (6) is caused by instability
that is controlled by the corresponding Liouville equation.
It is reasonable to assume that the solution (13) starts with a sharp initial condition
ρ0 (V ) = δ(V )

(18)

As a result of that assumption, all the randomness is supposed to be generated only by
the controlled instability of Eq. (16). Substitution of Eq. (17) into Eq. (16) leads to two
diﬀerent domains of v:
v=0
and
v =0
where the solution has two diﬀerent forms, respectively
v

ρ∗ (ζ)dζ = (

−∞

C
)1/ζ , v = 0
−ζt
e −1

v≡0
Indeed, v̇ =
whence

ζe−ζt
ρ∗ (v)(e−ζt −1)
v

ρ∗(v)

−∞

ρ∗(η)dη

$v

(20)

ρ∗ (η)]dη

−∞

dv =

(19)

ζe−ζt
dt
e−ζt −1

. Therefore, ln

$v
−∞

ρ ∗ (η)dη = ln( e−ζtC−1 )1/ζ and that

leads to Eq. (19) that presents an implicit expression for v as a function of time since
ρ∗ is the known function. Eq. (20) represents a singular solution, while Eq. (19) is a
regular solution that include arbitrary constant C. The regular solutions is unstable at
t = 0, |v| → 0 where the Lipschitz condition is violated
dv̇
→ ∞ at t → 0, |v| → 0
dv

(21)

and therefore, an initial error always grows generating randomness.
Let us analyze the behavior of the solution (19) in more details. As follows from
this solution, all the particular solutions for diﬀerent values of C intersect at the same
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point v = 0 at t = 0, and that leads to non-uniqueness of the solution due to violation
of the Lipcshitz condition. Therefore, the same initial conditionv = 0 at t = 0 yields
inﬁnite number of diﬀerent solutions forming a family (19); each solution of this family
appears with a certain probability guided by the corresponding Liouville equation (12).
For instance, in cases plotted in Fig.1 a and Fig.1 b, the “winner” solution is, respectively,

Fig. 1 Stochastic processes and their attractors

v1 = ε → 0,

ρ(v1 ) = ρmax , and v = v2 ,

ρ(v2 ) = sup{ρ}

(22)

since it passes through the maximum of the probability density . However, with lower
probabilities, other solutions of the same family can appear as well. Obviously, this is a
non-classical eﬀect. Qualitatively, this property is similar to those of quantum mechanics:
the system keeps all the solutions simultaneously and displays each of them “by a chance”,
while that chance is controlled by the evolution of probability density (13).
Let us emphasize the connections between solutions of Eqs. (11) and (12): the solution
of Eq. (11) is an one-parametrical family of trajectories (19), and each trajectory occurs
with the probability described by the solution (16) of Eq. (12). But since the probability
(16) depends upon time, an L-particle cannot stay on the same ﬁxed (random) trajectory:
as a quantum particle, it is capable to jump to any other trajectory of the family, and
therefore, it “simultaneously” occupies all the space available.
The approach is generalized to n-dimensional case simply by replacing v with a vector
v = v1 , v2 , ...vn since Eq. (12) does not include space derivatives
ζ
v̇i =
ρ({v}, t)

vi

[ρ({η}, t) − ρ∗ ({η})]dηi

(23)

−∞

∂ρ({V }, t)
+ nζρ({V }t) − ρ∗ ({V }) = 0
∂t
Examples. Let us start with the following normal distribution
V2
1
ρ∗ (V ) = √ e− 2
2π

(24)

(25)

Substituting the expression (23) and (17) into Eq. (18) at X = x, and ζ = 1 one obtains
v = erf −1 (

C1
), v = 0
−1

e−t

(26)
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As another example, let us choose the target density ρ∗ as the Student’s distribution, or
so-called power law distribution
)
Γ( ν+1
V 2 −(ν+1)/2
)
ρ (V ) = √ 2 ν (1 +
ν
νπΓ( 2 )
∗

(27)

Substituting the expression (24) into Eq. (18) at V = v, ν=1, and ζ = 1one obtains
v = cot(

C
) for v = 0
−1

e−t

(28)

The 3D plot of the solutions of Eqs.(26) and (28), are presented in Figures 2, and 3,respectively.

Fig. 2 Dynamics driving random events to normal distribution.

3.

Fig. 3 Dynamics driving random events to power law distribution.

Departure of L-particle From Newtonian Dynamics

We will start with mathematical formulation of n-dimensional versions of L-particle Eqs.
(23) and (24).
The model is represented by a system of nonlinear ODE (Eqs.23), and a linear ODE
(Eq. (24) coupled in a master-slave fashion: Eq. (24), is to be solved independently,
prior to solving Eqs.(23).
The terms describing the contributions of the feedbacks in Eqs. (23), have the dimensionality of acceleration, and therefore, they can be interpreted as forces referred to unit
mass. In order to distinguish them from “physical” forces that are associated with energy
and that are not included into the equations of motion, we will call them information
forces.
The major departure of mathematical property of L-particle from that of Newtonian
systems is in transition from the determinism to randomness and formation of stochastic
attractors. Unlike chaos in Newtonian systems, randomness in L-particle dynamics is
fully controlled by the Liouville equation (24) via the information force Eq. (10). The
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Langeven version of Newtonian dynamics has similar dynamical structure to that of Lparticle, however the fundamental diﬀerence between them is in the origin of randomness:
in Langeven systems, randomness is due to random external input, while in L-particle it
is self-generated. In terms of transition to randomness, this departure is toward quantum mechanics, and that could be expected based upon similarity between dynamical
structures of L-particle and quantum systems, (see Fig. 4): in both cases there is a
feedback from the Liouville equation to the equation of motion although these feedback
are diﬀerent. Indeed, the Madelung version of the Schrödinger equation has the
feedback from the Liouville equation to the Hamilton-Jacobi equation in the form of
quantum potential, (see Eqs. (7) and (8)) , while in L-particle the feedback is represented
by the information force (10). Another fundamental departure from Newtonian dynamics
is a violation of the second law of thermodynamics by the capability of moving from
disorder to order without a hepp from outside. In order to demonstrate it, let us turn to
Eq. (13) and select the initial ρ0 and the preset (target) ρ∗ densities such that
∞
H(ρ0 ) = −
−∞

ρ0 ln ρ0 dV > H(ρ∗ ) = −

∞

ρ∗ ln ρ∗ dV

(29)

−∞

Then expressing Eq. (8) in terms of entropy, one obtains
H(ρ) = [H(ρ0 ) − H(ρ∗ )]e−t + H(ρ∗ )

(30)

whence

dH(ρ)
<0
(31)
dt
i.e. the entropy of the current probability density is monotonously decreasing. Therefore,
L-particle with is not necessarily complies with the second law of thermodynamics.
It should be emphasized that if the feedback (10) is de-activated, the L-particle becomes a simple Newtonian one.

4.

Similarity of L-particle and Quantum Mechanics

In this section we will demonstrate that L-particle is similar, but not identical to a
quantum particle. Such a conclusion should be expected since the dynamical structure
of L-particle diﬀers from a quantum particle only by the type of the feedback from the
Liouville equation, (see Fig. 4).
α.Superposition. In quantum mechanics, any observable quantity corresponds to an
eigenstate of a Hermitian linear operator. The linear combination of two or more eigenstates results in quantum superposition of two or more values of the quantity. If the
quantity is measured, the projection postulate states that the state will be randomly collapsed onto one of the values in the superposition (with a probability proportional to the
square of the amplitude of that eigenstate in the linear combination). Let us compare the
behavior of the L-particle from that viewpoint. As follows from Eq. (19), all the particular solutions intersect at the same point v = 0 at t = 0, and that leads to non-uniqueness
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of the solution due to violation of the Lipcshitz condition (see Eq. (21)). Therefore, the
same initial conditionv = 0 at t = 0yields inﬁnite number of diﬀerent solutions forming
a family (19); each solution of this family appears with a certain probability guided by
the Liouville equation (12). For instance, in case of Eq. (25), the “winner” solution
is v ≡ 0 since it passes through the maxima of the probability density. However, with
lower probabilities, other solutions of the family (26) can appear as well. Obviously, this
is a non-classical eﬀect. Qualitatively, this property is similar to those of quantum mechanics: the system keeps all the solutions simultaneously and displays each of them “by
a chance”, while that chance is controlled by the evolution of probability density (12).
As noticed in the Section 2, since the probability (16) depends upon time, an L-particle
cannot stay on the same ﬁxed (random) trajectory: as a quantum particle, it is capable
to jump to any other trajectory of the family, and therefore, it “simultaneously” occupies
all the space available.

Fig. 4 Topological similarity between Quantum Mechanics and L-particle

b. Uncertainty Principle.In quantum physics, the Heisenberg uncertainty principle
states that one cannot measure values (with arbitrary precision) of certain conjugate
quantities, which are pairs of observables of a single elementary particle. These pairs
include the position and momentum. Similar (but not identical) relationship follows
from Eq. (19) after diﬀerentiating it over time and elimination t
v̇ρ∗ (v)[

v

−∞

ρ∗ (ζ)dζ]2 + [

v

ρ∗ (ζ)dζ]−1 = Const.

(32)

−∞

i.e. the combination (32) of the position and the velocity of L- particle is constant along
a ﬁxed trajectory. In particular, at t = 0, v and v̇cannot be deﬁned separately.
c. Wave–particle duality. In physics, wave–particle duality is a conceptualization
that all objects in our universe exhibit properties of both waves (such as non-locality)
and of particles (such as quantization of some of their properties). As shown by Max
Born, the wave associated with the electron is not a tangible ’matter wave’, but one that
determines the probability of scattering of the electron in diﬀerent directions. Similar
“duality” follows from the hybrid model. Indeed, Eq. (11) describes the trajectories of
particles, while Eq. (12) represents the wave of probability that captures the particle
“scattering”. Thus, the similarity between the L-particle and quantum systems is due to
a feedback from the Liouville equation to the equation of motion (that does not exist in
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Newtonian physics), while the diﬀerence between these models is due to diﬀerent types
of feedbacks, i.e. between quantum potential and information force.
d. Entanglement. Quantum entanglement is a phenomenon in which the quantum
states of two or more objects have to be described with reference to each other, even
though the individual objects may be spatially separated. Qualitatively similar eﬀect
in L-particles will be demonstrated below. Let us consider a two dimensional case of
L-particle follows from Eqs. (23) and (24) for ζ = 1
1
v̇1 =
2ρ(v1 , v2 , t)
1
v̇2 =
2ρ(v1 , v2 , t)

v1

[ρ(η, v2 , t) − ρ∗ (η, v2 )]dη

(33)

[ρ(v1 , η, t) − ρ∗ (v1 , η)]dη

(34)

−∞

v2
−∞

∂ρ(V, t)
(35)
+ ρ(V, t) − ρ∗ (V ) = 0
∂t
The solution of Eq. (35) has the same form as for one-dimensional case, (see Eq. (16)
ρ = ρ0 + ρ∗ (1 − e−t )

(36)

Substitution this solution into Eqs. (33) and (34), yields, respectively
e−t
v̇1 =
2[ρ0 (v1 , v2 ) − ρ∗ (v1 , v2 )]e−t + ρ∗ (v1 , v2 )
e−t
v̇2 =
2[ρ0 (v1 , v2 ) − ρ∗ (v1 , v2 )]e−t + ρ∗ (v1 , v2 )

v1

[ρ0 (η, v2 ) − ρ∗ (η, v2 )]dη

(37)

[ρ0 (v1 , η) − ρ∗ (v1 , η)]dη

(38)

−∞

v2
−∞

that are similar to Eq. (17). Following the same steps as in one-dimensional case, one
arrives at the following solutions of Eqs. (37) and (38) respectively
v1

ρ∗ (η, v2 )dη =

−∞

v2
−∞

ρ∗ (η, v1 )dη =

C1
, v1 = 0
e−t − 1

(39)

C2
, v2 = 0
−1

(40)

e−t

that are similar to the solution (19). Since ρ(v1 , v2 ) is the known (preset) function, Eqs.
(39) and (40) implicitly deﬁne v1 and v2 as functions of time. Elimination time t and
orbitary constants C1 , C2 , on obtains
d
[ln
dt

v1

−∞

d
ρ∗ (η, v2 )dη]/ [ln
dt

v2

−∞

ρ∗ (v1 , η)dη] ≡ 1

(41)
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Thus, the ratio (41) is deterministic although both the numerator and denominator are
random,(see Eqs.(39) and 940)). This is a fundamental non-classical eﬀect representing a global constraint. Indeed, in theory of stochastic processes, two random functions
are considered statistically equal if they have the same statistical invariants, but their
point-to-point equalities are not required (although it can happen with a vanishingly
small probability). As demonstrated above, the diversion of determinism into randomness via instability (due to a Liouville feedback), and then conversion of randomness to
partial determinism (or coordinated randomness) via entanglement is the fundamental
non-classical paradigm.
Let us discuss more general characteristic of entanglement in physics.
a. Criteria for non-local interactions. Based upon analysis of all the known interactions in the Universe and deﬁning them as local, one can formulate the following criteria
of non-local interactions: they are not mediated by another entity, such as a particle or
ﬁeld; their actions are not limited by the speed of light; the strength of the interactions
does not drop oﬀ with distance. All of these criteria lead us to the concept of the global
constraint as a starting point.
b. Global constraints in physics. It should be recalled that the concept of a global
constraint is one of the main attribute of Newtonian mechanics. It includes such idealizations as a rigid body, an incompressible ﬂuid, an inextensible string and a membrane,
a non-slip rolling of a rigid ball over a rigid body, etc. All of those idealizations introduce
geometrical or kinematical restrictions to positions or velocities of particles and provides
“instantaneous” speed of propagation of disturbances. Let us discuss the role of the reactions of these constraints. One should recall that in an incompressible ﬂuid, the reaction
of the global constraint ∇ · v ≥ 0 (expressing non-negative divergence of the velocity v) is
a non-negative pressure p ≥ 0; in inextensible ﬂexible (one- or two-dimensional) bodies,
the reaction of the global constraint gij ≤ gij0 , i, j = 1, 2 (expressing that the components
of the metric tensor cannot exceed their initial values) is a non-negative stress tensor
σij ≥ 0, i, j = 1, 2. It should be noticed that all the known forces in physics (the gravitational, the electromagnetic, the strong and the weak nuclear forces) are local. However,
the reactions of the global constraints listed above do not belong to any of these local
forces, and therefore, they are non-local. Although these reactions are being successfully
applied for engineering approximations of theoretical physics, one cannot relate them to
the origin of entanglement since they are result of idealization that ignores the discrete
nature of the matter. However, there is another type of the global constraint in physics:
the normalization constraint, (see Eq. (2). This constraint is fundamentally diﬀerent
from those listed above for two reasons. Firstly, it is not an idealization, and therefore, it
cannot be removed by taking into account more subtle properties of matter such as elasticity, compressibility, discrete structure, etc. Secondly, it imposes restrictions not upon
positions or velocities of particles, but upon the probabilities of their positions or velocities, and that is where the entanglement comes from. Indeed, if the Liouville equation is
coupled with equations of motion as in quantum mechanics, the normalization condition
imposes a global constraint upon the state variables, and that is the origin of quantum
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entanglement. In quantum physics, the reactions of the normalization constraints can
be associated with the energy eigenvalues that play the role of the Lagrange multipliers
in the conditional extremum formulation of the Schrödinger equation, [2]. In L-particle
model, the Liouville equation is also coupled with equations of motion (although the
feedback is diﬀerent). And that is why the origin of entanglement in L-particle model is
the same as in quantum mechanics.
c. Speed of action propagation. Further illumination of the concept of quantum entanglement follows from comparison of quantum and Newtonian systems. Such a comparison
is convenient to perform in terms of the Madelung version of the Schrödinger equation,
see Eqs. (7) and (8). As follows from these equations, the Newtonian mechanics ( = 0),
in terms of the S and ρas state variables, is of a hyperbolic type, and therefore, any
discontinuity propagates with the ﬁnite speed S/m, i.e. the Newtonian systems do not
have non-localities. But the quantum mechanics ( = 0) is of a parabolic type. This
means that any disturbance of S or ρin one point of space instantaneously transmitted to
the whole space, and this is the mathematical origin of non-locality. But is this a unique
property of quantum evolution? Obviously, it is not. Any parabolic equation (such as
Navier-Stokes equations or Fokker-Planck equation) has exactly the same non-local properties. However, the diﬀerence between the quantum and classical non-localities is in their
physical interpretation. Indeed, the Navier-Stokes equations are derived from simple laws
of Newtonian mechanics, and that is why a physical interpretation of non-locality is very
simple: If a ﬂuid is incompressible, then the pressure plays the role of a reaction to the
geometrical constraint∇ · v ≥ 0, and it is transmitted instantaneously from one point
to the whole space (the Pascal law). One can argue that the incompressible ﬂuid is an
idealization, and that is true. However, it does not change our point: Such a model has
a lot of engineering applications, and its non-locality is well understood. The situation
is diﬀerent in quantum mechanics since the Schrodinger equation has never been derived
from Newtonian mechanics: It has been postulated. In addition to that, the solutions
of the Schrodinger equation are random, while the origin of the randomness does not
follow from the Schrodinger formalism. That is why the physical origin of the same mathematical phenomenon cannot be reduced to simpler concepts such as ”forces”: It should
be accepted as an attribute of the Schrodinger equation.
Let us turn now to the L-particle model. The formal diﬀerence between them and
quantum systems is in a feedback from the Liouville equation to equations of motion:
the gradient of the quantum potential is replaced by the information forces, while the
equations of motion are written in the form of the second Newton’s law rather than in
the Hamilton-Jacoby form. The corresponding Liouville equation becomes ODE (see Eq.
(12)) where the state variables play the role of parameters; it can be easily seen from
the solution (13) that all the changes in the state variables occurs simultaneously. Thus,
both quantum systems and L-particle model possess the same non-locality: instantaneous
propagation of changes in the probability density, and this is due to similar topology
of their dynamical structure, and in particular, due to a feedback from the Liouville
equation.
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d. Origin of randomness in physics. Since entanglement in quantum systems as well
as in L-particle model are exposed via instantaneous propagation of changes in the probability density, it is relevant to ask what the origin of randomness in physics is. The
concept of randomness has a long history. Its philosophical aspects ﬁrst were raised by
Aristotle, while the mathematical foundations were introduced and discussed much later
by Henry Poincare who wrote: “A very slight cause, which escapes us, determines a considerable eﬀect which we cannot help seeing, and then we say this eﬀect is due to chance”.
Actually Poincare suggested that the origin of randomness in physics is the dynamical
instability, and this viewpoint has been corroborated by theory of turbulence and chaos.
However, the theory of dynamical stability developed by Poincare and Lyapunov revealed
the main ﬂaw of physics: its fundamental laws do not discriminate between stable and
unstable motions. But unstable motions cannot be realized and observed, and therefore, a
special mathematical analysis must be added to found out the existence and observability
of the motion under consideration. However, then another question can be raised: why
turbulence as a post-instability version of an underlying laminar ﬂow can be observed
and measured? In order to answer this question, we have to notice that the concept of
stability is an attribute of mathematics rather than physics, and in mathematical formalism, stability must be referred to the corresponding class of functions. For example: a
laminar motion with sub-critical Reynolds number is stable in the class of deterministic
functions. Similarly, a turbulent motion is stable in the class of random functions. Thus
the same physical phenomenon can be unstable in one class of functions, but stable in
another, enlarged class of functions.
Thus, we are ready now to the following conclusion: any stochastic process in Newtonian dynamics describes the physical phenomenon that is unstable in the class of the
deterministic functions.
This elegant union of physics and mathematics has been disturbed by the discovery
of quantum mechanics that complicated the situation: Quantum physicists claim that
quantum randomness is the “true” randomness unlike the “deterministic” randomness
of chaos and turbulence. Richard Feynman in his “Lectures on Physics” stated that
randomness in quantum mechanics in postulated, and that closes any discussions about
its origin. However, recent result disproved existence of the “true” randomness. Indeed,
as shown in Zak, M., 2009, the origin of randomness in quantum mechanics can be
traced down to instability generated by quantum potential at the point of departure from
a deterministic state if for dynamical analysis one transfer from the Shrodinger to the
Madelung equation. (For details see Section I.4.5). As demonstrated there, the instability
triggered by failure of the Lipchitz condition splits the solution into a continuous set of
random samples representing a “bridge” to quantum world. Hence, now we can state that
any stochastic process in physics describes the physical phenomenon that is unstable in
the class of the deterministic functions. Actually this statement can be used as a deﬁnition
of randomness in physics.
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Diﬀerence Between L-particle and Quantum Systems

Despite several similarities, the L-particle model is fundamentally diﬀerent from quantum
systems: its dynamics is not conservative. That is why the quantum potential is replaced
by information forces rather than information potential: such a potential does not exist.
For the same reason, the Hamilton-Jacobi equations are replaced by the second Newton’s
law. As a consequence of that diﬀerence, the unitary evolution has been lost.

6.

Biological Interpretation of L-particle.

a.Biological viewpoint. Actually the model under discussion was inspired by E.
Schrödinger, the creator of quantum mechanics who wrote in his book “What is Life”:
“Life is to create order in the disordered environment against the second law of thermodynamics”,[1]. The proposed model illuminates the “border line” between living and
non-living systems. The model introduces a L-particle that, in addition to Newtonian
properties, possesses the ability to process information. The probability density can be
associated with the self-image of the L-particle as a member of the class to which this
particle belongs, while its ability to convert the density into the information force - with
the self-awareness (both these concepts are adopted from psychology). Continuing this
line of associations, the equation of motion (see Eq. (11)) can be identiﬁed with a motor
dynamics, while the evolution of density (see Eq.. (12)) –with a mental dynamics. Actually the mental dynamics plays the role of the Maxwell sorting demon: it rearranges
the probability distribution by creating the information force and converting it into a
force that is applied to the particle. One should notice that mental dynamics describes
evolution of the whole class of state variables (diﬀered from each other only by initial
conditions), and that can be associated with the ability to generalize that is a privilege of
living systems. Continuing our biologically inspired interpretation, it should be recalled
that the second law of thermodynamics states that the entropy of an isolated system
can only increase. This law has a clear probabilistic interpretation: increase of entropy
corresponds to the passage of the system from less probable to more probable states,
while the highest probability of the most disordered state (that is the state with the
highest entropy) follows from a simple combinatorial analysis. However, this statement
is correct only if there is no Maxwell’ sorting demon, i.e., nobody inside the system is
rearranging the probability distributions. But this is precisely what the Liouville feedback is doing: it takes the probability density ρ from Equation (12), creates functions of
this density, converts them into a force and applies this force to the equation of motion
(1). As demonstrated by Eq.(30), the evolution of the probability density may lead to
the entropy decrease “against the second law of thermodynamics”.
Obviously the last statement should not be taken literary; indeed, the proposed model
captures only those aspects of the living systems that are associated with their behavior,
and in particular, with their motor-mental dynamics, since other properties are beyond
the dynamical formalism. Therefore, such physiological processes that are needed for
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the metabolism are not included into the model. That is why this model is in a formal
disagreement with the second laws of thermodynamics while the living systems are not.
Indeed, applying the second law of thermodynamics, we consider our system as isolated
one while the underlying real system is open due to other activities of livings that were
not included in our model. Nevertheless, despite these limitations, the L-particle model
capture the “magic” of Life: the ability to create self-image and self-awareness and move
from disorder to the order.
b. Psychological viewpoint. The proposed model can be interpreted as representing interactions of the L- particle, or living agent with the self-image and the images
of other agents via the mechanisms of self-awareness. In order to associate these basic
concepts of psychology with our mathematical formalism, we have to recall that living
systems can be studied in many diﬀerent spaces such as physical (or geographical) space
as well as abstract (or conceptual) spaces. The latter category includes, for instance,
social class space, sociometric space, social distance space, semantic space est. Turning
to our model, one can identify two spaces: the physical space v, t in which the agent state
variables vi = ẋi evolve,(see Eqs.(1)), and an abstract space in which the probability
density of the agent’ state variables evolve (see Eq.(3)).The connection with these spaces
have been already described earlier: if Eqs. (1) are run many times starting with the
same initial conditions, one will arrive at an ensemble of diﬀerent random solutions, while
Eq. (3) will show what is the probability for each of these solutions to appear. Thus, Eq.
(3) describes the general picture of evolution of the communicating agents that does not
depend upon particular initial conditions. Therefore, the solution of this equation can
be interpreted as the evolution of the self- and non-self images of the agents that jointly
constitutes the collective mind in the probability space, Fig. (5).

Fig. 5 Collective mind.

Based upon that, one can propose the following interpretation of the model of communicating agents: considering the agents as L-particles, one can identify Eqs. (1) as
a model simulating their motor dynamics, i.e. actual motions in physical space, while
Eq.(3) as the collective mind composed of mental dynamics of the agents. Such an interpretation is evoked by the concept of reﬂection in psychology. Reﬂection is traditionally
understood as the human ability to take the position of an observer in relation to one’s
own thoughts. In other words, the reﬂection is the self-awareness via the interaction
with the image of the self. Hence, in terms of the phenomenological formalism proposed
above, a non-living system may possess the self-image, but it is not equipped with the
self-awareness, and therefore, this self-image is not in use. On the contrary, in living
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systems the self-awareness is represented by the information forces that send information
from the self-image (3) to the motor dynamics (1). Due to this property that is wellpronounced in the proposed model, a living agent can run its mental dynamics ahead
of real time, (since the mental dynamics is fully deterministic, and it does not depend
explicitly upon the motor dynamics) and thereby, it can predict future expected values
of its state variables; then, by interacting with the self-image via the information forces,
it can change the expectations if they are not consistent with the objective. Such a
self-supervised dynamics provides a major advantage for the corresponding living agents,
and especially, for biological species: due to the ability to predict future, they are better
equipped for dealing with uncertainties, and that improves their survivability. It should
be emphasized that the proposed model, strictly speaking, does not discriminate living
systems of diﬀerent kind in a sense that all of them are characterized by a self-awarenessbased feedback from mental (3) to motor (1) dynamics. However, in primitive living
systems (such as bacteria or viruses) the self-awareness is reduced to the simplest form
that is the self/no-self discrimination; in other words, the diﬀerence between the living
systems is represented by the level of complexity of that feedback.

7.

L-particle’s Intelligence

A human intelligence has always been a mystery for physicists and an obstacle for artiﬁcial intelligence. It was well understood that human behavior and, in particular, the
decision making process are governed by feedbacks from the external world, and this part
of the problem was successfully simulated in the most sophisticated way by control systems. However, in addition to that, when the external world does not provide suﬃcient
information, a human turns for “advice” to his experience and that is associated with a
human intelligence. In L-particle, inelligent behavior is captured by the system of random ODE, and the “advice” is implemented by a feedback from the Liouville equation
generated by the original system itself . Physical intelligence can be deﬁned as the
ability of a system to move from disorder to order autonomously. Remaining within the
framework of dynamical formalism discussed above, this property can be considered as
the criterion of physical intelligence, and it can be formulated in terms of the rate of de< 0. Then the absolute value of the rate of decrease of entropy | dH
|
crease of entropy dH
dt
dt
can be chosen as a measure of physical intelligence. The objective of intelligent systems
may not be linked to survivability. A more reasonable way is to deﬁne the objective of an
intelligent system via optimization of an appropriately selected functional adopting the
strategy of optimal control theory.
a. Optimization- is one of the privileges of Livings associated with intelligence.
We will demonstrate below the capability of L-particle to perform optimization autonomously . For that purpose, let us assume that for a survival the L-particle must ﬁnd
an optimal speed v0 that deliver the global maximum to the function ρ∗ (v). Then turning
to Eq. (11) and (12), one can see that at each ﬁxed time the larger value of this function
will have the higher probability to appear. Obviously with the lower probability other
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values can appear as well. But usually nature does not provide the best solution: it gives
us a solution that is “good enough”. As follows from Eqs. (23) and (24), n L-particles
perform collective optimization by maximizing an n-dimensional function ρ({v}) via collective cooperation. It should be pointed out that the entropy of the system during the
process of optimization could decrease or increase depending upon the initial state of the
system, while the optimization process remains autonomous.
b. Prediction of future. Another evidence of L-particle’s intelligence is a capability to predict future in terms of probability. In order to demonstrate it, let us turn
to Eqs. (11) and (13). Since the mental dynamics (13) does not depend upon the motor
dynamics (11), the L-particle could run its mental dynamics ahead of the initial time t0
and ﬁnd all the probability moments (mean, variance. . . est.) for any t¿ t0 thereby predicting future scenario in terms of probability. The situation is similar in n-dimensional
case: as follows from Eqs. (23) and (24), each L-particle could predict not only its own
future, but the future of any other L-particle as well.
c. Cooperation. Continuing the discussion of interaction between two L-particles,
we start with their cooperation when these particles have the same objective that is: to
approach a preset attractor, or to maximize a preset function. It is reasonable to assume
that in this case their joint probability exists and is described by Eq. (35). We will
assume that the particles do not know the values of state variables of each other and
predict these values with help of their means found from the mental dynamics. However
we will assume that the ﬁrst L-particle admits that the second L-particle may know the
state variable of the ﬁrst one. The same is true for the second L-particle. Then instead
of the systems (33), (34), we have the governing equation of the ﬁrst L-particle
1
v̇1 =
2ρ(v1 , V̄2 , t)

v1

[ρ(η, V̄2 , t) − ρ∗ (η, V̄2 )]dη

(42)

−∞

where V̄2 is the expected value of V2
∞
V̄2 =

V2 ρ(V1 , V2 )dV1 dV2

(43)

−∞

and the governing equation of the image of the second L-particle in view of the ﬁrst
L-particle

v̇2|1

1
=
2ρ(v1, V̄2 , t)

v2

∗
[ρ(v1 , η, t) − ρ (v1 , η)]dη

(44)

−∞

where v2|1 is the state variable of the second L-particle in view of the ﬁrst L-particle.
Similar equations can be written for the second L-particle
1
v̇2 =
2ρ(V̄1 , v2 , t)

v1
−∞

[ρ(V̄1 , η, t) − ρ∗ (V̄1 , η)]dη

(45)
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where V̄1 is the expected value of V1
∞
V̄1 =

V1 ρ(V1 , V2 )dV1 dV2

(46)

−∞

and the governing equation of the image of the ﬁrst L-particle in view of the second
L-particle

v̇1|2

1
=
2ρ(V̄1 , v2 , t)

v1

∗
[ρ(η, v2 , t) − ρ (η, v2 )]dη

(47)

−∞

where v1|2 is the state variable of the ﬁrst L-particle in view of the second L-particle.
The corresponding Liouville equation that governs the joint probability equation is
not changed: it is still given by Eq. (35). Its solution (36) should be substituted into Eqs.
(42), (44) and Eqs. (45), (47) along with the Eqs. (43) and (46). After these substitutions,
one arrives at the closed system. Actually there are two independent systems, and each
of them describes entanglement of the L-particle with the image of the other L-particle.
Each system has random solutions that appear with the probability described by Eq.
(36).
Let us consider now the case when the L-particles do not know the values of state
variables and do not even admit that each of them may know the state variable of another
one.
Then instead of the systems (42),(44) and (45),(47) we have, respectively
1
v̇1 =
2ρ(v1, V̄2 , t)

v̇2|1|1

v1

(48)

−∞

1
=
2ρ(V̄1, V̄2 , t)

1
v̇2 =
2ρ(V̄1 , v2 , t)

v̇1||2|2

[ρ(η1 , V̄2 , t) − ρ∗ (η1 , V̄2 )]dη1

v2

[ρ(V̄1 , η2 , t) − ρ∗ (V̄1 , η2 )]dη2

(49)

−∞

v1

[ρ(V̄1 , η2 , t) − ρ∗ (V̄1 , η2 )]dη2

(50)

−∞

1
=
2ρ(V̄1 , V̄2 , t)

v1

[ρ(η1 , V̄2 , t) − ρ∗ (η1 , V̄2 )]dη1

(51)

−∞

Here v2|1|1 is the state variable of the ﬁrst L-particle view on the second one in view of
the ﬁrst one, and
v1|2|2 is the state variable of the second L-particle view on the ﬁrst one in view of the
second one.
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It is easy to conclude that the image equations (49) and (51) can be solved independently
t
v2
1
v2|1|1 = dt
[ρ(V̄1 , η2 , t) − ρ∗ (V̄1 , η2 )]dη2
(52)
2ρ(V̄1, V̄2 , t)
0

t
v1|2|2 =
0

−∞

1
dt
2ρ(V̄1 , V̄2 , t)

v1

ρ(η1 , V̄2 , t) − ρ∗ (η1 , V̄2 )dη1

(53)

−∞

Now replacing V̄2 , V̄1 in Eqs.(48) and (50) by the solutions for v2|1|1 and v1|2|2 , respectively,
one arrives at two independent ODE describing behaviors of the players. Therefore, at this
level of incompleteness of information, the entanglement disappears. More soﬁsticated
reﬂection chains such as “What do you think I think you think. . . ” have been discussed
in [3] based upon the same mathematical formalism.
A cooperation with incomplete information give a reason to distinguish two type of
dependence between the L-particles described by the variables vi in L-particle systems.
The ﬁrst type of dependence is entanglement that has been introduced and discussed
above. One should recall that in order to be entangled, the particles are supposed to
run the system jointly during some initial period of time. But what happens if the
particles had never been in contact? Obviously they are not entangled, i.e. they cannot
predict each other motions. However they are not completely independent: they can
make random decisions, but the probability of these decisions will be correlated via the
joint probability. As a result, the particles will be able to predict expected decisions
of each other. We will call such correlation a weak entanglement. As follows from
the cooperation with incomplete information considered above, weak entanglement was
presented as entanglement of a L-particle with the probabilistic image of another Lparticle. More sophisticated cases of entanglement in livings are discussed in [4].

8.

Modeling Virtual Life of L-particle

This topic is very speciﬁc for a L-particle, since for a physical particle it does not make
sense.
a. Life/non-life transformation. Let us turn to the feedback Eq. (10) and
assume that
ζ = 0 at t > 0
(54)
Then the feedback (10) vanishes, and the L-particle becomes a Newtonian one:
v̇ = 0

(55)

ρ = ρ0
Here the ﬁrst equation represents the second Newton’s law, and the second equation
– the conservation of the probability density (the Liouville theorem). Obviously these
equations are uncoupled as it is supposed to be in the Newtonian physics.
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b. Transition to virtual life. In this sub-section we will discuss the capacity of
mathematical formalism that provides an extension of the proposed model to a new
space with imaginary time where L-particles exhibit virtual motions such as dreams and
memories. In order to demonstrate that, let us replace Eq. (54) by the following
√
T −t
(56)
ζ = ζ0 
|T − t|
where T is the period of active life of the L-particle.
Then at 0 <t <T
ζ=0

(57)

the L-particle is “alive”, and its activity is described by the governing equations (11) and
(12).
For t = T
ζ=0
the L-particle “dies”, and its Newtonian state is described by Eqs. (54) and (55).
But for t > T the feedback (10)
ζ0
f =i
ρ(v, t)

v

[ρ(η, t) − ρ∗ (η)]dη

(58)

[ρ(η, t) − ρ∗ (η)]dη

(59)

−∞

as well as Eqs. (11), (12) and (13)
ζ0
v̇ = i
ρ(v, t)

v
−∞

∂ρ
(60)
+ iζ0 [ρ(t) − ρ∗ ] = 0
∂t
become complex. For better interpretation, it will be more convenient to introduce an
imaginary time
(61)
t̃ = iζ0 t
Then the formal solutions of these equations are
ρ = [(ρ0 − ρ∗ )e−t̃ + ρ∗ ]
v
−∞

ρ∗ (η)dη = (

C
), v = 0
e−t̃ − 1

(62)
(63)

Thus the velocity v and the probability density ρ become real functions of imaginary time.
It is reasonable to assume that the family of trajectories in the solution (63) describes
virtual motions evolving in imaginary time with the probability (62), while the time scale
of these motions could be diﬀerent from the real one. Such a surrealistic activity can be
associated with memories and dreams, and that is a unique property of livings.
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Conclusion
The paper discusses a possible expansion of modern physics to include physics of Life since
all attempts to create livings from non-living matter failed. Prior to the discussion, a
life/non-life criterion is proposed: unlike physical systems, Livings can move from disorder
to order without an external interference if the model of life concentrates upon the concept
of intelligent behavior and does not include such “auxiliary” processes as metabolism
and reproduction. A mathematical formalism suggests that a hypothetical “particle
of life” (L-particle) can be represented by a quantum-classical hybrid in which the force
following from the quantum potential is replaced by the information force. Besides the
capability to move against the second law of thermodynamics, L-particle acquires such
properties like self-image, self-awareness, self-supervision, est., that are typical for Livings.
However since the L-particle being a quantum-classical hybrid acquires non-Newtonian
and non-quantum properties, it does not belong to the physics matter as we know it: the
modern physics should be complemented with the concept of the information force that
represents a bridge between non-living and living matter. It has been concluded that
quantum mechanics and mechanics of livings are sub-classes of a broader physical model,
and the diﬀerence between them is due to diﬀerent Liouville feedbacks, i.e. in diﬀerent
information forces. At this stage, L-particle is introduced as an abstract mathematical
concept that is satisﬁed only to mathematical rules and assumptions, and its physical
representation is still an open problem. There is another argument in favor of a nonNewtonian approach to modeling life and intelligence. As pointed out by Penrose [5],
the Gödel’s famous theorem has the clear implication that mathematical understanding
cannot be reduced to a set of known and fully believed computational rules. That means
that no knowable set of purely computational procedures could lead to a computercontrol robot that possesses genuine mathematical understanding. In other words, such
privileged properties of living systems as common sense, intuition, or consciousness are
non-computable within the framework of classical models. That is why a fundamentally
new physics is needed to capture these “mysterious” aspects of livings, and the proposed
mathematical abstraction could serve as a hint for experimental discoveries.
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